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Abstract
This Appendix contains proofs of all the propositions of the paper “Asymptotics of

the principal components estimator of large factor models with weak factors”.

1 Proof of Theorem 1

In the proofs below, A\; (M) denotes the i-th largest by absolute value eigenvalue of matrix
M and norm || M| equals the square root of the largest eigenvalue of M’'M. We will prove
parts ii) and iii) of the theorem. A proof of part i) is similar to the proof of part ii) and we
omit it to save space. In what follows, we will assume that Vare;; = 1. Such an assumption
is without loss of generality. Indeed, multiplication of the data by a non-zero scalar « leaves

the statement of Theorem 1 unchanged. It only leads to scaling of d;, 02 and L by a?,a?

L we normalize Vare;; to one. We will also assume,

and «, respectively. Taking @ = o~
without loss of generality, that constants a;, i = 1,...,n and b;,¢ = 1,...,T in Assumption 2
are positive. If some of them are negative, we simply change the sign of the corresponding
L; or F;. Furthermore, if some of them are exactly zero, we can make them positive but
decreasing to zero as n — oo so fast that the first and second-order asymptotics of the

principal components estimator does not change.

1.1 Truncation and renormalization

Let ;4 = (Var git)_1/2 (it — E&;) with & = EitI|5it|§1nn be a truncated, centralized and re-
normalized version of e;; and let X = LF’+ AzB. For the eigenvalues of X X’/T and X X'/T,
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p; = X (XX'/T) and p; = N (XX'/T), respectively, we have: max;<n [p; — [i;] = 0p(1).
To prove this fact, we will need the following result, which was established in Theorem 3.1
of Yin, Bai and Krishnaiah (1988):

Lemma 1. (Yin, Bai and Krishnaiah, 1988) Let n be an nxT matrim with i.i.d. entries
i with Eny = 0 and Enk < co. Then, T~ || %3 (1 4 /¢) (Enzt) as n and T go to
infinity so that n/T — c.

By Corollary 7.3.8 of Horn and Johnson (1985), max;<y, }\//Tl — \//71‘ < HA (e —¢) B/\/TH <
|A| | B]| lle — &|l /VT. By Assumption 3ii), [|A|| O (1) and ||B|| € O (1). Further, note
that matrix € — & has i.i.d. entries with finite fourth moment, zero mean and variance
2 —2E§%t/\/m, which is no larger than 2F (E?tl|5it|>1nn) , and hence, converges to zero as
n — oo. Therefore, by Lemma 1, ||e — &|| /v/T 2 0(1) and we have: max;<;, |\//TZ - \/;TZ‘ e
o(1). On the other hand, |u; — fi;| = |/B; — | |/ + V| < |V — V| |vVE1 + Vi -
We have: /] = HT_l/ZXH < HT_l/QLF’H + [|A]| HT_1/25|| |B|| - By Assumptions 1ii) and
liii), |T-Y2LF'|| = O, (1), and by Lemma 1, [|T72%¢|| = O (1). Hence, \/fi; = O, (1).
Similarly, v/it; = O, (1), and therefore, max;<p, |p; — fi;| = op(1).

Such a uniform eigenvalue approximation result implies that, for the purpose of proving

part iii) of Theorem 1, we can assume without loss of generality that

Dl < e .
Assumption (1) is also without loss of generality for the purpose of proving the convergence
of the first ¢ columns of P stated in part ii) of Theorem 1. It is because the projections on
the principal ¢ eigenspaces of X X’/T and those on the principal ¢ eigenspaces of X X' /T
converge (in probability) to each other in operator norm.

Indeed, let 7 and T be linear operators acting in R", which are represented with
respect to the standard basis by matrices XX'/T and (XX’ — XX') /T, respectively, and
let T () = T+»TW. Denote the resolvent of T (5), (T () — ()™, as R (¢, ») and the
resolvent of 7, (7 — ()71 , as R({). Let " be a positively oriented circle in the complex
%min (hi, p), where hy = |u; — pg| and h; =
min{},uifl fpi‘ , ‘,ul- *Mi+1’} for i > 1. Define P; (») = fﬁ Jr R (¢, 2)d¢. Then (see
Kato, 1980, p.67-68 and p.88), for all |»| < r~* HT(l)H_l , P; (5) is the eigenprojection of

T (») corresponding to its unique eigenvalue inside circle I', and P; (») can be represented

plane with the center at p, and radius r =

in the form of the convergent (in operator norm) series:

P = PO + 5= S (0 [ RO (TVR(O) ac
t=1



Note that P;(0) and P; (1) are the projections on the spaces spanned by the i-th principal
eigenvector of X X’/T and of X X'/T, respectively.

As will be seen from the proof of part iii) of Theorem 1, there exists a positive number
p such that Pr (max;<ij<q hi < p) — 0 as n — oo. Therefore, Pr(r = p/2) — 1 as n — oc.
Further, since H’T(l)H = H% — XTXI‘ < |py — fi1] = 0p(1), we have: Pr (7’_1 ||’Z'(1)H_1 > 1) —

1 as n — oo so that the series for P;(s) displayed above converge for » = 1 with proba-

bility arbitrarily close to 1 for large enough n. Moreover, with probability arbitrarily close
to 1 for large enough n, we have: ||P; (1) — P;(0)]| < >, ‘ = [rR(Q) (T(l)R(C))tdCH <

T71)
Sopo Tt HT(l)Ht = ’””HT(JJH = 0p(1), which proves that the projections on the principal

q eigenspaces of X X’/T and those on the principal ¢ eigenspaces of X X'/T converge in
probability in operator norm.
In what follows, we will, therefore, assume that (1) holds. We will explicitly relax this

assumption only when proving the convergence of the last k& — ¢ columns of P.

1.2 A key lemma

Define X = o~ ! [L1,..., L) X [F1,..., Fr]. Note that the j-th column of P equals the first &
components of the unit-length j-th principal eigenvector of %X X', and % equals a diagonal
matrix with the first £ eigenvalues of %X X’ on the diagonal. Lemma 2 below relates the
eigenvalues and eigenvectors of the high-dimensional matrix %f( X’ to the unit eigenvalues
and the corresponding eigenvectors of the low-dimensional matrix-valued function M®) (z)
defined as follows.

Let us partition matrix € as [e1, €3], where 1 are the first k columns of . Further, let us
denote n x n and T' x T' diagonal matrices with the j-th diagonal elements a; and b; as Ag
and By, respectively. Finally, let A and B be the (n — k) x (n — k) and (T'— k) x (T — k)

diagonal matrices with the j-th diagonal elements a4 ; and by, ;, respectively. We define

MY (z) = ¥ (a:[n - 1~\> o v

Y

M (z) = ¥ (:Uln — ]\) -~ ¥, and

M® (2) = [I,0] (:I:In - [\)71 b,

N N 1/2 ~
where ¥/ = % [ A0 } + ﬁe’le, A= (LUQL) (F'F)Y? and A = T+ AoeaB2eb Ag. 1f

zI, — A is not invertible, we set M(j)(a:) = Opxg for j =1,2,3.
Lemma 2. Let u # \; (]X) ,i=1,....n so that pul, — A is invertible. Then:

i) p is an eigenvalue of %X’X’ of multiplicity larger than or equal to s if and only if there
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exists a positive integer m < k+ 1 — s such that © = p satisfies equations
Am (M<1> (a:)) T W (M<1> (:1:)) —1, 2)
ii) If v is an eigenvector of MM (1) corresponding to eigenvalue 1, then

Y= (U/M@) (1) U>_1/2 (u_fn _ ]\)_1 v (3)

s a unit-length eigenvector of %XX’ corresponding to eigenvalue .

iii) If 1 is a simple eigenvalue of MW (u), then p is a simple eigenvalue of %Xf(’
Furthermore, if w1 is the j-th largest eigenvalue of %Xf(' and v is a corresponding
eigenvector of MM (), then the j-th column of matriz P from part ii) of Theorem
1 equals (’U/M(z) (1) v)71/2 M®) () v.

iv) Consider matrix %Xf(ﬂ—%ewé, where e; 1s the vector with all entries but the i-th equal
to zero and the i-th entry equal to 1, and where » is an arbitrary positive number.
We have: i is an eigenvalue of %X’X’ + sce;e; of multiplicity larger than or equal to
s if and only if there exists a positive integer m < k+ 1 — s such that x = p satisfies

equations
A (M) (@) =1, Ao (MB (@) = 1,

where M)({lz) (z) =0, (:z:In — A>_1 U, and V,,; = {\i/, \/;ez} :

Proof of Lemma 2: Let p be an eigenvalue of %X X' of multiplicity larger than or equal to

s and let yy, ..., ys be orthonormal eigenvectors corresponding to p. Since %X X' =A+00,
we have: (]\ + @@’) y; = py; for j = 1,...;s. Note that vectors Wy, ..., W'y, are linearly
independent. Otherwise, if Z§:1 ﬂj\if’ yj = 0 for some [; that are not all equal to zero,
we would have: ]\Z‘;zl Biy; = ([\ + @@') > i—1B5y; = 1> 5 Bjy;, which violates our
assumption that pu # A; (A), i = 1,...,n. Equation (]\4—\1/\1!’) y; = py; implies that

VL (u[n - 1~\)_ U'y; = \Tl'yj. Hence, the space spanned by \i/'yj, j =1,...,sis an invariant
subspace of M, (1) with the corresponding eigenvalue equal to 1. This proves the “only if”
part of i).

Suppose now that (2) holds with z = u. Let vy, ...,v5 be orthonormal eigenvectors of
M (1) corresponding to eigenvalue 1. Define y1, ..., ys by (3) with v replaced by v1, ..., v,
respectively. Vectors y1, ..., ys are unit-length vectors by definition of M®) (1). Further-

more, they are linearly independent because, otherwise, if Z‘;:l Bjy; = 0 for some j3; that

—1/2
are not all equal to zero, we would have, for v; = (v}M@) (1) vj) Bj ijl V05 =
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> ’ij(l) () vj = W > 5—1B;y; = 0, which violates our assumption that vy, ..., vs are or-
thonormal. Equation (3) implies that ¥'y; = (v'M® (p) 0)71/2 MY (p)v; = (VM (p)v)
and therefore, y; = (uIn — A) - \i/\il’yj for all j = 1,...,s. The latter equality implies that
</~\ + O’ ) y; = py;, which means that y;, j = 1, ..., s are linearly independent eigenvectors
of %)N( X', each of which corresponds to eigenvalue p. This proves ii) and the “if” part of i).

Part iii) of the lemma follows from parts i) and ii). Indeed, part i) implies that if
1 is a simple eigenvalue of M) (1), then p is a simple eigenvalue of %)N()N(’ Further,
by definition, the j-th column of P equals the first £ components of the unit-length j-th
principal eigenvector of %X’X’ This fact, part ii) of the lemma and the definition of M®) (1)
imply that the j-th column of P equals (U’M(Q) (1) v)71/2 M®) (1) v.

Proof of part iv) of the lemma is almost identical to the proof of part i). We only need

- - - N2 -
to replace ¥ by ¥,; and M (z) by M® (u) = V', <m[n - A) V,,; in that proof.[]

Below, we prove several technical lemmas to find the probability limits of M (1)(;(}),
M@ (), M®)(z) and M}(}Z) (x). We will then use these limits and Lemma 2 to derive the
probability limits of the eigenvalues of %X’ X’ and of matrix P.

1.3 Technical lemmata

Lemma 3. (Bai and Silverstein, 1988) Let {&;,i = 1,...,2n} be i.i.d. random variables with
mean zero and variance 1. Define £ = (&4, ...,§,), ¢ = (fn_H, ...,fgn) and let Z be an n X n

random matriz independent from & and (. Then, for any p > 0, we have:

IN

B(¢z¢e-uzlz) < cprizr ([Elal]” + Ble). (W
/
B(€2¢12) < Co??| 2| <[E &l + E|512p) : (5)

where C1p, and Co), are constants that depend only on p.

Proof of Lemma 3: Inequality (4) is a slightly simplified version of the statement of

Lemma 2.7 in Bai and Silverstein (1998). Inequality (5) follows from (4). Indeed, consider
0 7

o . We have: E (|¢'Z¢|"|2) =

a vector ¢ = (f',C')/ and consider matrix Z =

. - /2
B (|s¢zel 12) < 270, (any? | 2] ([E &l + B WP)  where the latter inequal-

ity follows from (4) because tr Z = 0. It remains to note that HZH = ||Z]| and set
Cyy = 27P/2Cy,.0

Lemma 4. Let ¥ and II be two independent identically distributed random n X k

~1/2

Uj



matrices with i.i.d. entries, which have finite fourth moment, u, < co. Further, let Z be
a random n x n matriz independent from X and I and such that n||Z||> 2 0 as n — .
Then, as n — oo:

|2'ZS — (tr 2) I;|| & 0 and |2’ Z11|| & 0.

Proof of Lemma 4: To save space, we omit the proof of ||¥/ZII| 2 0 because it is

similar to the proof of |[X/Z% — (tr Z) I;|| 2 0. Let d; and d5 be arbitrary positive num-
bers. For the i-th diagonal element of ¥'Z¥%, we have: Pr(|(¥'ZY),, —trZ| > 61|Z) <
6 %E <|(E’Z2)ii —tr Z|? |Z> < 07220190 || Z)|? py, where the first inequality is Chebyshev’s
inequality and the second inequality follows from Lemma 3. Next, since n|Z H2 2,0, there
exists N such that for all n > N, Pr(6722C19n || Z||? py < 02/2) > 1—34/2. Therefore, for all
n> N, Pr(|(Y2Y), —tr Z] > 6y) = E[Pr(|(X'Z%),, — tr Z| > 61]2)] < 82/2 (1 — 52/2) +
89/2 < 83, which proves that |(X'Z%),, — tr Z| £ 0. The convergence ‘(E’ZZ)U) 20 for
i # j can be proven similarly. Since k is fixed as n — oo, the entry-wise convergence of
S'ZY — (tr Z) I to zero implies that ||X/Z% — (tr Z) Iy|| 2 0. O

Let us partition €] into [€];,e},], where 11 is k X k, and €} into [¢],, €5,], where €15 is
k x (T — k). In the lemmas below, we will need the following new notation. Denote matrix
xl,_p — %A522825/22A as Y; the i-th column of €99 as €22 ;; matrix €99 with the i-th column
removed as €22 —;; matrix B with i-th row and i-th column removed as B_;; and, finally,
matrix o, _j — %A522’7i83i5/2277iy4 as Y;. In order to simplify notation, we do not explicitly

indicate the dependence of Y and Y; on .

Lemma 5. Suppose that Assumptions 1-3 hold. Let 01 be any number such that 61 > w,
where w is as in Theorem 1. Then, for any x > 01, Y is a positive definite matriz with
HY_1|| < (61 —u‘))*1 for large n with probability 1. Further, whenever Y 1is a positive
definite matriz, Y; is also a positive definite matrix with HY;lH < HYﬁlH and the following

interlacing inequalities hold:

and stmilarly,
A (AY TRA) > M (AYTA) > 00 (AY TTA) > > A, (AYTTA) > 0, (AYTA) (7)

Proof of Lemma 5: That Y is positive definite for z > 61 and large n with probability

1 follows from Lemma 3 in Onatski (2005), which implies that under Assumptions 1-3,
the largest eigenvalue of %ASQQBZEQQA almost surely converges to the upper boundary of

support of the cdf F&4B which is the limit of the empirical distribution of eigenvalues of



T+ Ae9oB%eh, A as n goes to infinity. As follows from the proof of Lemma 3 in Onatski (2005),

FoAB equals @, which is smaller than x by assumption,

the upper boundary of support of
hence the positive definiteness of Y (z) = xl,_ — —A&ggB ehyA.  The convergence of
the largest eigenvalue of A522825’22A to w also implies that, for any x > 64, HY 1H <
(01 — @)~ for large n with probability 1.

Matrix Y; is positive definite whenever Y is because Y; — Y = %bf +k~’4522,i5/22,i-’4 is a
positive semidefinite matrix. The latter fact also implies that HY;l H < HY‘l H and that (see
Corollary 4.3.3 in Horn and Johnson, 1985) A; (Y;) > A; (V) for any j = 1,...,n. Further,
since Y;—Y is a rank-one matrix, we have by interlacing theorem (Theorem 4.3.4 in Horn and
Johnson, 1985): \j11 (Y;) < Aj (Y) for j = 1,...,n—1. Combining the latter two inequalities,
and using the fact that \; (M~1) = At 11 (M) for any positive definite Hermitian matrix,
we obtain: A; (Y[l) < )\j( B ) for any j = 1,...,n and A; (Y[l) > A1 (Y_l) for
j =1,...,n — 1, which implies the first set of the interlacing inequalities in the statement
of Lemma 5. The second set of the interlacing inequalities can be established similarly
by noting that A71Y; 471 — A7V AL =1 b7, E22,i€h9; is a rank-one positive semidefinite

matrix. [

Lemma 6. Suppose that Assumptions 1-3 hold. Let 01 be any number such that 61 > w,
where w is as in Theorem 1. Then, for any x > 01 and any pair of integers (r,s) from the
set {(1,1),(1,2),(2,1)}, we have:

1, 18 1 —r 418
—E59; |[AY. " i — =1 Yy—"
| B |22, [AY; " A]" e22, T r [AYT"A]
where, if either Y; or Y is not invertible, we set the mazimized absolute difference to an
arbitrary non-zero number, say 1.

Proof of Lemma 6: Let us define Y; = Y; when Y; is invertible and Y; = —I,,_j;, when Y;

is not invertible. Similarly, define Y =Y when Y is invertible and Y = —1I,,_;, when Y is

not invertible. It is enough to prove the lemma for Y; replaced by Y; and Y replaced by Y.
It is because, first, {YZ £Y; forsomei <T —k, or Y # 1_/} N = &, where (Q is the event
that happens if and only if Y is positive definite and HYﬁlH < (61— u‘))_1 , and second, by
Lemma 5, Pr(Q2) — 1 as n — oo. The above intersection of events is empty because, first,
as follows from Lemma 5, 2 implies €2;, which is defined as the event that happens if and
only if Y; is positive definite and HYZ_IH < (01— u’))*1 , and second, if Q and €; hold, then
Y=Y andV; =Y.

Let us decompose the difference %8’222 [AY, " A] €90 — £ tr [AY " A]” into a sum
Urs (i) + Vis (1), where U, (i) = 5221 [.AY .A] €92, — %tr [AY["A]S and Vs (i) =
% tr [.AY;_T.A]S - % tr [.A?_’".A]s. To prove our lemma, it is enough to show that

maxi<i<r_k |Ups (1)] 2 0 and max;<i<7_i |Vys (1)] 2 0. Below, we will establish the latter



two convergences.
Let 0; and 0y be arbitrary positive numbers. Note that Pr(Q) > 1 — §2/2 for large

enough n. Therefore, and since €2 C §2;, we have:

) < ) <
Pr (1<¥1<%2(_k |Urs ()] > 51> < Pr <1<Iin<%2(—k |Urs ()| > 01 and Q> +d2/2 < (8)
T—k
ZPr |Ups ()] > 61 and ;) +62/2 <> E [Pr (|Ups (4)] > 61 and Q4]Y;)] + 62/2
i=1

If either Y; is not positive definite or HY[IH > (6, —w)"*, then Pr (|Urs (3)] > 61 and Q;]Y;) =
0. In contrast, if Y; is positive definite and H}_fi_l | < (6 - @)~ then Pr (|Ups (4)] > 61 and Q;]Y;) =
Pr (|Uys ()] > 61]Y;) . But, by Markov’s inequality:

Pr (|Uys (i)] > 611Y;) < 6,PE (|Urs ()P Y;) <

_ — kP2 <p s 1175 p/2
SRS 7 i I (I R

where the second line follows from Lemma 3 and from assumption (1). If HY[I | <
(01 — )~ ", we can make the latter expression smaller than 85 /(27" by choosing p > 2 and
large enough n. Therefore, F [Pr (\Urs (7)] > 61 and QZ\YZ)] <09/(2T) foralli =1,...,T—k
and large enough n. Using (8), we obtain: Pr(max;<j<r_k |Uys (1)| > 01) < d2 for large
enough n. Since §; and d were arbitrary positive numbers, we have: maxj<;<7— |Uys (7)] LN
0.

Next, when €2 takes place so that ¥; and Y are positive definite, we have:

n—k
Ves i) = 2 3 g ([AV; A7) = Ay ([AV7A])] =
j=1
= f AV A) = X (AY T A)] = 203 (AV7A) +
T ‘ T
1 n—k— 1
> AV, A) = Xy (AV T A)] 4 20 (V7 A).
7j=1

Therefore, setting 7 = 1 and using the interlacing inequalities (7), we conclude that
. 1 s v —1 1 2s —\—S
02 Vis (i) 2 =71 (AY ™ A) > — AT (01 —w) (9)

whenever Q holds. Since Pr(2) — 1 as n — oo, the latter inequalities imply that

maxj<i<7—k | Vis (4)] L0 fors=1and s=2.



It remains to prove the convergence to zero of maxj<;<7_ |V21 (7)| . Note that if Q holds,
}7*2—}71-_2 is a positive semidefinite matrix so that, in particular, all its diagonal elements are
not negative. Therefore, if Q holds, we have: 0 > Vo (1) > — (maxj_l n—k a?+k) A tr (Y 2_ _Z-_2) .
But max;j—1, ., ka]+k | All? and X 7t (Y 2=V, ) <IN (YY) =1 HY 1H % (01 — )~ 2
when €2 holds, where the first of the latter two inequalities can be obtained from the inter-
lacing inequalities (6) similarly to as (9) was obtained from (7). Thus, when Q hold, we
have: 0> Vay (i) > — 4 || A||* (01 — @)%, and therefore max;<;<r— Va1 (4)] = 0.0

Lemma 7. Let 61 be any number such that 61 > w, where w is as in Theorem 1 and

let x be any number larger than 01. Then, for any complex z such that Imz > 0, the
MFA(N)
o (o FZZAN

1—7cm(z)

equation m(z) = [ has a unique solution m(z) such that Imm(z) > 0.

Function m(z) is analytic for Imz > 0 and can be analytically continued to a small open
neighborhood of z = 0. If Assumptions 1-3 hold, then:

%tr AY 1A %S em(0) and %tr [.AY_I.A]2 3 em/(0),
where, if Y is not invertible, we set the left hand of the above convergence statements to an
arbitrary number, which equals neither em(0) nor em’(0). The above convergence statements
remain valid if we replace n —k, A and £99 in the definition Y = xl,_j — %A822325’22.A by
n, Ag and eo, respectively.

Proof of Lemma 7: Let m,, (2) and m,(z) be the Stieltjes transforms of the empirical
—Le99%c),, respectively.
Note that m, (z) = %rhn (%z) Silverstein and Bai (1995) show that, for any =z

with Imz > 0, as n — o0, my(z) almost surely converges to m(z), which is an ana-

eigenvalue distributions of z.472 — %522825'22 and x%flfz —

Iytic function in the Imz > 0 domain and which is the unique solution to equation!
m(z) = ma (z +ct f%) that satisfies Imm (z) > 0. Here, m4 (z) is the Stieltjes
transform of a (possibly defective) non-random distribution function which is the vague
limit? of the empirical spectral distribution of :13%.,4*2 as n — 00.

Note that the cdf of the latter vague limit at A equals the limit of the proportion

of those eigenvalues of x%A*Z, which are no larger than \. By Assumptions 1i) and

A
3i), such a limit equals 1 —lim_;,,1y-1 F% (7). Hence, m4 (z) = ;‘cii_(g and m(z) =
A
i AFA(A )de . Recalling that m, (z) = L, (%z) , we conclude that for
xe~ (z—&-c—lfﬂl— Tm(z§>)\ " n
any z with Imz > 0, my (2) converges to m(z) = ¢ 'm (c™'z), which is an analytic

!'Note the difference in notation: their ¢ is our ¢, their n is our 7' and their T is our —B? so that their
dH (7) is our —dF5 (—1).

2The vague convergence is a generalization of the weak convergence to sub-probability measures. For a
definition of the vague convergence see, for example, Athreya and Lahiri (2006), chapter 9.2.



function in the Imz > 0 domain and which is the unique solution to equation m(z) =

MFA (N .
x—(z—i—f Td(ﬂ);(ﬂ ))\ that satisfies Imm (z) > 0.

1—7cm(z)

Now, let Uy be an open disk in the complex plane with center at zero and radius %3(1];?)

for large n

01 —w
u(FA)
N
with probability 1. Therefore, m,, (z) are analytic in Uy and bounded there by (%3(1]?}{’))
for large n with probability 1. Moreover, as has been just shown, my,(z) almost surely

Note that the smallest eigenvalue of 472 — %522825'22 is no smaller than

converges to m(z) for any Im z > 0. Therefore, by Vitali-Porter theorem (see p.44 of Schiff,
1993), my(z) converge (almost surely) to m(z) uniformly on compact subsets of Uy and
m(z) is analytic in Up. Note that since my(z) = —L-tr (2472 — LegoBeh, — zIn_k)_l,
matrix 242 — £e99B%h, (and therefore also Y) is invertible and & tr AY "L A =2=km, (0)
whenever my,(z) is analytic in Up. Therefore, we have: & tr AY ~1A4 %5 cm/(0).

Next, note that, whenever m,,(z) are analytic in Up, = tr (AY_IA)2 = =%m! (0). Since,
with probability 1 for large n, m,(z) are analytic functions on Uy which converge uniformly
on compact subsets of Uy to m(z), by classical Weirstrass theorem, the derivatives of m,,(2)
also converge to the corresponding derivatives of m(z), and this convergence is uniform on
the compact subsets of Uy. We therefore have: %tr (AY‘IA)

To adapt the above proof to the situation when n — k, A and e99 in the definition

228 om! (0).

Y =ual,_) — %A52282€l22¢4 are replaced by n, Ap and 9, we only need to replace n — k, A

and €99 in the above arguments by n, Ag and &4, respectively.[]

Lemma 8. Suppose that Assumptions 1-3 hold. Let 01 be any number such that 61 > w,
where w is as in Theorem 1. Further, for any w > w, let (u2,y,v2.w) be the bigger of the

two solutions to system
—1
v=w (cf %de(aD (10)
1
u=w (f %d}"B(b»

and let

= / A Zd}“A(A)//Ad}“A(A) nd
Tow = U2, — A U2, — A &

Tow = /(%)Qdﬁ(r)//mgﬁdﬂ(ﬂ.

Then for any x > 61 and function m(z) defined in Lemma 7, we have:

Tu,zU2,2
(1 - ru,mrv,z) TV

em(0) = 02_315 and cm/(0) =

Proof of Lemma 8: Consider two functions of three complex variables: fi(z,u,v) =

10



x4+ cuv (1 +uma(u)) and fo(z,u,v) = z —uz + wv (1 +vmp(v)), where my (u) and
mp (v) are the Stieltjes transforms of F4 and FB, respectively. Further, consider a sys-

=0

tem Nz u,0) . Note that f; and fy are holomorphic functions of z,u and v near
f2 (Za u, U) =

the point (z,u,v) = (0,u24,v2,). This follows from the fact that ma(u) and mp (v)

are holomorphic at us, and va,, respectively, which, in turn, follows from the fact that
U2 > U (.7-"’4) and vg, > u (]-'B) .

According to the holomorphic implicit function theorem (see Krantz (1992), p.54), there
exists a unique holomorphic solution {u(z),v (2)} to the above system in a neighborhood
of z = 0 such that u(0) = uz, and v(0) = vz, as long as det fj, # 0 at (z,u,v) =

of  of
(0,u2.2,v2) , where f] o = g}; g}’z
Ou v
By assumption, the curves in the (u,v)-plane, u = gl( ) and u = ga2(v), defined by the
—1 1
equations of (10): v =z (cf gi‘?;;g\df“‘(k)) and go(v) = z (f T dFB(r ) , Tespec-

tively, intersect at (u,v) = (u24,v2,) so that d%gg(v) %gl (v) at (u,v) = (ug,2,v2,2) . The

latter inequality is equivalent to the inequality

u [x (<] uA_“Ade(»)_ll a [x (/ ,UT_“Tdem)_l] <L

at (u,v) = (ugg,v25). Note that by definition of Stieltjes transform, c [ %d.’FA()\) =
—cu(1+uma(u)) and [ 2dFP(r) = —v (14 vmp(v)) so that, by definition of functions

f1 and fa, we have:

f 2 gFAN) = =91 [ dFP(r) = —92 and 12)
U 0 TV 0
P A s

at (z,u,v) = (0,u2,4,v2,). Using (12) in (11), we obtain:

0f1\ 7 (_of LOfi\ (_10f

2 —_— —_—

v ( av> u v Ou u Ov <1 (13)

at (z,u,v) = (0,u,z,v2,). But at (u,v) = (ugz,v24), the curves u = g1(v) and u = ga(v)
-1 -1

intersect. Therefore, vo yus , = (cf %d}%(/\)) (f T2 qFB(r )) , and hence,

V2,0 —T

( %{}) (—%) = 22/ (v2,2uz,), which, together with (13), implies that det f{, < 0 at

(Z,’LL,U) = (07u2,xa U2,:C) .
du dv

11

Now, the vector of derivatives (%, E)/ evaluated at z = 0 equals vector — (f{ﬂ) - (%, %i;

y



0z 0z

du d 27 (-2
<d7:’dz> = —ug det (f],) 1 ((;;1’_3];1> "

Equations (12) together with the fact that us, > u (.7:‘4) and vy, > u (.7-"3) imply that
% < 0, % >0 at (z,u,v) = (0,u24,v2,). Therefore, and since, as has been shown, the

evaluated at (z,u,v) = (0, uz 4, v2,) . But <% %) = (0, —ug ). Thus,

determinant in (14) is negative,

du dv
— < 0and — <0 15
dz < dz < (15)

at z = 0.

The last of the two inequalities in (15) and the fact that Im (v (0)) = 0 imply that

Imv~!(2) > 0 for 2z, which are near 0 and such that Imz > 0. Note that, by definition,
) =cf MFAQ)

mf(erf 1T—{1T]:f£2)>>‘

Imz > 0, the unique v~!(2) satisfying the latter equation such that Imv=1(z) > 0 must

equal cm(z). Hence, ecm(z) = v=1(z), and cm(0) = vi}c

. On the other hand, according to Lemma 7, for z such that

Next, for the derivative of v™!(z) at z = 0, we have: Lv71(0) = —UQ?UZ, (0). Using
(14) and (12), we get: (%, 9) = —quy , det (f{g)fl (%, —%) . Therefore,

)\2
(“Zm - )\)2

—1 0f1

YJ1 A
2 AFAW),

vTH0) = vy 2usp det (ff o)

_ -1
a = —ogbunadet (1) e [
z U=U2,x

where the latter equality follows from (12). Using the definition of the determinant det ( f{’2) !

and, once again, equations (12), we obtain:

2

2
det (f{g) = C’UQ,J;UZ;E/)\)2de()\)/(7—2de(7')—

(U,Q@ — )\ 1)271 — 7')

A A T B
cunggw/uzw_)\df (A)/vz,x_Td}" (1)

so that, finally,

4 NdFA(N)
_ —))? Tu,zU2,2
cm'(O) — v 1(0) - _ (“2,:1: A) — U, T2,
d NFA(N T2de MFAN) r 7dFB(r) 1— ’
® f (u2 —>\) f (U2 —7’ f U2, —A f V2,2 —T ( TU@TU,I) xle

where the latter equality follows from the definition of r, , and r, , and from the fact that
Tv2 »dFB (1) ) -1 0

V2, —T

(u2,2,v24) , being a solution to system (10), satisfy us, = x (f

12



Lemma 9. Under assumptions of Lemma 8:

xT

-1
i) MO (z) L g1 (1 - ui1> oD+ U;’;Ik,

-2
i) M@ (0) B o 2Da? (1-ugh) (14 raeline )y Ui o g

lfru,z'rv,z)UZ,x u,va,z)Iv2,x

-1
iii) MO (z) B olgp1 (1 - u;;) D2,

-1 D Vdie; I, 0O
iv) M}(tll) (z) B ot (1 - u;i) o2 , ? ;{ ) 4 vy L § , where e;
’ o/ rd;e; oo ’ 0 0

is a k X 1 vector with the i-th entry 1 and all the other entries zero.

Proof of Lemma 9 i): Let us consider the following partitioned matrix:

1 2 1 2
:L‘In _ A _ J?Ikl— 76122)’ 6/12 —T€1QB 6’22./4 : (16)
_TA€228 8’12 Y

where Y = xl,_; — %Aegngs’ﬂA. Lemma 5 proves that, for any x > 61 > w, matrix Y is
positive definite (and hence invertible) for large n with probability 1. Replacing n — k, A
and £99 in that proof by n, Ay and &9, respectively, we establish the invertibility of matrix
zl, — A = zI,, — %AOEQBQE’QAO for large n with probability 1. Below, we will work with
Y and zI, — A as if they were invertible matrices for large n, keeping in mind that this is
indeed so almost surely.

The following formula for the inverse of a partitioned matrix A is well known. If Ass is

not singular, then:

A An
Ag1 Ag

-1 —T_1A12A521

_ _ B PEE (17)
— At A YT AL+ A A T A AL

where T = A1 — A12A521A21 is invertible as long as A is invertible. Applying formula (17)
to (16), we find that, for any = > 6; > @, M (z) can be decomposed for large n with
probability 1 as:

1 1 1
MY (z) = 7 A+ en) K[ (A +enp) — T@’llelan + Ko+ Nia (A'K3 + KLA)

13



where

1 1
Kl = ajfk — TEQBQ&JIQ T2€1QB 822AY 1./48223 512,
1 / -2 1 2/ -
Ky = T r Ay " — TEQB €5 €1,
K3 = Kl_ T3/2€12B 622AY 1./4821

First, we find the probability limit of K;. By Lemma 4:

1
a:Ik - T812828112 - (l’ - l)Ik £> 0. (18)

Let us denote matrix £8%5, AY ~1 Aego 3% as Z. Note that n || Z]|* < T ||A||4HY 1” lleaa||* |1 B3

so that by Lemmas 1 and 5, n || Z||* “3 0. Therefore, by Lemma 4:

1
HT812Z€&2 — (trZ) Ik. £> 0. (19)
We will now focus on finding the probability limit of tr Z. Note that for a general rank-
one perturbation M — vv’ of matrix M, we have: v/ (M —vv/) ‘v = % Using this

formula and the definition of Z, we obtain:

—1
tr 7 = T2 Z bk+z€22 i < bk+1A£22 1522 ’LA> A5227i

_ Z b T522 zAY AE?Z@
k+i B

But by Lemma 6, maxj<j<7_k ‘lg’m iAY._lAaggi — l tr AYflA’ 2, 0, whereas by Lemmas

7 and 8, %tr AY—1a L oy 1. Therefore, Max;<;<T—k ‘ 522 JAY .AEQQZ 1)2_91& 2,0, Fur-

ther, since v2, > u (]:B) = lim;, oo Mmax;—1,_. 1 b%, the quantity 1 — bk+iT€/22iAYi_1A€227i

is separated from zero with probability arbitrarily close to 1 for large enough n. Therefore,

we have:
bk+zT€22 JAY L Aegs i bkﬂv2 . »
max 5 - 5 —1| 0
1<i<T—k bk—i—z T€22 ZAY "4522 g bk:—H 2.z
T—k bk+zv2 z p . .
so that [trZ — £ ) ;| 11’1%72_1 = 0. Finally, note that, by Assumption 2iii),
+1 x
| Tk e 4 —1
b7, v, b; vy kL v
k+i 2 T 2 T 2,x p
Z T2 1 T Z b0y =7 — —0 (20)
T L= by Ve, T T1- Vo x

14



and that, by Assumption 3i),

T 4, —1

1 b; vy 2 ) 2

DN i v Pt Ul @)
i=1

2 _
1 —bivy, V2,0 — T

Putting the latter three convergence statements together, we obtain:

0. (22)

72
tr Z —/ dFP (1)

V20 — T

Combining (18), (19) and (22), we get: HKl —(z—1—[ ™ _dFB (T))IkH 2, 0. But

V2, —T

[ dFB (1) = -1+ T2 qFB (1) = —1—|—wu2_7916, where the last equality holds because

V2,2 —T V2,

(u2,2,v24) is a solution to (10). Therefore, finally,
HKl —2(1 —uii)IkH 2. (23)

Note that since ug, > u (]—'A) , U2, is larger than 1. Hence, x (1 — u;i) I is a positive
definite matrix.

Now, let us find the probability limit of K». Note that H% (1:.,452 — %52825'2)71” <
Ll Aol? (91 — @)~ for large n with probability 1. Therefore, by Lemma 4:

ﬂKg - %tr (a:Aaz — %82528,2)_1 IkH 2,0. On the other hand, by Lemmas 7 and 8,

Ltr (zAy? — %52825’2)71 2 UQ_i Therefore,
HK2 - U;;IkH 2. (24)

Finally, let us find the probability limit of K3. Denote the (T'— k) x (n — k) matrix
7573 B%ehy AY P A as G and let G be obtained from G by adding max {T —n,0} zero
columns and max {n — 7,0} zero rows. Similarly, let £;2 be obtained from €12 by adding
max {n — 7,0} columns with i.i.d. entries distributed as €;, and let £9; be obtained from
91 by adding max {T" — n, 0} rows with i.i.d. entries distributed as £;;. Assume that the ele-
ments added are independent from €12, e21 and from G. Then, we have: €12Gea = £12GEa1,
where G is a square matrix with ||G|| < ﬁ 1B [le22| lA||* (8, — @) ™" for large n with
probability 1. Using Lemma 1 and Assumption 1i), we further get: n HC_J H2 2% 0 so that,
by Lemma 4: |le12Gear|| = Hélgééng 2 0. Combining this finding with the fact that
K3 = K1_1€12G€21 and with (23), we obtain:

| K5]| = 0. (25)
The convergence facts (23), (24) and (25) established above together with the fact that,

15



-1
by Assumption 1iii), %A’A L. 572D, imply that MO () Lo (1 —uz_;}) o72D +
vg’;Ik.D

Proof of Lemma 9 ii): For M(?)(z), using the square of the inverse of a partitioned ma-

trix formula (17), we have:

1 _ _ _
M® (z) = A+ en) (K2 + K7V KGKTY) (A +en) +
1 1
K5 — Tglll (K1_2 + K1_1K4K1_1) €11 + ﬁ (A,Kﬁ + KéA) R
where
1 2
K4 = T2€]_2B 522AY AEQQB 5127
1 -2

Ky = TEII.AO <:E]n — TA0€2528/2A0> Ape1 and

Ke = K{'K3(Ix + Ky) + K; ' se1aB%h, AY 2 Acoy.

T3/2

Our analysis of K term is similar to that of K term. Let us define Z = T12 B2eh, AY ~ 2.,462282.
Note that n HZH 7z Al e IH lleaz||* |B]|® so that by Lemmas 1 and 5, n HZH
Therefore, by Lemma 4:

HK4— (trZ) IkH 2. (26)
For a general rank-one perturbation M — vv’ of matrix M, we have:

-2 U/M_Q’U
(1-— U’M—lv)Q.

Using this formula together with the definition of tr Z, we obtain:

- T—k -2
tr Z = T2 Z bk+1822 i bk+2‘/4822 1522 ZA ./452271' (28)

1 ZT—k 2 1 biﬂs22 JAYT2 Ao
= 72 .

k41 1.9 2°
( bk—H 22 ZAY A€22 Z)

But by Lemma 6, maxj<;<7—k ‘leéz Z.AYflAsggi — l tr .AY_l.A‘ 2,0 and
Max|<;j<7—k ) Eho Z.AY 2 A i T tr AY ~ QA‘ = 0. Further, by Lemmas 7 and 8, % trAY 1A L

16



vii, whereas for tr AY ~2A, we have:
1 1
7t AY2A = —try Ty !

1 1
= —o ey tA%y ! (a:[nk - TA&:QQB%’QQA + TA€22825§2A>

= N= N

1
= 2 ltr Y_l.AQ—i—Tx_l tr Y L AZY "L Aegn B2, A

=N

1
= o wAY T A o Behy [AY TN A enB. (29)

For the first term in the latter sum, we have, by Lemmas 7 and 8:

e Hr AYTA L s L (30)

s

For the second term, using (27), we obtain:

-2
a2t tr Behy [AY A] €928 —i ~Ltr Beh, {x.A_Q — 1522825’22] £99 8

727 T

-2
T—k 1 1
—1 —2 2 2 /
= E bk+15221 [96\'4 - f€22,—i3—i522,—¢ - Tbk+i522,i522,i} €22,
112 _s 2 1 2 -2
70k 422 [95“4 - 75227—2'8—1'522,—@} €22,
1 2
1312 ./4 B
bk+z€222 x T522 —i 522 €22,
172 / -1 2 )
*bk+z‘522i [AY' A] €22,
5
1 2

1 Tk
- 77 122’:1

1 Tk
- 7" 1z:z‘zl

But by Lemma 6, maxj<;<7— ‘ Eho p [.AY A] €92, — % tr [.AYflA]Z‘ 2,0 and

Maxi<;<7—k )782271».,4Yi_ Aegg; — % tr AYﬁlA‘ = 0. By Lemmas 7 and 8, 7 tr [AYflA]Q L,

vi}cm_luzzru@ (1 = Tuatos) *and % 7 tr AY ™ AL Vg g > L. Therefore, and since 1 — bz+lv2i is

separated from zero for large n, we have.
1 b2

] 2 1
k+z522 i [.AY A] €92, bkﬂv2 2TTUL 2Ty g »
max — =0,

] 2
1<i<T—k 172 1
( bk+7,€22 ZAY AEQZ Z) ( bz+lv2 :E) (1 - T’lL,iET'U,x)

17



and using equations analogous to (20) and (21), we obtain:

V52T U 4T e / TdFB(7)

1 — TuzTv,z -1 2
w 1 —T1)2@>

%xil tr Beh, [AYflA] % egaB—

Combining the latter result with (29) and (30), we obtain:

1,..-2 B

1 9 1 1 Vgl "U2zTux TdF (7’) P

—tr AY “A—x Ve T T o 2 = 0.
w,xTv,x <1 _ 7'1)2_w)

T

The latter expression can be simplified. We have:

—-1_.-2
1 -1 Vg 4T u2,xru,x/ de:B(7'>

Tyt
27
v 1-—- Tu,xTv,x 1— T'l)_1>2
2.z

Tv%md]:B(T)> (31)

_ m—lvz—; (1-— Tu@?“v,x)_l (1 — Tyl + TU,mUsz_l / (Vo — )
T

On the other hand,

wg ezt = ( / T”“de(T)) - (32)

V2,0 — T

because (u2, 4, v2,4) solve system (10) for w = x. Therefore,

Uz,xx_l/m%@d}—B(T) :/Tvg,xd]:B(T) </ Td]:B(T)>_1

(vo,z — 7’)2 (Vo0 — 7)2 Vo — T
2 7B B B -1
_ /Td]: (T)2+/Tdf (1) (/de’: (T)) i,
(’U27x — T) V2 —T V2 —T '

Substituting this result in (31), we obtain:

—1,.-2
L1 Vg g TU2aTug / rdFB(r) 1+ 7y

T Uyt =
2.x 2

1) TU2 2 (1 - Tu,:crv,x)

x

1—ryzTos —
e 1 —7uy,

and therefore,
14+ 7rus

TU2 2 (1 - Tu,z'rv,a:)

1
‘T tr AY 2 A— 2.

18



Returning to (28), using equations analogous to (20) and (21), we obtain:

~ 1+ Tu,x 7'2de(7') P
tr Z — P P——— ! 2 50.
— Uy,
2 B B
Note that [ % = VouTvs [ T”{)Zd:;m = MZ’;Z“’I, where the last equality follows
2,z ’ ’

from (32). Therefore, finally,

Tv,x (1 + Tu,x)

tr Z — 2.
U2,z (1 - Tu,zrv,x)
Combining this fact with (26), we obtain:
Tvx (1 + 7y CE) p
— : : = 0. 33
H * U2,z (1 - ru,xrv,x) ¥ ( )

For K35, we have, by Lemma 4:

2 0.

1 1 -

Ks—I—=tr Ay | I, — —Aoangalz.Ag Ao
T T

Replacing n—k, A and £95 in the above analysis of % tr AY =2 A by n, Ag and &5, respectively,

we find that 7 tr Ag (1, — %A0€232€'2A0)_2 Ap converges in probability to %
so that ’

0. (34)

H B 1+ 7y I,

TV ¢ (1 - ru,mrv,x)

Finally, let us find the probability limit of K¢ = Ki K3 (I + K4)+K; ' mze12B%h AY "2 Aca).
Since ||K3|| 2 0, the first term in the latter sum converges in probability to zero. As to
the second term, repeating the analysis that led us to (25), substituting Y ~! by Y2 and

(01 — )" by (01 —w) "2, we conclude that it also converges in probability to zero. Hence,
16l 0 (35)
Finally, combining (23), (33), (34) and (35), we get:

D 1 1
M® (z) - 2 <1 * U mgl(—t 7’“:3) )) * Tv (1"'_7”:@ T )Ik'
o2x2 (1 _ u;’glg) 2,x w,xTv,x 2,1 u,zT v,z
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Proof of Lemma 9 iii): For M®)(z), we have:

1
M®(z) = —=K7 ' (A+en) + Ks.

VT
—1
Therefore, using (23) and (25), we get M®) (z) & o~ 1z1 (1 - u51> D20

, T

Proof of Lemma 9 iv): Note that

MW () ¢
¢ el K e |
where ¢ = |/ZelK; " (A+¢e11) + /€ K3. Such a representation for M}((lz)(x) and the
probability limits for K7 and K obtained in the proof of Lemma 9 i) imply part iv) of
Lemma 9.0J

1.4 Proof of Theorem 1 iii)

Let ¢ be the integer defined in Theorem 1, that is ¢ is the maximum non-negative integer such
that dj/o? > w (1 —u ') (1—o"'). Since z (1 - ugi) (1 - v;;) is a continuous strictly
increasing function of & > w, there exists a small enough #; > w such that d;/o? >
01 (1 — uiél) (1 — Ui;l) for all © < ¢ and the inequality changes its sign for ¢ > ¢. This

fact is equivalent to the existence of a small enough 67 > w such that

-1
07 (1-153,) dio?+vp; > lforalli<g (36)

-1
07 (1-153,) dio?+vp) < lforallg<i<k. (37)

-1
Note that 1 (1 — Uy, 1) dio 2 +v,, 313 is the probability limit of the i-th largest eigenvalue

x
of MM (x) as n — oo. Functions g;(z) = z ! (1 —uii) o dioc™? + vii, i =1,..,k are
strictly decreasing in z > 67 and they tend to zero as x — oo. Taking into account these
properties of the functions and inequalities (36-37), we conclude that equations g;(z) = 1
have unique solutions x = w; for ¢ < ¢ and = > #41, and no solutions for ¢ > ¢ and x > 07.
Note that wy > way > ... > wy > 01.

Let  be a small positive number such that § < wq—61, let 01 = min;—y __g.j—1,..k |g; (wi £6)]
and dy = min {|g, (61)|, |gg+1 (61)]} - Further, let ® denote the events that
max;—1,. k ‘)\j (M(l) (w; £ 5)) —gj (w; £ (5)‘ < 01 and let ® be the event that
max;—i,._k })\j (M(l) (91)) —gj (91)| < 2. By Lemma 9, the probability of each of these

events can be made arbitrarily close to zero by choosing n large enough. Therefore, for any
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d3 > 0, for large enough n, Pr(2) > 1— 03, where 2 = ﬂgzléii N ®. Hence, with probability

arbitrarily close to 1, for large enough n, we have:

Aj (M® (67)) > 1if and only if j < ¢ and (38)
Aj (M(l) (61)) < 1if and only if j > ¢,
and, for all71 =1, ..., ¢:
Aj (MO (w; —6)) > 1if and only if j < i and (39)
Aj (MW (w; +6)) < 1if and only if j >

Now, if \q (]\) < 671 and U is full rank, then the eigenvalues Aj (M1 (a:)) ,j=1,..,kare
strictly decreasing functions of z on x > 1. It is because for any x; and xo such that zo >

~ -\ —1 -\ —1 ~
x1 > 61, matrix M (z1) — M (z2) = ¥ ((mlln — A) - (LEQIn - A) > U is positive

-1 -1
definite (this follows from the fact that the eigenvalues of (avlln — A) — (mgfn — A)
equal (oo (1{5)2)7(”;1 S j = 1,..,n, and therefore, are positive). Note that, as was
1—Ay 27 Ag

mentioned above, Ay </~\> % @ and, as is easily verified, U0 2 672D + I, so that with

probability arbitrarily close to 1, A1 (A) < 01 and W is full rank for large enough n. The
strict monotonicity of Aj (M* (z)), j = 1,...,k and inequalities (38) and (39) imply that,
with probability arbitrarily close to 1, for large enough n, there exists exactly ¢ values of
x > 0 such that MM (z) has a (simple) eigenvalue, which equals 1. These ¢ values of
x > 07 are in the d-neighborhoods of wq, ..., w,. Since § was an arbitrary positive number,
we conclude, using Lemma 2, that wy, ..., w, must be the probability limits of the first ¢
eigenvalues of %X X', which proves the first convergence statement of part iii) of Theorem
1.

Furthermore, as follows from above and from Lemma 2, for any 61 > w, there will
be only ¢ eigenvalues of %X)N(’ larger than 0, for large enough n. On the other hand,
%X)N(’ = UV’ + A so that the k-th eigenvalue of %X’X” cannot be smaller than the k-th
eigenvalue of A, which converges to (fC’A’B) = w. Hence, the ¢ + 1-th,...,q-th eigenvalues
of %X’ X' converge to w, which proves the second convergence statement of part iii) of

Theorem 1.

1.5 Proof of Theorem 1 ii)

Now, let us turn to part ii) of Theorem 1. Let p; be the j-th largest eigenvalue of %X X'

with j < ¢. Then, since, as has been just shown, y; 2, w; and since the probability limit
-1

of M(l)(x), x ! (1 — u;l) 02D + 02_7;[;{, is a continuous function of & > 61, we have:

T
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M®) (1) 2 wj_l (1 — u;iﬂ) o72D + vz_ﬂ}(}j Ij,. Further, since the latter probability limit is
a diagonal matrix with strictly decreasing entries on the diagonal, the j-th principal eigen-
projection of M m(uj) converges in probability to the projection on the subspace spanned
by the vector e; = (0,...,0,1,0,...,0)’, where 1 is the j-th coordinate. In other words, we
can choose the eigenvectors v; corresponding to the unit eigenvalue of M (1)(,uj) so that they
converge in probability to e; as n — oo.

Further, by Lemma 9 and since ug.,; = w; and vg,; = v;, we have: the j, j-th el-

ement of M2 (1) converges in probability to J_dew;2 (1 — ufl) (1 + M) +

J I_Tuijj)uj

. -1
(1_&% and the j-th column of M) (uj) converges in probability to eja_lw;1 (1 — u;l) djl-/2.
Therefore, by Lemma 2 iii, the j-th column of R, where j < g, is proportional to e; with

the coefficient of proportionality P;;, where
—2 (1 . 1 .
sz — <O’2djw-2 (1 o U»i]') (1 + Tvj ( + T’U,]) > 4 + Tuj > «
Y ! ! (L= rujrog)uj ) (L= rujreg) wiv,

(azwj_2 (1 — u;1>_2 dj> -

2
2 —1 —1
roj (14 7)) (14 ry;) o%w; (1—uj ) dj
(1 = Tujrej) ug (1 = rujrej) v,
Tj (1 + Tuj) N (14 7y5) (uj — 1)

(1 — Tuj'rvj) Uj (1 — 'l"ujrvj) (’Uj — 1) Uj7

1+

1+

where the last equality follows from the fact that O'_de = wj (1 — u;l> (1 — v;l) . Such a
convergence of the j-th column of R is the first convergence statement of part ii) of Theorem
1.

Now, let us focus on the second convergence statement of part ii) of Theorem 1. We no
longer assume that (1) is satisfied (this assumption was innocuous for the proof of the first
convergence statement as have been explained above). Suppose that j > q. Let y1, y2, ..., U
be the unit-length eigenvectors of %X X' corresponding to the k of the largest eigenvalues.
Let e; be an n x 1 vector with all entries but the i-th one equal zero and the ¢-th entry
equal to 1. Define Q; = >, y, (%XX’ + %eie;) Yr + Y <%)~()~(’ + %eie;) yj, where s is

an arbitrary positive number. Since y1, ..., yr are orthonormal,

11 1 ~
Q)< X (XK 4 el )

Lemmas 2 iv) and 9 iv) imply that the probability limits of the first k eigenvalues of

%f(f(’ + se;e; are as follows. If ¢ > ¢ and »1 is so small that, for any 0 < s < s,
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_ d; d;e; o=l 0
the largest eigenvalue of w™! (1 —ﬂ_l) Lo-2 ( ‘ , 7 Z i ) — ( UO 0 ) is

o/ xd;e; o

less than 1, then eigenvalues A, <%X X'+ %eieé) converge to w, for r < ¢ and to w for

g <r <k Ifi<gqand s is so small that, for any 0 < s < s, the smallest eigenvalue of
_ d; d;e; ot 0

w (1 — a—l) Lo—2 ‘ ovzac ) _ (Y is less than 1, then eigenvalues
ov/rdiel,  o%x 0 0

A (%Xf(' + %ewé) converge to w, for r < q and r # 4, and to w for ¢ < r < k. For the

i-th eigenvalue of %f( X'+ xe;e), by the formula for the approximation of an eigenvalue of a

perturbed matrix (formula 3.6 on p.89 of Kato, 1995), we have: for any § > 0, there exists

C>0,N >0 and 5 > 0 such that |\, (3K X' + seie]) = A (FXX') = 52| < O, for

all n > N and s < 3¢ with probability no smaller than 1 — 4.
For i < g, the convergence of \, (%X X'+ %eie;) described above, together with (40)

imply that:

Q, < Zi_l Wy + syl + 0+ 6 + Cs (41)

with probability no smaller than 1 — § for large enough n. On the other hand, by definition
of Qj :
q _
Q; > Zr:l wy + 2yl 4+ + %1/32‘1' -9 (42)

with probability no smaller than 1—¢§ for large enough n. Combining the latter two displayed
inequalities, we have: %y?-i < 20 + O with probability no smaller than 1 — 2§ for large
enough n. Let us take § = »2. Then, we have: yjzl < (2 4 C) 5 with probability no smaller
than 1 — 252 for large enough n. Since s is an arbitrary positive number, smaller than
min (s, »2) , we have: ngl 2.

For ¢ > ¢, since the probability limit of \; <%)~( X'+ %eie;) is w;, we replace inequalities
(41) and (42) by Q < > w,+w+dand Q > D1 w, +w + %yjzi — 0, respectively. So,
we have: y?z < 2s¢ with probability no smaller than 1 — 222 for large enough n. Since s is
an arbitrary positive number, smaller than min (3, 71) , we again have: yjzZ 2, 0. Note that

P

yJQ-Z- = Pf] Hence, for j > g and any i = 1, ..., k, Pfj = 0. This completes the proof.[]

2 Proof of Theorem 2

We will prove parts ii) and iii) of the theorem. A proof of part i) is similar to the proof
of part ii) and we omit it to save space. We will use notation introduced in the proof of
Theorem 1. However, we will not normalize € so that the variance of its entries equals 1.
For any matrix M, we will denote its j-th row as M;. and its j-th column as M.;. Further,
we will use M,.; to denote the matrix that consists of the columns r,r + 1,..., s of matrix

M, and we will use M;.;,.s to denote the matrix that consists of the intersection of the rows
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1,7+ 1,...,5 and columns r,7 + 1, ..., s of matrix M.

2.1 A key lemma

Let %525’2 = O'AO be the spectral decomposition of %525’2. Note that, since by Assumption
2a 1), eqeh is distributed according to Wishart W (azln, T— k‘) , its spectral decomposition

can be chosen so that O has the Haar invariant distribution (see Anderson (1984)).® Define

X = 00X and ¥ = 00 = O (D)2 (EE)* 4 L0e,. Th trix L XX’ h

=0 an =00V = 01, (L'L) e + 70¢e1. Then, matrix 7 as a

convenient representation %f( X' = U + A and the same eigenvalues as matrix %X X'
Let y;; denote the i-th component of an eigenvector of %X’ X/ , corresponding to eigen-

value \; (%X X' ), and \; denote the i-th largest diagonal element of A. Let us define

n

/ .
MO () = pr\p

TN
<AL
M2 (z) = —t " and
L
" 0LV
M®) = Lk 7Y
P = 3 %l

The following Lemma is a straightforward consequence of Lemma 2:
Lemma 10: Let p # N\, i = 1,...,n so that pl, — A is invertible. Then:

i) p is an eigenvalue of %X’X’ of multiplicity larger than or equal to s if and only if there

exists a positive integer m < k+ 1 — s such that © = p satisfies equations
Am (M,Q) (g;)) =1, Amtsot (M,Sl) (:c)) ~1, (43)
ii) If v is an eigenvector of M,(ll) (u) corresponding to eigenvalue 1, then

y= <’”’M7(L2) (1) “) -8 (44)

is a unit-length eigenvector of %XX’ corresponding to eigenvalue .

iii) If 1 is a simple eigenvalue of Mr(ll) (u), then p is a simple eigenvalue of %XX’

Furthermore, if p is the j-th largest eigenvalue of %XX’ and v is a corresponding

3The decomposition is not unique because each of the columns of O can be multiplied by —1 and the last
max (0,n — T + k) columns can be arbitrarily rotated.
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eigenvector of M,gl) (1), then the j-th column of matriz P from part ii) of Theorem
~1/2
2 equals (U’M,&Q) (1) v) M ().

The key fact for the analysis below was established by Mar¢enko and Pastur (1967).

They showed that the empirical distribution of the elements along the diagonal of A defined
as fA = #{i<A}
n

almost surely converges to a non-random cumulative distribution function
Fe, which has density

fe(N) (45)

a = (1-v0)%0% b= (1+e) 0>

- {W b-—NA—a) fa<A<b

0 otherwise

and a point mass 1 — 1/cat A=0if ¢ > 1.
To see the significance of the Marcenko-Pastur result for our analysis, assume for a

moment that k = 1 and note that M" (z) is a weighted linear combination of terms ¥? with

weights (z — )\i)fl . Now, by definition, ¥; = O0; (L’L)l/2 (FITF)lm + ﬁOi.el. The second
element in this sum is independent of the first and, by Assumption 2a, is N (O, a2/ T) . The
first term is asymptotically N (0, d;/n) . Indeed, since O has the Haar invariant distribution,
the joint distribution of the entries of its first column is the same as that of the entries of
¢/ €|, where &€ ~ N (0,1,,) and ||€]| = \/€’¢. Hence, Mél)(:n) asymptotically behaves as a
weighted sum of x?(1) independent random variables with weights L (dy + co?) (z — )L
Intuitively, such a sum should converge to (di + co?) [ (z — A) "1 dF. (\), which we confirm
below. The properties of ngl)(:p) centered by its probability limit and scaled by /n can be

analyzed using similar ideas.

2.2 Technical lemmata
Lemma 11: (McLeish (1974)) Let {Xy i, Fni;i=1,2,...,n} be a martingale difference
array on the probability triple (Q, F, P). If the following conditions are satisfied: a) Linde-
berg’s condition: for all € > O,Zi f|Xw_‘>a X2,dP — 0,n — o0; b) Zi:l Xgﬂ. L1, then
Z Xni % N(0,1).

Proof of Lemma 11: This is a consequence of Theorem (2.3) of McLeish (1974). Two

conditions of the theorem, i) max;<, |X, ;| is uniformly bounded in L; norm, and ii)

max;<p | Xl 2, 0, are replaced here by the Lindeberg condition. As explained in McLeish
(1974), since for any €, max;<,, X2 ; < Ez—i—z, X2.I(|Xpi| > ¢€) and since P {max;<p, | Xy | > e} =
b 7 b -

{Z I(|Xnil>¢)>e¢ } , both conditions i) and ii) follow from the Lindeberg condition.[

Lemma 12: (Hall and Heyde) Let {X, i, Fni;1 <i <n} be a martingale difference
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array and define Vn%j = ZzzlE(X?%”f”vi_l) and Ugﬂj = ZZ:1 X?” for 1 < j <
n. Suppose that the conditional variances Vn%n are tight, that is sup,, P (Vnzm > 6) — 0
as € — o0, and that the conditional Lindeberg condition holds, that is for all € > 0,
> B X201 X0l > €) | Fuia| 0. Then max; ‘UELJ —vz,| Lo

Proof of Lemma 12: This is a shortened version of Theorem 2.23 in Hall and Heyde
(1980).0

Let gj(\), 7 = 1,...,J, be analytic functions of real variable A on an open interval
(@, b) containing the support of the Marc¢enko-Pastur distribution, that is the set {0, [a, b]}
if ¢ > 1, and the segment [a,b] if ¢ > 1. Further, let <™ be an array of n X m matri-
ces with i.i.d. standard normal entries independent of A1, ..., \,,. In what follows we will
omit the superscript n in ¢™ to simplify notations. Finally, denote the set of triples
{(4,s,t) : 1 <j<J1<s<t<m} as ©Op. Then, we have the following

Lemma 13: Let Assumptions 1a and 2a hold. Then, the joint distribution of random
variables {ﬁ Z;l 95(Ni) (SisSit — 0st); (4, 8,t) € @1} weakly converges to a multivariate
normal distribution as n — oco. The covariance between components (j,s,t) and (j1,81,t1)
of the limiting distribution is equal to 0 when (s,t) # (s1,t1), and to (14 ) [ g;(N)gj, (N)dFe(N)
when (s,t) = (s1,t1) .

Proof of Lemma 13: Let real numbers a1 and by be such that [a1, b1] is included in (EL, l_)) ,

but itself includes the support of the Marcenko-Pastur law. Define functions h;(X),j =
1,...,J,sothat hj(A\) = gj(A) for X € [a1, b1], and h;(X) = 0 otherwise. Note that |h;(\)| < B
forany j = 1,..., J and any A, where B is a constant larger than max;—1, .7 Supeja, 5, 195 (M| -
Note also that since, by Lemma 1, A; almost surely converges to b,
P{3j < J,i <nsuch that hj(N\;) # g;(Xi)} — 0 as n — oo.

Consider random variables X, ; = ﬁ Z(j,s,t)€®1 Vjsthj(Ni) (SisSit — dst) , where 7, are
some constants. Let F,; be sigma-algebra generated by Ai,..., A, and ¢js;1 < j <4,1 <
s < m. Clearly, {X;, i, Fni;i=1,2,...,n} form a martingale difference array. Let K be the

number of different triples (j,s,t) € ©;. Consider an arbitrary order in O;. In Holder’s

K K 1/p K 1/q
inequality Zr:l arby < <ZT:1 (ar)p> <ZT:1 (b,)‘I> , which holds for a, > 0,b, >

0,p>1,g>1,and (1/p)+(1/q) = 1, take a, = ‘ﬁ%‘sthj()\i) (SisSit — 5st)’ , where (4, s,t) is
the r-th triple in ©1, b, = 1, and p = 24§ for some ¢ > 0. Then, the inequality implies that
2+6 146 R2+96
; <
a7 < KB Z(j,s,t)eel

normal random variables, we have: E E|X,
K]

SisSit—Ost

246
Vst = . Recalling that ¢;5 are i.i.d. standard

2 .
| 0 tends to zero as n — oo, which means

that the Lyapunov condition holds for X, ;. As is well known, Lyapunov’s condition implies

Lindeberg’s condition. Hence, condition a) of McLeish’s proposition is satisfied for X, ;.
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Now, let us consider Z:Zl X 271-. Since convergence in mean implies convergence in prob-
ability, the conditional Lindeberg condition is satisfied for X, ; because the unconditional
Lindeberg condition is satisfied as checked above. Further, in notations of Hall and Heyde’s

proposition, we have

1 n
Vi =1 Zi—l EQ Gsneon, VistVjsun i) i () (sissit — Ost) (SisiSity — Fsyty) [Fruim1)-
- (J1,51,t1)€01
is straightforward to check that the latter expression is equal to

It
Z 1<5j<J [(Zlgsgtgm VjstVirst (1 + 5st)> z Z:;l hj()\i)hjl()\i)] :

1< <J
. g 2 _ 1 n
Consider now Vrn = Zf%%%{f [(Zlﬁsﬁtﬁm Vist Vst (L + 5St)> n Zi:l 95 (Xi)g52 (Xi) |-
Since P <\7712n # Vn2n> — 0 as n — oo, 17”27” and Vn%n must converge in probability to the
same limit, or must both diverge. But, by Theorem 1.1 of Bai and Silverstein (2004),
n . o1
%Zizl 9 (Ni)gj (Ni) — fgj(/\)gjl()\)d]-"%()\) converges in probability to zero. Therefore,

since Fn (A) weakly converge to Fc(A) as n — oo, we have

R Sl | B ST (R ) I PAEVIREVETEN] BT
1<5<J 1<s<t<m
1<ji<J

Hence, VnQ’n also converges in probability to . In particular, Vnzm is tight and Hall and
Heyde’s proposition applies. From Hall and Heyde’s proposition, we know that ijl XEL’Z-

must converge to the same limit as V;2,,. Therefore, using McLeish’s result, we get Zn ) Xni LA
b 1=
N(0,%).
pp— . ) SisSi —ds 3 n . " .
Let us now define Y, ; = Z(j7s7t)€®1 V;stdi (M) \;ﬁ t. Since P (Zizl Y, # Zi:l Xw) —

0 as n — 00, we have Zn ) Y, 4N (0,3). Finally, Lemma 13 follows from the latter con-
1=
vergence, the Cramer-Wold result (see White (1999), p.114), and definition of ¥ (46).00

Now let us formally establish the asymptotic behavior of MY (z), MP (x) and M,@(m).
By Lemmal, for any fixed k, A1, ..., A almost surely converge to b, defined in (45). This result
implies that, with high probability, M,gl) (x) belongs to the space C' [01, 02]k2 of continuous
k x k-matrix-valued functions on x € [f, 03], where 62 > 61 > b. Since the weak convergence
in C'[01, 02] is well-studied, it will be convenient to modify MY () on a small probability

set so that the modification is a random element of C' [y, 92]k2 equipped with the max sup
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norm. To construct such a modification, define h(z, A;) = max <3: — A, 912_ b) and let

. n A
@) = 3 e
i=1 sy \g

v,
M7§2)(a:) = E 7]22(; ) and
i=1 o

~ n O;]_k;\]:]l
W) = ST
i=1 v

We will study the asymptotic properties of M,Sj ) (x) keeping in mind that they are equivalent
to the asymptotic properties of MY (x) because Pr (M,SJ) (x) = MY (x),Vz € [0, 02]) =
Pr()\1<#) — 1 asn — oo.

Let us define

r—X\’
M(2)(a:) = (D—l—anIk)/(i}E(;\))Q and

We have the following

Lemma 14: Let Assumptions 1a and 2a hold. Then, for the random elements of
C¥* [01,05) defined as NT(Lp)(a:) =n (Mép)(x) - Mép)(:v)> ,p=1,2,3, we have:

{Nflp)(x),p - 1,2,3} LA {N(p)(x),p - 1,2,3}, (47)

where, for any {z1,...,x;} € [01,02], the joint distribution of entries of

{N(p) (zj);p=1,2,3,=1,.., J} is a 3Jk?-dimensional normal distribution with covari-
ance between entry in row s and column t of N (xj) and entry in row s1 and column t
of NU\(z;,) equal to Q") (1,71), where T = (s,t,5) and 71 = (s1,t1,41) , and QP7) (1,717)
1s defined as follows:
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For T = (s,t,7), 11 = (s1,t1,71) , and integers p1 and ps such that 1 < p; < py <2,

C
Q(plva) (7', Tl) Z (dS + dt) (d81 + dtl) ¢St81t1 /

Fe(A
QP13) (r,71) = z(ds‘i‘dt) \/E¢st51t1/ )\))pl/:v
Jj1
9(3,3) (7’,7’1) = \/Tﬁqsstslh/df( )/ ()\)

-AJ xj — A

dF.(\) / dF.(\)
(

37]1 P2

e}

if (s1,t1) # (s,t) and (s1,t1) # (t,s);

QP1.p2) (r,71) = [2 (ds + dt)2 Goer — (14 st) dsdt] / (xcjj:_c())\‘;pl / (mij:i(i;m

[ 0) (2 + dody) + o2 (dy + dy + 25/ ) |

. / dF.(\)
(zj — NP (zj, — AP

QP3) (7 71) = E (ds + dp) V/dsapay — (1 + 847) fdt:|/ Fe(N) /dfc()\)

(xj = NP ) xj, — A

+k1+&0¢@m+a%(¢¢+@ﬂg0L/@u_WHM
J

/\)m (xj1 - )‘)
QB3 (r,71) = (gdsgbstst — (14 st) dt) / (Z:C—()\/\) / fcﬂlj:ci/\z‘

dF.(N)
(zj = A) (2, = A)

+ (14 85) de + 0%¢) /

if (s1,t1) = (s,t); and

QP1.p2) (r,71) = QP1.p2) ((t,s,7),(s1,t1,71))
QP (r ) = QP ((t,s,5), (s1,t1,51))
3.9) _ (e B dF.(N\) / dF.(N\)
Q0 (r71) = (oun = (1 8) Vi [ T [ S

+ <(1 +64t) Vdsdy + 5st02c) / dFe(N)

(xj = A) (z5, — A)

if (s1,t1) =(t,s).

Proof of Lemma 14): To save space, we will only study the convergence of NT(LI)(x). The

joint convergence of {N}Lp ) (x);p=1,2, 3} can be demonstrated using similar ideas. We will

prove the convergence of Nél)(:c) by first checking the convergence of the finite dimensional

distributions {N,g’lgt(xj), (s,t,5) € @} <, {Ns(tl)(:z:j), (s,t,j) € @}, where © denotes the set

of all integer triples (s,t,j) satisfying 1 < s,¢t < k and 1 < j < J, and, second, by
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demonstrating the tightness of all entries of Nr(Ll)(x).

Note that the distribution of Nél)(x) will not change if we substitute O7.; and Oe;
in the definition of ¥ by £(£'¢)~Y/2 and o, where &€ and 71 are two independent n x k
matrix with i.i.d. standard normal entries independent from 7, F, and Ay, ..., A,,. Indeed,
the substitution of Oe by o7 is justified by Assumption 2a. As to the other substitution,
note that the columns of & (5'5)*1/ 2 are orthogonal and of unit length. Further, the joint
distribution of elements of £(¢'¢)~1/2 is invariant with respect to multiplication from the
left by any orthogonal matrix. Hence, this distribution coincides with the joint distribution
of the elements of the first k£ columns of random orthogonal matrix having Haar invariant
distribution. But the latter is the joint distribution of elements of O;.;. In the rest of the
proof, we, therefore, will make the substitutions and redefine Nﬁl)(a:) accordingly.

It is straightforward to check that N )( )= Zlo . S®)(z), where

Sz = <#>1/2 L)V (%>—1/2 <\FZ » fh(i; ;I)k) (5 5>_1/2 (L'L)Y? <#)1/2,
5(2)(:E) _ (F/TF> 1/2 )1/2 (g)*l L) 1/2 fﬁ(( " ) /2—Ik;> ijlma
Ik> (D)2 ()7 (w2 ZL ARG

)

1

5(4)(@ (L’L)W\F ( ) (%) ('L 1/22 1nhﬂ
§O)(a) = Vi ('L~ D Z”_l Zien)

§SO(@) =0 %(F%) 1/2(%>7/2(WZ 1 R QM)

S (z) = \/;(le 1h77;£,\1 )(5’5) 1/2 1/2( ) /2

S(S)(l‘): Q \le 17727;;;]%7

5O) () = 2f (# =) > gy

SU(2) = — (D + o%cly) Vi (f ) Zn 1%)

By Theorem 1 of Bai and Silverstein (2004), /n (f d]:”/T - Zﬁ_l %x_l/\z) 20 for

any x € [01,02]. Our assumption that n/T —c= o0 (1/y/n) and the definition of Marcenko-
Pastur law imply that \/n (f df;/_T/\()\) —f dfc(/\)> — 0, and hence \/n <f%(/\’\) — E ?:1 m) LA
0. The latter convergence result together with the facts that F'F/T 2, I, &¢/n 2, Iy,
10
L'L—D = o, (n"Y?), and n/T — ¢ = o (n~/2) imply that {Z . S(f)(a:j); (s,t,j) € @}
V=

S

10~
and {szl SS;) (x); (s,t,7) € @} weakly converge to the same limit or do not converge

together, where

SW(z) = D2 (fz 1£h£;)\ >D1/2,
SO(z) = D\ff(( )/2—Ik>fd§?(§’,
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5(3)(33) _ ﬁ\/T ((F}F>1/2 _ Ik> D[ dfi(AA)’

$@ (@) = D2/ (1, - (85)) DY2 [ 2,
S6)(2) =0,

SO (z) = g\/cD'/? (ﬁ " ;féfi;)) 7
SO@) =ave (LD wtsy) D2,
SO() = 0% 3T s

SO (z) = SU0) () =

Let us, first, consider the limit of {5’(?) (xj) + S’S) (xj),(s,t,7) € @} Since (

)1/2
, 1/2
I+% (FT—F — I) +op (%) using Assumption la, we get /T <( ) / — Ik) d %(ID The
latter convergence and the definition of S (z) , S®(x), and @ imply that
{S<2>( D+ S®(2),1<j < J} 4, {% (DB + ®D) [N 4 < j < J}, and, hence,

{S(z)(m‘]) + Sét)(x]) (s,t,7) € @} weakly converge to {Z( ) (s,t,j) € @} having joint zero-

sty
mean Gaussian distribution such that

dFe(X) / dF.(N\) (48)

1 C
oo (285, 283,5) = § 0o+ 80 o+ )0 [ 0 [P

Now, let us consider the limit of {Z ¢23§§f)( i) (s,t,7) € @}. By definition, we

have'Z S0 (@)) = VTG > sl — VI [ LY St

#23 st
ov/cds f Z ) hé”n“ —i—J\/cdtf Z ) hfg{,}f) +0? c\f ZZ . 77;:7;1;)\ )St Since [€,n] is an

n X 2k matrix with i.i. d standard normal entries, Lemma 13 and the above decomposition

imply that

(v) . ) : L
{Zvﬁ ; Sy () (s,t,5) € G)} weakly converge to {Zstj, (s,t,j) € @} having joint normal
distribution such that cov (Zg},Zme) = 0 if (s,t) # (s1,t1) and (s,t) # (t1,s1) and

cov <Z( ) Z( )

st 511:1]1) is equal to

cov (75),28)5,) = [(1+60) (06 + dude) + 0% (dy + do + 200/dedy) | X (49)

dF.(N) dF.(N) / dF.(N)
—(1 st) dsd
X/(xj—k)(l‘jl—/\) (40 t/fﬁj—/\ Tjp — A
otherwise.

Finally, since {gg)(a:j) +§S)( i), (s,t,7) € 9} are, by definition, independent from

{2#235&)( )5 (8,1, ) € @}7 {thlj), (s,t,7) € @} must be independent from
10 & . d

{Zétg) (s,t,7) € @} and {szl Sgt)(xj); (s,t,]) € 9} - { S(t]) + ZS(U), (s,t,7) € @} , hav-
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s1t171

ing joint zero-mean Gaussian distribution such that cov (Z 1) +Z itj) , Zﬁzl it

o) >:

cov (Zit]), Z,§1121j1> + cov (Zg]), Zs(f;ﬁ) . (48) and (49) imply that the joint distribution of
Zs(t]) + Zs(t]) is equal to that of { S(t)( z;);(s,t,7) € @} .

. . (1) 10 (v) .
Now we have to prove the tightness of all entries of Ny’ (z) = Z . S\ (x). Since

product and sum are continuous mappings from C [01,02]2 to C'[A1,02], it is enough to
prove the tightness of every entry of each matrix entering definition of S(*) (x),v=1,...,10.
Assumption la and the facts that F'F/T % Iy, €¢/n & I, 'L — D = o(nfl/Q), and

1\ 1/2
n/T—c=o0 (n_l/ 2) imply the tightness of every entry of each of the matrices <F TF ,

(L'L)Y?, /('L - D), (%’5>_”2, (%)_1, JEL i (- o)1, f(( )1/2—1k>,

and \/n (Ik - (%)) considered as (constant) elements of C'[f1,62]. Therefore, we only

need to prove the tightness of entries of

€ZS£ st 1 . fzsnzt L MNisMit — 65t
Z VR (e A) Vi b ) (50)

n 1 dFe(\) n 1
of Zi:l nh(z,\;) and of \/ﬁ (f =\ Zi:l nh(x,)\i)) .

Since £ and 7 are, by definition, two independent n x k matrices with i.i.d. standard
normal entries, to prove the tightness of the sequences of sums in (50), it is enough to
prove the tightness of the first sum for all 1 < s <t < k. We will use Theorem 12.3 of
Billingsley (1968), p. 95. Condition i) of the theorem is equivalent in our context to the
assumption of the tightness of the sum at x = 1. Lemma 5 implies that this assumption
is satisfied. We will verify condition ii) of Theorem 12.3 by proving the moment con-

2
(120~ (a2 ™) €un—5u0) )
> <
) n(r1—x2) )
n n
B (32 (o )h(aa, M)~ € = 0u0)) /n < B (307 (€ —0ut)) =
16
(01-b)*

—r n _ 2
gy Hence,  sup B (D07 (hlen, M) = b2, M) 7Y (6 — 000) ) /@ - 2)°

n;xy,r2€[01,02]

is finite and the moment condition (12.51) of Billingsley (1968) is satisfied. In a more com-

n

E
dition (12.51) of Billingsley (1968). We have ( =1

(1 + 0st), where the first inequality follows from the fact that ‘h(ml Ny h(ml’m)

plete proof (in which the tightness of the elements of Nr(f)(a:) is demonstrated), we also need

to check Billingsley’s moment condition when £ (-, -) is replaced by h? (-,-) . We can use the

1 . 1 \Iz z1|(h(z1,Ai) +h(x2,0i)) - 320]ws—a1]
h2(z1,A:) A3 (z2,) h2(21,A:)h? (22,A:) = (61-b)*

above reasoning and inequality

to perform such a check.

Similarly, conditions of Theorem 12.3 of Billingsley (1968) are satisfied for Zn_ m
i s . dFe(X n 1 P
Condition i) is satisfied because, as has been shown above, \/n (f f()\) — Zi:l m) =
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n 2
0 for any = € [01,02] . Condition ii) is satisfied because E <Z,_1 e )\il) = Ai)> < __16

= o-nt
To prove the tightness of \/n < f dj:c(/\) ijl m), we adopt the argument on
page 563 of Bai and Silverstein (2004). In notations of Bai and Silverstein (2004), M, (-) —

— [ L ZM (z)dz is a continuous mapping of C (C, R?) into 0[01,92] Since, M,(-) is
tight, —5=- [ -1 ZM (2)dz, and subsequently n (f df;f/fT)\()‘) - Zn 1 ) form a tight

1nT— /\
d A .
sequence. But SUD,c(0;,0,] Vvn (f f;/_T/\( ) _ / dfﬂ@) 20 because, by assumption, n/T —

¢ = o(1/y/n). Therefore, \/n (f%(/\)‘) — ijl %m_l)\l> is tight too. Finally, the latter

tightness and the fact that P {Zn 1% (ﬁ — W) #* O} — 0 imply that sequence
1= T 1y "\

Vn (f df%()\)\) - Zil m) must be tight.[]

Lemma 15: Let A(x) = A+ AW, where AV is a symmetric k x k matriz and
A = diag (a1, a9, ...,ax), a1 > ag > ... > a > 0. Further, let ro = %minj:h“,k laj — ajt1],
where we define axy1 as zero. Then, for any real s such that || < 1o/ HA(l) H , the following
two statements hold:
i) Ezactly one eigenvalue of A(s) belongs to the segment (aj — ro,aj + o). Denoting thz’s
eigenvalue as a; (), we have: ‘% (aj (») — a;) A(]L ‘ < || HA H (ro — || HA H
ii) Let Pj (>) be the orthogonal projection on the invariant subspace of A () correspondmg
to eigenvalue a; (»2) and let
S; = diag ((al —a;)" o (aj1 —a;) 0, (a1 —a)) T (ag — aj)_1> . Then e (x) =
P; (x)e;/ || Pj () ej] is an eigenvector of A (sc) corresponding to eigenvalue a; (3<), and
1% (e () = e5) + 8540 | < 215¢] AV (ro — o<l AV )™

Proof of Lemma 15: Let R (z, ) = (A (3) — zI}) " be the resolvent of A () defined for
all complex z not equal to any of the eigenvalues of A (5c). We will denote R (z,0) as R(z).

Let I be a positively oriented circle in the complex plane with center at a] and radius ry. The
second Neumann series for the resolvent R (z, 5) z)+ Z R(z) (A(l)R (z))n
(see Kato (1980), p.67, for a definition of the second Neumann serles) is umformly convergent
on I for »r < miner (HA(l)H ||R(z)||)71 =ro/ HA(l)H , where the last equality follows from
the fact that || R (2)|| = ry" for any z € T. Therefore, formula (1.19) of Kato (1980) implies
that, for || < 7o/ HA(I)H, there is exactly one eigenvalue, a; (), inside the circle I'.
Formulae (3.6)° and (2.32) of Kato (1980) imply the inequality stated in part i of Lemma
3.

We now turn to the proof of part ii. According to Kato (1980), p.67, projection P; ()

can be represented as P; ( 27” fF (z, ) dz. Substituting the second Neumann series

For any matrix (or vector) B, || B|| = (max eig (B*B))"/?, where  denotes the operation of transposition
and complex conjugation.

’Note the difference in notations. Kato’s ro is ours ro/ HA(I) .

33



for the resolvent in this formula, we obtain
R(2) (A(l)R(z)>ndz (51)
where P; = P; (0) and the series absolutely converges for |»| < o]

‘A(l)H Kato (1980), page

76, shows that 5= [ R (z) AVR (z)dz = —P; A1 )S S; AN P;. This equality and (51) im-
ply that P; (») = Pj — » (PjA( )S; — S; A(l)P %) — 5is ZOO x)" [oR (A(1 R(z))n dz.

Therefore, we have:

|| [|A®|*
ro (ro — || [JAD]))

1
H (P (5) = Pj) + P A0S, 4 5, A0 Py (52)

for any || < ro/ ||[AV]|.

Since A is diagonal with decreasing elements along the diagonal, e; is an eigenvector
of A corresponding to the eigenvalue a;. By definition of P; (x), e (») = % must
be an eigenvector of A (sr) corresponding to the eigenvalue a; (). Consider an identity
L (e (39) =€)+ 5,AWe; = (L (P () ) — ) + $;AWe) + Le; (52) (1= 1P, (2) 1)) . Us-
ing (52) and the fact that Sje; = 0, for the first term on right hand side of the identity we

have: )
| AV
< .
ro (ro — |2 [|A®]])

— (P (%) ¢j — ;) + ;AWe; (53)

Using the fact that Pj (5) is a projection operator so that | P; (s)e;|| < 1 and Pj (3)* =
P; (5), for the second term on right hand side of the identity we have:

2

Hi (52) (1~ || P; () ejn)H < 1 (1= IR Gaesl?) = I Hi (P ) es —e)| - (54)

A0 AD]T 2] a0]”

But, form (53), [|; (F; () €j — € H <2|5;AW JH 2(ro— A [AD])® = 28 2 (ro— |l [ A

Combining the above 1dent1ty, (53), (54), and the latter inequality, we obtain:
e[| A |* (805 —aro o | AD [| 5[ AV[*) _ 2ps [ 4|
1
L(p (1) AWel]| <
I52e3 G) =€) + 85,4000 22 A A0 = o2
the last inequality follows from the fact that ro > || HA(l) || . This proves statement ii) of

5, Where

the lemma.[]

Lemma 16: Let f,(z) and fo(x) be random elements of C'[01,02] such that fn(z) <,
fo(x) as n — oo. And let z,, be random variables with values form [01,02] and such that
Tn D> 20, where xg € [01,05] Then fn(zy) — fulzo) = 0.

Proof of Lemma 16: Since f,(z) <, fo(z), {fn(z)} is tight and, hence, for any ¢ >
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0, we can choose a compact K such that Pr(f,(z) € K) > 1 — 5 for all n. By the
Arzela-Ascoli theorem (see, for example, Billingsley (1999), p.81), for any positive 1, we

have K C {f:|f(61)] <} for large enough r and K C {f:wys(d(1)) <e1} for small

enough d(e1), where wy (§) is the modulus of continuity of function f, defined as wy () =

sup|s_¢<s [f(s) = f(¥)], 0 < < 02—0;. Let us choose N (e, 1) so that for any n > N(e, e1),

Pr (|z,, — 20| > d(e1)) < 5. Then, for n > N(e,e1), we have: Pr(|fn(zn) — fu(zo)| > €1) =

Pr (| fn(zn) — fu(zo)| > €1 and |z, — x| < 3(e1))+Pr (| fru(zn) — fu(xo)| > €1 and |z, — x| > d (1)) <
Pr(fn(z) ¢ K) + Pr(|x,, — zo| > 0 (e1)) < &, which proves the lemma.[]

2.3 Proof of Theorem 2 iii)

Using Lemma 14, it is easy to establish the probability limits of the first & eigenvalues of
X X'/T. Recall that by Lemma 10, we should look at the probability limits of the solutions
to u; (Mrgl) (gv)) = 1. Consider, first, solutions to a related equation f; (Mél) (x)> = 1.

Function p; (Mél) (a:)) = (dj +020) %&)‘) is continuous and strictly decreasing on

(b, +0), and tends to zero as x — 4o00. In addition, since, as is straightforward to check,

dF.(N) _ 1 /e

lim, |, [ =555 = I e We have: limg|y, ,um(Mél)(x)) > 1 if and only if d; > /co?.

Therefore, there exist unique solutions zg; € (b, +00) to equations u; (Mél) (:1:)) =1 for

j < q, and there are no solutions to the equations on (b, +00) for ¢ < j < k.

Now, fix 01 and 65 so that 6 > 01 > b; {zq; : j < ¢} € (01,02), and (dk + 020) / de%_()/\‘) <

%. The continuous mapping theorem and Lemma 14 imply that p; <M7(11) (x)> <, 14 (Mél) (SL')) ,
in the sense of the weak convergence of the random elements of C'[61, 03] . Using this conver-

gence and the monotonicity of p; <M7(L1) (m)) it is easy to show that with high probability
there exist unique solutions z,; € [61,02] to 14 (M,(ll) (x)) =1 for j < ¢, and z,; 2, :coj.6

Therefore, ,uj(%XX’) Ly 2o; for j < gq.

(di +02) (di+a2c)
> Fe—

Let us show that zp; = Recall that xp; was defined as the solu-

tion to equation (d; +020)/dfi()\)‘) = 1, and it is the probability limit of ,uj(%XX’).

Changing the roles of factors and factor loadings, it is straightforward to show that yo;
dF1(N)

defined as the solution to (cdj —1—02%) / yé/\ = 1 must be the probability limit of

(AX'X). But p;(2XX") = Zu.(LX'X). Hence, 2o; = cyo; and dito? [ TLY =1
MJ n : 'U’J T T'u’] n ' y L0y Yoy c %$0j—/\

Now, it is straightforward to check that fi(\) = c?f.(c\) and F1 does not have mass

at zero if ¢ > 1 and has mass at zero equal to 1 — ¢ if ¢ < 1. Therefore, we have

*When there is no solution to s, (bel)(x)) =1 on [01,02], we can define xn; € [01,02] arbitrarily.
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1
c(d; + o?) </m — IC) = 1. Substituting /fc(i)‘)? by (d; —1—020)_1 in the latter

_1
equation, we get 1 = ¢ (dj + 02) ((dj + 020)_1 - %) , which implies that z¢; = d;

0j

We now show that, for any j < ¢,
D)y _ (1) L v 1
iy (VD (@) = g (MED @) + =N @) o (7 ) (55)

where o), (ﬁ) is understood as a random element of C'[f1, 03] , which, when multiplied by
\/1, tends in probability to zero as n — oo. Formula (55) is an easy consequence of Lemma
14 and part i of Lemma 15.

Now, let us define function v; (y) for y > 0 so that it is equal to bif y > lim, |y, ,uj(Mél) (2))
and to the inverse function to function ,uj(Mél)(a;)) otherwise. Since %,uj(Mél)(q:)) =
— (dj +0%c) [ (df_c;/)\%’ it is easy to see that limg |, 41 (Mo(z)) = +o0, and, hence, v; (y)
is differentiable for y > 0. Applying v; to both sides of (55) and using the first order
Taylor expansion of the right hand side, we have for € [01,62]: v; (,uj(MT(LI) (m))) =

z + v (Tn(z)) ﬁNéZ)ﬂ(m) + op (ﬁ) , where 7,,(z) is a random element of C'[f, 03] such

that 7, (z) 2 uj(Mél)(x)) as n — oo.
Note that by definition of z,;, definition of v;(-), and Lemma 10, p; (M,(Ll)(mnj)) =1,

v (uj (Mél)(xm») = 205, and T,; = p; (%XX’) with probability arbitrarily close to 1
for large enough n. Substituting = by x,; in the above expansion of v; (M‘](M*r(bl)(x))> and
using these facts, we obtain: /n (p; (7 XX') — @o;) = Vi (T (%nj)) N,Slj)](:cnm) +op,(1).
Further, since x,,; - o; and ,uj(Mél) (z07)) = 1, we have: v} (75,(2;)) S v} (1) . Finally,
Ny (ns) = Ny,
vV (uj (7XX') — xo;) has the following form

(z0;) % 0, which follows from Lemma 14 and Lemma 16. Therefore,

Jn (Mj (;,XX'> - x0j> = 1/ (1)) N (05) + 0, (1) . (56)

Let us show that —v/ (1) = (d? — a4c> (d; + o%c) dj_2. Indeed, by definition, v/ (1) =

(u; (Mél)(a:oj)>>7l = (— (dj + o%c) [ dFe(2) )71 . The latter expression can be simplified

(w0j—N)*
as follows. Consider zg; as a function of d; : xo; = (dj + 02) (dj + 020) /d;. Note that since
xo; is defined as the solution to equation (dj + 020) df%(i‘) = 1, we must have:
dFe(N)
d.: 2 =1 57
(dy+0%) [ S22 (57)
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Differentiating both sides of (57) with respect to d;, we get:

(dj + 0’20)_1 — (dj + 020) / (iic_(i‘\; ( — ?) = 0. Solving this equation for the integral,

dF.(\) 2
/ (woj — A)’ - (d? — 0'4C> (d; + (720)27 (58)

we get:

B (d2.—04c)(d-+020)
and therefore —u; (1) = 2 -

imply statement iii of Theorem 2.0

. The latter equality, formula (56), and Lemma 14

2.4 Proof of theorem 2 ii)

First, note that representation ﬁl;qzﬁ P+ Eé‘, where Eé‘ is a matrix with ¢ columns or-
thogonal to span (£) is a trivial coordinate decomposition statement. The value of Theorem
2 is, therefore, contained in describing properties of Eé‘ and P. Recall that the columns of
Elzq are equal to the ¢ principal eigenvectors of %X X'. By Assumption 2a, the joint dis-
tribution of elements of X is invariant with respect to multiplication of X from the left by
any orthogonal matrix leaving columns of L unchanged. This immediately implies that the
joint distribution of entries of Eé‘ is invariant with respect to the multiplication of EqL from
the left by any orthogonal matrix that has span (£) = span (L) as its invariant subspace.
In the rest of the proof we, therefore, focus on the properties of P.

By Lemma 10 and by definitions of AR (x) DA (x) and M (x), the j-th column of

P equals
~1/2 .

Pj= (w;sz7(z2) (@nj) wnj) M (205) way, (59)

where wy,; is a unit-length eigenvector of A (2n;) with high probability for large enough
n. By part ii of Lemma 15, wp; 2 ej. Further, Lemma 14, Lemma 16 and the fact

that x,; 2, xo; imply that M (@nj) 2 Mo(g)(xgj) = Dl/z/m and MY (@nj) 2

(D + o%cly) / (5::87—(32' Therefore, by (59), we get:

mj—A mj—X)*

3 ~1/2
P; 2 d;/Q / dFe(Y) ((dj + o?c) / M) e;. Formulae (57) and (58) imply that this

d2—ctc 1/2 ~
(M) ej which establishes the form of p)
VAN

limit simplifies so that we get: ]5.j 2 <
in Theorem 2 ii).

Now, we will study the asymptotic behavior of P around its probability limit PO,
Let us show that the asymptotic joint distribution of the components of ¢ k x 1 vectors

vn (lf’.j — Pg”) ,j = 1,...,q is the same as that of the components of ¢ k x 1 vectors
4 P ) (1 3 (2 —3/2 77(2
Zs:l %jAgs),j =1,...,q, where Ag- ) = NT(L )(xoj)ej, AP = 05 (dj2 — ca4> d; / Nr(z,g)j(xoj)ejv

J
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AP = ote (@ — o) d PN, (wog) g, AD = —D2G; N (305 €,
1/2
and%j:( — ot d + o2¢ 1/2d41.

Representation (59) implies that /n ( 21)) = Z;l:l A;S) + 0p(1), where

J
—1/2
A(l) ( )(ﬂjn])wn] (w M( )(ﬁnj)wn]) )
9 dF. dFe(A (2 —1/2
AP = i (DV2 [ Z DU [ TR Yy (wl WD () wag)

N —-1/2
A = DU ST g =) (w'jMf) (eng)wns)

4 ¢ e i y e
A = D2 [0/ (g 0182 Gang) ) = i (wt 187 (o)) ).

Consider, first Ag.) and Ag. ), Using the Taylor expansion of function z~1/2

probability limit of wq’lj]\%(f) (

around

Tnj) Wnj, We get:

~1/2

NG ((wiber(f) (Znj) wnj) — plim (w:%jMT(LZ) (@nj) wnj) 1/2)

1 . —3/2 . . .
= —3P lim (w,'leéz) (@nj) wnj) vn (w;leT(f) (nj) wpj — plim <w;U-M,S2) (2n;) wnj>> +

o (Vi (W NP (20) wag = plim (1), M2 (@) wnys) ) )

. /2, —-1/2
As has been shown above, <w7’1jM7(12) (@n;) wnj> <(d + o?c) / m> . Com-
(2)(

bining this fact with formulae (57) and (58) and using the Taylor expansion of N,™ (zp;)
around zg; and Lemma 14, we get the following decomposition
4 (2 2
AR = gje; (wnj + ) MY (ng) /1 (wns = €5) + 06N, () — /
dF.(\ 3/2 1/2 ,—5/2
20,¢j (dj + o’c /(x EA;g\f(a:n] woj)+op(1), where o; = —0.5 (d —040) (d; + o%c) / d; 2,
)

Further, using Taylor expansion of function [ df%)\ around x = xoj, A® can be trans-

J
formed into

dF. ~(2 -1/2
-D'2 [ x]: 2f($nj T0j) Wnj (ngMr(L ) ($nj)wnj) + 0p(1).
The formulae obtained for A§-4) and A§-2) imply that we have the following representation
Vi (Py = PP) = 24 A8+ 0,(1), where
1 -1/2
AP = NP (g wa (WM (@) wng)

2 2
Ayzgwmg%m

R A -1/2
AE'B) == (D1/2 f d]:c,(igz Wnj (w;szr(LQ) (l‘m) wnj) + 2Qj€j (dj + 020) /m> \/ﬁ(xm - IOj)7

(zoj
. . ~1/2 .
A§4) (Dl/2 [ %&’Y (w;leT(f) (xn;) wnj) + 0;ej (wnj + ej)l M,gZ) (a:n])> Vn (wnj — €j) .
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Statement ii) of Lemma 15 and Lemma 14 imply that

Vi (wnj =€) = =5 (wn;) NI (ang) € + 0p(1), (60)
. —1
where S (z) = (f df%&”) diag | (dy —dj)7", ..., O seos (dy — dj)~' | . Using the

J-th position
!

same argument as that in the above derivation of the explicit formula for /; (1), we obtain

/ dFe(\) (d3 + o) d? (61)
(m; — \)? (d; + co?)? (a2 — 004)37

dF.(N\) (df + o' + cotd} + 4cPo8d? + BoBd?) d}
/ (mi — M) - (d; + co?)* (d? — 004)5 . (62)

Finally, the definitions of flg-s) and x,;, the facts that

. ~1/2 —1/2
<w;jMT(L2) (a:nj)wnj) - ((dj+020)/(i?_(§;2> , Wjn > €j, Tnj > oj, and
M? (2nj) 2 Mé2)($oj), Lemma 16, ind formulae (56), (60), (57), (58), and (61) im-
ply that the distribution limit of {Z ) A j=1, ...,q} must be the same as that of

4 ~ -

{ g ) %jAg.s),j =1, ...,q} , where »z; and A§-s) are as defined above.
sS=

Using Lemma 14, we conclude that the joint asymptotic distribution of the elements

of \/n (P — ]5(1)) is Gaussian. The elements of the covariance matrix of the asymptotic
distribution of v/n (f’ — ]5(1)) can be found” using the above definitions of flg-s), s=1,...,4,
the expressions for the covariance of NT(LI) (z05) ,N,SQ) (xo4) , and NT(L3) (x0j),5 =1,...,q sum-
marized in the definition of Q() given in Lemma 14, and formulae (57),(58),(61), and
(62).0

3 Proof of Theorem 3

We will prove part ii) of the theorem. A proof of part i) is similar to the proof of part ii)
and we omit it to save space. First, note that since the distribution of the data X does not
depend on the multiplication of X from the left by any orthogonal matrix having span (L)
as its invariant subspace, the joint distribution of the coordinates of the columns of L in
the basis formed by the columns of O, which is an arbitrary orthogonal matrix with first
k columns equal to £, does not depend on how the k + 1-th, & 4+ 2-th, ..., n-th columns of
Oy, are chosen.

Denote an n x 1 unit-length vector with all entries but the j-th equal to zero as e;. Let

"To obtain these formulas we used symbolic manipulation software of the Scientific Workplace, version 5.
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the k + 1-th column of Oy, be chosen as M(L)ej, /|| M(L)ej, ||, where M(L) denotes the
operator of taking the residual from the orthogonal projection on span (L), the k + 2-th
column be chosen as M ([L, ej,])ej,/ | M([L,ej,])ej |l , -.., and the k4 r-th column be chosen
as M([L,ejy,..ve5,_1 ] e, [ || M([L, €5, - 5,1 ) )ej,
j2 = 2, then matrix Oy, has the following structure

. For example, if r = 2 and j; = 1 and

z 0 0 --- 0
Or = L y z 0 -+ 0 ) (63)

| x

where z = | M(L)e1|| ,y = e4bM(L)er/ || M(L)e1]||, and z = || M([L, e1])ez]| . Note that:

k
2’ = B;-IM(L)ejl =1- e;iL (L/L)_l L/ejl =1- Zﬁii (64)
i=1
1, 1<
y = Ee]éM(L)ej1 =—= Zcmﬁm. (65)
=1

Let us denote the n — k coordinates of the columns of ﬁlzq in the basis formed by the
columns of Oy, as R-. That is, Rf-j is the scalar product of ﬁ,j and the k£ + i-th column of
Or,. Then, ﬁjsi =Lj,. - 15.2- + 22:1 Orj.t - RtLi. Hence, we can obtain the asymptotic joint
distribution of {ﬁjsi; s=1,...,mi=1,...,q from the asymptotic joint distribution of the
entries of P and the first r columns of RL.

It is easy to see that matrix P+ = R+ (Iq - P’P) -

2, has orthonormal columns. Moreover, as a consequence of the invariance of the distrib-

2 .
, where P is as defined in Theorem

ution of X with respect to the orthogonal transformations leaving L unchanged, the joint
distribution of the entries of PL conditional on P is invariant with respect to multiplication
of P from the left by any orthogonal matrix. This implies that the joint distribution of
the entries of P+ conditional on P, where « is any ¢ x 1 unit-length vector, is the same
as the joint distribution of the entries of £/ [|£]|, where & is an (n — k) x 1 vector with i.i.d.
Gaussian entries.

As a consequence of the above result, the entries of Pta are independent from the
entries of P, and their unconditional joint distribution is the same as that of the entries of
&/ €|l This fact, together with Theorem 2 and Cramer-Wold theorem (see White (1999),
p.114), implies that the entries of \/n (]5 — ]5(1)) and of the first 7 rows of \/nR', where
r is any fixed positive number, are asymptotically independent and have asymptotic joint

zero-mean Gaussian distribution. The covariance matrix of the asymptotic distribution of
L di 1) _ 51
the first r raws of /nR- is diagonal and Avar <\/ﬁRﬂ> =1- (Pu ) .
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The asymptotic joint Gaussianity of the entries of \/n <15 — ]5(1)) and /nR* implies
that {\/ﬁ (ﬁjgi — pi(il)ﬁjgi> ;g=1,...,m1 =1, ...,q} are asymptotically jointly mean-zero
Gaussian. We will now find the variances and covariances of the asymptotic distrib-
ution. Consider the random variables /n (ﬁjgi — ]5i(il)£jg1> and \/n <ﬁjfp — Pé;)ﬁjfp) .
Without loss of generality assume that ¢ = 1, f = 2. If ¢ # 1 and/or f # 2, con-
struct Op, so that its k + 1-th column is M(L)e;, /|| M(L)ej,|| and its k& + 2-th column
is M([L, ejg})ejf/ HM([L, ejg})eij . From (63), we have: /n (Ejgi — ]%gl)ﬁjgi) =
> Ligs/n (o = PO ) ra/nR, and i (L5, = P Lip) = D0 L/ (P — P+
y\/ﬁpr + z\/ﬁRQLp. These two formulae together with (64), (65), and the formulae for the
asymptotic covariance of entries of /n (P — P(l)) and of the first two rows of \/nR* es-
tablished above and in Theorem 2 imply the formula for the asymptotic covariance matrix
claimed by Theorem 3.[]
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