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Abstract

In this paper we study high-dimensional time series that have the generalized
dynamic factor structure. We develop a test of the null of ky factors against
the alternative that the number of factors is larger than kg but no larger than
k1 > ko. Our test statistic equals maxy,<r<k, ('yk — ’ka) / (’ka — 'yk+2),
where v, is the i-th largest eigenvalue of the smoothed periodogram estimate of
the spectral density matrix of data at a pre-specified frequency. We describe the
asymptotic distribution of the statistic, as the dimensionality and the number
of observations rise, as a function of the Tracy-Widom distribution and tabulate
the critical values of the test. As an application, we test different hypotheses
about the number of dynamic factors in macroeconomic time series and about
the number of dynamic factors driving excess stock returns.
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1 Introduction

High-dimensional factor models with correlated idiosyncratic terms have been exten-
sively used in recent research in finance and macroeconomics. In finance, they form
the basis of the Chamberlain-Rothschild (1983) extension of the Arbitrage Pricing
Theory. They have been used in portfolio performance evaluation, in the analysis of
the profitability of trading strategies, in testing implications of the Arbitrage Pricing
Theory, and in the analysis of bond risk premia. In macroeconomics, such models have
been used in business cycle analysis, in forecasting, in monitoring economic activity,
in construction of inflation indexes and in monetary policy analysis (see Breitung and
Eickmeier (2005) for a survey of work in these areas). More recent macroeconomic ap-
plications include the analysis of international risk sharing, the identification of global
shocks, the analysis of price dynamics and the estimation of the dynamic stochastic
general equilibrium models.

An important question to be addressed by any study which uses factor analysis
is how many factors there are. The number of factors must be known to imple-
ment various estimation and forecasting procedures. Moreover, that number often
has interesting economic interpretations and important theoretical consequences. In
finance and macroeconomics, it can be interpreted as the number of the sources of
non-diversifiable risk, and the number of the fundamental shocks driving the macro-
economic dynamics, respectively. In consumer demand theory, the number of factors
in budget share data provides crucial information about the demand system (see Lew-
bel, 1991). For example, the number of factors must be exactly two for aggregate
demands to exhibit the weak axiom of revealed preference.

Although there have been many studies which develop consistent estimators of the

number of factors (for some recent work in this area see Bai and Ng (2007) and Hallin



and Liska (2007)), the corresponding estimates of the number of factors driving stock
returns and macroeconomic time series often considerably disagree. In finance, the
estimated number of factors ranges from one to more than ten. In macroeconomics,
there is an ongoing debate (see Stock and Watson, 2005) whether the number of
factors is only two or, perhaps, as many as seven. The purpose of this paper is to
develop formal statistical tests of various hypotheses about the number of factors in
large factor models. Such tests can be used, for example, to decide between competing
point estimates or to provide confidence intervals for the number of factors.

We consider T' observations X7, ..., X7 of n-dimensional vectors that have the
generalized dynamic factor structure introduced by Forni et al. (2000). In particular,
X = A(L)F, + e;, where A(L) is an n X k matrix of possibly infinite polynomials
in the lag operator L; F; is a k-dimensional vector of factors at time ¢; and e; is an
n-dimensional vector of correlated stationary idiosyncratic terms. We develop the
following test of the null that there are k = kg factors at a particular frequency of

interest wy, say a business cycle frequency, vs. the alternative that ky < k& < ky.

e First, compute the discrete Fourier transforms (dft’s) X; = S Xpe ™3t /T
of the data at frequencies wy = 27sy /T, ...,w, = 27S,,/T approximating wp,
where s1, ..., s, are integers such that s; £ s # 0(modT) for j # k, s; # 0,

s; # T'/2 and max; |w; — wo| < 2m(m+1)/T.

Vi Vit1

e Next, compute a test statistic R = maxy,<i<k, Ep—— where v, is the i-th

largest eigenvalue of the smoothed periodogram estimate ﬁ Z;”:l X jX 7 of the
spectral density of the data at frequency wqy. Here and throughout the paper the

“prime” over a complex-valued matrix denotes the conjugate-complex transpose

of the matrix.

e Finally, reject the null if and only if R is above a critical value given in Table I.
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Table I: Critical values of the test statistic R.

The test’s size ki — ko
% T 7 2 [ 3 4] 57 6] 7 |3
15 2.75 3.62 415 454 489 520 545 5.70
10 3.33 431 491 540 577 6.13 642 6.66
9 3.50 449 513 562 6.03 6.39 6.67 6.92

3.69 472 537 591 631 6.68 695 7.25
392 499 566 624 662 700 732 7.59
420 531 603 657 700 741 774 8.04
452 573 646 701 750 795 829 859
502 6.26 697 763 816 861 9.06 9.36
562 691 779 848 9.06 9.64 10.11 10.44
6.55 815 9.06 9.93 1047 11.27 11.75 12.13
8.74 10.52 11.67 12.56 13.42 14.26 14.88 15.25

=N W [ O O] | 00

For example, the 5% critical value for statistic R of the test of k = kg vs. kg <
k < ki, where ky = 3 and k; = 10, is in the 5th row (counting from the bottom up)
and 2nd column (counting from the right) of the table. It equals 8.29. A matlab
code dinamico.m, which implements the test, is available from the Econometrica
supplementary materials website.

We prove that our test statistic is asymptotically pivotal under the null hypothesis
and that it explodes under the alternative. We find that its asymptotic distribution,
as n,m and T' go to infinity so that n/m remains in a compact subset of (0, co) and T’
grows sufficiently faster than n, is a function of the Tracy-Widom distribution. The
Tracy-Widom distribution (see Tracy and Widom, 1994) refers to the asymptotic
joint distribution of a few of the largest eigenvalues of a particular Hermitian random
matrix as the dimensionality of the matrix tends to infinity.

Although our assumption that 7' grows faster than n is not in the spirit of the
recent literature which lets n grow as fast or even faster than 7T, our Monte Carlo
analysis shows that the test works well even when n is much larger than 7". In Section

3, we discuss possible theoretical reasons for this Monte Carlo finding.
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The main idea behind our test is as follows. Suppose there are k dynamic factors
in X;. Then there will be k static factors in X ;. Therefore, the k largest eigenvalues
Y1, .77, of the sample covariance matrix of X ; should explode, whereas the rest of the
eigenvalues should have the same asymptotic distribution as the largest eigenvalues in
the zero-factor case. Now, the zero-factor case corresponds to X ;'s being asymptoti-
cally complex normal, independent dft’s of X; (see Theorem 4.4.1 of Brillinger 1981).
The asymptotic distribution of the scaled and centered largest eigenvalues of the cor-
responding sample covariance matrix is known to be Tracy-Widom (see El Karoui
(2007) and Onatski (2008)). However, the common asymptotic centering and scaling
for the eigenvalues do depend on the unknown details of the correlation between the
entries of vector Xj. Our statistic R gets rid of both the unknown centering and
scaling parameters, which makes it asymptotically pivotal under the null. Under the

alternative, R is larger than or equal to the ratio %
k+17 Tk+2

, which explodes because
7 explodes while 7, ,, and v, stay bounded.

Our test procedure can be interpreted as formalizing the widely used empirical
method of the number of factors determination based on the visual inspection of the
scree plot introduced by Cattell (1966). The scree plot is a line that connects the
decreasing eigenvalues of the sample covariance matrix of the data plotted against
their respective order numbers. In practice, it often happens that the scree plot shows
a sharp break where the true number of factors ends and “debris” corresponding to the
idiosyncratic influences appears. Our test statistic effectively measures the curvature
of the frequency-domain scree plot at a would-be break point under the alternative
hypothesis. When the alternative hypothesis is true, the curvature asymptotically
goes to infinity. In contrast, under the null, this curvature has a non-degenerate

asymptotic distribution that does not depend on the model’s parameters.

The rest of the paper is organized as follows. Section 2 describes the model and



states our assumptions. Section 3 develops the test. Section 4 considers the special
case of the approximate factor model. Section 5 contains Monte Carlo experiments
and comparisons with procedures proposed in the previous literature. Section 6 ap-
plies our test to macroeconomic and financial data. Section 7 discusses the choice of
our test statistic and the workings of the test under potential misspecifications of the

factor model. Section 8 concludes. Technical proofs are contained in the Appendix.

2 The model and assumptions

Consider a double sequence of random variables {X;;,i € N, ¢ € Z} which admits a

version of the generalized dynamic k-factor structure of Forni et al. (2000):
Xig = A (L) Py + oo+ Nig (L) Byt + €3, (1)

where A;;(L) equals > > AE;.L)L“, and factor loadings AE?), factors Fj;, and idiosyn-
cratic terms e; satisfy Assumptions 1, 2, 3, and 4 stated below. Suppose that we
observe X;; with 7 =1,....,nand t = 1,...,T. Let us denote the data vector at time

t, (Xigy oy Xpi)', as Xy(n), and its idiosyncratic part, (€1, ..., en¢)’, as e;(n). Further,

let x,(n) = Xi(n) — e;(n) be the systematic part of X;(n). Then,

Xi(n) = xu(n)+e(n) and

xm = Y A®Mm)F,

u=0

where F; = (Fy, ..., Fi;)' denotes the vector of factors at time ¢ and A™(n) denotes

the n X k matrix with 4, j-th entry AE;T”) .

Assumption 1: The factors F; follow an orthonormal white noise process. For each



n, vector e;(n) is independent from F at all lags and leads and follows a stationary

ZETO-Mean pProcess.

This assumption is standard. It is somewhat stronger than Assumption 1 in Forni

et al. (2000), which requires only the orthogonality of e;(n) and Fj.

Assumption 2: i) The factor loadings are such that > o o [[A™ (n)| (1 +u) =
O (n'/2) , where ||A™(n)|| denotes the square root of the largest eigenvalue of A™ (n)'A™ (n).
ii) The idiosyncratic terms are jointly Gaussian with autocovariances c;; (u) = Ee; 1€

satisfying >, (1 + |u|) |cij(w)] < oo uniformly in i,j € N.

Assumption 2 implies regularity of the dft’s of x,(n) and e;(n) local to the fre-
quency of interest wg. Let AS denote Ziio A® (n)e~"™s where w,, s = 0,1,...,m,
are the frequencies defined in the Introduction. Further, for any process y;, let
Js = SO0 yee~ ™t /\/T denote the dft’s of y; at the frequencies w,. For example,
X,(n), F, and é,(n) are the dft’s of X;(n), F; and e,(n), respectively.

Assumption 2i guarantees that, for 7" sufficiently larger than max (n,m), x, (n)
is well approximated by AgF, for all s = 1,...,m ( see Lemma 4 in the Appendix).
Note that in the special case when A;; (L) do not depend on L so that A;; (L) =
\

o\ 1/2
then Lemma 2 in the Appendix implies that ||Ag(n)|| < (Z;‘_l Zf: ) ( AE?) ) —

Assumption 2i holds if the loadings are bounded functions of ¢ and j. Indeed,

O (n'/?) . In this special case, ¥, (n) equals AgF} exactly.

Assumption 2ii guarantees that, for 7" sufficiently larger than max (n,m), the real
and imaginary parts of vectors és(n) with s = 1,...,m are well approximated by i.i.d.
Gaussian vectors (see Lemma 5 in the Appendix). To establish such an approximation

without assuming the Gaussianity of e;;, we will need:

Assumption 2: iia) Let €j;, j € N,t € Z, be i.i.d. random variables with Eecj =

0,Ee?, =1 and p, = E (|e¢|") < oo for some p > 2. Further, let uj,, j € N, be linear

7



filters of ej; so that uy, = Cj(L)ej = Y 7~ CinEja—r With sup,~q Yook |cji] < oo. We
assume that the idiosyncratic terms in (1) can be represented by square summable lin-
ear combinations of such filters. That is, e; = Z]oil Ajjuji, where sup; Z]oil Afj <

Q.

Assumption 2iia allows for rich patterns of cross-sectional and temporal dependence
of the idiosyncratic terms. In addition, it allows for substantial departures from the
Gaussianity. For example, the moments of order higher than p of the idiosyncratic
terms may be infinite.

The remaining two assumptions concern the asymptotic behavior of the spectral
density matrices at frequency wq of e; (n) and x, (n), which we denote as S¢(wp) and
SX(wo), respectively. Let Iy, > ... > l,, be the eigenvalues of S¢(wp). Denote by H,
the spectral distribution of S¢(wy), that is, H,(A\) =1 —1#{i <n:1l;, > A}, where
# {-} denotes the number of elements in the indicated set. Further, let ¢,,,, be the

unique root in [0,1;,) of the equation [ (Acyn/ (1 = Aemn))? dH,(N) = m/n.

Assumption 3: As n and m tend to infinity so that m/n remains in a compact

subset of (0,00), limsuply, < oo, liminfl,, > 0, and limsup l1,¢pn < 1.

The inequalities of Assumption 3 have the following meaning. The inequality
limsupl;,, < oo guarantees that the cumulative effects of the idiosyncratic causes of
variation at frequency wg on the n observed cross-sectional units remain bounded as
n — oo. It relaxes Assumption 3 of Forni et al. (2000) that the largest eigenvalue
of S¢(w) is uniformly bounded over w € [—m, 7], which is a crucial identification
requirement for generalized dynamic factor models.

The inequality liminf/,,, > 0 requires that the distribution of the wq-frequency
component of the stationary process e;(n) does not become degenerate as n — 0.

It is needed in the technical parts of the proofs of Lemma 1, Lemma 5 and Theorem



1. The inequality limsup l1,¢n, < 1 is crucial for Onatski (2008), which we rely
on in our further analysis. For this inequality to hold, it is sufficient that H,, weakly
converges to a distribution H,, with density bounded away from zero in the vicinity of
the upper boundary of support limsup /y,,. Hence, the inequality essentially requires
that relatively large eigenvalues of S¢(wq) do not scatter too much as n goes to infinity.
Intuitively, such a requirement rules out situations where a few weighted averages of
the idiosyncratic terms cause unusually large variation at frequency wg so that they

can be misinterpreted as common dynamic factors.

Assumption 4: The k-th largest eigenvalue of SX (wo) diverges to infinity faster

than n?/3.

Assumption 4 relaxes the standard requirement that the factors’ cumulative effects
on the cross-sectional units rise linearly in n (see, for example, assumption A4 in
Hallin and Liska, 2007). Allowing for cumulative factor effects which grow slower than
linearly in n is important, because such a slower growth better corresponds to the
current practice of creating larger macroeconomic data sets by going to higher levels

of disaggregation instead of adding variables carrying genuinely new information.

3 The test

Before we explain the workings of our test, let us recall the notions of the complex
Gaussian and complex Wishart distributions. We say that an n-dimensional vector
Y has a complex Gaussian distribution Nt (3,Y) if and only if the 2n-dimensional

vector Z = (ReY’,ImY”)’, which stacks the real and imaginary parts of Y, has

Re ReX —ImX
a usual Gaussian distribution N,, ,

Im S Im>» ReX

Y1, ...,Y,, are independent n-dimensional NT (0,%) variates, then we say that the

. Further, if

N =



n x n matrix-valued random variable 77" | Y;Y/ has a complex Wishart distribution
WE (m,Y) of dimension n and degrees of freedom m.

Our test is based on the following three observations. First, Assumption 2i implies
that the vectors of the dft of our data admit an approximate factor structure in the
sense of Chamberlain and Rothschild (1983). That is, X,(n) = AgE, + é,(n) + R(n),
where, as Lemma 4 in the Appendix shows, Rs(n) with s = 1,...,m can be made
uniformly arbitrarily small for 7" which is larger enough than max (n,m).

Second, as is well known (see, for example, Theorem 4.4.1 of Brillinger, 1981),
for fixed n and m, Assumption 2ii (or 2iia) and our choice of the frequencies ws,
s =1,...,m, as multiples of 27/T imply that é, ..., &, converge in distribution to m
independent N (0, 2S¢ (wy)) vectors and hence, the smoothed periodogram estimate
S¢ (wo) = 2™, é.8l/2mm of S¢ (wp) converges in distribution to a complex Wishart
WE (m, S¢ (wg) /m) random matrix. As Lemma 5 in the Appendix shows, the complex
Wishart approximation of S’fl (wo) remains good even if n and m are not fixed as long
as T grows sufficiently faster than n and m.

Finally, let v, > ... > =, be the eigenvalues of > XX ! /2wm. Then, since X,
have an approximate k-factor structure asymptotically, the eigenvalues v, ..., v, must
explode as n, m — oo sufficiently slower than 7', while the rest of the eigenvalues must
approach the eigenvalues of SfL (wo) , whose distribution becomes arbitrarily close to
the distribution of the eigenvalues of a complex Wishart W, (m, S¢ (wy) /m) matrix.

The last observation implies that as n,m — oo sufficiently slower than T, our

statistic R = maxy,<i<k, % explodes under the alternative but becomes well
- i+17 Ji42

. . . . . A_>\
approximated in distribution by maxg<;<g, —&, ﬁ
- 1 3

under the null, where J; is the
i-th largest eigenvalue of a complex Wishart W, (m, S¢ (wg) /m) matrix.
The marginal distribution of the largest eigenvalue of Wt (m, ), as both n and

m tend to infinity so that n/m remains in a compact subset of (0,1), is studied by El
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Karoui (2007). Onatski (2008) extends his results to the case of the joint distribution
of a few of the largest eigenvalues of W (m, X)) as both n and m tend to infinity so

that n/m remains in a compact subset of (0, c0) .

Lemma 1: (Onatski, 2008) Let Assumption 3 hold. Define

1
P = (l—i-ﬁ/MdHn()\)), and

Cmn m ) 1—Aemn

1 \ 3 1/3
n c

mn = ——— 14+ — —/— " ) dH,(\ :

om, m2/3cm7n< +m/<1—)\cm7n) ( )>

Then, for any positive integer r, as m and n tend to infinity so that n/m remains in a

compact subset of (0,00), the joint distribution of the first r centered and scaled eigen-
values oty (A = tanp) s O (A = Hann) 0f matriz W (m, SE (wo) /m) weakly con-
verges to the r-dimensional Tracy-Widom distribution of type 2.

The univariate Tracy-Widom law of type 2 (henceforth denoted as T'W5) refers to a
distribution with a cumulative distribution function F(z) = exp (— [ (z — s)¢*(s)ds) ,
where ¢(s) is the solution of an ordinary differential equation ¢”(s) = sq(s) + 2¢3(s),
which is asymptotically equivalent to the Airy function Ai(s) as s — oo. It plays an
important role in large random matrix theory because it is the asymptotic distrib-
ution of the scaled and normalized largest eigenvalue of a matrix from the so-called
Gaussian Unitary Ensemble (GUE) as the size of the matrix tends to infinity.

The GUE is the collection of all n x n Hermitian matrices with i.i.d. complex
Gaussian N (0,1/n) lower triangular entries and (independent from them) i.i.d. real
Gaussian N (0,1/n) diagonal entries. Let d; > ... > d,, be eigenvalues of a matrix
from GUE. Define d; = n?/® (d; — 2) . Tracy and Widom (1994) studied the asymptotic

distribution of a few of the largest eigenvalues of matrices from GUE when n — oo.

They described the asymptotic marginal distributions of dy, ..., d, where r is any fixed
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positive integer, in terms of a solution of a completely integrable system of partial
differential equations. If we are interested in the asymptotic distribution of the largest
eigenvalue only, the system simplifies to the single ordinary differential equation given
above. The joint asymptotic distribution of dy,...,d, is called a multivariate TW,
distribution.

Lemma 1 implies that as long as the distribution of v,_, ..., 7., is well approx-
imated by the distribution of A{,...,; ., we can test our null hypothesis k = ko by
checking whether the scaled and centered eigenvalues 7, 1, ..., V3,4, come from the
multivariate TWs distribution. Our test statistic R is designed so as to get rid of
the unknown scale and center parameters o, , and i, ,,, which makes such a testing

strategy feasible.

Theorem 1: Let Assumptions 1,2i,3 and 4 hold, and n,m and T go to infinity
so that n/m remain in a compact subset of (0,00). Then, for any positive integer r,
if either Assumption 2ii holds and m = o (T3/8), or Assumption 2iia holds and m =

6/13

o (T*2=1Plog™ ' T)" ™ | the joint distribution of 0.}, (Ves1r = Hnm) - Omin (Verr = Hinn)

weakly converges to the r-dimensional T'Wy distribution.

The proof of the theorem is given in the Appendix. As the Monte Carlo analysis
in the next section suggests, the rates required by Theorem 1 are sufficient but not
necessary for the theorem to hold. Our test works well even when n is much larger
than T". Two possible theoretical reasons for such a good performance are as follows.
First, Lemma 1 can, probably, be generalized to cases when n/m — oo. El Karoui
(2006) obtains such a generalization in the special spherical Wishart case. Second,
although making n compatible with 7" hurts the quality of the Gaussian approximation
for dft’s, the Gaussianity is likely unnecessary for the Tracy-Widom asymptotics to

work. It is because the Tracy-Widom limit appears to be universal for a class of

12



random matrices much wider than the class of complex Wishart matrices. The first
important universality results were recently obtained by Soshnikov (2002) and Péché
(2009). Further development of such results remains a challenge for mathematicians.

Theorem 2 formally states the properties of our test. Its proof is in the Appendix.

Theorem 2: Under conditions of Theorem 1, if k = ko, statistic R converges

Ai—Xit1

m distribution to MaXg<i<k;—ko m,
- 1 T

where A1, ..., \j are random variables with
joint multivariate TWy distribution. In contrast, when ky < k < ki, R diverges to
infinity in probability. Therefore, our test of the null of k = ko vs. the alternative of

ko < k < ky is consistent and has asymptotically correct size.

4 A test for the number of approximate factors

In an important special case when A;;(L) does not depend on L but factors are
not necessarily white noise, model (1) reduces to an approximate factor model of
Chamberlain and Rothschild (1983). In such a case, if the idiosyncratic terms are
Gaussian and independent over time, we can test hypotheses about the number of
approxrimate, as opposed to dynamic, factors using a modified procedure which does
not rely on the frequency domain transformation of the data.

First, obtain transformations X ; of the original data by splitting the sample into
two time periods of equal length, multiplying the second half by the imaginary unit
v/—1, and adding to the first half, that is X'j = X; + \/__1Xj+T/2. Next, compute
a test statistic R = maxg, i<k, ﬁ, where 7, is the i-th largest eigenvalue of
matrix %Zf:/ ? X jf( i Finally, reject the null of k = ko approximate factors in favor
of the alternative that ky < k < k; if and only if R is above a critical value given in

Table I. It can be shown that this test procedure is valid if the following modifications

of Assumptions 1 through 4 hold:
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Assumption 1m: The factors F; follow a fourth-order zero-mean stationary process
with non-degenerate variance, with autocovariances I';j(u) = EFyF; 4, decaying to
zero as u tends to infinity, and with 4-th order cumulants cum (Fy,, Fjty, Frty, Flo)
decaying to zero as max (|t1|, |ta|,|t3|) tends to infinity. For each n, vector e,(n) is
independent from Fy at all lags and leads and follows a stationary Gaussian zero-mean
process.

Assumption 2m: i) Ag;) =0 for any u # 0. ii) ¢;; (u) = Eeye;—, are zero for any
u # 0.

Assumption 3m: As n and T tend to infinity so that n/T remains in a compact
subset of (0,00), limsuply, < oo, liminfl,, > 0, and limsup li,cr/2n < 1, where
lins <oy lnn Tefer to the eigenvalues of Eei(n)ej(n) and crjs,, is defined as in Assump-
tion 3, with H,, replaced by the spectral distribution of Eei(n)ej(n).

Assumption 4m: The k-th largest eigenvalue of A®(n)A©(n) diverges to infinity
faster than n?/3.

We have the following theorem.

Theorem 3: Under Assumptions Im through 4m, statistic R behaves in the same
way as statistic R in Theorem 2. QOur test of the null of k = ko approximate factors

vs. the alternative of ko < k < ky s consistent and has asymptotically correct size.

Proof of this theorem is similar to the proof of Theorem 2. It is available from the

Supplementary Appendix posted at Econometrica’s supplementary materials website.

5 A Monte Carlo Study

We approximate the 10-dimensional TW, distribution by the distribution of 10 largest

eigenvalues of a 1000 x 1000 matrix from the Gaussian Unitary Ensemble. We obtain
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an approximation for the latter distribution by simulating 30,000 independent matri-
ces from the ensemble and numerically computing their 10 first eigenvalues. The left
panel of Figure 1 shows the empirical distribution function of the largest eigenvalue
centered by 2 and scaled by n*? = 1000%3. It approximates the univariate TW,
distribution.

The right panel of Figure 1 shows the empirical distribution function of the ratio
(x1 — z2) / (x2 — x3) , where x; denotes the i-th largest eigenvalue of a matrix from
GUE. It approximates the asymptotic cumulative distribution function of our test
statistic (v, — 7k0+2) / (7k0+2 — Yror3) for the test of the null of kg factors against
an alternative that the number of factors is ky + 1. The graph reveals that it is not
uncommon to see large values of this statistic under the null. In particular, the first
eigenvalue of the sample covariance matrix may be substantially larger than the other
eigenvalues even when data have no factors at all. This observation suggests that ad
hoc methods of determining the number of factors based on visual inspection and
separation of the eigenvalues of the sample covariance matrix into a group of “large”
and a group of “small” eigenvalues may be misleading.

According to Theorems 1 and 2, the approximate asymptotic critical values of our
test of k = kg versus kg < k < k; equal the corresponding percentiles of the empirical
distribution of maxo<i<g,—k, (i — it1) / (Tiy1 — Tiy2). Table I in the Introduction

contains such percentiles for k1 — kg =1, 2, ..., 8.

5.1 Size-power properties of the test

To study the finite-sample properties of our test, we generate data from model (1)
as follows. The idiosyncratic components e; follow AR(1) processes both cross-

sectionally and over time: e; = p;ei—1 + vir and vy = pv;_14 + Ui, Where p; are
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Figure 1: Left panel: CDF of the univariate TWy distribution. Right panel: CDF of

the statistic g—zi, where x1, x2, and x3 have joint multivariate TW, distribution.

i1dU [—.8,.8], p = 0.2 and u; are itdN (0,1). The support [—.8,.8] of the uniform
distribution has been chosen to fit the range of the first-order autocorrelations of the
estimated idiosyncratic components in the Stock and Watson (2002) dataset. The

k-dimensional factor vectors F; are 7idN (0, I;) . The filters A;;(L) are randomly gen-

erated (independently from F}’s and e;’s) by each one of the following two devices:

: : (0) ) 2)
independent coefficients a;;" ~ N (0,1), a;;” ~ U[0,1], and a;;" ~ U [0,1],
: (0) O @\
e AR loadings: Ay(L) = by; <1 —b;; L) (1 —b;; L) , with i.i.d. and mutu-

b ~U[8,.9], and bl ~ U [.5,.6].

ally independent coefficients bz(?) ~ N (0,1), b;;

We borrowed the AR loadings design, including the distributional assumptions on

bg.)), bgjl-) and bg) from Hallin and Liska (2007). An analysis of the partial autocorrela-
tion function for the estimated systematic part of the Stock-Watson data shows that

an AR(2) is a reasonable model for the systematic part of that data.
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We normalize the systematic components Z?zl A;;(L)F;; and the idiosyncratic
components e;; so that their variances equal 0.4+ 0.05k and 1 — (0.4 + 0.05k) , respec-
tively. Hence, for example, the factors explain 50% of the data variation in a 2-factor
model and 75% of the data variation in a 7-factor model.

Figure 2 shows the p-value discrepancy plots and size-power curves' for our test
of Hy: k=2vs. H : 2 <k <7. The power of the test is computed when k£ = 7.
The graphs are based on 8,000 replications of data with (n,7") = (150, 500). Such a
choice of n and T" mimics the size of the Stock-Watson dataset. The dft’s used by the
test are computed at frequencies w; = 2mi/T, i = 1, ...,65, and therefore, m = 65. We
checked that the figure does not change much for m on a grid 35:5:125. Note that, for
our choice of T'= 500 and m = 65, the interval [w,w,,]| covers a wide range of cycles:
from 500/65 ~ 8 periods per cycle, to 500 periods per cycle. Therefore, we cannot
unambiguously name a specific frequency wg which is approximated by wy, ..., w,,. In
the rest of the paper, instead of specifying a particular wg, we simply report the range
of frequencies wy, ..., w,, used by the test.

As can be seen from Figure 2, the size of our test is only slightly larger than the
nominal size and the power is around 100% for the test of actual sizes >1%. As a
robustness check, we change the distribution of the idiosyncratic terms’ innovations
from N (0, 1) to the centered chi-squared distribution x*(1) — 1 and to the Student’s
t(5) distribution. For AR loadings, we find that the worst size discrepancy of the
nominal 5% size test equals 0.027 and corresponds to the chi-squared case. For MA
loadings, the worst size discrepancy of the nominal 5% size test equals 0.021 and
corresponds to the ¢(5) case. For both AR and MA loadings, we find no notable

changes in the size-power curves.

1On the x-axis and y-axis of a p-value discrepancy plot, we have the nominal size of a test and
the difference between the finite-sample size and the nominal size, respectively. A size-power curve
is a plot of the power against the true size of a test.
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Figure 2: Size-power properties of the test of Hy : &k = 2 vs. H; : 2 < k < 7.
(n,m,T) = (150, 65, 500) .

Size discrepancy plot Size—power curve
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Q ’
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Table IT describes the sensitivity to changes in the sample size and the sensitivity
to the choice of the approximating frequencies of the size and power of the test of
Hy:k=2vs. H :2<k<T7. Panels A and B of the table correspond to ws; = 27s/T
and w; = 27 ([T/2] +s —m — 1) /T, respectively. The first of the above choices of
w, covers relatively low frequencies, while the second choice covers relatively high
frequencies. Note that although the simulated data are scaled so that two factors
explain 50% of the all-frequency-variation, the factors’ explanatory power is larger
at low frequencies and smaller at high frequencies. The raws of Table II which are
labeled “% variation due to 2 factors” show how much of the variation of the simulated
series X;; in the interval [wy, w,,] is due to its two-factor systematic component y;,.2

As can be seen from the table, the size of the test remains good for most of the

sample-size-frequency-range combinations. It remains good even in the cases when,

2More precisely, the numbers reported are: 100% - E (f:lm SXit (w) dw/ f;l’" SXit (w) dw) , where
the expectation is taken over the distribution of the parameters of our Monte Carlo setting.
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Table II: The actual size of the nominal 5 percent size test and the power of the true
5 percent size test when k=7 for different sample sizes.

n 1000 250 150 500 100 250 70 150 70
T 250 1000 500 150 250 100 150 70 70
m 60 70 65 40 40 40 30 30 30

panel A: w, = 27s/T

AR, size 6.4 6.1 6.7 68 7.6 82 89 84 87
AR, power 100 100 100 92 94 33 27 15 13
% variation due to 2 factors | 67 83 % 63 73 51 69 45 46
MA, size 5.3 5.6 6.2 57 72 66 68 6.8 6.5
MA, power 100 100 100 100 100 99 8 81 51

% variation due to 2 factors | 66 67 67 65 67 bH8 67 56 56

panel B: wy =27 ([T/2]|+s—m—1) /T

AR, size 5.1 5.7 47 50 54 63 53 7.2 56
AR, power 4.4 4.5 47 49 49 56 51 58 64
% variation due to 2 factors | 2.1 1.5 1.7 24 18 72 19 12 12
MA, size 5.6 4.7 56 54 59 6.7 62 72 7.1
MA, power 88 5.2 5.0 23 47 66 50 25 14

% variation due to 2 factors | 26 9.6 14 31 17 46 21 48 48

contrary to the assumption of Theorem 1, n is larger than T. We discuss possible
theoretical reasons for such a good performance in Section 3 above.

Not surprisingly, the power of the test strongly depends on the explanatory power
of factors and on whether n is large or small. In the AR section of panel B, where
factors explain only 2% of the data variation, the test does not have power at all.
More important, as the table shows, the explanatory power of factors, and hence
the power of the test, may strongly depend on the frequency range chosen. Such a
dependence may be both advantageous and harmful for researchers.

On one hand, if there is a priori knowledge about the frequency content of the
factors, the frequency range can be chosen so that the test is more powerful. Fur-
ther, if the interest is in studying a particular frequency range, say, business cycle

frequencies, the analysis will not be contaminated by factors operating at very dif-
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ferent frequencies. On the other hand, the test may fail to detect the factors if the
systematic variation happens to be low in the frequency range chosen.
One way to address this problem is to combine the tests at, say, N different fre-

quencies. A natural combined test statistic would be max;—; _n R;, where R, are the

test statistics of the separate tests. Assuming that N stays fixed as m, n and T go

to infinity and that the different approximating frequency ranges converge to distinct

frequencies, it is possible to show® that under the null, max;_; _y R; is asymptot-
Aji—=Njit1

ically distributed as max;_; . nx maXoci<k, ko %

e, where {Aj1, ..o, Njky—ko+2} 5

j =1,..., N, have independent joint multivariate T'W5 distributions.

Unfortunately, the choice of the N distinct frequencies for such a combined test
remains ad hoc. To avoid arbitrary choices, it would be better to combine the tests
at all frequencies. However, then the separate test statistics 2; will no longer be
asymptotically independent and the asymptotic distribution of the combined test
statistic will not be as above. We leave the formal analysis of combined test procedures
for future research.

In the remaining two Monte Carlo experiments, we focus on the sample size
(n,T,m) = (150,500,65) and on the frequency range ws, = 27s/T, s = 1,...,m.
First, we explore in more detail the sensitivity of the size and power of our test to
changes in the proportion of the systematic variation in the data. We re-normalize the
systematic and idiosyncratic components so that their variances equal (0.4 4 0.05k)
and 1 — « (0.4 + 0.05k) , respectively. For k = 2 factors, our benchmark choice av = 1
corresponds to 50% of the all-frequency variation being systematic. For o = 0.2, the
proportion of the systematic variation drops to 10%. When « decreases from 1 to

0.8,0.6,0.4 and 0.2, the proportion of the systematic variation at the frequency range

3 A proof would be based on the fact that the dft’s of the idiosyncratic terms corresponding to
the different frequency ranges can be simultaneously well approximated by independent complex
Gaussian vectors.
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[w1,wm] decreases from 76 to 70, 61, 50 and 34% for AR loadings, and from 67 to 59,
50, 39 and 24% for MA loadings, respectively.

We find that the size of our test is not sensitive to the choice of «, but the
power of the test is. For AR loadings and o = 1,0.8, ...,0.2, the power of the test of
actual size 5% equals 100, 100, 97, 58 and 8%, respectively. For MA loadings and
a=1,0.8,...,0.2, the power equals 100, 100, 96, 39 and 5%, respectively.

In our last Monte Carlo experiment, we study the effect of increasing cross-
sectional correlation in idiosyncratic terms. We find that increasing parameter p
in the equation v;; = pv;_1; + ui up to p = 0.8 does not notably affect neither size
nor power of the test. However, for very large values of p, the size and the power
deteriorate. For p = 0.98, the actual size of the nominal 5% size test equals 10.5 and
10.6% for AR and MA loadings, respectively, while the power of the actual 5% size
test completely disappears. For p = 0.95, the actual size equals 8.6 and 7.8%, while
the power equals 13.3 and 7.7% for AR and MA loadings, respectively.

In addition to the above Monte Carlo exercises, we did a Monte Carlo analysis
of the approximate factor model version of our test. The analysis shows that its size
and power properties are very good. To save space, we will not report these results

here.

5.2 Comparison to other tests

To the best of our knowledge, there are no alternatives to our test in the general
generalized dynamic factor setting.* However, in the special case of the approximate
factor models, one can also use tests proposed by Connor and Korajczyk (1993) and

Kapetanios (2005). Let us briefly describe these alternatives.

4Jacobs and Otter (2008) develop a test that can be used when the dynamic factor loadings A;; (L)
are lag polynomials of known finite order r. This test uses fixed-n/large-T" asymptotics. Although it
works well for n < 40, it is very strongly oversized for n > 70.
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Connor and Korajczyk (1993) test the null of p = py approximate factors against
the alternative that p = po + 1. Their test uses the fixed-T'/large-n asymptotics and
is based on the idea that the explanatory power of an extra py + 1-th factor added to
the model should be small under the null and large under the alternative.

Kapetanios (2005) tests the null of p = py approximate factors against the al-
ternative that py < p < p;. He employs a subsampling method to approximate the
asymptotic distribution of a test statistic Ap,+1 — Ap,+1, where ); is the i-th largest
eigenvalue of the sample covariance matrix of the data + ST, X, X!. He makes high-
level assumptions about the existence of a scaling of A\, 11 — A, 41 which converges in
distribution to some unknown limit law, about properties of such a law, and about
the functional form of the scaling constant.

To compare our test with the Connor-Korajczyk and the Kapetanios tests®, we
simulate data from an approximate factor model X;; = Zle AijFii + e, where A;;
are iid. N(0,1); Fj; = 0.85Fj ;1 +¢j with ¢j; i.i.d. N(0,1); e;; are as in Section 5.1
with p; ~ U[—0.8,0.8], p = 0.2 or, alternatively, p = 0.7; and 25:1 Ai;Fj and e;y
are scaled to have equal variances for each 7. Table III reports the actual size of the
nominal 5% size tests and the power of the actual 5% size tests for the hypothesis
of 2 vs. 3 approximate factors. The size and power computations are based on
10,000 Monte Carlo replications. The row labeled “Onatski (dynamic)” corresponds
to our dynamic factor test with ws, = 27s/T, s = 1,...,30. The row labeled “Onatski
(approximate)” corresponds to our approximate factor test described in Section 4.

As can be seen from the table, our tests are well-sized for both relatively weak
(p = 0.2) and relatively strong (p = 0.7) cross-sectional correlation of the idiosyncratic
terms. The power of our tests is always greater than 90%, except for the case of

n =T =70 and p = 0.7, when it drops to about 60%. The size and power properties

SWe are grateful to George Kapetanios for sharing his codes with us.
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Table III: Size-power properties of the alternative tests

size (in %) power (in%)
n|{70 |150 |70 |70 |150 |70
T |70 70 150 | 70 70 150
p=0.2
Onatski (dynamic) 7.21 | 837 [ 7.09 {9491 99.2 | 100
Onatski (approximate) | 6.05 | 6.21 | 6.21 | 96.7 | 100 | 100
Kapetanios 10.8 | 12.7 | 6.86 | 100 | 100 | 100
Connor-Korajczyk 22.5|24.0 | 23.2| 76.7 | 89.5 | 99.6
p=0.7
Onatski (dynamic) 7.01|7.09|7.03]|575|93.1|94.9
Onatski (approximate) | 6.52 | 6.44 | 5.90 | 61.0 | 94.3 | 94.5
Kapetanios 24.3119.3 | 17.6 | 100 | 100 | 100
Connor-Korajczyk 44.5 | 374 | 62.4 | 33.6 | 59.8 | 69.5

of the Connor-Korajczyk test are clearly worse than those of our tests. The power
of the Kapetanios test is excellent. However, the test is substantially more over-sized
than our tests. The size distortion for the Kapetanios test becomes very large for the

case of the relatively strong correlation of the idiosyncratic terms.

5.3 Using the test to determine the number of factors

Although our test’s primary objective is testing hypotheses about the number of
factors, it can also be used to determine the number of factors in a data set as
follows. Suppose that it is known a priori that k&, < k < ks. Using our test of
asymptotic size «, test Hy : k = ky vs. Hy : k1 < k < ko. If Hy is not rejected,
stop. The estimated number of factors is ky. If Hy is rejected, test Hy : k = k1 + 1
vs. Hy : ky+1 < k < ky. Repeat the procedure until Hy is not rejected and take
the corresponding number of factors as the estimate. The estimate equals the true
number of factors with probability approaching 1 — « as n grows.

In the Monte Carlo simulations below, we choose k1 = 1, ks = 4 and « equal to the
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maximum of 0.01 and the p-value of the test of Hy: k=0 vs. H; : 0 < k < k;. That
is, « is calibrated so that our test has enough power to reject the a priori false null of
k = 0. Our Monte Carlo design is the same as in Section 5.1, except we now magnify
the idiosyncratic part of the simulated data by o > 1, which makes the determination

of the number of factors a more difficult problem.

Table IV: Percentage of 500 Monte Carlo replications resulting in estimates 1,2, 3 or 4
of the true number of factors k£ = 2 according to different estimators. The estimators
are constrained to be in the range from 1 to 4.

Onatski Hallin-Liska Bai-Ng

k=|1 2 3 4|1 2 3 4|1 2 3 4
n [T |o? MA loadings
70 |70 |1 0O 100 0 0|0 100 O O]1 99 0 O
70 |70 |2 0O 100 0 0|0 100 O Of1 99 0 O
70 |70 |4 12 80 6 2|8 15 0 0]52 48 0 O
100 | 120 | 1 0O 100 0 0|0 100 O 07O 100 0 O
100 | 120 | 3 0O 100 0 0|0 100 0O 01O 100 0 O
100 | 120 | 6 3 94 3 031 69 0 0|5 44 0 O
150 | 500 | 1 0O 100 0 0|0 100 0O 01O 100 0 O
150 | 500 | 8 0O 100 0 0|0 100 0O 0]O 100 0 O
150|500 |16 |2 96 2 0(49 51 0 0100 O 0 0
n [T |[o? AR loadings
70 |70 |1 6 77 6 1|12 8 0 0[21 45 32 2
70 |70 |2 20 66 4 118 8 0 0|26 74 0 O
70 |70 |4 62 27 7 4|8 12 0 08 19 0 O
100 | 120 | 1 0O 95 4 1|0 100 0 079 16 4 1
100 | 120 | 3 10 81 7 2|4 96 0 0|11 8 0 O
100 | 120 | 6 3 581 8 6(42 58 0 0|70 30 O O
150 | 500 | 1 0O 97 2 1/]0 100 0 0|8 12 0 O
150 | 500 | 8 0O 98 1 1(0 100 0 0|1 99 0 O
150|500 16 |5 83 7 5(6 94 0 0|9 4 0 0

We compare the above estimator to the Bai-Ng (2007) and the Hallin-Liska (2007)
estimators with the following parameters (denoted as in the corresponding papers).
For the Bai-Ng estimator, we use ﬁl,k statistic for the residuals of VAR(4), set

the maximum number of static factors at 10 and consider 4 = 0.1 and m = 2.
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For the Hallin-Liska estimator, we use the information criterion [/ Cg;n with penalty
p1(n,T), set the truncation parameter My at [O.?\/T ] and consider the subsample
sizes (nj, T;) = (n — 105,7 — 105) with j = 0,1,...,3 so that the number of the sub-
samples is J = 4. We chose the penalty multiplier ¢ on a grid 0.01 : 0.01 : 3 using
Hallin and Liska’s second “stability interval” procedure.

To make our estimator comparable to the alternatives, which impose the correct
restriction that the number of factors is the same across different frequencies, we
compute our estimates for frequencies on a grid in the [0, 7| range. We then weight
these frequencies proportionally to their factor information content, as measured by
the square of the sum of the four largest eigenvalues of the corresponding estimate
of the data’s spectral density. Our final estimate of the number of factors equals the
estimate which agrees for most of the frequencies on the grid counted according to
their weights.

Table IV reports the percentages of 500 Monte Carlo replications that deliver 1,
2, 3 and 4 estimated number of factors k. The best possible estimator has k=2
for 100% of the replications. For AR loadings, the Hallin-Liska estimator performs
the best. Our estimator is almost as good as the Hallin-Liska estimator and is much
better than the Bai-Ng estimator, which tends to considerably underestimate the
number of factors for the smallest and the largest o2 considered. For MA loadings
and relatively less noisy data (relatively small o), all estimators work very well. For
very noisy data, however, our estimator outperforms both the Hallin-Liska and the
Bai-Ng estimators, which tend to underestimate the number of factors.

The reason why the excellent performance of the Hallin-Liska estimator deterio-

]

6More precisely, we consider a linear grid of {O.?\/T } frequencies in [O, ™ — range. Each

frequency wqg on the grid is approximated by frequencies of the form wg + 2% g with g =1,...,m. We
set m = 30,40 and 65 for the data sizes (n,T") = (70,70), (100, 120) and (150, 500), respectively.
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rates as the data gets noisier is as follows. The Hallin-Liska automatic determination
of the penalty multiplier utilizes the fact that, as long as the multiplier is too small
or too large, the estimated number of factors should change from a wrong number of
factors to the true number as n increases, whereas if the multiplier is appropriate, the
estimate should remain equal to the true number of factors. However, for very noisy
data, even if the multiplier is chosen correctly, the stabilization of the estimator at
the true number of factors requires n be very large. Hence, choosing relatively small
n in our MC experiments leads to the breakdown in the automatic determination
procedure.

One possible remedy is to make the subsample sizes used by the Hallin-Liska
estimator larger. For example, instead of n; = n — 10 and T; = n — 107, consider
n; = n—3j and T; = n—3j. Such a change indeed improves the quality of the estimator
in the noisy data cases. For MA loadings and n = T = 70, the estimator’s percentage
of correct answers increases from 15% to 89% for 02 = 4. At the same time, the
quality of the estimator for 02 = 1 and 0% = 2 remains very good. It overestimates

the true number of factors only in 2% of the corresponding MC experiments.

6 Application

In this section, we test different hypotheses about the number of dynamic factors in
macroeconomic time series and about the number of dynamic factors driving excess
stock returns. The literature is full of controversy about the number of dynamic
factors driving macroeconomic and financial data. Stock and Watson (2005) esti-
mate seven dynamic factors in their data set. Giannone et al. (2005) find evidence
supporting the existence of only two dynamic factors. Very recently, Uhlig (2008)

in his discussion of Boivin et al. (2008) demonstrates that in the European data,
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there might be no common factors at all, and that the high explanatory power of few
principal components of the data reported by Boivin et al. (2008) may be an artifact
of the high persistence of the individual time series in that data. Similarly, previous
studies of factors driving excess stock returns often do not agree and report from 1
to 6 such factors (see Onatski (2008) for a brief review of available results).

In this section we consider two macroeconomic and one financial datasets. The
first macroeconomic dataset is the same as in Stock and Watson (2002). It includes
n = 148 monthly time series for the US from 1959:1 to 1998:12 (7" = 480). The
variables in the dataset were transformed, standardized and screened for outliers as
described in Stock and Watson (2002). The second macroeconomic dataset is a subset
of the data from Boivin et al. (2008). It includes n = 243 quarterly time series for
Germany, France, Italy, Spain, the Netherlands and Belgium (33 series per country
plus 12 international series) from 1987:Q1 to 2007:Q3 (7" = 83). The series were
regressed on current oil price inflation and short term interest rates as in Boivin et
al. (2008) and the standardized residuals were taken as the data to which we apply
our test. We are grateful to the authors of Stock and Watson (2002) and Boivin et
al. (2008) for sharing their datasets with us.

Our financial dataset is provided by the Center for Research in Security Prices
(CRSP). It includes n = 972 monthly excess returns on stocks traded on the NYSE,
AMEX, and NASDAQ during the entire period from January 1983 to December 2006.
Since previous empirical research suggests that the number of common risk factors
may be different in January and non-January months, we drop January data, which
leaves us with 7" = 264.

For our test, we use the dft’s of the Stock-Watson data at frequencies w; =
27s;/480 with s; € {4,...,40}; the dft’s of the Boivin-Giannoni-Mojon data at fre-

quencies w; = 2ms;/83 with s; € {2,...,30}; and the dft’s of the stock return data
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at frequencies w; = 27s;/264 with s; € {1,...,60} . We used two criteria to make the
above choices of the approximating frequencies. First, for the macroeconomic data
we wanted to include the business cycle frequencies, but exclude cycles longer than
10 years. Second, we wanted to have at least 30 approximating frequencies, so that
our asymptotic analysis may apply.

Table V reports the values of the ratio ﬁ for different 7. Using these values a

reader can compute the R statistic for the test of her favorite null against her favorite

alternative. Then, she can use the critical values in Table I to perform the test.

Table V: Values of the ratio (v; — 7v;41)/(Vig1 — Vige) for different .

wp (in years i

percycle) | 1 [ 2 | 3 | 4 | 5] 6 [ 7
Stock-Watson data

wp € [1,10] 9.90 5.01 0.75 344 178 0.75 1.28

Boivin-Giannoni-Mojon data

wo € (5,1055] [ 376 1.64 114 217 0.74 544 0.39
Stock return data

wo € (5,22] [ 743 320 1.97 0.96 2.00 1.00 2.37
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For example, an interesting hypothesis to test for the stock return data is Hy : k =

1 against H; : 1 < k < 3. The value of our R statistic for this test is the maximum of

Y2—73 and Y3~
Y3=74 Y4~

Table I, we find that we can not reject the null with the 15% size test.

7;, which equals 3.20. Comparing this value to the critical values from

A particularly interesting hypothesis for the Stock-Watson macroeconomic data
is that of 2 versus 3-7 dynamic factors. The value of the R statistics for such a test
is 3.44. We cannot reject the null with the 15% size test. At the same time, the null
of zero factors vs. the alternative of one or two factors can be rejected with 2% size
test.

The hypothesis of zero factors is especially interesting for the Boivin-Giannoni-

Mojon data (we are grateful to Harald Uhlig for suggesting to us to analyze these
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data). As mentioned above, Uhlig (2008) points out that the high explanatory power
of few principal components extracted from these data may be purely an artifact
of the high temporal persistence of the data. The data are very persistent because
they represent year-to-year growth rates of macroeconomic indicators (in contrast,
the Stock-Watson data mostly represent the monthly growth rates).

For the Boivin-Giannoni-Mojon data, we cannot reject the null of zero factors vs.
any of the alternatives: 1,1 to 2,...,1 to 7 dynamic factors by the 5% size test. The
null of zero factors vs. the alternative of one or two factors can be rejected only
by the 15% size test. The p-values for the test of zero factors vs. 1 to 3,...,1 to 7
alternatives are even larger.

The large temporal persistence of the idiosyncratic terms in the Boivin-Giannoni-
Mojon data takes us somewhat outside the setting of the Monte Carlo experiments in
Section 5. To check the finite sample performance of our test in the high-persistence
environment, we simulate 8,000 datasets as in Uhlig (2008) (we thank Harald Uhlig
for sharing his codes with us). These datasets consist of 243 independent times series
(hence, no common factors exist) of length 83 with the first-order autocorrelations
equal to the first-order autocorrelations of the corresponding Boivin-Giannoni-Mojon
series.

The data were transformed exactly as the Boivin-Giannoni-Mojon data and the
tests of zero vs. 1,1 to 2,...,1 to 5 dynamic factors were performed. The actual
sizes of our 5% nominal size tests (based on 8,000 simulations) were 7.9, 7.9, 8.3, 8.4
and 8.4% for the alternatives of 1, 1 to 2,...,1 to 5 factors, respectively. To assess
the power of the test to detect the five factors extracted by Boivin et al. (2008), we
add the five-factor systematic components estimated as in that paper to the series
simulated as above (normalized to match the standard deviations of the estimated

idiosyncratic components). We find that the power of the nominal 5, 10 and 15%
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tests of Hy: k=0 vs. Hy : 0 <k <5 equals 51, 75 and 88%, respectively.

We conclude that there is only very mild evidence that there are one or two
common dynamic factors in the Boivin-Giannoni-Mojon data. If such factors exist,
they might explain less variation in the data than suggested by the high explanatory

power of the few principal components extracted from the data.

7 Discussion

Our test can be based on other statistics than R = maxy, <i<k, %
- 417 Ti42

. Indeed, under
the assumptions of Theorem 1, any function f (vko 15 Vo +T) which is invariant
with respect to scaling and normalizing of its arguments converges in distribution to
a function of the r-dimensional TW, under the null. It is not difficult to see that,
except for a zero probability domain where some +, coincide, all such functions have
form g (p), where p = {%,z =1,...,r— 2} .

A theoretically sound choice of g(p) would be the ratio of the likelihood under the
alternative to the likelihood under the null, L; (p) /Lo (p). However, the alternative

does not specify any information about the first £ — kg elements of p except that

Ve~ Vk+1
Y41~ Vk+2

tends to infinity. A feasible choice of g(p) would be a pseudo-likelihood
ratio when L (p) is an “improper density” that diverges to infinity as any of its first
k1 — ko arguments diverges to infinity.

We tried a test based on Ly (p) /Lo (p) with Ly (p) = R. We estimated Ly (p) using
kernel methods and a simulated sample from multivariate TWs distribution. The test
has comparable size and somewhat better power properties than our benchmark test.
However, the necessity of estimating Lg (p) makes the test much more complicated
than the benchmark, and thus less attractive from a practical perspective.

Our test is one of many possible “simple” tests based on ¢g(p) = R. We have tried a
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variety of choices of g(p) in addition to g(p) = R. For example, we considered g(p) =
R = maxy,ci<k, D N G DD DI

where w; = (1 — ==k _)  TIn contrast
Vi1 Vi +2 ’ ki1—ko+1

to R, which maximizes “local” measures of the curvature of the scree plot at would-
be kink points under the alternative, statistic R maximizes wider measures of the
curvature. However, none of the alternative statistics which we tried unambiguously
outperformed R in terms of the size and power of the corresponding test.

Now we would like to address another important issue: it is unlikely that the
factor model with few common factors literally describes the data. For example,
macroeconomic data often have a clear block structure, with blocks corresponding
to different categories of economic indicators, such as prices or output measures,
included in the data set. Such data are perhaps better described by a factor model
with few strong factors and many “weaker” factors corresponding to the different
data categories.

Although a comprehensive analysis of such a model is beyond the scope of this
paper, we would like to point out two facts. First, as shown in Onatski (2009), when
the explanatory power of a factor is not much larger than that of the idiosyncratic
components, it is impossible to empirically distinguish between the two. More impor-
tant, a situation with few dominant and many “weaker” factors can alternatively be
modeled as a situation where there are few factors and the idiosyncratic components
are strongly influential.

We therefore expect that, if the distinction between strong and weak factors is
not sharp, our test will work as if there were no factors at all. In contrast, if the
distinction is sharp, the test will work as if the true number of factors were equal to
the number of the strong factors.

To check this intuition, we generate data with two strong factors, each of which

explains s-100% of the data’s variation, and ten weak factors, each of which explains
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w - 100% of the data’s variation, where s > w. We consider three (s,w) pairs:
(1/6,1/30),(1/8,1/24), and (1/12,1/20). Figure 3 plots the power (based on 2,000
MC replications of the data with MA loadings) against the nominal size of the test
of Hy : k =0vs. Hy : 0 < k < 2 (left panel) and of the test of Hy : k = 2 vs.
H, : 2 < k <4 factors (right panel).

As expected, when the explanatory power of the two strong factors is much larger
than that of the weak factors (solid line), the test has a lot of power against the null of
zero factors but no power against the null of two factors. When the relative strength
of the strong factors fades (dash line corresponds to (s,w) = (1/8,1/24) and dotted
line corresponds to (s, w) = (1/12,1/20)), the power against the null of zero factors

gradually disappears.

8 Conclusion

In this paper, we have developed a test of the null hypothesis that there are kq factors,
versus the alternative that there are more than ky but less than k;+1 factors in a gen-
eralized dynamic factor model. Our test is based on the statistic maxg,<x<, %,
where 7, is the i-th largest eigenvalue of the smoothed periodogram estimate of the
spectral density matrix of data at a pre-specified frequency. We have shown that the
test statistic is asymptotically pivotal, and has a distribution related to the Tracy-
Widom distribution of type 2. We have tabulated percentiles of this distribution
which provide us with critical values for our test.

Our Monte Carlo analysis shows that the new test has good finite-sample prop-
erties. It outperforms the Connor-Korajczyk (1993) test and is better sized than the

Kapetanios (2005) test for a variety of finite sample situations. In addition to its

primary use for testing different hypotheses about the number of factors, our test can
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Figure 3: Power plotted against the nominal size. Left panel: the test of Hy : k =0
vs. Hy : 0 < k < 2. Right panel: the test of Hy : k =2 vs. Hy : 2 < k < 4. Dotted,
dash and solid lines in that order correspond to the increasing explanatory power of
the two strong factors.

be used to determine the number of factors in a dataset. We find that an estimator
based on our test performs better than the Bai-Ng (2007) estimator and on par with
the Hallin-Liska (2007) estimator.

We have applied our test to test various hypotheses about the number of factors in
the macroeconomic datasets of Stock and Watson (2002) and Boivin et al. (2008) and
in the data on excess stock returns provided by the Center for Research in Security
Prices. For the Stock-Watson data, we have not been able to reject the null of two
dynamic factors, in favor of the alternative that there are more than two but no more
than seven dynamic factors. For the Boivin-Giannoni-Mojon data, we have found
only very mild evidence that there exists one or two common dynamic factors. For
the stock return data, we have not been able to reject the hypothesis of one dynamic

factor in favor of the hypothesis of two or three dynamic factors.
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9 Appendix

Denote the i-th largest singular value of a matrix A, defined as the square root of the
i-th largest eigenvalue of AA’, as 0;(A). Further, denote the square root of tr (AA’)
as || A, . Note that ||A|| = o1(A) and [|A]|, = (3 02(A))"?.

Lemma 2 For any matriz A, 0(A) <37, | Ay

This is a well known result. See, for example, Horn and Johnson (1985), p.421.
Lemma 3 Let n and m go to infinity and let A™™ and B™™ be random n x m
matrices such that o3 (A™™ — Bvm) = o,(n='3) and 0% (B™™) = O,(n). Then
o2 (Alnm)) — o2 (B™)| = o, (n/3) uniformly over k.

Proof: To simplify notation, we omit index (n,m) over A and B. Weyl’s inequali-
ties (see p.423 of Horn and Johnson (1985)) for singular values of any n x m matrices
F and G are: 0,4j1(F + G) < 0;(F) + 0;(G), where 1 < 7,7 < min(n,m) and
i+ j <min(n,m)+ 1. Takingi =1, j = k, F = A— B and considering G = —A and
G = B, weobtain: |04(A) — o1(B)| < 01(A—B) = 0,(n"/%). But |0% (A) — 0% (B)| =
0(4) = 1(B)] (02(A) + 01(B)) < 01(A — B) (201(B) + 0,n %)) = 0, (n'/3) uni-
formly over k. QED
Lemma 4 Let n, m and T go to infinity so that n ~ m = o (T*7). Then, under
Assumptions 1 and 2i, o2 (5( - A0F> = 0, (n73), where X = [{1(n), ..., ()],
F= [Fl, - Fm} and Ay = 3700 AW (n)e s,

Proof: Write ¥ — AgF as P + Q, where P and @ are n x m matrices with s-th
columns P; = x,(n) — ASFS and Q, = (AS — A0> Fs, respectively. First, consider ma-
trix P. Interchanging the order of the sums in the definition x,(n) =
% Z; S JAW(n)F,_,e s and changing summation index ¢ to 7 = t — u, we
obtain the following representation: P, = %,(n) — A F, = % 32y AW (n)em sy,

E

o min(T—wu,0) —iTw T
where r, = 3 T Y FreT T = Y (0.7 )41
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Using this representation, we obtain: F || Py||* < T2 uwe0 B |7, AW () AW (n)r, | <
7 Zo A A @ E (rall roll) < 7 3250 AP )] AP @[] (£ lra]* =
) = & (S22 A9 (B lIrl?) ) But B flr | = T2 00 | 7 [P+
Z:::max(o,T—u) 11 ||| = 2kmin (u,T) because F, is a k-dimensional white noise.
Therefore, by Lemma 2: Eo? (P) < 7 E||P|* < o (ZZZO |A® (n)]] (2ku)1/2)2
which is o (n’l/ 3) by Assumption 2i and by the assumption that n ~ m = o (T 3/ 7).
Hence, by Markov’s inequality, o1 (P) = o, (n™/%) .
— o = 30 A ) | e — einen <

HA(“) || w which is o (n*‘r’/ 6) uniformly in s by Assumption 2i and
by the assumption that n ~ m = o (T%7). Further, since F; is a k-dimensional
white noise, Y -, ’ FSH2 — O,(m). Finally, by Lemma 2, 03 (Q) < 327, E[|Q.|]* <

A, — Ag‘ 227511 - 0 (n™%?) - Oy(m) = o, (n"%3) so that oy (Q) =
o, (n™1/3) . Now, the statement of the lemma follows from the fact that 0% (5( — AoF ) <
(o1 (P) + o4 (Q))2 =0, (nil/g) .QED

Lemma 5 Let é = [é1(n),...,é, (n)]. Then, under the assumptions of Theorem 1,

A

F

max,

there exists an n X m matriz € with independent NS (0,27S5¢(wo)) columns, indepen-
dent from F, and such that 0% (é — &) = o, (n=1/3).

Proof: First, suppose that Assumption 2ii holds and n ~ m = o (T 3/ 8) . Define
n = ((Reéi(n)), (Imé(n)), ..., (Reén(n)), (Im ém(n))'),. Using Theorem 4.3.2 of
Brillinger (1981), which characterizes mixed cumulants of discrete Fourier transforms,
it is not difficult to show’ that Enn’ = V + R with a block-diagonal V = 7, ®

Re S¢(wp) —Im S (wp)

Im S¢(wg) ReSE(wo)

the Kronecker’s delta, and O (m/T) and O (T~!) are uniform in ¢ and j running from

and R;j = i/2n),j/2n)O (m/T) + O (T1) , where d is

1 to 2nm.

"For details of the derivation see the Supplementary Appendix.
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Construct 77 = VY2 (V + R)™/?1 and define an n x m matrix é with the s-th
columns é, so that ((Reé;)’, (Imé;) ..., (Reéy) , (Im ém)')/ = 7). Note that € has
independent N (0, 2m.5¢(wg)) columns by construction.

Using inequalities ||BA||, < |B] ||A]l, and |[ABJ||, < |[|A|,||B] (see, for ex-
ample, Horn and Johnson’s (1985) problem 20, p.313), we obtain: E |n—7|> =

12

H(V +R)V? - V1/2Hz < HV1/4H4 H (I + V2RV 12) IH; . Denote the i-th largest
eigenvalue of V2RV =12 as p1, and note that |y;| < 1 for large enough T". Since
)(1 + ) — 1‘ < |pg| for any |p;] < 1, the i-th eigenvalue of (1 + V’I/ZRV’lm)I/Q—
I is no larger by absolute value than the i-th eigenvalue of V2RV ~1/2 for large
enough T Therefore, E [l — 7||* < |[VY4|* |V 2RV 2|2 < |[v4)1* v =2 IR -
But ||V = (wly,)Y* and V=12 = (nlpn) " * by construction, and ||R|2 =
2, (B O () T) + O (T)* = m (20)20 (m?/T?) + (2mn)2 O (T~2) =
o (n"3) because n ~ m = o (T%?) . Hence, E ||n — 7i||” < (nlin) (7lun) >0 (n"13) =
0 (n~'/3), where the last equality holds because li, and [} remain bounded as
n,m — oo by Assumption 3. Finally, Lemma 2 and Markov’s inequality imply that
o3 (é—¢) =o0,(n""?).

Now, suppose that Assumption 2iia holds and m = o (T"/271/?log™" T)6/ ¥ I
this case, é;; = Z;‘;l A;jujs, where 1, is the dft of uj at frequency w,. For fixed
j and wy = 0, Phillips (2007) shows that there exist iid complex normal variables
sy 8 = 1,...,m, such that 4, — §;, = o (%) uniformly over s < m. Lemmas
1S, 2S and 3S in the Supplementary Appendix extend Phillips’ proof to the case
wo # 0 and show that there exist Gaussian processes uﬁ with the same auto-covariance
structure as u;; and independent over j € N such that the differences between the dft’s
Ujs — U5, = 1), satisfy: sup,.o E (max,<p, rs])? < Km2T?/P~11og? T for large enough
T, where K > 0 depends only on p, 11, sup;»; (30 k|cje])” and sup,~, |C;j(e7™0)].

Assumption 2iia implies that the process e} = Z;’;l Aijuﬁ satisfies Assumption
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2ii. Let é¢ be the n x m matrix with 7, s-th entry equal to the dft of ef; at frequency
ws. Since (TY/271/Plog™" T)6/13 = o (T?/®) for positive p, the above analysis of the
Gaussian case implies the existence of an n x m matrix € described in Lemma 5 and
such that 0% (69 — €) = 0, (n"/%). On the other hand, oy (6 — &) < o1 (6 — &%) +
o1 (éG — é) . Hence, to complete the proof, we only need to show that o? (é — éG) =
(e—e) ‘ = i1 2 1231 Elrjsﬁg
my Ly >0 AL E (maxe<, |7j5)? which is o (n"/3) because sup;.q Yoo A < o

op (n™1/3) . But we have: >,

s=1

by Assumption 2iia and m Y"1 E (max,<y, |155])° < mnKm2T?P1og? T = o (n~1/?)
if n ~m =o(TV*Plog™' T) 6/13 as have been assumed. Therefore, Lemma 2 and
Markov’s inequality imply that o3 (¢ — é%) = o, (n=/3) .QED
Lemma 6 Let A(x) = A+ AW, where A = diag (a4, ..., ax,0,...,0) is an n X n
matriz with a; > ag > ... > a; > 0 and AY is q symmetric non-negative definite
n x n matriz with lower right (n — k) x (n — k) block A%). Let ro = ag/2. Then,
for any real s such that 0 < s < TO/HA(l)” and for any i = 1,2,...n — k, we
have: | Mo (A (2)) — oo (AR < il
o
Proof: Let P (3¢) and P be the orthogonal projections in R"™ on the invariant
subspaces of A (s) and A, respectively, corresponding to their smallest n — k eigen-
values. Then Aélz) = PAWP and the k +i-th eigenvalue of A(s) is the i-th eigenvalue
of AW (32) = P (3) A(5) P () so that by Weyl’s inequalities (see Theorem 4.3.1

of Horn and Johnson (1985)) ‘)\kﬂ (A (22)) — 2\ <A§12)>) < ||AD (5¢) — 2P

Kato (1980) shows (see formulas 2.37,2.38 and 2.17 on pages 81 and 87 with Kato’s

TM (5¢) equivalent to our L AW (50)) that for [ < ro/ ||AV||, AD (50) — 5PADP =

2= 30 (=3)" [ R(2) (AC (z))k+1 zdz, where R(z) = (A — zI,) " and I is a pos-

itively oriented circle in the complex plane with center 0 and radius ry. Note that
(1) k+1

max.cr |[R(:)| = 4 so that ||, R(:) (AVR (2))"*" 2dz]| < 2127

< 27?”—, and we have
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the desired estimate: Hfl(l) (») — %PA(DPH < Z
QED
Proof of Theorem 1: Lemmas 3, 4 and 5 imply that there exists a matrix € with

over j. Then, since 0,,, ~ m?3, the asymptotic joint distribution of interest in

iidNT (0,275 (wg)) columns such that

Theorem 1 is the same as that of {a;&n ()\Hi (X—X/) — umm) =1, ...,r} , Where

2mm

X = AgF + ¢ and A; (A) denotes the j-th largest eigenvalue of matrix A. We will
prove that this distribution is the multivariate TW.

Let U be a unitary matrix such that FU has all but the first k& columns zero.

Partition FU as [Fl,O} and eéU as [é1,6é5], where é; is n x k and Flis k x k.

~ ~ ~ ~ !
.. ' U AoF1+é1)(AoFr+ér
Then, we have a decomposition: 2% = ( ) ) +
’ 2mm 2mm

€2 5’2
2mm

, where matrix

€z has iidNF (0,275 (wg)) columns. Let V/AV, be a spectral decomposition of
(A0F1+é1)(AOF1+él)/
2mmn

elements a; > as > ... > a; > 0. Then, we have: V”;ii;v’{ = A+ %A(l), where A =

so that A is a rank-k diagonal matrix with the first & diagonal

Vead, Vi
2mm

the lower right (n — k) x (n — k) block of AM. Since 1), (X—X/) =\ (w) , we

2mm 2mmn

. Denote the matrix of the last n — k rows of V,,é, as €99 so that A%) = % is

[AD | /2
oA/

have, by Lemma 6: ‘%)\kﬂ- <XX/> — LN <A§12)>’ <

Fpre whenever £ < 0
T n

At

where g = a/2.

Note that ||[AV|| = A (Sj:i) <\ (;f:n) = Op(1) by Lemma 1. On the other
hand, ry decreases slower than n~'/3. Indeed, by Weyl’s inequalities for singular

values (see Lemma 3): a)/> > A}/ (AOF—F'AG> A2 ( €18) ) _where A, ( é1é] ) <

2mmn 2mmn 2mmn

%)\1 ( ee’ ) =0, (%) and M\ <AOFF’A6> > %)\k (%) A (/A\'OAO) decreases slower than

2mm 2mmn

Op (n_l/ 3), by Assumptions 1 and 4. Therefore, for large enough n, the inequality % <

. . . ¢ 1 AW ||?/n _ ..
—HA(OI)H is satisfied and ‘)\kﬂ- (;iég@) —\ (Aé;)‘ < mHHA% =0, (n 2/3) This im-

. . _ _ . _ v Y/
plies that, since 0, ,, ~ m~2/% ~ n=%3 the random variables o, ( Avs %) — L n) ,
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1 =1, ..., have the same asymptotic joint distribution as 0;1}71 ()\i (%) — umm) ,
1=1,...,71.

Now, note that the distribution of % conditional on V,, is WE , (m —k, %) ,
where S¢ (wg) is obtained from V,,S¢ (wo)V/ by eliminating its first k& rows and
columns. Matrix S¢ (wg) satisfies an assumption analogous to Assumption 3 for
S¢ (wo). Precisely, let Iy, > ... > [, be the eigenvalues of S¢ (wy), H, be the

spectral distribution of S (wg) and &y, ,, be the unique root in [0, l_l_nl) of the equation

1l (ﬁi’gﬂ:n) dH,(X\) = =F.Then, as n and m tend to infinity so that m/n remains in
a compact subset of (0, oo), limsup Iy, < oo, liminfl, ., > 0, and limsup 1, < 1.
The first two of the latter inequalities follow from Assumption 3 and the fact that, by
Theorem 4.3.15 of Horn and Johnson (1985), Iy < lin < lin for n —k <4 < 1. The
third inequality follows from the fact that ¢, — ¢, = o(1). This fact, and even a
stronger result that ¢, , — ¢, = O (1/n), can be established by finding bounds on
function f(c) = [ (2% ) H,()\) (see

the Supplementary Appendix for details).

C)Qdﬁn()\) in terms of function f(c) = [ (2%

Since SZ (wo) satisfies an assumption analogous to Assumption 3, Lemma 1 implies

that the joint distribution of {5;:,1 ()\i <%> — Ly n) i=1,.., r} conditional on

2mm

V,, converges to TW,, where Popy =

1-ACm,n

Cm,n

<1+ noh [ Aown g7 (/\)> and 7, =

(m—k)2/3¢,, n m—k 1—=Aem,n

1 (1 + nk ( Aomn )3 dHn()\)) v . We however, would like to show that
the convergence to TWj still takes place if we replace G.,n by omn and fi, , bY i, ,,-
It is enough to show that ..}, (Fppn — Hmn) and (5, —o3h) <)\Z- (%) - um’n>
are o, (1). But the inequality I, < lin < lin for n —k < i < 1 and the fact that
Cmn — Cmn = O (1/n) imply that i, , — ft,,, = O (n™') and 6.}, —o .k, = O (n7/3).

~2/3

. _ . Lo=—1 _ o .
Then, since 7, ~ n~*/°, we indeed have: 7", (Zimn = tm.n) = o(1). Further, since

A <%) = O,(1) and p,,,,, = O(1), we indeed have (5,.}, — 0,.1) (Ai (€22859/M) — ) =

2mm
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0, (1).
Therefore, we have: {a‘l ()\z- (é22é52> — umm) i1 =1, ...,r} conditional on V,,

m,n 2mm

converges to TW,. In  particular, the  conditional  probabilities

Pr (U,_n}n ()\i (%> — Nm,n> <zzi=1,.., r|Vn> converge to the cumulative distri-

2mm

bution function TWs (x4, ..., z,) with probability 1. Then, by the dominated conver-

m,n 2mm

gence theorem, the unconditional probabilities Pr <0’1 <)\i (éné/”) — pmm) <zt =
1,...,7), which are just the expected values of the conditional probabilities, also con-

verge to TWs (21, ..., z,) . QED

Ai—Ait1
ko X1 —Aite

k = ko follows from Theorem 1. When ky < k < ki, R > % Therefore,

Proof of Theorem 2: The convergence of R to maxo<i<k, when

t Ve~ Vk+1

p .
— 00. As was shown in the proof of Theorem
Ve+1"Vk+2

we only need to show tha

L,

Vi — A (%)) =0 (n_Q/ 3) uniformly in 7. Using Weyl’s inequalities for singular
12 <&> NV (Aoﬁﬁ”f\g)‘ < AV (Y for

7 2mm 7 2mm 2mm

values (see Lemma 3), we obtain:

i = 1,..,n, where A ( c¢ ) = O, (1) by Lemma 1. Take i = k. By Assumption

2mm
AgFE'AL\ P ¢X'\ P P
4, A\, (2%—=0) 2 oo. Therefore, A\, (2% ) 5 oo, and hence, v, — co. Now, take
) 2mm ) 2mm ) » Ik ?

i > k. Then \)/? (A‘);—Z%> = 0. Therefore, ) (ﬁ> = 0,(1), and hence, v, = O,(1).

2mm

: p . - p
Summing up, v, —Yp41 — 00, while v, 1 =740 = Op(1). Hence, % — 00.QED
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