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Abstract

This paper deals with the prediction of curve-valued autoregression processes.
It develops a novel technique, the predictive factor decomposition, for the es-
timation of the autoregression operator. The technique is based on finding a
reduced-rank approximation to the autoregression operator that minimizes the
expected squared norm of the prediction error.

Implementing this idea, we relate the operator approximation problem to
the singular value decomposition of a combination of the cross-covariance and
covariance operators. We develop an estimation method based on regularization
of the empirical counterpart of this singular value decomposition, prove its
consistency and evaluate convergence rates.

The method is illustrated by an example of the term structure of the Eu-
rodollar futures rates. In the sample corresponding to the period of normal
growth, the predictive factor technique outperforms the principal components
method and performs on par with the custom-designed prediction methods.
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1 Introduction

As evidenced in books by Ramsay and Silverman (1997 and 2002), statistical analysis
increasingly relies on functional data. For example, Cavallini et al. (1994), Besse
and Cardot (1996), Besse et al. (2000), Bernard (1997), and Damon and Guillas
(2002) study the forecasting of electricity consumption, traffic, climatic variations,
electrocardiograms, and ozone concentration, respectively, using a generalization
of the autoregression model to functional data. Specifically, the data generating
process in these studies is assumed to be the autoregressive Hilbertian process of

order 1 extensively studied by Bosq (2000):

fev1 = p[fe] + et41- (1)

Here for each integer ¢, f; is a random element of a Hilbert space H, p is a linear
bounded operator on H and ¢; is a strong H-white noise.

Similarly to the papers cited above, the focus of this paper is forecasting. We
seek to forecast the future value f,, 41 of the functional autoregression process (1) as
a function of data fi,..., 5, so as to minimize the mean squared forecast error:

’2

fn+1 - fn+1 (flv f27 ) fn)

(2)

min £
frn+1

As follows from Theorem 3.1 of Bosq (2000) and our assumption that &; is a strong
H-white noise, the conditional expectation of f,,+1 given fi, fa,..., fn equals p[f,].
Hence, for known p, the best predictor is given by p|[f,]. However, typically, p is
unknown and this solution is infeasible. A feasible approximation to the solution is
p[fn], where p is a consistent estimator of p. The main difficulty in estimating p is

its infinite dimensionality. A standard way to overcome this difficultly is to estimate



the action of p only along a few chosen directions in H.

In practice, the usual directions chosen are those of a few principal components,
although some other choices, including those based on wavelet bases, were suggested
in the literature (Antoniadis and Sapatinas (2003)). However, the direction choices
based on principal components or wavelet bases are not justified directly by effi-
ciency in the problem of prediction. In this paper we suggest a dimension-reduction
technique that is derived directly from the minimization of the prediction error. We
call this technique predictive factors.

The main idea of the predictive factors is to focus on estimation of those lin-
ear functionals of the data that can most reduce the expected squared error of
prediction. In particular we are looking for a k-rank operator p, that minimizes
E||[(p—pp) fnll*. Such an operator can be decomposed as p;, = Zle la;) (b;| and
under certain normalization the decomposition is essentially unique' and has an
interpretation in terms of the prediction problem. Roughly speaking, the number
(b1, fn), the first predictive factor, contains the most information about the future
value of the curve. The predictive factor loading a1 determines the direction along
which this factor predicts. Similar interpretation holds for b; and a; with ¢ > 1. The
decomposition p, = Zle la;) (b is related to the singular value decomposition of
a combination of the covariance operators of process (1). We suggest estimating pj,
by estimating the first k terms of this singular value decomposition.

Our results are collected in Theorems 1, 2, 3, and 4. Theorem 1 relates the
population predictive factors to the components of the singular value decomposition
of a certain combination of the covariance operators of process (1). Theorem 2 shows

that, as the rank of the predictive factor approximation grows, the approximation

1Non—uniqueness comes from the fact that a; and b; can be both multiplied by —1 and the
resulting p, will not change. The decomposition is also non-unique if an eigenvalue of a certain
operator has a multiplicity greater than 1.



converges to the true operator, p,, — p. The convergence here can be understood in
many different ways, which are made precise in Theorem 2.

Next, we suggest estimating p; by finding a truncated singular value decompo-
sition Zle Gai|Uai) (Za,i| of the operator f (f + aI>_1/2. Here [ and I' denote
certain empirical covariance operators computed from data, and « and k are regu-
larization and truncation parameters, which can be adapted to data by using cross-
validation methods. For prediction, we compute the scalar products of f,, with I;a,l,
e l;a,k, defined as <f + aI) e ZTals oo (f‘ + aI) o Tk, respectively. Finally,
we map f, to Zle <fn, lSaZ> ﬁl;al The result is an = PakJn, that is, a feasible
predictor of f, 41 based on fi, fo, ..., fa.

Theorem 3 proves that with a certain choice of the regularization parameters
« and k, the operator p, j is a consistent estimator of p. Theorem 4 shows that
predictor p [fn] of fni1 converges to the optimal infeasible predictor p[f,]. We
also provide convergence rates.

Results by Bosq (2000) and our Theorem 3 show that both the principal com-
ponents and the predictive factors methods provide consistent estimators of p. The
rates of convergence in these methods are difficult to compare because they depend
on intricate interrelations of the operator p and the covariance of noise. The intu-
itive reason why the predictive factors may be better suited for forecasting than the
principal components is that the predictive factors are designed to extract the infor-
mation useful for prediction while the principal components may focus on features
of f; that are poorly predictable.

For example, in economics, while it is true that more than 95% percent of the
variation in the yield curve of bonds can be explained by the first three princi-
pal components, recent research (Cochrane and Piazzesi (2002)) suggests that some

components that do not contribute much to the overall interest rate variation are



better predictors of interest rate movements. When compared to the principal com-
ponents, the predictive factors are less likely to miss these better predictors.

Let us describe some related work. The predictive factor technique is similar
to the simultaneous linear predictions introduced in the static finite-dimensional
context by Fortier (1966). The idea is to find uncorrelated linear combinations of
predictors that have the largest, the second largest, etc., cumulative explanatory
power for a set of predicted variables. The same idea has been reintroduced under
the name of redundancy analysis by van den Wollenberg (1977). For the time series
data, the predictive factor method extends the reduced-rank autoregression studied
by Reinsel (1983). This extension is similar to the extension of the classical canonical
correlation analysis to the functional data performed by Leurgans et al. (1993). The
estimation of operator p in functional autoregression was considered by Bosq (2000)
and Mas (1999). They focus mainly on the convergence of the principal components
method.

As an illustration, we apply the predictive factor method to data on Eurodollar
futures contracts. At each trading date the available contracts can be arranged by
their delivery date from one month to 10 years into the future. Then, the term
structure curve is obtained by plotting the rate of return on the contracts against
the delivery time and interpolating by cubic splines. We analyze the time evolution
of these curves.

Restricting the sample to the period of normal economic growth and forecasting
three months into the future, we find that the predictive factor technique not only
outperforms the principal components method but also performs on par with the
best available prediction methods.

The rest of the paper is organized as follows. The outline of the predictive

factor analysis and our main results are in Section 2. The empirical example is in



Section 3. Section 4 concludes. Proofs of the four main theorems are relegated to

the Appendix.

2 The predictive factor analysis

Let H = L?[0,X] be the real Hilbert space of the square-summable functions of
xr € [0,X], where 0 < X < oo. For any g,h € H, we will denote their scalar

1/2
)2, as gl

product fOX g () h(z)dz as (g, h) . We will denote the norm of g, (g, g
For any bounded linear operator A acting on H, we will denote its uniform norm
supjig=1 [ Agll as [|A[|, and its adjoint operator as A’.

Let By be the Borel o-algebra of subsets of H and let (2, F, P) be a probability
space. We will call any F — By measurable mapping from 2 to H an H-valued
random variable. It can be shown (see Bosq, 2000, Lemma 1.2) that £ is an H-

valued random variable if and only if (g, ) is a real random variable for any g € H.

Moreover, it is possible to introduce the following definitions:

Definition 1 If an H-valued random variable £ is such that E ||&]| < oo, then there

exists an element of H, denoted as € (§) and called the expectation of &, such that

E{g,&) = (9,E(£)), for any g € H.

Definition 2 If an H-valued random variable ¢ is such that E||€]|* < oo and
£ (&) =0, then the covariance operator of § is defined by C¢ : g — £ ({9, &) &) for

any g € H.

Definition 3 If H-valued random variables € and 1 are such that E||€|]> < oo,
E||n||? < 0o, and € (&) = € () = 0, then the cross-covariance operator of & and

n is defined by Cepy 1 g — € ((9,€) m) for any g € H.



It is known that the covariance and cross-covariance operators are trace-class
operators (that is, that they are compact and their singular values are absolutely

summable). See for details Section 1.5 in Bosq (2000).

Definition 4 A sequence {e, t € Z} of H-valued random variables is said to be a

strong H-white noise if 0 < E ||g;||* = 02 < 00, £ (&;) = 0, and &; are i.i.d.

In this paper we assume that data have a form of n observations {f1,..., fn} of
H-valued random variables that belong to a strictly stationary sequence { f,t € Z},
which satisfies Assumption 1 formulated below. We study the problem of prediction

of f,4+1 based on the data.

Notation 1 Let us denote the covariance operator Cy, of f; as I' and the cross-

covariance operator Cy, ¢, of fi and fiy1 as F.

Assumption 1 The sequence {fi,t € Z} satisfies a functional auto-regression equa-
tion (1), and there exists an integer j > 1 such that Hij < 1. Furthermore,

E|fell* < oo.

Sections 4.1 and 4.3 in Bosq (2000) show that if Assumption 1 holds, then the
covariance and cross-covariance operators I' and f can be consistently estimated by

their respective sample versions I and £ , which are defined as follows:

Definition 5 The empirical covariance and cross-covariance operators of

“ n R n—1
the sequence {f;,t € Z} areT': g — % SAg, fi) fr, and F : g — ﬁ S 49 ft) fre1,
t=1 t=1

respectively, where n is the number of observations.
Let us turn to the subject of most interest to us. Denote by R the set of
all finite-rank operators acting on H. We would like to find an operator A € Ry,

approximating p, that minimizes E || fy+1—Af||>. It is easy to see that this problem



is equivalent to the problem of finding an A € %R}, that minimizes E ||(p—A) f:||>.
Further, Formula 1.59 in Bosq (2000) implies that this latter problem can be reduced

to the following:

in |[p—A
min [lp—A|

r2- 3)
Here || X || , denotes a modified Hilbert-Schmidt norm, which is defined as || X ”12“2 =
tr (XT'X") . Note that || X||p, is in general a seminorm. It is a norm if KerI" = 0.

In this form, it is obvious that our problem is a problem of approximation of
a given operator by a finite-rank operator relative to a specific operator seminorm.
For infinite-dimensional integral operators and the usual Hilbert-Schmidt norm (i.e.,
the norm || X||3 := tr (X’X)), this problem was solved by Schmidt (1907). For the
finite-dimensional case this solution was independently rediscovered by Eckart and
Young (1936). (See also Problem 10.6, p. 458, in Eaton (1983) with the solution
outlined on p. 497.)

The Schmidt-Eckart-Young solution is given by the k-element partial sum of the
singular value decomposition (SVD) of the operator, which is being approximated.
The main difference between our problem and this classical case is that the operator
I" which modifies the classical norm does not have a bounded inverse. This difference
can be illustrated by the fact that even some non-compact operators (e.g., the
identity operator) can be approximated by finite-rank operators in the modified
seminorm, while such an approximation is impossible in the usual uniform or Hilbert-
Schmidt norm.

We solve problem (3) in two steps.

Step 1. Solving a Classical Approximation Problem



We first solve the following problem

min
XeRy

pF1/2—XH2 . (4)

The classical SVD-based solution is valid for such an approximation problem. In-
deed, since T' is a trace-class operator, I''/2 is a Hilbert-Schmidt operator. Then,
pFl/ 2 is also a Hilbert-Schmidt operator because Hilbert-Schmidt operators form a
two-sided ideal in the algebra of all linear bounded operators (see Chapter III in
Gohberg and Krein, 1969). Since any Hilbert-Schmidt operator in L2[0, X] can be
represented in the form of an integral operator (see Gohberg and Krein, 1969, p.
111), Schmidt’s (1907) solution to the approximation problem is valid. Hence,

min
XeR,

e A
P ) p Tk 5’

where 7, is the k-element partial sum of a singular value decomposition of pI''/2.
Recall that a singular value decomposition of pI''/2 is constructed as follows
(see Gohberg and Krein, 1969, p. 28). Let pI''/2 = U®Y2 be the polar rep-
resentation of pI''/2, where ® := I''/2y/pI'V/2 and U is a partially isometric op-
erator, which maps (Ker o/ 2)L isometrically onto the range of pI''/2 and sends
any function from Ker /2 to zero. Then the eigenvalues of ®Y/2 gy > o9 > ...
(represented in this inequality chain as many times as their multiplicities) are
called the singular values of pFl/Q. Let {:EZ', i=1,...,rank (@1/2)} be an ortho-
normal system of eigenfunctions of ®/2 corresponding to all non-zero eigenvalues
{oi, 1=1,... rank (@1/2)} . Note that rank (@1/2) = rank (®) and that this rank is
allowed to be infinite. Note also that x; are eigenfunctions of ®, corresponding to its

eigenvalues o?. Let {y;,i =1,...,rank (®)} be an orthonormal system of functions



defined as y; := Ux;. Then a singular value decomposition of pFl/ 2 has the form
prY/2 = ) o ) (2], which means that pI'2 : g — S oy (g, 2) g for
any g € H.

Therefore, Schmidt’s (1907) solution to (4) is given by the operator

min{k,rank(®)}

o= Y oily) (wil. ()

=1

Moreover,
2

|or/2 =i = (e, (6)
where ¢(k) is defined as (k) = Y72, o7. (Note that since pI''/? is a Hilbert-
Schmidt operator, the sum > 22, 0 converges, and consequently function (k) con-
verges to zero as k — 00.) For a modern proof of (5) and (6) see Lemma 6.1 of
Gohberg and Krein (1969), p. 87.

Step 2: Transforming the SVD Solution
Note that the operator 4, defined by (5) can be represented as p,I''/2, where

pr € Ny Indeed, define p;, as

min{k,rank(®)}

= Y. dilw) <r*1/2g;i :

=1

(7)

This definition makes sense because, for any i = 1, 2, ..., rank (®), x; is an eigen-
function of ® corresponding to a non-zero eigenvalue o, and therefore it belongs to

the range of T''/2. Hence, for any i = 1, 2, ..., rank (®), I'"%/2z; is well defined and

10



equal to oi_Qp’pFl/Qxi. Now, for any g € H, we have:

min{k,rank(®)}
pI2g = Z o <F1/297 F71/2$i> Yi
i=1
min{k,rank(®)}
= Z g <9, F1/2F_1/256z‘> Yi = Tkg-
i=1
Hence, 7, = p,I''/2, which, together with the fact that 7, is a solution to (4), implies
that p;, is a solution to (3).
Our first Theorem shows that the solution of (3), py, is a function of the covari-

ance and cross-covariance operators of process (1). Such a representation suggests

an estimation strategy that we follow in Theorems 3 and 4 below.

Theorem 1 Under Assumption 1, the operator p; can be represented in the form

min{k,rank(®)}

pr= > lai) (bl (8)

=1

Here a; = F b; and by = T=2x;, wherei = 1, ..., rank (®) ,and {x;, i =1, ..., rank(®)}
18 an orthonormal system of eigenfunctions of ® corresponding to the eigenvalues
{J?, t=1,...,rank (CIJ)} , counted with multiplicity. Operator ® coincides with op-

erator T=Y2F'FT=1/2 on the range of TV/2.

Recall that py, [fn] is a predictor of f,1+1 which minimizes the expected squared
error of prediction in the class of predictors of the form Af,, A € ;. Theorem 1 tells
us that such an optimal (infeasible) predictor has the form Zg?{k’rank(q})} (fn,bi) a;.
In this sense, if we want to summarize the infinite-dimensional dynamics of the func-
tional autoregression by the dynamics of no more than k univariate processes, the

best summary would be provided by processes {(f:, b;), i =1, ..., min{k,rank (®)}}.

These processes would approximate the infinite-dimensional dynamics along the di-
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rections given by {a;, i =1, ..., min {k,rank (®)}}.

Definition 6 We will call the processes {(f;,bi), i =1, ..., rank (®)} the predic-
tive factors and the functions {a;, i =1, ..., rank (®)} the corresponding predic-

tive loadings for the functional autoregressive process (1).

Unfortunately, the predictive factors and the predictive loadings are not uniquely
determined. This non-uniqueness is a consequence of the fact that the eigenfunctions
x;, on which the definition of b; is based, are not unique. First, multiplying x; by
—1, we still get an eigenfunction of norm one. Second, if the multiplicity of some of
the non-zero eigenvalues of the symmetric operator @ is larger than one, the choice
of the corresponding eigenfunctions is essentially non-unique. We could eliminate
the first cause of the ambiguity by requiring that the first non-zero coordinate of b;
in a particular basis in H, say in the basis that consists of functions 1, cos (27T33 /Y),
sin (27m /Y) , COS (47‘(‘1’ /Y), sin (477:1: /Y) , and so on, is positive. However, then the
second cause of the non-uniqueness still remains.

Instead of artificially fixing the ambiguity, we leave the predictive factors non-
uniquely defined. We note, however, that in the case when all non-zero eigenvalues
of ® have multiplicity one, which is a generic case, the predictive factors and the
corresponding predictive loadings can be uniquely defined relative to a particular
basis in H, as explained above. Furthermore, if o, # o041, the operator p; is
uniquely defined without any reference to a particular basis. Since predictive factors
and the corresponding loadings enter the definition of p;, multiplicatively, their non-
uniqueness due to the freedom of choice of the sign does not create non-uniqueness
for p.

Our next theorem describes the quality of the approximation of p provided by

Pi-
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Theorem 2 Suppose Assumption 1 holds. Then, as k — oo, we have:

(a) lp=pgll2s = (k) = 0

(b) If fi is from process (1), then E||(p—py) fill* = @(k) — 0. If, in addition,
(k) = O(k='7%) for a 6 > 0, then ||(p—py) fill = O(k~%2%) almost surely for
every € > 0;

(c) If KerT' = 0, then ||(p—py,) f|| — O for every f € H, and

(d) If KerI" = 0 and p is compact, then ||p—p| — 0.

We are mostly interested in how the operator approximation behaves on func-
tions drawn from process (1) as opposed to arbitrary functions from L? (O,Y).
This is important because the approximation p, has no chance to converge to p in
the uniform norm in those cases when p is non-compact. This is simply because
non-compact operators cannot be approximated by operators of finite rank in the
uniform norm. That is, for any sequence of approximations p, we can find a se-
quence of functions f;, such that ||(p—p,) fi|| > €. However, property (b) says that
with respect to process (1) the convergence is uniform. This means that for any
positive € and ¢ we can find such K that for any k > K, |[(p—p;) ft]| < € with a
probability greater than 1 — 4.

Property (b) also provides an estimate for the rate of convergence and indicates
that the speed of the convergence is determined mainly by the speed of decline of
the eigenvalues of operator ® = I''/2)/pI''/2. This can be interpreted as saying that
the speed of convergence is determined by interaction of the noise and the coefficient
operator.

From Theorems 2 and 1, it seems natural to estimate p by computing k eigen-
functions of the operator f‘_l/Qﬁ’ﬁf_l/Q, which is well-defined on the subspace of

H spanned by {fi,..., fn}, and then use a sample analog of p, as an estimate. We
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might hope that when k approaches infinity as the sample size grows, such an esti-
mator converges in some sense to p. Unfortunately, this is not so. The reason is that
even though f and r converge to f and T, this does not imply that eigenfunctions
of & := I~V2F/FI'~1/2 converge to eigenfunctions of [ ~1/2f/FI~1/2,

We will prove that a way to get a consistent estimator of p is to use the following
regularized version of the above estimation strategy. First, define Iy as '+ al,
where o is a positive real number. Next, compute k eigenfunctions {24, i = 1, ..., k}
of the operator @a =15 1 yala I'a 1 2, which correspond to its k largest eigenvalues

Ol 2 - = &37,9 counted with multiplicity. Finally, based on these eigenfunctions,

construct a sample analog of py, :

A~ k ~ 7
Pak = Zi:l |aa,i> <ba,i

)

where ZAJ(M =1, 1 Q:Ea,i and aq,; = s 136” The following Theorem shows that as «
decreases to zero and k increases to infinity at an appropriate rate, as the sample

size grows, the estimator p,, , approaches p in the seminorm ||-||y, .

Theorem 3 Let Assumption 1 hold and suppose that p is a Hilbert-Schmidt opera-

1/6

tor. Let {an,} be a sequence of positive real numbers such that o, ~n~/° asn — oo,

1/4

and let {ky,} be any sequence of positive integers such that n > ky, > Kn'/* for some

K > 0. Then, for all § > 1/2 we have:

Hp - i)ankn”nz =o0 (n_1/12 log” n) a.s.

Theorem 3 shows that, under the additional assumption that p is a Hilbert-
Schmidt operator, estimator p,, , approaches p in the (I',2)-seminorm at a par-

ticular rate. Note that without additional assumptions, even the exact solution to
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problem (3), p;, , may converge to p arbitrarily slowly. Indeed, according to The-
orem 2a), the (I',2)-seminorm of p — p; equals ¢ (k,), which may converge to
zero arbitrarily slowly. The additional assumption that p is Hilbert-Schmidt makes
¢ (k) decay as fast as k!, which makes possible the non-trivial convergence result
of Theorem 3.

Theorem 3 implies that F ‘ (/A)a'nakn — p) ftH2 — 0, if f; is a curve from an in-

dependent realization of process (1). Hence, when we have two independent and
identically distributed functional autoregression processes (1), we can obtain an es-
timate of p based on the observations of the first process, and use this estimate to
predict the future value of the second process. The mean squared error of such a
prediction will converge to zero as the number of observations grows. In practice,
however, we are interested in the situation when estimation and prediction are done
using the same sample. The next theorem shows that predictor p,, 5. [fn] converges
to the optimal infeasible predictor p[f,] even if we use the same sample for both

estimation and prediction.

Theorem 4 Under the assumptions of Theorem 3, for all f > 1/2, we have:

E[| Bt — 9) Fall? = O (07 10g? n) as 1 — o0 0

3 Empirical Example

3.1 Description of data.

We use daily settlement data on the Eurodollar futures contracts that we obtained
from the Commodity Research Bureau. FEach Eurodollar futures contract is an
obligation to deliver a 3-month deposit of $1,000,000 to a bank account outside of

the United States at a specified time. The available contracts have monthly delivery
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dates for the first six months after the current date, and then the delivery dates
become quarterly up to 10 years into the future.

The available data start in 1982; however, we use only the data starting in 1994,
when the trading in the 10-year contract appeared. We interpolated available data
points by cubic splines to obtain smooth contract rate curves. To speed up the
estimation, we restricted each curve to points that are 30 days apart. We also
removed datapoints with fewer than 90 or more than 3,480 days to expiration. That
left us with 114 points per curve and 2,507 valid dates. Figure 1 illustrates the
evolution of the Eurodollar futures rate curves.

[Put Figure 1 here.]

Figure 1 Eurodollar Futures Rates Evolution

Note: The time to maturity (in months) is on the left axis.

3.2 Comparison of predictive factors with other methods

We restrict our attention to the subsample corresponding to the normal growth
period from 3-Jan-94 to 28-Feb-01. We hope that for this period, the functional
autoregression describes the term structure dynamics reasonably well. Using this
subsample, we compare the predictive performance of our method with those of four
other methods. The first one is the same functional autoregression but estimated
using the principal components technique. The second method is the random walk.
The third method is the mean forecast, where the term structure three months ahead
is predicted to be equal to the average past term structure. Finally, we consider
the Diebold-Li forecasting procedure (2006), which was specifically designed for
forecasting of the term structure of interest rates.

Before making predictions we have to choose the value of the regularization

parameter o and the number of predictive factors Npp for the predictive factor
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method, the number of principal components Npo for the principal components
method, and a parameter, A\, for the Diebold-Li method. We used the following
cross-validation procedure to optimize our choice of these parameters. The first half
of the subsample, that is, the period from 3-Jan-94 to 25-Jul-97, was considered as
a learning subset. The optimal parameter values, a=0.73, Npr=3, Npc=2, and
A=0.0147, minimized the mean squared error of the three-months-ahead pseudo-
out-of-sample prediction for the next year, from 28-Jul-97 to 28-Jul-98.

The first five eigenvalues of the operator do.73 are 37.12, 0.93, 0.04, 0.00, and
0.00. Recall that these eigenvalues can be interpreted as estimates of the reduction
in the mean squared error of forecasting. We see that the error reduction due to the
first predictive factor is much larger than the reduction corresponding to the other
factors. The contributions of the fourth and fifth factors are essentially zero, which
agrees well with our cross-validation choice Npp=3.

[Put Figure 2 here.]

Figure 2 “Weights” and Loadings of the First Three Predictive Factors

Figure 2 shows functions 50.73,1-, t =1,2,3 and agp.r34, © = 1,2,3, respectively.
The shapes of the predictive factor loadings ag.73; roughly correspond to the “level”,
“slope”, and “curvature” factors typically used to describe the term structure. The
“weights” of the predictive factors, 1307371', describe which linear combinations have
the most predictive power. We see that the first predictive factor places relatively
large “weights” on the contracts of short maturities. This fact is not surprising, as
short-term interest rates are typically associated with the monetary policy stance,
which strongly affects rates on the contracts of all maturities.

To assess the predictive performance of the alternative methods considered above,
we run the following experiment. We first estimate the functional autoregressions

and the Diebold-Li model using the pooled learning and cross-validation sample,
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from 3-Jan-94 to 28-Jul-98, and make forecasts of the term structure three months
ahead. The next step is to extend the first subsample to include one more day,
re-estimate the models, and forecast the term structure three months ahead. We
continue adding data to the first sample until we add the day which is three months
before the end of the normal growth subsample.

Our measure of the predictive performance is the root mean squared error based
on the difference between the actual term structure and the forecasted one. In Figure
3 we report curves of the root mean squared errors of the alternative methods.

[Put Figure 3 here.]

Figure 3 Predictive Performances of Different Forecasting Methods

The thick-dashed line in Figure 3 corresponds to the Diebold-Li method. It
outperforms all the other methods, which could be expected, as this model was
custom-designed for this particular problem. The thick-solid line is for our predictive
factors method. It is the second best method for contracts of maturities longer than
4 years and the third best, losing to the random walk (thick-dotted line), for shorter
maturities. The thin-solid and -dashed lines correspond to the principal components
method with Npo = 2 and Npo = 3, respectively. The root mean squared forecast
error for the principal components is uniformly worse than that for the predictive
factors. We do not report the results for the mean prediction method because it

worked much worse than the rest of the methods.

4 Conclusion

We have shown that prediction of function-valued autoregressive processes can ben-
efit from a novel dimension-reduction technique, predictive factor decomposition.

This technique differs from the usual principal components method by focusing on
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the estimation of those linear combinations of variables that matter most for the pre-
diction, as opposed to those that matter most for describing the variance. It turns
out that the predictive factor approximation of the true autoregression operator can
be consistently estimated using a regularization of a singular value decomposition
problem.

In an empirical illustration we applied the new method to the interest rate curve
dynamics. The results demonstrate that the new method is easy to estimate nu-
merically and performs reasonably well. The predictive factors method not only
outperforms the principal components method but also performs on par with the

best of the other prediction methods.

5 Appendix

Throughout the Appendix, we use C' to denote possibly different constants that may

depend only on p and T'.

5.1 Proof of Theorem 1

The predictive factor representation (8) of the operator p, is a consequence of the
representation (7) and the fact that x; and y; in representation (7) satisfy equality
FT~Y2g; = osy;. This equality can be established as follows. Since f = pI', we
have FI 12z, = pFl/QJ:Z- = UdY 2y, = ;U = oiYi-

Next, by definition, ® = I''/2p/pI''/2. Therefore, on the range of I''/2, & =

D120/ pIT—1/2 = D-1/2p/F-1/2. QED.
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5.2 Proof of Theorem 2

Proof of Theorem 2a): Statement a) of the Theorem follows from (6) and from

the fact, established in Section 2, that 7, = p,I''/2. QED.

Proof of Theorem 2b): Since E ||(p—py) fi||* = ||p—pk\|1%72, the first part of b)
follows from a). For the second part, note that by Chebyshev’s inequality and the as-
sumption that p(k) = O (k-9): P {|l(p—py) fill > k~0/2¢} < B |[(p—py) fill2 k042 <
Ck~172% for all sufficiently large k. Using the Borel-Cantelli lemma, we get: ||(p—py) fil =
O (k=92%¢) as. as k — oco. QED.

Proof of Theorem 2c): We start with a useful Lemma. Let {z;,7 = 1,2, ...} extend

a system of eigenfunctions {x;,7 = 1, ..., rank (®)} of operator ®/2 corresponding to

the non-zero eigenvalues to an orthonormal basis in H. Note that, for ¢ > rank (®),

z; € Ker (@1/2) and, therefore, x; € Ker (pF1/2). Define an operator Il as Il =
Zle |z;) (x;]. Clearly, IIj is the orthogonal projector on the subspace spanned by

{x;,i=1,...,k} and it commutes with ®!/2 = Zginlk(q)) o |x;) (zi].

Lemma 1 Suppose that Assumption 1 holds and KerI' = 0. Then
1) 0 = pell = sup||pa/2q) <1 (I — 1Ig) @12z ).

i) ||p— pell < llpoll

Proof: Note that ImI''/2 = H because KerI'Y/2 = 0, and therefore:

min{k,rank(®)}

lp—ppll = sup [[(p—pp) 2l = sup p— > e (b | TV
llz]<1 ||r1/2z]|<1 i—
We can write: Zﬁ?{k’rank@)} lag) (| T2 = Zgn:irf{k’rank(q))} |Fb;) <F1/Zbi}

= Zr.“ilf{k’rank(@)} {pF1/2xi> (z;] = pI'Y/?II),. Substituting this into (9), we have:

1=

llp— prll = SUD||p1/24 (| <1 HpFI/2 (I — 1) z|| . Recall that the operator pI''/? can be
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written as U®'/2, where U is a partial isometry. We continue:

sup HpF1/2 (I — Hk):vH = sup H<I>1/2 (I — Hk)a:H
o2z <2 Jov/2e] <2
= sup H(I —1IIj) (131/2xH , (10)
rv/2e] <2

where the first equality follows from the fact that U maps the range of ®/2 isomet-
rically onto the range of pI''/? (see Gohberg and Krein, 1969, p. 7). This proves i) of
the Lemma. Since (I — IIj) is an orthogonal projector, we can further estimate ex-
pression (10) as follows: SuPHl“l/%Hgl H(I —II}) <I>1/2:B|| < Sup||F1/2x||§1 Hqﬂ/%” —
SUP /24| <1 |UPTY 2| < Il - QED.

Now, let us return to the proof of Theorem 2c). Since by ii) of Lemma 1, p— p;, is
uniformly bounded, it is enough to consider only functions f from everywhere dense
subspace ImI". For these f, we can write: ||(p — py) f|| = [|[(FT~! = FT VLT -Y2) f| =
|FT=1 (1 =TV, 0=12) £l < lpll ||(1 = TY21L,01/2) f||. But I, D —Y/2f — 1=1/2f
as k — 0o, and, consequently, T'V2II,T-Y2f — f as k — co. QED.
Proof of Theorem 2d): By i) of Lemma 1, ||p — pi| = SUP | p1/24| <1 (I — o) @172 .
Suppose that the supremum is greater than € > 0 for an infinite number of positive
integers k. Then there exists such an infinite sequence of z; that HI‘l/ QZkH <1 and
(1 = i) @122 ]| > e.

By the compactness of p, P2y = U’pl“l/sz. has a limiting point, say, z. By the
triangle inequality, [|(I — IT;) z[| > ||(I — II) @22 || — ||(I — k) (@122, — 2) || >
€— H (@1/2zk - 2) H . Consequently, ||(I —IIj) z|| > €/2 for infinitely many k. How-
ever, ||(I —II;) z||* = Y ki1 (z,2;)> — 0, because {z;,i =1,2,...} form an ortho-

normal basis. We have a contradiction. QED.
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5.3 Proof of Theorem 3

We will often use the following norm inequalities in our proof. For any Hilbert-

Schmidt operator A and any linear bounded operator B, we have:
IBA[l < || Bl [Ally, and [|[AB]l, < [[All, | B]]- (11)

These inequalities easily follow from inequalities about singular values of AB in
Theorem 1.6 (p. 3) of Simon (2005). Below we will first formulate and prove several
auxiliary Lemmas and then will use these Lemmas to establish Theorem 3.

Denote I' + ol as I',. We have the following:
Lemma 2 If Assumption 1 holds then, for any o > 0, HFUQ — FFa_lfl/QH < all?

Proof: Since I'T,'T'/2 = (T'y — al)T,'TY2 = T'V/2 — o' ,'T/2] we have:

HI‘1/2 _ I‘I‘;lFl/QH = HaF;1F1/2H . Further, {

al/? HF;1/2F1/2H . The norm of F;1/2F1/2 is equal to the square root of the largest
!
eigenvalue of <F;1/2F1/2> r,V2ry2 = /201012, All eigenvalues of I'V/20111/2

have form A2 (A 4+ )t A1/2, where A > 0is an eigenvalue of I'. But AY/2 (A + o)t A}/2

F;l/QFI/QH < 1 and therefore,

is smaller than one for all @ > 0. Hence, /2 — PF;1F1/2 H <

al/?2. QED.

Notation 2 Let us define A(ln) = f‘—F, Agn) =F—F, and b, = max;—1,2 (HAgn)

)

I— r})/Qf;WH <als,.

Lemma 3 If Assumption 1 holds, then, for any a > 0,

Proof: Since the uniform norm of a Hilbert-Schmidt operator is no larger than
its 2-norm, it is enough to show that I — F})/ Qf; /2 is a Hilbert-Schmidt operator

and to prove the inequality of the Lemma for HI — Fé/Qf;lmH? .
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Proposition 3.2 of van Hemmen and Ando (1980) shows that for any positive
definite self-adjoint operators A and B such that their difference is a Hilbert-Schmidt
operator, the operator AY2 — BY/2 is also Hilbert-Schmidt. Furthermore, for any
non-negative constant p, such that A2+ B2 > pI, the following inequality holds:
4= Bl > ]| 4Y2 - B2 .

Taking A = I, and B = T, and noting that I, T, = Agn) is a Hilbert-

Ai/ z_ l“i/ % is also a Hilbert-Schmidt oper-

Schmidt operator, we conclude that
ator. Since Hilbert-Schmidt operators form a two-sided ideal in the algebra of
bounded operators, the equality I — Fi/ 2f‘; 1/2 _ (f}/ 2 _ F(l)/ 2) f; 1/2 implies that
I — F}Xﬂf;l/z is a Hilbert-Schmidt operator. Further, noting that f(l)/Q + Fi/Q >

201/2] because the function z1/2

. . £1/2 1/2
is operator monotonic, we get: ‘ FO/ — FO/ H
2

IN

La 12 [Py - T,

, = %oﬁlﬂ Hf‘ — I‘H2 < a~1/2§,. Using this fact and inequality
(11), we obtain: HI-F}/%;WH < Hfi/? —riﬂH Hf;WH < o 125,012 =
2 2

a~16,. QED.
Definition 7 Let us define p, = FT';".

Lemma 4 If Assumption 1 holds and p is Hilbert-Schmidt, then for a positive

constant C' which depends only on p and T’ and for every o > 0, |[p— pollpo <

c (a1/2 + a7 16, + a—25i) .
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Proof: By the triangle inequality and norm inequalities (11),

Hp - ﬁaHI‘J
= [[(p= ot Frt = FECVIDR 4 TSRO - IS 4 TS - ) F1/2H2
- H” (Fl/z - TFa‘lFW) +FT,? (I - rg/?f;m) r=1/2p0/2

+ FL Y2 (I — f;1/21“}1/2) T2 4 (F = ) fwglrl/2H
2

IN

O M o e [

N [

roirt/ 2H .

Lemma 2 implies that the first term in the above sum is no larger than |||, /2.
The second term in the sum is no larger than HpI’1/2 H2 a~16,. This estimate follows
from Lemma 3 and the facts that HFF;1/2H2 < HpF1/2H2 and HF;1/2F1/2H < 1. For
the first component of the third term in the sum, using the triangle inequality, in-
equalities (11), and Lemma 3, we have: HFf;lﬂuz < HFI‘;1/2H2 Hf}lpf‘;lﬂ - IH +
HFIEIHHQ < HpF1/2||2 (oz_15n + 1) . Using Lemma 3 one more time, we find that
the third term in the sum is no larger than HpI‘1/2H2 (oz_lén + 1) a~1§,. Finally,
the last term of the sum is obviously no larger than a~'d,. Combining the upper

bounds for all the four terms in the sum, gives the statement of the Lemma. QED.

Lemma 5 If Assumption 1 holds, then, for all § > 1/2, 6, = o (n‘1/4 log”? n) as

n — oo a.s.

Proof: Theorems 4.1 and 4.8 of Bosq (2000) imply the statement of this Lemma.

QED.

Let us now turn to the proof of Theorem 3. By the triangle inequality,

o~ el < 10— pallea + 50~ ol -
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By Lemma, 4, the first term in the above sum is no larger than C (a1/2 +a7 15, + a_25i) .
For the second term, using norm inequalities (11), we obtain: Hba - poekHr,z <

[P — /A)a,kH HF1/2H2 . We now look for an estimate of ||, — D, k” . We have: |[pg — P kH =
H (I — ﬂak> (i)i/?f;l/?H <o 1/2 H (I — ﬂak> 1/2H Next note that H (I 1L, k) 1/2H
is equal to the (k 4 1)-st eigenvalue of @(11/2, Gak+1, O in other words, to the (k + 1)-

st singular value of the operator ﬁf;l/Z, which we denote as p ¢ <ﬁf;1/2> . Using
Theorem 1.6 in Simon (2005), we can estimate this as follows: 1 (FP 1/2> <

I’

a /ZH/%H (F) < a2y (F). Since /- = £+ (F = F) and [|F- = F || < dn, we

can apply Theorem 1.7 in Simon (2005) and continue this estimate: ju, (FF 1/2> <
a2 (pyy (F) +6) = a2 (g (0) + 6) < a7 V2 (02| gy (pT2) + 60) =
02 ([T + 6,) . Alogether we gt 0 — gl < 12y 0 (IEV2] s +54).
Note that since, by assumption, p is a Hilbert-Schmidt operator, pFl/ 2 is a trace-
class operator. This follows from the facts that I'*/2 is Hilbert-Schmidt and that
the product of two Hilbert-Schmidt operators is a trace-class operator (see Theorem
3.2 of Simon, 2005, p. 31). Let pF1/2 U®'/2 be the polar decomposition of pF1/2
Then, ®Y/2 = U’ pFl/ 2 and, since trace-class operators form a two-sided ideal in
the algebra of bounded linear operators, ®1/2 is a trace-class operator. Therefore,
Y2, 0 < co. Since {0;} is a non-increasing sequence, the latter inequality implies
that o; = o (i7!). Hence, we have: ||7, _ﬁa,ka,g < Ca™t (k71 +6,) for some
constant C' that depends only on p and I'. Combining the latter inequality with (12)

and the upper bound for [|p — pg |1 5, we get:
Ip = paillrz < C [0?/2 + 0718, + 07202 + a7k (13)

Let o, ~ n~1/6 as n — oo and kn > Knl/4 for a certain K > 0. Then, by

Lemma 5, ozn/ + o 1, + o202 = ( —1/12 )45 n) for any 8 > 1/2 a.s., and
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a kb =0 (n_l/ 12) as. Inequality (13) then implies the statement of Theorem 3.

QED.

We note here that the above proof also shows that

B0, = Pl =0 (n7"21087 0 ) . (14)
for any 8 > 1/2. We will refer to this fact in the proof of Theorem 4.

5.4 Proof of Theorem 4

Let m = [n —n?] , where ¢ < 1/12 and ] denotes the integer part of a number. And
let 70" and F™ denote the empirical covariance and cross-covariance operators
based on the first m observations of the process { f;}, fE{”) =T 4 o], and Ci)&m) =
[f&m)] —-1/2 [ (m) f-(m) |\ { (m)} V2 . Further, let @&m) =32 &Z(?) @g';)> <§:a ;

TG Gn) _ gy

spectral decomposition of CTJSXm), and define 3&”2) = [f((xm)}

and f)g;c) = Zf:l da,i)> <I;((:vn:) :

Using the fact that f,, = p" ™ f,,+ 310" pie, 4, and the inequality (a + b+ ¢)* <

3(a2 —|—b2+02), we have: EH(P_/P\an,kn) an < C; + Cy + C’g, where C; =
2

3E H (p pof,'f)kn) p"’mme , Cy =3E )(p —ﬁﬁZf,)kn) S e
2

3E H (Pan kn Pan,kn> fn

ForthetermC’l,wehave H(p pan)kn> n—mf H <Hp parz)kn

, and C3 =

—_ 2 2
o

kﬂ/ A
Now, [lo =2 | < 200l 2 [0 |- Bue [0, || < by a5 <
kno,t HF H where the latter inequality follows from the definitions of b( ) and
ag’:’)w Oén,’i =1. Hence, H,O - /ﬁa’n;)kn H < C (1 + k?za7;2 ﬁ(m)H )a

where the constant C' depends only on p and I'. Since by assumption, a, ~ n~1/6
. 2
and k,, < n, and since, by Lemma 5, HF(m)H =0(1) a (m)kn =0 (n7/3)

a.s.
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Next, by Lemma 3.1 of Bosq (2000), our Assumption 1 implies that there exists
an a > 0 and 0 < b < 1, which do not depend on n and m, such that ||[p"~™| <

ab™~™. Further, E || fm||* < oo and does not depend on m. Combining these facts

(m)

2
with the fact that Hp — Po k|| =0 (n7/3) a.s., we obtain:

C1=0 (zW) O(n™3) =0 (b6‘¢> as., (15)

where by is any number larger than b2 but smaller than 1.

For the term Csy, we have the following Lemma.

Lemma 6 Let Assumption 1 hold. Denote the covariance operator of the innovation

process g; as Ce. Then

Cy = 3Etr{(p pan,kn) (”i

1=0

1

p'Ce (p )(p pg:,)kn)l}-

Proof: Denote the random operator p — p( )k as ¥ and the random function
S e, as €. Let {e1, ea, ...} be any orthonormal basis of H. Then, ||¥¢||®
> (e, WE)? = > 021 (e, (e, WE) WE) = 72, (e, (V'ej, &) WE) . Using the law
of iterated expectations, we get: E ||¥¢|* = E (E(m) (Zj 1 (€5, (W'e;, &) Wﬁ)))
where E(™) is the conditional expectation relative to a sub-o-algebra F(™) of F
generated by the H-valued random variables {fi,..., fm}. (For a definition and
properties of the conditional expectation operator £(™) relative to F(™ acting on
the space of the square-integrable H-valued random variables, see Section 1.5 in
Bosq (2000).)

By Lebesgue’s monotone convergence theorem, we have: E(™) (Z;’;l (e, (W'e;, &) \Il§>> =

> E) (e, (We;, €) WE) . (Note that the theorem is applicable because (e, (¥'e;, £) W) =

(W'ej, £)? are non-negative). The latter expression is equal to > {ej, €M) ((T'e;, &) WE)).
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Summing up, E ||V¢|2 = E (Z;’il (e;, €0 ((W'e;, €) wg))) .

Since V¥ is a linear operator which depends only on {fi,..., fm}, we have:
EM) ((We;, &) WE) = WEM) ((Wle;, €) €) . Furthermore, since ¢ is independent of
the g-algebra F(™) £0m) ((We; €)€) = € ((V'e;, €) €) = CeWe;. Hence, E||WE|* =
E (Z;’il (e;, \I/Cg\Il'ej>) = E (trace (VC¢¥)), where the last equality follows from
Theorem 2.14 of Simon (2005). The statement of the Lemma now follows from the
fact that Ce = 320" ! piCL (pi)l. QED.

Now, as shown in the proof of Theorem 3.2 of Bosq (2000), 27"~ ! piC. (pi)’ =
I — p"~™T (p"~™)". Therefore, Cy < 3Etr { (p — ﬁg:’)kn> r (p — ,Z)&T?kn)/} . Then

Theorem 3 implies that, for any 8 > 1/2,
Cy=o0 (nil/G log?® n) a.s. (16)

For the term C'3, we have the following Lemma:

Lemma 7 Let Assumption 1 hold and suppose that p is a Hilbert-Schmidt operator.

~(m) ~

Then ‘ Pevy k. — Panen || = © (n*1/12 log”? n) asn — oo a.s. for any f > 1/2.

Proof: Equation (14) established in the proof of Theorem 3 tells us that

ﬁf‘&i —/P\an,an =0 (n*1/12 log” n) as n — oo a.s. for any S > 1/2. Since m ~ n
. . -1
as n — oo, we also have: ||f (™) <F,(;Z)> _/ﬁg{T)kn =o0 (n*1/12 log” n) a.s. for

any 5 > 1/2. Hence, the triangle inequality implies that to establish the Lemma,

a . . -1
it is enough to show that ‘Ffai —fm) (Fg:)) =0 (n*1/12 log? n) a.s. for any

g >1/2.
PN . A -1 .
We have: HFF%} — f(m) (Tg: ) H < HFH ‘

o (1) |

A -1 . . . .
i H (Fg:)) H HF - F(m)H . Since both £ and F (™ approximate F, Lemma 5 im-

(F)

plies that [|f — F (™) H iso (n_1/4 log”? n) a.s. forany > 1/2. Further, <
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1

o, ~ n'/6. Combining these two facts, we find that F— ﬁ(m)H =

()|

0 (n_1/12 log”? n) a.s. for any 8 > 1/2. Hence, it remains to prove the same conver-
S (VI
[677% n

Lemma 5 implies that H,ﬁH = O(1) a.s. Further, since ‘

gence rate for HﬁH

|| < an'’?, we

have:

N

Hfaiﬂ [I - (I +T, 12 (fgﬂ:) — fan) f‘ai/2>_1:| P2

IN

-1
oy,

1= (et (rg - n) ) o

Suppose that ‘ f;iﬂ (fgﬁ) — f‘an> f;im H < 1/2, and hence, any eigenvalue X of the
operator f;i/Q (fﬁ?j’ — fan> f;iﬂ is no larger than 1/2 by absolute value. Note that
for any real X such that |A\| < 1/2, the elementary inequality ‘1 - (1—|—)\)71’ < 2A|
holds. Therefore, the absolute value of any of the eigenvalues of

. . . . —1
I— (I + F;l/Q (I‘(()Z?) - Fan> F;im) and hence, the norm of this operator, is no

£l (8 - £,,) 8217 <

larger than 2 ‘ f;l/Z (1;((177;) — fom> f‘&i/zu whenever ’

n

1/2.
Now,

Qn n

P2 (P = B, ) 12| < 0y |

T, — fg@” . (18)

A A n A
Further, by definition, Fan—F&T) =L 5 A (ft|="-I". For the first term in the

m
t=m+1

latter difference, we have by the Chebyshev inequality: Pr (|| LS e (el >

_ 2 _
no2) <O (|3 e L) ) < 00 (0 m) 2 S B 1 4P
Since |||f) (filll? = Ifel|*, and {f;} is a strictly stationary process with || f;||* < oo,
therefore, we have Pr (|| S0 1 | fi) (fil]| > n~%/12) < Cn®/6+2¢=2 for some pos-

itive constant C. By assumption, ¢ < 1/12. Therefore, using the Borel-Cantelli
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lemma, we have:

1 - —5/12

mt:%;rl|ft> (ftl :O(n / ) a.s. (19)
Since, i addition, 222 [F| = 0(n#7) = o(n/12) as., [[Fo, T <
1251 (el |+ 2= [ = O (n=5/12) too. Inequality (18) then implies that
() - Ta )T = 0@ as, and in particular,

A;iﬂ (f&”j) — f‘an> I 1/2H < 1/2 a.s. for large enough n. As explained above,

the latter two facts imply that

HI - (I +1I,12 (f&"j) = fan> f;j”) _1H -0 (n*l/‘*) a.s.

R R -1
This equality and (17) imply in turn that ||I;!— (F((yn;)) = 0 (n7Y1?) as.

an (f&’f))_lu =0 (n_1/12) a.s. as n — 00. QED

Lemma 7 and the fact that E || f,||* < oo does not depend on n imply that
Cs=o0 (n_l/ﬁ log?? n) a.s. (20)

for any 8 > 1/2. The statement of Theorem 4 follows from (15), (16), and (20).

QED.
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Figure 1 Eurodollar Futures Rates Evolution
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Note: The time to maturity (in months) is on the left axis.



Figure 2 Weights and Loadings of the First Three Predictive Factors
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Figure 3 Predictive Performances of Different Forecasting Methods

10113 palenbs ueaw 100y

120

Maturity in months



