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Abstract

One of the prominent ways to analyze the robustness of monetary policy under
model uncertainty consists of the following three steps. First, choose a reference
model of the economy. Next, define a set of perturbations around this model, where
the set is structured so that the uncertainty is focused on potentially important
weaknesses of the reference model. Finally, choose policy so that it works best for
the worst model from the set. Previous applications of this approach allowed only for
purely backward-looking models. This paper extends the analysis of robustness to
models that may include forward-looking components. Empirical part of the paper
studies simple policy rules under model, data and shock uncertainty in a small model
of the US economy with rational expectations.
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1. Introduction

The question of robustness of monetary policy rules to model uncertainty has recently
received much attention, both from practitioners and academic researchers. The
recent Asian crisis, the steady decline of the natural unemployment rate in the US,
and uncertainty about the workings of the economy in the new European environment
have all contributed to this interest. Alan Greenspan (2000) recently acknowledged
the challenges that model uncertainty introduces for monetary policy making. In

particular he said:

“Policymakers... inevitably construct working hypotheses or models
of the way our economies work. Of necessity, these models are a major
simplification of the many forces that govern the functioning of our system
at any point in time. Obviously, to the extent that these constructs ...
fail to capture critical factors driving economic expansion or contraction,

conclusions drawn from their application will be off the mark.”

How should a central bank conduct monetary policy in a situation when the exis-
tent models of the economy may be misspecified, imperfectly estimated and subject
to structural breaks? This paper tries to answer this question. It follows the logic
of analysis proposed recently by Onatski and Stock (1999). This analysis consists
of the following three steps. First, choose a reference model that approximates the
true workings of the economy. Next, define a non-parametric space of perturbations

around this model, where the space is structured so that the uncertainty is focused



on potentially important weaknesses of the reference model. So, for example, if a ref-
erence model states that the real interest rate affects the real output through a policy
multiplier, a possible perturbation would add some “long and variable lags” to the
effect. If, in addition, the reference model is known to result from a log-linearization
procedure then the space of perturbations may be augmented to include non-linear
perturbations consistent with the accuracy of the linearization of particular dynamic
channels, etc. Finally, compute an index of robustness for a given policy rule. The
index measures a distance between the reference model and those perturbations that
result in the dynamic instability under the policy rule studied. The larger the index
the more robust the rule.

Unfortunately, the practical application of this method was limited in an im-
portant way. Previous analysis allowed only for purely backward-looking reference
models and uncertainty sets. This seriously impaired the analysis at several levels.
Most fundamentally, restricting attention to backward-looking models rules out mod-
els with rational or partially rational expectations. A prominent example of such a
model is the Clarida, Gali and Gertler (1999) New Keynesian model, which consists of
purely forward-looking 1S and Phillips-curve-type equations. Second, approximating
model uncertainty by a strictly backward-looking version is not innocuous for cer-
tain policy rules. Thus, for example, the much discussed nominal income rules can
result in dynamic instability in the purely backward-looking models of Ball (1999)
and Svensson (1999). As shown by McCallum (1997), however, the instability disap-

pears for a variety of alternative more forward-looking (and more plausible) model



specifications. Finally, the backward-looking analysis is ill-suited for studying such
phenomena as the indeterminacy of equilibrium and forecast-based rules. The latter
has received a lot of attention in such inflation-targeting central banks as the Bank
of England, the Bank of Canada, and the Reserve Bank of Australia. As was shown
by Levin, Wieland, and Williams (1999), the equilibrium indeterminacy can be an
important source of non-robustness for the forecast-based rules (see also Bernanke
and Woodford (1997)).

The main methodological contribution of this paper is to solve the above problem,
that is, to extend the Onatski-Stock approach to forward-looking reference models
and uncertainty sets. Since forward-looking behavior is specific to social as opposed
to physical processes, the extension cannot directly draw upon advances in the field of
robust control in the engineering literature. Therefore, the ideas of robust stability
analysis (see, for example, Dahleh and Diaz-Bobillo (1995)) must be considerably
changed to use them for models incorporating rational expectations.? I implement
this change and apply my theoretical results to analyze policy rules in the context
of an empirical New Keynesian model of the US economy described in Rudebusch
(2000).

There has been one previous attempt to generalize the approach to forward-
looking models. Tetlow and von zur Muehlen (2000) propose to obtain a saddle path

backward-looking representation of the reference model controlled by a particular

2As Hansen and Sargent (2000a) noted, it is natural to consider private agents sharing policy
maker’s uncertainty about the true model of economy. Thus, the philosophy of robust analysis
suggests that the rational expectation hypothesis should be changed into something that could be
called a “robust expectations” hypothesis. However in this paper I assume rational expectations,
leaving the ideal of the robust expectations hypothesis for future research.



policy rule, then specify the uncertainty set around the controlled model, and finally
compute the index of robustness as in the backward-looking case. One problem with
this approach is that the uncertainty is introduced around the controlled model, so
it is specific for each policy rule. Therefore, comparison of the degree of robustness
for different policy rules is problematic. Another limitation of the approach is that
it makes difficult to interpret the possible deviations from the reference model since
the parameters of the model solved for rational expectations are highly non-linear
functions of the parameters of the original model. Finally, the approach assumes that
the private sector believes that the reference model of the economy is true which is
not plausible.?

In this paper I show how to analyze model uncertainty specified directly in the
original forward-looking model before it is controlled by a specific policy rule. This
approach makes the economic interpretation of uncertainty easier. It also results in
a measure of robustness consistent across different policy rules which is convenient
for policy analysis. The private sector is assumed to believe that the right model
of the economy is a particular (unknown to a policy maker) model from the model
uncertainty set.

The empirical part of the paper addresses three sets of questions. The first set of
questions concerns degree of policy activism appropriate under model uncertainty. A

number of recent studies (see Sargent (1999), Stock (1999), Giannoni (1999)) found

3Tetlow and von zur Muehlen (2000) avoid the problems by considering a special structure
of uncertainty that is invariant to solving out the expectations from the reference model. This
assumption is made for technical convenience, however, and begs the question of robustness with
respect to this assumed in formation structure.



that policy rules robust to model uncertainty must be very aggressive. In contrast,
Brainard’s (1967) classic analysis states that a policy maker facing model uncertainty
must do less than in the certain environment. Previous studies of model uncertainty
of the type considered in this paper produced results in between: relatively more
robust policy turned out to be more responsive to some economic variables and less
responsive to others. How will these results change for forward-looking models?

The second group of questions concerns the recent debate on the stabilization
properties of nominal income rules. The nominal income rules are attractive from
several perspectives. In particular, such rules imply automatic reaction to two vari-
ables of major interest for central bankers: prices and real output. A target for
nominal output can serve as a nominal anchor for monetary policy. Reacting to
changes in nominal income is similar to reacting to changes in money (under a rel-
atively stable velocity). Finally, the rules do not rely upon output gap estimates,
hence they are robust to real-time data uncertainty that has been a focus of many
recent studies (see, for example, Orphanides (1999)).4

As T briefly mentioned before, stabilization properties of nominal income rules
were seriously questioned by Ball (1999) and Svensson (1999). Because the unfa-
vorable results of these authors turn out to be model-specific, McCallum (1999)
suggested that the relative quality of the nominal income rules and other monetary
policy rules be assessed by a wide-scale analysis, including, in particular, a study

of robustness to model specification. Rudebusch (2000) conducts such a study. He

4The attractive features of the nominal income rules mentioned above are reviewed in greater
detail in Rudebusch (2000).



compares the performance of nominal income targeting with that of a benchmark
Taylor rule for three different parameter specifications of his model. He finds that
though nominal income growth rules do not destabilize the economy, they perform
much worse than Taylor type rules. Do his results hold under the more general model
uncertainty analysis provided here?

The final issue addressed is that of robustness of forecast-based rules. This is-
sue could not in principle be addressed by the Onatski and Stock approach in its
backward-looking form. I compare the robustness of forecast-based rules with that of
benchmark Taylor-type rules and nominal income rules. I am particularly interested
in the question of whether, as suggested by studies of Levin, Wieland and Williams
(1999) and Bernanke and Woodford (1997), the forecast-based rules can easily result
in indeterminacy of the equilibrium.?

I consider several sources of uncertainty about the Rudebusch model. First, it is
econometric uncertainty about point estimates of the model’s parameters. Second,
the reference model may be misspecified so that the true model may include different
lags or leads of endogenous variables. Finally, there exist uncertainty about the
quality of data available in the real time.

I find that, for the majority of the policy rules studied, statistically small pertur-
bations of the Rudebusch model may lead to dynamic instability. For example, it

is enough to change parameters of the model inside the 70% asymptotic confidence

ellipsoid to face the dynamic instability under the famous Taylor rule (interest rate

°In contrast to Levin, Wieland and Williams (1999) paper, I consider policy rules based on
private forecasts of inflation and the output gap. The private sector is assumed to know the true
model of the economy so the forecasts are based on the perfect information.



reacts to inflation and the output gap with coefficients 1.5 and 0.5 respectively).

Robustness ranking of different policy rules strongly depends on the particular
specification of the uncertainty chosen. For econometric error uncertainty, those rules
that are relatively more aggressive are relatively more robust. Just the opposite
is true for more broadly specified uncertainty: those rules that are relatively less
aggressive are relatively more robust.

I find the nominal income growth rules to be much less robust than the Taylor-
type rules for majority of the uncertainty specifications studied. However, for those
uncertainty specifications that include real-time data uncertainty the robustness of
nominal income policy rules may be comparable to that of the Taylor-type rules.

The indeterminacy in the equilibrium triggered by the model uncertainty is not
a real threat for the forecast based rules. So, for example, reacting to 2 years ahead
forecasts of inflation and the current output gap does not lead to indeterminacy for
reasonable perturbations of the reference model. In general, the robustness of the
forecast based rules seem to be higher than that of the rules based on current or past
data.

Most of the above results depend on the particular choice of the reference model
made. I illustrate this dependence by trying to replicate some of the above results
for the Clarida, Gali, and Gertler (1999) model.

The rest of the paper is organized as follows. Section 2 introduces notions of a
reference model and a perturbation space and defines a distance between a pertur-

bation and the reference model. In Section 3, I define the index of robustness and



develop an algorithm for its computation. Section 4 is devoted to an application of
the developed techniques to the analysis of robustness in the New Keynesian model
of economy described in Rudebusch (2000). Section 5 concludes. Some technical

details of the paper are given in the Appendix.

2. Modeling uncertainty

In this section I define the basic components of the structured non-parametric ap-
proach to model uncertainty described in Onatski and Stock (1999). These compo-
nents are: the reference model, the perturbation space, and the distance between a

perturbation and the reference model.

2.1. Reference model

Assume that a policy-maker’s model of the economy is
> B MI(L)X, = u, (2.1)
5=0

where X; is a n X 1 vector of endogenous variables including a policy instrument, u;
is n x 1 vector of shocks, M7(L) is a n X n matrix lag polynomial containing both
positive and negative powers of the lag operator, L, and where E;_; is expectation
given information available at time ¢t — j including knowledge of the model structure.
The information set at time ¢ consists of current and all past values of shock u;. The

first n — 1 equations of the model describe dynamics of the endogenous variables and



the last equation represents policy.b

A policy-maker can affect the state of the economy by choosing the coefficients of
the policy equation. I assume that the policy-maker is able to commit to her choice
so that the policy equation can be viewed as a policy rule. The only rules I consider
are linear responses to current, past and expected future values of the variables X;.
This choice of possible rules is not very restrictive. Indeed, most simple policy rules
that receive much attention are linear rules (see Taylor (1999)). Besides, as is well
known, optimal rules in the case of conventional linear quadratic control are linear.
However, the set of linear rules is too restrictive in some important settings, such as
one with lower bound on the nominal interest rate explicitly taken into account (see
Orphanides and Wieland (1999)). In this paper I will not consider such settings.

In what follows I employ Whiteman’s (1983) solution principle to solve (2.1).
That is, first, I restrict attention to the case when expectations are formed lin-
early. Hence, F; X must be read as optimal linear predictor of X given information
available by time t. Second, the shock process u; is a zero-mean regular station-
ary process. Third, solutions will be sought in the space spanned by time-invariant
square-summable linear combinations of wu;. I also require that the coefficients of
MY (L) are absolutely summable, which is satisfied automatically for standard mod-

els where M (L) represents a finite order polynomial.

6Models (2.1) were studied, for example, in Broze, Gourieroux and Szafarz (1995) and include
a wide variety of special linear rational expectations models studied in the literature.
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2.2. Perturbation space

The policy-maker understands that her model, which I will call the reference model,
is only an approximation to reality because, perhaps, not all relevant variables are
included in X;, or not all relevant lags are considered, or because linear equations
of the model are imperfect substitute for the true nonlinear relations describing the
economy, or, maybe, true economic relations are subject to structural breaks etc.
She prefers, therefore, to use a policy rule that works well for all models from a

neighborhood of the reference model:
> B (MI(L) + Wi(L)ANWY(L)) X = uy. (2.2)
=0

Here AJ are in general k x k nonlinear, time-varying, and not necessarily causal
block-diagonal operators from the space of k x 1 stationary processes to itself, and
Wi (L) and W(L) are n x k and k x n weighting matrix lag-lead polynomials. It
is assumed that the private sector knows the true model so that the expectations in
(2.2) are taken with the full knowledge of AJ.

The blocks on the diagonal of A7 and the weighting matrices can be structured
so that the uncertainty is focused on potentially important weaknesses of the model.
The following extremely stylized example illustrates the idea of structured perturba-

tions. Assume that the reference model of the policy-maker is

Ty = api—1 + S¢ (2.3)

P = kx4 vy,

11



where p,; is a policy instrument, s;,v; are exogenous shocks, and x; is the variable

of interest for the policy-maker. The model has form (2.1) with m = 0, M° =

1 —al
, Ug = [St7 Ut]/a and Xt - [xtapt]/'

-k 1
Now, suppose that the policy-maker suspects that the effect of policy on z; has

some weak but long and variable unmodeled lag structure. Besides, it is suspected
that z; might have some inertia of its own and the value of z; today is somewhat
affected by expectations of future x;. The policy-maker then may believe that a

better model of the economy has the following form

Ty = wiA1Teq + weEi Aoz + (a + wsAg)pe—1 + uy (2.4)

pr = kx4 vy,

where A; is a linear, time-invariant, causal operator represented by an infinite lag
polynomial, A, is a linear, time-invariant anti-causal operator represented by in-
finite lead polynomial, and Aj is a linear, causal, slowly time-varying operator
represented by infinite lag polynomial with slowly time-varying coefficients. The
weights w; reflect relative importance of the model weaknesses corresponding to

A1, Ay, and Ajz. The above model has form (2.2) with A = diag (A1, Ag, A3),

!/

w; w2 W3 0O 0 L
WP =— ,and W9 =

0O 0 O L L7t 0

In this paper I consider only linear time invariant perturbations A7, such that
their infinite lag-lead polynomial representations have absolutely summable coeffi-

cients. The simplest case of such perturbations is multiplication by a constant (all

12



coefficients in the lag-lead polynomial representation are zero except the one on
L% =1). Such static operators may be used in (2.2) to represent uncertainty about
values of model parameters. In the above example, if uncertainty were about the

size of coefficient a only, we would have

x = (a+ A)pi_1 + st, (2.5)

with A% = A which is simply a constant, W = (—1,0)’, and W39 = (0, L).
Note that in general the perturbed model (2.2) may be represented in the “shock

uncertainty” form

Z By jMi(L) Xy = u + &, (2.6)
=0
where &, = — > 7% Wj1(L)A;W;o(L)X;. The shock representation of uncertainty

that does not specify particular structure of the additive shock £, became recently
a popular vehicle of research on robustness (see, for example, Hansen and Sargent
(2000) and references therein).

2.3. Distance between perturbations and the reference model

To define a neighborhood of the reference model in the perturbation space we need
a notion of distance between the reference model and the alternatives. I define the

distance between the reference model, M, and perturbation (2.2), Ma, as

d(M, M) = max HA]” :
j

13



Here the norm of A, ||A||, is taken to be Lo, norm of the function A(e*), that is”
' ‘ 1/2
A = {sup maxeval [A'(e_’“)A(e“")}} :

where maxeval denotes maximum eigenvalue.

If the uncertainty exists only about values of parameters of the reference model
so that A is a diagonal matrix of constants, the L., norm of A(e™) is simply the
maximum of absolute values of its diagonal elements. So if in example (2.3) we are
uncertain only about value of a then the distance between perturbed model (2.5)
and the reference model is equal to the absolute value of the difference between the
perturbed parameter, a + A, and the reference parameter, a.

General linear time invariant perturbations A may be viewed as linear filters
acting in the space of stationary random processes with finite variances. Then L
norm of A(e*) is the maximal gain of filter A across different frequencies. That is,
for any stationary input of the filter, £,, with variance 1 the variance of the output
will be less than or equal to ||A||. Moreover, there exists input &, with variance 1
such that the output has variance arbitrarily close to ||A||.

Indeed, let &, be a stationary input of the filter. Then, for the variance of the

“In what follows I will ignore indices j as if all expectations in the model were taken as of time t.
This will simplify my notations. I will use the indices whenever they are needed for understanding
of the material.

14



output we have:

1 " iw 1 —iw
tr% /WA(G ) Fe(w)A'(e™™)dw

_ tr% /_ : N (e ) A(e) Fe(w)dw (2.7)

where F¢ is the spectral density matrix of the process &,. Let f be the eigenvector
corresponding to sup, maxeval[A’'(e)A(e™)] and wy is the frequency where the
supremum is attained. Then the spectral density matrix can be chosen so that it is
proportional to f * f’ with huge coefficient of proportionality at wy and it is small
for other w.

Indeed, let ¢, be a real-valued stationary process with spectral density function
equal to f * f at frequency wy. Consider a sequence of filters with positive Fourier
transforms g, (w) such that 5= [* g,(w)dw = 1, g,(w) = gn(—w), and g, converges
to zero uniformly outside any open set containing +wg. Apply these filters to ¢, and
denote the resulting processes (scaled so as to have unit variance) as &,,,. Expression
(2.7) can be made arbitrarily close to ||A|| by choosing £, = &, for large enough
n. On the other hand, this expression is obviously no larger than ||All. It seems
reasonable to consider perturbation operators that cannot increase the variance of
an input process too much.

Interpretation of the distance between models depends on the reference model,
the weighting matrices and assumptions made about operators on the diagonal of
A. Depending on these factors there may or may not exist a monotone relationship

between the distance and some statistical measure of closeness of models. More on
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this will be said in the application part of the paper.

3. Index of robustness

The policy-maker is assumed to have a quadratic loss function

L=1-8EY f <X;+iAXt+i> , (3.1)

where A is some positive-definite weighting matrix, and 3 is between zero and one.
Below I consider the case  — 1, so that, for stationary X;, the loss is equal to the

variance of a linear combination of variables from X;.
L = EX,\X,.

The policy maker’s problem is to choose a rule for the policy instrument so that
the loss for all models from the vicinity of the reference model is not too high.
The two most popular formalizations of this problem lead to the Bayesian and the
minimax criterion of optimality. Let F be the set of feasible policy rules rules, f.

Then a Bayesian policy-maker will choose the policy rule

f=arg min/ sup EX;AXdF(A), (3.2)
fex XS

where the inner supremum is taken over all X; from the set S of all stationary

solutions to a particular model and F' is a probability measure over the perturbation

16



space.

Note that if there is indeterminacy situation, when S consists of more than one
element, the inner supremum is infinite. Indeed, let X;; and X5 be two different
stationary solutions. Then any linear combination Z; = AXy; + (1 — X)Xy, is also
a solution. It is then possible to choose A so as to make loss associated with Z; as
large as one wants.

A “minimax policy maker” will choose

f=argmin sup sup EX,AX,, (3.3)
TEF ||al[<r Xees

where the outer supremum is taken over all perturbations from the ball of radius
r. The radius can be chosen in many different ways. One way would be to choose r
large enough for uncertainty set to include some particular alternative to the reference
model. In the example given in the previous section suppose that a prominent

alternative to the reference model was

Ty = bri_i+api_1+ 5

e = k$t+?)t.

Then for the uncertainty set to include this model ||A|| must be at least b/w;. Hence,
we can choose r = b/wj.
Another way to choose r would be to include in the model uncertainty set only

those models that are statistically close to the reference one. For example, if a point
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estimate of parameter a in the reference model x; = ap;_1 + &; is, say, 0.5 and
its standard deviation is 0.1 we can represent the uncertainty by a set of models
z; = (a+ A)pi—1 + & with |A]| < 0.1. Still another possibility would be not to choose
r in advance but vary it from zero to infinity to get a whole family of the minimax
rules robust to the uncertainty of different size.®

At present no numerical algorithms solving either the Bayesian or the minimax

9 However, as I show below, it is

problem as they are stated above are known.
possible to compute the set of rules that do not result in economic instability for

each perturbation from the set

D, = {A : A has particular block diagonal structure specified at the stage (3.4)

of formulating the model uncertainty and ||A|| < r}.

Similar to Christiano and Gust (1999), I focus attention on the extreme economic
instability that results either in non-stationarity or in indeterminacy in the equi-
librium. Obviously, the set of stabilizing rules contains the minimax rule. It also
contains the optimal Bayesian rule if the support of measure F' on perturbations A
includes D,.. In general, the larger the size of possible perturbations, r, the smaller

the set of stabilizing rules. Hence, for sufficiently large r the set of stabilizing rules

8Note also that I consider a situation when the model uncertainty represented by the probability
distribution F(A) in (3.2) and by the perturbation set ||A|| <7 in (3.3) is not changing over time.
There is no learning and rule f is chosen once and for all given the model uncertainty prevailing at
the time of the choice.

9Paganini (1996) gives an algorithm for computation of the minimax rules when the model and
uncertainty operators are backward looking. Application of these techniques for the robustness
analysis in the Rudebusch-Svensson model can be found in Onatski (2000).
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is very narrow and, therefore, it characterizes the optimal rules fairly precisely. On
the other hand, when r is small, the set of stabilizing rules can be large and it is
relatively uninformative about the nature of the optimal rules that solve (3.2) and
(3.3).

One way to summarize stabilization properties of a policy rule is to compute the
maximum 7 such that the rule still results in the finite loss for any model from the

ball D,. I call such maximum the index of robustness for the rule. More formally,

Definition 1. I define the index of robustness for a rule f as supremum r such
that f results in unique stationary solution for any model from D, except, maybe, a

degenerate set of models such that it does not include any open subset.°

Since it is natural to assume that the precise autocorrelation structure of the noise
is not known, by the existence of a solution to the model I mean existence of a solution
for any stationary noise process with the correlation structure arbitrarily close to that
assumed for the reference noise. This definition avoids some pathological situations
when the solution to the model exists only for a particular correlation structure of

the noise. For example, consider a model

1 o0
9i+1 Z EiXipi = w

i=—1

10The “degenerate set” qualification simplifies computation of the index. It is tempting to say that
it also makes the index less sensitive to extremely improbable destabilizing perturbations. However,
if there exists an open neighborhood of a degenerate set of models where the policy-maker’s loss
is not necessarily infinite but simply very high then sensitivity of the index to degenerate sets
of perturbations that literally destabilize the model of the economy may be desirable because it
indicates existence of a non-degenerate set that leaves the model stable but makes it extremely
volatile.
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Let u; = ZZOZO crei—r be Wold representation of u;. The model has solution if and
only if 2co = ¢;. This condition cannot be granted if second moments of the noise
are known imprecisely.

One should interpret the index of robustness with caution. If the size of uncer-
tainty, 7, is known to the policy-maker, then an optimally robust rule in terms of
either (3.2) or (3.3) must have the index greater than r. It would be wrong, how-
ever, to recommend the rule with the largest index. Indeed, such a rule may trade
off extreme stability robustness with poor conventional loss. An example of such a

situation will be given in the application section.

3.1. Computation of the index

In this section I explain how to compute the index of robustness for a given policy
rule. To get this computation done one needs to have a criterion for existence and
uniqueness of a stationary solution for any given perturbation around the reference
model. Conditions for existence and uniqueness of solution to forward-looking models
are well known for the case when the model has only finite number of leads and lags

(see, for example, Whiteman (1983)). For example, if the model has form

P(L)x; + E,Q(L Yz = &

where x; is one-dimensional variable and P and () are polynomials, then a stationary
solution exists and is unique if and only if the number of zeros of P(2)+Q(z™!) lying

outside (inside) the unit circle is exactly equal to the degree of P (respectively degree
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of Q).

However, because I do not restrict attention to perturbations with finite number
of lags or leads I need a criterion of existence and uniqueness that will work for
models having infinite lag-lead structure. Below I formulate such a criterion that
was developed in a separate paper (see Onatski (2001)).

Define a winding number of a complex-valued function f(e™), windf, as the
number of times the graph of f rotates around zero counter-clockwise in the complex
plane when w goes from 0 to 27."" Define a function M(e™) = 77" e~ M (e™).
Then the following criterion of existence and uniqueness of solution holds except for

a degenerate set of models

Criterion. Model (2.1) has a unique solution, multiple solutions, or, no solutions
if and only if the winding number of detM (e™) is equal to zero, less than zero, or

greater than zero respectively.

The first step in computing the index of robustness for a given rule is to check
whether the reference model has unique stationary solution. I assume that the refer-
ence (not perturbed) model has only finite lags and leads so that one can use standard
criteria described in Whiteman (1983). If the reference model does not have unique
solution then the index of robustness for the rule is zero. Otherwise, the radius is
positive and according to the above criterion the winding number of det M (e™) is
Z€ero.

Now consider perturbations (2.2) to the reference model. Define function Ma (e™)

1A clockwise rotation of the graph around zero is counted with the negative sign.
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as

Ma(e™) = ™™ (M (e™) + Wi (™) A (™)WY (™)) .

J=0

It is convenient to rewrite Ma(¢*) in the form
Ma(e™) = e7™ (M(e™) + Wi(e™)A(e™)Wa(e™)) ,

where M = Y7 M7, Wy = [WP, WY, .., W], Wy = [W3, Wy, ..., W5"]', and

A = diag (A% A',...,A™). For each point on the unit circle, ¢®, the value of
det Ma(e™) is a continuous function of A(e™). Recall that the size of the pertur-
bation operator, A, is measured by the L., norm of A(e*). Hence, the graph of
det Ma(e™) changes continuously with respect to small (in L., sense) changes in the
perturbation operator, A. Therefore, wind(det M) can become different from zero
only after the perturbation A becomes large enough for det Ma(e™) to hit zero for
some w € [0, 27).

Suppose that the graph of det M hits zero for some A = A of size r but not
for smaller A. Then, the index of robustness is larger than or equal to r. Indeed, for
perturbations A such that ||A|| < r the winding number of det Mx is equal to zero,
so according to the criterion the perturbed model has a unique stationary solution
unless it belongs to a degenerate set of models that we exclude from consideration.
On the other hand, the index must be less than or equal to r because it is possible
to change Ay marginally so that the graph of det Ma will cross zero and the winding

number of det Ma becomes different from zero. Thus, as the criterion implies, there
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exists a perturbation operator, Ay, of the size marginally larger than r such that the
model either has multiple or no solutions.'?

To summarize, to get the index of robustness one needs to find minimum |[|A||
such that matrix M(z) + Wi(z)A(z)Ws(z) is singular for some z : |z| = 1. Note that
M is invertible on the unit circle because the reference model has unique solution

under the policy rule. Therefore, on the unit circle we have

det (M + WlAWQ) = det (M) det (In -+ M71W1AW2)

= det (M)det (I + WoM "W, A)

where I,, denotes n X n unity matrix. Denote —WoM ~'W; as S. Then we are looking
for minimum ||A||, having a particular block-diagonal structure, that makes matrix
I, — S(z)A(z) singular at some point on the unit circle.

This problem is known in engineering literature as the problem of computing
structured norm of operator S (see, for example, Dahleh and Diaz-Bobillo (1995)).
In the next section I implement numerical algorithms®® for computing the structured
norm to analyze robustness of simple policy rules under model uncertainty in a small

empirical New Keynesian model of the economy studied in Rudebusch (2000b).

12Note that small deviations from Ag leave the winding number of det M different from zero
so that the perturbed model corresponding to Ag is not from the degenerate set mentioned in
Definition 3.1.

BComputer codes I use are based on the programs available in Mu Analysis and Synthesis Toolbox
in Matlab.
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4. Application

In this section, I use the above results to study three sets of questions. The ques-
tions concern policy activism appropriate under model uncertainty, the robustness of
nominal income rules, and the robustness of forecast-based rules. As was explained
in the introduction I am particularly interested to know whether the extension of
Onatski and Stock (1999) to forward-looking models recommends extreme activism
or not, how robust nominal income rules are relative to benchmark Taylor-type rules,

and whether forecast-based rules can easily lead to indeterminacy of equilibrium.

4.1. Reference model

To perform the analysis I first need to choose a reference model. As John Taylor
(2000) notes, despite a lot of differences in models now used for normative policy
analysis, there is a common general framework. It consists of three basic equations:
a Phillips-curve-type equation, an IS-type equation relating real GDP and the real
interest rate, and an equation for monetary policy rule. On one end of the spectrum
of models having the above form there are New Keynesian forward-looking models
of the economy such as those described in Woodford (1999) and Clarida, Gali and
Gertler (1999). These models have solid micro foundations and based on general
equilibrium analysis but fail to fit data well. On the other end of the spectrum there
are empirical purely backward-looking models such as Rudebusch and Svensson’s
(1999) and Ball’s (1999) models. These models fit data surprisingly well but have

obscure foundations.
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I chose to study an empirical New Keynesian model proposed and estimated in
Rudebusch (2000). The model nests both theoretically appealing forward-looking
models and empirically sound backward-looking models. It consists of two equations

estimated using US quarterly data from 1968:Q3 to 1998:Q)2

= 260F, 7 741 697y — 157 Al 077,
ur oot 1743 + <(.14)7Tt 1 (‘14)7715 2 + (‘14)7715 3+ (‘12)7715 4) +
16y 4.1
(.05).% 1+ €t (4.1)
=115y, 1 — 27Ty;—9 — .09(2y_1 — Fy_17 . 4.2
Yt (log)yt 1 (log)yt 2 (.03)(% 1 1Te43) + 1 (4.2)

Here 7, = i(ﬂt + 41 + M9 + m—3) is the four-quarter average value of the annual
percentage rate of inflation, v, is the output gap'4, measured as 100 times the log
ratio of actual real output to potential output, and i, is the federal funds rate at an
annual rate. The standard errors of the coefficient estimates are given in parenthesis.

The first equation is an accelerationist Phillips-curve-type relationship. It is a
hybrid of a backward-looking Phillips curve and a forward-looking equation. Inclu-
sion of the backward-looking terms substantially improves the equation’s fit to data.
Besides, the backward-looking terms can be theoretically justified by assuming sticky
inflation as in Fuhrer and Moore (1995) or sticky information as in Mankiw and Reis
(2001).

The second equation is an IS curve linking the output gap to the past output gap

and ex ante real interest rate. Such a backward-looking own dynamics of the output

14Ken Kuttner kindly provided me with estimates of the gap obtained using the method outlined
in his (1994) paper.
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gap contrasts with the forward-looking theoretical behavior described by Woodford
(1999) and Clarida, Gali and Gertler (1999). It is, however, possible to justify the
backward-looking dynamic of the output gap theoretically by assuming consumers’
habit formation or capital adjustment costs. The timing structure of the equations

(4.1) and (4.2) reflects “real world recognition, processing, and adjustment lags” as

discussed in Rudebusch (2000).

4.1.1. Policy Rules

I consider the policy rule equations of two different types. The first type is repre-

sented by the rules of the form

i = giti—1 + (1 — ¢:)i" + ¢ E(Tiyg — ) + gy Erhis k. (4.3)

that set nominal interest rate equal to a linear combination of inflation (lagged if
J < 0, current if J = 0, or expected if J > 0), the output gap (lagged if K < 0,
current if K = 0, or expected if K > 0), and the lagged interest rate. Constants 7*
and ¢* correspond to the inflation target and the unconditional mean of the nominal
interest rate given that there is no inflation bias.!® The second type is represented by

the nominal income rules proposed by Orphanides (1999) and McCallum and Nelson

5The rules of the above type are equivalent to
’it = ,OZ’tfl + (1 — p)(’f'* + Et7_l't+J) + OéEt(’lTFtJrJ — 7T*) + BEtyH»K

that might look more familiar (see, for example, Levin, Wieland, and Wiliams (1999b)). Here r*
denotes the unconditional mean of the equilibrium real interest rate. Parameters of (4.3) can be
expressed in terms of p, o, and @ as follows: ¢g; = p,gr =1+ a — p, and gy = B.
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(1999):

iw = "+ (T —7) + g (T — T+ Y — Yi—a) (4.4)

it = gn2<7Tt — 7'('* -+ 4(yt — yt,l)) + giit,l. (45)

According to these rules a policy maker changes nominal interest rate in response
to deviations in growth in the nominal income from the target growth. In what
follows I use standard zero normalization (see Rudebusch and Svensson (1999)) for 7*
and i*.1® Such a normalization does not affect “stability and uniqueness robustness”
characteristics of the rules because adding constants to system equations (4.1,4.2)
changes neither the system’s stability nor its determinacy.!”

Attractive properties of nominal income rules were briefly discussed in the intro-
duction. The rules of type (4.3) were introduced by J. Taylor (1993) and since then
were subject to active research. The famous Taylor rule corresponds to g, = 1.5,
gy = 0.5, and g; = J = K = 0. Such rules fit data quite well, at least since late
80’s, and were shown to be near optimal in variety of models and relatively robust
to different model specifications (see Taylor (1999)).

Smoothing of interest rate (g; # 0) in (4.3) considerably improves data fit and
robustness properties of the rules (see Levin, Wieland and Williams (1999a)). Letting

K, J < 0 can account for data processing lags, importance of which was emphasized

16Note that the variables used to estimate (5.1,5.2) were demeaned prior to estimation so the
normalization was imposed.

17Choosing incorrect value of i* does , however, increase loss associated with a given policy rule
because it implies inflation bias. Therefore, the normalization matters for more precise level of
analysis than that considered in this paper.
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by McCallum (1997). The forecast-based rules correspond to positive J, or K, or
both and have many desirable properties. In particular, as argued by Svensson
(1997), inflation forecast is a very good intermediate target for inflation targeting
policy adopted by many central banks. Therefore, reacting to forecast of inflation is

an “information-encompassing” strategy.

4.2. Uncertainty

I consider several sources of uncertainty about the reference model.

4.2.1. Econometric error.

The parameters of the reference model are estimated with econometric error so that
the true values may differ from the point estimates in the range of a p% confidence
ellipsoid. Unfortunately, it is impossible to represent such an uncertainty set in
the form (3.4) that is convenient for computations. I therefore consider a set of
models whose parameters differ from the point estimates in the range of a confidence
parallelepiped that is a linear approximation of the confidence ellipsoid.

Precisely, denote vector of deviations of the perturbed model parameters from
the point estimates'® as d = [dy, ..., ds]’. And denote the variance-covariance matrix
of the point estimates as V. Define § = (Ay,...,Ag) as § = V~/?d. I consider
the set of models corresponding to all § such that |A;] < r. Since ¢ is distributed

approximately as 8-dimensional standard normal random variable, the confidence

8GSince the long run verticality of the Phillips curve is maintained, there are 8 independently
estimated parameters in the reference model.
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level corresponding to such a cube (or parallelepiped in terms of d) is equal to
(2®(r) — 1)® where @ is a cumulative distribution function (cdf) for standard normal
distribution. The parallelepiped is encircled by the confidence ellipsoid with the level
of confidence p = Fy,(s)(87%) where F) ) stands for cdf of chi-squared distribution
with 8 degrees of freedom. As shown in Appendix, such a set can be represented in
form (3.4).

The index of robustness for the econometric error uncertainty measures the small-
est size of ¢ (defined as max; |A;|) such that there exist a “bad” combination of pa-
rameters inside the corresponding confidence parallelepiped that results in instability
or indeterminacy in the economy. Clearly, for this particular description of uncer-
tainty, the index of robustness can be rescaled to measure the confidence level of
the smallest parallelepiped (or the corresponding encircling ellipsoid) that includes

“bad” parameter values.

4.2.2. Specification error.

The reference model may be misspecified. At the simplest level, a few lags or leads
of the endogenous variables may be wrongfully omitted from the reference equations.
As an example, I reestimate the reference model with one additional lag of the output
gap added to the Phillips curve and the IS equations and one additional lag of the real
interest rate added to the IS equation. Then I form a set of models whose parameters
differ from these point estimates in the range of a p% confidence parallelepiped.
The above treatment of possible misspecifications is obviously very limited. There-

fore, to introduce less restricted specification errors, I perturb the reference equations
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so as to include potentially infinite number lags or leads of all variables in the right
hand side. Denote the right hand side of equations (4.1) and (4.2) as ref, and ref,

respectively. I consider the following perturbations:

Ty = Tefr + Wer By 1 Arn (M1 — T4) + Way Ayl

Y = refy+wy B 1Ay + Wy B 1Ay (-1 — Ero1Ty3),

where Az, Ary, Ay, and A, represent uncertainty about the four dynamic chan-
nels of the model: inflation-inflation, inflation-output gap, output gap-output gap,
and output gap-real interest rate. The weights w;; are supposed to reflect relative
importance of the uncertainties. I measure them by an average standard error in coef-
ficient estimates corresponding to a particular channel.’ Hence, w,, = 0.09, w,, =
0.05,w,, = 0.09, and w,, = 0.03. Obviously, such a choice of the weights is arbi-
trary. Therefore, I vary the weights in the numerical computations below to check
robustness of my results with respect to the above choice.

Uncertainty operator A, is taken to be linear time invariant operator with abso-
lutely summable coefficients. It acts on the first differences instead of the level of in-
flation because I want to keep sum of inflation coefficients in the right hand side of the
Phillips curve equal to one. By adding A, I allow for deviations from the reference

model that have different inflation lags and leads structure of the Phillips curve. In

YGince A;; may include infinite number of lags/leads, this weighting scheme makes little sense
from the econometrics point of view. Moreover, the index of robustness for this particular descrip-
tion of uncertainty has little connection with statistical size of the smallest “destabilizing uncertainty
set”. The robustness analysis under such perturbations is still useful. For example, it may suggest
the structure of statistically relevant misspecifications that bring most harm to the policymaker.
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particular, choosing large enough uncertainty size I can get a purely forward-looking
form of the Phillips curve.

Similarly, I choose uncertainty operator A, to be a two-sided (mixed forward and
backward-looking) linear time invariant operator. Thus, I can consider a deviation
from IS curve (4.2) to a purely forward-looking theoretical IS curve. It would be
enough to choose A, = w%y(l — 1.15L% 4+ .27L3).

Uncertainty A, is considered to be a forward-looking linear time invariant un-
certainty. It captures a fact that the monetary policy affects the economy not only
through the short-term interest rate but also through longer-term interest rates and
precise specification of this transmission is uncertain. Finally, the uncertainty A,
is taken to be mixed linear time invariant uncertainty. This captures uncertain

lags/leads in the effect of a change in the output gap on inflation.

4.2.3. Potential output uncertainty

The next source of uncertainty that I consider is uncertainty about potential output.
As discussed for example in Orphanides (1999), the real-time estimate of the output
gap is subject to substantial later revisions. The standard deviation of the revisions
is comparable to the standard deviation of the gap series itself. The major part of
the revisions is associated with the revisions of potential output series.

Typically, the real-time output gap uncertainty was modeled as an additive mea-
surement error entering policy equation. This measurement error was found to be
very persistent and was modeled as AR(1) process with large autoregressive root. It

was often assumed that the error is uncorrelated with the true (or the final revision
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of) output gap. This implies (see discussion in Rudebusch (2000a)) that the real-time
estimates of the gap are just noisy estimates of the true gap as opposed to efficient
estimates based on the incomplete information available in the real time.

Here 1 will model the potential output uncertainty in a different way. [ will
assume that the real-time output gap estimate, y;’, is related to the final estimate,

ys, through the following equation:

Uit =y + B ALy + ¢, (4.6)

where A is a mixed linear time invariant operator. This relationship implies that
the error in the real-time potential output estimate is correlated to the true output
gap so that the error may represent “news” as opposed to the “noise” as described
above.

There are several reasons to model uncertainty in this way. The first reason is
purely technical: additive shocks to the model that do not feedback on endogenous
variables would not change stability properties of the model. Hence, the index of
robustness would underestimate importance of the real-time data uncertainty. Mak-
ing the real-time noise feeding back on y creates a possibility for changing stability
properties and hence would, in some sense, address importance of the real-time data
uncertainty.

The second reason is that even though empirical real-time data uncertainty stud-
ies (see Rudebusch (2000a)) find only a weak correlation between y;* — y, and v,

some theoretical models of the real-time data uncertainty imply that a substantial
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correlation must exist. For example, if the real-time estimates of the gap are obtained
using some efficient procedures such as Kalman filtering described in Kuttner (1994)
and the final estimates are obtained using the Kalman smoother, then a significant
correlation exists. I run a regression of yI* — y, on y, where y;* corresponds to Kut-
tner’s estimates of the gap obtained using the filter and y; corresponds to estimates
of the gap obtained using the smoother. I estimated the regression coefficient to be
-0.37 with t-statistics being -12.58.

Finally, the changes in the potential output are poorly understood. Stationarity
of the potential output growth is questionable. Policy makers may, therefore, fear
unprecedented behavior of the potential output that makes policy inadequate. If,
for example, the potential output is overestimated in the time of recessions and
underestimated in the time of booms then policy makers risk to overreact to the
available information which may stimulate economic instability.

For the potential output uncertainty, the index of robustness measures the small-
est (in Lo sense) operator A that brings instability or indeterminacy in the model.
We may roughly interpret the E;A(L)y, part of (4.6) as representing “news” in the
error and (,; as representing noise in the error. Given that the variance of yi* — y;
and y; is about the same (as is suggested by empirical studies) the size of A provides
an upper bound on the portion of the variance in the error due to the news. For
example, if the index of robustness for a rule is equal to, say, 0.5 then no more than?®

100%*(0.5)? = 25% of variance in the destabilizing real-time gap error is associated

20Precisely how much of the variance corresponds to the “news” depends on the spectral charac-
teristics of A and y;.
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with the “news” component of the error and the rest 75% or more correspond to the
“noise” component. The destabilization (or indeterminacy) of the economy under
the real-time gap error is caused by a particularly unfortunate correlation structure
of the news part of the error.

In the numerical section below I combine the data uncertainty with the simple
specification and the econometric error uncertainty. For such a combined uncertainty,
interpretation of the index of robustness depends on the weights given to the different
sources of uncertainty. Below, I weight the different uncertainties equally. Loosely
speaking, this means that the policy maker is equally afraid of “bad” deviations of
the parameters inside 100%*Fy2(12)(12) = 55% confidence ellipsoid and “bad” serial
correlation structure in the news about the output gap when the “news” constitute

100% of the real-time error in the output gap.

4.2.4. Shock uncertainty

Finally, I study uncertainty about serial correlation of the shocks to the reference
model. I assume that ¢; and 7, may be arbitrarily serially correlated, but have finite
variance. Then for each policy rule I compute the expected loss under the worst
possible serial correlation of the shocks?!. The rule that minimizes such a worst

possible loss is called H,, control. It is a limit of minimum entropy control rules

21T assume that policy maker’s loss is equal to

Li=(1—=8)> 8 (x7 +yf +0.5(i; — ir-1)°)

=0

as in Rudebusch (2000). I consider the case when 3 = 0.99.
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when a parameter regulating degree of uncertainty aversion tends to the breakdown

value (see Hansen and Sargent (2000)).

4.3. Numerical Results

Table 1 reports the index of robustness for simple policy rules that are optimal under
no uncertainty about the reference model. Several specifications for the policy rules
are considered. Panel A of the table corresponds to the Taylor-type rules reacting
to the current data and to the data lagged by one quarter. For the rules reacting
to the current data, both interest rate smoothing and no smoothing (g; = 0) case
are considered. Results for the Taylor rule (g, = 1.5, g, = 0.5) are reported as a
benchmark.

Panel B of the table corresponds to the nominal income growth rules. Panel
C describes results for three different specifications of the forecast based rules. I
consider reaction to 1 year ahead forecast of inflation, 2 years ahead forecast of
inflation and reaction to 1 year ahead forecasts of both inflation and the output gap.
Panel D corresponds to the optimal H., Taylor-type rule.

The last three columns of the table represent different uncertainty specifications.
The first of these columns reports indices of robustness and the confidence levels of
the corresponding confidence ellipsoids (not parallelepipeds) for econometric error
uncertainty described in section 4.2.1. The next column corresponds to the uncer-
tainty associated with few additional lags added to the reference model combined
with the econometric error uncertainty as explained in section 4.2.2. The last column

adds potential output uncertainty as described in section 4.2.3.
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The indices of robustness for the policy rules optimal under no model uncertainty
are surprisingly low (except for the forecast based rules). Particularly striking results
are those for the combined simple specification uncertainty and the econometric error
uncertainty. The optimal Taylor-type rule reacting to the current data leads to the
dynamic instability for deviations of the parameters from the point estimates that
belong to as small as 62% confidence ellipsoid. Neither interest rate smoothing, nor
reaction to the lagged data improves the robustness. The benchmark Taylor rule
results in instability for parameters inside 29% confidence ellipsoid. Orphanides’
nominal income growth rule destabilizes the economy for as small as 5% confidence
deviations of the parameters from the point estimates!

Introducing just a few additional lags to the model may change the robustness
characteristics of the policy rules dramatically. The confidence level of the smallest
“bad” deviations of the parameters from the point estimates reported in the “simple
specification error” column are typically less than half the size of those reported in the
“econometric error” column. Adding real-time uncertainty about potential output
makes policy rules even less robust. For example, for the optimal Taylor-type rule re-
acting to the current data, instability is brought by deviation of the parameters from
the point estimate inside 100%*F\2(12)(0.52% % 12) = 0.6% confidence ellipsoid (vs.
62% for the combined specification error and econometric error uncertainty!) given
that about 100%*0.52? =27% variation of the real time output gap error corresponds
to the news arbitrarily correlated to the final revision of the output gap.

It is instructive to compare the rows of the table corresponding to the optimal
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Taylor rule and the benchmark Taylor rule. We see that the robustness of the bench-
mark rule (believed to better correspond to actual historical policy than the optimal
rule) is much less sensitive to the different choices of the uncertainty formulation.
The benchmark rule looks much less robust than the optimal rule for the economet-
ric error uncertainty specification. But it is in fact more robust than the optimal
rule under the most general type of uncertainty considered. As we will see below,
in general, relative robustness of different rules considerably varies with different
uncertainty specifications. The rules with relatively sluggish response to inflation
and the output gap tend to become relatively more robust when relatively more
encompassing formulation of uncertainty is chosen.

Non-robustness of nominal income growth rules is much more impressive than
that of the Taylor-type rules. The rules look non-robust even for the least general
econometric error uncertainty. The index of robustness for nominal income growth
rules deteriorates when potential output uncertainty is added even though the rules
do not depend on the estimates of the level of the potential output (only on the growth
of potential output). It is because I do not put special restrictions on the uncertainty
about the growth of the potential output. If we believe that the growth must be much
less uncertain than the level then we may want to compare robustness of the Taylor-
type rules and the nominal income growth rules using columns “potential output
error” and “simple specification error” respectively. Such a comparison reveals that
in the most favorable situation for the nominal income growth rules, their robustness

may be comparable to that of the Taylor-type rules.
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The rules based on the forecasts of inflation and the output gap are significantly
more robust than the rest of the rules studied in the table. Even for the most
encompassing uncertainty specification the index of robustness for these rules is very
large. Indeterminacy of equilibrium is not a real threat for the forecast based rules
under the model uncertainty and the reference model studied in this paper.

The final panel of Table 1 reports indices of robustness for the Taylor-type rule
specifically designed to be robust against shock uncertainty. We observe a striking
non-robustness of this rule to the model uncertainty. At first, this observation seems
to be extremely puzzling given that any uncertainty may be represented in the “shock
form” as described in section 2.2 of the paper. However, some thought reveals the
nature of this apparent inconsistency. The matter is that the shock uncertainty (and,
more generally, the minimum entropy uncertainty) is ill-suited for description of
dynamic uncertainty, that is the one that can feed back on the endogenous variables
in the model. The shock uncertainty assumes that the uncertainty size does not
depend on the particular policy rule studied. However, the effects of uncertainty in
dynamic channels of the reference model may be amplified (or dampened) through
the policy feedback on the endogenous variables of the model. Hence, the size of
uncertainty in general depends on the particular policy rule chosen, and therefore
such a dynamic uncertainty cannot be consistently represented in the shock form
that does not account for this dependence.

Figures 1 through 4 present results in more detail. They show contour plots of the

upper bounds for the index for different rules in the whole range of the parameters

38



studied. Parameters of the rules are chosen in the following domain: gy, gn2, g, € [0, 6]
(grid of 1), g,1 € [0, 8] (grid of 1/3) and g; € [—1, 1] (grid of 0.5). T experimented with
the size of the grid and chose the reported one because it represents my solutions
well. Figure 1 corresponds to the Taylor-type rule based on current observations of
inflation and the output gap (J, K=0). The four subdivisions of the figure present
indices of robustness under econometric error uncertainty, combined econometric
and simple specification error uncertainty, general specification error uncertainty
(as described in section 4.2.2), and the combined econometric, simple specification
error, and potential output error uncertainty. We see that relatively more aggressive
rules become non-robust when uncertainty about quality of the real-time data is
introduced. Without this uncertainty, rules with aggressive reaction to the output
gap and moderate reaction to inflation are relatively more robust.

The index of robustness is discontinuous with respect to g,. It drops to zero
if g becomes smaller than 1. This fact can be explained as follows. When g, is
only marginally larger than 1, dynamic uncertainty in the system hardly matters for
“destabilization strength” of the aggregate supply shocks ¢;. It is because the supply
shocks are almost fully accommodated by the policy so that only a tiny portion of
the shock can be amplified through the endogenous dynamics of the economy.??

As was mentioned before, there is no simple statistical interpretation of the index
of robustness for the general specification error uncertainty. However, qualitatively,

the pattern of robustness for different policy rules under this type of uncertainty is

220f course, policy rules with the inflation response close to unity are associated with high
conventional loss (even though they do not easily result in dynamic instability).
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similar to that for the other types of uncertainty analyzed. Rules with relatively more
sluggish reaction to inflation are relatively more robust. The degree of the “most
robust” response to the output gap under the general specification error uncertainty
varies with different weightings of the different dynamic channels of uncertainty.

Figure 2 and 3 present results for the nominal income growth rules. The index of
robustness for the nominal income growth rules is generally much smaller than that
for the Taylor-type rules. However, in the most favorable situation when we assume
that the target for the nominal income growth does not depend on the potential
output estimates, the most robust nominal income rules are more robust than the
most robust Taylor-type rules.

Figure 4 shows the index of robustness for the forecast based rule that responds to
1 year ahead forecast of inflation and the current output gap. The results for other
specifications of the forecast based rules considered in this paper (J = 4, K = 4;
J =8, K = 0) are similar. We see that relative robustness of the forecast based rules
depends on the specification of uncertainty chosen. However, in general, the forecast
rules are much more robust than the Taylor-type rules responding to the current or
past data and the nominal income rules.

Interestingly, the forecast based rules remain to be quite robust to model un-
certainty even for purely forward-looking Clarida, Gali and Gertler (1999) reference

123

model“°. However, in such a case they are relatively less robust than the Taylor-type

rules responding to current data. Moreover, indeterminacy become a real issue when

23] studied general specification error uncertainty for the CGG model.
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policy responds to 1 year ahead forecasts of both inflation and the output gap.

5. Conclusion

The main methodological contribution of this paper is an extension of the robustness
analysis proposed by Onatski and Stock (1999) to forward-looking reference models
and uncertainty sets. The fact that the most interesting models of the economy
include some forward-looking components suggests the importance of such an exten-
sion. I propose to characterize the robustness of a given policy rule by the maximal
size of the uncertainty set that does not include any unstable models or models hav-
ing multiple solutions under this particular rule. I modify the ideas of the robust
control literature to fit the case of systems with rational expectations.

I apply theoretical results of the paper to analyze simple policy rules under model
uncertainty in an empirical New Keynesian models of the US economy discussed in
Rudebusch (2000). I address three sets of issues: the degree of policy activism under
model uncertainty, the stabilization properties of nominal income rules, and the
robustness of forecast-based rules. I find that aggressive policy rules are relatively
more robust than cautious rules with respect to uncertainty about point estimates
of parameters of the reference model. However, cautious rules look relatively more
robust under more broadly specified uncertainty. Nominal income rules are shown
to be much less robust than rules responding to inflation and the output gap. The
policy rules responding to a forecast of inflation and the current output gap are found

to be quite robust even for forecast horizon longer than 1 year.
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There are many issues left for future analysis. First, in this paper I assume
that the private sector knows the true model of economy whereas a policy maker
faces model uncertainty. It would be interesting to put the private agents and policy
makers on an equal footing. Second, finding exact minimax rules instead of analyzing
stability and uniqueness robustness is a question of practical importance. It is also
of interest to try to generalize the technique developed to non-linear and linear
time-varying model uncertainty. Finally, a more detailed analysis of the empirical

questions studied would be helpful.

6. Appendix

Here I explain how to cast the reference model (4.1, 4.2, 4.3) in form (2.1) and how
to represent the confidence parallelepiped uncertainty sets in form (3.4).

Rewrite equations (4.1, 4.2, 4.3) of the reference model in a form:

T = C1B 1 Teyg + comq + camp_o + CaTy—3 + C5Ti—g + CoYr—1 + €1
Y = Y1+ Yo+ Colit—1 — Er1Tei3) + 1y

i = Giti—1 + g E T g + gy By k-

These equations can be cast in form

> B MI(L)X, =
=0
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with the following parameters.

Xt = (Wt,yt,it)/,ut = (et,nt)',m = ].,
1-— Z?:l Ci+1Li —CGL 0
M°(L) = N2 T
0 1 Zi:l Cz+6L CgL ’
—g= 3 L —gy L7 1 —giL

—a YL 00

ML) = | ay? i 0 0

0 0 0

Now, let V' be the 8 x 8 variance-covariance matrix of the point estimates of
Co, ..., cg. Let U be the Choleski factor of V, that is U'U = V. Denote the inverse of
U as S = {s;;}. Define A°, A, W/(L), j = 0,1, 7 = 1,2 as follows using Matlab

notations:

A" = A'=diag(Al,,..., Agly), where A; are real numbers,
WP = W] = [kron(ones(1,8),[1 0]); kron(ones(1,8), [0 1]); zeros(1, 16)],

, — S swlL —sks L 0
Wy (2k-1:2k ,: )= , where k =1, ..., 8,

2 -
0 =D i1 SkiysL' —spgL

lzéo’; Skiszg LV 00
Wilek-12k . )= T , where k=1,...,8.

tsisd 0l 00

The set of models (2.2) with weighting matrices and perturbation operators defined
above and such that ||A°|| = ||A!|| < r corresponds to the reference model with
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coefficients ¢y, ..., ¢y perturbed inside a 100%*(2®(r) — 1)® confidence parallelepiped

as defined in Section 4.
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