    Model uncertainty is a condition of analysis when the specification of the model of analyzed process is open to doubt. One of the fundamental sources of model uncertainty is the tradition of critical reasoning that, in words of ‘Karl Popper, (1962, pp.151-152)’, ‘admits a plurality of doctrines which all try to approach the truth by means of critical discussion.’ Popper traces the critical tradition back to ancient Greek philosophy. He cites Xenophanes, 570-480 BC, who wrote:

‘The gods did not reveal, from the beginning,

All things to us; but in the course of time,

Through seeking, men find that which is the better...
But as for certain truth, no man has known it,

Nor will he know it; neither of the gods,

Nor yet of all the things of which I speak.

And even if by chance he were to utter

The final truth, he would himself not know it:

For all is but a woven web of guesses.’
Another fundamental source of model uncertainty is the necessity for models to be simple enough to provide an efficient link between theory and reality (see ‘Morgan and Morrison, 1999’ for a book-long discussion of the nature of models). Complicated models may be less useful than simple ones even though the accuracy of the simple models’ description of the modeled process may be more doubtful. 
The understanding of what constitutes a model and how to model model uncertainty itself depends on the research context. For example, for engineers a prototypical model is represented by a system of differential equations:
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, interpreted, respectively, as internal states, inputs, and outputs of the modeled mechanism. By means of the Laplace transform, we get an alternative representation of the above model (with zero initial states):
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 (see ‘Kwakernaak and Sivan, 1972, p.33’).
For engineers the interest often lies in checking whether particular inputs into the modeled mechanism are such that the corresponding internal states and outputs satisfy an admissibility criterion. Since the model is only an approximation of the mechanism, the check of the admissibility criterion should take into account possible deviations of the model from the truth. These possible deviations constitute model uncertainty, which can be represented by a set of models built around the above reference model. 

A model of the uncertainty set which is very flexible and well-suited for the purpose of the admissibility checks is the so called linear fractional model (see Chapters 10 and 11 of ‘Zhou et al., 1996’). It replaces the reference model represented by
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 is a set of block-diagonal matrices with the largest singular value bounded by unity. The number and the structure of the blocks, and the form of matrix functions 
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 must be chosen so that the resulting model uncertainty set accurately represents engineer’s understanding of possible deviations of the reference model from the modeled mechanism.

To take another example, for researchers in statistics a model is often defined as a family of the joint probability distributions of the data. ‘Draper (1995), p.45’ notes that statistical models can be expressed in two parts: the first one representing structural assumptions, such as distributional choices for residuals, or a particular functional form of the regression function etc., and the second one representing parameters, whose meaning is specific to the assumed structure. He points out that ‘even in controlled experiments and randomized sample surveys key aspects of… [the structure] will usually be uncertain, and this is even more true with observational studies…’. Statistical model uncertainty can be interpreted as the structural uncertainty that Draper is concerned about in the above citation.
A failure to account for statistical model uncertainty often leads to overconfidence in the results of a statistical study. For example, the forecast intervals obtained ignoring possible model uncertainty may be too narrow, p-values of a test of significance of coefficients in a linear regression too small etc. 

Typically, statistical models analyze reality which is much more complicated than man-made mechanisms. Therefore, building a crisp set of models that would represent model uncertainty is more problematic in statistics than in engineering. Most of the statistical approaches to modeling model uncertainty are Bayesian. They represent model uncertainty by a prior distribution defined in the model space and propagate this uncertainty to the statistical decisions by integrating models out from the posterior distribution. Such a technique of model uncertainty propagation is called Bayesian Model Averaging (see ‘Hoeting et al., 1999’ for a tutorial).

There are no standardized ways to specify a prior that would represent model uncertainty. One approach is to expand a given model to a more general class and to formulate a subjective prior over this class. An early example of this approach can be found in ‘Box and Tiao (1962)’, who reexamine Darwin’s paired data on the heights of self- and cross-fertilized plants earlier analyzed by ‘Fisher (1935)’. To take into account a possible misspecification of Fisher’s model for differences in the heights of the i-th pair of plants, 
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Box and Tiao expand it to a more general model:
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and formulate a beta-type prior distribution for the “extra” parameter 
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. 
As emphasized by ‘Draper et al. (1987), p.12’, for the model expansion approach to be successful, it is important to “stake out the corners in model space”, that is to find ‘the plausible variations on the model… that strongly influence what actions would be taken’. Of course, such an exercise would necessarily be subjective and context specific. 
An interesting frequentist alternative to specifying a prior in the model space is bootstrapping the modeling process. ‘Efron and Gong (1983)’ consider a data-based process of explanatory variable selection for a logistic model of the probability of death from a certain disease. They apply the selection process to bootstrap replications of the data, obtaining, thus, a distribution of logistic models, which represents uncertainty about the model whose explanatory variables were chosen on the basis of the original data set. 
Turning to a discussion of model uncertainty in economics, we, first, note that the economic model uncertainty is much broader in scope than engineering or statistical model uncertainty. The economic reality is so complex that it may be impossible in principle to approximate it by any model. Different research communities may disagree on what should be understood by economic reality in the first place. For example, ‘Frankel and Rockett (1988)’, studying potential gains from cooperation of different countries' monetary authorities, write: 

‘The assumption that policy makers agree on the true model has little, if any, empirical basis. Different governments subscribe to different economic philosophies.’

The idea of incommensurability of different views of economic reality is a focus of ‘Dow’s, (2004)’ methodological study of model uncertainty. She puts the incommensurability idea in the context of uncertainty research originating in ‘Keynes’s, (1921)’ Treatise on Probability, and discusses the role of judgment in a situation when it is impossible in principle to compare models on the basis of their closeness to “the truth”.
Further, in views of ‘Keynes (1921)’ and ‘Knight (1921)’, economic uncertainty may be conceptually different from the uncertainty modeled by randomness. So even if the incommensurability issue does not arise, an economic decision maker may be hesitant to assign probabilities to different economic models and compare them on the basis of these probabilities. Such a view is supported by a range of experimental studies initiated by the Ellsberg paradox. 
The Ellsberg paradox shows that people prefer to bet on 50:50 lotteries rather than on lotteries with completely unknown odds. Such a behavior is a variant of a more general phenomenon called ambiguity aversion. It reveals that people fail to assign prior probabilities to events that happen in incomplete information environments.

As ‘Gilboa and Schmeidler, (1989)’ show, failing to assign prior probabilities to events is perfectly rational because it is consistent with axioms of choice as reasonable as those used by ‘Savage, (1954)’. Gilboa and Schmeidler’s axioms imply that a rational decision maker acts as if she contemplates a set of probability distributions over the possible events. The decision is then made so as to minimize the expected loss under the worst possible distribution from the set. 
A large part of the modern research on economic model uncertainty concerns monetary policy formulation and evaluation when policy makers do not have a single reliable model of the economy. In the rest of this article, we will, therefore, focus on the model uncertainty arising in the monetary policy research. 

Different approaches to macroeconomic model uncertainty can roughly be separated in two broad categories, which ‘Brock et al. (2003)’ call global and local approaches. The global approach assumes that a set of possible models consists of the substantially different economic theories. An early example of the global approach is ‘McCallum (1988)’ who uses a real business cycle model, a monetary misperception model, and a Keynesian model to represent model uncertainty confronted by a monetary policy maker. In contrast, the local approach builds the model uncertainty set by continuously expanding a single reference model. 
‘Brock et al. (2003)’ distinguish three different components of model uncertainty in the global approach.  The first component is ‘theory uncertainty’, which represents economists’ ‘disagreement over fundamental aspects of the economy’. The second component is ‘specification uncertainty’, which includes uncertainty about lag length specification, functional form, and the choice of proxy variables representing particular theoretical concepts. The last component is ‘heterogeneity uncertainty’ which ‘concerns the extent to which different observations are assumed to obey a common model’.
A model for the global model uncertainty itself is based on a set of models which represent different theories, have different specifications given a particular theory, and may include dummy variables or other devises that capture possible data heterogeneity. ‘Brock et al. (2003)’ propose to complete the model of model uncertainty by specifying a prior distribution over the models in the set. They propose three principles that should guide the formulation of the prior. First, it ‘should assign relatively high probability to those areas of the likelihood that are relatively large’ (see, however, Chris Sims’ critique of this principle in the discussion published with the paper). Second, ‘a prior should be robust in the sense that a small change in the prior should not induce a large change in the posterior’. Finally, ‘priors should be flexible enough to allow for their use across similar studies…’. 
To accommodate the possibility of the ambiguity aversion on behalf of policymakers, ‘Brock et al. (2003)’ suggest that the chosen prior,
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, be extended to a class of ε-contaminated priors 
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 is the set of all possible probability measures on the model uncertainty set. The policy which takes into account the model uncertainty can then be chosen by minimizing the expected posterior loss under the worst possible prior from the ε-contaminated class. 
Classes of ε-contaminated priors are often used in robust Bayesian analysis to model uncertainty in the prior distribution (see ‘Berger and Berliner, 1986’). Such classes are easy to work with, and it is not difficult to show that the policy described above differs from the policy which minimizes expected posterior loss under the original prior by putting an extra weight on the worst possible model from the model uncertainty set. The higher the 
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, the larger the extra weight. 
In the extreme case when 
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, specifying prior probabilities of the models from the model uncertainty set is not necessary. The very set completely describes model uncertainty. The policy is then formulated as if the worst possible model were true. The policy choice under the extreme model uncertainty is often visualized as a zero-sum game between a policymaker and malevolent “nature” who chooses adversary models from the model uncertainty set. Early advocates of this useful visualization were ‘Brunner and Meltzer (1969)’ and ‘von zur Muehlen (1982)’. 

Describing model uncertainty by an un-weighted set of models was advocated by John Tukey. He says in his comment on ‘Draper, (1995)’:
‘The most acceptable pattern, as far as I am concerned, for the development of a bouquet of models begins with a predata choice of a collection of models likely to be relevant in the field in question, followed by an examination of the reasonability of the data in the light of each model. For those models for which the data seem unreasonable, we have a choice:
a) drop them from consideration or
b) move them sufficiently close to a smoothed version of the data to make the data reasonable.

Here reasonability is a yes-no decision, not a probability reduction, and the models are thought as challenges, trying to mark the boundaries of reasonability, not to represent likely outcomes. Taking the worst of what remains is a conservative but, in my judgment, reasonable step.’
An un-weighted set description of model uncertainty is also preferred by Lars Hansen and Thomas Sargent who initiated a broad research program addressing model uncertainty in macroeconomics (see ‘Hansen and Sargent, 2006’ for a book-long development of their research plan). In contrast to Tukey, their choice of the un-weighted representation is primarily motivated by the difficulty of formulating a sensible prior over a large set of models.   
Hansen and Sargent’s approach to model uncertainty is an example of the local approach. They assume that by an unspecified search process a policymaker comes to a single approximating model of the economy. Then, the model uncertainty set is built around this model. The set includes all models that are statistically difficult to distinguish from the original approximating model.  

More formally, ‘Hansen and Sargent, 2006, p. 8’ consider a policymaker whose approximating model can be formalized as a Markov process characterized by transition density 
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  is a state vector at time 
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. The policymaker’s model uncertainty set consists of the Markov processes with transition densities
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, which are difficult to statistically distinguish from the approximating model in the sense that the expected discounted sum of conditional relative entropies of models 
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The conditional relative entropy measures the mean information for discrimination between 
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 and 
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 on the basis of a new observation of the state vector, which comes from 
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 (see ‘Kullback and Leibler, 1951’). What ‘reasonably small’ means depends on how uncertain the policy maker is about her approximating model. When 
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 is large, the amount of uncertainty may be very large. Hence, the classification of the Hansen-Sargent approach as “local” does not mean that the uncertainty they address is insignificant. ‘Anderson et al., (2003)’ relate 
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 to a more transparent concept of detection error probability, which can be used to calibrate 
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Using the relative entropy concept for the formulation of the model uncertainty set is very convenient for design of macroeconomic policy that works well across all models from the set. In an engineering context, ‘Petersen et al., (2000)’ show how to construct a risk-sensitive control problem which has the same solution as the problem of finding a controller that maximizes the worst possible performance over the set of models subject to the relative entropy constraint. The risk-sensitive control problem is extensively studied in ‘Whittle, (1990)’. It has a very simple solution, which is a modification of a standard solution of the linear quadratic Gaussian problem.  ‘Hansen and Sargent, 2006’ substantially modify and extend the control methods so that they are applicable to economic problems.   
A very important economic setting which calls for an extensive modification of the engineering ideas is that with multiple decision makers. The rational expectations literature assumes that the economic agents living inside the model and the policymaker who uses the model to formulate her policy agree on the model. The possibility that the agents and the policymaker have doubts about the model calls for a revision of the rational expectations paradigm. ‘Giannoni, (2002)’ is an early example of a study that assumes model uncertainty on behalf of the policymaker but requires the modeled economic agents to know the true model. ‘Hansen and Sargent, (2003)’ consider a situation when the policymaker and the economic agents are uncertain about a common approximating model.
 Another example of the local approach to model uncertainty is ‘Schorfheide and Del Negro (2005)’. In contrast to Hansen and Sargent, they represent model uncertainty about an approximating model by a prior distribution in the model space, centered at the approximating model. To cope with the difficulty of specifying sensible and manageable priors over a vast set of models, they restrict attention to the alternative models that have form of identified Vector Auto Regressions (VAR). The prior density over the alternative models is taken to be proportional to the relative entropy distance between the alternative and the approximating model, which is chosen to be a state-of-the-art dynamic stochastic general equilibrium model.

Using identified VARs for construction of the model uncertainty set potentially raises an extra model uncertainty issue: which identification scheme to use to identify structural shocks in VARs? Different identification schemes cannot be evaluated on the basis of data because the implied identified VARs are observationally equivalent. To take into account uncertainty about the identification schemes, ‘Faust (1998)’ proposes to form a set of identified VARs such that the corresponding impulse responses look reasonable in the sense that they are consistent with some particularly strong prior believes about the effects of structural shocks. 

‘Schorfheide and Del Negro’s (2005)’ analysis of policy choice under model uncertainty is one of few studies that allow for changes in the model uncertainty depending on the prospective policy choice. Such flexibility comes from their obtaining the joint posterior distribution for the set of possible models and policy parameters. As long as a policymaker contemplates setting policy parameters in the historically observed region, she can take as her model of model uncertainty the posterior distribution over the set of models conditional on the particular parameter values.

Policymakers’ perception of model uncertainty may depend on many factors beyond particular policy choices. As new data are coming, policymakers learn and adjust their model uncertainty sets. Even more importantly, unforeseen events may substantially change the set of possible models.  This fact is at the heart of ‘Keynes’, (1939)’ critique of Tinbergen’s econometric method:

‘[The] main prima facie objection to the application of the method of multiple correlation to complex economic problems lies in the apparent lack of any adequate degree of uniformity in the environment.’

 An interesting theory of learning under the condition of model uncertainty in a non-stationary environment is ‘Epstein and Schneider, (2005)’. They consider a decision maker who receives a sequence of signals generated by an uncertain model. Some features of the model are constant over time. Those features are represented by a parameter θ, which although ambiguous initially, the decision maker hopes to learn about. Other features ‘may vary over time in a way … [the decision maker] does not understand well enough even to theorize about and therefore she does not even try to learn about them.’ These features are captured by an assumption that the decision maker considers a non-singleton set of data distributions, which are all parameterized by θ but have different structure. Which structure is used to deliver observations may erratically change over time.

Epstein and Schneider show how the set of priors for θ changes over time, and prove that, under certain regulatory conditions, it converges to a distribution assigning probability 1 to a single vector θ* so that the ambiguity about θ is asymptotically resolved. On the contrary, by assumption, the uncertainty associated with the multiplicity of the structures representing the poorly understood factors influencing the dynamics is never resolved or learned about.
Can we form any idea about the nature and the strength of the poorly understood factors? After all, we have to somehow specify a set of distributions representing these factors to analyze model uncertainty. ‘Tetlow, (2006)’ may be a first step in answering this question. He studies the real-time evolution of the principal macroeconomic model of the Federal Reserve Board in the 1996-2003 period. He finds a surprisingly large amount of variation in the model over the period, and shows how the changes in the model were driven by the data and ‘the economic issues of the day’.  
The literature on model uncertainty is large and rapidly growing. In engineering, the entire field of automatic control is motivated to a large extent by issues of robustness to model uncertainty. Although above we gave an example of engineers’ approach to model uncertainty, we have not even scratched upon the surface of the literature. Similarly, many important approaches to model uncertainty in statistics and economics were left aside. We hope, however, that the reader has got a general idea about the topic and will find a further discussion in the references provided below.
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