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ABSTRACT
As today’s media landscape is carved by social media endorsements

and built on automated recommendations, both of these are often

criticized for inducing vicious dynamics, such as the filter bubble

effect, echo chamber, or polarization. We introduce a new model

featuring a mild version of homophily and two well-known popu-

larity dynamics. These broadly reproduce the organic activity and

the algorithmic filtering, respectively, of which the latter is now

commonplace within social media or other online services. Sur-

prisingly, we show this is all that is needed to create hegemony: a

single viewpoint (or side) not only receives undue attention, but it

also captures all the attention given to “top trending” items.

CCS CONCEPTS
•Theory of computation→Network flows; Social networks;
Random walks and Markov chains; • General and reference →

Empirical studies.
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1 INTRODUCTION
Item recommendation is instrumental for an online marketplace to

develop, for a content provider to grow its audience, and for a social

media participant to navigate the deluge of information produced in

real time. This is the primary form of personalization, and its effects

on growth are beyond doubt: automated recommendations are the

origin for 35% of sales on amazon.com, 50% of initial messages sent

on match.com, and 80% of streamed hours on netflix.com. Their
side effects have never been so scrutinized: concerns range from

recommendation algorithms isolating information seekers from

differing viewpoints (filter bubble), radicalizing citizens’ attitude

towards controversial issues (polarization), or enabling malicious
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actors to manipulate information spreading (fake news). It is increas-
ingly common that opting out of recommendations is simply not

an option: accessing news on Facebook or searching for partners

on Tinder. Still, many users express a concern that the results they

see may not be representative.

We describe a model to study whether diverse viewpoints are

rewarded with attention from social media and recommender sys-

tems. The alternative would be a form of hegemony where, although
multiple viewpoints exist on a controversial topic, only one of them

effectively reaches a large audience. Social media are often criticized

for their alleged effects on opinion formation. They claim a form of

neutrality: that they add no supplementary bias to the relative pro-

portion of those supporting different viewpoints. In particular, they

vehemently deny that item recommendations or the selection of

top trending items leverages any feature or design that could favor

a particular ideology. That claim seems a priori credible since all
media know that news readers massively oppose partisanship and

ideological bias, with up to 75% claiming it is "never acceptable"[13].

But the paradox is, despite all of the above, there is a considerable

distrust in the media, especially social media and algorithmic rec-

ommendations, to represent each viewpoint fairly. This lack of trust

has dangerous consequences and often accompanies accusations of

dishonesty. Here we explore an alternative explanation where this

chasm comes from a natural hegemony emerging from root causes

commonly found in most online services.

We assume no pre-existing social network connecting readers

that could affect their content exposure
1
. We assume a mild form of

homophily, where users tend to connect more to content they agree

with. Under these (idealized) conditions, we answer the following

questions: does the organic dynamics of posting and reposting in

social media offer an outlet for all viewpoints to be shown? Can

one viewpoint become hegemonic? And is a simple recommenda-

tion algorithm such "people who like ... also like" a deciding or a

contributing factor?

• We first analyze a simple content-linking model. Readers

implicitly belong to one of two groups (e.g. liberal or conser-

vative, female or male). We prove that social media reposting

systematically under-represent a minority viewpoint, the ma-

jority viewpoint gradually becoming the only visible option.

(Section 4)

• We extend our model to more complex forms of homophily,

and show it accurately reproduces an observed gap in the

amount of likes received by items on a leading social me-

dia (i.e. pictures on Instagram). Interestingly, it shows that

hegemony may be created not by majority alone but also

1
Note that exposure to ideologically diverse news on Facebook was studied empirically

and shown to present a bias that was primarily attributed to that effect [3].
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by minority when it exhibits exacerbated homophily. (Sec-

tion 5).

• Finally, we study the effect of recommendations. We find that

items recommendations always accelerate the hegemonic

dynamics we identified, exacerbating the misrepresentation

of a minority viewpoint. (Section 6).

2 RELATEDWORK
In spite of a large body of work studying the effect of recommen-

dation systems, we found no model that reproduces the simple

underlying dynamics of a hegemonic nature we observe. A critical

novelty of our approach is that we study the effect of recommenda-

tions within the natural organic growth of the social media. Empir-

ically, recommendations were shown to influence users in creating

blockbusters [14], to expose users to a slightly narrowing set of

items [10], or on the contrary to widen their interests [8]. A model

of recommendation based on market share was shown to lead to

higher concentration overall, while individuals enjoy higher prod-

uct diversity [6]. We study dynamics that more generally emerge

from the social endorsements created with time and exploited to

build recommendations.

Filter bubble [12], balkanization [16] or polarization [4, 17] dy-

namics have been suspected to play an increasing role online for

almost a decade. Polarization and echo-chambers were identified

before in pre-existing structures among blogs or in the social net-

work connecting individuals [1, 3], with important consequences on

information exposure. However, recent evidence relativizes those

hypotheses [5] as it finds only a modest segregation or ideological

distance between news readers. Our analysis points to a different

hypothesis: first, our model has no graph connecting participants

that would limit or direct their information exposure; second, we

do not predict that two groups of readers online end up at polar

opposites, but rather explain why dissenting and minority views

are suffering from a lack of representation. We note that, in con-

trast with previous work, these dynamics emerge in conditions that

are almost always met online, which may explain why individu-

als holding viewpoints that are not shared by the majority found

that items recommended in social networks rarely reflect their

views. Note that a lack of equal access to representation in today’s

online services (including Twitter [11], TaskRabbit [7]) was empiri-

cally observed. This adds to a large body of work warning us on

the unintended consequences of algorithms run on Big Data, with

discrimination taking place in seemingly neutral settings. Since

the relative representation of various viewpoints is driven by par-

ticipants’ homophilic behavior rather than an algorithm itself, it

remains difficult to determine if that constitutes a case of active

discrimination. It is however undeniably generating a disparate

impact, and the fact that an algorithm reinforces this effect makes

a strong case that more work is needed to prevent this harm.

The result most relevant to ours is a recent proof that rich-get-

richer dynamics combined with homophily naturally exacerbate the

advantage of a majority group [2]. That was recently extended to

understand how social recommender system contributes to create

a glass-ceiling [15], an effect that is equivalent to hegemony in a

unipartite graph.

3 MODELS AND DEFINITIONS
We introduce two models - one describing the organic growth of

a network and one in which recommendations are added. Both

models extend previous work on network growth [2, 9, 15] by

separating nodes into individuals and items in a bipartite manner.

Participants interact with items on social media by either posting

their own content, or by reposting: liking, retweeting, or sharing.

For simplicity we assume participants have one color (Red or Blue)

that represents their opinion. Items also have colors, inherited

from the person who posted it originally. Colors may represent for

instance liberal and conservative views on an issue, but the model

is general and can be applied to goods bought online from different

brands, job ads, etc.
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Figure 1: Illustration of the organic growth model M and
the recommendation modelM−REC, where individuals are
circles and items are squares.

3.1 Organic growth modelM
We introduce a model of growthM, inspired by the biased prefer-

ential attachment model [2]:

• Minority-majority partition: for 0 ≤ r ≤ 1/2, at time t , an
individual enters the network and receives label R with prob-

ability r and B with probability 1 − r .
• Item creation: with probability η, the new individual creates a

new item that has the same color as herself, and connects to

it with probability 1. This step allows the set of items to grow,

capturing the dynamics or creativity in a social network -

for example, an author of a certain political view writes and

publishes an article that reflects her view, or composes a

tweet (Figure 1 (a)).

• Reposting: with probability 1 − η, the new individual re-

posts/retweets/likes one existing item. Intuitively, items that

have been reposted more are more likely to be noticed and

hence chosen to be reposted. We thus assume the individual

chooses one item to connect to with probability proportional

to that item’s degree, P(v is chosen) = δt (v )/
∑

u ∈Vt
δt (u),

where δt (x ) denotes the degree of item x at time t and Vt is
the set of items in the graph at time t (Figure 1 (b)).
• Homophily: if the individual has a different label than the

item it chooses to connect to in the previous step, the con-

nection is accepted with probability ρ (and rejected with

probability 1 − ρ). If rejected, the process is repeated until

an edge is formed. The homophily parameter 0 ≤ ρ ≤ 1

captures a person’s openness to repost content that does

576



not match her views; ρ = 1 denotes an equanimous person

which is not affected by that item’s viewpoint in any way.

We typically assume that ρ < 1. Intuitively, most individuals

have a tendency to read broadly across the political spec-

trum, but are more selective in the ideology of items they

repost [1].

3.2 Recommendation modelM − REC
We extend the model M by adding recommendations based on

individuals with similar behavior. This captures the way in which,

for example, an individual would see a link posted by a friend with

whom he shared previous items.

We denote this new model byM − REC and define it below:

• Minority-majority partition: for 0 ≤ r ≤ 1/2, at time t , an
individual enters the network and receives label R with prob-

ability r and B with probability 1 − r .
• with probability ζ , it connects to an item according to model

M (Figure 1 (a) and (b)).

• with probability 1 − ζ , it chooses an item according to pref-

erential attachment, but it does not connect to it; instead,

it follows a 3-step random walk from that item by finding

someone who was connected to that item and choosing an-

other item linked to that individual. If the end item has the

same color, it connects to it, and if not, it accepts it with

probability ρ and rejects with probability 1 − ρ, and repeats

the process until an edge is formed (Figure 1 (c)).

Note: We assume each node has an outdegree of m > 1 and

exclude it from the analysis it will just create am-factor multiplica-

tion.

We adapt the analysis of the glass ceiling effect in the unipar-

tite graph from [2], where two communities exhibit a glass-ceiling

effect if their degree distributions follow a power law with differ-

ent coefficients. Intuitively, this shows that the gap between them

would increase as we are looking at higher-ranked individuals.

4 HEGEMONY IN ORGANIC GROWTH
We first present a theoretical result, where the item-based prefer-

ential attachment modelM exhibits a hegemony effect, effectively

suppressing the representation of the items pertaining to the mi-

nority viewpoint in top results.

A similar proof exists for a more constrained model on unipartite

graph [15]. An important step is to obtain the fraction of connec-

tions to red-items as a fixed point equation. We find that, provided

the fixed point equation is adapted to this new case, similar argu-

ments can be used for a bipartite graph.

Rate at which red items receive connections: Denote by ut (R) as
the sum of degrees of all red items after t steps. Since an edge is

added at each step, it makes sense to introduce ut (R) = t · αt and
ut (B) = t · (1 − αt ), where αt is equivalently defined as the sum of

degree of the red items divided by the total sum of their degrees, or

simply the fraction of edges created towards R items.

Lemma 4.1. E[αt+1 |αt ] = αt +
F (αt )−αt

t+1 , where

F (x ) = η · r + (1 − η) ·

(
rx

x + ρ · (1 − x )
+
x · ρ · (1 − r )

xρ + 1 − x

)
.

We observe similar properties of the F function than the other

function described for unipartite graph in Avin et al [2]. For space

considerations, we omit the complete argument of this proof.

Lemma 4.2. For r < 1/2 and 0 < ρ < 1, we have
(1) F is monotonically increasing.
(2) F has exactly one fixed point in [0, 1], denoted by α∗.
(3) x < α∗ =⇒ x < F (x ) < α∗; x > α∗ =⇒ α∗ < F (x ) < x .
(4) α∗ < r .

As Lemma 4.1 illustrates, F is the expected rate of growth of

red edges from time t to time t + 1. Thus, its fixed point α can

be interpreted as the limit of the fraction of red edges when the

network size grows to infinity. Such a limit exists since the fixed

point is present and unique in [0, 1].

The last property, α∗ < r , already shows that the expected degree
of a red item (α∗/r ) is lower than that of a random item (1). However,

this does not necessarily imply a hegemonic effect. We now show

that the degree distribution of the two types of items follow power

laws with different coefficients, which implies hegemony as defined

above.

Degree distribution: Denote bymk,t (B) andmk,t (R) the number

of blue and red items of degree k at time t , and define

Mk (x ) = lim

t→∞

E(mk,t (x ))

t
, for x ∈ {R,B}. (1)

Theorem 4.3. In the case of organic growth according to model
M, the degree distributions of the red and blue items follow power
laws, i.e.Mk (R) ∼ k

−β (R ) andMk (B) ∼ k
−β (B ) .

We omit the proof, noting that in order to show this theorem

we derive a recurrence relation formk,t (R),mk,t (B) and deduce

that degrees quickly converge to a power law as t gets large with
coefficients β (R) = 1 + 1

(1−η)CR
and β (B) = 1 + 1

(1−η)CB
, where

CB =
ρ · r

α + ρ (1 − α )
+

1 − r

ρ · α + 1 − α
,

CR =
r

α + ρ (1 − α )
+

ρ · (1 − r )

ρ · α + 1 − α
.

(2)

Using the properties of the function F and these results, we find

the following corollary:

Corollary 4.4. For r ∈ [0, 1/2] and ρ ∈ [0, 1], we have

β (R) > 2 > β (B). (3)

Gap coefficient and normalized expected degree of a red node: Our
work enables us to make a qualitative analysis of how the expected

degree of a red node changes when homophily varies between 0

and 1. Firstly, notice that since α represents the expected fraction

of edges towards red items, α/r is the normalized expected degree

of a red note as the fraction of red items is r .
Furthermore, we are able to compute the gap between the rate at

which the number of items above degree k decreases as a function

of k . To do this, we are interested in computing the fraction of items

with degree at least k : P(u ∈ R |deд(u) > k ). We make use of the
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Figure 2: Effect of homophily parameter ρ as x-axis on the normalized expected degree of red nodes and the gap coefficient
for r = 0.25 and η = 0.1 (a) and on the normalized expected degree of red nodes, for r = 0, 0.2, 0.4,η = 0.1, ζ = 0.9 (b).

fact that the degree distribution of items of degree exactly k follows

a power law with known coefficients:

P(u ∈ R,deд(u) > k ) ∼ C · k−(1+β (R )) = C · k−(2+1/(1−η)CR ) ,

P(u ∈ B,deд(u) > k ) ∼ C · k−(1+β (B )) = C ′ · k−(2+1/(1−η)CB ) ,
(4)

for constants C,C ′. Then, for some constants C1,C2,

P(u ∈ R |deд(u) > k ) =
P(u ∈ R,deд(u) > k )

P(deд(u) > k )

=
r ·C1 · k

−(2+1/(1−η)CR )

r ·C1 · k−(2+1/(1η)CR ) + (1 − r ) ·C2 · k−(2+1/(1−η)CB )
⇒

P(u ∈ R |deд(u) > k ) ≈ k
− 1

1−η

(
1

CR
− 1

CB

)
.

(5)

We call
1

CR −
1

CB the gap coefficient. Figure 2 thus shows how the

normalized expected degree of a red node (straight red line) and

the gap coefficient reach a minimum and a maximum, respectively,

for an intermediate value of ρ. Thus, there is a critical value of

homophily for which the red items lose the most of their edges.

An example of the effect this can have in the real world is to

consider Youtube videos and analyze their revenue as a function

of their number of likes. Given Figure 2, one could expect that ho-

mophily can reduce the revenue for videos pertaining to a minority

view by up to 60% of what they should receive in an equal setting.

5 VALIDATION AND EXTENSIONS
5.1 Empirical study of Hegemony
We validate our results using data collected from Instagram to study

the effect of homophily among gender on the popularity of items.

To the best of our knowledge, no prior studies of this case exists.

The data will be made publicly available. For the purpose of this

study, we use a subset of this dataset, consisting of 92, 935 users

with labeled gender, who posted in total 44, 725, 839 photos. We

consider each of these photo as an "item", and we attribute it the

gender of its author.
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Figure 3: Fraction of photos posted by females among those
that have at least x likes for the Instagram dataset (black
dots) and model M (red line), where the power law coeffi-
cient is estimated to be a= -0.0325, plotted in log-log scale.
The green line is the true fraction of female photos, i.e. 54%.

Figure 3 presents the observed fraction of female photos among

those with at least k likes. As k grows, we focus on those that are

most likely to be noticed and feature in a “top trending” set of

items. Unfortunately, that seems to have a detrimental effect on the

observed fraction of female pictures, which drops from 54% (the

fraction of female accounts) to 40%. We note that the trend, mild at

first, seems to accelerate towards the top.

At first, this seems the exact opposite of our model, which pre-

dicts that female should be more represented since they are a major-

ity. In order to reconcile those results with this empirical analysis,

we extend the present theoretical framework by introducing differ-
entiated homophily, case in which the two subpopulations exhibit

different homophily parameters.
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<latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit>

1<latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit>0.5
<latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit>

r = 0.25
<latexit sha1_base64="RnMA6PSlB5rmq/dporOrf8JsrBI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbB07ItinoQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNde27tvFeueK43A1om1ZxUIEejV/7q9iVJYyoM4VjrTtVLTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbQnXx5WXi19wr17s/q9Rv8jSKcATHcApVuIA63EEDfCDwCM/wCm+OdF6cd+dj3lpw8plD+APn8weOLo39</latexit><latexit sha1_base64="RnMA6PSlB5rmq/dporOrf8JsrBI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbB07ItinoQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNde27tvFeueK43A1om1ZxUIEejV/7q9iVJYyoM4VjrTtVLTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbQnXx5WXi19wr17s/q9Rv8jSKcATHcApVuIA63EEDfCDwCM/wCm+OdF6cd+dj3lpw8plD+APn8weOLo39</latexit><latexit sha1_base64="RnMA6PSlB5rmq/dporOrf8JsrBI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbB07ItinoQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNde27tvFeueK43A1om1ZxUIEejV/7q9iVJYyoM4VjrTtVLTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbQnXx5WXi19wr17s/q9Rv8jSKcATHcApVuIA63EEDfCDwCM/wCm+OdF6cd+dj3lpw8plD+APn8weOLo39</latexit>

1<latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit>

0
<latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit>

0.5
<latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit>

⇢B
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0
<latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit>

1<latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit>0.5
<latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit>

1<latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit><latexit sha1_base64="1etOrtQ8bv8ZBtABdaeoSXemM9I=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaXq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDo6YyI</latexit>

0
<latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit><latexit sha1_base64="DfemnTLialK+ve98TKLnkz30pz8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWabq9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZdc5sX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwDnZoyH</latexit>

0.5
<latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit><latexit sha1_base64="asDrSxpP4FoSNxEaZ6JK16xSNZ8=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUW9FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDx6j/y5r9x2+ag1QcDj/dmmJkXZYJr43lfTmlpeWV1rbxe2djc2t6p7u496DRXDAOWilS1IqpRcImB4UZgK1NIk0hgMxpeT/3mIyrNU3lvRhmGCe1LHnNGjZXuPPesW615rjcD+Uv8gtSgQKNb/ez0UpYnKA0TVOu272UmHFNlOBM4qXRyjRllQ9rHtqWSJqjD8ezUCTmySo/EqbIlDZmpPyfGNNF6lES2M6FmoBe9qfif185NfBGOucxyg5LNF8W5ICYl079JjytkRowsoUxxeythA6ooMzadig3BX3z5LwlO3EvXuz2t1a+KNMpwAIdwDD6cQx1uoAEBMOjDE7zAqyOcZ+fNeZ+3lpxiZh9+wfn4Bsd0jP4=</latexit>

r = 0.05
<latexit sha1_base64="fQtmlPLGIp0/jR4Bc9tOG4BNodQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVi3oQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfhDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNdu1W31itX7DcDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstm2E3RilT6KpLJPGDRTf3dkONZ6HIe2MsZmqBe9qfif10lNdBlkTCSpoYLMB0UpR0ai6emozxQlho8twUQxuysiQ6wwMTagkg3BWzx5mfhn1auqe39eqd/kaRThCI7hFDy4gDrcQQN8IPAIz/AKb450Xpx352NeWnDynkP4A+fzB4smjfs=</latexit><latexit sha1_base64="fQtmlPLGIp0/jR4Bc9tOG4BNodQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVi3oQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfhDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNdu1W31itX7DcDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstm2E3RilT6KpLJPGDRTf3dkONZ6HIe2MsZmqBe9qfif10lNdBlkTCSpoYLMB0UpR0ai6emozxQlho8twUQxuysiQ6wwMTagkg3BWzx5mfhn1auqe39eqd/kaRThCI7hFDy4gDrcQQN8IPAIz/AKb450Xpx352NeWnDynkP4A+fzB4smjfs=</latexit><latexit sha1_base64="fQtmlPLGIp0/jR4Bc9tOG4BNodQ=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVi3oQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfhDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNdu1W31itX7DcDWiZeTiqQo9Erf3X7kqQxFYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUsFjqkOstm2E3RilT6KpLJPGDRTf3dkONZ6HIe2MsZmqBe9qfif10lNdBlkTCSpoYLMB0UpR0ai6emozxQlho8twUQxuysiQ6wwMTagkg3BWzx5mfhn1auqe39eqd/kaRThCI7hFDy4gDrcQQN8IPAIz/AKb450Xpx352NeWnDynkP4A+fzB4smjfs=</latexit>

r = 0.4
<latexit sha1_base64="FrRcHv9a3INhAEG9dOtZ9Fp4Mt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW2lA220m7dLMJuxuhlP4GLx5UvPqHvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK4YBS0WqWhHVKLjEwHAjsJUppEkksBkNb6d+8wmV5ql8MKMMw4T2JY85o8ZKgbr23PNutea53gxkmfgFqUGBRrf61emlLE9QGiao1m3fy0w4pspwJnBS6eQaM8qGtI9tSyVNUIfj2bETcmKVHolTZUsaMlN/T4xpovUoiWxnQs1AL3pT8T+vnZv4MhxzmeUGJZsvinNBTEqmn5MeV8iMGFlCmeL2VsIGVFFmbD4VG4K/+PIyCc7cK9e7P6/Vb4o0ynAEx3AKPlxAHe6gAQEw4PAMr/DmSOfFeXc+5q0lp5g5hD9wPn8AGuuNwA==</latexit><latexit sha1_base64="FrRcHv9a3INhAEG9dOtZ9Fp4Mt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW2lA220m7dLMJuxuhlP4GLx5UvPqHvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK4YBS0WqWhHVKLjEwHAjsJUppEkksBkNb6d+8wmV5ql8MKMMw4T2JY85o8ZKgbr23PNutea53gxkmfgFqUGBRrf61emlLE9QGiao1m3fy0w4pspwJnBS6eQaM8qGtI9tSyVNUIfj2bETcmKVHolTZUsaMlN/T4xpovUoiWxnQs1AL3pT8T+vnZv4MhxzmeUGJZsvinNBTEqmn5MeV8iMGFlCmeL2VsIGVFFmbD4VG4K/+PIyCc7cK9e7P6/Vb4o0ynAEx3AKPlxAHe6gAQEw4PAMr/DmSOfFeXc+5q0lp5g5hD9wPn8AGuuNwA==</latexit><latexit sha1_base64="FrRcHv9a3INhAEG9dOtZ9Fp4Mt4=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW2lA220m7dLMJuxuhlP4GLx5UvPqHvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK4YBS0WqWhHVKLjEwHAjsJUppEkksBkNb6d+8wmV5ql8MKMMw4T2JY85o8ZKgbr23PNutea53gxkmfgFqUGBRrf61emlLE9QGiao1m3fy0w4pspwJnBS6eQaM8qGtI9tSyVNUIfj2bETcmKVHolTZUsaMlN/T4xpovUoiWxnQs1AL3pT8T+vnZv4MhxzmeUGJZsvinNBTEqmn5MeV8iMGFlCmeL2VsIGVFFmbD4VG4K/+PIyCc7cK9e7P6/Vb4o0ynAEx3AKPlxAHe6gAQEw4PAMr/DmSOfFeXc+5q0lp5g5hD9wPn8AGuuNwA==</latexit>

r = 0.1
<latexit sha1_base64="24ftpC9va7ej4bs+K3lJKZLhj04=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW2lA222m7dLMJuxuhhP4GLx5UvPqHvPlv3LY5aOuDgcd7M8zMi1LBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWSKYYBS0SiWhHVKLjEwHAjsJUqpHEksBmNbqd+8wmV5ol8MOMUw5gOJO9zRo2VAnXtuX63WvNcbwayTPyC1KBAo1v96vQSlsUoDRNU67bvpSbMqTKcCZxUOpnGlLIRHWDbUklj1GE+O3ZCTqzSI/1E2ZKGzNTfEzmNtR7Hke2MqRnqRW8q/ue1M9O/DHMu08ygZPNF/UwQk5Dp56THFTIjxpZQpri9lbAhVZQZm0/FhuAvvrxMgjP3yvXuz2v1myKNMhzBMZyCDxdQhztoQAAMODzDK7w50nlx3p2PeWvJKWYO4Q+czx8WYo29</latexit><latexit sha1_base64="24ftpC9va7ej4bs+K3lJKZLhj04=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW2lA222m7dLMJuxuhhP4GLx5UvPqHvPlv3LY5aOuDgcd7M8zMi1LBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWSKYYBS0SiWhHVKLjEwHAjsJUqpHEksBmNbqd+8wmV5ol8MOMUw5gOJO9zRo2VAnXtuX63WvNcbwayTPyC1KBAo1v96vQSlsUoDRNU67bvpSbMqTKcCZxUOpnGlLIRHWDbUklj1GE+O3ZCTqzSI/1E2ZKGzNTfEzmNtR7Hke2MqRnqRW8q/ue1M9O/DHMu08ygZPNF/UwQk5Dp56THFTIjxpZQpri9lbAhVZQZm0/FhuAvvrxMgjP3yvXuz2v1myKNMhzBMZyCDxdQhztoQAAMODzDK7w50nlx3p2PeWvJKWYO4Q+czx8WYo29</latexit><latexit sha1_base64="24ftpC9va7ej4bs+K3lJKZLhj04=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCsYW2lA222m7dLMJuxuhhP4GLx5UvPqHvPlv3LY5aOuDgcd7M8zMi1LBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWSKYYBS0SiWhHVKLjEwHAjsJUqpHEksBmNbqd+8wmV5ol8MOMUw5gOJO9zRo2VAnXtuX63WvNcbwayTPyC1KBAo1v96vQSlsUoDRNU67bvpSbMqTKcCZxUOpnGlLIRHWDbUklj1GE+O3ZCTqzSI/1E2ZKGzNTfEzmNtR7Hke2MqRnqRW8q/ue1M9O/DHMu08ygZPNF/UwQk5Dp56THFTIjxpZQpri9lbAhVZQZm0/FhuAvvrxMgjP3yvXuz2v1myKNMhzBMZyCDxdQhztoQAAMODzDK7w50nlx3p2PeWvJKWYO4Q+czx8WYo29</latexit>

r = 0.25
<latexit sha1_base64="RnMA6PSlB5rmq/dporOrf8JsrBI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbB07ItinoQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNde27tvFeueK43A1om1ZxUIEejV/7q9iVJYyoM4VjrTtVLTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbQnXx5WXi19wr17s/q9Rv8jSKcATHcApVuIA63EEDfCDwCM/wCm+OdF6cd+dj3lpw8plD+APn8weOLo39</latexit><latexit sha1_base64="RnMA6PSlB5rmq/dporOrf8JsrBI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbB07ItinoQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNde27tvFeueK43A1om1ZxUIEejV/7q9iVJYyoM4VjrTtVLTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbQnXx5WXi19wr17s/q9Rv8jSKcATHcApVuIA63EEDfCDwCM/wCm+OdF6cd+dj3lpw8plD+APn8weOLo39</latexit><latexit sha1_base64="RnMA6PSlB5rmq/dporOrf8JsrBI=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbB07ItinoQil48VnDbQruUbJptY7PJkmSFsvQ/ePGg4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3nfTuFldW19Y3iZmlre2d3r7x/0NQyVYT6RHKp2iHWlDNBfcMMp+1EURyHnLbC0e3Ubz1RpZkUD2ac0CDGA8EiRrCxUlNde27tvFeueK43A1om1ZxUIEejV/7q9iVJYyoM4VjrTtVLTJBhZRjhdFLqppommIzwgHYsFTimOshm107QiVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP6+TmugyyJhIUkMFmS+KUo6MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQCUbQnXx5WXi19wr17s/q9Rv8jSKcATHcApVuIA63EEDfCDwCM/wCm+OdF6cd+dj3lpw8plD+APn8weOLo39</latexit>

Figure 4: The two regions of hegemony appearing for differ-
ent values of differentiated homophily ρB and ρR , plotted
here for r = 0.25 (left), and various values of r (right).

5.2 Extension to differentiated homophily
As our main result, we find that hegemony is the norm, rather than

the exception, for a more general model of homophily.

Theorem 5.1. If modelM exhibits differentiated homophily ρR
and ρB , in which a red node rejects a blue node with probability
ρR and a blue node rejects a red node with probability ρB , then the
network exhibits:

• A hegemonic majority iff (1 − r ) ·
(

1

ρB − 1
)
> r ·

(
1

ρR − 1
)
.

• A hegemonic minority iff (1 − r ) ·
(

1

ρB − 1
)
< r ·

(
1

ρR − 1
)
.

• No hegemony iff (1 − r ) ·
(

1

ρB − 1
)
= r ·

(
1

ρR − 1
)
.

The proof of this theorem leverages new properties of the func-

tion F to show that the above comparison determines whether

F (r ) < r holds. This theorem confirms the previous empirical ob-

servations that, in certain conditions, a minority with a stronger

homophily may overcome its disadvantage and obtain an hege-

monic advantage. We present in Figure 4 the various regions of

(ρR , ρB ) under which the two types of hegemony occurs. Note that

majority hegemony occurs across a larger range of parameters.

We empirically observed that female users on Instagram are

less homophilic: they are more likely to like a picture of a male

than vice-versa. The homophily parameter is hence smaller for

males than for females (ρR < ρB ) which would be consistent with

Theorem 5.1.

6 HEGEMONY UNDER RECOMMENDATIONS
In the extendedmodel of recommendation, computing the evolution

equation for the degree of the items becomes more complicated

since we include the case of the random walk of length 3. Thus, we

make a couple of assumptions for ease of work:

• edges in the random walk are assumed to have formed

through modelM.

• edges in the random walk are independent of each other.

• edges that already exist are naturally formed at different

steps in time; however, when computing an evolution equa-

tion, we set their time of formation to the current time, t .

We first start by investigating again the equilibrium state when

the number of red edges converges as the fixed point of a function

that describes their growth.

Rate at which red items receive connections: Denote by X0, X1,

X2, X3 the vertices of the random walk created through recommen-

dation, where X0 is the newly added node to the network (thus, X0

and X2 are individuals and X1 and X3 are items).

Denoting again by Rt+1 the number of red balls at time t and
by α2,t the fraction of red balls at time t , we observe the following
cases in computing P(Rt+1 = 1):

• a red item obtain a connection through model M2, with

probability

ζ ·

(
η · r + (1 − η) ·

(
r · α2,t

α2,t + ρ (1 − α2,t )
+

(1 − r ) · ρα2,t
ρα2,t + 1 − α2,t

))
. (6)

• a red item obtain a connection through recommendation,

with probability

(1 − ζ ) ·

(
P(X0 ∈ R)

P (X3 ∈ R |X0 ∈ R)

P (X3 ∈ R |X0 ∈ R) + ρ · P (X3 ∈ B |X0 ∈ R)
+

P(X0 ∈ B)
ρ · P (X3 ∈ R |X0 ∈ B)

P (X3 ∈ B |X0 ∈ B) + ρ · P (X3 ∈ R |X0 ∈ B)

)
(7)

For ease of computation, consider the probabilities from above

as functions of α2,t (so for example, P (X3 ∈ R |X0 ∈ R) = P (X3 ∈

R |X0 ∈ R) (α2,t )). Thus, we define a new function F2, similar as

for the organic growth model, which takes the following form (for

detailed computation of the probabilities, refer to appendix A):

F2 (x ) = ζ · F (x ) + (1 − ζ )·(
r ·

P(X3 ∈ R |X0 ∈ R) (x )

P(X3 ∈ R |X0 ∈ R) (x ) + ρ · P(X3 ∈ B |X0 ∈ R) (x )
+

(1 − r ) ·
ρ · P(X3 ∈ R |X0 ∈ B) (x )

P(X3 ∈ B |X0 ∈ B) (x ) + ρ · P(X3 ∈ R |X0 ∈ B) (x )

)
,

(8)

where F (x ) is the function from modelM.

Computing each of these probabilities in closed form, we are able

to show that F2 exhibits the exact same properties as the function F
(Lemma 4.2), having a fixed point α∗

2
. This shows that the fraction

of red edges also converges towards a constant that depends on

r , ρ,η, ζ , as it is a stable point at the intersection of F2 (x ) and f (x ) =
x . Most importantly, empirical analysis reveals that α2 < α in this

case as well, showing that the red items have less power under

recommendation than under organic growth.

We continue by showing that the degree distribution also follows

a power law and by showing that the coefficients are even further

apart than in organic growth.

Degree distribution: Denote bym2

k,t (B) andm
2

k,t (R) the number

of blue and red items of degree k at time t in the modelM − REC ,
and define

M2

k (x ) = lim

t→∞

E(m2

k,t (x ))

t
, for x ∈ {R,B}. (9)

Theorem 6.1. In the case of recommendation growth according
to modelM − REC , the degree distribution of the red and blue items
also follows a power law, i.e.M2

k (R) ∼ k
−β2 (R ) andM2

k (B) ∼ k
−β2 (B )

for coefficients β2 (R) and β2 (B).
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We prove this by deriving again a recurrence relation form2

k,t (R)

andm2

k,t (B) (omitted here) and computing the coefficients as

β2 (R) = 1 +
1

(1 − η)C2,R
andβ2 (B) = 1 +

1

(1 − η)C2,B
,

where C2,R and C2,B can again be computed explicitly.

Theorem 6.2. For r ∈ [0, 1/2] and ρ ∈ [0, 1], we have

β2 (R) > β (R) > 3 > β (B) > β2 (B), (10)

implying again that the tail and strong glass ceiling effects are even
more pronounced under algorithmic recommendations (modelM −
REC) than under organic growth (modelM).

Proof. In proving this, we derive an invariant equation for the

rate of growth of red edges and use that α∗
2
< α∗. □

Lemma 6.3. Given α and α2 the limits of the fraction of red balls
as defined above, the following holds:

(1 − η) · α ·CR + η · r = α , and (1 − η) · α2 ·C2,R + η · r = α2.

(11)

Proof. As CR encapsulates the rate at which red edges appear,

the system reaches an equilibrium state. Due to this, the rate at

which red edges appear must equal the current fraction of red edges,

as it does not evolve anymore. Furthermore, as η represented the

probability for an item to be created, η · r is the rate of growth of

edges towards red items in the case where they are created, and

(1 − η) · α ·CR is the rate of growth of edges towards red items in

the preferential attachment case. The sum of these is then equal to

α as this is the number of red edges at equilibrium. For the second

part of equation 11, note that while ζ plays a role, our assumption

is that the edges form sparsely through recommendation, so we

may approximate the rate of growth of red edges at equilibrium. In

a sense, since this result holds even when "ignoring" such edges

formed through recommendation in this invariant equation, we

conclude that their influence is even higher in reality. □

Subtracting the equations in 11, we obtain

(1 − η) · (α ·CR − α ·C2,R ) = α − α2 ⇔

(1 − η) · (CR · (α − α2) + α2 · (CR −C2,R )) = α − α2 ⇔

(1 − η) · α2 · (CR −C2,R ) = (α − α2) · (1 − (1 − η) ·CR ).

(12)

As shown before, CR < 1 and α2 < α , which yields CR >
C2,R , since η < 1. Since β (R) = 1 + 1

(1−η)CR
and β2 (R) = 1 +

1

(1−η)C2,R
, Theorem 6.2 is proved. The case for CB and C2,B can be

proved similarly. Thus, we show that the tail andmoment hegemony

are even more exacerbated in item recommendations than in the

organic network.

Normalized expected degree of red nodes: We analyze compara-

tively the effect of homophily on the expected degree of red nodes

for the organic growth modelM and the recommendation model

M − REC , for different values of r . As compared to Figure 2 (a), we

observe in Figure 2 (b) that recommendations exacerbate the gap

between the two subgroups. Computing the normalized degree of

red nodes as α/r (purple line) and α2/r (orange line), recommen-

dations decrease the expected degree of red items by 5% for both

r = 0.2 and r = 0.4.

7 CONCLUSION
Our theoretical analysis unveils the subtle relation between net-

work structure, homophily, and hegemony. By exploring a model

of growth based on item recommendations, we show that in the

case of a bi-populated network, the minority’s viewpoint loses rep-

resentation. It is interesting to notice that the minority viewpoint

is not excluded from the network, as the ratio of items pertaining

to the minority remains constant throughout, but it is only at the

top of the hierarchy where this effect occurs. This effect has great

ramifications in the way we interact with social media and the in-

formation that is disseminated through popular items. Future work

should focus on extended empirical analysis and on the design of

algorithms that alleviate such effects by taking into consideration

network structure.
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