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RECURSION THEOREM
Suppose that the subset C of U isfregly generated from B by two functions f and g such that

f:uu®u
g:u® U

Further, let V be any set, and let F and G be corresponding functions such that

F:V V® V
G:V® V

Then, given any map
h:B® V

there exists a unique map
h:C®V

such that, for al x,yl C:

(i) ifxi B,thenh(x) = h(x)
(i) h(gx) =G(hx)) _
(i) h(f(x,y)) =F(h(x),h(y))

[In other words, any “basic” map h of B into V can be extended to a unique homomorphism h fromC (with opera-
tions f and g) into V (with operations F and G)]

PROOF

Call afunction acceptable if it maps a subset of C into V in agreement with the desired conditionsimposed on h .
That is, afunction h; is acceptableiff there exists a subset D; of C such that

hi Di® V
and the following conditions hold for al x,yl C

(i 1fxi Bandasoxl Dj, then h; (x) = h(x)
(i) Ifgx)1 D, thenadsoxl D; and h; (g(x)) = G(h; (X))
(ii") 1f f(x,y)I Dj, thenasox,yl D;, and h; (f(x,y)) = F(hi (x),hi (y)).

Now let

h = E{hi: hi is an acceptable function} .
That is, for all xI Candallvi V, we set

a,v)1 h iff hy (x)=v for some acceptable h;

(recall that every function isa set of ordered pairs). We now show that h  thus defined meets our requirements. This
will involve four main steps:



(@) Showthat h isafunctiononC

(b) Showthat h isacceptable

(c) Showthat h is defined throughout C
(d) Showthat h isunique

Step (a): Show that h isafunctionon C
This amounts to establishing three facts:

(al) h isasetof ordered pairs. This follows immediately from the definition of h asthe union of a set of
functions: by set theory, the union of any set of sets ordered pairsisin turn aset of ordered pairs.

(a2) Thedomainof h isincludedin C, e, a,yf h onlyifxi C. Thisalso followsimmediately from the defini-
tion using set theory: the domain of h is the union of the domains of the acceptable functions, and these do-
mains are all subsets of C. By set theory, the union of any set of subsets of agiven set Cisaways sureto bea
subset of C.

(a3) h isfunctional, i.e, for every xi dom(h ) we have at most oney so that &,y h . This can be proved by in-
duction. Let
S={xI C: for a most oney, &,yfl h}.
We now show that S isinductive. As aways, thisinvolves two steps:
(a3.1) Base step: Show that Bisincluded in S. To see this, pick any xI B and notethat h; (x) = h(x) for
every acceptable function hj (by definition of “acceptable”). Thus, we have
&, yfl h iff y=h(x)

which entailsthat xI S. Since x was arbitrarily chosen, this holds for every element of B, i.e., Bis
includedin S.

(a.3.2) Inductive step: Show that Sis closed under g and f.
(a.3.2.1) Supposethat xI S— Show that g(x)I S. We distinguish two cases:
(a3.2.1.1) If xi dom(h), then xi dom(h; ) for all acceptable h;’s
So g(x)I dom(h; ) for all suchh; (by clause (ii") in def.)
henceg(x)l dom(h) (since dom(h ) isthe union of the dom(h; )’ s)
henceg(x)l S (vacuously)

(a3.2.1.2) If xI dom(h), then suppose &j(x),yfiand &j(x),zAare both in h . Then there
exist acceptable functions hy and h; such that
hi (9(x)) =y = G(hi (x))
hj (9(x)) =z = G(h; (x))
But sincexl S, we must have
hi (x) = hj (x) = h(x)
Hence we have
y =G(hi (x)) = G(h; (x)) = z _
Thus, the pairs &(x),yfand &(x),zfiimust be identical, i.e., h assigns exactly
onevalueto g(x). Hence g(x)I S

(a.3.2.2) Suppose x,yl S— Show f(x,y)I S. Thiscaseis perfectly similar to case (a.3.2.1) above.

We therefore conclude that S is inductive, and by the induction principle weinfer that S=C. Since dom(h) is
included in C, the desired result follows: h isindeed afunction.



Step (b): Showthat h isacceptable

Thisfollows immediately from the definition of h, given that it isafunction on C. For, corresponding to the three
defining clauses (i")—(iii"), we can reason as follows:

(b.1) If xI B, then surely xI dom(h; ) for some acceptable function hy, hence xi dom(h ). Moreover, every such
functionh; agrees on the value h;j (x)=h(x); hence we aso have h(x) =h(x), as desired.

(b.2) If g(x)I dom(h), then g(x)i dom(h; ) for some acceptable function h; . By (ii") it follows that xI dom(h; ) and
hi (9(x)) = G(h; (x)). Since hi I h, it follows that xI dom(h ) and h(g(x)) = G(h; (x)) = G(h(x) ), as desired.

(b.3) Thecasefor f(x,y) is perfectly smilar.

Thus, h isafunction on C satisfying clauses (i')(iii"), i.e., h isacceptable.

Step (c): Show that h is defined throughout C.

Tothisend it will suffice to show that the domain of h isinductive: the induction principle will then ensure that it
coincides with C.

(c.1) Basestep: Show that Bisincluded in gom(ﬁ ). Thisis obvious: for each xI B thereis sure to be an acceptable
function defined (at least) on x. Since h is the union of all such functions, it will be defined for every xi B.

(c.2) Inductive step: Show that dom(h ) is closed under g and f.
(c.2.1) Supposethatxi dom(h) — Show that g(x)I dom(h ). To this end, define

b =h E {&09, G(h() )1

i.e., h* isthe obtained by expanding h (if necessary) so as to assign to g(x) the value G(h(x) ). (If
g(x) isaready indom(h), then h* coincidesvxith h itself.) We shall show that h* isan acceptable
function. From this, and from the definition of h as the union of all acceptable functions, it will follow
that dom(h*)_i dom(h ). Hence, in particular, since g(x)I dom(h*) by definition, it will follow that
g(x) T dom(h).

The proof amounts to establishing three facts:

(c.2.1.1) h* isafunction. To seethis, recall that h isafunction, and consider the two cases:

(c.2.1.1.1) If g()i dom(h), then adding the pair &y(x), G(h(x))fiwon't affect the property
of being afunction: h* will only assign one value to g(x), namely G(h(x)).

(c.2.1.1.2) If g(x)I dom(h), then the pair &(x), G(h(x) )isaready in h (because his ac-

ceptable). Thus, h*=h : afunction.

(c.2.1.2) The domain of h* isincluded in C. Thisis obvious, since dom(h*) = dom(h) E {g(X)},
and both of these areincluded in C.

(c.2.1.3) h* isclosed under the rules of acceptability (i')—(iii"). It is here that the assumption of
freeness finally becomes relevant.

(c.2.1.3.1) Firstof all, h*(x) = h(x) = h(x) for all xI B, since h is acceptable, and h*
agreeswithh on everything except at most g(x). So clause (i') is satisfied.

(c.2.1.3.2) Suppose g(y)i dom(h*) — Show that yI dom(h*) and h*(g(y)) = G(h*(y)).
[Note: We are here using avariable 'y’ rather than ‘x’ because ‘ x’ isalready in
use by our assumption that xi dom(h ): see the beginning of (c.2.1)].
We distinguish here two cases:



(c.2.1.3.2.1) Supposethat y* x.
Theng(y)* g(x) (sinceg is one-one, by the assumption that Cis
freely generated).
Henceg(y)l dom(h) and h* (g(y))=h(g(y)) sinceh* and h agree
on everything except at most g(x)).
So yl dom(h) and h(g(y)) = G(h(y) ) (sinceh is acceptable, by
clause (ii")
Henceyl dom(h*) (sinceh 1 h* by definition) and h*(g(y)) =
h(a(y)) = G(h(y)) = G(h*(y)) (again, sinceh* and h agree ony)
(c.2.1.3.2.2) Suppose that y=x.
Theny=xi dom(ﬁ) I dom(h*) (by assumption)
and h*(g(y)) = h*(g(x)) = G(h(x) ) (by definition of h*)
So we only need to check that h(x) = h*(x), and this also fol-
lows from thefactthath | h* by definition of h* .

(c.2.1.3.3) Supposethat f(y,z)i dom(h*) — Show that y,zI dom(h*) and h*(f(y,2)) =

F(h*(y).h*(2)).
Here we note that f(y,2)* g(x) (since f and g have digoint ranges, by the
assumption that C is freely generated). Then we reason asin (c.2.1.3.2.1):
We must have f(y,2)I dom(h) and h*(f(y,2))=h(f(y,2)) (sinceh* and h agree
on everything except at most g(x)). B
Soy,zl dom(h) and h(f(y,2)) = F(h(y) .h(2)) (sincehis acceptable, by (iii'))
Hen(iey,zT_ dom(h*) (sinceh | h* by definition) and_h*(f(y,z)) = h(f(y,2)
= F(h(y) ,h(2) ) = F(h*(y),h*(2)) (again, sinceh* and h agree ony and 2)

By (c.2.1.1)—(c.2.1.3), h* isafunction on C satisfying clauses (i')iii"), i.e., h* isacceptable. From

this, as already anticipated, it followsthat h* | h, and thereforethat g(x) T dom(h), as desired.

(c.2.2) Suppose x,yl dom(ﬁ) — Show f(x,y)l dom(ﬁ). This case is analogous to case (c.2.1), setting
h* =h E {&(xy), F(h69) ,h(y) )i}

By (c.1) and (c.2), we see that dom(h ) incl udesB and isclosed under g and f, i.e., it isinductive. By the induction
principle, we can therefore conclude that dom(h )=C, i.e., h isindeed defined throughout C.

Step (d): Show that h is unique
Suppose there are two such functions, hy and h,. Let S be the set on which they agree. We show that Sisinductive.

(d.1) Base step: Show _that Bisincluded in S Thisisimmediate, since for each xi B we haveh; x) = hy (X) = h(x)
(becauseh; and h, are acceptable)

(d.2) Inductive step: Show that Sis closed under g and f.

(d.2.1) Supposethatxi S— Show that g(x)I S. To thisend, just note that
h1(9(x)) = G(h 1 (x))(since h 1 is acceptable)
= G(h 2 (x))(since xI )
=h,(g(x)) (sinceh ; isaso acceptable)
(d.2.2) Thecasefor f(x,y) isperfectly similar.

So Sisinductive. By theinduction principle, thisimpliesthat S=C, i.e., hy and hy agree throughout C. Since Ciis
the domain of these functions by (&) and (c), it followsthat h; and h, agree on everything — i.e., they are the same.



