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1. Introduction

An adaptive intervention (Al) is a sequence of treatment decisions made based on a patient’s own historical clinical
information, such as the treatment history and responses to the previous treatments, with the hope to improve or
optimize treatment effect. A sequential multiple assignment randomized trial (SMART) consists of a collection of Als
randomly assigned to patients, providing information for the estimation of the optimal Als (Murphy, 2005). The optimal
Als embedded in a SMART trial may be consistently selected by comparing the estimated values of all Als, using
procedures such as the G-computation under structural nested models (Robins, 1986; Lavori and Dawson, 2007) and
the inverse probability weighted estimation under the marginal mean models (Murphy et al., 2001; Orellana et al,,
2010). This approach entails multiple pairwise comparisons of Als. As the number of Als embedded in a SMART is
often large, the pairwise comparison procedures, such as the Bonferroni's adjustment, are known to be conservative.
To partially address this issue, gate-keeping approaches whereby pairwise comparisons of Als will be made only after the
hypothesis of no difference among the Als of interest is rejected by an omnibus test have been proposed by Orellana et al.
(2010), Nahum-Shani et al. (2012), Ogbagaber et al. (2016), Zhong et al. (2019).
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This article addresses the inferential problem of multiple comparison of Als in a SMART by generalizing a simultaneous
confidence intervals procedure proposed by Edwards and Hsu (1983). Specifically, we adopt the approach of multiple
comparison with the best (MCB), a concept originated in the ranking and selection literature to address the subset selection
problem (Hsu, 1981, 1984). The idea is to compare each treatment with the unknown best treatment, using a multiple
comparison with the best confidence interval: treatments with multiple comparison with the best interval excluding
zero (equivalently, upper limit less than zero) will be declared inferior and excluded from further investigation; while a
treatment whose interval has 0 as its upper limit will be declared the best. The concept of multiple comparison with the
best is appealing for a SMART where a typical goal is to identify one or several promising or near-best Als and eliminate the
inferior ones. The proposed method generalizes Edwards and Hsu (1983) in several respects. First, Edwards and Hsu (1983)
considered non-adaptive interventions under parallel group designs where the correlation matrix among the intervention
effects is known, while in our cases the interventions are adaptive under SMART and the correlation matrix among the Als
is both unknown and less than full rank (i.e., degenerate). Second, Edwards and Hsu (1983) required that the outcomes to
be normally distributed with equal variance, while in this paper the outcomes are only required to be from an exponential
family distribution.

Under the multiple testing framework, Ertefaie et al. (2016) proposed a method to construct a confidence set for
the best adaptive intervention embedded in a sequential multiple assignment trial, a first attempt to address multiple
comparisons of Als via confidence set. However, there are some limitations of their work. First, they fail to realize that
the asymptotic covariance of the Als is not of full rank, which will cause loss of efficiency when ignored. Second, their
proposed confidence set, which is an intermediate step of both our method and the original method proposed by Hsu
(1984), yields a high false positive rate. Third, their method, which does not produce simultaneous confidence intervals,
can not screen out inferior Als as our method can do.

The rest of this article is organized as follows. Section 2 sets up notations, introduces an asymptotic distribution of
the Als, and proposes the method of building the MCB confidence intervals for comparing multiple Als. The proposed
simultaneous confidence intervals are evaluated using simulation in Section 3, and illustrated using a depression trial
data set. This article ends with a discussion in Section 4. Technical detail is relegated to Appendix.

2. Method

For simplicity, we consider SMART designs with two-stage Als. Suppose that there are I treatment options Ty, ..., T;
at Stage 1, and under treatment T;, there are J; possible intermediate responses, denoted by R;;, ..., Ry, fori=1,... L
Next suppose that for a subject who receives treatment T; at Stage 1 and has an intermediate response of Rj;, there are Kj;
treatment options, namely Sy, .. ., 5inin at Stage 2. An Al can be written in the form of djy, .. Ky = (Ti; Sitky» - - - » Si]i"iji ),
where (ki1, ..., ky,) is an element of the product set ]—H’Zl {1,..., Ky}. Under this Al, a subject receives treatment T; at Stage
1, and will receive treatment Sl-jkij at Stage 2 if an intermediate response of R;; is observed, wherej=1,...,J;,i=1,..., L

Let U; denote the Stage-1 treatment received by subject [, X; the intermediate response at the end of Stage 1 such that
pr(X; = R;j|U; = T;) = p;;. Let V; be the Stage-2 treatment, and Y; the primary outcome of interest for | = 1,...,n. Let

m; = pr(U; = T;) be the randomization probability of assigning T; to subject [ at Stage 1, and my, = pr(V; = S|U; =
T;, X; = R;) be the randomization probability of assigning treatment S, to patient [ given history of Stage-1 treatment
and response (U; = T;, X; = Rjj). The randomization scheme of a two-stage SMART is thus completely specified by the set
of randomization probabilities {m;, wj:i=1,...,I;j=1,...,J;; k=1, ..., K;}. The data obtained from the Ith subject
who has completed a SMART can be summarized as (U, X, Vi, Y;) for [ = 1, ..., n, where Y||(U; = T;, X; = Ry, Vi = Syx) is
assumed to have a probability density function f (y,|¢>,-jk, r,jk), @ik is the parameter of interest, and t, possibly a vector,
is a nuisance parameter.
Let

pi=pits - py)s b5 = (Py1s -, ¢in,-j)T» b = (¢}, ...,¢,£)To
" of an Al djy,

be expressed as O;y,,...k
(ki1, ..., k). Then,

0; = AiAi(pi)pi = Aili(di)pi, (1)

where

The value 6y, ,...k is defined as the marginal expected outcome Y under d;y,,.. and can

,,,,, kiji "kU,‘ ’

g = Zj":lpij@jkij. Let 6; be the vector of Gi;knmkih's, arranged in the lexicographical order in

A= (I, ® Ty ® -+ ® iy |k, ® iy ® -+ ® Ty |+ |1k, @ +++ @ Ty, ® Iy ),

is a G; x m; matrix with ® denoting the Kronecker product with G; = ]_[f':1 Kij and m; = Zj’:] Kj;, Iy is the k x k identity

matrix, 1; the k x 1 matrix of 1's, and A;(p;) = bdiag{pijl,(ij; j = 1,...,]Ji} is an m; x m; block diagonal matrix and
I(¢i) = bdiag{¢;; j=1,...,Ji} is an m; x J; block diagonal matrix with “bdiag{-}” denoting a block diagonal matrix.
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As an illustration of Eq. (1), consider a SMART design with I =2, J; = J, = 2, K;; = 2 and consider i = 1. Then,

P11d111 + Pr2di21 1.0 1 0 pn 0 0 O P11
0, = P +png2 | _| 1 0 0 1 0 pnu O O P12
! P11d112 + Pr2d121 01 10 0 0 pp O P121
P11¢112 + P21 01 0 1 0 0 0 pp D122
= A1 A1(p1)g1,
where
1 0 1 O
1 0 0 1
A=l o 110
01 0 1

is as given by the formula on the previous page.
Now define X, = ;' (diag{pi} — pip! ), Xy, = bdiag{Zy,,. ..., Zoy

-1 .
Ed’ij = (n,-p,-jmjk) bdlag {O‘z(d),’jk, ‘L','jk); k= 1,..., K,'j} s

-1
2(hin . Tin) = —r gzl
and o *(ijk, Tijk) = (l¢ijk¢ijk . l¢ijkfijk) , where

T
( Loy i lqb,-jkr,-jk >
L
is the block Fisher information matrix of distribution f(y|ej, Tjjk)-
Zhong et al. (2019) establish the following asymptotic distribution for the Als.

Theorem 2.1. Let 6 = (6], ...,6] ). Assume the following regularity conditions:

(C1) The true value 0 is an interior point of ®, the collection of all feasible parameters.
(C2) The second derivatives of f(yildii, Tijk) are continuous as function of 6, and for any fixed interior point 6y, there is a
8 > 0 such that

sup VA Wil Tl < hay 1), /heo(J/l)d}’l < 00,

6ol <s

and

" Sglﬁ . V2 log f il ik, Tl < Hoy(v1), E {Hgo (1)} < o0,
—oll<

where V denotes the gradient operator with respect to 6.

Then, as n — oo,

b -0 -5 N©, 5), )

where ¥ = bdiag{Zy,, ..., g}, Zg = Ai {T(#) Zp ()" + Ai(pi)Z Aipi)} AT, and rank () = Zjl’:l Kji—Ji+1=
m—Ji+1i=1,...,L

We make three remarks. First, it can be easily verified that when f(yi|¢j, Tjx) forms an exponential family, the
regularity conditions (C1) and (C2) in Theorem 2.1 are satisfied. Second, the asymptotic covariance matrix Xy, is obtained
via the delta method and the fact that the asymptotic covariance matrix of ¢A>,~, which is the MLE of ¢, is the inverse of
the Fisher information matrix. Third, it is interesting to note that the covariance matrix X is not of full rank. It is because
the Als are linearly dependent. To see this, consider a SMART with two Stage-1 treatment options, binary intermediate
response, and three Stage-2 treatment options given any intermediate response. The total number of treatment sequences
is 12 but the number of Als is 18. Therefore, the values of Als embedded in this SMART are linearly dependent, and their
estimates are asymptotically linearly dependent, which means the asymptotic covariance matrix would have less than
full rank.

We now describe a method to construct simultaneous confidence intervals for comparing Als by extending the MCB
idea in Edwards and Hsu (1983). For eachg =1, ..., G, let Dy be a (G — 1) x G contrast matrix such that its gth column
is a (G— 1) vector of 1’s, and its jth column is a (G — 1)-vector whose jth entry is —1 and other entries are 0's if j < g — 1;
whose (j — 1)-th entry is —1 and other entries are 0’s if j > g + 1. Then as n — oo,

D, /(6 —6) % N (0, D,D}).
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Let cré be the ith diagonal entry of D, Z‘DgT. Then, the asymptotic variance can be expressed in terms of the correlation
coefficient matrix Ry:

D, XD; = diag{oig} - Rg - diag{oy,}.

For a given «, define §z(a) > 0 be the unique solution to the following equation

pr{|Zig|< 8g(a); i=1,...,G—1} =pr{. max |Zig| < ag(a)} =1—a,
1€

where (Zig, ..., Zc 1) ~ N(O, Ry) and Ry is a consistent estimator of R,.
To obtain Rg, observe that R, is a continuous function of p;, ¢;, X, Xy, i = 1,...,1. We know from Theorem 2.1

that the MLEs of p;, ¢;, Ep, Z‘¢,l are consistent. By the continuous mapping theorem the plug-in estimator R will be
consistent of R,. Furthermore, from Theorem 2.1, we know that X and hence R; is not of full rank. In fact, from the rank

of ¥ we conclude that the G — Y_,_, m; + Y_i_, Ji — I smallest eigenvalues of R, must be 0. To improve efficiency of kg,
the G — Z, 1 m; + Zl 1Ji — I smallest eigenvalues of R, are forced to be 0 to match those of Rg. Specifically, consider
elgendecomposmon Rg VEVT, where E is the diagonal matrix of elgenvalues of R,g and V an orthogonal matrlx of
elgenvalues Let E be the diagonal matrix by replacing the G — Zl L mi + Zl 1Ji — I smallest eigenvalues of E by 0’s.
Then, R, = VEVT is an improved estimator of R, upon the original Rg

We remove o from &,(«) in the subsequent text for brevity. Let

g={g:ég—(§i+8g6ig/ﬁ>0, foralli;ég},

where n is the total sample size of the study and &, is the plug-in estimator of oy, the standard deviation of the ith
diagonal entry of DgED; The MCB interval [L;, U;] for the ith Al is calculated as

Ly = minL;; and U; = max Uy,
geg geg

where
0, ifg =1, 0, ifg =i,
Lg = A lA . . and Ug = . PR . . .
b — O — 8461/ /M, ifg #1, min {o, b — b, + 3gaig/ﬁ} ifg £i.
Theorem 2.2. As n — oo, the intervals [L;,U;], i = 1,...,G, constructed above is a set of 100(1 — «)% asymptotic

simultaneous confidence intervals for 6; — maxje(1,.. 65, i = 1, ..., G. Furthermore, when there is a unique g* such that
O > 0;,i # g*, the asymptotic coverage of the above simultaneous confidence interval is exactly 1 — «; otherwise, the
asymptotic coverage is > 1 — a.

Theorem 2.2, whose proof is given in the Appendix, implies that the proposed intervals [L;, U;] are for comparison with
the truly best max; 6; without assuming the knowledge of which Al is the true best. By construction, no upper limit U; can
be positive, that is, U; < 0 for all i. An Al whose corresponding upper limit U; is negative is considered inferior to optimal
with confidence. Furthermore, if the set G = {g*} is a singleton, the MCB interval associated with that Al must be [0, 0],
that is, Lg= = 0. Conversely, it can be shown that if L, = 0 for some g’, then the set ¢ = {g’} is a singleton.

3. Numerical studies
3.1. Simulation

Three two-stage SMART designs are considered in the simulation (Fig. 1). The first design structure (DS1) mimics the
situation in CODIACS (cf. Table 1, which pertains to the data to be analyzed in Section 3.2) and many other situations
where there are two treatment options at each decision making point, that is, T;, Sy € {0, 1}, and binary intermediate
response, that is, R; € {0, 1} for i,j, k = 1, 2. As a result, there are eight possible Als embedded in DS1. Under DS2 and
DS3, there are also two treatment options at Stage 1. However, randomization at Stage 2 may be restricted for patients
with certain intermediate responses, resulting in 4 and 3 embedded Als in DS2 and DS3, respectively.

Under each design structure, a SMART design is completely specified by the set {r;, 7;;} of randomization probabilities
defined in Section 2. In the simulation, we considered three sets of randomization probabilities. First, we considered
balanced randomization (BR), that is, pr(U = 1) = 0.5 and pr(V = 1|U,X) = 0.5 whenever there is an option of
randomization at Stage 2. Second, we considered an unbalanced randomization (UBR) scheme, where pr(U = 1) = 0.7
and pr(V = 1|U, X) = 0.7 whenever there is an option of Stage-2 randomization. Third, we considered pr(U = 1) = 0.5
at Stage 1, pr(V = U|U,X = 0) = 0.3 and pr(V = U|U,X = 1) = 0.7, whenever there is an option of second stage
randomization. Under this scheme, Stage 2 implements an adaptive randomization (AR) rule for the situations where the
first and the second stage treatment options are identical. In summary, the three design structures (DS1, DS2, DS3) and the
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Design Structure 2 (DS2)

$111 =0
Ri1 =0
Design Structure 1 (DS1) Si1z =
T, =0
R =1 S121=0
$111 =0
Ry =0 Baseline Sy =0
S112 = Ry, =0
fu=t = — Sp12=1
S121 =0 T, =1
R, =1 =
S122=1 Ry =1 Sp21=1
Baseline
$311=0
Ry;1 =0
S$12=1
T, =1 Design Structure 3 (DS3)
=
S22 =0
Ry =1 S5111 =0
S22 =1 Ry =0
S112=1
T, =0
Baseline Ri; =1 Sz =0
;=1 S =1

Fig. 1. Design structures in the simulations.

Table 1

Multiple comparison of adaptive interventions embedded in CODIACS study. The MCB intervals for Al g compares it with the true
(unknown) best Al, whereas the Bonferroni’s intervals compare with the observed best. sd: asymptotic standard deviation of 6; (from
inverse of Fisher information matrix); Med: Medication; PST: Problem-solving therapy.

Al (g) Stage-1 Stage-2 Treatment for ég (sd) 8g 80% confidence intervals
Treatment non-response response MCB Bonferroni

1 Med Med Med 6.3 (1.1) 1.98 [—19.7,0.0] [-25.7,7.3]

2 Med Med PST 3.3 (1.2) 1.99 [—22.7,—0.3] [—28.7,4.5]

3 Med PST Med 10.7 (0.6) 2.04 [—15.2,0.0] [—21.1,11.8]

4 Med PST PST 7.8 (1.1) 1.98 [—18.2,0.0] [—24.2,8.8]

5 PST Med Med 15.45 (6.0) 1.71 [—7.6,0.0] -

6 PST Med PST 9.5 (1.0) 2.00 [—16.3,0.0] [—22.2,10.2]

7 PST PST Med 14.2 (6.1) 1.71 [—8.9,0.0] [—3.8, 1.4]

8 PST PST PST 8.2 (1.1) 1.98 [—17.6,0.0] [—23.6,9.1]

three randomization schemes (BR, UBR, AR) yielded 9 SMART designs under which the multiple comparison procedures
were evaluated.

Under each SMART design with n subjects, the treatment assignment (Uj, V;) of the Ith patient was generated according
to one of the three randomization schemes. The intermediate response rate was set as pr(X;, = 1|Uy = T;) = 1/3
for T; € {0, 1}. Given the Ith subject’s treatment history and intermediate response (T;, Rj;, Siix), his or her outcome Y,
was randomly generated from a normal distribution with mean ¢y« = ¢(T;, Ryj, Sijk) and variance 0% = 100, where the
conditional mean ¢y was specified as

&(Ti, Ryj, Sijk) = Bo + B1Ti + B2Rij + B3Sik + BaTiRy + BsTiSijk + BsRiiSijk + B7TiR;Sik

for T;, Ryj, Sijk € {0, 1}. The parameter 8 = (Bo, 1, B2, B3, Pa, Bs, Ps, B7)" was chosen so that the true Al values Oikiy, ., Ky ’s
would follow the patterns displayed in Fig. 2. Under Value Pattern 1 (VP1), Als with the same Stage-1 treatment had the
same values; under VP2, the values of the Als were uniformly higher if their Stage-1 treatment was U = 1; under VP3,
the best Al had Stage-1 treatment U = 1 while the second best had Stage-1 treatment U = 0, and so on and so forth,
following an alternating pattern. The value of § was chosen so that the effect size A, which measures the heterogeneity
among the Als, was either 0.05 or 0.10. The B’s used in the simulation scenarios are given in Table 2.



148

Value

Value

Value

10

10

')

X. Zhong, Y.K. Cheung, M. Qian et al. / Journal of Statistical Planning and Inference 211 (2021) 143-153

=)
DS1 DS2
VPl “7 v
e o o o ©
-
o~
[=] * L
® & o o
o
T
—— T T
@ HQ wlie v @ o 9
Qeddeqdd e
ceoend .o e L
DS1 o DS2
VP2 . VP2
L ]
L ]
L ] w
L
* [ ]
[
* o L]
——— . ;
S 99 99 +99 +d g g©
PELIERe T S o
e8ssdddd s &
e
DS3 DS2
VP3 . @ VP3
*
©
* *
[ ]
i
L
. * A
. o - *
C\‘I_
———— . .
g 99 9999w g g
Qe a9 o e o
ssgssSdddd s g

Adaptive Intervention

Table 2

Values of (Bo, B1, B2, B3, Ba, Bs, Bs, B7) used in the simulations.

Adaptive Intervention
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Fig. 2. Value patterns of Als in the simulations.

Adaptive Intervention

Scenario (Bos B1, B2, B3 Bas Bs, Bs, B7)

A =0.05 A=0.10
DS1-VP1 (0.00, 4.48, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00) (0.00, 6.33, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00)
DS1-VP2 (0.00, 3.63, 0.00, 2.62, 0.00, 0.00, 0.00, 0.00) (0.00, 5.13, 0.00, 3.70, 0.00, 0.00, 0.00, 0.00)
DS1-VP3 (0.00, 1.86, 0.00, 3.73, —9.32, 1.86, —0.93, 0.00) (0.00, 2.64, 0.00, 5.82, —13.20, 2.64, —1.32, 0.00)
DS2-VP1 (0.00, 4.48, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00) (0.00, 6.33, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00)
DS2-VP2 (0.00, 0.00, 0.00, 2.88, 12.00, 0.00, 0.00, 0.00) (0.00, 0.00, 0.00, 4.13, 17.70, 0.00, 0.00, 0.00)
DS2-VP3 (0.00, —1.21, 0.00, 4.82, 4.82, 1.21, 0.00, 0.00) (0.00, —1.72, 0.00, 6.87, 6.87, 1.72, 0.00, 0.00)
DS3-VP1 (0.00, 4.48, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00) (0.00, 6.33, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00)
DS3-VP2 (0.00, 1.29, 0.00, 3.88, 0.00, 0.00, 0.00, 0.00) (0.00, 1.82, 0.00, 5.47, 0.00, 0.00, 0.00, 0.00)
DS3-VP3 (0.00, 0.00, 0.00, —4.46, 0.00, 6.69, 0.00, 0.00) (0.00, 0.00, 0.00, —6.36, 0.00, 9.54, 0.00, 0.00)

Our multiple comparison procedure applies the MCB confidence intervals for the purpose of treatment screening: Als
with MCB intervals excluding zero will be declared inferior to the optimal Al and removed from further considerations.
To anticipate the clinical context where there are many candidate treatments (Als) and the goal is to move forward
with a subset, we may consider applying the MCB intervals at a confidence level less than 95% so as to afford a higher
differentiating power. Specifically, we consider 80% confidence in this subsection.
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Table 3
Properties of 80% MCB intervals and simultaneous confidence intervals using Bonferroni’'s adjustment with n = 200: coverage probability (cov) and
average width of intervals (wid).

Scenario A =0.05 A =0.10

MCB Bonferroni MCB Bonferroni

cov wid cov wid cov wid cov wid
DS1-VP1-BR 0.927 6.63 0.918 5.42 0.920 6.95 0918 5.42
DS1-VP1-UBR 0.941 7.07 0.927 6.31 0.925 7.47 0.927 6.31
DS1-VP1-AR 0.929 7.13 0.920 5.72 0.921 7.52 0.920 5.72
DS1-VP2-BR 0.901 6.64 0.915 8.63 0.867 7.10 0.915 8.65
DS1-VP2-UBR 0.913 7.24 0.924 9.52 0.873 7.73 0.921 9.53
DS1-VP2-AR 0.907 7.13 0.917 9.57 0.876 7.67 0.916 9.59
DS1-VP3-BR 0.936 6.64 0.905 8.81 0.903 7.30 0.903 8.99
DS1-VP3-UBR 0.960 7.70 0.919 9.63 0.946 8.37 0.915 9.75
DS1-VP3-AR 0.942 7.10 0.904 9.74 0914 7.77 0.901 9.90
DS2-VP1-BR 0.881 4.95 0.866 3.90 0.880 5.09 0.866 3.90
DS2-VP1-UBR 0.885 5.36 0.864 4.80 0.870 5.54 0.864 4.80
DS2-VP1-AR 0.883 5.28 0.858 3.82 0.877 5.44 0.858 3.82
DS2-VP2-BR 0.858 5.00 0.889 5.75 0.848 5.19 0.893 5.88
DS2-VP2-UBR 0.865 5.30 0.878 6.02 0.846 5.48 0.879 6.11
DS2-VP2-AR 0.838 5.37 0.877 6.47 0.835 5.65 0.882 6.60
DS2-VP3-BR 0.872 497 0.873 5.67 0.857 523 0.876 5.72
DS2-VP3-UBR 0.886 5.35 0.876 5.98 0.867 5.67 0.880 6.03
DS2-VP3-AR 0.856 5.30 0.869 6.41 0.840 5.61 0.872 6.45
DS3-VP1-BR 0.806 3.52 0.843 4.00 0.805 3.47 0.841 4.00
DS3-VP1-UBR 0.813 4.31 0.852 4.79 0.808 423 0.852 4.79
DS3-VP1-AR 0.807 3.70 0.843 4.17 0.805 3.64 0.843 4.17
DS3-VP2-BR 0.821 3.66 0.846 4,01 0.815 3.62 0.846 4,02
DS3-VP2-UBR 0.839 4.55 0.854 4.80 0.828 4.58 0.854 4.82
DS3-VP2-AR 0.821 3.75 0.848 4.19 0.818 3.74 0.850 4.20
DS3-VP3-BR 0.809 3.67 0.841 4.02 0.798 3.66 0.840 4.03
DS3-VP3-UBR 0.815 4.33 0.845 4.81 0.801 4.39 0.844 4.83
DS3-VP3-AR 0.821 3.94 0.833 4.19 0.800 3.93 0.829 4.21

Table 3 gives the coverage probabilities of the 80% MCB intervals under various designs and outcome scenarios
based on 5000 simulation runs, which will yield an estimated standard error of accuracy to the second decimals. In
addition, we point out our estimators, being MLEs, are asymptotically efficient, which implies that their standard errors
should be smallest asymptotically. To be more concise, each probability pertained to simultaneous coverage, and was
calculated as the proportion of simulated trials under which the gth MCB interval covers the corresponding true values
of Oy — maXe(1,..q 0 forallg =1, ..., G. Recall that G = 8, 4, 3 under DS1, DS2, and DS3, respectively. For comparison
purposes, we also considered simultaneous confidence intervals based on Bonferroni’s correction: For each pair of Als,
a confidence interval for the difference of their values was evaluated with confidence level 100[1 — 0.2/{G(G — 1)/2}] %
so that the overall nominal coverage is 80%. The coverage probability of the Bonferroni intervals was calculated as the
proportion of simulated trials under which all G(G — 1)/2 intervals covered the corresponding true differences. While
we note that the Bonferroni’s simultaneous confidence intervals address a different estimation problem than the MCB
intervals, both methods are valid in that their corresponding coverage probabilities were at least 80% in all scenarios.
Indeed, both methods appeared to be conservative, especially under DS1 where there were many Als. For MCB intervals,
the conservativeness was due to the asymptotic approximation: simulation with larger sample size showed that the
coverage probability approaches the nominal 80% as n increased.

We also calculated the average widths of the confidence intervals as a measure of efficiency. For the MCB method, the
average width was taken over the G MCB intervals. For the Bonferroni’s pairwise intervals, the average width was taken
over the G intervals that compared to the observed best Al. We note that this comparison was unfair against MCB intervals
in two ways due to the interpretation of the intervals. First, the MCB intervals did not assume the knowledge of the true
best Al, and the calculation of MCB intervals implicitly accounted for variability induced due to this unknown parameter. In
contrast, the Bonferroni’s method avoided estimating the unknown true best Al by comparing all Als against a known and
observed best, and thus was addressing an easier inferential problem. Second, by definition of the Bonferroni pairwise
intervals, the observed best when compared to itself would have a width of zero, which would artificially shrink the
average width towards a smaller value. However, we opted to use the Bonferroni’s intervals as a benchmark to evaluate
how the MCB intervals perform under different scenarios. Having noted the difference in interpretation of the two interval
estimation procedures and the average widths, we observe that the 80% MCB intervals had smaller average width than
the average of the G corresponding Bonferroni’s intervals under value patterns VP2 and VP3, but had larger average width
under VP1. And the MCB intervals were narrower than the Bonferroni ones under the third design structure irrespective
of the value pattern. As discussed above, since the MCB intervals implicitly account for the variability in estimating
what the true best Al is, we expect larger variability when the true best Al is not unique and thus difficult to estimate,
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Table 4
The probability of an Al being declared inferior using 80% MCB intervals under balanced randomization (BR) and a sample size n = 200.

Al A = 0.05 A =0.10

DS1-VP1 DS1-VP2 DS1-VP3 DS1-P1 DS1-VP2 DS1-VP3

Value Prob. Value Prob. Value Prob. Value Prob. Value Prob. Value Prob.
(0;0,0) 0.00 0.382 0.00 0.461 0.00 0.197 0.00 0.781 0.00 0.857 0.00 0.460
(0;0,1) 0.00 0.391 0.87 0.324 0.93 0.098 0.00 0.785 123 0.709 1.32 0.236
(0;1,0) 0.00 0.379 1.74 0.227 2.49 0.038 0.00 0.778 2.47 0533 3.52 0.080
(0;1,1) 0.00 0.381 2.62 0.156 3.42 0.025 0.00 0.785 3.70 0.361 4.84 0.046
(1;0,0) 4.48 0.014 3.63 0.122 —1.24 0.343 6.33 0.015 5.13 0.299 —-1.76 0.726
(1;0,1) 4.48 0.013 4.50 0.050 0.31 0.115 6.33 0.015 6.36 0.111 0.44 0.334
(1;1,0) 448 0.015 5.38 0.015 249 0.034 6.33 0.017 7.60 0.046 3.52 0.074
(1;1,1) 4.48 0.017 6.25 0.001 4.04 0.005 6.33 0.019 8.83 0.000 5.72 0.005
Al DS2-VP1 DS2-VP2 DS2-VP3 DS2-VP1 DS2-VP2 DS2-VP3

Value Prob. Value Prob. Value Prob. Value Prob. Value Prob. Value Prob.
(0;0,1) 0.00 0.667 0.00 0.734 0.00 0.549 0.00 0.943 0.00 0.976 0.00 0.885
(0;1,1) 0.00 0.663 1.92 0.440 3.21 0.119 0.00 0.945 2.77 0.759 458 0.191
(1;0,1) 4.48 0.033 4.00 0.234 0.40 0.442 6.33 0.034 5.90 0.462 0.57 0.773
(1;1,1) 4.48 0.041 5.92 0.001 4.42 0.008 6.33 0.041 8.67 0.000 6.30 0.003
Al DS3-VP1 DS3-VP2 DS3-VP3 DS3-VP1 DS3-VP2 DS3-VP3

Value Prob. Value Prob. Value Prob. Value Prob. Value Prob. Value Prob.
(0;0,1) 0.00 0.830 0.00 0.820 0.00 0.401 0.00 0.987 0.00 0.983 0.00 0.630
(0;1,1) 0.00 0.835 2.59 0.492 —2.97 0.830 0.00 0.987 3.65 0.748 —4.24 0.982
(1;1,1) 4.48 0.000 5.17 0.000 2.23 0.001 6.33 0.000 7.30 0.000 3.18 0.000

i.e.,, under VP1. In practice, scenarios such as VP1 where many Als have the same value are conceivably less likely than
the other patterns, especially when the Als consist of components of different treatment types (i.e., pharmacological vs.
behavioral).

Table 4 presents the probability of an Al being declared inferior using 80% MCB intervals under balanced randomization
(BR) with n = 200, based on 5000 simulation runs. As A increased from 0.05 to 0.10, the truly inferior Als were correctly
identified with increasing probabilities. Specifically, under A = 0.10 with n = 200, the MCB method identified the true
worst Al as inferior with probabilities between 73% and 98%. Similar results were obtained for the other two types of
randomization (data not shown).

3.2. Example of the CODIACS trial for depression

Cheung et al. (2015) analyzed data in a subset of patients enrolled to the CODIACS trial with an objective to further
determine which stepped care depression management regimens should be used and which should be discontinued in
an implementation stage. A specific task may thus be formulated as eliminating inferior Als from further practice based
on reduction of Beck Depression Inventory at 6 months, which was the primary endpoint in the original study. In other
words, the value of an intervention in this application is the expected reduction of the depression score. Furthermore,
each Al would adapt to an initial response at 8 weeks defined as no increase in depression. Table 1 shows the 80% MCB
intervals for the eight possible two-stage Als embedded in the study. This analysis identified an inferior Al, namely, the Al
with g = 2 that would start with medication, stay with it upon a non-response, and switch to problem-solving therapy
upon a response. We emphasize that this analysis was not intended to estimate the true best Al with statistical confidence.
Rather, the utility of this analysis is to exclude the inferior Al from further practice from a quality assurance viewpoint.

As a comparison, we applied the pairwise confidence intervals with Bonferroni’'s correction described above. Table 1
also lists the intervals that compare each Al with the observed best, and shows that the Bonferroni’s correction failed to
differentiate any Als. From an estimation viewpoint, the MCB intervals give more precise estimates than Bonferroni’s:
the average widths of the 8 MCB intervals were shorter than that of the 7 Bonferroni’s intervals. Note that there was
no Bonferroni interval for g = 5. This is because for the Bonferroni method, we treated, although unreasonably, the
observed optimal Al g = 5 (for 65 is the largest) as the true optimal and the confidence intervals were constructed for
the remaining 7 Als by comparing them against g = 5. So, g = 5, being considered as the true optimal Al, had itself no
confidence interval associated with it.

4. Discussion

In many situations, it is appropriate to view a SMART as a study in a series of experimental studies that lead to a
confirmatory trial (Murphy, 2005). In the early phase where there are potentially many treatment options, a relevant
clinical objective would be to eliminate inferior Als (or non-adaptive interventions) so that the clinical investigation can
quickly zero in on the promising interventions. The concept of screening has been well-studied in the contexts of clinical
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trials and multiple comparison in experimental designs (Bechhofer et al.,, 1995). A contribution of this article is to extend
the screening concept to the evaluation of adaptive interventions, thus enhancing the practicality of SMARTS.

The proposed method generalizes Edwards and Hsu (1983) in several respects. First, Edwards and Hsu (1983)
considered non-adaptive interventions under parallel group designs where the correlation among the intervention effects
are known, while in our cases the interventions are adaptive under SMART and the correlation among the adaptive
interventions are both unknown and less than full rank (i.e., degenerate). Second, Edwards and Hsu (1983) required that
the outcomes to be normally distributed with equal variance, while in this paper the outcomes are only required to be
from an exponential family distribution. In fact, as long as the joint asymptotic distribution of the Als can be obtained (Cf.
Theorem 2.1), the proposed method will remain valid. These are certainly topics for further study. Having said that, we
note that the results in this article are derived under weak assumptions on the (conditional) distribution of the outcome
Y, with the exponential family being the most prominent example that the theory is applicable to. Thus, the specific
procedures studied in this article shall have applications in very broad settings.

Finally, when there are multiple optimal Als, the simultaneous confidence interval provided in Theorem 2.2 is shown
to be conservative. Further research is needed to improve the performance in these situations.
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Appendix

of the proof. Consider
E= {é,» — 0 — 8¢+ Gige /N < Ogr — Oge < 0 — O; + 8ge Gy /13 #g*}~
By the construction of g+,
lim pr(E) =1 — a.
n—00
Since
Ogr — O > O — 6, — 84151 |/
for all i # g* is equivalent to
Ogs — i + 8+ Gige [/ = O — 61 2 0

for all i # g*, we conclude that g* € G.
From

Ogx — O < O; — 0; + 8gxGigr //1,
we have
0 — Og+ < O — Og+ + 831+ //n,
and noticing that 6; — 6« < 0, we conclude that
Ec e e.6—6p <min (0,0~ b + 5560 /Vn) i £ 87
c {ei—og* <Uni= 1,...,0].
Similarly,
Ec (e ed.6i—6p 26 -6y — 806 /Vni £ g

g {Gf_eg*ZLi’i:1""’G}'
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Thus,

Eg{L,-f@i—eg*§U,<,i:1,...,G},

and
pr(Li <6 — max 6 < Upi=1. ....6)
:pr(Li <6 — O <Ui= 1,...,0) > pr(E).
Therefore,

liminfpr(Li <6;— max 6 <U,i= 1,...,G> > lim pr(E) =1 — a.
n—o0 je{1,....G} n—o0

Now we proceed to prove the claims on asymptotic coverage. First, consider the case when there exists a single g* such
that 6,+ > 6,1 # g*. That is, when the optimal Al is unique. In this case, recalling the construction of the simultaneous

confidence intervals and the consistency of éj’s, we conclude that, when n large enough, the simultaneous confidence
interval for 6; — 6.+, i # g*, becomes

{0} ifi =g*,
I:éi — ég* — Sg*éig*/\/ﬁ, éi — ég* + Sg*6,'g*/\/ﬁi| if i ;é g*
Thus, the asymptotic coverage is

lim pr (01 — Qg* € I:él — ég* — (Sg*é\'ig*/\/ﬁ, éi — ég* -+ (Sg*(';','g*/\/ﬁ:l s for all i ;ﬁ g*>

n—oo

[Li, U] =

= pl'{|Z,'g*|§ 8g*; l#g*} = pl‘{l;[;?iqzlgﬁf Sg*} =1-a,

by the definition of §g+.
Now consider the case when the optimal Al is not unique. Without loss of generality, assume that there exists a

k < G — 2 such that max{6, ..., 6k} < Okr1 = --- = 6¢. That is, there are G — k > 2 optimal Als. By the construction of
the simultaneous confidence intervals, we conclude that, when n large enough, the confidence interval for ; — max;{6;}
is {0} ifie{k+1,...,G}; and wheni € {1,..., k}, [L;, U], the confidence interval for 6; — max;{6;}, becomes

gre{k+1,..., g*elk+1,...,

|: min G}{éi_ég* —(Sg*&,'g*/«/ﬁ} s max G}{éi_ég* +8g*6,g*/«/ﬁ}i| .
The asymptotic coverage is

lim inf pr ( min . {éi — 9g* — Sg*c?,-g*/«/ﬁ} < 0; — Ogr

n—00 grefk+1,..,

< A'—A* « Ojg :1’
< i g [i=te vocsu i} =1 i)

> liminfpr(éi—éc—856ic/ﬁ§ 6; — g < éi—éc—i-ac&ic/«/ﬁ,i: 1, ,k)

n—-oo

= DT( max |Zig|< 5(;) > PF< max |Zi|< 3@) =1-a,
ie(1,..k} ie(1,...G—1)

as claimed. O
References

Bechhofer, R.E., Santner, T.J., Goldsman, D.M., 1995. Design and Analysis of Experiments for Statistical Selection, Screening, and Multiple Comparison.
John Wiley and Sons, New Jersey.

Cheung, Y.K., Chakraborty, B., Davidson, KW., 2015. Sequential multiple assignment randomized trials (SMART) with adaptive randomization for
quality improvement in depression treatment program. Biometrics 71, 450-459.

Edwards, D.G., Hsu, J.C., 1983. Multiple comparison with the best treatment. J. Amer. Statist. Assoc. 78, 965-971.

Ertefaie, A., Wu, T., Lynch, K., Nahum-Shani, I., 2016. Identifying a set that contains the best dynamic treatment regimes. Biostatistics 17, 135-148.

Hsu, J.C,, 1981. Simultaneous confidence intervals for all distances from the best. Ann. Statist. 9, 1026-1034.

Hsu, J.C,, 1984. Constrained simultaneous confidence intervals for multiple comparison with the best. Ann. Statist. 12, 1136-1144.

Lavori, P.W., Dawson, R., 2007. Improving the efficiency of estimation in randomized trials of adaptive treatment strategies. Clin. Trials 4, 297-308.

Murphy, S.A., 2005. An experimental design for the development of adaptive treatment strategies. Stat. Med. 24, 1455-1481.

Murphy, S.A,, van der Laan, MJ., Robin, J.M., CPPRG, 2001. Marginal mean models for dynamic regimes. J. Amer. Statist. Assoc. 96, 1410-1423.

Nahum-Shani, I., Qian, M., Almirall, D., Pelham, W.E., Gnagy, B., Fabiano, G., Waxmonsky, J., Yu, ], Murphy, S., 2012. Experimental design and primary
data analysis for developing adaptive interventions. Psychol. Methods 17, 457-477.

Ogbagaber, S.B., Karp, J., Wahed, A.S., 2016. Design of sequentially randomized trials for testing adaptive treatment strategies. Stat. Med. 35, 840-858.


http://refhub.elsevier.com/S0378-3758(20)30078-1/sb1
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb1
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb1
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb2
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb2
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb2
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb3
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb4
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb5
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb6
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb7
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb8
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb9
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb10
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb10
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb10
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb11

X. Zhong, Y.K. Cheung, M. Qian et al. / Journal of Statistical Planning and Inference 211 (2021) 143-153 153

Orellana, L., Rotnitzky, A., Robins, ].M., 2010. Dynamic regime marginal structural mean models for estimation of optimal dynamic treatment regimes,

part i: main content. Int. ]. Biostat. 6, Article 8.
Robins, J.M., 1986. A new approach to causal inference in mortality studies with sustained exposure periods-application to control to the health

worker survivor effect. Comput. Math. Appl. 14, 1393-1512.
Zhong, X., Cheng, B., Qian, M., Cheung, Y.K,, 2019. A gate-keeping test for selecting adaptive intervention under general SMART designs. Contemp.

Clin. Trials 85, 105830.


http://refhub.elsevier.com/S0378-3758(20)30078-1/sb12
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb12
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb12
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb13
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb13
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb13
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb14
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb14
http://refhub.elsevier.com/S0378-3758(20)30078-1/sb14

	Comparing adaptive interventions under a general sequential multiple assignment randomized trial design via multiple comparisons with the best
	Introduction
	Method
	Numerical studies
	Simulation
	Example of the CODIACS trial for depression

	Discussion
	CRediT authorship contribution statement
	Acknowledgments
	Appendix
	References


