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Abstract

This appendix provides i) some calculations underlying the model; ii) some proofs and
related detail not contained in the appendix of the paper; and iii) some additional results
that both clarify our findings relative to earlier learning analyses on this topic and elucidate
further the role of some assumptions.
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1 Model Derivation

The following describes only the derivation of the aggregate demand equation. The derivation
of the generalized Phillips curve can be found in Preston (2005b). The household’s optimality

conditions imply:

R B

which can be rewritten as

67T0 = E} Zﬁt Ct + g) [CZ -Y:+ Tt] (1)

+9)

where 7, = T;/P, and b} = B!/P,. In steady 5§ = (1 — 8)b where s; = T;/P; — g defines the
structural surplus and market clearing implies Y = C + g.

Approximating (1) provides

e o
B 0 = t t cc i cc i
b (bo - 770) = E} ;5 [CCl =YY, 4 774 + 5E} ; B [ 7 cel — i CC'O]
= E)Y BU(C-3567")Ci+s6'CH(1—P) "+ Ey Y B[-YY;+77]
t=0

where 6 = —U,./ (UCCC_').

The consumption Euler equation satisfies the log-linear approximation
Ci = BiCiy — & (i — Bifrin ) -

Solving recursively backwards and taking expectations at time zero provides

t—1
Eoct CO + O'EO Z ﬁ-s—i-l) .
s=0

This determines the infinite sum

By 86 = (5(’0 v EoZﬁtZ o Tar)
t=1

5=0
e y
= E
(1- ﬁ) 0 Z B (it — mi41)
Substituting into the intertemporal budget constraint
/. _ Ci P _ .
b (i~ #0) = Eozﬁt =567 G (C =567 G+ 507 s+ B Y BV Y+ 7]
t=0
CC() — _~_1 O > t
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Divide through by Y (1 — B)_l and rearranging gives the optimal consumption rule
. ~ . o
Ch =550 (bo— 7o) + 55" E6 D 8" (1= 8) (V2 = 03¢) — (0= 6) B (it — e
t=0

where sc = C/Y,§ =5/Y, 33; = 77, 0 = 5.6 and using 5 = (1 — 3)b.

Finally, note that market clearing implies the log-linear approximations
1 1
Y; = so/é;'dz’ and b, = /Ef;dz'.
0 0

Hence the aggregate demand equation is

= 6 (bo— #0) + 20 S B [(1— ) (i = 63) = (7 = 8) B (i — #10)

t=0

1
where F; = / Eidi defines average beliefs of households.

0
Define the output gap as Y; — Y;* where the latter is the natural rate of output under

rational expectations permits
xp =681 (l;t - ﬁt) +E, Zﬂt (1= B) (#1541 — 687 "81) — (0 = 6) (it — e41) + 1]
T=t

where
re =Y/, =Y/
Equation (10) of the paper follows when & = 1 and assuming g = 0, without loss of generality,

so that 0 = o = 1.

2 Proof of Proposition 1
The model under rational expectations is given by

T = Eidpyr — (i — By —1y)
T = KT+ BBt
The debt dynamics and policy rules are as specified earlier. Solving the model under Ricardian

fiscal policy is standard and yields 7; = ¢y where ¢, is a time-invariant coefficient, the

specific value of which plays not role for the stability results under both learning and rational



expectations. To solve the model under the assumption of non-Ricardian fiscal policy note

that the governments flow budget constraint is again solved forward to give
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Since the eigenvalue pertaining to debt is great than one that implies that only one of the

(2)

remaining two eigenvalues can lie in the unit circle.

Considering the sub-system in output and prices gives

Tepr | g —kB7! n

B —
|t (6r— B71) 1+rB7

»
~
)

§>
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with associated characteristic equation

2 1+B+/<c> <1+/<ad>7r>
PA\) =) <5 A+ —5 )

There will be one eigenvalue inside the unit circle if and only if ¢, < 1.

Denoting the unstable root by A, the associated eigenvector can be determined from

g1 kB
RN s R

implying that

-1
K
ao=
1+:‘€5 —)\1
. KR
 Br-—1

where the second equality follows from noting that the roots satisfy A\; +Xo = (1 + 4+ &) 571

Transforming the system with the unstable eigenvector gives

K
EiZy = M5+ ———
t2t4+1 12t + 1_ /\257“15

where
_ Mt
2t = [ 1 d; }
Ty
Solving forward provides
T il Ty
=BT (BN !



placing a linear restriction on output and inflation movements in equilibrium.

Substitution into the Phillips curve gives
Eiftti1 = Xofty — ——

and solving backwards recursively and taking expectations at time ¢ implies

-1
A i~ BT
Et77t+j = )\%’ﬂ't — Tl)\% 1”?.

Using this to evaluate the expectations in the debt equations gives

o= b bty dor (3)
= ¢1Bt + Part (4)
where
! 1-(1-8)¢.— B
(‘é — (1 - B¢7r)
2 MA=1=8)¢, = BAx) (1= (1-08)¢,)
and

AF;B 148+ n— 1B+ RE—4B(L+ rdy)] .

3 Proofs of Propositions with Learning Dynamics
3.1 Constructing the True Data Generating Process

This section outlines the beliefs of agents in our benchmark analysis. We re-write the model
in matrix form. Each agent’s estimated model at date ¢ can be expressed as
!/

X = [ T T b1 iy s | =wop w1 X1+ e (5)

where wg denotes the constant, w; is defined as

[0 b B 0 0
0 b B 0 0
wi= |0 bf b 00
0 oF B 0 0
0 b7 b2 0 0 |

and é; represents an i.i.d. estimation error.



The model, given by equations (6), (7), (8), (10) and (11) of the paper, can be written as:
Output gap

o)
VX =U2E Y BT Xy 4]
T=t

where

i1 010 5 |ad¥i=][1-5 1-5 (1-8)8 (1-53 0]

Inflation

oo
VX =026 Y (ef) ' Xy
T—t
where
\IJ}FZ[_FL 10 0 0} andl’?r:[naﬁ I-a)p 0 0 0 |-

Interest rate

UiXy = Viwy + Viwi Xy

where
;=001 0 0 and\l’?Z[O@TOOO-
Surplus
Ulx, =X,
where
vl=10 0 0 1 0 and\Ifiz[o 00 0 ¢,
Debt
UlX, = U2X;
where

wi=lo g -1 gra-p) 1]adui=]0 0 0 0 5]

Calculating expectations over an infinite horizon provides

By 87 X = (T—w) (T (1= B)7" —wn (T = Bun) ™) wo

T=t
+wy (I — Bwy) ™!

= Fyo(wo,w1) + Fr1 (w1) X1



and
Eti (@8 Xriy = (T=w) ™ (I-(1=aB) ™" —wi (T = fun) ™) wo
- w1 (I —afwi) P X,y
= Fro (wo,w1) + Fr1 (w1) Xi-1.

The true data generating process is then

Xy = [Ao (w1)] 7 [A1 (wo,w1) + Ag (w1)] Xeo1 + [Ao (w1)] ' rf!

where
Ol 02F, (wy) |
Ul W2F (w)
Ag(w1) = | w!
v,
L Y |
and
[ U2F,0 (wo,w1) | [ o |
W2 Fro (wo,w) 0
Ap (wo,w1) = | Tiw and Az (w1) = | Vi,
0 o
| 0 | | v

Finally, the data generating process can be rearranged as

X; = Ag(w1) Ay (wo,w1) + Ag (w1) 7t Ag (w1) Xyo1 + Ag (wr)t R
1

= I'i (wo,w1) ,
X1

E-stability can be computed by evaluating the local stability of the following ODE

d (WO,LL)]_)

7 = 11(wo,w1) = (wo,w1). (6)

3.2 Stability under learning

As explained above, convergence of the learning process depends on the stability properties
of the ODE (6). This is a fairly complicated convolutions of the agent’s beliefs (wg,w1). In
order to find analytical conditions for convergence we make use of Matlab symbolic toolbox.
The expressions can be reproduced by running the appropriate files, available on request from

the authors.



3.3 Proof of Proposition 2

Ricardian regime The results reported in this proof can be reproduced using the Matlab file:
fiscal_delay benchmark.m. First, it can be shown that the beliefs (wg,w;) evolve according

to two separate sub-systems
LZ)() = (A — I5) wo and d}l = (B - I5)w1.

where A and B represent components of the Jacobian of T (wg, w1 ), evaluated at the rational
expectations equilibrium w{, w7y, defined in the previous proposition.

Consider the evolution of the intercept wg. We take three steps in order to reduce the
matrix A from a five dimensional to three dimensional object. First, evaluating the matrix A
reveals that

Wy = —wp-

Hence, the intercept in the fiscal rule equation converges for all parameter values, indepen-
dently of the other elements of the beliefs vector. This reduces dimensionality by one. Second,

using the restriction

A5,j = —ﬂ_lAQ’j +A3,j for j=1.5

delivers the three dimension system (see the Matlab file for the details of the variables’ trans-

formation):
Y T
wo “o
o | =4 o
o wh

For the real parts of the three eigenvalues to be negative requires

Tr(A) <0, det(A) <0

and

Mj; = —Sm(A)-Tr(A) + det(A) > 0
where Sm([l) denotes the sum of all principle minors of A. We are interested in the limit case
where o — 0. In this case, the trace, determinant and M ; become arbitrarily large. Consider
the trace first. We can calculate the limit

~ _ 1 _
g T = S



which is negative if and only if
1

1-5

Pr >

Likewise, the determinant

. |
Jlm, ardet(4) = -

which is negative if and only if ¢, > 1. For M ; we have

lim oz2-MA = (2 =20 + ¢xf) (12_ O + ¢:5)
a—0t (1 _5)

which is positive provided (7).
Consider now the coefficients on real debt. An identical process reduces the dimensionality
of the matrix B to a three dimensional matrix B. Considering the trace we get

. > 71_¢T(1_6)(ﬁ¢ﬂ'+1)
L o TriB) = = 50— p)

which is decreasing in ¢.. In a Ricardian regime, ¢, > 1. Evaluating the expression at ¢ = 1,

if (7) then the trace of the B matrix is negative. Evaluating the determinant we get

_ 186, —B16.8(1 - B)

lim - det(B)

a—0t B ¢7’B(1 - B)
which is decreasing in ¢.. Again, imposing ¢, = 1 gives
¢7‘r -1

g, o det(B) = =

< 0.

Finally,

a—0* B¢z (1 - P)

which is, again, decreasing in ¢_.Imposing ¢, = 1 yields

: 2 ~_(2_2¢7r—i_5¢7r)(1_(l37r—i_5¢7r)
atge @ MB = Bo2(1— B

which is positive if (7) is satisfied.

Non-Ricardian regime The matrices A and B corresponding to the non-Ricardian
regime can be reduced to three dimensional matrices by following the same steps as above.

To further simplify the problem, we use two Lemmas.

Lemma 1 Consider the model where « — 0. Then Ag — ¢.



Proof. Recall that

do = 215 148+ r(0)~ VT +B+r(@)? 451+ £ () 6,)]
We can then evaluate
lin%))\g =

148+ (a) + /(T + B+ r (@) —4B(1 + () 6,)] x
1 148+ 5 (a) = /(AT + B+ r ()2~ 4601 + £ (a) 6]
26020 14 B+ k(a)+ /(T + B+~ (@) - 4B+ £ (@) b))

26028 (14 54 (@) + 1+ B+ A (@) — B0+ m () 6]
Using L’Hopital

% lim [46/{,(05)¢ﬂ-/ (I{/(O[)—{— (1+ﬁ+/€(06))/{/(0¢)—Qﬁ/{/(a)d)ﬂ. >] _

VI +B8+k()?—48(1+ k() ¢,)

1 (14 8+ k () — 286,
25 li l4ﬁ¢7r/ ( \/(1 + ﬂ + K (a))2 — 46(1 ( )¢7r)>]

75 hm 2/8¢)ﬂ' = ¢ﬂ"

We then conjecture that as a — 0, one eigenvalue of A and B tends to —1. The conjecture

is verified in the following Lemma.

Lemma 2 Consider the model where o — 0. Then one eigenvalue Y of A and B converges
to —1.

Proof. The characteristic equations of A and B are
AL () = P — tr (21) ¥ + Sm(A)w — det(A)

and
AB () = ¢3 —tr (B) ¥? + Sm(B)y — det(B).

It can be shown that?

lim A4 (~1) = —1—tr (A) — Sm(A) — det(A) = 0

a—0

'The limit is computed in the matlab file fiscal delay benchmark.m.
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and
m%AB@4y:_1_w(B)_smu%-ﬂmué):o

Let us consider the local stability of the intercept coefficients. The remaining two eigen-

values z1; and z9 of A are negative if

tr(A)+1 =21+ 22 <0 and det(4) = —z129 < 0.

The trace is

N 1-[-8e(1— A, — b,
tr(4) = {” 1= (-5, — Bor ®)

(a) Consider the case of 0 < ¢, < 1: the trace can be re-arranged to deliver the following

relationship between ¢, and ¢, at tr (fl) =0,

2
(1= B¢r) "1+ (1= 5)]
in the text. Then, 0 < ¢, < min (¢} (¢,), 1), where
C 2
)= T Fey T A
and where we use dtr (A) /0¢, > 0 for ¢, € [0,1). The determinant is

N (=60 (B —1)
~det (4) = 1 g5 v pa=1 7" )

6, =

Finally, consider the B matrix. Proceeding in the same way as for the A matrix, the trace
can be shown to be
~ 1— 2,2
tT(B) = _92_ ( ﬁ)/@ ¢7T¢T )

which gives the following expression for

(10)

2
O (or) = -
(8262 +2(1 - B6,) 5

which solves tr(B) = 0 (also shown to have positive derivative with respect to ¢.). It can be
shown that ¢** (¢,) > ¢* (¢,).2 The determinant of the B matrix is equal to —1 for every
parameter value.

(b) Straightforward algebraic manipulations of (8)-(10) show that the stability condition
holds for all parameter values with ¢. > (14 3) /(1 — 5).

*

21t can be shown that the difference betwen the denominator of 7% and the denominator in 7*

(B, — 1) (1—¢,)B>0.

is equal to

10



3.4 Proof of Proposition 3

The proof follows the same steps as in Proposition 2.

Ricardian Regime. The matrices A and B are three dimensional, given that agents do
not have to forecast the nominal interest rate and the surplus. The expressions below are
calculated using the file fiscal analytical trsp.m. Let us consider first the matrix A. We find

lim a-tr(A) = 1+ (60— 1)¢n

a—0t 1-p (11)

which gives the stability condition in the main text. Thus, for § = 0, we the Taylor principle

obtains. Using 6 = (1 — B)% we can re-write the stability condition as

Q| o

¢-(1-B(1-p)=)—-1>0

so that for high levels of debt-to-output ratio and for intermediate values of the discount factor

instability is likely to arise. As a@ — 0, the determinant is

: g1
Jim, o det(4) = =T

and negative provided (¢, — 1) > 1. Finally,

: _ (92 (2=80) =2) (¢ (1 = B9) = 1)
ali,Ing a?[=Sm(A) - Tr(A) + det(A)] = 157

)

which is positive provided (11) is satisfied.
Consider now the matrix B. The trace is satisfies

| (C14 B+ B0, — Bo )b, — (1—6) fg, +1
iy rB) = (- 5) o,

and is negative provided the trace of the matrix for the constants is negative (¢, > 1 in the

Ricardian fiscal regime). As o — 0, the determinant is always negative, that is

- _ g1 (B 1)
ali{{)l*a.det (B) =-F (1 _5>/3¢7’

<0,

if (11) is satisfied.

Finally, letting o« — 0, the sum of all principle minors becomes

lim o [~Sm(B) * Tr(B) + det(B)] =

a—0t

¢72'/32<1 - ﬁ)2>

11



which is positive provided ¢, > 1 (Ricardian fiscal Regime) and (11) is satisfied.
Non-Ricardian Regime. As in proposition 2, it can be shown that one eigenvalue of
both matrices A and B is equal to —1. We define the trace of the constant coefficients as
lim tr(A)+1=®4(¢,,¢,,0).
a—0t

First notice that
(1 - ﬁ¢ﬂ)52¢ﬂ

®?(¢T7¢ﬂ'75) = >0

ift0<¢,<1and
(_1 + ¢T - (;57'/8 + 5¢7r)2

for all admissible values of §, ¢, and ¢, where <I>‘x4 denotes the derivative of ®* with respect
6TA

4 ($y, 0, 0) = >0

to the argument x. Second we show that for values of § < the trace is negative. Consider

¢, < 1. Using the inequality above, we can solve for 674 as

B2, — 3202 + B2926TA + Bo, — B0t — B — ¢+ 1)
1-8)(1- ¢,)

CDA(LQSW?(STA) = _( =0

where
5TA _ ((1 - B + ¢7r52) (1 - gbw)
¢7T/8(]‘ - /6¢7T>
If ¢. > (14 B8)/(1 — B) then ®5(¢., ¢,,5) < 0. Evaluating &4 at § = 0 gives

(Cyp. b, — B3¢2 + 3%, — 2B¢, — 28 +2)

> 0.

o4 (¢,, ¢5,0) =

where

Co, = (B°0r —28°0, — B + Box + 36 — 2).
The denominator is positive for ¢, > (1 + 3)/(1 — ). For the numerator, substituting
b, = (1+8)/(1 - B)) gives

(C¢T¢T7B3¢72r+352¢7r726¢77725+2) = (62 - B)+(62¢7r - B(bﬂ)+(2/82¢7r72ﬁ)763¢7r753¢3r <0
Last, the coefficient Cy_ is positive since

(B3¢ﬂ' - B2¢ﬂ') + R(¢7r7ﬁ) <0

where

R(¢ﬂ’/6) = _/62¢7r - 52 +Bd)ﬂ' + 3[3 -2

R(0,8)=—-(B-12—-1+8<0, R(1,8)=-2(6-1)2%<0

12



and

Ry (¢r,8) = =8>+ 8> 0.

Hence, for ¢, > (14 )/(1 — ) the trace is negative. Finally, the determinant of the

Jacobian is

lim [_ det(A)] _ (1 — QST)(]' — /B¢w) >0

a—0t N 1_(1_/8)¢T_/6¢71' .

Following the same steps for matrix B :

lim tT(B) +1= (I)B(¢Tv¢7r75)'

a—0t

First notice that

(I)B(¢ ¢ (5) - ﬁ2¢72r >0
6§ \Prs Prs _(1_B>(1—(1—IB)¢7—_B¢W)
for 0 < ¢, <1 and
2.2
(I)g.r(d)Ta ¢7‘r’6) = (1 ~ lg)dﬁ (Z)ﬂ— 2 =0

(_1 + d)’T - quﬁ + /3¢7r)

Solving for 67% from

(8242 — 3242075 — B2¢2 — 2892 + B20" 5 + 2B¢, + 26, — 2)
(1= B¢)(1—o,)

®P(1,9,,0"") = =0

provides

6TB ((1_/6¢7T)+¢ﬂ'52+(1_18¢ﬂ') _¢ﬂﬁ2(]‘_¢ﬂ)) (1_¢7r)

= > T4

Bér (1~ Bér)

Moreover, for ¢, > (14 3)/(1 — B)
tr(B) = 2§ (¢, ¢7.8) <0, and  @7(d,,¢,0) = (8267 — 260, +2)/(1 — fo,) < 0.
Finally, the determinant is equal to one for all parameter values.

3.5 Proof of Proposition 5

Ricardian regime. Given the results in the Propositions above, it is sufficient to evaluate

the matrix A. Evaluating the expression (11) at § =1 gives
1+ (8- 1)p, <0

which coincides with the stability condition in the case where the agents have no knowledge
about the policy rule. Thus, communication is always stability enhancing. The case of 6 =0

is trivial.

13



Non-Ricardian regime. Let § = 1. then

(820207 +28¢r — Bondr — ¢85 +2¢, — 2)
1= (1-p)¢; — ¢r

1-[1-B¢.(1 =Bl ¢, — By
1—(1=p)¢, — Bor

which is the trace obtained about for the case of no communication. The function ®4 is defined

in the proof? of Proposition 4. Since ®£ > 0 for 0 < ¢, < 1 we have that ®4 < (¢, ¢, 1)

oY (¢,, 65, 1) =

for § < 1. Hence, communication improves stability. Finally,

B B+ (-5 (1-by)
1- AL oy)

thus restoring the Leeper conditions. The case where ¢ > (1 + ) /(1 — () is trivial from the

4(1, ¢, 0) = <0

proof of proposition 4.

3.6 Proof of Proposition 6

As in proposition 3, we can show that

) _
iii% a-tr (A) - d +(1¢j%) O_(bﬂ-o-

which gives the desired result. The expressions below are calculated using the file fiscal analytical trsp.m.

3.7 Proof of Proposition 7

Take the conditions of proposition 3 and set § = 0 to obtain the result — the zero debt

economy being isomorphic to an economy in which fiscal expectations are anchored.

4 Additional Propositions

Two further results are reference without proof — see footnote 21 of the paper. The first
regards a special case of proposition two for a general assumption on the degree of nominal
rigidity. For a specific configuration of policy, analytic results are available. The second
regards the central bank’s imperfect knowledge about the state of the economy. When the
central bank can observe current inflation, the Leeper conditions are necessary and sufficient

for stability under learning dynamics.

3The expressions below are generated by the same Matlab file used for the poof of Proposition 7.

14



4.1 Arbitrary Nominal Rigidity

Proposition 3 Assume agents face uncertainty about the monetary and fiscal regimes. If
¢, =0 and 7 = 0, then the rational expectations equilibrium is stable for all parameter values.

Proof: Assuming ¢, = 0 implies that Ay = . In fact,

N = 216[1+ﬁ+/€(a)—\/(1+ﬁ+ﬁ(a))2—4ﬁ}
1

T U PP
= B<25+2a(a6 af —a+1) Qa(l a5)+2)

I
Q

The proof proceeds in the same steps as for Proposition 2. The expressions below are obtained
from the file* fiscal delay benchmark.m. The trace of the A matrix describing the dynamics

of the intercept becomes

~ B [52042—04(524—26) +2]
tr(A)+1=— [ ap

<0

while the determinant of the matrix A is equal to —1 for every parameter value. Consider the

B matrix (dynamics of the b coefficients): the traces is

~ _a453_a4/82_a3ﬁ3_a362+2a26+2aﬁ—2_ G(Oé)
tT(B)+1_ (1_046) (1—&2,8) o (1—045) (1—C¥26).

Consider the numerator G(«). It is straightforward to show that

G(0) = —2 and G(1) = —28° — 282+ 28 +28 -2 < 0.
Finally,
—4035%(1 — B) — 402B% + a?B% + 4af + 26 — 30263 =
[—40®B%(1 — B) + 4aB (1 — af)] + &*B? + 28 — 3a°3°

> [-40%8%(1 - B) +4aB (1 — aB)] + o?B% + 202 6% — 3a°°
= [-4a3B*(1 - B) +4aB (1 — aB)] + 3a2B* — 3¢°6° > 0

G'(a)

showing that the trace is always negative. The determinant is always equal to —1.

“In order to generate the result, select the option "peg=1".

15



4.2 Resolving Central Bank Uncertainty

Proposition 4 Assume the central bank can perfectly observe current inflation. Then the
stability conditions under learning coincide with the conditions for local determinacy.

The proof follows the same steps as Proposition 2. The expressions below are obtained
by using the file fiscal current analytical.m. Under perfect information on the part of the
central bank, both matrices A and B can be further reduced by exploiting an extra restriction

on their parameters. For matrix A,
Az j=¢,Az; for j=1..5

and the same for matrix B. The reduced matrices A and B are in this case only two dimen-
sional. Real negative eigenvalues require positive determinant and negative trace.
Ricardian regime. As a — 0, trace and determinant of matrix A converge to

, . 28 1
imer (4) =15+ g, <

and

i%det(ﬁ)-q%>0

provided ¢, > 0. For the matrix B, the trace is

(B = —Pr (1= B) (Bdr +1) — fdp +1
B = ¢-B(1— B)p,

which can be verified t be negative if ¢, > 1 (as required in the Ricardian regime) and ¢, > 1.

Finally, the determinant is

P\ _¢T(1_/8)+1_5¢7T
det(B) = = 31 - B)e,

is negative if ¢ > 1 (as required in the Ricardian regime) and ¢, > 1.

Non-Ricardian regime.Solving for the determinant of A we get

~ 1—¢
li AN Y7
At =T e, 7
Values of ¢ consistent with a non-Ricardian fiscal rule satisfy
—1<H(¢T):L < 1.
1= (1-B)o,

Multiplying the determinant by 5 (which leaves its sign unchanged) we get that the con-

dition to be satisfied is
6(1 - ¢7’)

(T R (12)

16



for . <1 and ¢, > % Consider the trace. We obtain

(¢-8+2—2¢,)

lim tr(4) = —

a—0 (1 - ¢T + ngﬁ)

Concerning the matrix B, the trace is

: P\ _ T o (52¢7r¢7' B ﬁ¢7r¢7’ + 26¢7r B 2¢T6 + 2¢7’ B 2)
oy () = G (0r) (Box — (1 — 6 + 6,5) |

In the case ¢, = 0 we get

(1=8)1 = ¢r+¢.06) (1-5)

and for ¢ =1,

T __(ﬁ2¢7_5¢7+25_2¢75+2¢7_2)__ i
= G-D1—-0, 4.9 =" aaem) <°
Last,
1T Bd)ﬁ(ﬁ_ 1)
o) = A 16,8700 =D

= =6, + 6, AR =gy = ey ér € [0,1]

which implies that the trace is negative for every value of ¢, and ¢, consistent with the

determinate and stationary REE. The determinant,

4 8-(-Be
Yy det(B) = 75 B = (1-5) ~ °

for ¢, < 1 and ¢, > {5,

5 Learning to Believe in the Fiscal Theory: An Example

To illustrate the stability properties of the non-Ricardian equilibrium under learning, consider
a deterministic economy with fully flexible prices; fiscal policy characterized by zero steady
state debt, 0 = 0, and an exogenous constant surplus, ¢, = 0; and a central bank with perfect

information about inflation so that ¢ = ¢,m;. Under these assumptions, aggregate supply
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equals the natural rate of output, and the model is given by the aggregate demand and debt

equations
Ofte = (L—Bog) Ery B 'arp (13)
T=t
bar = 5*1(@-ﬁ0. (14)

Let beliefs be specified by the regressions 7; = wﬂi)t +éex and lA)tH = wblA)t +ép,¢. For simplicity

assume that the intercept is not estimated. The belief structure implies

A Wy :
EtE BT tTrT+1 = wﬂ-l_igwbbprl (15)
T=t
Wy —17 . -1 ~
wr g |8 (57 = on)e

where the second equality uses the definition of the flow budget constraint. Inserting (15) in

(13) and rearranging provides

1- -t )
ﬁ-t = ﬂbﬁ—i_ (1 _/ngﬂ)(ﬁil _¢ﬂ):| (1_/6¢7r)ﬁ71bt
= T(wﬂawb) i)t

which denotes the actual evolution of inflation as a function of real debt and agents’ beliefs.

In the special case ¢, = 0, where monetary policy is a nominal interest rate peg, the

T
expression simplifies to

e = by (16)

and observed dynamics are independent of agents’ beliefs. Indeed, relation (16) corresponds to
the restriction between inflation and debt that obtains in a rational expectations equilibrium
under the maintained assumptions. Given T (wr,wyp) = 1, the associated ordinary differential

equations characterizing learning dynamics are
wr =1—w,; and W, = —wy,

implying stability for all parameter values.

More generally, stability under learning depends on the relation between inflation and
government debt. Suppose agents’ inflation expectations increase for unmodelled reasons —
formally w, > 1. The increase in inflation expectations leads to an increase in current inflation,
with the increase being larger the smaller is ¢,.. Simultaneously, higher inflation decreases the

real value of next-period holdings of the public debt, which in turn lowers expectations. In the
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limiting case, ¢, — 0, inflation remains unchanged — the two effects on inflation are equal and
opposite. In the more general case, with 0 < ¢.. < 1, the initial rise in inflation expectations is
not validated by subsequent inflation data and the agents’ estimate of w, converges back to its
rational expectations equilibrium value. As long as agents’ beliefs permit a possible relation
between inflation and real debt, as assumed in this paper, their learning process converges to

rational expectations equilibrium.

6 Alternative Models of Learning Dynamics

Many recent papers have proposed analyses of learning dynamics in the context of models
where agents solve infinite-horizon decision problems, but without requiring that agents make
forecasts more than one period into the future. In these papers, agents’ decisions depend only
on forecasts of future variables that appear in Euler equations used to characterize rational ex-
pectations equilibrium. Important contributions include Bullard and Mitra (2002) and Evans
and Honkapohja (2003). Of most relevance to the present study is Evans and Honkapohja
(2007) which similarly studies the interaction of monetary and fiscal policy, but in a model
of learning dynamics in which only one-period-ahead expectations matter to expenditure and
pricing plans of households and firms. The following section replicates part of their analysis
in the context of the model developed here, and contrasts the resulting findings with those of
sections 5 and 6.

Since the optimal decision rules for households and firms presented in section 2 are valid
under arbitrary assumptions on expectations formation, they are satisfied under the rational
expectations assumption. Application of this assumption implies the law of iterated expecta-
tions to hold for the aggregate expectations operator and permits simplification of relations

(10) and (11) in the paper to the following aggregate Euler equation and Phillips curve:’

By = Eyypr — (i — Eyfrepr — 1)
e = KT+ PETi1.

Under learning dynamics, with only one-period-ahead expectations, it is assumed that aggre-

gate demand and supply conditions are determined by

it = B — (it — Byt — Tt) (17)

T = H:ﬁt+ﬂEt7?t+1. (18)

%See Preston (2005a, 2005b) for a detailed discussion.
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Identical assumptions are made on monetary and fiscal policy provide the remaining model

equations
W = ¢ EP (19)
§ = ¢.b (20)
and
6t+1 =5t (ét — 7 —(1—=p) §t) + o (21)

The model is closed with a description of beliefs. As nominal interest rates and taxes need not

be forecast, an agent’s vector autoregression model is estimated on the restricted state vector

Tt

Xy = Tt

bit
Two points should be underscored. First, the assumption that only one-period-ahead fore-
casts matter, implies that households and firms do not take account of transversality conditions
in making their spending and pricing plans. Decisions are not optimal given maintained be-
liefs. That households fail to make decisions that satisfy their intertemporal budget constraint
might be thought to have implications in the present context as the fiscal theory of the price
level is a theory grounded on shifting evaluations of various variables related precisely by this
constraint. Furthermore, by ignoring the implications of the intertemporal budget constraint,
fiscal policy has no direct impact on spending and pricing decisions. Neither forecasts of fu-
ture taxes nor the average indebtedness of the macroeconomy matter for aggregate dynamics.
Second, and related, is that because households do not need to forecast future nominal in-
terest rates or taxes there is no uncertainty about the policy rules adopted by the monetary
and fiscal authority — there is no regime uncertainty and no role for communication of the
joint policy strategy. It seems worth exploring the consequences of these alternative modeling

assumptions, and learning whether they elucidate earlier results.

In the model given by relations (17), (18), (19), (20) and (21) the following stability results

obtain.

Proposition 5 For 0 < a < 1, stabilization policy ensures expectational stability if and only
if the following conditions are satisfied: either

1. Monetary policy is active and fiscal policy is locally Ricardian such that

148
1-8°

dr>landl < ¢, < or
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2. Monetary policy is passive and fiscal policy is non-Ricardian such that

1
O§¢W<1cmdez'ther0§ng<10r¢T>ﬂ

1-p5

This generalizes the Evans and Honkapohja (2006) analysis to a model with nominal rigidi-
ties.5 When only one-period-ahead expectations matter, the Leeper conditions are sufficient
to rule out expectations-driven instability. In contrast, in a model of optimal decisions, these
conditions obtain only if there is no regime uncertainty — i.e. the policy rules are credibly
communicated to households and firms — and either agents believe the government accounts
to be intertemporally solvent or the fiscal authority chooses policy so that the steady state
debt-to-output ratio is zero. If neither of these conditions is met, the analysis of this paper
suggests a smaller menu of policies is consistent with expectations stabilization. Further-
more, economies with non-zero debt-to-output ratios experience rather different dynamics in

response to disturbances — recall the impulse response functions of the previous section.
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