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Abstract

This paper argues that recently popular forecast-based instrument rules for mone-
tary policy may fail to stabilize economic fluctuations. In a New Keynesian model of
output gap and inflation determination in which private agents face multi-period deci-
sion problems, but have non-rational expectations and learn over time, if the monetary
authority adopts a forecast-based instrument rule and responds to observed private
forecasts then this class of policies frequently induce divergent learning dynamics. A
central bank that correctly understands private behavior can mitigate such instabil-
ity by responding to the determinants of private forecasts. This suggests gathering
information on the determinants of expectations to be useful.
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1 Introduction

The recent monetary policy rules literature argues that private-sector forecasts are an impor-
tant part of central bank decision procedures for the determination of the nominal interest
rate. Hall and Mankiw (1994) propose nominal GDP forecast targeting. Batini and Haldane
(1999) argue that a simple interest-rate rule that posits the nominal interest rate as depend-
ing on private-sector inflation forecasts provides a robust formulation of policy. Such rules
are also found in a number of large-scale macroeconomic models used in policy evaluation
(see, for instance, the Reserve Bank of New Zealand or Bank of England forecasting mod-
els). Clarida, Gali, and Gertler (1998, 2000) also provide evidence that reaction functions
of a number of central banks find an important role for expectations in the current stance
of policy. Giannoni and Woodford (2002a) demonstrate optimal targeting rules invariably
imply an instrument setting that depends on expectations. More recently, Levin, Wieland,
and Williams (2003) provide evidence that appropriately designed forecast-based instrument
rules are robust to model uncertainty.

In evaluating the merit of such policy proposals, this literature typically assumes that
both the central bank and private agents possess the same model of the economy and have
rational expectations. It follows that all economic actors hold identical expectations re-
garding the evolution of the economic variables of interest and therefore that there is no
important distinction between internal central bank forecasts and external private forecasts.
To the extent that good monetary policy depends on expectations, it is sufficient for the
policy problem to be cast in terms of internal central bank forecasts.

In practice, however, internal central bank forecasts and external private forecasts rarely
coincide. As a result, both of these sources of forecasts provide potentially important in-
formation for the monetary policy decision process. This is evidenced by the considerable
resources that central banks spend on forecasting the near-term evolution of the economy. In
addition, external forecasts of various private agents are monitored using an array of surveys
on the ground that policy can be improve by having more information about the state of

the economy. But if these two sources of information about the near-term evolution of the



economy diverge, what then is the appropriate dependency of the central bank’s instrument
setting on such forecasts. Is it appropriate for monetary policy to depend on private forecasts
and if so in exactly what way? Or are there reasons for a central bank to concern itself solely
with internal forecasts?

This paper therefore seeks to examine whether policy rules that posit the interest rate to
depend on private expectations are desirable as a means to stabilize economic fluctuations
when agents and the central bank have differing expectations about the evolution of the
macroeconomy. We will be interested to learn what is the appropriate dependency of opti-
mal monetary policy decision procedures on private forecasts. In particular, we shall explore
whether desirable policy can be described by an instrument rule that naively responds to ob-
served private expectations, or whether more sophisticated uses of the information embodied
in these forecasts is required in internal central bank forecasting procedures for economic
stability. In so doing, it can be adjudged whether central banks need only devote resources
to the measurement of forecasts themselves or whether greater resources need to be devoted
to understanding the underlying determinants of such forecasts. Furthermore, if knowledge
of the determinants of private forecasts is desirable, the analysis will shed light on their
appropriate use in monetary policy design.

This paper proceeds as follows. Section 2 outlines the analysis of Preston (2003), which
develops a model in which agents face multi-period decision problems as in the microfoun-
dations used in recent analysis of the implications of monetary policy rules under rational
expectations — see Bernanke and Woodford (1997), Clarida, Gali, and Gertler (1999) and
Woodford (1999). In contrast to these papers, private agents are not assumed to possess
a complete economic model in making their spending and pricing decisions and therefore
cannot infer the true probability laws that govern the evolution of the economy and must
instead attempt to learn them over time. They do this by use of a simple econometric model,
which is updated each period as additional data become available. Section 3 discusses private
agents beliefs and the learning algorithm in some detail.

Section 4 outlines the optimal policy problem. Two forecast-based instrument rules are



proposed that are consistent with implementing the resulting optimal equilibrium. Several
approaches to constructing the required forecasts to implement these rules are then consid-
ered. Section 5 analyzes a decision procedure in which the monetary authority responds
to observed private forecasts. It shows that this approach to policy is likely to facilitate
divergent learning dynamics, and is therefore undesirable as a means to stabilizing economic
fluctuations in the presence of private agent learning. Importantly, this contrasts with the
analysis of Bullard and Mitra (2002), which finds the Taylor principle to be necessary and
sufficient for stability under learning dynamics. However, it is also shown that if private
agent’s are endowed with knowledge of the monetary policy rule such instability is mitigated
— the so-called Taylor principle is necessary and sufficient for stability under learning dy-
namics. This finding is similar in spirit to Orphanides and Williams (2004) which shows
that transparency about the central bank’s long-run inflation objective can engender a more
favorable inflation-output trade off when agents must learn about the economy’s inflation
dynamics.

Section 6 proposes a second decision procedure that assumes the monetary authority
to have correct knowledge of private agents’ learning behavior and decision rules. This
allows the monetary authority to construct optimal forecasts of the evolution of the economy
conditional on agents’ behavior. In this case, the instability problems associated with the
first decision procedure are largely avoided. Indeed, as found by Bullard and Mitra (2002),
the forecast-based instrument rules lead to stability under learning dynamics if and only if
the so-called Taylor principle is satisfied. Importantly, these results highlight the importance
of gathering information about the determinants of private sector expectations. Section 7
offers some remarks on alternative approaches to implementing optimal policy under learning

— a topic that is more thoroughly treated in Preston (2004). The final section concludes.

2 A Simple Model

Preston (2003) analyzes the microfoundations used in several recent studies of monetary

policy rules under a specific non-rational expectations assumption. This leads to important



differences in the model’s implied aggregate dynamics when agents are learning relative to
the predictions of rational expectations equilibrium analysis. This section recapitulates the
central assumptions and results of that paper and the reader is encouraged to consult it for
details. The microfoundations and resulting optimal decision rules for households and firms

are also presented in the appendix.

2.1 Primitive Assumptions and Aggregate Dynamics

This paper analyzes a simple New Keynesian sticky-price model of output gap and inflation

determination, comprising aggregate demand and supply relations of the form:

z = Ej ZBT% (1 = B)xryr — olir — 7ry1) + 77 (1)

T—=t

and .
T = kxy + B, Z (aB)" " [kaB - xry1 + (1= )B - i + ur] (2)
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where x; is the output gap, 7; the inflation rate, i; the nominal interest rate and r; and u; are
exogenous disturbance terms, with all variables being properly interpreted as log-deviations
from steady state values. o > 0 is the intertemporal elasticity of substitution, 0 < g < 1 the
discount factor, K > 0 and 0 < 1—« < 1 the probability that a firm will have an opportunity
to change its price in any period. Preston (2003) shows that these relations can be derived
from aggregation of a log-linear approximation to the optimal decision rules of the households
and firms described by Bernanke and Woodford (1997), Clarida, Gali, and Gertler (1999)
and Woodford (1999) when private agents have arbitrary subjective expectations. Agents
are assumed not to have a complete economic model with which to derive the probability
laws predicted by a rational expectations equilibrium analysis. Instead, agents form beliefs
about the future paths of state variables that are relevant to their decision problems using
simple econometric models described in detail in the subsequent section. Thus, E, denotes
the assumed average non-rational expectations operator.

The first equation represents the aggregation of optimal consumption decisions by house-

holds which are implications of their Euler equation and intertemporal budget constraint.
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It is therefore an aggregate demand relation, specifying that output is determined by the
current real rate of interest and long-horizon expectations of the output gap, the real interest
rate and exogenous disturbances into the indefinite future. The presence of long-horizon ex-
pectations arise from the intertemporal nature of the household’s consumption decision: to
optimally allocate consumption today requires the household to plan its future consumption
over time and across states of nature, which in turn requires forecasts of variables such as
income and real interest rates.!

Relation (2) is derived from the aggregation of the optimal prices chosen by firms to
maximize the expected discounted flow of profits under a Calvo-style price-setting problem.
It is therefore a generalized New-Keynesian Phillips curve, specifying current inflation as
depending on the contemporaneous output gap and expectations of this variable and inflation
into the indefinite future. Here the presence of long-horizon expectations arise due to the
pricing frictions induced by Calvo pricing. When a firm has the opportunity to change its
price in period ¢ there is probability o ! that the firm will not get to change its price in
the subsequent T" — t periods. The firm must therefore concern itself with macroeconomic
conditions relevant to marginal costs into the indefinite future when deciding the current
price of its output. Future profits are also discounted at the rate S which equals the inverse
of the steady-state gross real interest rate.?

Neither the aggregate demand relation (1) nor the Phillips curve (2) can be simplified
under arbitrary subjective expectations about the evolution of state variables if agents are

optimizing, as demonstrated in Preston (2003, 2004b). However, under the assumption of

'Tndeed the connection of this relation to the predictions of permanent income theory is immediate. The
first term captures precisely the basic insight of the permanent income hypothesis that agents should consume
a constant fraction of the expected future discounted wealth, given a constant real interest rate equal to
B! — 1. The second term arises from the assumption of a time-varying real interest rate, and represents
deviations from this constant real rate due to either variation in the nominal interest rate or inflation. The
final term results from allowing stochastic disturbances to the economy.

2This expression has been modified slightly from the analysis of Preston (2003) by allowing for a cost-push
shock. This is done to ensure a non-trivial stabilization problem for the monetary authority when the design
of optimal monetary policy rules is considered.



rational expectations these relations simplify to give:

Ty = Etl’t+1 — 0'_1 (Zt — Et7Tt+1) + Tt (3)

Ty = ﬁEﬂTHJ + KTt + Uyg. (4)

A rational expectations equilibrium analysis implies that once the true probability laws
are known, only one-period-ahead expectations matter for aggregate dynamics. It is clear
that learning has important implications for aggregate economic dynamics: with subjective
expectations agents optimally require long-horizon expectations of macroeconomic conditions
into the indefinite future. The presence of these expectational variables is important for
the study of monetary policy, as expectations represent an important source of instability.
Indeed, the analysis shows that these additional expectation terms provides stronger ground
to avoid use of forecast-based instrument rules than does a learning analysis of the kind

proposed by Bullard and Mitra (2002) where only one-period-ahead expectations matter.

2.2 Adaptive Learning

Following much of the recent literature on learning in macroeconomics, this paper assumes
agents learn adaptively, using a recursive least-squares algorithm. This allows application
of standard convergence, or E-Stability results, outlined in Evans and Honkapohja (2001).
Appendix A.2 outlines the notion of E-Stability in the context of this model and the monetary
policy considered below. E-Stability provides conditions under which, if agents make small
forecasting errors relative to rational expectations, their learning behavior corrects these
errors over time and ensures convergence to the rational expectations dynamics.

Agents are assumed to have identical beliefs and to construct forecasts using an econo-
metric model that uses as regressors variables that appear in the minimum-state-variable
solution to the associated rational expectations problem. While this knowledge is likely to
be a strong assumption, to the extent that instability arises given this knowledge, it seems

unlikely that the policy would be desirable under less favorable circumstances when private

3See Bullard and Mitra (2002), Evans and Honkapohja (2002), Honkapohja and Mitra (2003, 2004) for
analyses of this type.



agents have a misspecified or overparameterized model.*

Suppose that monetary policy is specified as a relation of the form

i = VN1 + P+ Y1y

where A;_; is some exogenous variable that follows a first-order autoregressive process and
that the monetary transmission mechanism is described by (3) and (4).” Tt follows imme-
diately from standard analysis that there exists a rational expectations equilibrium that is

linear in the variables {A;_1,u;, 7 }. Agents therefore estimate the linear model
zt:at—l—bt-zt,l—l—ct-ut—l—dt-rt%—et (5)

where z; = (74, 24,94, A¢)', € is the usual error-vector term, {a, b, ¢, d;} are parameters to

be estimated of the form

Qrt Cmt d7r,t
ay Co dy
ar = ! y Gt = ! ; dy = !
Qi ¢ Cit di,t
i QA i i CAt | i dA,t |
and _ -
00 0 bny
00 0 by,
bt =
0 0O bi,t
0 0O bAyt

The estimation procedure makes use of the entire history of available data in period t,

{1, zs, us, 7“8}671. As additional data become available, agents update their estimates of the

4In principle agents could make use of additional variables in constructing any relevant forecasts, or
mistakenly omit variables that appear in the minimum-state-variable solution. In the former case, agents
are still capable of learning the underlying REE as the forecasting equation nests the forecasting functions
that obtain in an REE. In the latter, it is clear that agents can never learn the REE of interest. Analysis of
these cases is clearly of interest, though beyond the scope of the paper.

5For the optimal policies considered in this paper, the reduced-form dynamics of the nominal interest
rate will generally be of this form.



coefficients (ay, by, ¢4, d;) . This is neatly represented as the recursive least squares formulation

¢ = Pt t_lRt_lwt—l(Zt—l - Qb;—lwt—l) (6)
Rt = Rt—l + t_l(wt_lw;,l — Rt_1> (7)

where the first equation describes how the forecast coefficients, ¢, = (aj, br ¢, bz, big, bas, ¢, d;),
are updated with each new data point and the second the evolution of the matrix of second
moments of the appropriately stacked regressors w;, = {1, Ags_1, us, rs}f). For the remainder

of this paper u; and r; are assumed to be AR(1) processes

U = YUp—1 + Eut

Ty = Pri_1+Erg

with known parameters 0 < v < 1 and 0 < p < 1 and {e,;, &.+} uncorrelated, bounded,
i.i.d. disturbance processes. The assumption that the autoregressive parameters are known is
made for algebraic convenience and is not important to the conclusions of this paper. Given
homogeneity of beliefs, average forecasts can then be constructed by solving (5) backward

and taking expectations to give

EtZT = (I4 — bt)il (I4 — th_t)at + th_tzt + YUt (’7]4 — bt)il (’)/T_tLl — bf_t) Ct
+ore (pls = b))~ (p7 = b ) dy (®)
for T' > t, where I is a (4 x 4) identity matrix.
To summarize, the model of the macroeconomy comprises: an aggregate demand equa-

tion, (1), a Phillips curve, (2), and the forecasting system given by (5), (6) and (7), where

the latter three will vary according to the adopted econometric model of agents.

3 Optimal Monetary Policy

This section outlines the optimal commitment problem under rational expectations and

discusses the notion of “optimality from the timeless perspective” proposed by Woodford



(1999), which serves to restrict the class of admissible policies to those that are time con-
sistent. Subsequent sections consider a number of decision procedures that are consistent
with implementing optimal policy under rational expectations, but make differing use of the
information embodied in observed private forecasts. We then ask whether learning dynamics
present ground to prefer one particular approach over another — that is, are any of the pro-
posed decision procedures to be preferred from the point of view of eliminating instability
from divergent learning dynamics?

The monetary authority is assumed to minimize the loss function

W = E, i gL, (9)

t=to

where 0 < 8 < 1 is the household’s discount factor, and the period loss is given as
Lt = W? + )\I?

for some weight A > 0. Thus the central bank wishes to stabilize variation in inflation and
the output gap, and A determines the relative importance of these stabilization objectives.
Since we are concerned with monetary policies that are desirable under rational expectations,
minimization of the loss (9) occurs subject to (4).

Given this policy problem, this paper further restricts attention to the class of time-
invariant policies that are optimal from the so-called timeless perspective proposed by Wood-
ford (1999). Giannoni and Woodford (2002a) and Woodford (2003, chap. 7) demonstrate
that a time invariant optimal commitment can be arranged by having the central bank act
subject to the requirement that the initial evolution of the economy coincides with the evo-
lution associated with the policy. These authors demonstrate that minimizing the loss (9)
subject to (4) and the additional constraint that m,, = 7;, where

o = (1 — p) %xt_l + %ut (10)
delivers a set of first-order conditions that are time invariant, in the sense that they hold in

all periods of the proposed commitment, and therefore characterize the optimal evolution of



the economy under the timeless perspective. Absent the constraint on the initial evolution
of inflation, these optimality conditions would fail to be time invariant.
Standard methods show that the optimal state-contingent paths of {m, z;, i;} are given

by the following relations:

A p
= (1 —p)—z4_ —_ 11
Ty ( 1) th 1+1—ﬁMWUt (11)
K H
_ [P S 12
Ty HTi—1 h\ ].—ﬁ/JJ’YUt ( )
and
, o\ — K O\ — K +v—-1 1,
1y = (L—p)p- e+ o .,u(,u i )'Ut‘f‘_?”t (13)

1 — By o

where 0 < 1 < 1 is the model’s only eigenvalue within the unit circle. These equations com-

OR

pletely characterize the solution of the optimal monetary policy problem from the timeless
perspective under the rational expectations assumption.

There are several points to note. First, the bounded solution for the path of inflation
exactly coincides with the constraint that was imposed on the initial evolution of this variable.
Thus, the constraint required for optimality from the timeless perspective is characterized by
a self-consistency property — it requires the central bank to ensure that the initial evolution
of the economy coincides with the evolution of the economy associated with the policy.
Second, the optimal solution exhibits history dependence as evidenced by the presence of
the state variable, x; ;. This reflects the fact that the central bank, in committing to behave
in a particular way in the future, optimally ties these promised actions to current decisions
— subsequent actions then fulfill past promises. Finally, note that the cost-push shock u;
clearly makes the stabilization problem non-trivial. Given an inflationary disturbance the
central bank optimally brings about a contraction in real activity. In the absence of this
shock, the optimal policy (from the timeless perspective) would be to completely stabilize
both output and inflation.’

For later analysis it will be useful to represent this solution in terms of a particular

6See Woodford (2003, chap. 7) for a detailed dicussion.
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exogenous state variable. Solving the output gap relation backwards recursively gives

Ty = — )\ 1—BM'YZMW]

Defining the exogenous state variable

o
A= E W j,
Jj=0

which satisfies the process A; = uA;_1 + u, allows the optimal solution to be written as

. 1

L [ue — (1 — p1) Api] (14)
» _ Bk _ B

xr, = N 1= 5M7 [/JJAt,1 + Ut] (15)
w  OA—K U o 1.,

s Ry e = (1= ) (phemy + )] + =1 (16)

where * denotes the optimal solution when expressed as a linear function of {A;_1, us, 7}
One might presume that the task of designing an optimal monetary policy is complete
— the equilibrium fluctuations in endogenous variables in response to fundamental shocks
has been delineated and the required path for the nominal interest rates consistent with
this pattern of responses determined. However, analogously to the determinacy of rational
expectations equilibria results (see Giannoni and Woodford (2002a, 2002b), Svensson and
Woodford (2002) and Woodford (1999)), the results of Preston (2003) make clear that the
design of optimal monetary policy is non-trivial under learning dynamics once we attempt
to implement the optimal plan described by equations (14), (15) and (16). Under learning
dynamics, monetary policy that depends only on the history of exogenous disturbances leads
to economic instability — such policies are prone to divergent learning dynamics even though
they are consistent with the optimal equilibrium. It follows that further work must be done

to implement optimal monetary policy under learning dynamics.
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4 Optimal Instrument Rules

This section turns to considering the desirability of forecast-based instrument rules for stabi-
lization policy. Several recently popular Taylor-type instrument rules that are modified to be
consistent with implementing optimal monetary policy outlined in section 3 are presented.
The analysis then characterizes the stabilization properties of these rules under learning dy-
namics. Two decision procedures for the implementation of these rules are considered. First,
the central bank is assumed to naively respond to observed private forecasts. Second, the
central bank is assumed to correctly understand agents’ learning mechanism and decision

rules. In this case, optimal internal (indeed rational) forecasts can be constructed.

4.1 Some Taylor-type Rules

Preston (2003) shows in the present model that nominal interest-rate rules specified in terms
of the history of exogenous disturbances are potentially destabilizing as they fail to exclude
the possibility of divergent learning dynamics. It follows that nominal interest-rate rules of
the form (16) are undesirable as a means to implement the optimal commitment equilibrium.
Recalling the insights of the determinacy of rational expectations equilibrium literature,
monetary policies that involve appropriate feedback from the model’s endogenous variables
do in fact lead to a determinate equilibrium.” One might conjecture, therefore, that what
is required to implement the optimal equilibrium then is a commitment by the central bank
to behave in a certain way out of equilibrium so as to exclude possible divergent learning
dynamics.

Consider the following instrument rule as a means to implement the optimal equilibrium:

iv = i + U (Blw — Bayy) + U (BPm — Eyryyy)

= 7{ + Y, EPT1 + Y BT (17)

"See McCallum (1983) for the seminal contribution and Woodford (2003) for a discussion of determinacy
in the context if the model of this paper under the assumption of rational expectations.
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where E¢* denotes the forecasts that the central bank intends to respond to and
ifﬁ = Z: - wxEtx:+l - leﬂEtﬂ-:Jrl

collects exogenous terms and Fyxy ; and 7y, are the expectations of next-period’s output
gap and inflation that would obtain in the optimal equilibrium under rational expecta-
tions. {7}, 2;,i;} denote the optimal paths for each endogenous variable given by equations
(14), (15) and (16), when written as a linear function of the exogenous state variables
{A¢-1, us, ¢ }. This rule is of the general form proposed by Batini and Haldane (1999) and
Levin, Wieland, and Williams (2003) as a desirable approach to implement policy on the
ground of robustness and given empirical support by Clarida, Gali and Gertler (1998, 2000).
In the case that the central bank responds to observed private forecasts then E® =
E, where the forecasts are given by (8). When the central bank responds to internally
generated forecasts, £ will be determined as described below. The policy parameters
(¢,,1,) determine the response to deviations of the actual path of the inflation rate and
output gap expectations from that path consistent with the optimal equilibrium. In the
desired equilibrium it is clear that EbetH = Ly, and Ethxt+1 = vy, and i = 4}
Rules of the form (17) have been criticized on the ground that monetary authorities
typically do not have current-dated observations on the output gap and the inflation rate
when setting the current interest rate. Many researchers have responded to this criticism
by modifying the information set available to the monetary authority when determining the
nominal interest rate.® For instance, the nominal interest rate could be determined by lagged

expectations of current-dated output and inflation to give an instrument rule of the form

i = i + (B m — Byaxy) + Y (B ym — Eymy)

= 4+, ER By (18)
where E®, denotes the forecasts that the central bank intends to respond to and

ok * *
4 =1 — Y Eaxy — Y B

8See, for instance, McCallum (1999).
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collects exogenous terms. In the case that the central bank responds to observed private
forecasts then E®, = E,_;. When the central bank responds to internally generated fore-
casts, B¢ | will be determined as described below. This instrument rule directs the monetary
authority to respond to deviations of the adopted forecasts from the rational forecast that
should be observed in the optimal equilibrium.’ The forecast-based instrument rules (17)

and (18) will be the focus of the remainder of this paper.

4.2 Determinacy of REE

The critical difference between these latter rules and the Taylor rule is the role of expecta-
tions: while the Taylor rule posits adjustment of the nominal interest rate to contempora-
neous observations of output and prices, these variants stipulate adjustment in the nominal
interest rate to expectations of the future expected path of output and prices. However, it is
precisely rules of this type that have generated concern in regards to determinacy of rational
expectations equilibrium. Bernanke and Woodford (1997) argue rules that “link actions to
policy forecasts, thereby making the current equilibrium especially sensitive to expectations
about the future, are particularly vulnerable” to the problem of indeterminacy. Before ana-
lyzing the implications of these rules under alternative central bank forecasting arrangements
it is useful to recall the results for determinacy of rational expectations equilibrium.

Proposition 1 Suppose the economy is given by the structural equations (3) and (4). Then,
under the assumption of rational expectations, each of the following instrument rules will

result in a unique bounded rational expectations equilibrium if and only if the specified model
restrictions are satisfied.

1. Fori; = 7{ + Y, By + U, By a unique bounded rational expectations equilibrium
will obtain iff

0<k(W,—1)+1Q-p)¢, <20(1+0)
and

W, <o(l+471)

9This formulation of policy makes especially clear that to implement the optimal commitment equilibrium,
convergence of learning dynamics to the rational expectations dynamics requires private agents to adopt
forecasting models that nest the true model. If the forecasting model is under-parameterized relative the
minimum-state-variable rational expectations solution then agents are unable to learn the true dynamics —
that is, if By 11y # B2} and By 1wy # E,_q7} then i # if.
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2. For iy =72+ Ey, 114+, E;_17; a unique bounded rational expectations equilibrium
will obtain iff

Proof. See Bullard and Mitra (2002) or Woodford (2003). =

When the monetary authority commits to a Taylor rule that responds to lagged expecta-
tions of current data, the so-called Taylor principle is necessary and sufficient for determinacy.
In the case that interest rates are set in response to expectations of tomorrow’s output gap
and inflation rate then a stricter set of model restrictions are necessary and sufficient. Indeed,
policy responses to variations in expectations of inflation or output that are too aggressive
lead to an indeterminacy of equilibrium.

But how do these results translate to an economic environment in which the central bank
has superior information relative to private agents who have an incomplete economic model?
If the central bank responds to observed forecasts of inflation and output do similar results
obtain? And if so, can policy be improved upon by having the central bank construct its
own forecasts internally, so that policy responds to the determinants of private forecasts?
Finally, even if we restrict attention to private agents that have forecast functions that
include variables that appear in the minimum-state-variable solution, is this enough to rule
out pathologies associated with indeterminacy of rational expectations equilibrium, or does

it introduce difficulties of its own? The following analysis addresses these questions.

5 Responding to Private Forecasts

Suppose the monetary authority implements the forward-looking and lagged-expectations
Taylor rules by responding to observed private forecasts. For simplicity it is assumed that
these forecasts are accurately observed, either from a statistical agency or from surveys
conducted by the monetary authority itself. The analysis could be extended to allow for
noisy observations of these variables, as proposed by Evans and Honkapohja (2002), but as
will be shown, there will be ground enough to obviate use of forecast-based instrument rules

even when forecasts are perfectly observed.
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Under rational expectations these rules induce equilibria that are linear in the state
variables {A;_1, u, ¢} (since {x}, x}, i} } were shown to take the same linear form). Therefore
assume that agents use the econometric model (5) where z; = (74, 24, 44, Ay) and {ay, by, ¢, di }
are as defined in Section 2. Forecasts can then be constructed according to relations (6), (7)
and (8). The determinacy results for the forward-looking Taylor rule suggest that implicit
instrument rules that respond to private-sector forecasts may potentially encounter stability

problems under learning dynamics. This concern is well founded.

Proposition 2 Suppose the economy is given by the structural equations (1) and (2) and
agents forecast the evolution of state variables using (8). Then under the Taylor rule with
forward-expectations (17) and the Taylor rule with lagged-expectations (18) the Taylor prin-
ciple

Ry — 1)+ (1= B), >0

1s mecessary but NOT sufficient for E-Stability under least-squares learning dynamics.

This result is important: to the extent that good policy is argued to be one that satisfies
the Taylor principle, common prescriptions for monetary policy are not robust to learning
dynamics. Details of the proof are relegated to the appendix B, where it is shown that E-
Stability requires twelve restrictions on model parameters to be satisfied — three pertaining
to learning the model’s constant coefficients and three pertaining to each set of coefficients

on the three state variables.'®

The following discussion considers only those restrictions
arising from learning the former, with the understanding that the remaining constraints can
only further restrict the space of policy parameters consistent with stability under learning
dynamics.!! The discussion also applies to both rules as the proof demonstrates the constant
dynamics to be the same under rules (17) and (18).

Appendix B shows the Jacobian matrix associated with the E-Stability mapping for the

constant dynamics has characteristic equation

P(\) =N+ AN+ AN + A (19)

10For these rules it is difficult to obtain a complete analytical characterization of the conditions for stability
under learning dynamics and the proof proceeds by contradiction.

1 An important property of all models considered in this paper is that the conditions for stability arising
from learning the set of constants or any set of coefficients on a given state variable are independent. The
stability properties can then be established by considering the dynamics of each set of coefficients in turn.
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where A; are composites of model primitives and stability under learning dynamics requires
Ag, Ag > 0 and Ay = —Ag + A1 A3 > 0. The restriction Ay > 0 delivers the Taylor principle.

The restriction As > 0 implies the following inequality:

Vs 1 2—p—ap
w”+?> 1-8 ko(1—apB)

Now consider taking the limit of the right hand side as § — 1. It is immediate that the

second term converges to (0/@)71, while the first goes to infinity. Hence the Taylor principle
cannot be sufficient for E-Stability.

In order to make clear the practical relevance of this insight it is useful to pursue a
graphical analysis. To this end, assume v, = 0 so that the Taylor principle is given by
the relation ¢, > 1, and make the following benchmark assumptions on remaining model
parameters: 0 = 6.25, § = 0.99, a = 0.66 and x = 0.024. The assumption on the policy
parameter ¢, is made purely for convenience and matters little for the substantive points
that follow. The remaining parameter assumptions are taken from the estimates provided
by Rotemberg and Woodford (1999).

Figure 1 plots the values of Ay and Ay as a function of (¢, — 1) so that the positive
orthant graphs (A;,1.) pairs that are consistent with E-Stability (and satisfy the Taylor
principle). It is immediate that positive values for Ay and A4 require policy parameter
coefficients in the vicinity of 100 — substantially above any empirically reasonable value.?
This suggests nominal interest-rate rules that depend on private-sector expectations to be
particularly undesirable in terms of robustness. These basic insights show little sensitivity
to alternative parameter assumptions.'3
These results contrast with the conclusions obtained by Bullard and Mitra (2002) who

consider an economy given by (3) and (4) under the learning assumption to give a model of

12The downward sloping curve is a parabola which eventually intersects the ordinate axes for large values
of the policy parameter.

I3For instance, with o = 1 and all other parameters taking the same values, E-Stability requires 1, > 50
— still an implausibly large value.
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Figure 1: A; and A4 as a function of the policy parameter ¢, — 1.

the monetary transmission mechanism of the form:

Ty = Etxt—‘rl - O'_1 <Zt - EtTl't+1> + 1 (20)
Ty = ﬁEtWt+1 + KTy + Uyg. (21)

They find that the Taylor principle is necessary and sufficient for stability under the rules (17)
and (18).!* As underscored by Preston (2003), when the microfoundations underpinning this
model are solved under the non-rational expectations assumption, the predicted aggregate
dynamics depend on long-horizon forecasts of inflation, output and the nominal interest rate
into the indefinite future. It is the presence of these additional expectational variables that
present a non-trivial source of instability. By requiring agents to forecast the future path
of the nominal interest rate (that is, by requiring agents to learn the rational expectations
restrictions implied by the policy rule, which is not a property of the Bullard and Mitra
model), in addition to the output gap and inflation rate, a more general learning dynamic is
admitted which in turn requires a stricter set of requirements on admissible policy parameters
consistent with stability under learning. Indeed, numerical analysis reveals that the three

roots associated with the constant dynamics depend on private-sector beliefs.

Bullard and Mitra (2002) do not actually consider a Taylor rule that is capabale of implementing the
optimal equilibrium. However, the rules proposed here differ only in terms of the exogenous disturbances that
the bank is responding to. As a result, the learning dynamics associated with agents’ estimated constants are
equivalent to a rule of the form cosidered by these authors since exogenous variables do not affect learning
dynamics. See Evans and Honkapohja (2003).
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Thus, forecast-based instrument rules in an economy given by (1) and (2) are unlikely to
assist learnability of rational expectations equilibrium. Indeed, such rules may strengthen
the effects of private forecasts on the economy’s evolution by making central bank behavior,
as well as private behavior, respond to them. Such central bank behavior makes it easier for
expectations to be a source of instability.

To make clear that forecasting the future path of nominal interest rates is an important
source of instability, consider the following: suppose agents know the form of the policy rule
(17). This means that agents know the restriction on nominal interest rates and one-period-
ahead forecasts of inflation and the output gap that is required by the monetary policy rule
to hold in a rational expectations equilibrium. Since agents understand this restriction to

hold in all future periods we can substitute (17) for ¢z in (1) which combined with (2) gives

the system
n = E ZBT% [(1 — B —o)rpi +o(1 =P, )Try — 0T+ 1p (22)
T=t
T, = Kz, +E, Z (aﬁ)T_t [kaf - xpg+ (1 —@)f -1 + ur). (23)
T=t

The crucial difference here, in contrast to (1) and (2), is that private agents need not inde-
pendently forecast the future path of the nominal interest rate — they need only forecast ir
as a function of the forecasts of the future paths of inflation and the output gap. We there-
fore have a system of two equations in the unknowns (7, x;). Under the assumption that

agents know the policy rule (17) or (18) learning analysis yields the following proposition.

Proposition 3 Suppose monetary policy is conducted according to either the rule (17) or
(18) and the form of the particular rule is understood by agents to hold in all periods. The
economy is then given by the structural equations (1) and (2) and agents forecast the evolution
of state variables using (8). The Taylor principle

A, = 1)+ (1 =)y, >0

s necessary and sufficient for E-Stability under least-squares learning dynamics.

The proof is contained in the appendix. Importantly, these stability results coincide

with the findings of Bullard and Mitra (2002) which considers forecast-based instrument
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rules of the form of (17) or (18) in an economy described by relations (20) and (21). The
contrasting findings of proposition 2 and proposition 3 stem from agents having to forecast
the future path of nominal interest rates in the model presented in this paper. It follows
immediately that requiring agents to learn the rational expectations restrictions embodied
in the policy rule is an important source of instability; moreover, it underscores the source
of difference in the stability conditions obtained here and those of Bullard and Mitra (2002)
and directs attention to the potential importance of transparency in monetary policy design.
We conclude that the policy rules (17) and (18), by depending on observed private-sector
forecasts, can serve to make the equilibrium more susceptible to economic instability in the
presence of learning dynamics.

It is worth noting that transparency has been at the forefront of discussion on mone-
tary policy design particularly in the recent inflation targeting literature. Indeed, Faust and
Svensson (2001) present a model in which the central bank has an idiosyncractic employ-
ment target which is imperfectly observed by the public. Fluctuations in this target lead to
central bank temptation to deviate from pre-announced inflation goals. However, increased
transparency allows the private sector to observe the employment target with greater preci-
sion and therefore raises the costs to the central bank of deviating from its pre-announced
inflation objectives. Transparency is therefore desirable as it provides a commitment mecha-
nism. Svensson (1999) further argues on the ground of this result that for inflation targeting
central banks it is generally desirable for detailed information on policy objectives, includ-
ing forecasts, to be published. Such transparency enhances the public’s understanding of
the monetary policy process and raises the costs to a central bank from deviating from its
stated objectives. Proposition 3 shares this property: clearly articulating monetary policy
strategy helps anchor private expectations and consequently assists in managing economic
fluctuations.

More recently, and closely related to the present analysis, Orphanides and Williams
(2004), and the introductory remarks on this paper by Bernanke and Woodford (2004) in
the same volume, highlight the advantages of publishing an inflation target. Orphanides and
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Williams (2004) show in a simple model of the output-inflation trade off that if private agents
must learn about the inflation dynamics — in much the same way as in the framework of this
paper — a more favorable trade off between inflation and output can be achieved if private
agents are assumed to know the central bank’s long-run inflation target rather than having
to learn this quantity. Hence transparency of inflation objectives helps anchor inflation
expectations and facilitates stabilization of aggregate dynamics. Again, proposition 3 is a
result that is almost identical in spirit to this analysis. By publishing the adopted policy
rule, private agents gain information that greatly assists determining expectations that are
consistent with the equilibrium the central bank is seeking to implement. Importantly, such
transparency about the monetary policy process helps guard against the possibility that

expectations are a source of instability.

6 Optimal Internal Forecasts

Suppose instead that the monetary authority constructs its own rational forecasts of the
future path of the economy. The Taylor rules (17) and (18) are therefore interpreted as
stipulating adjustment of the nominal interest rate in response to these internal forecasts.
Does this give cause to alter our conclusion about the desirability of such monetary policies?

To understand how such an internal forecast-based decision procedure for monetary pol-
icy might be implemented, suppose that the monetary authority knows the true model of
the economy, and knows the way in which private agents construct forecasts. It follows that
the monetary authority can determine private-sector forecasts and solve for the temporary
equilibrium for inflation and output conditional on its current interest-rate setting. These re-
lations in conjunction with the instrument rule then provide a rational expectations model of
the central bank’s interest rate setting procedure, which can be solved using standard meth-
ods. This solution determines the central bank’s current instrument choice and the values of
output and inflation. These relations can then be used to construct the E-Stability mapping
from the private-sector’s forecast parameters to the coefficients that would be rational given

this evolution of the endogenous variables.
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More formally, take the case of the forward-looking Taylor rule. Substituting the private
forecasts (8) into the structural relations (1) and (2) implies the output gap and inflation to

be given by

e = C_lﬂ- + Bﬂ-Atfl + Eﬂ'ut + CZTI‘Tt + éﬂ‘it (24)

T = Gy + oy 1+ Gty + dyry A Eiy (25)

where the coefficients (di, b;, . d;, éz-) for i € {m, x} are functions of the coefficients (ay, by, ¢4, d;)
of the current private-sector forecasting rule. These equations give the period t inflation rate
and output gap realizations, conditional on the current choice of the interest rate. Under
the assumption that the monetary authority correctly understands the model of the private
sector, it can then construct forecasts of next period’s inflation and output gap by leading

(24) and (25) and taking expectations (rational) to give

EthTrt—i—l = Gy + ba Ay + Cyuy + drpry + éwEthZ'tH

BT = Gy + bl + Coyuy + dypry + 8. E} iy

Substitution of these relations into the nominal interest-rate rule (17) yields an equation of

the form

it = (wwaﬂ' + wx&l) + (wwzﬂ + ¢mBI)At + (d@r@r + wxéx)’)/ut

+ (Y + Vydy) pre + (Y + U, 80) By

which is a linear rational expectations model of the central bank’s own behavior. If the con-
dition |¢, €, + 1€, < 1 is satisfied, the model has a unique bounded solution, which gives
the interest-rate setting that the monetary authority chooses given its correct understanding
of the model’s structural relations and the current parameters of private agents’ forecasting
rules. However, since we are describing a decision procedure of a single actor in this economy,
it is equally plausible to assume that the central bank solves this model concerning itself only
with the minimum-state-variable solution regardless of whether |1 €, + 1 é,| < 1 is true or

not. Note also that the model’s coefficients are time varying as they are functions of private
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forecast parameters. It follows that the central bank must solve this model each period for
the appropriate instrument setting given the current forecast parameters. A similar logic

can be applied in the case that the monetary authority sets interest rates according to (18).

Proposition 4 Suppose the economy is given by the structural equations (1) and (2), that
private agents forecast using (8) and that the monetary authority correctly understands the
model and the manner in which private-sector forecasts are constructed. If the monetary
authority constructs optimal internal forecasts then the Taylor principle

p, =1+ (1 =5)¢, >0

s mecessary and sufficient for stability under learning dynamics.

The proof is contained in the appendix. An interesting feature of this result are the
properties of the eigenvalues. The appendix shows for both instrument rules, the four roots
corresponding to learning the interest-rate dynamics in a rational expectations equilibrium
are equal to negative unity and therefore cannot be a source of instability. In contrast, in
proposition 2, when the central bank responds to observed forecasts, all roots were found to
depend on private agents’ forecast parameters, implying that the interest rate rule itself is
a source of instability under learning dynamics. Thus we find some evidence that rules that
make the nominal interest rate depend on observed private-sector expectations can make the
economy prone to divergent learning dynamics. However, if a central bank seeks to obtain
information about the underlying determinants of private-sector forecasts then this problem
can be mitigated.'®

The intuition for these contrasting results is straightforward. Recall the agents’ learning
problem: they are attempting to learn the true rational expectations dynamics implied by the
structural relations (1) and (2) and the monetary policy rule at hand by use of econometric

models. When responding to observed forecasts, an instrument rule that depends on private

15Tt is also of interest to note the parallels of these results to the corresponding determinacy results of
proposition 1. To exclude the possibility of self-fulfilling expectations under a forward-looking Taylor rule
proposition 4 shows that policy parameters must satisfy the Taylor principle. Moreover, for a unique bounded
solution to the central bank’s decision procedure these policy parameters can not be too large. It follows that
if the central bank responds too aggressively the economy will be subject to indeterminacy. In contrast, for
the lagged expectations Taylor rule the Taylor principle is necessary and sufficient to exclude indeterminacy
under rational expectations and self-fulfilling expectations under learning dynamics. These observations are
closely related to the determinacy results for these rules.
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agents’ forecasts directly introduces instability via the aggregate demand equation. Since
agents are attempting to learn the rational expectations restrictions implied by the aggregate
demand and Phillip’s curve relations, the additional source of instability that results from the
instrument setting can only serve to make the task of identifying the true dynamics embodied
in the aggregate demand relation more difficult. Most importantly, the instrument setting
is such that it validates agents’ expectations. By making central bank behavior as well
as private behavior respond to private forecasts, forecast-based instrument rules strengthen
the effects of private forecasts on the economy’s evolution — therefore making it easier for
expectations to be a source of instability.

In contrast, when internal forecasts are generated, the central bank makes use of its
knowledge of both the form of the monetary policy rule and the true structural relations
in choosing its current instrument setting. Forecasts of output and inflation are formed
optimally, and, importantly, conditional on both its expected next-period choice of the in-
strument and the current private forecast parameters. By taking explicit account of the
effects of learning dynamics and its own future instrument choice on the evolution of the
economy, the monetary authority can offset any instability induced by a monetary policy
rule that depends on private-sector forecasts. Thus the monetary authority, by constructing
forecasts optimally given private-sector behavior, chooses its instrument to accommodate

instability arising from private agents’ learning.

7 Alternative Forecast-based Instrument Rules

The results presented thus far cast doubt on the usefulness of forecast-based instrument rules
for implementing optimal policy. Naive uses of observed private forecasts are susceptible to
divergent learning dynamics. While such instability problems can be mitigated — either by
complete transparency with regards to the form of the monetary policy rule or detailed and
accurate information on private agents’ long-horizon forecasts — it is natural to inquire as to
whether there are other approaches to implementing optimal monetary policy that are less

informationally demanding.
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To this end, consider the following forecast-based instrument rule:

it = Yppr-1+ Vo Erwe + ¢pEtpt+1 + Y, up + P, (26)
where
wm:wrzl/o-; d}u:wlp
and
b = kK—Xo y _ BE+ (K + Ao
PTR2Z4EAN+ BN TP (RN +B o

Preston (2004) demonstrates this rule is consistent with implementing a timelessly optimal
equilibrium that results when expectations are formed rationally and when the central bank
optimizes subject to a condition analogous to (10) written in terms if the price level. Note
that this rule exhibits a different kind of history dependence relative to rules (17) and (18).
Rather than responding to a lagged exogenous disturbance, it responds to the lagged price
level. Similarly, the response coefficients on observed forecasts are of a very different kind
than in the rules (17) and (18), only introducing one free policy parameter that determines
the central bank’s objective function. Nonetheless, this instrument rule is consistent with
implementing the timelessly optimal monetary policy.

Preston (2004) shows that when the central bank observes private forecasts and interprets
the above rule as naively responding to such forecasts the adoption of (26) ensures stability
under learning dynamics for a large range of plausible parameter values (see proposition 6
of that paper). For example, when «, 3, 0, v and p take the values 0.66, 0.99, 7.88, 0.35,
0.35, k € (0,1] and o € (0, 2] E-stability always results.!® The rule (26) therefore provides
an example of a class of rule that is less informationally demanding than say the results of
proposition 4 but nonetheless achieves the central bank’s objectives.

While a thorough examination of the performance of this rule relative to (17) and (18)
is beyond the scope of this paper, several points are worthy of note. First, such stability

results highlight that rules that depend on one-period-ahead forecasts need not necessarily

16Regions are considered for the parameters x and o as there is least agreement on their empirical value
and the results exhibit less senstitivity to the other parameter assumptions.
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lead to divergent learning dynamics. Second, it underscores that there are advantages to
having instrument rules exhibit a particular kind of history dependence and a particular kind
of dependence on available forecasts. Thus while the recent rational expectations literature
promoting forecast-based instrument rules has typically eschewed rules with history depen-
dence — presumably on the ground of simplicity — there may be good reasons for having such
dependence: not only because optimal monetary policy is necessarily history dependent in
forward-looking rational expectations models but also because they may have the desirable
characteristic of promoting stability under non-rational expectations. Indeed, results of this
kind are also found in Bullard and Mitra (2000) which shows that inertial Taylor rules —
policies exhibiting dependencies on the previous period’s nominal interest rate — can help
promote stability under learning. Third, and somewhat more speculatively, it remains a
challenge to identify whether rules exist that induce both determinacy of REE and stability
under learning dynamics for all parameter values and for central banks which only have
limited information on the private expectations. The price-level targeting rules discussed in
Preston (2004a) and associated implied instrument rules such as (26) are promising in this

regard.

8 Conclusions

This paper applies the framework of Preston (2003) to understand the appropriate use of
private forecasts in the design of monetary policy. The analysis demonstrates that recently
popular forecast-based instrument rules may give rise to divergent learning dynamics and
therefore be undesirable as a means to stabilize economic fluctuations. In particular, the
Taylor principle is not a sufficient condition for private agents to be able to learn the asso-
ciated rational expectations equilibrium. This result contrasts with recent work by Bullard
and Mitra (2002) which finds in an economy where only one-period-ahead expectations mat-
ter, that the Taylor principle is in fact necessary and sufficient conditions for stability under
learning dynamics. Evidence on the importance of a transparent monetary policy is also ad-

duced by demonstrating that such instability can be mitigated if private agents are informed
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about the form of the central bank’s instrument rule. In this case, the Taylor principle is
once more necessary and sufficient for stability under learning.

However, if the central bank correctly understands the learning mechanism of private
agents, it can construct optimal forecasts conditional on private agents’ behavior. In this
case, forecast-based instrument rules have the central bank respond to the determinants of
private forecasts, rather than the actual forecasts themselves, and this mitigates observed
instability problems of the former decision procedure. Indeed, the Taylor principle is again
necessary and sufficient for E-Stability. This underscores the importance of gathering in-
formation on the nature and form of private forecasting methods. Moreover, it emphasizes
that the concern of Bernanke and Woodford (1997), that policy rules which naively depend
on observed private forecasts might be susceptible to problems of indeterminacy, has greater

ambit than rational expectations models.
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A Appendix

This appendix first outlines the microfoundations of the model adopted in the main text.
The general approach to analyzing learning dynamics in the context of this framework is
then discussed. It then turns to sketching the proofs of the central results which are all
applications of this general methodology. Since the algebra underpinning these results is at

times tedious, it is largely omitted. Most calculations were performed in Mathematica.

A.1 A Simple Model
A.1.1 Household and Firm Decision Problems

The economy is populated by a continuum of households which seek to maximize future

expected discounted utility
- 1
B 57 |UCH e — [ ot (21)
T=t 9
where utility depends on a consumption index, C?, of the economy’s available goods (to be
specified), a vector of aggregate preference shocks, &,, and the amount of labor supplied
for the production of each good j, h*(j). The second term in the brackets captures the
total disutility of labor supply. The consumption index, C?, is the Dixit-Stiglitz constant-
elasticity-of-substitution aggregator of the economy’s available goods and has an associated
price index written, respectively, as
0 1
1 71 1 =
; P21 N1—6 -
C, = /cft(j) 7 dj and P, = /pt<j)1 94
0 0
where § > 1 is the elasticity of substitution between any two goods and ci(j) and p(j)
denote household i’s consumption and the price of good j.'7

Et’ denotes the subjective beliefs of household ¢ about the probability distribution of the

model’s state variables: that is, variables that are beyond agents’ control though relevant

1"The absence of real money balances from the period utility function (27) reflects the assumption that
there are no transaction frictions that can be mitigated by holding money balances. However, agents may
nonetheless choose to hold money if it provides comparable returns to other available financial assets.
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to their decision problems — i.e. prices and exogenous variables. Beliefs are assumed to be
homogenous across households, though each household has no knowledge of the beliefs of
other households. Agents therefore do not have a complete economic model of the determi-
nation of aggregate state variables and it is about the evolution of such variables that agents
are attempting to learn. The learning algorithm is discussed below. The discount factor is
assumed to satisfy 0 < 5 < 1.

Asset markets are assumed to be incomplete: there is a single one-period riskless non-
monetary asset available to transfer wealth intertemporally. Under this assumption, the

household’s flow budget constraint can be written as
M+ B} < (1+i"y) M{_, + (L +1i,1) Biy + BY; = T, — (] (28)

where M denotes the household’s end-of-period holdings of money, B! the household’s end-
of-period nominal holdings of risk-less bonds, i}* and i; are the nominal interest rates paid
on money balances and bonds held at the end of period ¢, Y} the period income (real) of
households and T} denotes lump sum taxes and transfers. The household receives income
in the form of wages paid, w(j), for labor supplied in the production of each good, j. All
households are assumed to own an equal part of each firm and therefore receive a common
share of profits II;(j) from the sale of each firm’s good j. Period nominal income is therefore
determined as P,Y;’ = fl [wy(7)hi(5) + 11, (4)]dj for each household 7. Fiscal policy is assumed
to be Ricardian. To gummarize, the household’s problem in each period ¢ is to choose
{ci(4),hi(j), M}, Bi} for all j € [0,1] so as to maximize (27) subject to the constraint (28)
taking as parametric the variables {pT(j), wr(j), p, ip_q, i, ST} for T > t.

Firms face a Calvo-style price-setting problem in period ¢ and maximize the expected

present discounted value of profits
EZ Z OfT_tQt,T [HlT (pt(@))} (29)
T=t

where

H%’ (p) = e (4) Py (@> - wt(i)ht(i) (30)

29



and v; (i) = Y;(ps(i)/P,)~? is the demand curve faced by producer i and output is produced
using technology y:(1) = A.f(h:(i)) where A; is an exogenous technology shock. The factor
a?~t in the firm’s objective function is the probability that the firm will not be able to adjust
its price for the next (7' — t) periods. Firms are assumed to value future streams of income
at the marginal value of aggregate income in terms of the marginal value of an additional
unit of aggregate income today. That is, a unit of income in each state and date 7" is valued
by the stochastic discount factor Q1 = ﬁT*tPtUC(YT,gT) /(PrU.(Y:; &,). This simplifying
assumption is appealing in the context of the symmetric equilibrium that is examined in this
model. To summarize, the firm’s problem is to choose {p; (i)} to maximize (29) taking as

given {Yr, Pr, wr(j), Ar, Qir} for T >t and j € [0,1].
A.1.2 Optimal Decision Rules

Preston (2003) shows that a log-linear approximation to the first order conditions of the above
infinite horizon decision problems lead to following optimal decision rules. Each household

allocates consumption according to
Ci=Y" == wi+ED B (1 = B)ar — Bolir — Fry1) + Brol.
T=t

where

Cl=In(CY/Y); Vi =In(Y/Y); i =In[(1+4,)/(1+7)]; (31)
e =n(P/Pi); wp=W{/(PY)

and for any variable g, g denotes the variables steady state value. The output gap z; =
Y, — Yt” is the difference between output and the economy’s natural rate of output that
obtains in this model with fully flexible prices. It is a function of model disturbances as is
the natural rate of interest ;. Household wealth is defined as W}, , = (1 + ") M+ (1 + i;) B;
and 0 = —U.,../ U.Y > 0 is the intertemporal elasticity of substitution.

Each firm determines its optimal price according to

=)

()= B Y (o)™ |5 - o o Jar +
T=t
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where p; (i) = In(p; (¢) /FP;) and w > 0 is the elasticity of real marginal costs with respect
to own output. Here the presence of long-horizon expectations arise due to the pricing
frictions induced by Calvo pricing. Integrating over the optimal decision rules of the above
household and firm decision problems; applying the market clearing condition }C’; =Y
the definition of x;; noting that prices satisfy the relation 7, = p; - (1 — o)/ anc(i dropping
the ‘7 notation, gives the New Keynesian sticky-price model of output gap and inflation

determination reported in the main text.

A.2 Expectational Stability
Suppose monetary policy is conducted according to the rule

it = ¢x$t—1 + ¢uut + wr/rt

where x;_; is the lagged output gap. Standard analysis implies there exists a rational ex-
pectations equilibrium that is linear in the variables {x;_1,u;, 7 }. If agents know the form

of the minimum-state-variable solution they estimate a linear model
Zt:at+bt‘Zt71+Ct"th+dt'7't+€t (32)

where z; = (my,xy,1;), € is the usual error term, {a, b, ¢y, d;} are coefficient parameter
vectors to be estimated. Relation (32) is called the agents’ perceived law of motion. Forecasts

can then be constructed by solving this model forward and taking expectations to give
EtZT = (13 - bt) ([3 — th_t)at + bf_tzt + YUy (7[3 — bt)*l (VT_tfs _ th—t) ¢
+pry (pls — b))~ (0" s — b 1) dy (33)

for T' > t. To obtain the actual law of motion, substitute (33) into the system of equations

(1) and (2). Collecting like terms gives a general expression of the form
2t = C_Lt + [_?txt_l + EtUt + cztrt

where {ay, b, ¢, d,} are functions of the current private forecast parameters {as, by, ¢y, d; }.

Leading this expression one period and taking expectations (rational) provides
Eizii1 = Gy + by + Gryug + dypry
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which describes the optimal rational forecast conditional on private-sector behavior. Taken
together with (33) at 7' =t + 1 it defines a mapping that determines the optimal forecast

coefficients given the current private-sector forecast parameters (aj, b,), written as
T(at,bt,Ct,dt) == (dt,[;t,ét,Jt). (34)

A rational expectations equilibrium (REE) is a fixed point of this mapping. For such REE,
we are interested in asking under what conditions does an economy with learning dynamics
converge to this equilibrium. Using stochastic approximation methods, Evans and Honkapo-
hja show that the conditions for convergence of the learning algorithm (6) and (7) are neatly

characterized by the local stability properties of the associated ordinary differential equation

di(a, b,c,d) =T(a,b,c,d) — (a,b,c,d), (35)
-

where 7 denotes “notional” time. The REE is said to be expectationally stable, or E-Stable,
if this differential equation is locally stable in the neighborhood of the REE. From standard
results for ordinary differential equations, a fixed point is locally asymptotically stable if
all eigenvalues of the Jacobian matrix D [T'(a,b,c,d) — (a,b, ¢, d)] have negative real parts
(where D denotes the differentiation operator and the Jacobian is understood to be evaluated
at the rational expectations equilibrium of interest.) See Evans and Honkapohja (2001) for

further details on expectational stability.

B Proof of Proposition 2

Consider the case of the forward-looking Taylor rule. We assume that private agents an
econometric model that is linear in {A; 1, u;, 7, }. Forecasts are therefore constructed ac-

cording to the relation
Ezr = (Ii—b) " (I = b ) ag + b "2+ yue (vIs = b))~ (v "L — 077" ¢ (36)
+pre (ply = b)) (p" 'L — b d,

for T > t, where zp = (wp,zp,ir,Ar), and (a4, by, ¢, d;) are the estimated coefficient

matrices defined section 2.3. Substituting the forecasts into the structural relations gives
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the temporary equilibrium from which the E-Stability mapping can be constructed. The
conditions for E-Stability are then given by the local stability properties of the Jacobian of

the associated ordinary differential equation

A — 1y As 0 0
0 Ay — Iy 0 0
T (6) — s =
0 A6 A3 -1 0
0 Ar 0 Ay — 1y
where ¢ = (a},bryt, but, bit,bay, d,d;), I and I identity matrices of stated dimension

and the A; matrices have dimension (4 x 4) and elements that are composites of model
parameters. E-Stability requires all roots of this system to have negative real parts. The
roots are clearly determined by the properties of the matrices A; — Iy, Ay — I4, A3 — I;and

Ay — 1. Ay can be shown to be given by

G n (125 - ovs) 1225+ r0-0v,) —525 au

4y — % — oY, 1— o1, —Z5 an
ww wx 0 a3q

0 0 0 0

where a4, as4 and az4 are composites of model primitives. It follows that A; — I, has one root

equal to negative unity and the remaining roots determined by the characteristic equation
P\ =X\ + AN+ AN+ Ag.

and stability under learning dynamics requires Ay, Ay > 0 and Ay = —Ag+ A; Ay > 0, where

A; are composites of model primitives. The first two conditions can be shown to imply the

restrictions
g+ 10y o1
K
and ,
Y, ko (l—af)—=(1-5)" = (1=75)(1-ap)
bt wo (1= ) (1= ad) |
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The former clearly established the Taylor principle to be necessary for E-Stability. However,
it is not sufficient for all parameter values under the maintained assumptions. To see this

consider the RHS constant term of the second restriction. It can be written as

1 2—0—af
1-8 ko(1—apB)

As [ — 1 this expression tends to infinity so that the Taylor principle is necessarily violated

for a given policy setting (¢..,1,). Since the graphical analysis suggest that for reasonable
parameter values E-Stability is unlikely to obtain given these conditions alone, the analysis
of the conditions from As — I, As— [,and A4 — I that relate to learning the slope coefficients
on each state variable are not developed. In the author’s experience, the constant coefficients
typically imply the strictest conditions.

Now consider the case of the lagged-expectations Taylor rule. The economy is given
by the system of equations (1), (2) and the monetary policy rule (18). In contrast to
the forward-looking Taylor rule, rational expectations equilibrium is linear in the variables

{A4—1, us—1, me—1} . Thus agents use an econometric model of the form
Zr = Q¢ + thtfl -+ CtUp—1 + dtrt,1 + Et
zp = (mp, xp,ir, A7) to construct forecasts as

Eyzp = (Is — bt)_l (Ls = b ar + b "z +uy (vIs — bt)_l (7T7t14 — thit) Ct
+ri (pla = b) " (p" = b ) di. (37)
It is immediate that the forecasts of the constant dynamics are identical to the forward-

looking Taylor rule. It follows that the results derived for that case apply here, so that the

Taylor principle is again necessary but not sufficient.

C Proof of Proposition 3

Consider the case of the forward-looking Taylor rule. We assume that private agents an
econometric model that is linear in {A; 1, u;, 7 }. Forecasts are therefore constructed ac-

cording to the relation (36) for 7' > ¢, where zr = (77, z7, Ar) is redefined recalling private
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agents no longer need to forecast the future path of interest rates, and (ay, by, ¢, d;) are the
estimated coefficient matrices defined section 2. Substituting the forecasts into the struc-
tural relations gives the temporary equilibrium from which the E-Stability mapping can be
constructed. The conditions for E-Stability are then given by the local stability properties

of the Jacobian of the associated ordinary differential equation

Ay — I3 As 0 0
, 0 Ay—I, 0 0
T (¢) — Ly =
0 A6 A3 — I3 0
0 Az 0 Az — 13

where ¢ = (a}, by s, bty bas, ¢, d;)” when evaluated at the rational expectations equilibrium
of interest, I3 and I, identity matrices of stated dimension and the A; matrices have dimen-
sion (3 x 3) and elements that are composites of model parameters and 0 is a null matrix of
similar dimension. E-Stability requires all roots of this system to have negative real parts.
The roots are clearly determined by the properties of the matrices A; — I, Ay — 14, A3— I and

Ay — 1. All A; — I3 have characteristic equations of the form
P\ = (14+ XN (AN + AN+ A

therefore having one eigenvalue equal to negative unity. The remain two roots will be negative
if and only if Ay, A, > 0. In the case of A; — I5 these latter two inequalities can be shown to

imply the restrictions

v+ =Ly, 51
K
and )
w”+?>1_(1—a6)l-€0'

The former clearly established the Taylor principle to be necessary for E-Stability. Similar
arguments to those employed in the proof of proposition 2 establish satisfaction of the Taylor
principle as being sufficient the latter to hold.

Similarly, A; — I35 has the remaining two roots being negative if and only if the restrictions

v+ (1 —Kﬁu)% T G u)ﬂ(j — uB)
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and )

Yoo (=60 +(1—p)(1-abu)

K (1 —abp) kop

which are again satisfied if the Taylor principle is satisfied (using the same arguments as

Y+

Proposition 2) and noting 0 < p < 1. The proof is complete by observing that A3 — I3 and
Ay — I3 take an identical form to Ay — I3 once p is replaced by p and ~ respectively. Since
0 < p,v < 1 the result follows immediately.

In the case of the lagged expectations Taylor rule, almost identical calculations give the

result that the Taylor principle is necessary and sufficient for E-Stability.

D Proof of Proposition 4

Consider the case of the forward-looking Taylor rule. Section 6 showed that the monetary

authority’s decision problem each period is to solve the rational expectations problem
iy = (Vnlr +1,0,) + (%Bn + wml;x)At + (Y Cr + Vo ) YUy
+(w7rdﬂ' + %ﬂz)ﬂrt + <¢ﬂéﬂ + ¢zéx)Efbit+1
= a; + BiAt—l + c;us + Jﬁ”t + éiEfbit+1
where
a; = (¢wd7r + ¢zdw) ; BZ = (%Bw + ¢16x)ﬂ
G = (Yrlr +10,80)7 + (Yrbr + ¥,0s)

If |;| < 1 there is a unique bounded solution. Solving forward gives

o0
1y =L Z e; [C_lz' + biApsso1 + Gty s + CZZ‘THS} : (38)
s=0
Noting
o) s—1
BN, = 17 Z W+ By Z W U5
§=0 §=0
s __ 8
_ A+ 10—,
Y M
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and evaluating expectations in (38) gives

a; Bl Eiéi + G (1 - éz,u) CZZ
= AV
—e T-ep ' TO-api-an™ T-ep"

as the required solution. This, together with

it

Ty = C_Lﬂ— + l_)wAt—l + Eﬁut + Czﬂ—T’t + éﬂ—it (39)

Ty = Qg+ B:L"Atfl + Cpu + Jxrt + éxit (40)

solves for the temporary equilibrium values of {7, z,4;, A;}. Leading these equations one
period and taking expectations gives the optimal forecasts given this evolution of the en-
dogenous variables.

The Jacobian matrix of the associated ordinary differential equation can be shown to be

given by ) )
Al — I4 A5 0 0
0 Ay — I, 0 0
T'(¢) — e =
0 A6 Ag — [4 0
0 Ar 0 Ay — Iy
where ¢ = (a}, brs, ety iz, bas, ¢, d}), Iy and ;s are identity matrices of the indicated

dimension, 0 a (4 x 4) null matrix and the A; matrices have elements that are composites
of model primitives.

For E-Stability A; — I, Ay — Iy, A3 — I, and A4 — I, must each have four roots with
negative real parts. Consider A; — I4. It is easily shown that two roots are equal to negative

unity, while the remaining two roots are the solution to the quadratic equation
al’ +bA+c=0

where

a = (1-8)(1—aB) 1+ ¥, +r,))
b = F0+F1¢1+F2%
¢c = ok, —1)+o(1=p),
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and

Iy = (1-8)°—ko(1—ap)
I o= o[1-8)+(1-ap)
I'y = kro[(1—-0)+(1—ap).

Under the maintained model assumptions a > 0. For a two roots with negative real parts

we require b, ¢ > 0. The latter restriction requires

@z;,rwx-%ﬂ.

establishing the Taylor principle to be necessary for E-Stability. b > 0 implies

(1= +1-aB)]  ro(1-ap)—(1-p)
K=+ (1 —aB)] " ko[- B)+(1-aB)]

Since the right-hand side constant is clearly less than unity and the coefficient on the policy

¢n+¢x

parameter 1), greater than (1 — 3) /k we infer that the Taylor principle is also sufficient for
satisfaction of this restriction.
For A, — I, identical manipulations show that two roots are equal to negative unity, while

the remaining two roots are the solution to the quadratic equation

a2+ b\ +c=0

where

a = (1=pBu)(1—apu) 1+ po, + prkoy,)

b = To+Twy, +12,

c = ko (=1 +ou(l—PBu),+(1—08p) (1 —p)
and

Ly = (1—=pBu)*+ (1 —p)(1—abu) —rop(l—app)
Ty = op|(1-Bu)’+(1—app)]
Ty = ropl(l—pBp)+(1—afu)].

38



Again under the maintained model assumptions a > 0. For the final two roots to have
negative real parts we require b, ¢ > 0 implying the restrictions

(1= Bu)* + (1—app)] _ rop(1—aBu) — [(1—Bp)’ + (1 — p) (1 - aBp)]
£[(1=Bu) + (1 —afu)] kop[(1—Bu) + (1 — afp)]

¢ﬂ+¢m

and

¢W+¢$.

(1—Bp) _ wop—(1—p) (1 —afp)
K KO [

It is again easy to show that under the maintained model assumptions both these inequalities
have right-hand side constants that are less than unity and slope coefficients on the parameter
1, that are greater than (1 — /3) /x which establishes the Taylor principle as being necessary
and sufficient for E-Stability conditions on A — I, to be satisfied. Similar calculations
demonstrate the matrices A3 — I, and A4 — I; to imply the same conditions as Ay — Iy.
Therefore the Taylor principle is necessary and sufficient for E-Stability.

For the lagged expectations Taylor rule the proof is virtually identical to the case of the

forward-looking Taylor rule. It is omitted here, and available from the author on request.
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