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Maximizing throughput for heterogeneous parallel servesugs has received quite a bit of attention from the research
community and the stability region for such systems is wetlarstood. However, many real-world systems have periods
where they are temporarily overloaded. Under such scenatie unstable queues often starve limited resources. This
work examines what happens during periods of temporanjaaer Specifically, we look at how to fairly distribute stses
We explore the dynamics of the queue workloads under the Miégtw scheduling policy during long periods of stress
and discuss how to tune this policy in order to achieve a tdagmess ratio across these workloads.

1. Introduction

Queueing systems are generally designed with sufficieotation of resources to ensure that the system
is stable. Subsequently, a large body of research in quglngia focused on characterizing the stability
region and on evaluating and optimizing performance whendiheues are operated within this region.
However, in reality, it is inevitable that a system will reppedly enter long periods of overload, either due to
an unpredictable increase in load or because some sergiceroes may become unavailable/breakdown.
In such periods, which may last for a fairly long duration iofi¢, the system may have more load than
it can handle. Hence, it is natural to want to understand \Wwhapens during these periodstefmporary
instability.

Some examples of real systems which experience periodsstathitity can be found in internet com-
munication networks, hospitals, and call centers. Comsigstems where traffic is bursty. For instance, in
communications networks, with the release of a new onlimeegahe system may be over-stressed as many
people attempt to simultaneously enter the virtual worldaAospital, there may be a surge in demand for
the limited hospital resources during a catastrophic eveuiral outbreak. In these cases, the system load
may increase to potentially unstable levels. A separateasie of temporary overload may occur when
resources are lost. In call centers, a power outage maytigécremove a pool of servers. Consequently,

while the system load may remain constant, the availablécgeresources have been reduced, stressing the
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system.

In long periods of overload, it is inevitable that the systeaklog will grow significantly, so the question
of performance optimization becomes moot. However, it Erdéle to share the stressed resourcedaira
manner among the different customers. In this paper, we aiidresource allocation in multiclass parallel
server queues during long periods of overload or temporetability.

How does one define fairness in an overloaded system? Coasigetem which is overloaded for a very
long time window. During this time window, the system is edigly unstable, so that the total backlog
grows without bound. However, it is plausible that some @uglr classes will enjoy a greater allocation of
the stressed resources, enough such that the system welaagtable to these classes. This is unfair. Our
novelnotion of fairness requires that the backlog of the diffeserstomer classes will grow large according
to a predetermined proportion, thereby proportionatedjritiuting stress across customer classes. This is
the same as requiring that tbacklog vectowill grow along a prespecifiedirection

Working with this notion of fairness, our ultimate goal isdetermine how to operate the overloaded
system such that the total backlog is minimized subject taiéss constraint. Our main result is that
the MaxWeight scheduling algorithm, with carefully seksttweight parameters, will achieve this goal
asymptotically, as the duration of the overloaded periamvgriarge. The MaxWeight policy selects, at
each time point, a service configuration which maximizes dagggregate service rate weighted by the
queue backlogs and a controllable weight vector (TassartldsEphremides 1992, Mandelbaum and Stolyar
2004). MaxWeight has been shown to be throughput maximitseg for exampleﬁis_sﬂl S (1995),
rya (2000), McKeown et al. (1998hoky and Bambos (2003)). That is, as long

as the system is stabilizable, it will be stable under Maxjhei

Our analysis first shows that, under MaxWeight with arbjtfated weights, the backlog in an overloaded
system will grow to infinity according to a well defined diriect. We then proceed to show that this direction
can be turned to any feasible fairness proportion by cdyefalecting the weight parameters of MaxWeight.
Finally, we establish that, in the limit, MaxWeight will mimize the total backlog among all algorithms

that obtain this fairness direction.

The approach we take in our analysis is a trace-based app(bagnes 1963, Armony and Bamlbos

2003, Ross and Bambos 2009) which analyzes individualdrateustomers’ arrival times and workload

requests. To show that the backlog grows along a specifictiire we uselirectgeometric arguments that
examine the dynamics of an actual trajectory of the backéogshow it evolves over time. In particular,
our statistical assumptions are extremely mild, and ordyire that the workload entering the system has a

well defined long time average.



The rest of the paper is organized as follows: We concludgitiiioduction by surveying some closely
related literature. In Sectidn 2 we formally introduce ouegeing model and the notion of fairness which
we study. In Sectioh]3 we show the existence of a unique lionitHe queue backlogs when the system is
unstable. In Sectionl 4 we discuss how to control the bacldaachieve our desired fairness criterion. In
Sectior’’b we show some numerical results to demonstrateettiermance of our proposed algorithm in
practice. Finally, we conclude in Sectigh 6.

Related Literature

Stoly 20.Q|4) analyzes the same type of parallel servarejog systems, under the assumption that the

system is in heavy-traffic. That is, the system is stable petates close to the boundary of the stability
region. For such systems, the author shows that under Mat\tVahd a complete resource pooling con-
dition, the backlog vector will experience a state-spadipse, which implies that it will asymptotically
follow a well defined direction. The author also shows thatxMaight minimizes the workload, where

the latter is defined as the total backlog weighted by the alinection. These results are similar to our

convergence and backlog minimization results, but sineesirstem considered in_Stolyar (2004) is not

overloaded, much stronger assumptions are required therh-as the Markov property and the complete

resource pooling condition. Mandelbaum and Stolyar (2@®4)eralizes these results for convex holding

cost functions and a corresponding generalizedule.

More recently, Shah and Wischik in_(Shah and Wischik 201djlsthe asymptotic behavior dluid

modelsin overload under MaxWeight and other policies. Analoggtslour result, they show that as time

grows large, the fluid vector will approach a well defined cfii@n. While the network structure and the set

of policies that Shah and Wischik (2011) studies are moreggthan our setting, that paper focuses on

characterizingthe asymptotic direction of the backlog of the overloadestesy. Our paper, on the other

hand, focuses onontrolling this direction to satisfy dairnessconstraint and on minimizing the backlog

subject to this constraint. Methodologically the two pae also different; Shah and Wischik (2011) uses

Lyapunov functions to prove convergence of the continuituid trajectory, while our analysis directly

examines the dynamics of tlggieueing trajectory

Also in the networked setting, Georgiadis and Tassiula®62@onsider overloaded sensor networks

where transmissions are scheduled in a distributed ma8pecifically, Georgiadis and Tassiulas (2006)

show that a policy analogous to the Adaptive Back Pressuieypaf Tassiulas|(1995) (reference [20] in

Tassiulas’ paper) obtains, in the limit, a backlog vectoialhs the so-called "most balanced” among all

feasible limits, in overload. Similar to_ Shah and WischikR12), the authors consider a fluid model rather

than the direcjueueing trajectorglynamics considered in this work.



Our concept of fairness in this paper is also somewhat utuBya commonly used fairness criteria are
Max-Min and Proportional Fairness. A system is considereiMlin fair if the utility of the user with
the minimum utility is maximized. On the other hand, a systermonsidered to be proportionally fair if
the amount of service resources a user is allocated comdsgo the proportion of anticipated resource

consumption required by the user. These two notions ofdéasrtan be tied together under the description

of a-fairness with different values af (Mo and Walrand 2000). There has been a substantial amount of

work in the development of scheduling policies which ensoe fairness criteria (see Mo and Walrand
2000), Kelly and Williamis|(2004), Eryilmaz and Sri Mwl (2005), Eryilmaz and Srikant
2006), Neelyl(2006), Bonald etlal. (2006), Massoulie (@0W related works). A common thread in those

papers is an assumption of stability, whereas we considteetss during periods of temporary instability.

We define fairness by a set of ratios which specifies the depit@portion of the aggregate backlog each
gueue contributes. In Section #.4 we elaborate more on thieemtion between the traditional notions of
fairness and the one used here.

Perry and WhiLt (2009, 2011) consider how to deal with unetgetoverload. They consider overload in

the setting of two initially separated service systems Wisicare resources when one becomes overloaded.

Using a fluid model, they consider how to share resourcesadhe two systems in order to maintain a
constant ratio between the two queues. Our setting is giffitceeht as there is a single system with multiple
parallel queues. However, we share a similar control goat@htaining a constant ratio between queues,

of which we may have more than two.

2. The Queueing Model

We consider a queueing system withqueues andV service vectors. New jobs arrive to the system and
are queued up to be served. The system administrator dyalyrselects which service configuration to
implement for service of available jobs in the queue. We warshow to make this selection in a ‘fair’
manner, where we will be more precise as to what we mean binfie coming discussion.

More formally, we consider a queueing system witparallel queues, indexed gpye Q = {1,2,...,Q}.
Time is discrete and indexed by Z . Let A,(t) be the number of jobs arriving to quegén time slott.
We assume thdt< A4,(t) < Aq for some arbitrarily Iarge@q > 0. For eachy € Q, we assume that
o Adl8)

t

lim
t—o00

=pq € (0,00) (2.1)
is well-defined, positive, and finite. The arrival vectorimé slott is thus

A() = (Ay (1), As(t), ..., Ay (D), ..., Aa(t)) (2.2)



with corresponding long-term traffic load vector:

p:(p17p27"'7pqa"'ﬂpQ) (23)

Arriving jobs are buffered in their respective queues arel smarved in a first-come-first-served (FCFS)
manner within each queue.
In each time slot, a service vectSre S = {S,,S,,...,S5,,...,Sx} is selected to be used. Each service

vector is a@)-dimensional vector:

S:(Sl,SQ,...,Sq,...,SQ) (24)

whereS, > 0 is the number of jobs removed from quepm a single time slot when service configuration
S is used.

The workload in queug at timet is denoted byX, (¢) with corresponding workload vector:

This corresponds to the number of jobs in each queue in tloté-s
Given workload vectoX (¢) and service configuratia$i(¢), the number of jobs that are served and depart
from queueg; is:
Dq(t) :min{sq(t)an(t)} (2.6)
where the minimum accounts for the fact that jobs can onlydreiced if they are already waiting in the

queue. Hence, iD,(t) = X,(t) < S,(t), there is some idle service provided by service vesia) due to

the lack of available jobs to be processed. The workloadowestolves as:
X(t+1)=X(t)+A(t)— D(t) (2.7)

Assuming the queue begins empty at time 0, then the workload vectoX (¢) is given by:

X(t)=) A(s)=>_D(s) (2.8)

Applications We note that many applications of interest can be modelekisnviay. For example, in
communication networks, the backlogs correspond to paskaiting to be transmitted on various wired or
wireless links while the service vectors correspond tooteripacket switch configurations. In call centers,
the backlogs correspond to the number of customers of \@diaisses waiting to be served while the service

vectors correspond to specific allocations of staff witledifg skills to each customer class.



2.1. (In)Stability Region
Loosely speaking, we consider a system to be rate stable ifitkrage job departure rate is equal to the

average arrival rate. We define the stability region of assysP, such that ifp € P, then there exists some

policy which guarantees for each queggthat:

X
lim ﬂ

t—o00 t

=0 (2.9
The stability region can be characterized as:

N N
P = {peRS p< Z%Si for somea; > 0, S; € S such thatZai = 1}
=1 =1

= {p €R?: (p,Av) < max (S, Av) for everyv € Rf} (2.10)

as defined in_ Ross and Bambps (2009). Hence, any system lael iwldominated by a convex combina-

tion of service vectors is stablizable. Furthermore, §itglis ensured by using this convex combination.
When the system load is outside of the stability region, thersystem is unstable. Hencepi P, then

there does not exist any policy which guarantees that:

lim Xo(t) =0 (2.11)
t—o00 t

and with probabilityl,
tlim Xo(t) >0 (2.12)

for someq (see Armony and Bambos (2003)). We refer to this asrib&bility region. Consider the fol-

lowing simple example of the stability and instability regs.

Example 1Consider an example with two queués= 2) and three (V = 3) service vectors:

Sl—<f>,sg—<ﬁ5>,s3—<1> (2.13)

The stability regionP, is given by the convex hull 6f, S5, S5 (and their projections onto the axes). Note
that.S; is anon-essentiadervice vector, since it is dominated by a convex combinaii®; and.S, and its
removal would not chang®. Any load vectop within the shaded region in Figuké 1 is stabilizable; outsid

the region, is not. Hencg, is stabilizable while’ is not.

The focus of this work is the understand and control the dyosuof systems which are temporarily
overloaded over a long time horizon. To do this, we approéntlae dynamics of semporarilyunstable
system with a system which ermanentlynstable f ¢ P). When the period of overload is long enough,
the dynamics of the two systems will be similar. Hence, owlysis focuses on the dynamics of unstable

systems.
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Figurel  An example of the stability region for a 2-queue queueingesys

2.2. Fairness

The goal of this work is to determine a service disciplineahhéllows us to fairly serve queues when the

system is temporarily overloaded¢ P). There are many different definitions of fairness (seeristénce

Mazumdar et al! (1991), Kelly et ial. (1998), Mo and Walran@d@®)). In this paper, we focus on a notion of

fairness where the workloads grow according to a fixed pitagrarMore formally, we assume we are given
a set of ratio®), > 0, 0, = 1. These ratios specify the proportion of the aggregate waxkivhich each
qgueue contributes. Wheneve¢ P, the goal is to control the workload such that for latge

X (1)
A0 ~0,Yq€ Q (2.14)

More precisely, we want to contrd{ (¢) such that:

lim &t) =n (2.15)

t—00 t
wheren satisfies our fairness criterion:

i .
=0,,Vi (2.16)
Z_j nj

0 defines airectionwhich we want the backlogs to growjncludes the scale factor to specify how quickly

they grow.
There may be many policies which achieve this fairnessraiteand our goal is to find the policy which
achieves it with theninimal workload Let X (¢) correspond to the workload at timegiven service vector

S(t) is used in time slot. Our goal is to findS(¢) such that for large:

X
lim 2 _ _ g v 217
e I O R @17)



Furthermore, if there exist&”’(¢) which usesS’(¢) in time slott andlim;_, 721(‘/;((’,5)@) =0,,Vq € Q, then
k
X(t X'(t
tlim —( ) < tlim —( ) (2.18)

We will go into more detail about this fairness criterion iecBon[4. Further, we will show that this

definition can be generalized to other fairness definitiahs. proposal is to use MaxWeight scheduling

policies to achieve our fairness criterion Armony and Ba 03)| Ross and Bambos (2009).

2.3. The MaxWeight Scheduling Policy

The stability region guarantees the existence of a staiglipolicy. We now briefly review a family of
stabilizing policies, which we refer to as MaxWeight Schiadu This is the special case of Projective
Cone Scheduling (PCS) when projection matrices are didg®he family of policies is characterized by
service cones wherein the set of workloaXi§t) under which service vectd; is used forms a cone in
the workload-space. We focus on this family of policies heseathey work ‘well’, i.e. are stabilizing when
possible, they are simple to implement, and as we will sa,lgtey are optimal in the sense that they
obtain the minimum backlo@ (2.1.8) subject to the fairnegemon (Z.1T).
Let B be a symmetric, positive definite matrix with non-positifediagonal elements. LeX = X (¢)

be the workload at timeé Then, the PCS algorithm selects service vestor

* max _ J— T
S*eST"(X) = arg max (S,BX) = argrgeach BS (2.19)

It is shown in_.Ross and Bambas (2009) that the PCS policy esstatble for any € P. This policy is also
desirable from an implementation standpoint as it only egucurrent information (workload state) and
does not require knowledge of the system Ipad

We define the service coné as the set of workload vectotX,, such that service vectdt is used under

the algorithm defined by positive definite mati i.e.:

For the rest of the discussion, we will suppress the deperedefithe service cones on the matBx
Throughout this work, we will focus on the case where the ima@aris a diagonal matrixA (and positive-
definite, hence, all its diagonal elements are positivejs $pecifies the set of algorithms to MaxWeight

scheduling algorithms, which have been studied extensinghe past.

Assumption 2.1B = A is a diagonal, positive definite matrix, i.&,, > 0andA =0, Vg # ¢



While we are ultimately interested in the behavior of thiggging system when it is temporarily over-
loaded, our focus on MaxWeight scheduling policies enstirasthe system is stabilized when possible.
We will examine the asymptotic behavior of this class of gie and its implications in term of our fair-
ness criterion. We will see that this family of algorithm#oris us to satisfy certain fairness criterion by
manipulating theA matrix. Furthermore, we will see in Sectibn}4.2 that the Maiylit scheduling poli-
cies achieves the lowest workload which satisfies our fasrwgiterion. In order to see this, we must first

understand how thA matrix affects the asymptotic behavior of our queueingesyst

3. Asymptotic Dynamics in Overload

Before we consider how to control the workload vecfo(;), we first begin by building an understanding
of its asymptotic dynamics given diagonal MaxWeight mathix We already know that i € P, then the
MaxWeight scheduling policy stabilizes the system and thekipad is always finite. On the other hand,

many real systems enter periods of instability where théesy$oad is temporarily outside of the stability

region. From_Armony and Bambas (2003), wheg P the workload explodesX (¢) — oco. However, we
are interested in finding out how exactly this happens. Ieethdinite limit forlim,_, . @? If so, what is
it and what does it depend on? This section is devoted to airgywbese questions.

Suppose that the system operates in overload, in the seatge#lP, where

P= {p €RY: (p, Av) < rggg{(b’, Av) for everyv € ]RQ} , (3.1)

as defined in_ Ross and Bambos (2009). We consider the limitetkhielow:

Hzlimsup<¥,A&> (3.2)

t—o0 t

and select a convergent increasing unbounded subseqitehoa which the lim sup’ is attaineH— hence,

lim =7 (3.3)

and
lim <¥, AXLEtC)> = (n, An) = H. (3.4)
Lemma 3.1We have
pgEP = n#0 (3.5)

! See footnote 12 of Ross and Bambos (2009) concerning whysssshsequence exists
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PrROOF. See the proof of Proposition 2.1lin Armony and Bambos (20@33hort, we have that

p¢ P = limsup XqT(t) > 0 for someg € Q (3.6)
t—o00
This in turn implies that:
n#Oand,solimsup<%t),A$>—<77,A77>—H>0. (3.7)
t—o00

This result follows directly from the stability results|ofony and Bambos (2003), Ross and Bambos

2009) which say that whep € P the time-scaled backlog goes to Ofasco. When the system is not

stable, the opposite occurs and there exists a non-zerbrsitbOur key result in this section is thatis

theunique limit of X& over all possible arrival traces.

Theorem 3.1Whenp ¢ P, we have

lim & =n#0. (3.8)

t—o0 t

That is, the workload explodes on the same non-zeragrary any arrival trace. Furthermore; is defined

as the unigue solution to the following convex program:

An) = i " A 3.9
(n, An) o uin (n', An') (3.9)

where
U(p,S)={n":n"=(p—r)" withre P} (3.10)

and P is the stability region given by. Therefore; = 3 s asS with ) cas <1 andag > 0 for
eachsS € S, whereS is the set of service vectors. Equivalentlyis the unique fixed point which satisfies

N=p—> gessSWith) o cas=1,as>0and
(n, AS,,) > (n,AS)) ¥m such thaty,, >0 (3.11)

PrROOF. The proof will conclude at the end of Sectigh 3. We will firebsv that the limit is unique for each
individual arrival trace. We then extend our analysis tovsktte limit is the same for all arrival traces with
identical time-average traffic loa@, which in turn, implies uniqueness over all arrival tracé& begin
with a number of definitions and structural properties ofdeéined elements.

From Section V ok Ross and Bambos (2009) on MaxWeight Scliveglabne geometry, recall that =
{x e RY: (S, Ar) = maxges (S’,Ax)} is acone, and wheH (¢) € C¢ (the interior ofCs) the MaxWeight
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scheduling policy will choosé&(t) = S. Moreover, thesurrounding conef any non-zero vecton is the

cone
cm= |J Cs (3.12)
SeS*(n)—STt

whereS*(n) = argmaxg, s (5, An) is the set of service vectors of that MaxWeight Schedulingldselect

for backlogn andST is the set ofnon-essentiabnes (see Ross and Bambos (2009), end of Section 1V).

Loosely speaking, the non-essential service vectors arerth whose removal will not change the stability
region. Hence((n) is the union of all cones corresponding to the set of senaémtors which can be used
if X(t)=n. We have

X(t)ec(n) = (S(t), An) =max (S, An) (3.13)

whereC°(n) is the interior ofC(n). Define now
K(n)={z RS, :z,> max{S,} for eachg with , > 0}, (3.14)

which is the set of backlogs such that no queueith 7, > 0 can be emptied in a single time slot. Note
thatC(n) is upward-scalable; indeed,c K(n) implies ax € K(n) for any scalakx > 1. Note that when
X(t) € K(n) we haveX,(t) > maxges{5,} for all ¢ € Q with n, > 0, so D, (t) = min{X,(t), 5,(t)} =
S,(t). Therefore,

X(t)e K(n) = D,(t)=5,(t) for all ¢ € Q with n, > 0. (3.15)

That is, all service capacity allocated at slabd queue; with 7, > 0 is used; there is no idling in that time
slot; and the departures from all queuesith 7, > 0 is exactly equal to the total service provided to that

gueue. Consider now the set
V() = K(n)()C°() (3.16)

and note that it is upward-scalable, thatis; V(7)) impliesax € V(n) for any scalaex > 1. Thus, the set
V(n) is ‘cone-like’.

The main idea for the proof for the existence of our limit iattxcursions away fromtake a very long
time—so long that the time-average properties we have fovads will become active. In particular, there
will be some time after which all deviations é@ away fromn will remain inV(n). To show this, we will

need to demonstrate certain properties of these excursions

3.1. Structural Properties

We now identify a number of structural propertiesyadnd related elements. The proofs of these properties
can be found in the Appendix. These properties are impottagharacterizing deviations from and

showing our main result on the limit (ﬁ@
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Lemma 3.2For every sequenc.} such that!, < t. and

X(t)eV(n) forevery X(t)e (t.,t.] (3.17)
for everyc, we have
— X(¢ LA
<w7m> = <%t() A77> max (5(1), An) . (3.18)

During the intervalt., t.], X (t) € K(n), which means any service vector used in this interval wikkiméze
the inner product{S(t¢), An). Furthermore, by definition of(n), there is no idling for ally such that
n, > 0. This result simply accounts for the new jobs which arrivd #re jobs which are serviced over the

subset of queues witl, > 0.

L emma 3.3For any increasing unbounded time sequenfge$ and{¢/ }, we have

tn—1
t, —t " A
lim " = e(0,1]:>1imL()

=p (3.19)

Therefore we can define the time-average workload overmsigovials which grow linearly in time.

L emma 3.4For any increasing unbounded subsequefige} with lim,, .. @ = 1, we have
(i, Am) = (p, An) —max (S, An) (3.20)
L emma 3.5For any increasing unbounded subsequefige} with lim,, . @ = u, we have

(1, An) > (n,An) = p=1 (3.21)

Lemma 3.6For everye € (0,1) we have

— | (p. An) — max (S, An) | —— + (n. An) 7= > (1, An) (3.22)

3.2. Uniqueness of limit lim_, @ on an individual arrival trace

In order to prove the uniqueness of the limit on a given artinae, we need one more definition and one

more property. We shall begin by assuming that there is sdher oconvergent subsequer{cg(¢,)} such

thatlim, .. 2‘1) 1 # 1. Note thaty, < oo for all ¢. This is easy to see sinag, = lim,_, ., %{f“) <

lim,,_ oo Aqt(:“) = p, < co. We will eventually show that this subsequence does not.exis

Recall that we have subsequer¢gl which achieves thdim sup’ in (B.2):

lim &tc) =7 (3.23)

c—oo 1,
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Define

Se =max{t, :t, <t.} <t. (3.24)

Sinces, is a subsequence o¢f, lim,._, . =1. This is a subsequence of the deviations away from

X(se)
Given this definition of s.}, we can show the following property:

L emma 3.7We have that

t —
liminf “©— ¢ = ¢ € (0,1) (3.25)

c— 00 c

i.e.s. grows nearly linearly with... The proof of this Lemma can be found in the Appendix.

We are now prepared to show the uniqueness of the limit ondividtual arrival trace. That is:

Proposition 3.1There is no subsequen¢g, } with lim,, X‘% 1 # 7. Therefore,

lim & =n (3.26)

t—o00 t

PROOF Arguing by contradiction, assume that there is some othrvergent subsequen¢& (t,)} such

thatlim,_, XEZG) =1 # n. We shall show that this is impossible. As stated befores tiwity,, < oo for all
q. Select now a subsequence{of} on which the lim inf” is attained in[(3.25), but keep the same indexing

c of the original one for notational simplicity, hence,

tc_ c
lim S _

c— 00

€ (0,1). (3.27)

c

by Lemmd_3.l7; hence the length of time of the deviations griavearly with ¢.. Therefore lim,_, t— =

S

1 . te—Se €
—— andlim._, e =15

Applying Lemma$ 3]2 arld 3.3 witfY’.} = {s.}, dividing by¢. — s. and lettingc— oo, we get

X - X
lim <(t;)fs(sc),An> (p, An) — max (S, An). (3.28)
Then, we can write
X
W, An) = tim (X0 4,
_ i () = X(5) fe—se | X(Eo) t—C,M>
c—00 t.— S, Se t. Se
€ 1
= — |(p, An) — max (S, An)| =+ (1, An) —
> (n, An) (3.29)

The last equality is due to LemrhaB.6. Therefdre, An) > (n, An), which impliesy) = n from Lemma
[3:8. But this contradicts the assumption tiia# . This establishes the sought after contradiction. So for
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each individual arrival trace, there exists a unique litmit, , ﬁ =7, which concludes the proof of the
proposition. Moreover, sinckm;_, ., & = 7 this implies that there exists < oo such thatX (¢) is in
V(n) forall t > t,. [ |

The main argument is essentially that no other sublimit etrvgry far from¢, and any excursion away
from n is small. Therefore at large all subsequences are close enoughto be in one of the neighboring
cones, i.e. iV(n). We have now shown that there exists a unique limisuch that on a given arrival trace:
limy_, X(t) =1. To complete the proof of Theordm B.1, it remains to showttiatimit, , is independent

of the particular arrival trace. To do this, we turn to chéggzing .

3.3. Characterizing the limit n

The purpose of this section is to characterize the lipiit terms ofp and service vectorS to establish the

independence of on the individual arrival trace. Knowing thiin, , . & =7, we now turn to identifying

a couple of the characteristic properties;ofrhe proofs of these Lemmas can be found in the Appendix.

Lemma 3.8Every limit is a fixed point. That is,

n= hm — = [ Zam m} (3.30)
for somen,, >0,%"  «.,, = 1. Furthermorep,,, > 0 implies thaty € C,, .

Note that because,, > 0 implies thatn € Cs,,, we know thaty is in the intersection of all cones with
a,, > 0. Hence, if there are multiple,,, > 0, thenn is on the boarder of all cones with,, > 0. Because)

is a fixed point:
Lemma 3.9The following equality holds:
(n, &) = (p, An) — max (S, Aun) (3.31)

We are now in position to show thatdepends only on the load vectpr,and available service vectors,

S. Thatis,n is independent of the particular arrival trace and is thatgm of a simple convex program.

Proposition 3.2The vecton = lim,_, . @ is the uniqueaminimizer of

A7) = mi A 3.32
(n, An) n,erg%gs)(n ') (3.32)
where

U(p,S)={n":n"=(p—r)" withr e P} (3.33)

and?P is the stability region given b§. Thereforer =3, s asSwith o s as <1 andag > 0 for each

S € S, whereS is the set of service vectors.
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PROOF. First we show that) is indeed the solution td_(3.82). Then we show there is only smiution in
order to conclude that is unique.
From Lemma 318, we have that ¥(p, S). Arbitrarily choose any vector
+
= (,0 -3 aSS) ,with 3" ag < 1, andas > 0,5 € S. (3.34)
SeSs Ses

Projecting onAn we get

(ij, An) = <[ ZaSS] 77>

Ses

> <P— Za557 A77>
Ses

= (p, An) — Z@s S, An)
> (p, An) — maX<5 An) = (n,An) (3.35)

The first inequality comes from the fact thAt,, > 0 andn, > 0. The last equality comes from Leminal3.9.

Therefore(n, An) > (n, An). This implies (recalling thai is positive-definite) that

(
= (0, An) —2(i, An) + (n, An)
< (n,An) —2(n,An) + (n,An)
= (1, Af) — (n, An), (3.36)

so (i, A7) > (n, An) andn is the minimizer of(n’, An’).

We still need to prove that the minimizeris unique. This is done by showing that(k) An) is strictly
convex inn and 2) the se¥(p, S) is convex—uniqueness will follow from convex programmihgdry. 1)
It is trivial to show that(n, An) is strictly convex inn since A > 0 is a positive definite matrix. 2) We
now show that the se¥ = ¥(p,S) is convex. First, we see that for amyc P and corresponding =
(p—r)T €W, there existg = p—7 = (p—r)" =z with 7 € P. Letr, = min(p,r;.) < ry. Sincer <r e P,
thenz € W. Now, consider two vectors, 2’ € ¥ with corresponding, ' € P such thatt = (p — )" and

' = (p—r')". What remains to be shown is that for any [0, 1], az + (1 — a)2’ € ¥. Indeed, we have:

ar+(1—a)x’ =az+ (1 —a)¥

= alp—)+ (1~ a)(p—7)
=p—(ar+(1—a)) (3.37)

By the convexity ofP, we know thatur + (1 — a)7 € P and subsequently,— (a7 + (1 — a)7') € ¥. This

concludes the proof. |
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Based on the characterizationspés the solution to the convex progrdm (3.32), via convexipétion

theory, we can conclude that there is only one fixed point.

Lemma 3.10There exists exactly one fixed point,

n = [/0 - Zamsm]+

0 < a
1 = Z Oy,
am >0 = (1,AS8,) > (n, AS,),Vk (3.38)
We have just shown that on all arrival traces with system Jgéian,_, .. @ =7, is unique. Furthermore,

the limit, n, is identical across all such tracescan be characterized as the unique solution to the convex
program[(3.P); equivalently, it is the unique fixed point af gystem. This concludes the proof of Theorem
B.1.

To summarize, whenever the system is in overload the wadlkdoaws along a vector defined ywhich
is the solution of the convex program in Proposifiod 3.2. &ébwer,; isindependent of the particular arrival
trace. From Lemma 318, we know thatis on the intersection of some set of cones. If there exidisare
a,, >0, thenn = [p— S,,]" and is inCg,, . If there are multiple,,, > 0, thennp=[p—>" S,,]7 ison
the boundary of the set of cones with, > 0. We will utilize this information to control for our fairnes

criterion.

4. Fair Control viathe A matrix

We have now seen how the asymptotic behavior of the workleatbv, X (¢), behaves given service vectors
S and MaxWeight matrixA. In particular, when the system load is outside of the stghiégion, the
workload will explode along a single vector. During a longipé of temporary stress, the queueing system
is effectivelyunstableduring this window and the valuable service resources becstrained. Under the
MaxWeight scheduling policy, queues with exceptionallgthload will starve resources from other, less
stressed, queues. This begs the question of how to shangrecesan a fair manner when the system is
unstable. Our goal in this section is to consider how to maate theA matrix in order to ensure ‘fairness’
in this queueing system.

As we have discussed before, there are many different defigibf fairness. We focus on a notion of
fairness where the workloads grow according to a fixed pitiggorMore formally, we assume we are given
a set of ratio®), >0, ¢, =1. Whenevep ¢ P, the goal is to control the workload such that:

LX)
lim =2 _ _ g v 4.1
S I O R (“-1)
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From Theoreri 311, we know thhn, .., @ =n and we want:

Mg
=46,,Yq 4.2
5 (4.2)
Whenp € P, the system is stablizable, and so the workloads shouldirefinge. For larget:
X, (t
XD 0,9 (4.3)

We know that the MaxWeight scheduling policy guaranteesstimond criterion—it is a stabilizing policy

Ross and Bambos 2009). The focus of this section is to shatitile MaxWeight scheduling policy also

satisfies the first criterion under certain conditions viapger specification of th& matrix.

4.1. Control viathe A matrix

From Lemmd_ 38, we know thatis on the intersection of the set of cones with) > 0 in the definition
ofn=_(p—>_, anSn)". This corresponds is a cone boundary if there are more thamagn> 0. This
boundary depends on th& matrix used in the MaxWeight scheduling policy. We now cdesihow we

can choose thA matrix to place cone boundaries and, subsequently, acthie\@esired fairness criterion.

Lemma4.1In Q-dimensions, consider any service vectors;, , S,,, ..., Suppose there exists a diag-

inM
onal positive definite matrixA and non-negative)-dimensional vector > 0 such thatv is a boundary

vectorof the M/ cones, i.e. for each € [1, M] and for all j:
<’U,A5ik> > <U,ASJ'> (44)

Then, for any non-negative vectgisuch that;, = 0 if and only ifv, = 0, there exists a diagonal positive

definite matrixA such that for eaclt € [1, M] and all j:
(n,AS;,) > (n,AS}) (4.5)

i.e. the boundary between tlié cones can be placed arbitrarily ﬂﬂf. This matrix is specified as:

Aquq .
>0
A, =4 ng Va7 4.6
" {17 N (4.6)

This proof is given in the Appendix.
Because Lemma4.1 holds fany positive definite diagonal matrid, it will hold for A = I. Further-

more, it is easy to verify conditiofi{4.4) whek = I, as this results in taking simple inner products.
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Corollary 4.1The boundaryy > 0, betweenV/ cones defined by service vectsits, S,,,...,S;,, can be

v
placed arbitrarily ian by using MaxWeight scheduling with matif there exists) > 0 on the boundary

of the M cones induced bA =T:
(v,8;,) > (v,8;),Vk € [1,M],Vj 4.7
Furthermorep, =0 if and only ifn, = 0. The requiredA is:

2, > 0;
Aqq:{i?q v (4.8)
5 q .

Under certain necessary and sufficient conditions we cdtraxily place the cone boundary and we can

then control the workload to explode along a desired veaéindd byr.

Proposition 4.1There exists MaxWeight matrix such that

lim & =n (4.9)

t—o00 t

if and only if the following conditions hold:
1.n=(p->, amSy)" forsomex,, >0,>" «,, =1.
2. There exist® > 0 such thatw,, > 0 implies (v, S,,) > (v, Sy) for all k. Furthermorep, = 0 if and

only if n, = 0.

This allows us to characterize tf@asiblefairness criterion:

Corollary 4.2Fairness criteriory is feasible via MaxWeight Matching if and only if:

1. There exist\/ service vectors and > 0, with v, =0 if §, = 0, such that
(v,8;,) > (v,8;),Vk € [1,M],Vj (4.10)

2. For vectorssS;,, in 1, there existy,, > 0, -2 «,, =1 such thaty = (p — >._, @, S, )+ Addi-

im

tionally, for eacha,,, > 0:

(v,8m) > (v, Sk),Vk (4.11)
3. n must satisfy:
"lq
0, = 4.12
! Zk Mk ( )

This is a direct consequence of Proposifiod 4.1.
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4.1.1. Feasble Criteria: An Example We now present an example wifli = 2 service vectors and
@ = 2 queues and specify the feasible criteria giyea [4,4], S; = [1,2] and S, = [3,1]. It is easy to see
thatv = [1, 2] satisfies Condition 1 in Corollafy 4.2 as longéas 0. Now, by Condition 2,

n=(p—aS —(1-a)s)"
=a(p—=51)+ (1L —a)(p—25:)
—a[é]—i—(l—a)[g],Vae[O,l] (4.13)

To find the feasiblé#), we normalize; as in Condition 3. Hence, arfy= « B?ﬂ +(1—a) [;’?g] €
[0,1] is feasible. In Figure4.1l.1, we can see the stability regind p, which is outside of the stability
region. All fairness directions in the gray portion, suclfaare feasible. Other fairness criteria, such?as

are infeasible.

4 oP 0.8 ° 0
3F 4 0.6 6
O_N G)N

2 S 0.4

1 S, 0.2

o ‘ o ‘ ‘ ‘ ‘

0 1 2 3 4 5 0 0.2 0.4 0.6 0.8 1
pl el
(a)Stability Region (b)Feasible Fairness Criteria

Figure2  Feasible Fairness Criteria fpr N = 2 service vectors an@ = 2 queues.

4.1.2. An Infeasible Feasible Criterion One might naturally ask whether the set of feasible fairness
directions according to MaxWeight Matching includes alidible directions when a more general set of
policies is allowed. It turns out the answer is no. We denmatsithis via an example where the fairness
criterion isnotachievable via MaxWeight Matching but there exists a palitych does achieve it. Consider

a scenario with) = 3 queues anaV = 3 service vectors:

1 0 3/4
Sl - 0 752: 1 ,Sg: 3/4 (414)
1 1 2
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Let the fairness criteria and system load be:

1/3 13/8
o0=11/3|.p=| 13/8 (4.15)
1/3 5/2

It is easy to see that using a combination of all three seméctors, the fairness criteria can be achieved:

1
1 1 11"
n= p_ZSI__SQ_ﬁ‘SB =1 (4.16)

4 1
However, this fairness criterisannotbe met using MaxWeight Matching. In particular, by Condisal

and 2 of Corollary 42, there must exists some 0 (sincef > 0) such that:
<U, Sl> = <U, SQ> = <U, Sg> (417)

With some algebra, one can see thatihehich satisfied(4.17) is

v=xy| 2 (4.18)
-1

for any~. Hence, there does not exists- 0 and Conditions 1 and 2 of Corollaky 4.2 cannot be satisfied.
This 8 is not feasible via MaxWeight Matching.

We find that MaxWeight Matching allows us to control for a gethecharacterizable set of fairness crite-
rion; however, there may be other policies which can achig¢iver criteria. Note that as long as MaxWeight

policies can achieve the fairness criteria, it is guarahteechieve it in the most efficient manner by The-

orem4.1.

4.2. Workload Minimization

Recall that our ultimate goal is to minimize the long run aggr backlog(2.18) subject to the fairness crite-
rion (2.17). So far we have established that, given a feadiiness criteriod, the MaxWeight scheduling
policy will satisfy this criterion with the right choice ohé matrix A. In particular, we have identified
the ‘direction’ which the workload will grow as well as a metology to control this direction. However,
we have not specified the rate at which the workload will gndie. have used the MaxWeight scheduling
policy to achieve our fairness criterion and justified the abkthese algorithms because they are stabilizing
whenp € P, they are simple to implement, and they allow us to achievdainess criterion. We now dis-
cuss another feature of the MaxWeight scheduling policyctvinmakes it highly desirable for our purposes.

Namely, it achieves themallestworkload which satisfies our fairness criterion.
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Theorem 4.1Let X (t) be the workload achieved under the MaxWeight schedulingydlet X (¢) be the

workload achieved under some other algorithm such that:

X)L X(t)
L (@19)
where both achieve the desired fairness criterion:
B g,V (4.20)

Zk Mk Zk T

Then,n is theminimal workload vector which can achieve the fairness criterigin,
n<n (4.21)

The proof of this Theorem is given in the Appendix.
While there may be many algorithms which achieve our fasregerion,d, MaxWeight scheduling is
efficient in the sense that no other algorithm has smalleklbgs. Note that our notion of efficiency is

different than that from Shah and Wiscahik (2011). In theirkyahey show that MaxWeight isot efficient.

However, they define efficiency as the total throughput ofstyetem, i.e. they show that MaxWeight does
not minimize) _  X,(t) overall possible directions. This is quite different from what wewhwhich is

that, given a directiod, thenzq X, (t) is minimized.

4.3. Robustness with Respect to p

Thus far, we have assumed that the load vegisrknown. Under this assumption, we are able to select the
necessary MaxWeight matrix\, to achieve the desired fairness criteriénas long as it is feasible. Now
we suppose that is unknown and examine whether we are still able to chahge achieve the desired
fairness criterion. Throughout this discussion, we wilase thatV > 1; otherwise there is no control and
n=(p—S)" for all p, irrespective ofA.

Consider the following example witlv = 3 service vectors an@ = 2 queues as depicted in Figure 3.

Let
4 3 1
Suppose our fairness criteria is:
_(2/3
0= <1/3> (4.23)

We consider 3 different load vectors, which are outside efstfability region:

(e (- ()
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Figure3  Stability and Cone regions fa¥ = 3 service vectors an@ = 2 queues.

When the system load = p; or ps,Conditions 2 and 3 in Corollafy 4.2 cannot be satisfied; betire
fairness directiond, is infeasible and there does not exist a MaxWeight matriadbieve it. With some

algebra, we can see that the necessary MaxWeight matrixhtewecthe fairness criteria dependsmon

A1:<(1)(2)>,A2:((1)2> (4.25)

From Theoreri 311, the workload is givendy= [p— > «,,5,]". Hence, to achieve the desired fairness
criteria, the goal is to find a point on the boundary of the iitalyegion such that subtracting that point
from the system loady, results in a vector which is consistent with the fairnessaiond. From Figure
[B(a@), we see that a point on the stability boundary whichusmby the convex combination 6f and S,
satisfies this constraint fgr,. The A matrix skews the dimensions such that the boundary of istése
placed in the direction of the desired fairness criteriod arakes this distance ‘minimal’ as in Proposition
[3.2. Hence, the boundary vector of interest fgiis the boundary between conesnd2. This boundary
vector can be moved to the fairness directibhy using A ;. Similarly, A, moves the boundary vector
between cone® and3 for p,. This example shows that the boundary vector of interest suttsequently,
the necessary MaxWeight matrix depends om.

Despite the preceding example, it is possible to sefeatithout precise knowledge of. This ability

depends ort, the number of subsets of service vectp$s} of size greater thah which satisfy:
<U, Slj> == <U, Sln> > <’U, Sm> ,VSl-j,Sin S {Sl} andSm ¢ {Sz} (426)

for somev > 0, v # 0. Henceyp is aboundary vectoaes it is a vector on the boundary between neighboring

cones{S;}. We refer to this boundary asralevant boundaryNote that this boundary is potentially a
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hyperplane of dimension greater thanso v may not be unique. Sinc& > 1, there exists at least one
boundary which satisfieE (4126) & 1). Moreover, withN service vectors, there a2€ — (N + 1) subsets
of size greater than 1. Clearly, some subsets may not s§fisf@), sok < 2 — (N + 1). Our two cases
are:

1. [k =1] In this case, there is exactly one subset of service vectithsanelevant boundary. If the
boundary of this subset is a hyperplane, then one can selanteboundary vector > 0 (with v, = 0 if
and only if0, = 0). Because there is only one boundary, we can specify the MagdwMatrix, A, for any
fairness criteriond. As long as the system loadis such that satisfies Conditions 2 and 3 in Corollary
[4.2, thisA matrix will control the backlogs to grow alorty Therefore, we can choog® without knowing
p. p Simply determines whether a fairness directids achievable.

2. [k > 1] In this case, there are multiple (but finite) subsets of servectors which satisfy (4.26). For
each subse§(y) = {S,} (v € [1,k]), letv(y) be a non-negative boundary vector witfy), = 0 if an only
if 6, =0. There is aA(y) such thatA(y),, = v(v),/0, will place the boundary of th&(y) cones at the
direction specified by. If 6 is feasible, there will be exactly one subset of servicearsd(y) for eachp
which satisfies Condition 2 of Corollaky 4.2. There will besage ofp corresponding to each subs&y)),
and subsequentl (y). As long as our estimate gfis within the accuracy of these ranges, we can select
the appropriate\ (y) to achieve the desired fairness criterion.

In our example at the beginning of this subsection, thereev@dboundaries of interest;, = [1,1] and

vy3 = [1, 2] (see Figurgl3). The boundary which matters depends on thkensysad o, as well as the fairness
direction,f. Foréd =[2/3,1/3], if p is in the lower regionR;,, then the boundary vector of interestis,
between cone€’; andCs. If p € R,3, then the boundary vector of interestis, between cone§’, andCs.
If p € R, of p € R, the fairness direction is infeasible. These regions castetbermined for each subset of
service vectors by solving for the set pfwhich satisfy Condition 2 of Corollay 4.2. As long as we can
determine which regiop resides, the MaxWeight MatriA can be specified without precise knowledge of
p-

See Sectiof]5 for a numerical example of how the state evold&pends o andp in these two cases.

4.4. Other Fairness Criteria

Thus far we have only considered fairness in terms of thegati which workloads will grow. As we have
discussed, there are many different notions of fairnegsaiticular, proportional and max-min fairness are
two widely used definitions of fairness. We now discuss howxi®nd our framework to these notions of
fairness.

Max-Min Fairness In Max-Min fairness, the objective is to maximize the minmmuitility. If utility is

a decreasing function of workload, this would corresponihiimimizing the maximum workload. Because
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our system is unstable, the workload in each queue will grativout bound. However, we know that the
time-normalized workload has a finite limit so that:

lim X (¢) ~nt (4.27)

t—o0

Therefore, to minimize the maximum workload, this wouldrespond to the objective:

minmax, (4.28)

n q

Hence, we can selegte ¥(p,S) which minimizes the maximum index to achieve Max-Min fagse
Proportional Fairnessin the traditional sense of Proportional fairness, the amofiservice resources a
gueue is allocated corresponds to the proportion of amtieghresource consumption required by the queue,

p,- Hence, the fairness criterion would require that the ay@goportion of service rate to quegies,, is

proportional top,,:

Pq
Sq= 4.29
S (4.29)

This implies that, loosely speaking, (¢) = [X,(s) + p,(t — s) — 8,5(t — 5)]*, whereS < 3 p, is the
time-average aggregate service ratesS(it Zq p, then the system is stablizable). As+ oo, this implies
that

lim XqT(t) =Kp, (4.30)

t—o0
for some constank” < 1. Hence, we can set= K p and achieve proportional fairness provided that a
feasible fairness criterion.
Generally speaking, we can achieve any notion of fairnessiwdan be characterized by a veciarhich
satisfies the constraints in Corolldryl4.2. Note that unfikech of the conventional work on fairness, our

framework presupposes that the queueing system is opgiatan unstable regime.

5. Numerical Results

In this section, we present some numerical results to detradashe performance of MaxWeight Schedul-
ing in a potential real system. We examine how the backloge @nd approach the fairness criterion. All
of our results are asymptotic results with-oo. We can see through some numerical simulations how large
t must be in practice to approach our asymptotic results.

To start we look at a system with tw@)(= 2) queues and two/ = 2) service vectors given by the

numerical examples in Sectibn #.3.

e (2) 5 ()= () o- ()
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With only N = 2 service vectors, there is only one boundary vectos such that the fairness criterion
is feasible (as in Corollariy4.2), so the MaxWeight matfix= A, = (1) g will achieve the fairness
criterion. Our load vectop = [4,1]7 ¢ P. In each time slot, the number of jobs which arrive to queige
uniformly distributed orf0, 8]; for queue2 it is uniformly distributed or{0, 2]. In this casey; =1/3,a, =
2/3sothaty = (p— ;51 — @pS,) T =1[2/3,1/3]".

We consider how the workload vector grows for various ihiti@nditions:

X(0)= (8) L X(0) = (600> L X(0) = (200> (5.2)

In Figurd 4(d), we plot the trajectories &f(t) for the different initial conditions, along with the lin€, =
2X,. We can see that all three trajectories converge to theetefairness vectof, = 2/3,0, = 1/3. In
Figurg 4(b), we see the scaled backloé@, and the relative backlogy;(t)/ . X;(t), converge starting
from initial conditionX' (0) = [0, 0]. Moreover, we see that they quickly achieve the fairnessrawin which

is shown in red.

50

;
451 =

(a)Different initial conditions. (b)Initial condition X (0) = [0, 0].

Figure4  Dyanmics forN = 2 service vectors an@ = 2 queues.

When there aréV = 3 service vectors, there afe= 2 subsets of service vectors and corresponding
boundary vectors which satisfy (4]26).

(o (e-() e

Now there are two boundary vectors of interest: the one batwg andC, as well as the one between
C, andCs. The boundary which matters dependsoas described in Sectidn 4.3. From that discussion,

we know thatA,; and A, are the necessary MaxWeight matrices to move the boundatgrgebetween
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C, andC, and betweert, andCs, respectively, to fairness directioh We refer toA(p) as the necessary
MaxWeight Matrix to achieve fairness directiéngiven system load. Letp = p, = [4,1]7; we useA, as
before and we can achieve the desired fairness criterioth®ather hand, ip = p, = [3, 2], A; will not

achieve the desired fairness criterion, but masxix will. Hence:

A(Pl)_A1_<(1)g>7A(P2)_A2_(ég) (5.4)

We can see in Figurel 5 how the asymptotic dynamics of the qudapend orp and A. The fairness

criterion is shown in red.
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Figure5  Dynamics of 2-queue queueing system with 3 service vectors.

In the next experiment, we consider a system Wjth 3 queues anaV = 3 service vectors. Again there
is only onev > 0 boundary vector to consider. As long as the fairness doe¢tis feasible there is only

one MaxWeight matriXA (to a scale factor) to achieve it. Feasibility dependgon

5 0 0
Sl - O ,SQ - 5 ,Sg - O (55)
0 0 5
The desired fairness criterion is 12
=1 1/3 (5.6)

1/6
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With some algebra, it is easy to see that as long as the lodadryeg P is such that the fairness direction

is feasible, then the necessary MaxWeight matfixto achieve it is as follows:

200
A=|030 (5.7)
006

The system load oscillates between being stable and uestdbhce, there areemporary periods of

overload
1 3
Pstabe= | O | , punstable= | 2 (58)
1 1

The system spends 500 time slots in the stable medesy,—then switches to spend 500 time slots in the
unstable modes= pynstanie Arrivals to queuey in each time slot are uniformly distributed betweer2p, ].
When the system is in the stable mode, MaxWeight Schedutiogld stablize the workload. Whenitis in
the unstable mode, MaxWeight Scheduling should achievdék#ed fairness criterion.

Figure[6 plots the scaled workloaﬁ@, under this unstable/stable system. We can see that forr#he fi
unstable periodt(e [0,500]), the fairness criterion is quickly achieved. However, be hext unstable
period, the scaled backlog&’((¢)/t) do not appear to stabilize within t15€0 epoch period. This is because
the workload has been stablized during the stable periodhvanare scaling by thtotal time, not just the
time starting from when we enter the period of instabilityertde, it may actually take a very long time

before the scaled backlogs converge. One the other handaithess criteria is quickly achieved. The

Xi(t)
225 X,(0)

fairness criterion is achieved very quickly (plotted in yeldiring unstable periods. During stable periods

third subfigure shows how the backlogs grow relative to edleér . We can see in this figure, the
this relative backlog is not very informative since all trecklogs will grow to zero.
While our fairness results for controlling the backlog wasymptotic, these numerical results suggest

that the fairness criterion can be achieved very rapidly.

6. Discussion and Conclusion

In many real world systems, traffic load is unpredictable @iteh bursty in nature. In any finite window of
time, the system may enter a period of temporary instahilttgre the rate of incoming jobs is larger than
the rate at which jobs can be serviced. During such periodg@ds, it is natural to want to allocate limited
service resources across various jobs classes in a fairanann

In this work, we consider how to fairly serve under-provigd queues. We focus on MaxWeight
Scheduling policies because they are simple to implemeshbahave well during stable periods. In par-
ticular, MaxWeight policies guarantee finite backlogs wites system load is within the stability region.

We find that, whenever the system is overloaded, the backlpmpaches a straight line as the time window
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Figure6  Dynamics of 3-queue queueing system oscillating betweshiesind unstable modes.

during which the system is overloaded increases. Thiggiréine can be characterized as a fixed point, or
equivalently, as the solution to a simple convex programséah, it is straightforward to identify this line,
as a function of the system parameters, the load vectand the MaxWeight matrixA.

Considering a fair allocation of resources in overloadesiesys to be such that the backlog grows along
a certaindirectiond, we show how to choose the MaxWeight matdxto guarantee that the backlog will
indeed grow along this direction, as long as this directiofeasible. Additionally, MaxWeight is shown to
asymptotically minimize the backlog, among all other pielicthat achieve the same fairness criterion. As
it turns out the choice oA is robust with respect to the load vecioin the sense that for every direction
0, there exists gartition of the instability region into subsets, such that the sameixnA will work for
all load vectors in the same subset. In particular, it is ekeffit to know what subsetbelongs to, and it is
unnecessary to know the exact valuepoiVia numerical simulations we see that MaxWeight schedulin
policy performs as expected; it achieves the fairnessrimiteduring periods of overload and it stabilizes
the queues otherwise.

Our analysis relies on geometrical arguments that are egpplirectly to individual backlog traces. In

particular, no probabilistic assumptions are made. Thg matessary assumption is that the arriving work-
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load has a well defined long run average. This approach ishalpdul in developing intuition with respect
to the system dynamics.
This work can be extended in various directions. As dematesdrin Sectioh 4.11.2, there exist some fair-

ness criteria that are infeasible via MaxWeight Matching, &e might consider whether other policies,

such as Projective Cone Scheduling from Ross and Bambo§),200uld expand the set of feasible fair-

ness criteria. In a similar vein, one might want to obtaireotfairness criteria for unstable systems. Third,

it may be possible to extend this work to networks of paraledueing systems, by relying on results from

Shah and Wischik (2011). Finally, while we have establistwa/ergence of the backlog vector under vary

mild traffic conditions, if more restrictive assumptions anade (such as Markovian queues) one might be
able to obtain results on the rate of convergence as well.

In this work we take a different view to traditional queueihg@mely, we focus on thimstability region.
While it is certainly desirable to operate systems withia skability region, there are many real world sce-
narios where this may not be possible. Input traffic may suaigee to unplanned circumstances. Service
resources may be reduced due to unavoidable accidentsagtrogthes. During these periods of temporary
instability it is often necessary to allocate limited resmms in a fair manner. Once the system exits the win-
dow of stress, it will be stabilizable and the natural godkhmughput maximization and cost minimization

can be restored.
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Appendix

PROOF OFLEMMA [322:



31

We write (using similar arguments like in equations of A.@22t27 of_ Ross and Bambas (2009)),

(X(tc) — X(t), An) = <2 A(t)7A77> - <2_: D(t)7A77>

te—1 te—1
= <Z A(t)7A77> = > (D(1), An)
t=tg t=t/,
te—1 te—1 [
— <ZA(t),A77> - D> Dy(t) Ayt Y Dy(t) Ay,
t=t!. t=t!. | @:ng>0 q:nq=0
te—1 te—1 )
= <Z A(t)7A77> - Z Sq(t)Agqng + Z Sy(t) 0
t=tl. t=t. _q:nq>0 q:1g=0
te—1 te—1
= <Z A(t), A77> — ) _(S(t),An)
t=t! t=t!,

- <Z A(t), An> —max (S(t), An) (t. — 1), (A1)

To see the above steps, recall the following. Fidstt) € V(n) for everyt € (t.,t.] and anyc, by assump-

tion. Therefore X (¢) € K(n), hence, from[(3.15) we gd&b,(t) = S,(t) for ¢ € Q with n, > 0, for every

t € (t.,t.] and anyc. Moreover,X (¢) € C(n) , hence, from[(3.13) we géf5(t), An) = maxgcs (S, An),

forallt € (t.,t.] and anye. [
PROOF OF LEMMA [3.3:

Note thatt! < t,, eventually (for any large), expand the terms as follows:

t"_l n— ,n7 n— n— /
t=th A(t) _ zzolA(t) . Zf&:ol A(t) _ zzol Alt) i, _ zzolA(t) tn (A2)
t, —t!, t, —t!, t, —t, th t, —t! t ty—t’
and observe that letting— oo we get
tn—1
mA(L) 1 1
lim ==t 0L Ly A3
B T vt vl (A3)
sincelim,,_, M = p. This completes the proof of the lemma. |
PROOF OFLEMMA [3.4: We write
tm—1 tm—1
X(tw) =Y Alt)= Y D(t) (A4)
t=0 t=0

and observe thab, () = min{S,(t), X,(¢)} < S,(t) for everyq € Q, hence—D,(t) > —S5,(t). Therefore,
sinceA is diagonal (with positive elements), we have D(t), An) > (S(t), An) > —maxses (S, An).
Projecting onAn we get

tm—1

(X (tm), An) > < > A1), An> — max (S, An) (t.,) (A5)
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Dividing by ¢,, and lettingm— oo, we get
(i, Am) = (p, An) —max (S, An) >0 (A6)

This completes the proof of the lemma. |

ProoF oFLEMMA [3.5: Indeed (recalling thaA is positive-definite), we have

0<(u—n,A(p—n)) = (u, Ap) —2(u, An) + (n, An)
< (s Ap) —2(n, An) + (n, An) = (u, Ap) — (n, An), (A7)

SO (u, Au) > (n,An). But since(n, An) = limsupt—>oo<¥,A¥>, we must have(u, Au) =
(n, An), therefore (. — n, A(x —n)) =0, which impliesy = n. This completes the proof of the lemnil.
PROOF OFLEMMA [3.8: Rewrite the inequality as [(p, An) — maxses (S, An)] e+ (n, An) > (1 —

€) (n, An), sincel — e > 0. This is equivalent (since> 0) to
(n, An) = (p, An) — max (S, An) (A8)

But this is true by Lemm@a 3.4 applied to the sequeficg with lim,._, ., X(te) — 4, This complete the proof

te

of the lemma. [ |

ProOOF OFLEMMA[3.7: We have 2 cases to show since, by definitiofispf we have thaf < tt;s <1.
The first case is Ay > 0 and the second is B)< 1.
A) We first show that > 0. We start by showing that there is no increasing unboundeskexjuencét, }

of {t.} such thatim,_, . =0, wheres, = max{t, <t,}. Note that this also implies thén, ., 7> =

1. Arguing by contradiction, suppose it exists. Observe fihiaeveryq € Q we have
=S4ty — 5) < X, (1) — Xy(s3) < Ay(ty — 50), (A9)

where A, < oo is the maximum workload that can arrive in quegén any time slot (see model in

Ross and Bambos (2009) for assumption of boundednessyardmaxgcs{S,} < co is the maximum

workload that can be removed from quepi@ any time slot. Dividing by, lettingb— oo, we get

— 0= lim [—X () _ X(s) ﬂ] —n—1 (A10)
tb Sy tb

i X(ty) — X (s0)

b—o0 tb b—oc0

which implies that) = ) and establishes the desired contradiction.

B) We still need to show that+ 1. Arguing by contradiction, suppose there exists a subsempe; }

of {t.} (and corresponding subsequereg} of {s.}) such thatlim,_, ., % =t =1, hencelim,_, tz =0.
Applying Lemmag$ 312 anld 3.3 witft)} = {s;}

. <X(tl-) — X(s)

Pa— ,An> {p, An) —max (S(), An) (Al11)

i—00
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It follows that

X(t;
(n, An) = lim t( ), Ay
=00 ti—s; ti s b
10 ti—s; ti Si ti
= (p,An) - mag (5(t), An) (A12)

Now applying Lemm&3]4 on the subsequefieg with lim,, ., * = we get

(¥, An) = (p, An) — max (S, An) = (1, A7) , (A13)

using [A12). Hence(y, An) > (n, An), which impliesy) = n by Lemmd_3.b. But this is impossible since
by definition of subsequende. }, ) # n, which completes the proof of the lemma. |
PrRoOOF OoFLEMMA [3.8: Consider a subsequenigg} such that for each:
tn—1

o i 2et=0 LS(®=5m)

n—00 t,

(Al14)

Note that by definitionw,,, € [0,1] and) " «,, < 1. Further, because ¢ P, there exisiy andT" < oo,
such thatX,(¢) > 0 for all ¢ > T'; hence, MaxWeight Scheduling policies will never idle tor 7" and
Yo Oy = 1.

We have forg such that), > 0:

w=Jim 25"
NS LN 10)
= lim Xalt )+Ztn (A, i_zm Sm.al{S(t)=5m}]
= pg— Y OmSmg ' (A15)

Wheret, < oo such that for alk > ¢,, X (¢) € V(n). It's existence is given by Propositipn B.1. kpsuch

thatn, = 0, we have:

X, (t
0=mn, = lim C‘;( n)
_ iy Zela' (A0 D0

X,(t )+Zt" DA () = 32, min{ X, (), Sing 1 s(t)=5m) ]

n—00 t,
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X () [A) =3 S Lis(y=5m1)
> lim "

=p— Z WS (A16)

Which means that, — >~ «,,S,,, <0and

0=n,=[ps = OS] (A17)

which gives us thap = [p— 3>, @S] -

Finally, we have to show that i,,, > 0, thenn € Cg,,. We have seen that,, is the proportion of time
that service vecta$,, is used under MaxWeight Scheduling on€ét) € V(n) for all t > t,,. By Proposition
3.1, we know that, exists. By contradiction, suppose thag Cs, . This implies that there exists’ # m
such that(n, AS,,/) > (n,AS,,). Sincea,, > 0, we must use5,, for somet > ¢,. This contradicts the
definition of V(n), which by [3.IB) says that MaxWeight Scheduling would Sse rather thanS,,, which
would imply thata,,, = 0. Hence, ifa,,, > 0,7 € Cg, .. [

PROOF OFLEMMA [B.3: This follows from Lemm&a3]8. Replacimg=[p — Zfﬁzl anS,]T we have

(n,An) = <[p— XN: amSm]+,An>

N N
= Z [P - Z amSm] Ayt Z [p - Z amsm} JrAqq77q
q:mg>0 m=1 4 q:mg=0 m=1 4
N N
= Z {P - Z O‘msm] Agygngt+ Z {p - Z O‘msm} A0
q:mq>0 m=1 ! q:mq=0 m=1 a
N
= <p — Z WS, A77>
m=1 N
= (p, An) = (S, A1)
= (p, An) — max (S, An) (A18)
where the last equality follows from the fact thais a fixed point. |

PrRoOF oFLEMMA [3.10: This result follows from the KKT conditions for optifitg of the convex
program [(3.D). Our goal is to show thatjf= (p — > @.,S,,)" is such that for alin with «,, > 0, we
have that(n, AS,,) > (n, AS}), then it is a solution to the convex progradm(3.9). The KKT ditions are

necessary and sufficient for optimality if the objectivedtion is differentiable and Slater’'s constraint is

satisfied Boyd and Vandenberghe (2004). Our objective fonds clearly differentiable.

Slater’s condition says that there existe such that <> «,,S,,, r < p, o, >0and)’  a, =1. 1t

is clear that = 0, «v,,, = 1/M satisfies this condition. Since the KKT conditions are neagsand sufficient
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in this case and there is only one solution, it will follow titfzere is exactly one fixed point if all fixed points
satisfy the KKT conditions.
To examine the KKT conditions, we first rewrite the convexgsem in [3.9) as an equivalent convex

program:

r<p
a,, > 0,Ym
Sa,=1 (A19)

Letr*, o, (and correspondingly* =p—r*=[p—>_ o S,,]") be the solution to the preceding convex

program. The KKT conditions for optimality say that all thenstraints must be satisfied and:
Vip—r,A(p—1))+ VXN (r— ZamSm) +VXN'(r—p)—Via+ Vv(Zozm -1)=0
Ag(rg — Zam(sm)q) =0
AZ(Tq - pq) =0
A, = 0
AN N v >0 (A20)
We look at the first condition:
Vit 284(p—1")g =X, 4+ \],Vq
Vom: D X(S)g=0— A,
q
2(2(/’ —1)qAgq = A (Sm)g =0 — Ay

q

2(p—1", AS,) =v+ Y AN = A, (A21)
q
Now we show that for any fixed point, there exiats\’, ", v which satisfy the KKT conditior .(A20). To
do this, suppose we are given a fixed pojrt p —r = (p— > a,,,)* with
an >0 = (p—r,AS,) > (p—r,AS}) (A22)

We will construct non-negative Lagrange multiplies tosfgtthe KKT conditions.
Considerg such thaip, > r,. In order to satisfy the third constraint in (A20); = 0. Now if p, <, in
order to satisfy the first constraint [n (A21) we have thiat- A = 0. To ensure that the Lagrange multipliers

are non-negative, we must have thgt= 0 for all . Subsequently:

Ay =2A(p—1)¢,Yq (A23)
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Consideny,, > 0. To satisfy the fourth constraint in (ARQ),, = 0. Now to satisfy the second constraint in
(A2I):
0<2(p—r,AS,,) =v,Ym such thatv,, >0 (A24)

which also satisfies the non-negativity:ofConsider,, = 0 anda,, > 0. By the assumption that— r is a

fixed point:

<10_T7A5m> < <10_T7A5k>
V—Ay, U
< Z
2 -2
— A\ >0 (A25)

Hence, we can satisfy the KKT conditions [n (A20) with norgatve A\, \’, \”, v. Since any fixed point
satisfies the necessary and sufficient KKT conditions, adidigoints are solutions to the convex program.
There is only one solution and so there is only one fixed point. |

PROOF OF LEMMA @1: We show this via construction. Recall thAt is diagonal:<v,AS> =
> v,A,,S,. Forv, >0

A~

A
A, =1 (A26)

g

where the positivity comes from the fact that each elemeposstive. Ifv, =0,
A,=1 (A27)

or some other arbitrary positive value.

Now, for anyi; (j € [1,m]) andk the following holds:
<U,ASZ-].> > <v A5k>

= ZAquq ¢ ZAquq (Sk)q

:>Zv Aqq ZJ an qq ZJ an qq Sk
>qu aa(Sk)q an aq( an 4a(Sk)q

= Z[(Sij)q(Aquq - Aqqnq) - (Sk)quqnq)]

q

> Z[(Sk)q(Aquq - Aqqnq) - (Sij)quqnq)]

q
j_Z(Sk)q gl = — Z AN

> (n.AS,) > (0. ASy) (A28)
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PrRoOOF oF PRoPOSITIONZ.T: Assume that Conditions 1 and 2 are satisfied. We shountpiges there

exists aA such thatim,_, @ = 7. We first consider Condition 2. This says that 0 is the boundary of

cones(,, wherea,, > 0 defined byA = I. By LemmdZ.]L, we can construct®such that for alky,, > 0:
(n, ASy) = (n, ASk) (A29)

Now, in conjunction with Condition 1, we have that ¥ (p,S) is a fixed point. By Theorein 3.1, we have
that

tlim %t) =n (A30)
Now suppose there exists such thatim,_, . @ = 1. By Theoreni 31y is a (the only) fixed point

and, hence, satisfies Condition 1. Now, we show that Comdgits satisfied by constructing the necessary
v > 0. Similar to the construction @A in the proof of Lemm&a4]1 we can determinehe boundary induced
whenA =1. Thatis:

Vg = A gyl (A31)

which equal®) if and only if , = 0. Thisv, satisfies Condition 2. |
ProOOF OFTHEOREM[A: The proof is via contradiction. Since both MaxWeighh&gduling and this
alternative algorithm achieve the fairness criterionretexists some such that; = k7. Let’'s assume that
n is notthe smallest scaled workload that achieves the fairnetsion so thak < 1.
Since -
lim —~% =«n (A32)

<e (A33)

Xq(t)

== >0 and so after time

For anyq such that;, > 0, there exists somg&, < oo such that for alt > T},

T,, D,=S,(t), whereD(t) andS(t) are the departures and service vector used in time sietlefined in

Sectio 2. Given > 0, there existd" such that:

0< Zico Su(k)  Ximo Dy(k) _ EiZo' Su(k) - Eiko' Dy(k) _ (A34)
=TT T T T

Definea,, > 0 be defined as: -
I -y
Oy = Tlim t=0 ~{5()=5m} (A35)

Note that) &, <1.a,, is the proportion of time service vectgy, is used up to time. If the limit in

(A35) does not exists, we can take a sub-limit which is welfistkd sincey,, € [0,1].
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We have for each such that), > 0:

Klq — (p— Z@mgm);

< |KMg = Pqt+ (Z C_“mSm)q

cex | R A0 _ TE D1 o (Sas.),

Ces zi&Tqu) ZT S, (k) ZT 5.0 _ 305.).

< get | B Dalb) _ T 5,0 'ZT S0 (Yas.)

< 3e+ Zf_o;éq(k) ( dem)q

< de = KNg=pqg — Zammsm (A36)

The second inequality comes from the fact tkatis the limit of @ The third inequality comes from

the definition ofp as the long-term traffic load. The fourth inequality comesrfr{A33). The last equality

comes from[(A3}).
Let,l/} - (p - Zamsm)Jr:

(En+v =1, A(kn+¢ — 1))

(kn =1, A(kn — 1)) +2(kn — ¥, AY) + (Y, Arh)

2 (kn — v, Avp) + (1, A¢)

2(kn— 1, AyY) +(n, An)

2 (Wi = a) Bggthy +2 ) (K11 = $g) Dygthy + (n, An)

q:p>0 q:p=0

23 08,0, +2 > (5m, — 1) A0+ (n, An)
q:p>0 q:p=0

= (n,An)
= (kn, Axn) > (n, An)
— k>1 (A37)

(km, AK)

AVAR AV

where the second inequality comes from Propositioh 3.2latburth equality comes from(AB6). We have

a contradiction to the assumption that 1 |



	Introduction
	The Queueing Model
	(In)Stability Region
	Fairness
	The MaxWeight Scheduling Policy

	Asymptotic Dynamics in Overload
	Structural Properties
	Uniqueness of limit limtX(t)t on an individual arrival trace
	Characterizing the limit 

	Fair Control via the  matrix
	Control via the  matrix
	Feasible Criteria: An Example
	An Infeasible Feasible Criterion

	Workload Minimization
	Robustness with Respect to 
	Other Fairness Criteria

	Numerical Results
	Discussion and Conclusion

