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Abstract

I study optimal monetary policy when both the central bank and the private sector have
imperfect information about the underlying economy. I model forward guidance as providing
the central bank’s own forecast on optimal policy conditional on its own imperfect information.
When the private sector has rational expectation, it is able to infer the imperfect information
held by the central bank from the forward guidance policy. The central bank can either commit
to the forward guidance policy, or re-optimize when accurate information becomes available
in later stage. I demonstrate the policy trade-off for central bank commitment under imperfect
information: re-optimization closes the output gap, but also makes the aggregate price level
deviate further away from zero, as re-optimization leads to additional uncertainty in firms’

pricing decisions, whose effect is amplified through higher order beliefs.
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1 Introduction

What should central bank do when both itself and the private sector have imperfect information
about the underlying economy? The empirical relevance of this question becomes more impor-
tant in the in the recent practice of forward guidance policy after the Great Recession. Through
announcing the forward guidance policy, the central bank provides information about its forecast
on the future paths of policy, conditional on its own imperfect information. Besides announcing
the forward guidance policy, central bank also faces the choice of whether it should commit to the
forward guidance policy.

Feroli et al. (2017) call forward guidance with commitment as "time-based" forward guidance,
as this type of forward guidance specifies a target rate based on calendar time. In their paper,
"time-based" forward guidance has two disadvantages. First, it ignores future macroeconomic
news, and second, it reduces flexibility in monetary policy decisions. After all, why should the
central bank tie its hands while facing an uncertain future? They argue that instead of "time-based",
forward guidance should be "data-dependent”, under which central bank only communicates what
monetary policy would react to future macroeconomic news, but allows the actual future policy to
depend on more accurate information when later available.

In this paper, I argue that forward guidance without commitment may be sub-optimal than for-
ward guidance with commitment. Although re-optimizing monetary policy conditional on accurate
information in later stage can close the output gap, re-optimization drives fluctuations in the aggre-
gate price level. This happens when firms have imperfect information and extract information from
the forward guidance policy. Under forward guidance without commitment, firms need to guess
how the central bank will re-optimize in later stage. I show that the strategic complementarities in
price behaviors and the higher order beliefs amplify this effect, which results in higher deviations
in the aggregate price level.

I model a flexible-price economy where firms maximize profit in every period. Firms set prices
before household makes consumption and labor supply decisions. Prices become rigid one set.
I assume that the technology shock is the only source of uncertainty in the private sector, which
composites an idiosyncratic component and an aggregate component. Firms set prices in the begin-
ning of period where they only observe their firm-specific technology, without having information
on the aggregate technology or decisions by other firms. The representative household makes
consumption decisions when all information is revealed in the end of the period.

I study three types of central bank. First, a "perfect opaque" central bank does not provide
information on forward guidance. It sets nominal aggregate demand in the end of period when
all information becomes accurate. In this case, the optimal monetary policy becomes a linear

function of the aggregate technology. I assume that the private sector has rational expectation



and correctly understands the central bank’s reaction function. When information is perfect, the
real dichotomy holds: prices fully adjust to the change in aggregate nominal demand, and output
is determined only by the aggregate technology. In other words, monetary policy has no real
effect, and the optimal monetary policy stabilizes price level. In comparison, when firms have only
imprecise private signals, they set prices conditional on their estimates on the monetary policy.
Although firms correctly understand how central bank will react as a function of the aggregate
technology, as they have partial information on the aggregate technology, they underestimate the
change in monetary policy when making pricing decisions. In this situation, monetary policy has
little impact on the aggregate price level. I show that optimal monetary policy changes from output
gap stabilization to price level stabilization when private signals become more imprecise.

The second type of central bank does forward guidance with commitment. As the private
sector has rational expectation and correctly understands the central bank’s reaction function, they
can correctly infer the information held by the central bank from the announcement of forward
guidance policy. | Consequently, firms get a public signal on the aggregate technology shock in
addition to their private signals of their firm-specific technology. Under forward guidance with
commitment, firms can set prices to fully absorb the change in monetary policy, which leaves
monetary policy having no effect on real consumption. Consequently, the optimal monetary policy
stabilizes price level.

The precision of public signals (central bank’s information) and the precision of private sig-
nals (firms’ information) have different implication on the aggregate price level. After technology
shocks, when the central bank has more precise information, announcing the forward guidance
policy also reveals more precise information to the private sector. As firms having more precise
information about the aggregate technology shock and the response of monetary policy, the aggre-
gate price level moves closer to zero. In comparison, when the private sector has more accurate
information on the aggregate technology shock, each firm correctly understands that central bank
will commits to a wrong forward guidance policy which will drive the aggregate price level away
from zero. Since price setting is strategic complement, all firms increase their prices as a response.

Different from the case under perfect opacity, the imperfect information which the forward
guidance policy conditions on introduces the source of monetary policy error. After a policy error,
when the the public signal is more precise, the aggregate price level deviates further away from
zero, as firms put higher weight on the public signal when making pricing decisions.

The third type of central bank does forward guidance without commitment. The information
that the private sector extracts from the announcement of forward guidance is the same as the

second type, which is the imperfect information held by the central bank on the aggregate tech-

One assumption is that forward guidance of nominal aggregate demand reacts linearly to only one variable. My
job market paper analyze the case where monetary policy is regarded as one signal about two shocks.



nology. Different from the forward guidance with commitment, the private sector under forward
guidance without commitment also needs to forecast the future monetary policy, as central bank
will re-optimize in later stage. The private sector correctly understands that future monetary policy
will be a function of the actual aggregate technology and the noise in the central bank’s imperfect
information. Consequently, each firm needs to guess the two state variables. As prices are strate-
gic complements, firms also need to guess the beliefs formed by other firms. The higher order
beliefs amplify the effect of this re-optimization on the aggregate price level. Central bank faces
a trade-off between forward guidance with and without commitment. Re-optimization fully closes
the output gap, but makes the aggregate price level deviate further away from zero.

I show that as precision of public signal increases, the aggregate price level deviates further
away from zero after both aggregate technology shocks and policy shocks. As the precision of

private signal increases, output gap approaches to efficient level after both shocks.

Related Literature

Past literature has extensively discussed the effect of forward guidance. Del Negro, Giannoni and
Patterson (2012) provide empirical evidence that standard DSGE models tend to overestimate the
effect of forward guidance. Angeletos and Lian (2016) answer this puzzle by introducing imperfect
information, and argue that imperfect common knowledge predicts that the attenuated effect of
forward guidance. Besides Feroli et al. (2017), Campbell et al. (2012) also characterize two types
of forward guidance as whether forward guidance is accompanied with or without commitment.
In their paper, "Odyssean Forward Guidance" is defined as making explicit commitment to future
policy actions, whereas "Delphic Forward Guidance" is defined as forecasting economic conditions
without commitment of future policy actions.

In particular, I study the welfare gains from policy commitment in forward guidance. There has
been a long history in studying the gains from monetary policy commitment. Classical literature
include Kydland and Prescott (1977) and Barro and Gordon (1983), which show the inflationary
bias in the central bank’s objective function leads to higher inflation when the private sector has
rational expectation. Clarida, Gali and Gertler (2000) study how commitment to a future path
of policy rates reduces current stabilization bias between output gap stabilization and inflation
stabilization which is induced by ad-hoc cost-push shocks. Woodford (1999) studies how history-
dependent policy can be achieved by having interest-smoothing included in the central bank’s
objective function. Eggertsson et al. (2003) show optimal commitment to delayed response can
mitigate the distortion under zero lower bound of interest rates.

This paper studies how imperfect information leads to gains from monetary policy commit-

ment, which builds on the abundant literature on optimal monetary policy under imperfect infor-



mation. This field is revived since Woodford (2001), which show how higher order beliefs lead to
persistent effect of monetary policy, following the assumption of imperfect information in Phelps
(1970) and Lucas (1972). Since then there have been many papers studying optimal monetary pol-
icy under imperfect information. Papers in this field can be divided by their assumption of whether
monetary policy has informational effect.

The majority of papers which characterize optimal monetary policy under information fric-
tions assume monetary policy has no informational effect, and thus assume the beliefs formed in
the private sector are independent of policy decisions. Ball, Mankiw and Reis (2005) study opti-
mal monetary policy with sticky information, and conclude that optimal monetary policy should be
described as elastic price standard: the central bank should allow price to deviate from target when
output deviates from natural rate. Adam (2007) models partial information economy, and allows
the precision of private signals to be endogenous. He argue that as signals get more precise, opti-
mal monetary policy changes from output gap stabilization to price level stabilization. Lorenzoni
(2010) assumes the central bank has no superior information, and points out announcing mone-
tary policy has trade-off between aggregate stabilization and cross-sectional efficiency. Angeletos
and La’O (2011) consider both nominal and real frictions that caused by information friction, and
describe optimal monetary policy seeks negative correlation between price level and output.

Recent papers have started to investigate the situation where people extract information on the
underlying economy from monetary policy decisions. Baeriswyl and Cornand (2010) emphasize
the signaling effect of policy actions, and conclude that the central bank distorts its policy in order
to optimally control the information it conveys. Central bank alters optimal policy response in
order to reduce information revealed on cost push shock through policy decisions. Berkelmans
(2011) demonstrates that with multiple shocks, tightening policy may initially increase inflation.
Tang (2013) shows that with rational expected private sector, the stabilization bias is reduced when
monetary policy has information effect.

My paper deals with the higher order beliefs problem, and past literature has demonstrated how
higher order beliefs amplify the real effect of monetary policy. (see Woodford (2001) for example)
In addition, many papers have show different solution methods, including Melosi (2016), Huo and
Takayama (2015) and Nimark (2017), as examples.

My paper is also motivate by the empirical evidence on the informational effect of monetary
policy and the policy discussion on forward guidance. Romer and Romer (2000), Romer and
Romer (2003) show the information asymmetry between central bank and the private sector by
providing evidence on inflation forecast changes after FOMC announcement. Faust, Faust, Swan-
son and Wright (2004) further confirm that forecasts by private sector respond to monetary policy
changes. Nakamura and Steinsson (2013) use high frequency trading data to identify the informa-

tional effect of monetary policy news.



The rest of paper is organized as follows: section 2 sets up the private sector of my model.
Section 3 defines equilibrium under three strategies of communication and commitment. Section
4 compares the gains of communication and the gains from commitment. Section 4 concludes the

paper and points out further steps.

2 The Private Sector

The private sector consists of a representative household and a continuum of firms. Each firm i
specializes in producing one differentiated good i to sell in a monopolistic competitive market.
Firms set prices before producing goods. After prices are set, production takes place to meet
demands of the representative household.

Following Phelps (1970), Woodford (2001), and Angeletos and La’O (2010), I model firms are
separated by a continuum of islands whose boundaries create geographical isolation of information.

In each time 7, events take the following sequence:

e Technology shock realizes, and each firm i learns its own technology, A;, but not the tech-

nology of others, A; ;.
e All firms set prices based on its own information set ®;.

e All information is revealed, and the the representative household sends one labor to each
island. The household makes consumption decisions across differentiated goods. Firms

produce until product markets clear.

2.1 Household

The representative household consists of a consumer and a continuum of workers. As specified in
the timing of events, I assume the representative household has perfect information, and chooses

consumption and labor supply to each island to maximize its utility:

cl-o lN.l—Hl/
u(C, N) = —/ —di (1)
1—-0 o l+vy
subjected to its budget constraint:
1
PC< [ WiNi+TI @)
0

where IT stands for all lump-sum income including profits from firms. C is final good consumption

that composites individual goods. N; is labor supply to individual firms. I assume good market to



be monopolistic competitive, and the composition function of aggregate good follows:

1 &1 %
c:[/ cl.Sdi]
0

where P denotes the aggregate price index after household optimally allocates individual good

consumption to minimize expenditure

1
mingc,y /0 PCidi 3)

which yields the demand of individual good to be

P\ ¢
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2.2 Firms

Prices are assumed to be perfectly flexible, and each firm sets its price to maximize expected profit

conditional on its own information set, @; which will be specified in section 3.
maxpyE {PY; — W;N;| w; } )

—€
subjected to its production function ¥; = A;N; and individual good demand function Y; = (Pf ) Y

2.3 States and Signals

In the private sector, the aggregate technology is the only aggregate state variable. Firms have two
signals about the aggregate technology, which are their firm-specific technology and the informa-
tion from the central bank’s forward guidance policy.

States

I assume that the aggregate technology shock is i.i.d. with log-normal distribution, i.e.,
a~N(0, o;)

Information
I assume that information is fully revealed after stage 2, so that the representative household

is perfectly informed. Before stage 2, both firms and the central bank are subjected to partial



information. Each firm learns its own technology, a;, which becomes its private signal of a .
a; =log(A;) =a+s; si~N(0,62) (6)

The central bank surveys a sample of firms, and gets a measurement of a. If the central bank
signals its measurement to firms through forward guidance, firms get a public signal of aggregate
technology shock, which I denote as m. I assume the central bank’s measurement error is normally
distributed with mean 0:

m=a+v v~N(00c2) (7)

2.4 Price Setting with Higher Order Beliefs

To solve for the equilibrium, we work backwards: first find the household demand function of
goods and supply function of labor, plug these two constraints into individual firm expected profit
function, and then derive optimal price setting for each firm.

In stage 3, household utility maximization over labor and consumption sets real wage as the

marginal rate of substitution between consumption and leisure:

NY
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Household expenditure minimization problem, together with market clearing condition, deter-

mines individual good demand as a function of aggregate demand:

P s
Y,-:(;) y ©)

In stage 2, each firm sets price to maximizes expected current period profit:

P\ ¢ _ _
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Taking first order condition on P; results in the optimizing choice of price for each individual
firm i:

Pi1+8(P — 8(81 +1(p)E {P1+£¢Y§D+6Ai_(]+¢)|wi} (11)

which is approximated in log-linear form as:

pi=Ei[p+oy]—Ba; (12)
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where @ = {7 o and 8 = ; Teg The operator E; represents the conditional expectation of firm i

on its own information set, w;, and

Higher Order Beliefs

The above equation states the optimal pricing strategy as conditional expectation on aggregate
price and output. The aggregate price is defined to be the average of all p;, and thus average over
all individual expectation on p, which consequently makes p; depend on others belief, and others
belief on others belief, and so on. We obtain the expression for this higher order belief in price
through successively substituting y by the nominal demand equation, y = n — p (see Appendix for

detailed derivation)
pi=0or (1—a) 'EE'n— BT (1 - @)/ E,E/'a— Ba; (13)
where E [-] denotes the average expectations operator, given by

Bl = [E[)diE (] = [ B [di=BE ] (14)

3 Monetary Policy under Imperfect Information

Under the assumption that household has perfect information, the central bank only changes the
information sets for firms. The central bank does two decisions. First, the central bank decides
whether or not to reveal its information on aggregate technology, m, before firms make pricing
decisions. If the central bank decides not to reveal its information, I call it "perfect opacity”. If
the bank decides to reveal its information, it provides information through forward guidance. The
second decision is whether to commit to its forward guidance policy. If the central bank commits
its policy conditional on its imperfect information, I call it forward guidance with commitment. If
the central bank decides to re-optimize in later period, I call it "forward guidance without commit-
ment". The target of the central bank is to minimize the price deviation and output gap by choosing

aggregate nominal demand. I denote the central bank’s objective function as:
2 2
f:max{—E {(y—yeff) +Tp]} (15)

3.1 Perfect Opacity

Perfect opacity allows the central bank to set nominal aggregate demand when it has perfect in-
formation in later stage. In this situation, the information set of each firm consists only its firm-

specific technology, ®; = {a;} . The optimal price depends on firm’s expectation on both both



a and n. Firms use their own technology as private signals to form conditional expectation on

aggregate technology:

K K
S i+ Ka Ly s

Ea= a =
Ks + Kq Ks + Kq Ks + Kq

a; (16)

where k; = 1/02denotes the precision of private signals, and k, = 1/0? denotes the precision of
prior.

As optimal prices are strategic complements, firms need to form expectation on the aggregate
nominal demand, n, as this will affect the aggregate consumption in later stage. When central
bank acts in stage 3 with perfect information, it observes a perfectly. I guess and verify that in
equilibrium, the optimal monetary policy of aggregate nominal demand takes linear form with a:
n = Ypoa. Under this assumption, the decision of money supply is equivalent as the choice of ¥,,.
Assuming that firms have rational expectation, they know the value of 7,,, so firm i’s expectation
on n becomes:

_ Ks
En=v Ei—= —> ~ 17
in = YpoLia K+ K, YpoQi (17)

Equilibrium:
For every realization of a, there exists an unique Nash Equilibrium where (13, }Gﬁo> is the best

response of firms and the central bank such that:

E |:7z’-i (pi: P—i, Y;o) |wl} > E [ﬂ:l' (p:a P—i, 7;0) |wl] vp:a Vi
fWpor )= (Yor P) o
where P denotes the vector of all Di-

The equilibrium of optimal prices and optimal monetary policy, (f’, };‘0), is found to be: (see

Appendix for derivation)

(aﬁo_ﬁ)’(s_ﬁ’(aa

L . 18
Pi K, + K, i (18)
2 2.2\ !
K; + TaK, Ki+ Ks) (0K T —
foo:( T ) (ﬁ( e Ka)+ﬁ'<a> (19)
K+ 0K Ka+ 0K o
The equilibrium aggregate price level and output under perfect opacity are:
(OC po_B)KS_BKa
_ 7 20
p Ky + 0K a (20)
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g PRt oo PN, e
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Discussion:

Infinite precision of private signals

First consider when the private signals are infinitely precise, ks — oo. Equation (21) shows that
real output goes to efficient level as defined in perfect information benchmark, and the monetary
policy affects price only. The economy approaches to real dichotomy.
Bacyerr %o =P

a=y

%_
Y (04 (04

Zero precision of private signals

When x; — 0, firms do not update beliefs on aggregate technology, and thus how monetary
policy reacts to aggregate technology shock does not play a role in firms’ pricing decisions. From
equation (20) and (21), we see the monetary policy affects only output. p = —Ba y= (¥po+B)a

Intermediate precision with fixed Y,

A more realistic situation is when private signals has finite precision, in which case both real
output and price level depends on ¥,,. Figure 1 plots the dynamics of aggregate price and output
with fixed ¥, when after an aggregate technology shock such that @ = 0.1. T assign values to other
parameters as ¢ = 0.2, y = 0.5, € = 2, under which o = 0.35, and 8 = 0.75.

We see that as the precision of Ky increases, output under different value of ¥, starts from dif-
ferent values but all goes to efficient level. On the other hand, prices all start from same level when
ks = 0, but go to different levels depending on the value of ¥,,. This figure confirms the real di-
chotomy that monetary policy only affects nominal variables. When ¥, = g, price asymptotically
goes to zero.

Intermediate precision with optimal 7y,

Under finite precision of private signals, optimal monetary policy is set to weigh between
price level stabilization and output gap stabilization. In Figure 2, I compare the optimal mone-
tary policy that which is defined in equation (19) with two alternative policy, together with the
equilibrium dynamics of the aggregate price level and output under optimal monetary policy. The
two alternative monetary policy are price stabilization policy and output gap stabilization pol-

icy. First, if the central bank were to consider only output gap stabilization, ¥,, is set to make

s+ (Vo tB)Ka - . . .
y = %a = y¢/f, which results in:y5 " stab _ % — B. Second, if central bank were to
. . e . . . (oY —B)Ks—PKa _ .
consider only p;lce stgblllzatlon, it achieves so by making p = —Tar 4= 0, which results
. rice stab __ Bk,
mn po = OC_K‘S —+ @

Proposition 1: With perfect opaque central bank which does not provide forward guidance,
the optimal monetary policy shifts from output gap stabilization to price level stabilization, as the
precision of private signal increases.

This results is consistent with the conclusion in Adam (2007). With precise private information,

11



real dichotomy holds and real output are independent with monetary policy. Thus, optimal mone-
tary policy stabilizes price level. On the other hand, with imprecise information, monetary policy
has little impact on firms pricing decisions, as firms are reluctant to update beliefs on aggregate

shocks and the reaction of monetary policy on aggregate shocks.

3.2 Forward Guidance with Commitment

In this situation, the central bank reveals its imperfect information on aggregate technology, m,
through announcing its forward guidance of its best-forecast monetary policy, n. In addition, the
central bank commits to implement this forward guidance policy, which gives all firm perfect
information about 7.

Since the forward guidance of nominal demand is made when the central bank is still subjected
to imperfect information, n is based on m. I guess and verify that the optimal monetary policy

under forward guidance with commitment is a linear in the central bank’s information:

n=g(m)="ypm

. As firms are assumed to have rational expectation, they correctly understand the response function
of the central bank. Consequently, upon receiving the information provided by the central bank, the
information set of individual firms becomes ®; = {m, a;}, with which each firm forms conditional

expectation on aggregate technology as:
Kin K

Ea= m—+ a; 22)
Kn + K+ K, Kn + K+ K,

Optimal policy becomes the choice of ¥f. to maximize the expected objective function condi-

tional on m:
maxg,y E[f(n)|m] = maxy, \E [f(yfc)|m} (23)

Equilibrium:
For every realization of {@, v} , there exists an unique Nash Equilibrium where (13, V]EC> is

the best response of firms and the central bank such that:

E [m (pi, p—ir Yie) l4] > E [m (P}, p—i, V) |l@i]  Vpi, Vi (24)
E[fer Plm| 2 E [ £(pe, Plm| V. (25)

where P denotes the vector of all p;.
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The expression of (ﬁ, }Gﬁc) is found to be (see Appendix for derivations)

l1-o Kim no (1—o)Kg
& 0K+ Kot Kn Ve Kmt Kot 0K

pi:”_ﬁ [ ai] —ﬁai (26)
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27
The aggregate price level and output are:
l—o K, (1—a)Ky ] _
=Y. — m—p|————+1|a 28
P [ch P o oucs+1<a+1<m} B[Km+xa+oms (28)
l—-o K 1-a)k
y= [[3 m }m—f—ﬁ [—( )% —i—l}d (29)
o OKs+ Ky + K Km + Ka + QK

Discussion:

The first thing to notice is that output in equation (29) is independent with the y7.. This is
because as monetary policy is known by firms make pricing decisions, prices adjust completely
to offset the effect of monetary policy on nominal budget of the household, leaving monetary
policy unable to affect households real demand. As a result, the central bank does not have trade-
off between price level stabilization and output gap stabilization, and optimal monetary policy
stabilizes price.

Fixed Yyc

Equation (28) and (29) describe the equilibrium price level and output as functions of signal
precision. A positive policy error is defined to be realization of positive v in the central bank’s
measurement. After a positive policy shock, efficient output is zero, and output gap positively
deviates from zero. In addition, more precise public information amplifies the deviation in output
gap, as firms weigh more on the signal from forward guidance when forming beliefs on the aggre-
gate technology. This is the same logic as Morris and Shin (2002) on the trade-off of public signal.
Providing public signal to private sectors and committing to a policy action based on imprecise
information improves coordination but may moves equilibrium away from efficient level, depend-
ing on the nature of the shock. On the other hand, more precise private information moves output
closer to the efficient level after aggregate technology shocks. This is because the more that firms
are able to distinguish the change in monetary policy is due to policy error or due to reaction on
aggregate technology shocks, the more they adjust prices to incorporate the policy shock.

Optimal Monetary Policy

Proposition 2: Under forward guidance with commitment, the real output is independent of

the monetary policy, and optimal monetary policy minimizes price deviation.
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As monetary policy is set in the forward guidance, monetary policy has only nominal effect.
Consequently, there is no conflict between price level stabilization and output gap stabilization.
Figure 3 plots }gﬁ . and the equilibrium of the aggregate price level and the output with the precision
of public signal increases from 0 to 5000.

Compared with fixed ¥y, we find that )Gﬁc decreases price stabilization after a technology shock.
This is achieved by having a smaller Y. when the precision of public signal is less precise. The
intuition is that when precision of public signal is less precise, the central bank are less confident
on its measurement and thus reacts less aggressively to its own measurement. On the other hand,
both optimal monetary policy and effects on price and output have different dynamics when the
precision of private signals increases.

Figure 4 plots }Gﬁ . with respect to private signal varying from 0 to 5000 below, which shows that
optimal monetary policy does not change with varying precision of private signals. We see that
output approaches to efficient level with infinite precision of private signals after both technology
shock and policy shock. However since optimal monetary policy does not change with respect to
precision of private signals, price deviate further away from zero as precision of private signals

increases.

4 Forward Guidance Without commitment

In this situation, the central bank announces its information on aggregate technology before firms
set prices. It then waits until the last stage to implement an re-optimized monetary policy condi-
tional on the accurate information that becomes available in the last stage. As a result, the optimal
monetary policy can react on two actual state variables, the aggregate technology shock, and the
error in the public signal which it conditions the forward guidance policy upon. I guess and verify
that the optimal monetary policy is a linear function with respect to the two state variables, i.e.,
= Y@+ Ve

When setting optimal prices, all firms need to form expectations on both @ and n. Firm i’s
conditional expectation on a is same as in the case of forward guidance with commitment, since
in both cases firms are able to infer the imperfect information held by the central bank from the
forward guidance policy. The conditional expectation on the aggregate technology is formed using

both private and public signal:

Kn K
m—+ a
Km + Ks + Kq Km + Ks + Kq

To guess n, firms separately expect the two state variables that n reacts to: the aggregate tech-

Ea= i (30)
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nology and the policy error:
Ein= )/ancEid + ’}’}nCE,"U (31)

From the assumption on public signal, m = a@+ v, firms form expectation on v as the difference
between m and E;a:
Ev=Em—Ed=m—E;d (32)

Substitute E;a and E;v and get

Km o KKy ( ) ) K
En— . m _ TR _ s \a 33
in (}’}"CmeLKerKa+yf"CKm+Ks+Ka)m+( Yine = Yine T ai  (33)

In the following passage, I simplify the expression of equation (33) as

Ein = ppm+ paai (34)
En= (pm~+ Pa)d~+pm? (35)

Kin Kyt Kq Ks

where P = Vi, o rir T Vinew, i e A0 Pa = (ﬁnc - VJVCnc) TR ek
Since py, + pa # y"}nc, and p,, # y}-’n . as long as Ky does not approaches to infinity, we know

that with firms having imperfect information, the monetary policy cannot be perfectly known when
firms set prices. Consequently, monetary policy can affect nominal demand by by unanticipated
"shock" to household nominal budget, and the "shock" comes from the central bank’s reaction to
previous error its released public signal.

Equilibrium:

For every realization of {a, v}, there exists an unique Nash Equilibrium in which (f’, anc) is
the strategy for all firms and the central bank such that

E [ﬂi (piv P—i; ’}/fknc) ‘wi] > E [71'1' (pgv P—i; ’}/fknc) |wi] Vpg, Vif(’}/fkncv
1-5) > f(%‘nc? ﬁ) V%Cnc

where ﬁn . represents the pair of parameters (ﬁn o y}’n C) .

With derivation in Appendix Section 2.3, the expression of aggregate variables are found to be

P = (Om+a)a+ ¢nv (36)
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where

¢m:pm+{pa(l—a)—ﬁ1;a] OCKS+KIZZZ+Km (38)
00 = ctpy — ] % +ap,—p (39)
P = Vine Kin +'Z+ Ka Ve Km’:s-:s?i Ka (40)
e (i) @
Discussion:
Vine = Vine

If the monetary policy is restricted to ¥4 == ’}/}’n .» its response to aggregate technology shock

ne
and policy error in the same way. In other words, it acts on m, not @ and v separately, which makes
the policy exactly the same as forward guidance with commitment.

Optimal Monetary Policy

Since monetary policy affects both price level and real output, optimal monetary policy needs
to weigh between price stabilization and output gap stabilization.

If the central bank only seeks to minimize price deviation, it chooses {}/"Jin o }/}’n C} to make

0m = 0 and @, = 0. We first solve for {p,,, p.} as

price stab __ 0 price stab __ E
m - a -

Then plug the values to equation (40) and (41) to solve for{y?n o }/}-’n C} as

CBratK B Kn

o K fne ™ o K,

Vi

The sign of price-stabilization }/J‘}n . 1s positive, and the sign of price-stabilization y}’nc is nega-
tive, meaning the monetary policy will counteract its previous policy error in public signal. If the
central bank overestimate aggregate technology, it reduces n afterwards, and vice-versa. In addi-
tion, the magnitude of this counteraction increases as the precision of public signal increases. This
is because as firms weigh more on public signal when it is precise, it has larger effect on price, and
thus price stabilization policy needs to have larger counteraction.

If the central bank only seeks to minimize output gap, it chooses {}/"Jinc, }/}’n C} to make

Yoo~ Om—9a="— Vo= Om=0 (42)
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Solve {p,, pm} and substitute their values in equation (40) and (41) to solve for {y“}n o y}-’n c} ,

I find only the difference in parameters can be identified as: yj?n I }/}’nc = g -

In addition, the value of output-gap-stabilization %, . — y}’nc is the same as the output-gap-
stabilization optimal policy in perfect opacity case, independent of the precision of public signal.

Figure 7 plots optimal monetary policy, and Figure 8 plots the equilibrium price and real output
under optimal monetary policy after a positive aggregate technology shock and a positive policy
shock. I allow the precision of public signal varies from 0 to 5000, while setting the precision of
private signals to be 1.

Notice that in the first diagram, I use dashed line to plot the output gap stabilization policy
implied y}’n . When ﬁfw is chosen optimally to maximize central bank objective function. We
merely see the difference between kag . and output gap stabilization policy implied }/"}n .- Inaddition,
Figure 8 shows that the output is nearly completely stabilized in the whole range of public signal
precision. However, price moves further away from zero as the precision of public signal increases
under both aggregate technology shock and policy shock. This is because when firms receive a
positive m, they cannot distinguish whether it is a realization of positive aggregate technology
shock or a positive policy error. However, as they know at equilibrium, the central bank response
by increase n to both the two shocks, they increase prices, and the more precise the public signal is,
the more they increase prices. In equilibrium, it is also the central bank’s best response to increase
nominal demand, otherwise the nominal budget of household will shrink after the increase in price
level. The spiral effect makes price level deviation to be larger with more precise public signal.

However, this negligible trade-off between output gap stabilization and price stabilization only
holds true when private signal are imprecise. In Figure 9 and Figure 10, I set 6,, = 50, and let
the precision of private signal varies from 0 to 5000. Again, dashed line in the first diagram is the
output gap stabilization policy implied }/}’n . » Which is no longer the same one as y}):c. The trade-off
between output gap stabilization and price stabilization tightens as the precision of private signal
increases. In Figure 10, we see the while output approaches to efficient level and price approaches
to zero as the precision of signal approaches infinity, they largely deviate from efficient level when
private signals are less precise.

Proposition 3: Under forward guidance without commitment, output achieves efficient level
after either technology shocks or policy shocks. The aggregate price level deviates further away

from zero as the precision of both private signals and public signals increases.

5 Policy Trade-off of Commitment under Uncertainty

To compare the gains and losses of forward guidance with commitment, I set the x; = 1, and

let x;,, varies to compare the equilibrium aggregate price level and the output gap under forward
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guidance with and without commitment. Figure 11 shows that after both technology shocks and
policy shocks, the output gap under forward guidance without commitment is zero, independent
of precision of public signals. This shows that gains from re-optimization where central bank can
offset the policy error when making forward guidance announcement. On the other hand, after both
shocks, the aggregate price level deviates further away from zero under forward guidance without
commitment, in comparison with forward guidance with commitment. This shows the gains from
commitment, where central bank reduces the uncertainty in pricing decisions about the monetary
policy. The combined effect on ex-ante welfare thus depends on the relative importance of price

stabilization and output gap stabilization.

6 Conclusion

In this paper, I compare three strategies of central bank communication. Perfect opacity is defined
as the situation where the central bank does not provide forward guidance, so that central bank
cannot reveal its information to the private sector. Forward guidance is defined as providing the
central bank’s forecast on the monetary policy conditional on its imperfect information. I discuss
both the case where central bank commits to the forward guidance policy and the case where
central bank re-optimizes policy conditional on accurate information which becomes available in
later stage.

The important assumption that drives the policy trade-off is that both the central bank and the
private sector have imperfect information in the early stage. Under this assumption, the announce-
ment of forward guidance is conditional on the imperfect information of the central bank and has
informational effect on the price-setting behaviors. As the private sector is rational, and under-
stands that the forward guidance policy is a linear function with one variable of the central bank’s
imperfect information, the private sector regards the forward guidance as a public signal about the
aggregate technology shock.

As the effect of monetary policy is to control the nominal aggregate demand, central bank has
the option to re-optimize monetary policy in the last stage when it has accurate information. How-
ever, although re-optimization can completely closes the output gap, it increases fluctuations in the
aggregate price level. The reason is that as prices are flexible, firms incorporate their expectations
about the monetary policy in their pricing decisions. Consequently, under forward guidance with-
out commitment, all firms need to form expectation about how monetary policy will re-optimize
in later stage. The private sector is rational and understands the re-optimized monetary policy will
react on the policy error in its announced forward guidance policy. Consequently, firms need to
form expectation both about the aggregate technology shock and the policy error. The effect of this

additional uncertainty is amplified through the higher order beliefs. In summary, forward guidance
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with commitment reduces deviations in the aggregate price level and forward guidance without

commitment reduces the deviations in aggregate output gap.
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Appendices

A Higher Order Belief

From equation (4), p; = E;[p+ oy] — Ba;, substitute y by y = n— p. To express the approxima-
tion of p in log-linear form, I first take log-linear approximation of the aggregate price, P! ~¢ =
fol Pl.l_ga’i yields p = fol pidi. Then, substitute this expression of p into to optimal price for indi-

vidual firms to get:

pi=Eil[p+a(n—p)|-PBa (A.1)
= (1 — (X)Eip—l- OCEil’l—ﬁai (A.2)

1
:(I—OC)E,' {/0 Ej(p—l—oc(n—p))—ﬁaj +O£E,~n—[3al~ (A.3)

I use E [] to be average expectation operator given by

1 -
/0 Ei()dj=E() (A4)
B[] = / EE/"[]di = EE/"-! (A.5)
Equation (3) can be simplified as
pi = (1 — OC)inEp+ (X(l — OC)E,'El’l—{- OCE,'EI’l — (1 — OC)BE,‘& — ,Bai (A.6)

Iterate the substitution leads to the optimal individual price with higher order beliefs on aggre-

gate technology shocks:

pi=(1—a)"EE*p+aXi o(1 — a)EL/n— BT o(1 — a) " EE/a— Ba; (A7)

B Price-setting and Central Bank Communication
B.1 Perfect Opacity

Firm i needs to form conditional expectation on both money supply and aggregate technology. I
guess and verify that money supply follows a linear form: n = Y, so that E;n = YE;a. Firm i sees

only its own technology a; as the private signal, and thus the conditional expectation becomes

K K
S . Ka L s

Ea= a =
Ks + Kq Ks + Ka Ks + Kq

a; (B.1)
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Average over i and get

Ea= a (B.2)
K+ K,
_ K
EEa=—" (B.3)
K+ K,
2 j+l
K _ . K
Ea= ( al ) a;EE'a = ( al ) a; (B.4)
Ks + Kq Ks + Kq

Apply equation (B.4) into equation (A.7):

_ WA e\
p,:(l—OC) ElE p-I-OC’)/pOZj:O(l—OC)j (Ks+Ka) Cli—BZj:()(l—a)j (m) Cli—ﬁai
(B.5)

I guess and verify that the higher order expectation on p is less than ﬁ so that (1 — o) “E;E*p —

0. Equation (B.5) becomes
(Ypo — B)Ks — BKa
, . B.6
pi K, + 0K ai (B-6)

Integrate over i and apply y = n — p = ¥,,a — p to get the equilibrium aggregate price level and

output:

(OC’}/I,O _B)KS_BKac_l

= B.7)
K, + 0K

:ﬁKs+(7po+B)Kad (B.8)
K, + QK

B.2 Forward Guidance with Commitment

Now, firms use not only its own technology, but also the forward guidance monetary policy as a

public signal to form conditional expectation on a.

K K. K,
Eia—= LI S g, (B.9)
Kim + Ky + Kg K + Ks + Kg Ky + Kg
K, K.
= = m—+ > a;
Kim + Ks + Kg Kim + Ks + K¢
Integrate over all i yields:
Ba=2pm i 5, (B.10)
K K '
where I denote K = K, + K, + K. It follows that
_ K, K. K Ky K K. K, K, K K\ 2
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Successively take average and then apply E; leads to

y k] j
EEa= (S (B) m () a (B.12)

In addition, firms do not need to form expectation on #n, since they observe n perfectly. Similarly
as in section 2.1, I guess and verify that higher order expectation on p does not explode, and thus

equation (A.7) now becomes
pi=oX (1—a) 'n—Br7 (1-a)EE/'a—Ba; (B.13)

pi= o5 (1) 'n—BE, (1-a) { (5) st () (ﬁ)jai} —Ba; (B.14)

To simplify equation (B.14), first work on £%_; (1 — a)/ { (%) Z],:{ (%)j_l} as

K 2 Km 2 Kim K 3 K 3Km<xs>2
l—a) 2 +(l-a)Z2+(l-a)’Z2E2 (- 2+ (1—a) 2 (Z) +-- B.15
(@) +(1—aP 2+ (1—a 22+ (1—a) 2 (1—a) 22 (2) 4o (B.13)
Collecting terms gives:
Kin Ks Ks 2
l—o) A 14 A,- B 44 (—) B.1
( a)K{ A 2 A () + } (B.16)

LAy =120 Ay = %. Thus, equation (B.15) becomes

, ’ . k-1 1—
s -y () (B) e (B.17)
J K =\K a oK+ Kg + Ky

where A| =

Substitute equation (B.17) into equation (B.14), and find

1—-«a K 1—-a)x
pi=n—p m ( )% a;| — Ba; (B.18)
(01 aKs‘i_Kg‘i_Km Km‘f‘Ké"_aKS
[ -« Kin (1—o)Kg _
= — _— 1] B.19
P e P e Km+1<§+om+]a 19
[ 1—-«a K 1—-a)x
y=|B (—)“‘+1 a (B.20)
(01 aKs‘i_Kg‘i_Km Km+K§+aKY
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B.3 Forward Guidance without Commitment

pi is defined as equation (A.7), and firms need to form conditional expectation on both n and a. The
conditional expectation on & is the same as in forward guidance with commitment situation. The
expectation on n is formed as the difference between the forward guidance policy and the firm’s

expectation on the aggregate technology shocks as:

Ein = ppm+ pqai (B.21)

— 4 Km LV KetKg — YK
where p = Y, Ko FRe T eC Ryt P = (Yee = Yee) Kin+Ks+Ka

Integrate over i,

i
0
EEn= pPmm~+ pgEia (B.23)
E’n=pum+p.Ead (B.24)
Continue this procedure to get:
EE'n = pum+ p.EiE'"'a (B.25)
From equation (A.7):

pi= 0|25 (1 - @)/EE/n+En| — BE7 (1 — o) EE/'a— Ba (B.26)

The second term, —fX%_ (1 — a)/E;E’~'a — Ba; has already been solved in the case of forward
guidance with commitment, so that we only need to work on the first term here. SubstituteE;E/n

by the equation (B.25) and get

o[£ (1 - a)/EE/n+En| = o {7 (1 - a)/ [P+ paEiET @) + pum + paa;}  (B.27)
- {Z;-":O(l — Ot)jpmm+paZ;f’:1 (1— Oc)jEiEj_ld—Fpaa,-}

Substitute the expression for E;E J=1G as in the case of forward guidance with commitment,

EE\a=a {pmmé +paZ;-°:1(1 — oc)j {(%Zi:{) (%)klm—i— <%)jai] —f—paai} (B.28)

l1-o Kim (1 —a)Ky
m—+ ai| + Padi
o oK+ K+ Ky Kim + Ky + QK

1
= {Pmma +pa
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Substitute equation (B.28) as the first term in equation (B.26):

pi=m{pu-+ [pall = @)~ B3] i, + P + i {[opa — Bl i + puci— B }
(B.29)

Aggregate over i to get the aggregate price level. Then, take the difference between the aggregate

nominal demand and the price level to get the real output.

P = Omm+ 0, = (P + Pa) G+ PV (B.30)
y=n—=p= (%"= 0n—0a)a+ (¥ — n)v (B.31)
where
Om = P+ {pa(l —a)— B! ;O‘] o~ +K,’<’;+Km (B.32)
P = [0Pa — B] % ap,—p (B.33)
P =Y e+ e e (B.34)
pe= (Y The) w1 im (B.35)

Output gap stabilization
First consider the case where the re-optimized monetary policy considers only output gap sta-

bilization.
11—« K

= Pm (1 —a) — m =P B.

(P Yy + |:p ( OC) ﬁ o :| aK, + K, + K anc ( 36)
B_.. B
()] _

a = R —_ — = . B.

(P 'yanc anc o fnc a ( 37)

Substitute the above equations to the expression of ¢, and ¢, in equation (B.32), (B.33), and

solve for p,, and p, as a function of ﬁn . and y}-’n o

1— s
ﬁnc - Y})nc - g = (apa _ﬁ) <Km(TO:)‘1;K; + 1> (B.38)
l—o

(04

Kim
oKy + Ky + Ko

(B.39)

Y})nc = Pm+ {pa(l —a)—f
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This result leads to the solution of p,, as a function of p,:

-« K
= Ve — l1—o) — = B.40
p Yine |:pa< ) B o :| K+ K+ Ky ( )
Use this result to solve the expression of p,
(yanc B y})nc - g) aKS+£a+Km +B
Pa= (B.41)

a

Use this result to solve for }'J‘im. — }/}’nc by equating it with the definition of p, as specified in
equation (B.35):

S+ + 1
K <ﬁnc_’y})nc_§> xx KKa “ +ﬁ

(ie=7he) & = . (B.42)

(Fe—7he) =L01-a) (B.43)

Plug the expression of (y}‘n — }/}’n C) in the above equation to p, in equation (B.41) to solve for
Pa

<§(1—a)—§> Hhtfatln 4 B 11—k

Pa= 2 =B (B.44)

Plug this to equation (48) to solve for p,,, which we use to equate with the definition of p,, in

equation (42)

K v K‘a—{—K‘S — 0K l1—o K
_ ——(1—a)— B.45
Pm '}’}nc K +anc K fnc B o K( ) ﬁ o aK; + K, + Kp, ( )
which results in |
—
Vine = Vine = B—o~ (B.46)

Optimal y
In this section, I solve for the optimal monetary policy which minimizes the weighted sum of

squared deviations of the output gap and the aggregate price level:

<7ﬂnc —Om— ¢a)2 63 + (Y})nc - ¢m>2 012) +7(Pm + ‘Z’a)z 03 + (Pr%lclz)

The first order condition on y}ln . results in:
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d —¥Ym— VYa d m a
oﬁ[(?’}nc—tbm—%) (Wdﬁ) ¢>+(¢m+¢a)% (B.47)

+‘L'612) [(y}’mq)m) d <yffl”;? (Pm) +¢mj;im] =0

Re-arrange the above equation to get:

o2 { (e = 0= 00) (e 2000+ 00)) 020 }+wg { (~7he+204) %} o

(B.48)
By symmetry, the first order condition on YV takes the form:

o2 { (Ve — 0= 00) + (e + 2000+ 04) M}Haﬁ { (~ 7 +200) o }:o

dVpye AV,
(B.49)
where
d(9n+ba) _ 99 Pa  99n 9pa . I9u I Iu Ipa (B.50)
d}’;clnc 9Pm ayanc dPa ayanc IPm ayanc IPa aﬁnc
dom APn pa | IPm Ipa (B.51)

d’yanc a apm a’)/anc apa &Wnc
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The partial derivatives in the above expression are calculated as follows:

A

Pm 1 (B.52)
gﬁ; =0 (B.53)
3%: =(1 —Q)mﬂl —a)a% (B.54)
32’2 e . 1;?& - aay (B.55)
?9% N % (B.56)
3_1; B % (B.57)
gﬁﬁ B KHI;KQ (B.58)
gl;ﬁ - _% (B.59)
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Figure 11: Equilibrium Price Level and Output under Forward Guidance with and without Com-
mitment
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