Large-Scale Sequential
Imperfect-Information Game Solving:
Theoretical Foundations and Practical

Algorithms with Guarantees
Christian Kroer

Thursday 12" January, 2017

School of Computer Science
Carnegie Mellon University
Pittsburgh, PA 15213

Thesis Committee:
Tuomas Sandholm, Chair
Geoftrey J. Gordon
Fatma Kilin¢g-Karzan
Vince Conitzer, Duke University
Yurii Nesterov, Universite catholique de Louvain

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy.

Copyright (©) 2016 Christian Kroer



Keywords: equilibrium finding, extensive-form games, sequential games, imperfect-information games,
Nash equilibrium, abstraction, convex optimization, first-order methods, limited lookahead



Abstract

Game-theoretic equilibrium concepts provide a sound definition of how rational agents
should act in multiagent settings. To operationalize them, they have to be accompanied by
techniques to compute equilibria. We study the computation of equilibria for extensive-form
games, a broad game class that can model sequential interaction, imperfect information, and
outcome uncertainty. Practical equilibrium computation in extensive-form games relies on two
complementary methods: abstraction methods and sparse iterative equilibrium-finding algo-
rithms. These methods are necessary in order to handle the size of many real-world games.

We present new algorithmic and structural results for both parts of extensive-form game
solving. We introduce state-of-the-art theoretical guarantees on the performance of our algo-
rithms, and first-of-their-kind guarantees on the solution quality of abstractions for large games.

For abstraction, we develop new theoretical guarantees on the solution quality of equilibria
computed in abstractions. We develop new results for several types of games and abstractions:
discrete and continuous extensive-form games, and perfect and imperfect-recall abstractions.
For all settings, our results are the first algorithm-agnostic solution-quality guarantees. Ad-
ditionally, even compared to algorithm-specific results, our approach leads to exponentially
stronger bounds than prior results, and extend to more general games and abstractions.

For equilibrium computation, we focus on the formulation of an extensive-form two-player
zero-sum Nash equilibrium as a bilinear saddle-point problem. This allows us to leverage meth-
ods from the convex optimization literature. We consider a smoothing method based on a dilated
entropy function. We prove bounds on the strong convexity and polytope diameter associated
with this function that are significantly stronger than bounds for prior smoothing methods. This
leads to the state-of-the-art in convergence rate for sparse iterative methods for computing a
Nash equilibrium. Our results can also be viewed more generally as strong convexity results for
a class of convex polytopes called treeplexes. These results could be of independent interest in
other sequential decision-making settings.

Finally, we develop new solution concepts and associated algorithmic results for games
where opponents have limited lookahead.
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Chapter 1

Introduction

Game-theoretic solution concepts provide a sound notion of rational behavior in multiagent settings. To
operationalize equilibria, they have to be accompanied by computational techniques for identifying them.
Thus, equilibrium computation has emerged as a central topic in economics and computation [Gilpin and
Sandholm, 2007b, Jiang and Leyton-Brown, 2011, Lipton et al., 2003, Littman and Stone, 2003, Zinkevich
et al., 2007, Koller et al., 1996, Daskalakis et al., 2015, von Stengel, 1996]. In this thesis we focus mainly
on extensive-form games. Extensive-form games are a broad class of games that can model sequential and
simultaneous moves, outcome uncertainty, and imperfect information. This includes real-world settings
such as negotiation, sequential auctions, security games, cybersecurity games, recreational games such as
poker and billiards, and certain medical treatment settings [Archibald and Shoham, 2009, Lisy et al., 2016,
Munoz de Cote et al., 2013, Sandholm, 2010, DeBruhl et al., 2014, Chen and Bowling, 2012].

The primary benchmark for large-scale equilibrium-finding is the annual computer poker competition
(ACPC). Each year, research labs and individual hobbyists submit poker bots which are faced off in com-
petition. For many years, all of the most successful bots have been based on equilibrium-finding tech-
niques [ACPC, 2016, Sandholm, 2010, Brown et al., 2015]. More specifically, these bots employ the fol-
lowing technique: First, the game is abstracted to generate a smaller game. Then the abstract game is solved
for (near-)equilibrium. Then, the strategy from the abstract game is mapped back to the original game. This
process is shown pictorally in Figure 1.1. The figure suggests that an e-Nash equilibrium is obtained in the
full game. Current practical methods have no such guarantee on the quality of the equilibrium in the full
game. Furthermore, practical abstractions are so large that exact Nash equilibria can’t be computed, even in
the abstraction. Instead, sparse iterative methods are applied, which converge to a Nash equilibrium in the
limit.

This thesis proposal explores and develops theoretical foundations for all steps of the solution process
described above. Secion 3 develops state-of-the-art convergence rate bounds for sparse iterative solvers.
Section 4 ameliorates the lack of guarantees on abstraction solution quality by developing some of the first,
and by far the strongest, bounds on solution quality. Section 5 develops new solution concepts for settings
where a rational player is facing one or more myopic adversaries. In such a setting rationality may be an
overly pessimistic assumption, and instead we present a model of limited lookahead in EFGs.

The next three sections will give a brief overview of the results obtained so far on each of the equilibrium-
finding dimensions, as well as briefly mention the proposed extensions.

1



Real game

Abstracted game

(automated) Abstraction i t

Equilibrium-finding
algorithm

Map to real game

e-Nash equilibrium «—————— Nash equilibrium

Figure 1.1: An overview of the general abstraction approach (figure borrowed from Ganzfried and Sand-
holm [2012]).

1.1 Algorithms for computing equilibria (Chapter 3)

This chapter focuses on sparse iterative methods for large-scale equilibrium computation. In particular, we
investigate the application of first-order methods (FOMs) to the computation of equilibria in two-player
zero-sum games. The application of FOMs relies on three core ingredients: (1) the sequence-form trans-
formation [von Stengel, 1996] for obtaining a bilinear saddle-point formulation, (2) convex minimization
algorithms such as the excessive gap technique (EGT) [Nesterov, 2005a] or mirror prox [Nemirovski, 2004],
and (3) smoothing techniques for the strategy spaces of the two players. The third part is currently not well
understood.

1.1.1 Completed work

Hoda et al. [2010] introduced a class of smoothing techniques that can be applied to EFGs. However, the
convergence rate bounds obtained from the results of Hoda et al. [2010] have a significantly worse depen-
dence on the EFG size than CFR. We show that a much better dependence on game parameters can be
achieved by focusing on the entropy function as a smoothing technique for each information set. This is
done by carefully choosing information-set weights such that a desirable smoothing function for the game
tree is obtained by summing over the weighted entropy functions for each information sets. Our result
leads to the strongest known convergence rate for sparse iterative methods, achieving a dependence on game
constants that is much stronger than that of Hoda et al. [2010], while maintaining a 1/7" convergence rate.
In particular, our strong convexity result is the first to achieve no dependence on the branching branching
factor associated with a player. Furthermore, we introduce a new class of gradient estimators that allow
instantiation of stochastic FOMs such as stochastic mirror prox [Juditsky et al., 2011]. Finally, we show
experimentally that EGT and mirror prox instantiated with our smoothing technique leads to better practical
convergence rates than CFR for medium-to-high accuracy solutions on medium-sized games.

Part of this work was published at EC-2015 [Kroer et al., 2015]. A follow-up manuscript is available at
(currently unpublished, cite arXiv .



1.1.2 Proposed work (Section 3.3)

While our current results are state-of-the-art for theoretical convergence rates for sparse iterative methods,
they are not the practical state-of-the-art. In practice, CFR algorithms are still preferred. We propose ex-
tending our theoretical work by experimentally findings ways to scale up FOMs to be competitive with CFR
algorithms. Our two most promising ideas for achieving this are 1) heuristic aggressive stepsizing for EGT
coupled with checks of the excessive gap condition, and 2) better initialization of EGT (preliminary exper-
imental results suggest that even simple tweaks to the starting point can have several orders of magnitude
impact on convergence rate). The success of this approach will be measured by showing that FOMs can
outperform the leading CFR-like algorithm on real-world games. Specifically, we will consider one or both
of the following games:
e Large texas holdem poker endgames. An endgame is, at a high level, an extensive-form game con-
structed ad-hoc to represent some subset of the game. Endgames are currently solved with CFR+, and
represent the smallest class of games where FOMs can have practical impact.

e No limit Texas hold’em (NLTHE) game abstractions. NLTHE is the current frontier of large-scale
EFG solving, where many state-of-the-art contemporary bots are more exploitable than always folding
(i.e. laying down your hand immediately) [Lisy and Bowling, 2017].

Theoretically, we propose extending our results by developing corresponding lower bounds on the con-
vergence rates achievable with the class of entropy-based smoothing functions we consider. Furthermore, we
propose showing upper and/or lower bounds on the convergence rate achievable with [ smoothing. Ideally,
this will allow us to show that entropy-based smoothing is theoretically superior to /o smoothing for EFGs.
This would complement experimental results from Hoda et al. [2010], which found entropy smoothing to
be superior.

Finally, we propose the development of sparse iterative methods for computing Nash-equilibrium refine-
ments. Polynomial-time algorithms are known for refinements such as normal-form proper and quasi-perfect
equilibria [Miltersen and Sgrensen, 2008, 2010]. However, these algorithms rely on solving one or more
linear programs, usually relying on modifications to the sequence-form LP of von Stengel [1996]. As with
Nash equilibria, such LP formulations are unlikely to be practical for large-scale games. Instead, we propose
leveraging a perturbed sequence-form polytope in the standard bilinear saddle-point formulation, and then
focus on solving this saddle-point problem directly. For small-enough perturbations, this should lead to an
approximate Nash equilibrium refinement.

1.2 Abstraction for large games (Chapter 4)

As mentioned previously, practical equilibrium computation usually relies on dimensionality reduction
through creating an abstracted game first. This chapter focuses on abstraction methods for reducing the
dimensionality of extremely large games. Practical abstraction algorithms for EFGs have all been without
any solution quality bounds [Gilpin and Sandholm, 2006, 2007a, Gilpin et al., 2007, Gilpin and Sandholm,
2008, Ganzfried and Sandholm, 2014]. This chapter ameliorates this fact by developing some of the first
theoretical results on the quality of equilibria computed in abstractions of EFGs.

1.2.1 Completed work

We have developed theoretical guarantees on solution quality of equilibria in several settings.



Perfect-recall abstraction. We develop the first algorithm-agnostic bounds on solution quality for equi-
libria computed in perfect-recall abstractions. This work also improves the best prior bounds, which
were specific to CFR, by an exponential amount. In particular, the payoft error in prior bounds had a
linear dependence on the number of information sets, whereas the payoff error in our bounds has no
dependence on the number of information sets. Our result is obtained by introducing a new method
for mapping abstract strategies to the full game, and leverages a new equilibrium refinement in the
analysis. Using this framework, we develop the first general lossy extensive-form game abstraction
method with bounds. Experiments show that it finds a lossless abstraction when one is available and
lossy abstractions when smaller abstractions are desired.

We also develop the first complexity results on computing good abstractions of EFGs. Prior abstrac-
tion algorithms typically operate level by level in the game tree. We introduce the extensive-form
game tree isomorphism and action subset selection problems, both important subproblems for com-
puting abstractions on a level-by-level basis. We show that the former is graph isomorphism complete,
and the latter NP-complete. This suggests that level-by-level abstraction is, in general, a computation-
ally difficult problem. We also prove that level-by-level abstraction can be too myopic and thus fail to
find even obvious lossless abstractions.

This work was published at EC-2014 [Kroer and Sandholm, 2014]

Imperfect-recall abstraction. Imperfect-recall abstraction has emerged as the leading paradigm for prac-
tical large-scale equilibrium computation in imperfect-information games. However, imperfect-recall
abstractions are poorly understood, and only weak algorithm-specific guarantees on solution quality
are known. We develop the first general, algorithm-agnostic, solution quality guarantees for Nash
equilibria and approximate self-trembling equilibria (a new solution concept that we introduce) com-
puted in imperfect-recall abstractions, when implemented in the original (perfect-recall) game. Our
results are for a class of games that generalizes the only previously known class of imperfect-recall
abstractions for which any such results have been obtained. Further, our analysis is tighter in two
ways, each of which can lead to an exponential reduction in the solution quality error bound.

We then show that for extensive-form games that satisfy certain properties, the problem of computing
a bound-minimizing abstraction for a single level of the game reduces to a clustering problem, where
the increase in our bound is the distance function. This reduction leads to the first imperfect-recall
abstraction algorithm with solution quality bounds. We proceed to show a divide in the class of ab-
straction problems. If payoffs are at the same scale at all information sets considered for abstraction,
the input forms a metric space, and this immediately yields a 2-approximation algorithm for abstrac-
tion. Conversely, if this condition is not satisfied, we show that the input does not form a metric space.
Finally, we provide computational experiments to evaluate the practical usefulness of the abstraction
techniques. They show that running counterfactual regret minimization on such abstractions leads to
good strategies in the original games.

This work was published at EC-2016 [Kroer and Sandholm, 2016a]

Discretization of continuous games. While EFGs are a very general class of games, most solution algo-
rithms require discrete, finite games. In contrast, many real-world domains require modeling with
continuous action spaces. This is usually handled by heuristically discretizing the continuous action
space without solution quality bounds. Leveraging our results on abstraction solution quality, we de-
velop the first framework for providing bounds on solution quality for discretization of continuous
action spaces in extensive-form games. For games where the error is Lipschitz-continuous in the dis-
tance of a continuous point to its nearest discrete point, we show that a uniform discretization of the



space is optimal. When the error is monotonically increasing in distance to nearest discrete point,
we develop an integer program for finding the optimal discretization when the error is described by
piecewise linear functions. This result can further be used to approximate optimal solutions to general
monotonic error functions.

This work was published at AAMAS-2015 [Kroer and Sandholm, 2015b]

1.2.2 Proposed work (Section 4.4)

While the above lines of work have provided much-needed theoretical foundations for the area of abstraction
in EFGs, there is still a lot of work to do in order to bridge the gap to practical abstraction work. All
abstraction algorithms mentioned in the preceding section require either 1) solving an integer program whose
size is on the order of magnitude of the game tree (this can be improved to just the signal tree for games of
ordered signals) [Kroer and Sandholm, 2014], or 2) solving for abstractions level-by-level with prohibitively
strong constraints on the type of abstraction allowed [Kroer and Sandholm, 2016a].

We propose developing practical methods for computing abstractions, while retaining bounds on the
solution quality. One way to do this is by extending our framework for bounding abstraction quality to allow
additional worst-case assumptions about paths in the game tree that our current framework cannot provide
bounds for. This will greatly expand the set of feasible abstractions, thereby making the computational
problem easier. Hopefully, it will also allow analysis of a general level-by-level abstraction algorithm.
An alternative approach would be to make additional assumptions about the game structure, potentially
assuming structure that is similar to that of games of ordered signals [Gilpin and Sandholm, 2007b].

We will attempt one or more of the following goals:

e Compute the first strategy with a meaningful bound on regret in NLTHE (through solving an abstract

game).

o Show that existing practical abstraction algorithms have bounded solution quality.

e Show an impossibility result stating that the kind of abstraction employed in practice cannot lead to
meaningful ex-ante bounds on solution quality.

1.3 Limited lookead (Chapter 5)

In some application domains, the assumption of perfect rationality might not be practical, or even useful,
as opponents might display exploitable behavior that the perfect rationality assumption does not allow ex-
ploitation of. In order to model such settings, we initiate the game-theoretic study of limited lookahead in
imperfect-information games.

This model has applications such as biological games, where the goal is to steer an evolutionary or
adaptation process (which typically acts myopically with lookahead 1) [Sandholm, 2015], and security
games where opponents are often assumed to be myopic (as makes sense when the number of adversaries
is large [Yin et al., 2012]). Furthermore, investigating how well a rational player can exploit a limited-
lookahead player lends insight into the limitations and risks of using limited-lookahead algorithms in mul-
tiagent decision making.

1.3.1 Completed work

We generalize limited-lookahead research to imperfect-information games and a game-theoretic approach.
We study the question of how one should act when facing an opponent whose lookahead is limited along



multiple axes: lookahead depth, whether the opponent(s), too, have imperfect information, and how they
break ties. We characterize the hardness of finding a Nash equilibrium or an optimal commitment strategy for
either player, showing that in some of these variations the problem can be solved in polynomial time while
in others it is PPAD-hard or NP-hard. We proceed to design algorithms for computing optimal commitment
strategies for when the opponent breaks ties 1) favorably, 2) according to a fixed rule, or 3) adversarially. The
impact of limited lookahead is then investigated experimentally. The limited-lookahead player often obtains
the value of the game if she knows the expected values of nodes in the game tree for some equilibrium,
but we prove this is not sufficient in general. Finally, we study the impact of noise in those estimates and
different lookahead depths. This uncovers a lookahead pathology.
This work was published at IICAI-2015 [Kroer and Sandholm, 2015¢]

1.3.2 Proposed work (Section 5.7)

While our current model of limited lookahead can model certain myopic adversaries, it has one impor-
tant weakness: it does not allow for modeling of uncertainty over the exact myopic behavior of the oppo-
nents. We propose extending our current model of limited lookahead to include a distribution over limited-
lookahead opponent models. This will allow much more general modeling of myopic behavior, as well
as allow for computing robust strategies for exploiting a myopic opponent. Depending on the specific as-
sumptions made, this can make the computation of the associated solution concepts significantly harder. We
propose managing this increased complexity by viewing the problem through a robust optimization lends.

1.4 Structure of this document

This chapter gave a high-level description of each of the dimensions of sequential game solving considered
in this thesis. The following chapters will go into more depth on our results and proposed research directions
for each topic. Chapter 2 develops some notation necesary in order to read the technical sections of the
following chapters. Chapter 2 should not be neccesary in order to understand the introductory and proposed
work sections of each chapter. Chapters 3, 4 and 5 present my current and proposed work on first-order
methods to compute equilibria, abstraction methods, and new models of limited-lookahead adversaries.
These chapters include fairly detailed technical sections, but the gist of the chapters can be gleaned from the
introductory sections as well as proposed work sections.

Finally, Chapter 7 will briefly discuss some other research work that I’ve done during my doctoral
studies.



Chapter 2

Notation

This section introduces some general notation for EFGs that we will use throughout most of this proposal.
Chapter 3 is largely independent of this notation, and so can safely be read in isolation. Chapters 4 and 5
rely more heavily on the notation described here for formally describing the obtained results.

2.1 Extensive-form games

An extensive-form game (EFG) I is a tuple (N, A, S, Z, H,00,u,Z). N is the set of players. A is the set
of all actions. S is a set of nodes corresponding to sequences of actions. They describe a tree with root
node r € S. At each node s, some Player i is active with actions Ag, and each branch at s denotes a
different choice in A;. Let ¢] be the node transitioned to by performing action a € A at node s. The set
of all nodes where Player ¢ is active is called S;. The set of leaf nodes is denoted by Z C S. For each
leaf node z, Player i receives a reward of u;(z). We assume, WLOG., that all utilities are non-negative.
Z is the subset of leaf nodes reachable from a node s. H; C H is the set of heights in the game tree
where Player 7 acts. H is the set of heights where nature acts. o specifies the probability distribution for
nature, with o¢(s, @) denoting the probability of nature choosing outcome a at node s. Z; C 7 is the set of
information sets where Player ¢ acts. Z; partitions ,S;. For any two nodes s1,s2 € I € Z;, Player ¢ cannot
distinguish among them, and A, = A,,. We let X (s) denote the set of information set and action pairs 7, a
in the sequence leading to a node s, including nature. We let X_;(s), X;(s) € X(s) be the subset of this
sequence such that actions by the subscripted player(s) are excluded or exclusively chosen. We let X°(s) be
the set of possible sequences of actions players can take in the subtree below s, with X°,(s), X?(s) being
the set of future sequences excluding or limited to Player ¢, respectively. We denote elements in these sets
as @. X%(s,d), X",(s,d), X2 (s, @) are the analogous sets limited to sequences that are consistent with the
sequence of actions d@. We let the set of leaf nodes reachable from s for a particular sequence of actions
@ € X"(s) be ZZ For an information set I on the path to a leaf node z, z[I] denotes the predecessor s € I
of z.

Perfect recall means that no player forgets anything that the player observed in the past. Formally, for
every Player i € N, information set I € Z;, and nodes s1,s2 € I : X;(s1) = X;(s2). Otherwise, the
game has imperfect recall. The most important consequence of imperfect recall is that a player can affect
the distribution over nodes in their own information sets, as nodes in an information set may originate from
different past information sets of the player.

We denote by o; a behavioral strategy for Player i. For each information set I where it is the player’s
turn to move, it assigns a probability distribution over Ay, the actions at the information set. o;(I,a) is

7



the probability of playing action a. A strategy profile o = (o0y,...,0y) consists of a behavioral strategy
for each player. We will often use o (1, a) to mean o;(I,a), since the information set uniquely specifies
which Player i is active. As described above, randomness external to the players is captured by the nature
outcomes og. We let o;_,, denote the strategy profile obtained from o by having Player 7 deviate to taking
action a at I € 7Z;. Let the probability of going from node s to a descendant § under strategy profile o be
77(s,8) = Ilisa)ex, ,0(8, @) where X 5 is the nonempty set of pairs of nodes and actions on the path from
s to §. We let the probability of reaching node s be 77 (s) = w?(r, s), the probability of going from the root
node r to 5. Let 77(1) = > _; 77(s) be the probability of reaching any node in I. For probabilities over
nature, 7§ (s) = n§(s) for all 0,5, s € Sp, so we can ignore the superscript and write 7.

For all definitions, the subscripts 7, —¢ refer to the same definition, but exclusively over or excluding
Player ¢ in the product of probabilities, respectively.

For information set I and action a € Ay at level £ € H;, we let D} be the set of information sets at
the next level in H; reachable from / when taking action a. Similarly, we let Dl be the set of descendant

information sets at height | < k, where D"“' = {I}. Finally, we let Dg % be the set of information sets
reachable from node s when action-vector @ is played with probability one.

2.2 Value functions for an extensive-form game

We define value functions both for individual nodes and for information sets.
Definition 1. The value for Player i of a given node s under strategy profile o is

ViZ(s) = Z 77 (s, 2)ui(2).

ZEZS

We use the definition of counterfactual value of an information set, introduced by Zinkevich et al. [2007],
to reason about the value of an information set under a given strategy profile. The counterfactual value of
an information set [ is the expected utility of the information set, assuming that all players follow strategy
profile o, except that Player ¢ plays to reach I.

Definition 2. The counterfactual value for Player i of a given information set I under strategy profile o is
> L(S)Z (s, z)ui(z) ifn?,(I) >0

VO'(I) _ sel w9 (I) £=z€Zs ) v —1 ]

0 ifn?,(I) =0

For the information set . that contains just the root node 7, we have that V.7 (1,,) = V,?(r), which is the
value of playing the game with strategy profile . We assume that at the root node it is not nature’s turn to
move. This is without loss of generality since we can insert dummy player nodes above it.

We show that for information set [ at height & € H;, V.?(I) can be written as a sum over descendant
information sets at height k € H;, where k is the next level below k that belongs to Player .

Proposition 1 (Kroer and Sandholm [2014]). Let I be an information set at height k € H; such that the
there is some k € M,k < k. For such I, VZ(I) can be written as a weighted sum over descendant
information sets at height ke

Vi = X olta) 30 TRV,

a€EA; fe’D?



2.3 Equilibrium concepts

In this section we define the equilibrium concepts we use. We start with two classics.
Definition 3 (e-Nash and Nash equilibria). An e-Nash equilibrium is a strategy profile o such that for all 1,
5;: VI (r)+e> V' "7 (r). A Nash equilibrium is an e-Nash equilibrium where € = 0.

We will also introduce the concept of a self-trembling equilibrium [Kroer and Sandholm, 2014]. Itis a

Nash equilibrium where the player assumes that opponents make no mistakes, but she might herself make
mistakes, and thus her strategy must be optimal for all information sets that she could mistakenly reach by
her own fault.
Definition 4 (Self-trembling equilibrium). For a game I, a strategy profile o is a self-trembling equilibrium
if it satisfies two conditions. First, it must be a Nash equilibrium. Second, for any information set I € 1;
such that ©;(I) > 0, and for all alternative strategies &;, V(I) > V"7 (I). We call this second
condition the self-trembling property.

An e-self-trembling equilibrium is defined analogously, for each information set I € Z;, we require
Vo(I) > V7"7(I) — e. For imperfect-recall games, the property 77, (I’) > 0 does not give a probability
distribution over the nodes in an information set I’, since Player 7 can affect the distribution over the nodes.
For such information sets, it will be sufficient for our purposes to assume that o; is (approximately) utility
maximizing for some (arbitrary) distribution over P(I’); our bounds are the same for any such distribution.

We introduce this Nash equilibrium refinement because it turns out to be a useful tool for reasoning
inductively about quality of Nash equilibria. For perfect-recall games, self-trembling equilibria are a strict
superset of perfect Bayesian equilibria. A Perfect Bayesian equilibrium is a strategy profile and a belief
system such that the strategies are sequentially rational given the belief system, and the belief system is
consistent. A belief system is consistent if Bayes’ rule is used to compute the belief for any information
set where it is applicable. In a perfect recall game, the information sets where Bayes’ rule is applicable are
exactly the ones where o_;(I) > 0. These are exactly the information sets where self-trembling equilibria
are sequentially rational. Perfect Bayesian equilibria are a strict subset because there might not exist a belief
system for which a self-trembling equilibrium is rational on information sets where Bayes’ rule does not
apply. In particular, for a given information set where Bayes’ rule does not apply, there might be an action
that is strictly worse than another action for every node in the information set. Since Bayes’ rule does not
apply, the self-trembling property places no restrictions on the information set, and thus may play the strictly
dominated action with probability one. This is not sequentially rational for any belief system.



Chapter 3

Algorithms for computing equilibria

As mentioned above, the abstractions computed in practical sequential game settings are so large that ex-
act approaches are impractical. This holds even for two-player zero-sum games, despite the fact that exact
equilibria can be computed with a linear program (LP) that has size linear in the size of the game tree [von
Stengel, 1996]. This has led to extensive research into sparse iterative methods that converge to a Nash
equilibrium in the limit, but have relatively cheap iterations and low memory requirements [Zinkevich et al.,
2007, Lanctot et al., 2009, Hoda et al., 2010, Gibson et al., 2012, Johanson et al., 2012, Brown and Sand-
holm, 2014, 2015]. Recently, a sparse iterative solver, CFR+ [Tammelin et al., 2015], was used to practically
solve limite texas holdem [Bowling et al., 2015], a poker variant with fixed betsizes. Notably, this game was
unabstracted, and high accuracy was desired, and yet a sparse iterative method was employed, rather than
the LP approach.

Sparse iterative methods can be coarsely categorized into first-order methods (FOMs) and counterfactual
regret minimization (CFR) variants [Zinkevich et al., 2007]. ' CFR variants have dominated the ACPC in
recent years, and as mentioned a CFR variant was used to (almost) solve limit texas holdem. CFR variants
all have a convergence rate on the order of 1/ /T, where T is the number of iterations [Zinkevich et al.,
2007, Lanctot et al., 2009, Johanson et al., 2012, Tammelin et al., 2015]. In contrast to this, FOMs such
as the excessive gap technique (EGT) [Nesterov, 2005a] and mirror prox [Nemirovski, 2004] achieve a
convergence rate of 1/7, with an iteration cost that is only 2-3 times that of CFR, when instantiated with an
appropriate smoothing technique for EFGs [Hoda et al., 2010]. Given this seeming disparity in convergence
rate, it is surprising that CFR variants are preferred in practice. This chapter will largely focus on the
practical and theoretical acceleration of FOMs with a 1/7" convergence rate. The current main results of
this section are of theoretical nature, showing that proper choice of Bregman divergence as well as careful
analysis leads to a significant improvement of the dependence on game dimension for the convergence rate
of FOMs for EFGs. The main future research proposal for this chapter is to make such FOMs better than,
or at lest competitive with, CFR for practical game solving.

3.1 Related work

Nash equilibrium computation is a topic that has received much attention in the literature [Littman and Stone,
2003, Lipton et al., 2003, Zinkevich et al., 2007, Jiang and Leyton-Brown, 2011, Kroer and Sandholm, 2014,

"Waugh and Bagnell [2015] showed how CFR can be interpreted as a FOM. Nonetheless, the distinction between FOMs and
CFR variants will be useful and sufficient for our purposes.
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Daskalakis et al., 2015]. The equilibrium-finding problems vary quite a bit based on their characteristics;
here we restrict our attention to two-player zero-sum sequential games.

Koller et al. [1996] present an LP whose size is linear in the size of the game tree. This approach,
coupled with lossless abstraction techniques, was used to solve Rhode-Island hold’em [Shi and Littman,
2002, Gilpin and Sandholm, 2007c], a game with 3.1 billion nodes (roughly size 5 - 107 after lossless
abstraction). However, for games larger than this, the resuting LPs tend to not fit in the computer memory
thus requiring approximate solution techniques. These techniques fall into two categories: iterative e-Nash
equilibrium-finding algorithms and game abstraction techniques [Sandholm, 2010].

The most popular iterative Nash equilibrium algorithm is undoubtedly the counterfactual regret mini-
mization (CFR) algorithm [Zinkevich et al., 2007] and its sampling-based variant monte-carlo CFR (MC-
CFR) [Lanctot et al., 2009]. Both of these regret-minimization algorithms perform local regret-based up-
dates at each information set. Despite their slow convergence rate of O(g%) they perform very well in
pratice, likely owing to their very cheap iterations. As a stochastic algorithm MCCFR touches only the
sampled part of the game tree. Also, as experimentally shown by Lanctot et al. [2009], even CFR can prune
large parts of the game tree due to actions with probability zero.

Hoda et al. [2010] has suggested the only other FOM, a customization of EGT with a convergence rate
of O(%) that scales to solve large games. Their work forms the basis of our approach, and we will compare
to this work extensively in the following sections. Gilpin et al. [2012] give an algorithm with convergence
rate O(In(2)). But their bound has a dependence on a certain condition number of the sequence-form payoff
matrix, which is difficult to estimate; in fact, estimating it may be as hard as solving the Nash equilibrium
problem itself [Mordukhovich et al., 2010]. This parameter is also not guaranteed to be polynomial in the
size of the game. As a result they show a O(%) bound in the worst case.

Finally, Bosansky et al. [2014] develop an iterative double-oracle algorithm for exact equilibrium com-
putation. However, this algorithm only scales for games where it can identify an equilibrium of small
support, and thus suffers from the same performance issues as the general LP approach for large EFGs.

3.2 Accelerating first-order methods through better smoothing

3.2.1 Introduction

Nash equilibrium computation of a two-player zero-sum EFG with perfect recall admits a Bilinear Saddle
Point Problem (BSPP) formulation where the domains are given by the polytopes that encode strategy spaces
of the players. The classical FOMs to solve BSPPs such as mirror prox (MP) [Nemirovski, 2004] or the
excessive gap technique (EGT) [Nesterov, 2005a] utilize distance-generating functions (DGFs) to measure
appropriate notions of distances over the domains. Then the convergence rate of these FOMs relies on the
DGFs and their relation to the domains in two critical ways: Through the strong convexity parameters of the
DGFs, and set widths of the domains as measured by the DGFs.

Hoda et al. [2010] introduced a general framework for constructing DGFs for treeplexes—a class of
convex polytopes that generalize the domains associated with the sequence-form strategy spaces. While
they also established strong convexity bounds for their DGFs in some special cases, these lead to very weak
bounds and result in slow convergence rates. For more general treeplexes, in our preliminary conference pa-
per Kroer et al. [2015], we developed explicit strong convexity bounds for entropy-based DGFs (a particular
subclass of DGFs) for the first time. These bounds from Kroer et al. [2015] generate the current state-of-the-
art parameters associated with the convergence rate for FOMs with O(%) convergence. The results presented
in this section are a combination of the results from Kroer et al. [2015] and currently unpublished results.



In this section we construct a new weighting scheme for such entropy-based DGFs. This weighting
scheme leads to new and improved bounds on the strong convexity parameter associated with general
treeplex domains. In particular, our new bounds are first-of-their kind as they have no dependence on
the branching operation of the treeplex. Our strong convexity result allows us to improve the convergence
rate of FOMs by a factor of O(b?d) (where b is the average branching factor for a player and d is the depth
of the EFG) compared to the prior state-of-the-art results from Kroer et al. [2015]. Our bounds parallel the
simplex case for matrix games where the entropy function also achieves a logarithmic dependence on the
dimension of the simplex domain. From a practical perspective, we emphasize that such an improvement of
the strong convexity parameter is especially critical for stochastic FOMs, where it is not possible to speed
up the search through line search techniques.

The top poker bots at the Annual Computer Poker Competition are created with the monte-carlo coun-
terfactual regret minimization (MCCFR) algorithm [Lanctot et al., 2009], which is a sampling variant of the
counterfactual regret minimization algorithm (CFR) [Zinkevich et al., 2007, Brown et al., 2015]. Inspired
by this success, we also describe a family of sampling schemes that lead to unbiased gradient estimators for
EFGs. Using these estimators and our DGF, we instantate the first stochastic FOM for EFGs.

Finally, we complement our theoretical results with numerical experiments to investigate the speed up
of FOMs with convergence rate O(%) and compare the performance of these algorithms with the premier
regret-based methods CFR and MCCFR. Our experiments show that FOMs are substantially faster than
CFR algorithms for medium-to-high-accuracy solutions. We also test the impact of stronger bounds on
the strong convexity parameter: we instantiate MP and EGT with the parameters developed in this paper,
and compare the performance to the parameters developed in our preliminary conference version. These
experiments illustrate that, for both MP and EGT algorithms, the tighter parameters developed here lead to
better practical convergence rate.

The rest of the section is organized as follows. We present the general class of problems that we
address—bilinear saddle-point problems—and describes how they relate to EFGs in Section 3.2.2. Then
Section 3.2.3 describes our optimization setup. We introduce treeplexes, the class of convex polytopes that
define our domains of the optimization problems in Section 3.2.4. Our focus is on dilated entropy based
DGFs; we introduce these in Section 3.2.5 and present our main results—bounds on the associated strong
convexity parameter and treeplex diameter. In Section 3.2.6 we demonstrate the use of our results on in-
stantiating MP algorithm. Section 3.2.7 introduces gradient estimators that enable the use of stochastic MP.
We compare our approach with the current state-of-art in EFG solving and discuss the extent of theoretical
improvements achievable via our approach in Section 3.2.8. Section 3.2.9 presents numerical experiments
testing the effect of various parameters on the performance of our approach as well as comparing the perfor-
mance of our approach to CFR and MCCFR. We close with a summary of our results and a few compelling
further research directions in Section 3.2.10.

3.2.2 Problem setup

Computing a Nash equilibrium in a two-player zero-sum EFG with perfect recall can be formulated as a
Bilinear Saddle Point Problem (BSPP):

min max(zx, Ay) = maxmin{x, Ay). 3.1

min max(z, Ay) = max min(z, Ay) 3.1
This is known as the sequence-form formulation [Romanovskii, 1962, Koller et al., 1996, von Stengel, 1996].
In this formulation, x and y correspond to the nonnegative strategy vectors for players 1 and 2 and the sets
X, Y are convex polyhedral reformulations of the sequential strategy space of these players. Here X', Y



are defined by the constraints Kz = e, F'y = f, where each row of E, F' encodes part of the sequential
nature of the strategy vectors, the right hand-side vectors e, f are |Z1|, |Z2|-dimensional vectors, and Z; is
the information sets for player <. For a complete treatment of this formulation, see von Stengel [1996].

Our theoretical developments mainly exploit the treeplex domain structure and are independent of other
structural assumptions resulting from EFGs. Therefore, we describe our results for the general BSPPs. We
follow the presentation and notation of Juditsky and Nemirovski [2011a,b] for BSPPs. For notation and
presentation of treeplex structure, we follow Hoda et al. [2010], Kroer et al. [2015].

Basic notation

We let (x,y) denote the standard inner product of vectors x,y. Given a vector z € R", we let ||z,
denote its £, norm given by |jz|, = (>, |xi|p)1/p for p € [1,00) and [|z[|oc := max;epy, |z;| for
p = oo. Throughout this paper, we use Matlab notation to denote vector and matrices, i.e., [z; y] denotes the
concatenation of two column vectors x, y. For a given set ), we let ri (@) denote its relative interior. Given
n € N, we denote the simplex A, := {z e R} : > 2, = 1}.

3.2.3 Optimization setup
In its most general form a BSPP is defined as

Opt := i 1Y), S
pt := max min o(,y) (S)
where X', ) are nonempty convex compact sets in Euclidean spaces E;, E, and ¢(z,y) = v + (a1, z) +
(ag,y) + (y, Az). Welet Z := X x Y; so ¢(z,y) : Z — R. In the context of EFG solving, ¢(z,y) is
simply the inner product given in (3.1).

The BSPP (S) gives rise to two convex optimization problems that are dual to each other:

Opt(P) = mingex[d(z) := maxyey d(z,y)]  (P)
Opt(D) = maxyeyld(y) := mingexr ¢(z,y)] (D)

with Opt(P) = Opt(D) = Opt. It is well known that the solutions to (S) — the saddle points of ¢ on
X x Y — are exactly the pairs z = [x; y| comprised of optimal solutions to the problems (P) and (D). We
quantify the accuracy of a candidate solution z = [x; y] with the saddle point residual

esad(2) = @(x) — o(y) = [¢(x) — Opt(P)] + [Opt(D) — ¢(y)] -

>0 >0

In the context of EFG, €4,q(z) measures the proximity to being an e-Nash equilibrium.
The problems (P) and (D) also give rise to the following variational inequality: find z, € Z s.t.

(F(2),2—24) >0 forall z € Z, (3.2)
where F': Z — E,; x E, is the affine monotone operator defined by

9¢(x,y) 9¢(x,y)

F(z,y) = |Fa(y) = R Fy(z) = oy
For EFG-solving purposes, F(, %) corresponds to the map returning the gradients [Ay, — AT 2] from (3.1).
Then (3.2) states that for any other strategy pair z = [x, y], each player weakly prefers deviating to their part

of z = [T, Yul.



General framework for FOMs

Most FOMs capable of solving BSPP (S) are quite flexible in terms of adjusting to the geometry of the
problem characterized by the domains X', ) of the BSPP (S). The following components are standard in
forming the setup for such FOMs:

e Norm: || - || on the Euclidean space E where the domain Z = X’ x ) of (S) lives, along with its dual
norm ¢ = max (¢, 2).
[l2l1<1

e Distance-Generating Function (DGF): A function w(z) : Z — R, which is convex and continuous on
Z, and admits a continuous selection of subgradients w’(z) on the set Z° := {z € Z : dw(z) # 0}
(here Ow(z) is a subdifferential of w taken at z), and is strongly convex with modulus ¢ w.r.t. the
norm || - [|:

VZ/, e zo. <w/(2/) i w/(Z//)’ S Z”> > ¢|’Z/ B Z//H2' (3.3)

® Bregman distance: V,(u) := w(u) — w(z) — (W'(2),u — z) forall z € Z°and u € Z.
e Prox-mapping: Given a prox center z € Z°,

Prox(§) := argmin {({,w) + V. (w)} : E — Z°.
weZ

For properly chosen stepsizes, the prox-mapping becomes a contraction. This is critical in the con-
vergence analysis of FOMs. Furthermore, when the DGF is taken as the squared ¢ norm, the prox
mapping becomes the usual projection operation of the vector z — £ onto Z.

® w-center: z, := argminw(z) € Z° of Z.

2€Z
o Setwidth: Q = Q, ;= maxV,_(z) < maxw(z) — minw(z).
z€Z 2€Z 2€Z
® Lipschitz constant: L of F from || - || to || - ||, satisfying || F'(z) — F ()|« < L||z = #/||,Vz, 2.
In the standard customization of a FOM to solving a BSPP (S), we associate a norm || - || and a DGF

wg(+) with the domain X, and similarly || - ||/, wy(-) with the domain Y. Given two scalars o, o, > 0, we
build the DGF w(z) and w-center z,, for Z = X’ x ) as

w(z) = O‘Iww(m) + aywy(y) and  z, = [xQJz; ywy]7

where w,(-) and wy(-) as well as z,,, and y,,, are customized based on the geometry of the domains X', ).
In this construction, the flexibility in determining the scalars o, a, > 0 is useful in optimizing the overall
convergence rate. Moreover, by letting § = [£;;&,] and z = [z; y], the prox mapping becomes decomposable

as
Prox,(§) = [Prox;;x (i) . Prox. < ff; )] ’

where Prox%=(-) and Prox;," (-) are respectively prox mappings w.r.t. w,(-) in domain X' and w,(-) in domain
Y.

Based on this setup, we formally state the Mirror Prox (MP) algorithm in Algorithm 1.

Suppose the step sizes in the MP algorithm satisfy 7; = £~!. Then, at every iteration ¢ > 1 of the MP
algorithm, the corresponding solution 2t = [:L“t; yt] satisfies ' € X, y* € ), and

QL

B(2') = oY) = €saa(2) < o



ALGORITHM 1: Mirror Prox
input : w-center z,, positive step sizes {7;}, and e > 0
output: 2! (= [z%;4!])

1t=1;21 = 2y;

2 while eg,q(2!) > edo

3 vy = Prox,, (¢ F(21));

4 zt+1 = Prox,, (v F'(vt));

t_ [xt et .
5 | 2= Vs| Dosm1 VsUss

6 t=t+1;

Consequently, the MP algorithm [Nemirovski, 2004] has a convergence rate of O(l)%. Similarly, the
EGT algorithm [Nesterov, 2005a] can be set up using the same framework to achieve a convergence rate of
QL
O(l)E‘
Alternatively, it is also possible to set up a 1/¢? algorithm that has a better dependence on game con-
stants. The mirror descent MD algorithm is similar to Algorithm 1, but only does one prox mapping and

uses that point both for averaging and as the new iterate. With the same setup as given above, the MD
VaL

algorithm achieves a convergence rate of O(1) N

Stochastic FOMs

In practice, each iteration of an FOM might be prohibitively expensive, usually because the gradient is
expensive to compute. In such a case, stochastic FOMs that work with unbiased estimates of the gradients
constructed through sampling are often advantageous. Juditsky et al. [2011] discuss a stochastic variant of
MP for BSSP, namely Stochastic MP (SMP). Algorithm 1 is modified as follows. Steps 3 and 4 do not use
the exact gradients, F'(z;) and F'(v;), but rather unbiased estimators thereof. Specifically, for every z € X,
we assume access to a probability distribution II,, such that E¢yy, [£] = 2. Similarly, we assume access to
P, fory € Y such that E, . p, [] = y. We define variance as follows:

o =swpE{[AT & —a]|2.} . of =supE{|Aln, —y]I2.)
rzeX yey

Juditsky et al. [2011] prove that after T iterations of SMP with stepsizes ; = min [ﬁ, 1/ WSM} ,

the solution satisfies:
0L 2Q(02 + 02)
E [fsad(zT)] < max 2T(p7 7 33—'()0 Y

34

3.2.4 Treeplexes

Hoda et al. [2010] introduce the treeplex, a class of convex polytopes that encompass the sequence-form
description of strategy spaces in perfect-recall EFGs.

Definition 5. Treeplexes are defined recursively:
1. Basic sets: The standard simplex A, is a treeplex.
2. Cartesian product: If Q1, . .., Qy are treeplexes, then Q1 X - -+ X Q. is a treeplex.



3. Branching: Given a treeplex P C (0,117, a collection of treeplexes Q = {Q1, ..., Q} where Q; C
0,1, and | = {l1,...,l} C{1,...,p}, the set defined by

PQ = {(zaylv"'ayk) 6Rp+zjnj: l‘GP, Y1 € Ty 'Qla ---,yk€$lk Qk}

is a treeplex. In this setup, we say x; is the branching variable for the treeplex Q.

A treeplex is a tree of simplices where children are connected to their parents through the branching op-
eration. In the branching operation, the child simplex domain is scaled by the value of the parent branching
variable. Understanding the treeplex structure is crucial because the proofs of our main results rely on in-
duction over these structures. For EFGs, the simplices correspond to the information sets of a single player
and the whole treeplex represents that player’s strategy space. The branching operation has a sequential
interpretation: The vector x represents the decision variables at certain stages, while the vectors y; represent
the decision variables at the k potential following stages, depending on external outcomes. Here k < p since
some variables in & may not have subsequent decisions. For treeplexes, von Stengel [1996] has suggested
a polyhedral representation of the form Ez = e where the matrix E has its entries from {—1,0, 1} and the
vector e has its entries in {0, 1}.

For a treeplex (), we denote by Sg the index set of the set of simplices contained in () (in an EFG S is
the set of information sets belonging to the player). For each j € S, the treeplex rooted at the j-th simplex
A7 is referred to as Q;. Given vector ¢ € () and simplex AJ | we let I; denote the set of indices of ¢ that
correspond to the variables in A7 and define ¢’ to be the sub vector of ¢ corresponding to the variables in
I;. For each simplex AJ and branch i € I;, the set D;. represents the set of indices of simplices reached
immediately after A7 by taking branch i (in an EFG D; is the set of potential next-step information sets for
the player). Given a vector ¢ € @, simplex A7, and index i € 1, each child simplex A* for every k € 2
is scaled by ¢;. Conversely, for a given simplex A7, we let p; denote the index in g of the parent branching
variable g that AJ is scaled by. We use the convention that qp; = 1if Q) is such that no branching operation
precedes A’. For each j € S, d; is the maximum depth of the treeplex rooted at A7, that is, the maximum
number of simplices reachable through a series of branching operations at A7, Then dgq gives the depth of
Q. We use bjé to identify the number of branching operations preceding j-th simplex in ().

Figure 3.1 illustrates an example treeplex (). () is constructed from nine two-to-three-dimensional
simplices Al,..., A% Atlevel 1, we have taken the Cartesian product, denoted by x, of the simplices A'
and A?. We have maximum depths d; = 2, do = 1 beneath them. Since there are no preceding branching
operations, the parent variables for these simplices A and A? are dp, = Gp, = 1. For A, the corresponding
set of indices in the vector ¢ is I; = {1,2}, while for A% we have Iy = {3,4,5}. At level 2, we have the
simplices A3, ..., A7. The parent variable of A3 is g,, = g1; therefore, A3 is scaled by the parent variable
Qps- Similarly, each of the simplices A3, ..., AT is scaled by their parent variables qp; that the branching
operation was performed on. So on for A% and A as well. The number of branching operations required to
reach simplices A!, A% and A8 is bb =0, b% =1 and b% = 2, respectively.

Note that we allow more than two-way branches; hence our formulation follows that of Kroer et al.
[2015] and differs from that of Hoda et al. [2010]. As discussed in Hoda et al. [2010], it is possible to model
sequence-form games by treeplexes that use only two-way branches. Yet, this can cause a large increase in
the depth of the treeplex, thus leading to significant degradation in the strong convexity parameter. Because
we handle multi-way branches directly in our framework, our approach is more effective in taking into
account the structure of the sequence-form game and thereby resulting in better bounds on the associated
strong convexity parameters and thus overall convergence rates.
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Figure 3.1: An example treeplex constructed from 9 simplices. Cartesian product operation is denoted by
X.

Our analysis requires a measure of the size of a treeplex (). Thus, we define

Mo = . 3.5
Q rqnegllqlll (3.5)

In the context of EFGs, suppose () encodes player 1’s strategy space; then Mg is the maximum number
of information sets with nonzero probability of being reached when player 1 has to follow a pure strategy
while the other player may follow a mixed strategy. We also let

M, =max > 'l (3.6)
jESQ:bJQST

Intuitively, Mg , gives the maximum value of the ¢1 norm of any vector ¢ € () after removing the variables
corresponding to simplices that are not within r branching operations of the root of Q).

3.2.5 Distance-generating functions with bounded strong convexity

In this section we introduce DGFs for domains with treeplex structures and establish their strong convexity
parameters with respect to a given norm (see (3.3)).

The basic building block in our construction is the entropy DGF given by we(z) = — Y1 ; z;log(z;),
for the simplex A,. It is well-known that w,(-) is strongly convex with modulus 1 with respect to the
£1 norm on A, (see Juditsky and Nemirovski [2011a]). We will show that a suitable modification of this
function achieves a desirable strong convexity parameter for the treeplex domain.

The treeplex structure is naturally related to the dilation operation [Hiriart-Urruty and Lemaréchal,
2001] defined as follows: Given a compact set X C R% and a function f: K — R, we first define

K = {(t,z) eRM™ . te [0,1], zet'K}.
Definition 6. Given a function f(z), the dilation operation is the function f : K — R given by

e = {1610 1,



Due to the recursive definition of a treeplex as a tree of simplexes, any function on a simplex can be
converted to a function for an individual simplex in a treeplex by dilating with the parent variable g, .

Based on the dilation operation, we define the dilated entropy function over the simplices of a treeplex.
At each simplex j, we dilate the entropy function by the parent variable gp,

Definition 7. Given a treeplex () and weights 3; > 0 for each j € S, we define the dilated entropy function

as
w(@) = Y Bia D —tlog 2= 3" 8> gilog - foranyq € Q,

q
j€Sq il p; Iy jeSq el Pj

where we follow the treeplex notation and p; is the index of the branching variable preceding A, with the
convention that g, = 1 if AJ has no branching operation preceding it.

Remark 1. Note that the dilated entropy function w(-) defined above is twice differentiable in the relative
interior of treeplex Q and admits a continuous gradient selection. Moreover, for large enough weights
Bj, we will demonstrate that it is strongly convex w.r.t. the {1 norm. Thus, the dilated entropy function is
compatible with the {1 norm, as required by the BSPP setup. ]

Definition 7 above leads to a subset of the DGFs considered by Hoda et al. [2010]. Our main theoretical
result shows that by a careful selection of the weights 3;, we can significantly improve the strong convexity
bounds associated with the dilated entropy function.

Theorem 1. For any treeplex Q, the dilated entropy function with weights 3; = 2 + ij: 12" (Mg, — 1)
forall j € Sq is strongly convex with modulus MLQ w.r.t. the {1 norm.

Previously, Hoda et al. [2010] have proven strong convexity of this scheme under weaker assumptions
on the norm. But their analysis is only for the degradation associated with a single two-way branching
step which fails to provide explicit strong convexity bounds. For the special case of uniform treeplexes (a
significant restriction on the treeplex construction), Hoda et al. [2010] do give explicit bounds. Nevertheless,
in Section 3.2.5 we show that their bounds are significantly looser than ours even for this special case.

To our knowledge, the first and also best known strong convexity bounds for general treeplexes were
proved in Kroer et al. [2015], the preliminary conference version of this work. Theorem 1 improves upon
our prior bounds by exchanging a factor of |Sg| with a factor of M. Note that |Sg| is tied to the branching
factor associated with branching operations in the treeplex () whereas Mg is not. Therefore, our result
removes all of the dependence of the strong convexity parameter on the branching factor and hence signifi-
cantly improves upon our preliminary results.

In Theorem 2 we use our strong convexity result to show a polytope diameter that has only a logarithmic
dependence on the branching factor. As a consequence, the associated dilated entropy DGF when used in
FOMs such as MP and EGT for solving EFGs leads to the same improvement in their convergence rate.

Treeplex width

The convergence rates of FOMs such as MP and EGT algorithms depend on the diameter-to-strong convexity
parameter ratio %, as described in Section 3.2.3. In order to establish full results on the convergence rates
of these FOMs, we now bound this ratio using Theorem 1.

Theorem 2. For a treeplex Q, the dilated entropy function with weights Bj = MQ(2+Zf‘j: 12" (Mg, »—1))
for each j € Sq results in % < ]\4222‘162Jr2 log m where m is the dimension of the largest simplex AJ for
J € Sq in the treeplex structure.



3.2.6 Instantiating FOMs for extensive-form game solving

We now describe how to instantiate MP and MD for solving two-player zero-sum EFGs of the form given
in (3.1) for treeplex domains. The instantiation of EGT is similar. Below we state the customization of all
the definitions from Section 3.2.3 for our problem.

Let Z = X x ) be the treeplex corresponding to the cross product of the strategy spaces X, ) for
the two players in (3.1) and m be the size of the largest simplex in this treeplex. Because X and Y are
treeplexes, it is immediately apparent that they are closed, convex, and bounded. We use the #; norm on
both of the embedding spaces E,, E,; and as our DGF for Z compatible with ¢; norm, we use the dilated
entropy DGF scaled with weights given in Theorem 2. Then Theorem 2 gives our bound on %. Because the
dual norm of ¢; norm is the ¢, norm, an upper bound on the Lipschitz constant of our monotone operator,
namely L, is given by:

L =max{Ly, L2}, where

max(A'z); — min(A"z),|.

, Lo =max

L1 = max |max(Ay); — min(Ay);
J reX

yey J

Remark 2. Note that L is not at the scale of the maximum payoff difference in the original game. The
differences involved in L1, Lo are scaled by the probability of the observed nature outcomes on the path of
each sequence. Thus, our Lipschitz constant L is exponentially smaller (in the number of observed nature
steps on the path to the maximizing sequence) than the maximum payoff difference in the original EFG. 1

Theorem 2 immediately leads to the following convergence rate result for MP or EGT equipped with
dilated entropy DGFs to solve EFGs (and more generally BSPPs over treeplex domains).
Theorem 3. Consider a BSPP over a treeplex domain Z. Suppose MP (or EGT) equipped with the dilated
entropy DGF with weights 3; = 2 + ijzl 2"(Mz; , — 1) for all j € Sz is used to solve the BSPP. Then
the convergence rate of this algorithm is

L MZ2%2+2logm
- .

This rate is, to our knowledge, the state-of-the-art for FOMs with O(1/¢) convergence rate for EFGs.
We can also instantiate MD, which has a better dependence on game constants, but sacrifices the linear
dependence on e.
Theorem 4. Consider a BSPP over a treeplex domain Z. Suppose MD equipped with the dilated entropy
DGF with weights ; = 2 + Zf’zl 2"(Mz;, — 1) for all j € Sz is used to solve the BSPP. Then the
convergence rate of this algorithm is

L Mz 2%2/2t1 Jogm
5 .
€

For SMP we further need unbiased gradient estimators.

3.2.7 Sampling

We now introduce a broad class of unbiased gradient estimators for EFGs. We describe how to generate a
gradient estimate 7 of 2" A given z € X, that is, the gradient for player 2. Given y € ), the estimate ¢ of
ATy is generated analogously. This class explicitly uses the tree structure representation of EFGs, so we



introduce some notation for it. We define H to be the set of nodes (or equivalently, histories) in the game
tree. For any node h, we define A(h) to be the set of actions available at h. The node reached by taking
action a € A(h) at h is denoted by h[a]. We let py, , be the probability distribution over actions A(h) given
by the current iterate . If h is a chance node, = has no effect on the distribution. We let us(h) be the utility
of player 2 for reaching a terminal node h, and 7);, be the index in 7 corresponding to a given terminal node
h.

An EFG gradient estimator is defined by a sampling-description function C : H — N U {all}, where
C(h) gives the number of samples drawn at the node i € H. The estimate 1 of 2T A is then generated using
the following recursive sampling scheme:

if h is a terminal node : 1, = 7 - uz(h)
else if h belongs to player 2: Va € A(h) : Sample(h[a], T)
Sample(h,7) : { else if C(h) = all: Ya € A(h) : Sample(hlal, pp(a) - T)

Vj=1,...,C(h) : Sample(h[a;], T - z7)

Sampling is initiated with h = r, 7 = 1, where r is the root node of the game tree. From the definition of
this sampling scheme, it is clear that the expected value of any EFG estimator is exactly = A as desired. It
is possible to generalize this class to sample A(h) at nodes h belonging to player 2 as well.

Lanctot et al. [2009] introduced several unbiased sampling schemes for EFGs. These correspond to
certain specializations of our general sampling scheme. Chance sampling, C.(h), is where a single sample
is drawn if the node is a nature node, and otherwise all actions are chosen. This corresponds to the following
EFG estimator:

Colh) = {1 if h is a chance node ‘

all else

In external sampling, C.(h), a single sample is drawn for the nodes that do not belong to the current player.
Hence, when we estimate = ' A, we get C.(h) = 1.
In our experiments, for a given positive integer k, we focus on the following estimator

k if h is a chance node
Cer(h) = { . (3.7)

all else

We now provide a simple upper bound for the variance of this class of gradient estimators. We will need
the maximum payoff difference for Player 2 in the EFG, which we denote by I's = maxy, j ua(h) — ua(h').
An analogous theorem holds for 03.

Theorem 5. Any gradient estimator C : H — N U {all}, has variance at most o2 < T'3.

This result immediately leads to the following first-of-its-kind bound on the convergence rate of a
stochastic FOM for EFG solving:

Theorem 6. Consider a BSPP over a treeplex domain Z. Suppose SMP equipped with the dilated entropy
DGF with weights 3; = 2 + Ziil 2"(Mz,» — 1) for all j € Sz and any gradient estimator C is used to

4M% 24242 logm

TT(24TY) ], the expected convergence rate of this

. . _ . L
solve the BSPP. Using stepsizes 4 = min [ 3L

algorithm is

TLMZ2%2 2 logm . \/ 2M224z+2log m (T2 4 T'2) 3:5)

E [esad(zT)] < max [ 5T 3T



3.2.8 Discussion of theoretical improvements

We first discuss the theoretical improvement in convergence rate originating from our new strong convexity
and set width parameter bounds for FOMs achieving O(%) rate and then elaborate on how our convergence
rate result is positioned with respect to other equilibrium-finding algorithms from the literature.

Improvement on strong convexity and set width parameter bounds

The ratio £ of set diameter over the strong convexity parameter is important for FOMs that rely on a prox
function, such as Nesterov’s EGT, MP, and SMP.

Compared to the rate obtained in our preliminary conference version [Kroer et al., 2015], we get the
following improvement: Assuming that the number of actions available at each information set is on average
a, our bound improves the convergence rate of [Kroer et al., 2015] by a factor of O(dz - adz).

As mentioned previously, Hoda et al. [2010] proved only explicit bounds for the special case of uniform
treeplexes that are constructed as follows: 1) A base treeplex () along with a subset of b indices from it for
branching operations is chosen. 2) At each depth d, a Cartesian product operation of size k is applied. 3)
Each element in a Cartesian product is an instance of the base treeplex with a size b branching operation
leading to depth d — 1 uniform treeplexes constructed in the same way. Given bounds €, p for the base
treeplex, the bound of Hoda et al. [2010] for a uniform treeplex with d uniform treeplex levels (note that the
total depth of the constructed treeplex is d - dg, where d is the depth of the base treeplex () is

9 < 9] <b2d—2k2d+2d2Mggb§2b> )
¥ b

Then when the base treeplex is a simplex of dimension m, their bound for the dilated entropy on a uniform
treeplex Z becomes

g <0 (]SZ\Q d%logm) .

Even for the special case of a uniform treeplex with a base simplex, comparing Theorem 2 to their bound, we
see that our general bound improves the associated constants by exchanging O(|Sq K d%) with O(M222d2).
Since M does not depend on the branching operation in the treeplex, whereas |Sq| does, these are also the
first bounds to remove any dependence on the branching operation.

A more intuitive bound on CFR convergence rate

The CFR literature has had several papers improving previous bounds on the convergence rate of the algo-
rithm [Zinkevich et al., 2007, Lanctot et al., 2009, Burch et al., 2012]. The most recent such result shows a

bound of [Burch et al., 2012]:
AiMi(o7) /| Ail
VT

where A; is the maximum payoff difference in the game, and M; (o) is equal to > g5 77 "(B)+/|B]. This
bound is somewhat difficult to compare to the original CFR bound as well as our results. In this section we
express this bound in terms of a uniform game where players 1, 2, and nature alternate d times and have the
same number of actions |A;| = |A3| = |Ap| = b. Note that this corresponds to each player’s strategy space
being a treeplex with depth d, branching operations of size b, and Cartesian product operations of size k.




Let player 7 be the player that goes second. For such a game, we get

Y 7 (B)WIBl= ) w7 (B)VEk

BeB; BeB;
o* 1

=2 " BWVEk= ) vk

BeB; BeB;

a 1 a 1

— _ d—h
- Z Z bd—h \/% - Z(bk) bd—h \/%

h=1 BeB;,dp=h h=1

d kb1
B AV
k—1
h=1
As can be seen this value is essentially the same as M, i.e. the maximum value of the /; norm over ().

Improvements in extensive-form game convergence rate

CFR, EGT, MP, and SMP all need to keep track of a constant number of current and/or average iterates, so
the memory usage of all four algorithms is of the same order: when gradients are computed using an iterative
approach as opposed to storing matrices or matrix decompositions, each algorithm requires a constant times
the number of sequences in the sequence-form representation. Therefore, we compare mainly the number
of iterations required by each algorithm.

Theorem 2 establishes the best known results on strong convexity parameter and set width of prox func-
tions based on dilated entropy DGF over treeplex domains; and consequently, Theorems 3 and 6 establish
the best known convergence results for all FOMs based on dilated entropy DGF such as MP, MD, SMP, and
EGT algorithms.

In comparison to such FOMs, CFR and its stochastic counterpart MCCFR are the most popular algo-
rithms for practical large-scale equilibrium finding. CFR has a O(E%) convergence rate; but its dependence
on the number of information sets is only linear (and sometimes sublinear [Lanctot et al., 2009]). Since our
results have a quadratic dependence on Mé CFR has a better dependence on game constants and can be
more attractive for obtaining low-quality solutions quickly for games with many information sets. MCCFR
has a similar convergence rate [Lanctot et al., 2009]. When we apply SMP with our results, we achieve an
expected convergence rate of O(e%), but with only a square root dependence on the ratio % in (3.4). Despite
their slower convergence rates, it is important to note that both SMP and MCCFR algorithms have much
cheaper iterations compared to the deterministic algorithms.

On a separate note, Gilpin et al. [2012] give an equilibrium-finding algorithm presented as O(In(2)); but
this form of their bound has a dependence on a certain condition number of the A matrix. Specifically, their
iteration bound for sequential games is O( HAHQ’Q'ln(yﬂ)Q’?/ E)'\/5)

[ All2,2 = sup,q Hﬁf“f is the Euclidean matrix norm, and D = max, zex y.gey || (%, y) — (Z,%)||3. Unfor-

tunately, the condition number is only shown to be finite for these games. Without any such unknown quan-
tities based on condition numbers, Gilpin et al. [2012] establish an upper bound of O(”A”%'D) convergence
rate. This algorithm, despite having the same dependence on € as ours in its convergence rate, i.e., O(%),
suffers from worse constants. In particular, there exist matrices such that ||All22 = /|| A|1,00/|Allc0,15
where || A||1,00 and || A]|s,1 correspond to matrix norms given by the maximum absolute column and row
sums, respectively. Then together with the value of D, this leads to a cubic dependence on the dimension of

, where §(A) is the condition number of A,




(). For games where the players have roughly equal-size strategy spaces, this is equivalent to a constant of
O(Mé)) as opposed to our constant of O(Mé)

3.2.9 Numerical experiments

We carry out numerical experiments to investigate the practical performance of several iterative methods
used in conjunction with EFGs and demonstrate the practical impact of our theoretical results. Specifically,
we consider first-order methods EGT, MP, SMP together with regret-based algorithms CFR and MCCFR.
For EGT, MP, and SMP we employ the dilated entropy DGF with weights chosen according to Theorem 2.
To enhance the practical performance of EGT, we employ the balancing heuristic described by Hoda et al.
[2010]. We run CFR with pruning, which was shown to improve its performance Lanctot et al. [2009]. For
MCCEFR and SMP we tested 4 different EFG gradient estimators: C 1, Cc5,Cc 10,Ce20 (c.f. (3.7)). In our
experiments we report only the results of the best estimater for each: MCCFR was best with C.. ; while SMP
was best with C 29. For SMP, rather than employing the very small fixed stepsize given in (3.4), we use a
decreasing stepsize that approaches this value from above.

We test these algorithms on a scaled up variant of the poker game Leduc holdem [Southey et al., 2005], a
benchmark problem in the imperfect-information game-solving community. In our version, the deck consists
of k pairs of cards 1. ..k, for a total deck size of 2k. Each player initially pays one chip to the pot, and is
dealt a single private card. After a round of betting, a community card is dealt face up. After a subsequent
round of betting, if neither player has folded, both players reveal their private cards. If either player pairs
their card with the community card they win the pot. Otherwise, the player with the highest private card
wins. In the event both players have the same private card, they draw and split the pot.

The results are shown in Figure 3.2. Each graph is a loglog plot that shows the results for a particular
instance of Leduc with 6, 10, 16 and 30 card decks, respectively. For each graph, we show the performance
of all five algorithms, with the x-axis showing the number of nodes in the game tree touched and the y-axis
showing the maximum regret over the two players. In these plots, we use the number of nodes touched in
order to account for the pruning in the CFR version that we run together with the effect of other constants
such as the fact that the algorithms perform different numbers of tree traversals per iteration (for example,
MP and SMP require two prox function applications). In line with what the theory predicts, FOMs with
convergence rate O(%) such as EGT and MP convergence faster despite the fact that they initially start out
slower. These results suggest that they might be better suited for medium-to-high-precision equilibrium
computation and smaller size instances. SMP does not perform as well on smaller instances; but its per-
formance improves as the instances get larger. For example, while SMP is initially preferable to EGT and
MP for the 30-card game, its performance deteriorates as the accuracy needed increases. We attribute this
behavior of SMP to the small stepsizes required by SMP.

In our preliminary experiments, we observed that both MP and SMP are very sensitive to parameter
selection. Nevertheless, we did not perform much engineering of the parameters of these algorithms in our
experiments. This suggests the possibility of improving their practical performance with a more thorough
experimental investigation which we leave as future work.

We also investigate the practical impact of applying the weights used in Theorem 3 (henceforth re-
ferred to as new weights), rather than the weights proposed in the preliminary conference version of this
paper Kroer et al. [2015] (henceforth referred to as old weights). Figure 3.3 shows the result of running
EGT and MP with the old and the new weights. As the stepsize parameter for MP () and smoothing pa-
rameter for EGT (u) required by the theory were found to be too conservative, in the left figure, we show
the results after tuning these parameters for the corresponding algorithms to yield the best results for each
weight vectors. The theory suggests the same stepsize and smoothing values for both old and new weights.
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Figure 3.2: Regret as a function of the number of nodes touched in four different variants of Leduc holdem
for the CFR, MCCFR, EGT, MP, and SMP algorithms.
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Figure 3.3: Regret as a function of the number of iterations for MP and EGT. Both axes are on a log scale.
Throughout old corresponds to the weights from Kroer et al. [2015] and new corresponds to the
weights from Theorem 3. The left plot shows MP with the old and new weights (y denotes the
stepsize) and EGT with the old and new weights (¢ denotes the initial smoothing parameter).
The right plot shows EGT with old and new weights using a fixed smoothing parameter .

Regardless of this, we noticed that the old weights are more sensitive to tuning and have smaller stepsize
and smoothing values. The right figure shows results for EGT when applying a single smoothing parameter
to both the old and new weights. We observe that the positive impact of our new weighting scheme is more
pronounced for MP. MP performs significantly better with the new stepsizes, with about an order of mag-
nitude improvement. EGT also performs better with the new weights, both when using the same w (on the
right), and when using individually tuned p (on the left).

3.2.10 Conclusions

We have investigated FOMs for computing Nash equilibria in two-player zero-sum perfect-recall EFGs. On
the theoretical side, we analyzed the strong convexity properties of the dilated entropy DGF over treeplexes.
By introducing specific weights that are tied to the structure of the treeplex, we improved prior results on
treeplex diameter from O(|Sg|?d2%) to O(MéQdZ), thereby removing all dependence on branching from
the Cartesian product operator in the treeplex definition. Our results generalize to any treeplex, whereas
the prior results were for only uniform treeplexes, a significant restriction. These results lead to significant
improvements in the convergence rates of many FOMs that can be equipped with dilated entropy DGFs
and used for EFG solving including but not limited to EGT, MP, and SMP. Finally, we designed a class of
sampling schemes for gradient estimation, generalizing prior schemes considered for MCCFR.

We numerically investigated the performance of EGT, MP, SMP, CFR, and MCCFR. For moderately-
sized games, our experiments indicate that FOMs such as MP or EGT with the dilated entropy DGF have
better practical, as well as theoretical, convergence rate than the current common practice of using CFR
algorithms. However, there is a cross-over point at which FOMs beat CFR. Our experiments demonstrated
that the cross-over point required more iterations to reach as the games got larger. This begs the question
of to what extent the improvements resulting from our approach can make FOMs competitive with CFR
for very large games where exact solutions are not computed. Because both MP and SMP are much more
customizable than the other FOMs and here we only considered their basic variants, a compelling research
direction is to investigate various strategies for step sizes and parameter choices for MP and SMP and see
their impact on the practical performance of these algorithms and how they compare against EGT.
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Figure 3.4: Regret as a function of the number of gradient computations in Leduc holdem for the CFR,
CFR+, and EGT algorithms.

On a separate note, in practice CFR is often paired with an abstraction technique [Sandholm, 2010] such
as those mentioned in Section 3.1. This is despite the lack of any theoretical justification. Effective ways
to pair FOMs such as MP and EGT with practical abstraction techniques [Brown et al., 2015] or abstraction
techniques that achieve solution-quality guarantees [Lanctot et al., 2012, Kroer and Sandholm, 2014, 2016a]
are also worth further consideration.

3.3 Proposed work

While our current results are state-of-the-art for theoretical convergence rates for sparse iterative methods,
they are not the practical state-of-the-art. In practice, CFR algorithms are still preferred. We propose ex-
tending our theoretical work by experimentally findings ways to scale up FOMs to be competitive with CFR
algorithms. We propose leveraging more aggressive stepsizing and/or better initialization in the EGT algo-
rithm. Some preliminary experiments suggest that these two ideas can have an orders-of-magnitude impact
on the convergence rate. While these ideas seem heuristic, they can be made theoretically sound through
intermittent checking of the excessive gap condition, an inequality associated with EGT, such that we are
guaranteed convergence. Figure 3.4 shows some encouraging but very preliminary experiments suggesting
that EGT can indeed be made to dominate CFR, rather than only being better after many iterations. This
performance was achieved by trying several potential scaling parameters applied to the simplex weights used
in Theorem 1. This plot is presented in this proposed work section because we do not yet have a reliable
method for generating this kind of performance beyond ad-hoc parameter tuning.
The success of this approach will be measured by showing that FOMs can outperform the leading CFR-
like algorithm on real-world games. Specifically, we will consider one or both of the following games:
e Large texas holdem poker endgames. The best current pokerbots run an endgame solver as part of

their overall approach. An endgame is, at a high level, an extensive-form game constructed ad-hoc

to represent the remainder of the game. Even endgames are very large games, on the order of 100

million nodes in the game tree. These endgames are solved on the spot while the opponent waits for

a response, and as such must be solved within 10-20 seconds. Endgames are currently solved with

CFR+, and represent the smallest class of games where FOMs can have practical impact.

e No limit Texas hold’em (NLTHE) game abstractions. NLTHE is such a large game that current ap-
proaches still use abstraction on the original game. One advantage of this is that we have many otions



for the exact kind of abstraction we want to solve, By increasing the scalability of equilibrium al-
gorithms, we can enable the solution of larger game abstractions. NLTHE is the current frontier of
large-scale EFG solving, where many of the state-of-the-art contemporary bots are more exploitable
than always folding [Lisy and Bowling, 2017].

Theoretically, we propose extending our results by developing corresponding lower bounds on the con-
vergence rates achievable with the class of entropy-based smoothing functions we consider. Furthermore,
we propose showing corresponding upper and/or lower bounds on the convergence rate achievable with
dilation-based I smoothing. Ideally, this will allow us to show that entropy-based smoothing is theoret-
ically superior to lo smoothing for EFGs. This would complement experimental results from Hoda et al.
[2010], which found entropy smoothing to be superior, and parallel the simplex case, where the entropy
DGEF is known to be superior.

Finally, we propose the development of sparse iterative methods for computing Nash equilibrium re-
finements. In the case of zero-sum games, polynomial time algorithms are known for refinements such
as normal-form proper and quasi-perfect equilibria [Miltersen and Sgrensen, 2008, 2010, Farina and Gatti,
2017]. However, these algorithms rely on solving one or more linear programs which are modifications to
the sequence-form LP of von Stengel [1996]. This leads to LPs whose size is linear in the size of the game
tree. As with regular Nash equilibrium computation, such LP formulations are not practical for large-scale
games. Instead, we propose leveraging a perturbed sequence-form polytope (such as that of Miltersen and
Sgrensen [2010]) in the standard bilinear saddle-point formulation, and then focus on solving this perturbed
saddle-point problem directly. For a small enough perturbation, solving this perturbed problem should lead
to an approximate equilibrium refinement. We propose combining our results from this chapter with a lin-
early perturbed dilated entropy DGF, and then applying solvers such as EGT or MP to the computation of
approximate quasi-perfect equilibria or extensive-form perfect equilibria.



Chapter 4

Abstraction for large games

Initially, game abstractions were created by hand, using domain dependent knowledge [Shi and Littman,
2002, Billings et al., 2003]. More recently, automated abstraction has taken over [Gilpin and Sandholm,
2006, 2007c, Zinkevich et al., 2007]. This has typically been used for information abstraction, whereas
action abstraction is still largely done by hand [Gilpin et al., 2008, Schnizlein et al., 2009]. Recently,
automated action abstraction approaches have also started to emerge [Hawkin et al., 2011, 2012, Sandholm
and Singh, 2012, Brown and Sandholm, 2014, 2015].

Ideally, abstraction would be performed in a lossless way, such that implementing an equilibrium from
the abstract game results in an equilibrium in the full game. Abstraction techniques for this were introduced
by Gilpin and Sandholm [2007c] for a subclass of games called game of ordered signals. Unfortunately,
lossless abstraction often leads to games that are still too large to solve. Thus, we must turn to lossy ab-
straction. However, significant abstraction pathologies (nonmonotonicities) have been shown in games that
cannot exist in single-agent settings: if an abstraction is refined, the equilibrium strategy from that new
abstraction can actually be worse in the original game than the equilibrium strategy from a coarser abstrac-
tion Waugh et al. [2009a]! Until recently, all lossy abstraction techniques for general games of imperfect
information were without any solution quality bounds. Basilico and Gatti [2011] give bounds for the special
game class Patrolling Security Games. Johanson et al. [2013] provide computational methods for evaluating
the quality of a given abstraction via computing a best response in the full game after the fact. Lanctot
et al. [2012] present regret bounds for strategies with low immediate regret computed in imperfect recall
abstractions, with their result also extending to perfect-recall abstractions. Their result depends on the coun-
terfactual regret minimization (CFR) algorithm being used for equilibrium computation in the abstraction,
and focuses on abstraction via information coarsening, thus allowing neither action abstraction nor reduction
of the size of the game tree in terms of nodes. Waugh et al. [2015] and Brown and Sandholm [2015] develop
iterative abstraction-refinement schemes that converge to a Nash equilibrium in the limit, but do not give
bounds when an abstraction of the game is solved. Sandholm and Singh [2012] provide lossy abstraction
algorithms with bounds for stochastic games. They leave as an open problem whether similar bounds can
be achieved for extensive-form games. A key complication keeping the analysis in their paper from directly
extending to extensive-form games is information sets. In stochastic games, once the opponent strategies
are fixed, the best response analysis can be approached on a node-by-node basis. With information sets this
becomes much more complex, as strategies have to be evaluated not only according to how they perform at
a given node, but also how they perform according to the distribution of nodes in the information set.

This chapter develops the first algorithm-agnostic theoretical bounds on solution quality for (possibly
approximate) Nash equilibria computed in abstractions of EFGs rather than the full game. In addition, the
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bounds we develop (both for perfect and imperfect-recall abstractions) are exponentially stronger than the
only prior (algorithm specific) bounds for EFGs [Lanctot et al., 2012].

4.1 Perfect-recall abstraction

4.1.1 Introduction

This section develops the first bounds on lossy abstraction in general perfect-recall extensive-form games.
These results are independent of the equilibrium computation approach, and allow both information coars-
ening and removal of nodes and actions to make the game tree smaller.
To achieve these more general results, we introduce several new analysis tools:
1. Most importantly, much of our analysis operates on a per information set basis, which fundamentally
changes how the analysis can be performed.

2. To enable high expressiveness in the types of abstractions that can be computed, our mappings be-
tween real and abstract games are not all surjective functions.

3. We introduce a stricter notion of strategy mapping, called undivided lifted strategies.

4. We introduce a new solution concept, self-trembling equilibrium, the concept of which is used in our
analysis to achieve bounds for general Nash equilibria (defined in Section 2.3).

5. We introduce several new notions of error in abstractions that are used to characterize our bounds.

As a special case, our results generalize the results of Sandholm and Singh [2012], since any DAG-
structured stochastic game can be converted to an extensive form game. We also tighten the bound given
in their paper. Since our results apply to general Nash equilibria, as well as subgame-perfect equilibria, we
also generalize the set of equilibrium concepts that the analysis applies to; theirs was for subgame-perfect
equilibrium.

Our framework is the first general theoretical framework for reasoning about quality of equilibria com-
puted in abstract games. The only prior work [Gilpin and Sandholm, 2007c] is for a very restricted setting
that closely resembles poker games, and only concerns lossless abstraction. In contrast, our results apply to
all extensive-form games of perfect recall, and can be used to reason about both lossless and lossy abstrac-
tion. Further, we show that, even in the restricted setting considered in their paper, our framework can find
lossless abstractions that theirs cannot.

We also present several new algorithmic characterizations and algorithms for building abstractions that
minimize our bounds. We show several hardness results related to computing abstractions on a level-by-level
basis, and show how only considering level-by-level abstraction can lead to not finding the smallest, or any,
lossless abstractions. Motivated by these results, we develop the first abstraction algorithm with bounded
loss, which operates on all levels of the tree at once. We then present experimental results, where we apply
our algorithm to a relatively simple poker game. Finally, we discuss additional results, connections to other
abstraction approaches, and directions for future research.

4.1.2 Framework

We will consider two extensive form games, the original game I' and the abstract game I". Both games
have the same set of players N. The same elements are defined for IV, except each one is denoted by a
prime superscript. For example, the node space for I is denoted by S’. The value for player i at leaf node
2 € Z'in T" is denoted u;(2"). We define the largest utility at any leaf node in the abstract game to be
W = max; max,cz u;(2'), which will be useful later.



We will use Wi", : S — R and Wi"’ : 7/ — R to denote the value functions for the abstract game
I'" (completely analogous to the value functions for the original game defined in Section 2.2). Thus, by
Proposition 1 we can write the value function for the abstract game as

we )= Y o) Y T ey,
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Abstraction functions

We define an information set abstraction function f : Z — Z’ which maps from original information sets
to abstract information sets. Similarly, » : S — &’ is a node abstraction function that maps from original
nodes to abstract nodes. Finally, g : A — A’ is an action abstraction function that maps from original
actions to abstract actions. All three functions are surjections, so that the game I" is no bigger than T, and
ideally significantly smaller. We define f~! : 7/ — T to be the set-valued inverse of the information set
abstraction function. For a given I’, f~!(I’) returns all information sets that map to I’. We define h~! and
g~ ! similarly. We also define the function h;* : S’ — S which for given I, s’ € f(I) returns h='(s") N I,
the subset of nodes in I that map to s’. Similarly, we define, h;gl : 8’ — & which for a given s, s’ returns
h=1(s") N Ps, where P is the set of all ancestors and descendants of s.

We require that for any two actions that map to the same abstract action, the two nodes respectively
reached by performing the actions at a given node map to the same abstract node. Formally, for all s € S, if
g(a1) = g(az) for a1, as € As, then h(t; ) = h(t;,), where t; is the node reached by performing action a
at state s, as defined above.

As with prior abstraction approaches, these abstraction functions allow us to map a larger game onto a
smaller game, through many-to-one mapping of nodes. We now present a novel approach for mapping nodes
one-to-many. This leads to a larger set of valid abstractions, thereby sometimes allowing either smaller
abstractions for a given bound, or the same size abstraction with a smaller bound. We call this “multi-
mapping”. An example where it is useful is given in Figure 4.1. In this game, nature starts out choosing
among four actions. Player one then has two information sets, one for when either of the two leftmost
nature actions were chosen, and one for when either of the two rightmost nature actions were chosen. If
player 1 goes left at any node, player 2 then has two information sets. Player 2 can also only distinguish
between nature’s actions in sets of two, but different sets than player 1. In this game, we can losslessly treat
player 2’s information sets {24, 2C'} and {2B, 2D} as one big information set, since there is a mapping of
actions at 2A to actions at 2B such that the utilities for Player 2 are the same, and similarly for 2C' and 2D.
However, we need to formalize the notion that 2A is similar to 2B without merging the nodes, as they are
not similar for Player 1. In mapping the smaller information set {24, 2C'} onto the abstract information set
{2A,2C,2B, 2D}, we wish to specify that 24 is represented by the two nodes 24 and 2B. '

We will now incorporate “multi-mapping” into the abstraction framework. To our knowledge, we are
the first to allow for such abstraction. We define a mapping function ¢ : S, — 25" which maps from a
subset Sy, C S of the original nodes to the powerset 25" of the abstract nodes. For all information sets I, we
define the sets I, Iy, the partition of I into two sets such that s € Sy for s € Iy and s ¢ Sy, for s € 1.

Since in our abstraction framework we are allowing “multi-mapping” (one original node mapped to mul-
tiple abstract nodes), we have to ensure that all those abstract nodes are similar (in terms of their dependence

This does not create a smaller abstraction in terms of the tree size, but it decreases the number of information sets. This is
relevant to equilibrium-finding algorithms, such as CFR, whose complexity depends on the number of information sets rather than
the number of nodes in the game tree. A similar notion of abstraction was introduced by Lanctot et al. [2012].
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Figure 4.1: Extensive form game, with nature playing first, picking among four outcomes uniformly at

random. The next level, with nodes denoted P1, belongs to player 1, and the last level of
internal nodes named 2A-2D belong to player 2.

on the other players). Specifically, we require the following constraints for each information set I such that
I¢ > 0.
1. If an abstract node s’ € f([) is part of ¢(s) for some s € I, then no other nodes in I can map to .

2. For all nodes s and pairs of nodes s, s, € ¢(s) at level k, each level I € H_g,l > k, the edges on
the respective paths to s/, s;, must be in an information set together, and belong to the same action, or
both be in information sets with a single action.

3. For all abstract nodes s’ € ¢(s), we require that the subtree rooted at s also maps onto the subtree
rooted at s’. For all such pairs of nodes, we define a surjective function ¢, s, completely analogous
to the function h, defining this mapping.

4. For all descendants 5 of s and pairs of nodes s7, s € ¢(s), ¢, ¢ () must be in the same information
setas ¢ (8).
The example presented above can be described in terms of our ¢ function: ¢(2A4) = {24, 2B}, $(2B) =
{24,2B}, $(2C) = {2C, 2D}, »(2D) = {2C,2D}. Since the children of these nodes are all leaf nodes,
we need not define the subtree mapping functions ¢24 2B, $2c,2B-

Mapping behavioral strategies from the abstract game back to the original game

When computing a strategy profile o’ in I, we need some notion of how to interpret this profile in I". Here
we introduce two classes of mappings from abstract strategies to real strategies. First, we present the natural
extension of lifted strategies introduced by Sandholm and Singh [2012] to extensive-form games. In this
deﬁnition, a valid mapping o1 is any strategy profile such that for each information set I and abstract
actiona’ € A 11y the probability o’(f(I), a’) of selecting that abstract action is divided any way across the
actions g~ (a’) N I.

Definition 8. (Strategy lifting) Given an abstract game I and a strategy profile o', a lifted strategy for T is
a strategy profile o7 such that for all I, all &’ € Agppy: ZaegA(a,) o' (I,a) = o' (f(I),d).

For our game-theoretic results, we require a stronger notion of similarity in the mapping. We introduce
undivided lifted strategies, a refinement of lifted strategies. In addition to the lifted strategy constraint, we
require that the probability distribution over nodes in an information set I € I" such that 0_(I) > 0, when
disregarding nature probabilities, conditioned on reaching the information set, is the same as for the abstract
information set, when summing over node mappings.

Definition 9. (Undivided strategy lifting) ) Given an abstract game I and a strategy profile o', an undivided
lifted strategy for U is a lifted strategy profile o such that for all I € T" we have

Cmo(s) m7o(s")
1. Fors € I¢. ﬁ = Zs’é(b(s) m, and
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One natural family of action abstraction techniques is to select actions for the abstract game from the
actions in the original game (as opposed to creating new actions), or, in other words, to simply remove
actions from the original game to generate the abstract game. That is, the abstraction is created by restricting
play only to a subset of the actions, and potentially also restricting nature to only choosing a subset of its
outcomes. Then, the strategy mapping just consists of playing the strategy computed in the restricted game
and ignoring the remaining actions. All prior action abstraction algorithms have operated within that family
(e.g., Gilpin et al. [2008], Schnizlein et al. [2009], Hawkin et al. [2011, 2012], Sandholm and Singh [2012],
Ganzfried and Sandholm [2013], Brown and Sandholm [2014]). Such lifting (as long as the information
abstraction is done within the framework of our paper, as described above) is a form of undivided strategy
lifting.

4.1.3 Reward-approximation and information-approximation error terms

We define approximation error terms, that give us a notion of the distance between the real game and the
abstract game. These will later be used to prove bounds on the solution quality of equilibria computed using
the abstract game.

First we define reward approximation error. Intuitively, we define the reward error at leaf nodes to be
the maximum difference between values of the real leaf and the abstract leaves that it maps to, at player
nodes to be the maximum error of the child nodes, and at nature nodes to be a weighted sum of the error of
the child nodes. Formally, the reward approximation error for the mapping from I to I"” for a given agent 1,
and node s is

maxXyeq(s) |wi(s) — ui(s’)|  if s is a leaf node
€ = § MaXgeA, eﬁ ; if sis aplayer node
a’

R . .
>aca, 00(s,a)e; ;  if s is a nature node

Here &~ 1(s) = U§€S¢7S,E¢(§) ¢s,5(5) U h(s) is the set of all abstract nodes that s maps to through either
some ¢3 ¢ function or h. For a given strategy profile, the error for node s for a non-leaf, non-nature node
could be defined as the weighted sum of the errors of the actions at the state. But since we do not know
which strategy will be played, we have to take the maximum. The reward error for Player ¢ of an information
set I is the maximum error over the nodes in I, and the total reward error is the maximum of this quantity
over all players:

el = maxel’, ' = max el
k) 86[ 7 ,L K
Similarly, we define the distribution error for an information set I and nodes s’ € f(I-) and s € I to
be:

™
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The distribution error for information set I and error over all information sets at height & is:
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For all distribution error notions, they depend on the strategy profile played, but we omit this in the subscripts
for ease of readability. For all proofs, it will be clear what the strategy profile is. We define the nature
distribution error of an information set I and nodes s’ € f(I-4), s € Iy to respectively be

Zsehlfl(s/) T3 (s) ﬂgl(sl)

— s 178 — —
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This is the difference between nature’s probability of reaching s’ or s and nature’s probability of reaching any
node in 7 ' (s') and in ¢(s) respectively, all normalized by the probability of reaching the given information
sets. The nature error for information set I is

69 = § 6?,5’ + E :62
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For a nature node s at height k € H and s’ € ®(s), we define the nature action a’ € Ay error and node
error to respectively be

0 _ SN/ 0 __ 0
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a€g—1(a")NAs

The nature error at height & is
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In contrast to distribution error, nature distribution error does not depend on the strategy profile. For any
undivided lifted strategy, the distribution error is bounded by the nature distribution error.
Proposition 2. For any undivided lifted strategy o and information set I, e? < 6(1).

We show that for a given node s and abstract node s’ that is a descendant of h(s), the probability
of reaching s’ from h(s) is at least as high as the probability of reaching any node in h=!(s") from s,
disregarding error in nature:
Proposition 3. For any node s, abstract node s' that’s a descendant of h(s), and strategy o lifted from o,

Z 7 (s,8) < 71"7/(h(s)7 s/) + Z e?

seh—1(s") 1€H 0 k>I>k

The same result holds for the set of nodes ¢;;, (8") for all §, 5" such that ¢ 3 is defined.

4.1.4 Lifted strategies from abstract equilibria have bounded regret

We are now ready to move to the main part of the paper, which is a mathematical framework for bounding
the loss from abstraction in extensive-form games.

We first show that the utility obtained from implementing any lifted strategy in I' is close to the utility
of the original strategy in I'. We will use this to prove our main result.
Proposition 4. For any player i, abstract strategy o', and lifted strategy ol

VT () = WE () < el 3w
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We are now ready to show our main result, which is game theoretic. We show that any Nash equilibrium
computed in the abstract game, when implemented as an undivided lifted strategy in the original game, has
bounded regret.

Theorem 7. For any Nash equilibrium o' in T", any undivided lifted strategy o is a 2 + > JEM, G?W +
> icHo 269W—Nash equilibrium in T.>

It is possible to make the nature error bound tighter in the above, by not using the error over the entire
level at a given height k, but instead keeping the errors defined in terms of the current subtree. For expo-
sitional ease we avoided this, since we later show that this error can often be kept at 0, but point out that it
could be relevant in certain applications.

Using exactly the same technique as above, except without using the self-trembling property for subgame-
inducing nodes, it is possible to show that any subgame-perfect equilibrium in the abstract game maps to an
approximate subgame-perfect equilibrium in the full game.

Example where the bound is tight

We now investigate the tightness of our bounds. First, we show that the bound over payoff error is tight.
Proposition 5. There exist games such that requiring any amount of abstraction leads to every Nash equi-
librium of the abstraction having regret 2™ for some player when implemented in the original game with
any undivided strategy.

P1 P1 P1 P1
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P2------- P2 P2 P2 --P2 P2
ASNATVA
10 0 0 10 5 5 5 5 5

Figure 4.2: On the left is a zero-sum extensive form game with one decision node for Player 1 and two
decision nodes (in the same information set) for Player 2. In the middle are the two possible
results from performing a single action abstraction, either merging actions L and R, or 1 and r.
On the right is the final abstraction which both intermediate abstractions reduce to.

For the nature error terms, we show that the bound is tight up to a constant factor of 6.

Proposition 6. There exist games such that requiring any amount of abstraction leads to some Nash equi-
librium of the abstraction having regret %(Z jeHs G?W—}- > jeHo 2€?W) for some player when implemented
in the original game with any lifted strategy.

In both the above tightness examples, we relied on either mapping only undivided lifted strategies (in the
first case), or showing the bound is tight for only some equilibria (in the latter case). However, computing
the best lifted strategy can, in general, amount to computing an equilibrium in the full game, as it does in the
first case. Likewise, avoiding certain equilibria in the abstract game would require somehow adding more
information to the abstraction computation, thus linking it more intimately to the original game. This was

2With the same proof, except without using the self-trembling property for subgame-inducing nodes, we can show that any
subgame-perfect equilibrium in the abstract game maps to an approximate subgame-perfect equilibrium in the original game. This
requires that subgame-inducding nodes in the real game map to subgame-inducing nodes in the abstract game. This is easily
achieved by disallowing multi-mapping on subgame-inducing nodes.



0.5

10 00 1010 0 0O 10 10 0 O 10

Figure 4.3: On the left is a simplified extensive form game with two layers of nature nodes, followed by
decision nodes for Player 1 in two different information sets. On the right is given the only
possible abstraction that does not lead to a loss of 10.

considered by Johanson et al. [2013], but their evaluation requires computing best responses in the original
game.

4.1.5 Abstraction algorithms and complexity

In this section we develop several algorithms for computing abstractions in extensive form games, such that
Nash equilibria computed in these abstractions satisfy the bound derived in Theorem 7 when mapped to an
undivided lifted strategy in the original game.

Level-by-level abstraction

Prior game abstraction algorithms typically proceed level by level in the game tree—possibly moving both
up and down—e.g. Gilpin and Sandholm [2006, 2007a,c], Gilpin et al. [2007, 2008], Zinkevich et al. [2007],
Sandholm and Singh [2012], Johanson et al. [2013], Ganzfried and Sandholm [2014]. We give a general
framework for a large class of level-by-level abstraction algorithms, and investigate the required subroutines.
We then present an impossibility result for level-by-level abstraction.

First we give a general framework for computing abstractions level by level. The algorithm operates on
a game I, and a set of nodes S at some level k, where S would usually be an information set. It proceeds
to build the set Ajg,, a set of action pairs that are eligible for merging, along with the cost ¢ of merging
them. This is done by iterating over all action pairs a;, az available at the nodes, and calling the subroutine
APPROXISOMORPHIC, which computes whether the actions can be merged and at what cost, for each node
s € S. Once the set Ay, has been constructed, the algorithm calls a subroutine COMPUTEPROTOTYPES,
which selects the subset of actions that are kept (we call these prototypes), with the remaining branches
mapped onto the prototypes.>

The two subroutines APPROXISOMORPHIC and COMPUTEPROTOTYPES perform the brunt of the work
in this algorithm. We will now, in turn, examine what the subroutines entail.

3The theory from earlier in this paper also applies to the setting where the abstract game has new actions, if the new action is
constructed from an action in the original game (and that subtree under that action) by simply changing payoffs in that subtree.
However, as in all prior abstraction algorithms, in this algorithms section we focus on abstraction that selects action prototypes
from the actions in the original game.
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ALGORITHM 2: A framework for level-by-level abstraction with bounded loss in extensive-form games.

Input: A game I', a set of nodes .S at some level & such that they have the same action set available
Output: An abstract game I
AIso — @
for each action pair a1,a5 € Ag do
for each node s € S do Test APPROXISOMORPHIC(t; ,t;.) ;
Let c be the cost of merging a;,as overall s € S
if isomorphic for all s € I then add ((a1,az),c¢) to Ars, ;
Call COMPUTEPROTOTYPES(A ,,) to compute a set of prototypes that the remaining actions map onto.

Extensive-form game tree isomorphism

In order to determine whether two given actions can be merged at some information set (APPROXISOMORPHIC
function above), it must be determined what the cost of merging the subtrees are at each node in the informa-
tion set. A special, and simple, case is when the subtrees are subgames, and there is only a single node in the
information set. Consider such two subgames rooted at nodes s1, so. Since we are assuming that abstraction
is conducted level by level, the algorithmic problem amounts to finding the cheapest onto mapping of s;
onto sg. To reason about this problem, we introduce the extensive-form game tree isomorphism problem.
For the purposes of this section, we will consider the node mapping function s an onto function, rather than
a surjection, since abstraction is not performed as part of this subroutine.

First we introduce a simple notion of isomorphism. It does not capture everything we need for the
APPROXISOMORPHIC subroutine, but we will later show that even this simple notion is hard to compute.
For two game trees to be isomorphic, this definition requires two parts. First, the trees must be isomorphic
in the traditional sense. Second, for any node pairs from the same information set, their mapped nodes have
to be in the same information set, and for any node pairs in different information sets, their mapped nodes
must be in different information sets.

Definition 10. (Extensive form game tree topology isomorphism) A topology isomorphism (TI) between
extensive form games I, I" is an onto mapping h such that

1. For nodes si,s2 € I" belonging to the same information set I, h(s1) and h(s2) belong to the same
information set in T".

2. Fornodes s1 € Iy and sy € Iy, where Iy # I3, h(s1) and h(s3) belong to different information sets
inT".

3. For nodes s and s., where s. is a child of s, h(s.) is a child of h(s).

For any tree isomorphism on two extensive-form game trees (that is, ignoring information sets), any
node at level & in T will map to a node h(k) at level k in I”. For leaf nodes, they are the only nodes with
out-degree one, so leaf nodes must map to leaf nodes. Likewise, the root node r has some distance d to each
leaf node, since we assumed uniform depth, so A(r) must map to the root node in I'". Now consider some
node s at height k, at depth d. h(s) must be at height k in order to be isomorphic, and the shortest path to the
root node must be of length d. Thus, our requirement that a TI must respect player’s turn taking is achieved
already by it being a tree isomorphism.

We now present a refinement of TI, which we call extensive form game tree strategic isomorphism (SI),
that captures the chance and utility structure of the game. This refinement is what we need to compute
for the APPROXISOMORPHIC subroutine. For subtrees where this isomorphism does not exist, we want to
compute the mapping that minimizes the distance to strategic isomorphism.

Definition 11. (Extensive form game tree strategic isomorphism) An extensive form game tree strategic



isomorphism (SI) is a Tl that satisfies the following further constraints.
1. For all nodes s at some height k € Hy, for each a € As, 0(s,a) = o(h(s), g(a)).
2. Forall leaf nodes z € Z and players i € N, V;(z) = Vi(h(z)).

We now show that both TI and SI are graph isomorphism-complete. A graph isomorphism complete
problem is a problem such that there exists a polynomial time reduction both to and from the graph isomor-
phism problem [Booth and Colbourn, 1979].

Theorem 8. Deciding whether two game trees are extensive-form game tree topologically isomorphic or
extensive-form game tree strategically isomorphic is graph isomorphism-complete.

Game isomorphism has been studied to a limited extent in the literature. The more general question of
whether two games are isomorphic across game types has been studied by Gabarr6 et al. [2007]. Peleg et al.
[1999] and Sudhélter et al. [2000] study extensive form game tree isomorphism in the context of strategic
equivalence, but do not consider the computational problem. To our knowledge, we are the first paper to
introduce the question of computing extensive-form game tree isomorphisms.

Choosing the set of prototypes

After computing the loss incurred by merging the different action pairs available at the set of nodes under
consideration, the subroutine COMPUTEPROTOTYPES computes a subset of the action pairs whose subtrees
are kept as the abstract game, with the remaining subtrees mapped onto these. We now show that, even when
the values of merging all action pairs have been computed, the problem of choosing the optimal subset of
actions is NP-complete.

Definition 12. (Action subset selection problem) The input is a set of actions A, a cost cq, q, for merging
each action pair a1, as € A, some value k that specifies the number of actions to be selected, and a cost c.
The action subset selection problem asks if there exists a set of k actions and a mapping of the remaining
actions onto this set, such that the cost is less than or equal to c.

Theorem 9. The action subset selection problem is NP-complete.”*

The problem of computing an extensive form game abstraction that minimizes the bound given in The-
orem 7 is easily seen to be NP-complete as well—even with just one player, and thus it holds for zero-sum
games also. The action subset selection problem itself reduces to a two-level game tree by making a chance
node as the root, with all children being in the same information set of size |A|, with |A| actions available,
where each node is used to ensure the correct cost of merging for a single action pair, with all other merges
being free at the node.

A sequence of single abstraction transformations to the optimal abstraction might not exist

We now show a fundamental issue with level-by-level abstraction. It can leave valid (even lossless) abstrac-
tions undiscovered: reasoning across merges at different levels and in different subtrees simultaneously is
required in order to stay within the set of valid abstractions throughout the traversal of the game tree. To
show this, we show a slightly broader result: determining whether a merge is within the desired error bound
can require reasoning about merges in subtrees different from the ones considered for merging.

Theorem 10. Any abstraction technique that computes the abstraction by merging subtrees must satisfy at
least one of the following properties.

4Sandholm and Singh [2012] show that in stochastic games it is NP-complete to compute an abstraction where one of the players
does not automatically receive the worst possible payoff. However, some bound-minimizing solutions do not solve the problem
that is reduced from. Thus that result does not imply that minimizing the bound is NP-complete.



1. It does not always find the smallest abstraction in the space of valid abstractions for a given bound.
2. When merging two nodes at a level, it must ensure that future merges at other levels in the tree, outside
of the two subtrees below those two nodes, will enable returning to an abstraction within the bound.
This applies even if the game is a game of ordered signals Gilpin and Sandholm [2007c], zero-sum, and
only information abstraction is performed.

Proof. Consider a two-player poker game where the card deck consists of two kings and two jacks. Each
player is dealt a private card and then a single public card is dealt. We consider two variants based on
what the payoffs at the leaves are. In the first variant, Player 1 always wins. The second variant is a slight
modification, where if Player 2 pairs a private J2 with a public K2 he wins, and otherwise Player 1 wins.
Both variants are zero-sum games of ordered signals. Figure 4.4 shows the possible sequences of cards dealt.
The two variants are obtained by setting § equal to 1 or —1 in Figure 4.4, respectively. If Player 1 always
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Figure 4.4: A signal tree for a simple poker game. Nodes labeled P1 or P2 denote the card being dealt
privately to player 1 or 2. Nodes labeled A denote a public card. A leaf node labeled 1 indicates

Player 1 winning.

wins (6 = 1), the whole game can be abstracted into a single string of cards dealt, as none of them matter. If
Player 2 wins (6 = —1), the two public kings cannot be abstracted into a single king when Player 1 holds J1
and Player 2 holds J2 based on the following reasoning. Consider K1 and K2 dealt to Player 1 at the root.
Player 2 has two information sets that consist of him holding a J2 and the public card being a king. Each
of those two information sets has two nodes corresponding to Player 1 holding the other jack or the other
king. The two information sets differ based on whether the public king is K1 or K2. If K1 and K2 at the
root are abstracted into a single tree, then one of these two information sets loses a node, since the sequence
K1, J2, K2 would map onto K2, J2, K1, or vice versa. This leads to Player 2 being able to deduce exactly
which card Player 1 has for the information set that is now a singleton. For the other information set, the
probability on the node where Player 1 has a private king would be higher than the probability on the node
where Player 1 has a private jack. Thus, if a lossless abstraction is desired, the choice of whether to abstract
K1 and K2 at the root hinges on whether J is set to 1 or not. O

One consequence is that the GameShrink lossless abstraction algorithm Gilpin and Sandholm [2007c]
does not work correctly for all games of ordered signals.

Generating an abstraction by considering all levels at once

Motivated by the problems described in Section 4.1.5, we develop an algorithm for computing abstractions
with bounded loss that operates on all levels at once. The only assumption we make about structure of the
game, is that we only allow nature nodes to merge if they have the same number of actions, and only allow
different branches to merge if they have the same probability of occurring.



Using integer-programming (IP), we develop two similar models for computing abstractions. One takes
as input the maximum number of game tree nodes allowed and computes an abstraction that minimizes
the bound given in Theorem 7. The other takes as input a desired error bound and computes the smallest
abstraction subject to satisfying the bound.

Variables

For each node s;, we introduce a variable p; € {0, 1} denoting whether s; is a prototype. For each level
k € M and ordered pair of nodes at height £, s;,s; € Sj, we introduce a variable d; ; € {0,1} denoting
whether s; is mapped onto s;. For each unordered pair of information sets I;, I; at height k, we introduce a
variable J; ; € {0, 1} denoting whether the two information sets map to the same abstract information set.

Objective functions

In the case where we are given a bound to satisfy and wish to compute the smallest abstraction, we maximize
the sum over all abstraction variables 9; ;, thereby minimizing the number of nodes in the game tree:

max Y 6 (4.1)

l77pl7lj o

In the case where we are given a maximum tree size and want to minimize the bound, we minimize the sum
over leaf nodes mapped onto each other, weighted by the absolute difference in utility at the leaves:

min Z Z max lui(z) — ui(2)|9; 5 4.2)
di,5:pis1ij ezier’

Constraints

To ensure that nodes are either prototypes or mapped onto a single prototype, we introduce the following
three constraints. The first and second constraints below are introduced for all nodes s;, and the third for all
pairs of nodes s;, s; at the same height.

Z (51'7]' < I,VSZ' S S, i + Z (5,"3' > 1,V$i € S, 5j,i —p; < O,Vk S 7‘{, Si; S € Sk (4.3)
JESk JESk

The first constraint ensures that each node is mapped onto at most one other node. The second and third
constraints ensure that the variables p; accurately reflect whether s; is a prototype. The second constraint
requires that p; = 1 unless s; is mapped to some other node. The third constraint sets p; = 0 if s; is
mapped onto any other node s;. Together, the last two constraints ensure that nodes are only mapped onto
prototypes, and that prototype nodes are not mapped onto anything.

If a node s; is mapped onto another node s;, one of the constraints specified in Section 4.1.2 requires
that the children at s; map onto the children at s;. This is ensured by the following constraint, where Cj is
the set of all child node indices of s;.

— Y Seie; 0,¥si€ S\ Z,¢i € G, (4.4)

CjECj

If ; ; = 1, this constraint requires that s., is mapped onto some child node of s; by requiring that at least
one of them is set to one. Similarly, if s; is mapped onto s;, we require that the parent node of s;, denoted



by sp,, 1s mapped onto the parent node of s;, denoted by sp,. This gives the following constraint, where the
parent mapping variable dy, ;. is required to be set to one if 9; ; = 1.

Oij — Opip; < 0,Vk € H, 55,55 € Sy, 4.5)

For each node pair s;, s; at some height k, let I;, I; be their respective information sets and I; ; the
variable denoting whether the information sets are merged. If the nodes are merged, we require that their
information sets are also merged, which is achieved by the following constraint.

6ij—1Li; <0,Vk € H,s;,8; € Sk (4.6)

Information set merges are transitive, so if two information sets are both merged with the same third infor-
mation set, we require that they are themselves merged:

Lij+1;,—1;; <1,Vk e H,I;,I;, I, € I} 4.7)

Using the variable I; ; for two information sets I;, I;, we can ensure that each prototype node in the abstract
merged information set has a node from each information set mapping onto it. Without loss of generality,
assume s; € I;, we add the following constraint.

pitTlig— Y 6mi <LV I s €1 (4.8)

SmEIj

This requires that if s; is a prototype, p; = 1, and if I; ; = 1, at least one node from /; maps onto s;.

As mentioned above, we only allow nature outcomes to map onto each other if their probability is the
same. Further, if for some nature node s; mapped onto a nature node s; we have that m > 1 child nodes
of s; map onto the same child node of s;, then we must ensure that m — 1 child nodes at s; map onto c¢;, in
order to keep the nature distribution error at zero. This is achieved by the following two constraints.

5ci,cj =0,Vs;, 85, Ci € CZ',Cj S Cj,U(si,Ci) 7é U(Sj,Cj) 4.9)
> bejei= Y bepe +1,Ysi,5; € S\ Z,¢; € C (4.10)
CjGC]' CkGCi

The first constraint just disallows mapping children of nature nodes that do not have equal probability of
occurring. The second constraint ensures that the probability of a prototype child being chosen at the nature
node, which is equal to the sum of the probabilities of outcomes at the node that are mapped to it, is equal
to the sum of probabilities over outcomes mapped to it from s;.

For the case where a specific bound is given as input and we wish to compute the minimum size abstrac-
tion, we add the following constraint.

Z max |ul(zl) - UZ(ZA])’(SZJ < 6R (411)
i€EN
23,2j€Z
This constraint sums over all leaf node pair mappings, and weights them by the difference in utility at the

pair. We require that this sum be less than €?, the given bound. For the case where a maximum tree size K
is given as input and we wish to minimize the bound, we add the following constraint.

max Yy 6;;>|S| - K (4.12)
7.]

6;,5:Pir1i,5 w

This constraint requires that at least |.S| — K merges are performed, so the abstraction has at most & nodes.
The number of variables in the model is O(|Z|?). The largest constraint sets are those in Equation 4.7
and those over all variable pairs at each level. The former is O(maxye3 Z;) and the latter is O(|Z|?).



4.1.6 Experiment

We applied our IP model to a simple poker game. Our game has a deck of five cards: two jacks, a queen,
and two kings. Two players play the game, and after each round of cards is dealt, up to two rounds of betting
occur. A full description of the game is given in the appendices.

One advantage of poker games for testing our approach is that the chance outcomes can be decoupled
from the player actions using the signal tree. The signal tree is defined conceptually by removing all player
actions from the game tree, and only considering the tree of possible nature moves (aka signals). Clearly, for
this decoupling to be possible, the nature moves can be conditioned only on which prior nature events have
occurred, not on player actions. Any abstraction computed on the signal tree can easily be converted to an
abstraction of the full game. Gilpin and Sandholm [2007c¢] introduced the signal tree in the specific setting
of games of ordered signals, a game class closely resembling poker. More generally, in any game where the
player’s action options are independent of nature’s moves, abstraction can be performed on the signal tree.

In our poker game, the unabstracted signal tree has 86 nodes; the game tree has 4806 nodes. The IP
has 4,427 binary variables (one for each pair of nodes at each level of the signal tree, plus the additional
bookkeeping ones) and 38,813 constraints. To solve the IP, we used CPLEX version 12.5.

For the model where a bound is given as input and the objective is to minimize tree size, we ran experi-
ments with a bound ranging from 0 to 20 chips. Figure 4.5 Left shows a plot of the game sizes as a function
of the bound. As can be seen, tree size is a step function of the given bound. Four different abstraction sizes
were found. The coarsest abstraction has four signal tree nodes, and thus represents a single sequence of
outcomes where the players act essentially without seeing any cards. The coarsest lossless abstraction has
size 30. It is not until we allow a loss bound of 5 that the algorithm finds a lossy abstraction (of size 14). For

Signal tree nodes —— Player 1 ——
. Game tree nodes —x— . 18 Player 2 —s—
35 b 4 1400 Theoretical bound ——
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Figure 4.5: Left: Number of nodes in the signal tree (left y-axis) and in the game tree (right y-axis) as a
function of the allowed loss in the IP model when minimizing tree size. Right: Exploitability as
a function of the allowed signal tree size. Exploitability for both players is shown, along with
our theoretical bound.

the model where a maximum tree size is given as input and the objective is to minimize the regret bound, we
ran experiments for signal tree size bounds from 4 to 54. Figure 4.5 Right shows exploitability as a function
of allowed signal tree size. Three plots are shown, the exploitability of each of the two players, and the
exploitability bound given by Theorem 7. By and large, the three plots decrease with signal tree size, with
a non-monotonicity at size 6, where Player 1’s exploitability goes up compared to that at size 4. This is an
instance of abstraction pathology, which exists in games: refining an abstraction can cause the equilibrium
strategies to have higher exploitability in the original game Waugh et al. [2009a].



The different abstractions (signal trees) that the IP generated are presented in the appendix. Interestingly,
sometimes the IP generated an abstraction that is asymmetric between the players.

4.1.7 Discussion

We presented the first framework for giving theoretical guarantees on solution quality in lossy abstraction in
extensive-form games. We defined notions of payoff and nature error between the abstraction and the orig-
inal game, and developed analysis tools that enable one to give an upper bound on regret and exploitability
of equilibria computed in the abstract game, when mapped to the original game. To do this, we introduced
a notion of strategy mappings, undivided lifted strategies. We also introduced an equilibrium refinement,
self-trembling equilibrium, that we used to analyze the quality of general Nash equilibria from abstract
games.

Using this framework, we developed the first lossy extensive-form game abstraction algorithm with
bounds on solution quality. We did this by designing an IP that computes either the minimal size abstraction
given a bound on solution quality, or a solution with minimum bound given a cap on tree size. Experiments
on a relatively simple poker game showed that our method finds a lossless abstraction when one is available
and lossy abstractions when smaller abstractions are desired.

While our framework can be used for lossy abstraction, it is also a powerful tool for lossless abstraction
if we set the bound to zero. This is, to our knowledge, the first framework to provide tools for character-
izing lossless abstractions in general extensive-form games of perfect recall. Likewise, our IP model is the
first algorithm to compute abstractions with such guarantees. It is also the first algorithm to automatically
detect the canonical representation of poker games while guaranteeing losslessness, without resorting to any
domain-specific tricks. Until now, there has been no theory for algorithmically detecting such symmetries
in a general sense that goes beyond poker. Further, as we described in Section 6, the only similar work
with theoretical guarantees Gilpin and Sandholm [2007c¢] has the problem that it might not be able to reach
the lossless abstractions due to discontinuity between the regions of lossless abstractions in the space of all
abstractions. This is in spite of their work analyzing a much more restricted game setting, that very closely
resembles poker, whereas our theoretical work makes no assumptions about the game beyond perfect recall.

As mentioned in Section 4.1.1, our quality results for lossy abstraction generalize similar results for
the special case of stochastic games (expanded to a DAG) Sandholm and Singh [2012]. They get a cubic
dependence on the depth of the game tree in their bounds. In our work, if we consider the sum over error
terms in the bound in Theorem 7, we have 2™ + 37, €JW + 3.5, 2€JW. The two expressions
> jeM; E?W and et 262W have the biggest dependence on depth in our bound. In converting the
stochastic game, W gets a linear dependence on the depth, and the summations are linear in the depth. The
error term e? has no dependence on depth for either term, since each state of the stochastic game induces a
subgame in the extensive-form representation. Our bound, when applied to a stochastic game DAG thus has
only a quadratic dependence on depth, while theirs was cubic.

We introduced the extensive form game tree isomorphism and action subset selection problems, both
important for computing abstractions on a level-by-level basis. We proved that the former is graph isomor-
phism complete, and the latter NP-complete. We showed that level-by-level abstraction can be too myopic
and thus fail to find even obvious lossless abstractions. At the same time, it can be challenging to scale up
the IP that considers all levels at once, depending on the game.

The hardness results do not mean that abstraction is not helpful. For one, the worst-case hardness results
do not imply hardness in practice. Furthermore, many games can be decomposed in terms of information
structure. Our algorithm can be used to compute abstractions on the decomposed parts, leading to a smaller
game size in the full game. One example of such decomposition is conducting abstraction on the signal tree



instead of the full game tree. In fact, essentially all information abstraction algorithms for poker proceed
level by level in tree data structures that are like the signal tree, except that each tree consists of signals to
only one player. Such algorithms have proven to be key for being able to address large games even if the
abstraction algorithm solves NP-complete subproblems when dealing with each level in turn [Gilpin and
Sandholm, 2007a], even in two-player zero-sum games which are solvable in worst-case polynomial time.

There are many possible future directions for developing abstraction algorithms within our framework
that provides bounds, for example, algorithms that proceed level by level but do not necessarily find an
optimal abstraction (and may not even optimize within a level), or algorithms that consider multiple levels
at once, but potentially not all levels and potentially not optimally.

While our algorithms work for any game of perfect recall, the set of abstractions they can compute is
only a subset of all possible abstractions. Recent progress on abstraction for the specific application of
solving poker games has been focused on the use of imperfect-recall abstractions [Waugh et al., 2009b,
Johanson et al., 2013]. They happen to work well for poker, but are poorly understood. Other practical
abstraction algorithms that fall outside our framework are ones that merge different information sets at
different branches in the tree without requiring that nodes in the subtrees map to each other, nor that they
are in the same information set for the other players. It is easy to construct examples where such abstraction
has arbitrarily high loss, but it seems to work well in practice—at least for poker. It would be interesting to
explore whether our bounding framework could be extended to these kinds of abstractions.

4.2 Imperfect-recall abstraction

4.2.1 Introduction

In recent years, imperfect-recall abstractions [Waugh et al., 2009b] have been the leading approach in the An-
nual Computer Poker Competition (ACPC). For the last several years, the winning no-limit Texas Hold’em
bots have employed it (for example, see the winners “Baby Tartanian8” by Brown and Sandholm and “Slum-
bot” by Jackson, from the ACPC [2016]). Recently, this approach was also used in security games Lisy
et al. [2016]. We expect that it could also be relevant to settings such as sequential auctions and trading,
like the trading-agent competition, where abstraction approaches have previously been considered Well-
man et al. [2005]. The motivation for imperfect-recall is computational. It allows the agent to forget less
important details, in order to afford—from a computational perspective—to have a finer-grained abstraction
of the present. Halpern and Pass [2013] showed this same phenomenon in “computational games,” where
agents are charged for computation. In this setting, choosing to forget information can be rational, because
it decreases computational cost.

To the best of our knowledge, the only prior results for imperfect-recall abstraction were developed by
Lanctot et al. [2012]. They present regret bounds in a class of imperfect-recall abstractions for equilibria
computed using CFR [Zinkevich et al., 2007].

In contrast to prior work, our results are for a fairly general class of imperfect-recall abstractions, and are
algorithm agnostic; they apply to both Nash equilibria, and strategies with bounded counterfactual regret.
We focus on these two classes of strategies because they are, to the best of our knowledge, the only types
of strategies used in practical large-scale game solving. While refinements of Nash equilibria are desirable
in some settings, they are usually too expensive to compute in the large-scale games where abstractions are
applied.

To develop our results, we generalize the notion of skew well-formed games (SWFGs) introduced by
Lanctot et al. [2012], by introducing a new game class chance-relaxed skew well-formed (CRSWF) games.
CRSWF games generalize SWFGs by also allowing chance error. Enabling chance error allows for a richer



set of abstractions where nodes can go in the same abstract information set even if the nature probabilities
of reaching those nodes and going from those nodes are not the same (this was left as an open problem
by Lanctot et al. [2012]). This enables dramatically smaller abstractions for some games. We extend the
techniques from Section 4.1 to give theoretical solution-quality bounds for this class. The solution quality
bounds we derive are exponentially stronger than those of Lanctot et al. [2012] which had a linear depen-
dence on the number of information sets in the game tree, and did not weight the leaf reward error by the
probability of a given leaf being reached. The reward error term in our result has only a linear dependence
on tree height (actually, just the number of information sets any single player can experience on a path of
play). Our leaf reward error term is weighted by the probability of the leaf being reached. Furthermore, our
bounds are independent of the equilibrium computation method, while that prior work was only for CFR.

For games where abstraction of a subset of information sets at a single level is guaranteed to result in a
CRSWF game, we show an equivalence between the problem of computing a single-level abstraction that
minimizes our theoretical solution-quality guarantees and a class of clustering problems. Using the decrease
in solution-quality bound from abstracting a pair of information sets as a distance function, we show that
such abstraction problems form a metric space. This yields a 2-approximation algorithm for performing
abstraction at a single level in the game tree when information sets differ only by the actions taken by
players. When information sets differ based on nature’s actions, our equivalence yields a new clustering
objective that has not, to our knowledge, been previously studied. Our clustering results yield the first
abstraction algorithm for computing imperfect-recall abstractions with solution-quality bounds.

Finally, we use our theoretical results to conduct experiments on a simple die-based poker game that
has been used as a benchmark for game abstraction in prior work. The experiments show that the CFR
algorithm works well even on abstractions where different nature probabilities are abstracted together, and
that the theoretical bound is within O to 2 orders of magnitude of the regrets at CFR convergence.

4.2.2 Perfect-recall refinements and abstraction concepts

For games IV = (N, A, S, Z,H,00,u,Z’y and T" = (N, A, S, Z, H,00,u, L), we say that T is a perfect-
recall refinement of IV if " has perfect-recall, and for any information set I € Z : 3I' € 7.1 C I'.
That is, the game I" can be obtained by partitioning the nodes of each information set in Z’ appropriately.
For any perfect-recall refinement I', we let P(I’) denote the information sets I € Z such that I C I’ and
Urep () = I'. For an information set I in T, we let f; denote the corresponding information set in I,

We will focus on the setting where we start out with some perfect-recall game I', and wish to compute
an imperfect-recall abstraction such that the original game is a perfect-recall refinement of the abstraction.
Imperfect-recall abstractions will be denoted by IV = (N, A, S, Z, H, 00, u,Z’). That is, they are the same
game, except that some information sets have been merged.

For imperfect-recall information sets, we let W (I') = >, %(;,))V(s) be the value of an information
set. Note that this definition is slightly different from that used in the section on perfect-recall abstraction.
In particular we use the reach probabilities of all players here, whereas for perfect-recall abstraction we used

the reach probabilities for all players except 7.

We will later be concerned with a notion of how much better a player ¢ could have done at an information
set: the regret for information set I and action a is 7(I,a) = V,”'~*(I) — V;?(I). That is, the increase in
expected utility for Player ¢ obtained by deviating to taking action a at I. The immediate regret at an
information set I given a strategy profile o is r(I) = maxgea, 7(/,a). Regret is defined analogously for
imperfect-recall games using W (I).



Chance-relaxed skew well-formed (CRSWF) games

Now we introduce the class of imperfect-recall games that we consider as potential abstractions of a perfect-
recall game. We call this class CRSWF games. A CRSWF game is an imperfect-recall game where there
exists a perfect-recall refinement of the game that satisfies a certain set of properties that we introduce below.
We will focus on the general problem of computing solution concepts in CRSWF games and mapping the
solution concept to a perfect-recall refinement. Typically, the perfect-recall refinement is the original game,
and the CRSWF game is an abstraction that is easier to solve.

Intuitively, a CRSWF game is an imperfect-recall game where there exists a refinement that satisfies two
intuitive properties for any pair of information sets that are separated in the perfect-recall refinement. The
first is that a bijection exists between the leaf nodes of the information set pair such that leaves mapped to
each other pass through the same non-nature actions on the path from the information set to the leaf. This
ensures that the probability of reaching pairs of leaves that map to each other is similar. The second is that
a bijection exists between the nodes in the pair of information sets, such that the path leading to two nodes
mapped to each other passes through the same information set-action pairs over all players except the acting
player and nature. This ensures that the conditional distribution over nodes in the information sets is similar.
Definition 13. For an EFG I, and a perfect-recall refinement T, we say that T is a CRSWF game with
respect to T if for alli € N,I' € T}, 1,1 € P(I'), there exists a bijection ¢ : Z — Zy such that for all
z € 7

1. InT', X_g;01(2) = X_1;01(¢(2)), that is, for two leaf nodes mapped to each other (for these two
information sets in the original game), the action sequences of the other players on those two paths
must be the same in the abstraction.’

2. InTY, X;(2[I], z) = Xi(0(2)[I], 6(2)), that is, for two leaf nodes mapped to each other (for informa-
tion sets I and I in the original game), the action sequence of Player 1 from I to z and from I to o(z)
must be the same in the abstraction.

Our definition implicitly assumes that leaf nodes are all at the same level. This is without loss of
generality, as any perfect-recall game can be extended to satisfy this.

With this definition, we can define the following error terms for a CRSWF refinement I' of an imperfect-
recall game IV foralli € N, I' € T/, I,] € P(I'),z € T

ui(z) — (5Ijui(gb(z))) < e?j(z), the reward error at z, after scaling by d; ; at I.

mo(2[I], 2) — mo(p(2) 1], o( ))‘ = e(; #(2) , the leaf probability error at z.
mo(z[1]) _ mo((2)[])

mo(1) o (1)
The scaling term §, N does not affect the abstract game; it can be chosen by the user to minimize the bounds
proved later. The reward error uses an inequality rather than equality because the error at a leaf node can
vary by player.

Instead of our probability and distribution error terms, Lanctot et al. [2012] require 7o (2) = I; ymo(¢; 7(2)),
where [ I is a scalar defined on a per information set pair basis. We omit any such constraint, and instead
introduce probability and distribution error terms as above. Our definition allows for a richer class of ab-
stractions. Consider some game where every nature probability in the game differs by a small amount.
For such a game, no two information sets can be merged according to the SWFG definition, whereas our
definition allows such abstraction.

=€ Iu(z[ﬂ) , the distribution error of z[I].

31t is possible to relax this notion slightly: if two actions of another player are not the same, as long as they are on the path (at
the same level) to all nodes in their respective full-game information sets (I and I), they do not affect the distribution over nodes in
the information sets, and are thus allowed to differ in the abstraction.



We define U ;(s) = maxien, zez, ui(z) + e?‘ 7(2), the maximum utility plus its scaled error achieved at
any leaf node. This will simplify notation when we take the maximum over error terms related to probability
transitions.

We now define additional aggregate approximation error terms. These will be useful when reasoning
inductively about more than one height of the game at a time. We define the reward approximation error
ef ;(s) for information sets 7, I € P(I') and any node s in I to be

)

e?f(z) ifdzeZ:z2=s
ef”j(s) = ZaeAs oo(s, a)e?j(tfl) if s € Sy ,
maXgeA, eﬁf(tj) ifs¢ SoNns¢ Z

We define the fransition approximation error e? ;(s) for information sets 7, I € P(I') and any node s in I
to be ’

6? 7(s) = max Z e?j(z)ﬂlj(s)

aeXx?b _
ac *O(S) 2€Z¢

)

We define the distribution approximation error for an information set pair 1, Ie P(I') to be

€= Zeff(s)@ ().

sel

Figure 4.6 shows two subtrees of an example game tree. Dotted lines with arrow heads show a CRSWF
abstraction of the game. First consider the left node for P2, which maps to the right P2 node. It has distri-
bution approximation error of zero (as is always the case for singleton information sets). It has transition
approximation error of 0.2-10 = 2 (the maximizing sequences of player actions @ are [a, ] or [a, r]). Finally,
the node has reward approximation error 1 - 0.5, since the biggest utility difference between nodes mapped
to each other is 1, and the definition of reward approximation error allows taking a weighted sum at nature
nodes. Now consider the leftmost information set for P1. The distribution approximation error at this infor-
mation set is 0.2 - 10, since the conditional probability of being at each of the two nodes in the information
set differs by 0.1 from the node in the information set that it is mapped to. The transition approximation
error is zero for both nodes in the information set. The reward approximation error is zero, since all leaf
nodes under the information set are mapped to leaf nodes with the same utility.

4.2.3 Strategies from abstract near-equilibria have bounded regret

To prove our main result, we first show that strategies with bounded regret at information sets in CRSWF
games have bounded regret at their perfect-recall refinements.

Proposition 7. For any CRSWF game 1", refinement T, strategy profile o, and information set I' € T’ such
that Player i has bounded regret r(I', a) for all a € Ay, the regret v(I,a*) at any information set I € P(I’)
and action o € Ay is bounded by

*) < . ! % ﬂ-a(s) 0 R D
r(I,a*) _Iug)ag)él’ﬁ(l ,a )—i-ZZ (eLI(S) +(—:I7I(s)> +ey
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Figure 4.6: Two subtrees of a game tree. Information sets are denoted by dotted lines. A CRSWF abstrac-
tion is shown, with merged information sets and their node mapping denoted by dotted lines
with arrowheads. All actions are mapped to their corresponding upper/lower-case actions in the
merged information sets.

Intuitively, the scaling variable § 7,7 ensures that if the regret at I’ is largely based on some other infor-
mation set, then the regret is scaled to fit with the payoffs at 1.

With this result, we are ready to prove our main results. First, we show that strategies with bounded
regret at each information set in CRSWF games are e-self-trembling equilibria when implemented in any
perfect-recall refinement.

Theorem 11. For any CRSWF game 1" and strategy o with bounded immediate regret r at each infor-
mation set I' € T where o_;(I') > 0, o is an e-self-trembling equilibrium when implemented in any
perfect-recall refinement I', where € = max;cy €; and

= max 33 27D ( max 5I,fr<fz>+22;ﬁ§§§ (6?,f<s>+fftf<s>)+€?,f>'

N b v
aeXx;(r) jeH, IEDf’j IeP(fr)

This version of our bound weights the error at each information set by the probability of reaching the
information set, and similarly, the error at each of the nodes in the information set is weighted by the prob-
ability of reaching it. This is important for CFR-style algorithms, where the regret at each information set
I only goes to zero when weighted by 77,(I). If one wishes to compute an abstraction that minimizes
the bound independently of a specific strategy profile, it is possible to take the maximum over all player
actions. Importantly, this preserves the probability distribution over errors at nature nodes. In the previous
CFR-specific results of Lanctot et al. [2012], the reward error bound for each information set was the max-
imum reward error at any leaf node. Having the reward error be a weighted sum over the nature nodes and
only maximized over player action sequences allows significantly finer-grained measurement of similarity
between information sets. Consider any poker game where an information set represents the hand that the
player holds, and consider three hands: a pair of aces 14, pair of kings Ik, or pair of twos Io. When the
reward error is measured as the maximum over nodes in the information set, [4 and Ix are as dissimilar
as I 4, I, since the winner changes for at least one hand held by the opponent for both information sets. In
contrast to this, when reward errors are weighted by the probability of them being reached, we get that [ 4
and [x are much more similar than I 4 and I5.

Our proof techniques have their root in those of Section 4.1 as well as the notion of refinements used
by Lanctot et al. [2012]. We devise additional machinery, mainly Proposition 7 and the notion of CRSWF
abstractions, to deal with imperfect recall. In doing so, our bounds get a linear dependence on height for the
reward approximation error. The prior bounds [Kroer and Sandholm, 2014] have no dependence on height
for the reward approximation error, and are thus tighter for perfect-recall abstractions.



In general, it is known that imperfect-recall games are harder to solve than perfect-recall games: In
the two-player zero-sum case, the problem is NP-hard Koller and Megiddo [1992]. However, our game
class, CRSWF games, is not so broad that it encompasses the type of game used in the proof by Koller and
Megiddo [1992]. More importantly, we are not necessarily interested in solving the imperfect-recall game.
Ultimately, we wish to find a strategy that we can map back to the original game, and get a good strategy.
Theorem 11 shows that we do not need to solve the imperfect-recall game; we can just compute a strategy
with low regret at each information set. To do this, we can employ the CFR algorithm, similar to Lanctot
et al. [2012].

We now show a second result, which concerns the mapping of Nash equilibria in CRSWF games to
approximate Nash equilibria in perfect-recall refinements.

Theorem 12. For any CRSWF game I and Nash equilibrium o, o is an e-Nash equilibrium when imple-
mented in any perfect-recall refinement I, where ¢ = max;cn €; and

€, = max Z Z w7, (I) ( max)QZ; 77:022 (6?,f(8) —I-Efj(s)) +e?j> :

— b 2
aeX;(r) JEH: jepid IeP(fr

For practical game solving, Theorem 11 has an advantage over Theorem 12: any algorithm that provides
guarantees on immediate counterfactual regret in imperfect-recall games can be applied. For example,
the CFR algorithm can be run on a CRSWF abstraction, and achieve the bound in Theorem 11, with the
information set regrets 77, (I)r( fr) decreasing at a rate of O(/(7")). Conversely, no good algorithms are
known for computing Nash equilibria in imperfect-recall games.

4.2.4 Complexity and algorithms

We now investigate the problem of computing CRSWF abstractions with minimal error bounds. First, we
show that this is hard, even for games with a single player and a game tree of height two.°

Theorem 13. Given a perfect-recall game and a limit on the number of information sets, determining
whether a CRSWF abstraction with a given bound as in Theorem 11 or 12 exists is NP-complete. This holds
even if there is only a single player, and the game tree has height two.

The hardness proof is by reduction from clustering, which also hints that clustering techniques could
be used in an abstraction algorithm within our framework. Performing abstraction at a single level of the
game tree that minimizes our bound reduces to clustering if the information sets considered for clustering
satisfy Conditions 1 and 2. The distance function for clustering depends on how the trees match on utility
and nature error, and the objective function depends on the topology higher up the tree. In such a setting, an
imperfect-recall abstraction with solution quality bounds can be computed by clustering valid information
sets level-by-level in a bottom-up fashion. In general, a level-by-level approach has no optimality guarantees,
as some games allow no abstraction unless coupled with other abstraction at different levels (a perfect-recall
abstraction example of this is shown in Section 4.1.5). However, considering all levels simultaneously is
often impossible in practice. A medical example of a setting where a level-by-level scheme would work
well is given by Chen and Bowling [2012], where an opponent initially chooses a robustness measure,
which impacts nature outcomes and utility, but not the topology of the different subtrees. Similarly, the
die-roll poker game introduced by Lanctot et al. [2012] as a game abstraction benchmark is amenable to this
approach.

8Sandholm and Singh [2012] already showed hardness of computing an optimal abstraction when minimizing the actual loss of
a unique equilibrium.



We now show that single-level abstraction problems (SLAPs) where Conditions 1 and 2 of Definition 13
are satisfied for all merges form a metric space together with the distance function that measures the error
bound for merging information set pairs. Clustering problems over metric spaces are often computationally
easier, yielding constant-factor approximation algorithms Gonzalez [1985], Feder and Greene [1988].

Definition 14. A metric space is a set M and a distance function d : M x M — R such that the following
holds for all x,y,z € M: (a) d(z,y) > 0(b) d(x,y) = 0 < x = y (identity of indiscernibles) (c) d(x,y) =
d(y, x) (symmetry) (d) d(z,y) < d(z, z) + d(z,y) (triangle inequality) .

Proposition 8. For a set of information sets L™ such that any partitioning of I™ yields a CRSWF abstrac-
tion (with no scaling, i.e. 511 = l,VI,f € I™), and a function d : ™ x I™ — R describing the loss

incurred in the error bound when merging I, I €I™ the pair (™, d) forms a metric space.

Conversely to our result above, if the scaling variables can take on any value, the triangle inequality does
not hold, so (Z™, d) is not a metric space.

Consider three information sets I, I», I3, each with two nodes reached with probability 0.9 and 0.1,
respectively. Let there be one action at each information set, leading directly to a leaf node in all cases. Let
I = {1,2}, I, = {5,11}, I3 = {10, 23}, where the name of the node is also the payoff of Player 1 at the
node’s leaf. We have that I1 and I map onto each other with scaling variable 07, 7, = 5 to get eﬁ L= 1 and
I5,3 with 07, 1, = 2, eﬁ[g = 1. However, I and I3 map onto each other with ¢;, 7, = 10 to get 6?1713 =3
which is worse than the sum of the costs of the other two mappings, since all reward errors on the right
branches are multiplied by the same probability 0.1, i.e., 0.1 - eﬁb +0.1- egyfg <0.1- eﬂh.

The objective function for our abstraction problem has two extreme versions. The first is when the
information set that is reached depends entirely on players not including nature. In this case, the error bound
over the abstraction at each level is the maximum error of any single information set. This is equivalent to
the minimum diameter clustering problem, where the goal is to minimize the maximum distance between
any pair of nodes that share a cluster; Gonzalez [1985] gave a 2-approximation algorithm when the distance
function satisfies the triangle inequality. Coupled with Proposition 8 this gives a 2-approximation algorithm
for minimizing our bound on SLAPs. The other extreme is when each of the information sets being reached
differ only in nature’s actions. In this setting, the error bound over the abstraction is a weighted sum of the
error at each information set. This is equivalent to clustering where the objective function being minimized
is the weighted sum over all elements, with the cost of each element being the maximum distance to any
other element within its cluster. To our knowledge, clustering with this objective function had not been
studied in the literature, even when the weights are uniform, prior to our introduction of this objective
function. However, inspired by the problem-setting presented in this chapter, Gupta et al. [2016] developed
approximation algorithms for this problem based on a pre-publication manuscript of our work.

In its most general setting, the objective function can be thought of as a tree, where a given leaf node
represents some information set, and takes on a value equal to the maximum distance to any information set
with which it is clustered. Each internal node either takes the maximum or weighted sum of its child-node
errors. The goal is to minimize the error at the root node. In practice, integer programs (IPs) have sometimes
been applied to clustering information sets for EFG abstraction [Gilpin and Sandholm, 2007a, Gilpin et al.,
2007] (without bounds on solution quality, and just for perfect-recall abstractions), and are likely to perform
well in our setting. An IP can easily be devised for any objective function in the above form.

For abstraction problems across more than a single level, Proposition 8 does not give any guarantees.
While the result can be applied level-by-level, the abstraction performed at one level affects which informa-
tion sets are valid for merging at other levels, and thus the approximation factor is not preserved across the
levels.
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Figure 4.7: Regret bounds for varying SLAP sizes in DRP. The x-axis shows the number of information
sets in the abstraction, and the y-axis shows the theoretical bound on soluation quality. The total
number of information sets in the original game is 36

4.2.5 Experiments

We now investigate what the optimal SLAP bounds (in terms of Theorem 12) look like for the die roll poker
(DRP) game, a benchmark game for testing abstraction [Lanctot et al., 2012]. Die-roll poker is a simple two-
player zero-sum poker game where dice, rather than cards, are used to determine winners. At the beginning
of the game, each player antes one chip to the pot. The game then consists of two rounds. In each round,
each player rolls a private die (making the game imperfect information). Afterwards a betting round occurs.
During betting rounds, a player may fold (causing the other player to win), call (match the current bet), or
raise by a fixed amount, with a maximum of two raises per round. In the first round, each raise is worth two
chips. In the second round, each raise is worth four chips. The maximum that a player can bet is 13 chips,
if each player uses all their raises. At the end of the second round, if neither player has folded, a showdown
occurs. In the showdown, the player with the largest sum of the two dice wins all the chips in the pot. If the
players are tied, the pot is split.

DRP has the nice property that abstractions computed at the bottom level of the tree satisfy the conditions
of Definition 13. At heights above that one we can similarly use our clustering approach, but where two
information sets are eligible for merging only if there is a bijection between their future die rolls such that the
information sets for the future rolls in the bijection have been merged. A clustering would be computed for
each set in the partition that represents a group of information sets eligible for merging. In the experiments
in this paper we will focus on abstraction at the bottom level of the tree. We use CPLEX to solve an IP
encoding the SLAP of minimizing our bound given a limit on the number of abstract information sets. The
results are shown in Figure 4.7. For one or two clusters, the bound is bigger than the largest payoff in the
game, but already at three clusters it is significantly lower. At eight clusters, the bound is smaller than that
of always folding, and decreases steadily to zero at eleven clusters (the original game has 36 information
sets). While these experiments show that our bound is relatively small for the DRP game, they are limited in
that we only performed abstraction at a single level. If abstraction at multiple levels is performed, the bound
is additive in the error over the levels.

Another important question is how well strategies computed in abstractions that are good—as mea-
sured by our bound—perform in practice. Lanctot et al. [2012] conducted experiments to investigate the
performance of CFR strategies computed in imperfect-recall abstractions of several games: DRP, Phantom
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Figure 4.8: Log-log plots of the sum of the two players’ regrets as a function of CFR iterations on the
bound-minimizing abstraction of CDRP. The legends give the amount of correlation in the die
rolls of the different CDRP games on which we ran experiments. The horizontal lines show the
respective ex-ante regret bound of Theorem 12 for each of the CDRP games. (In the first game
on the left where the correlation is zero, the abstraction is lossless, so the horizontal line (not
shown) would be at zero.)

tic-tac-toe (where moves are unobserved), and Bluff. They found that CFR computes strong strategies in
imperfect-recall abstractions of all these games, even when the abstraction did not necessarily fall under
their framework. Their experiments validate a subset of the class of CRSWF abstractions: ones where there
is no nature error. Due to this existing experimental work, we focus our experiments on problems where
abstraction does introduce nature error. One class of problems where such error can occur are settings
where players observe imperfect signals of some phenomenon. For such settings, one would expect that
there is correlation between the observations made by the players. Examples include negotiation, sequential
auctions, and strategic acquisition.

DRP can be thought of as a game where the die rolls are the signals. Regular DRP has a uniform
distribution over the signals. We now consider a generalization of DRP where die rolls are correlated:
correlated die-roll poker (CDRP). There are many variations on how one could make the rolls correlated;
we use the following. We have a single correlation parameter ¢, and the probability of any pair of values
(v1, v2), for Player 1 and 2 respectively, is m — ¢|v; — va|. The probabilities for the second round of
rolls is independent of the first round. As an example, the probability of Player 1 rolling a 3 and Player2
rolling a 5 with a regular 6-sided die in either round would be % — 2c. We generate DRP games with a
4-sided die and ¢ € {0,0.01,0.02,0.03,0.04, 0.05,0.06,0.07}.

For each value of ¢, we compute the optimal bound-minimizing abstraction for the second round of
rolls, with a static mapping between information sets such that for any sequence of opponent rolls, the
nodes representing that sequence in either information set are mapped to each other. The bound cost of
the mappings is precomputed, and the optimal abstraction is found with a standard MIP formulation of
clustering. After computing the optimal abstraction for a given game, we run CFR on the abstraction, and
measure the regret for either player in terms of their regret in the full game. Figure 4.8 shows the results of
these experiments. On the x-axis is the number of CFR iterations. On the y-axis is r; + ro, where r; is the
regret for Player ¢ for the strategy at a given iteration. Furthermore, the horizontal lines denote the regret
bound of Theorem 12 for an exact Nash equilibrium. On the left in Figure 4.8 is shown the results for the
four smallest values of ¢, on the right the four largest values. As can be seen, CFR performs well on the
abstractions, even for large values of c: when ¢ = 0.7, a very aggressive abstraction, the sum of regrets still



goes down to ~ (.25 (for reference, always folding has a regret of 1). We also see that for ¢ > 0.2, the
regret stops decreasing after around 1000 iterations. This is likely where CFR converges in the abstraction,
with the remaining regret representing the information lost through the abstraction. We also see that our
theoretical bound is at the same order of magnitude as the actual bound even when CFR converges.

4.2.6 Discussion

In this section, we proved bounds for abstractions obtained through merging information sets. The perfect-
recall results of Section 4.1 also allow abstraction by removing actions available to players. The following
approach can be adopted for imperfect-recall abstraction with such branch removal, while still obtaining
solution-quality guarantees. First, a valid perfect-recall abstraction is computed, where the desired branches
are removed. The results by Section 4.1 give bounds on the solution quality of equilibria computed in this
abstraction. An imperfect-recall abstraction can then be computed from this perfect-recall abstraction, with
our results providing bounds on solution quality for this step. Solution quality bounds can then be achieved
for the final abstraction by taking the sum of the bounds for the two steps. It is likely that tighter bounds
could be derived by analyzing the distance between the original game and the final abstraction directly. We
leave this as future research.

An important avenue for future research is how to merge the solution-quality bounds obtained in this
work with practical algorithms for generating abstractions. We showed how single-level abstraction prob-
lems can be addressed. For multi-level abstraction, a similar approach can be adopted, but where the ab-
straction is either computed greedily level-by-level, or using IP or search algorithms that ensure that the
abstraction satisfies Conditions 1 and 2 of Definition 13 across levels.

4.3 Discretizing continuous action spaces

4.3.1 Introduction

The computational EFG literature has largely focused on games where the action spaces are discrete at
every node of the game. Indeed, most algorithms for solving extensive-form games require this (e.g. von
Stengel [1996], Zinkevich et al. [2007], Lanctot et al. [2009], Hoda et al. [2010], Pays [2014]). (One notable
exception to this was introduced by Johanson et al. [2012], where a technique was demonstrated for handling
continuous action spaces for nature in a fairly restricted sense.) However, not all games encountered in
practice are discrete. Sources of continuity include noise (e.g. Gaussian) being modeled by a nature node,
bid sizes in auctions, betting sizes in no-limit poker games, type profiles in mechanism design, and power
levels in jamming games.

In the past, such continuity has largely been handled by heuristic discretization, with no theoretical
guarantees on solution quality. In contrast, we develop the first general bounds on solution quality for
discretizations of continuous action spaces in a very broad class of games. Building on our results on
perfect-recall abstraction in Section 4.1, we show how to discretize continuous action spaces in a way that
gives theoretical bounds on solution quality when using any Nash equilibrium computed in the discretized
game to form a strategy in the full (continuous) game.

We then proceed to investigate the computation of discretizations that minimize an error bound. We
first formulate the general problem, making only the assumption that the error bound function is monotonic,
which intuitively requires that the error gets worse the farther a point gets from the discrete point to which it
maps. Since our problem formulation consists of linear constraints, this immediately leads to the conclusion
that convex error functions can typically be minimized in polynomial time. We then go on to consider error
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Figure 4.9: An example of a game tree with the triangle representing a subtree with a continuous action
space at the node.

functions of the form derived in our theoretical solution-quality bounds. We show that when individual
leaf and nature node error functions are linear, and nature always picks uniformly over continuous action
intervals, the bound-minimizing solution is to uniformly discretize each continuous interval. We further
show how to decompose the problem and we develop a general framework for optimizing the decomposed
formulation for convex functions. We then develop a mixed-integer program (MIP) for computing optimal
discretizations when only player action spaces are being discretized and the error functions are piecewise
linear.

4.3.2 Continuous action spaces

We will assume that we are dealing with a game I', where one or more nodes s € S have one or more
continuous action intervals A, . = [as,c, 6570] C A for ¢ € C, where Cs is an index set of the continuous
action spaces at s.

Let S, be the set of nodes in the subtree reached by taking action a € A, . at node s. We assume there
is a one-to-one mapping ¢, ; = ¢4 q between S, and S; for any two actions a,a € A ., where nodes at a
given height map onto nodes at the same height, and the condition of Definition 15 is satisfied. Intuitively,
the condition requires that nodes that are mapped to each other are either (1) in the same information set,
or (2) their information sets contain no nodes from outside the (infinitely large) set of subtrees reachable
by taking actions from Aj . at s, and for any other node in the same information set and same subtree, the
nodes mapped to must similarly be in the same information set.
Definition 15. For any node 5 € S, in the subtree at a € As., we require one of the two following
conditions to hold for all a’:

1. ¢a,a’(§) S Ig
2. I; C Uae[as o Bo.c] Sa, and for any other node 5 € I3, 5 € Sy: ¢a,ar(5) € Iy, ,(3)

For each leaf node 2z € Z;s for some a € Ay ., we assume that the payoff to Player i can be described as
ui(2) = pt(a), where pi = ,ufﬁa’a(z) for all @ € Ay .. Intuitively, all leaf nodes that map to each other have
their payoffs described by the same function, with the actual value depending on the choice of a. Similarly,
the probability of each outcome at each nature node s’ in the subtree rooted at ¢ is described by a function
ps (a) where py = p¢a7&(s’) foralla € Ag .

Since we require a bijection mapping ¢, ; between the subtrees for any two actions a,a € [ov ., B,
for each node s with continuous action interval ¢, the infinitely many subtrees can equivalently be thought
of as infinitely many instantiations of a single game-tree prototype, where payoffs and nature outcome
probabilities are parameterized by the choice of a € [as ., (5], and the information set topology of the
instantiations satisfy Definition 15.



An example game is shown in Figure 4.9. On the left is a game with three players: nature(/V), Player
1 (P1), and Player 2 (P2). Nature first chooses between L and R (with some unspecified fixed probability
distribution). If L is chosen, a discrete subgame is reached. If R is chosen, P1 has a continuous action space
[cr, B]. In the middle and right are shown two specific subtrees under the continuous action space, for P1
choosing actions a,b € [«, 3], respectively. The information set that spans across the trees is an example
of one that satisfies Condition 1 of Definition 15, while the one that does not span across the trees satisfies
Condition 2.

So far we have described our notation in terms of discretizing a single continuous action space at some
node. When there is more than one node with a continuous action space that is being discretized, we have
to consider two groups of nodes with continuous action spaces.

The first group is the set of all nodes s that have one or more continuous action intervals, and s is the first
node on the path from the root to s with a continuous action space. Let the set of all such nodes be S* C S.
These nodes are handled exactly as described above. If there are additional continuous action spaces in the
subtree after taking some action a € A, . for some s, ¢, then the bijections between subtrees simply map
uncountably many nodes.

The second group is the set of all nodes s’ such that there is at least one node-action pair s, a on the path
from the root to s’, where s has a continuous action space A, . such that a € Ag .. Let this set of nodes be
called S? C S. Let @ € R", where n is the number of continuous action spaces leading to s’ and including
the one at ¢, such that a; € [«;, 3;] where [, 3;] is the continuous action space for the i’th node with a
continuous action space on the path to s’. We then require that the payoff and nature functions are functions
of d rather than a single action choice. For fixed choices in the past, the functions then behave exactly as the
functions for nodes in S*.

We fix some ordering of all continuous intervals, and define A = X ;c 5152 (e, As,c to be the Cartesian
product over all continuous intervals. We will use j to denote indices into this ordering I. We let [c;, f3;]
denote the endpoints of interval j € I. From now on we will use @ € A to denote elements of this set. A
discretization is a finite set of points A’ C A. The size |A’| = m is the number of discrete points chosen for
each interval. If fewer than m points are desired for some interval A, . with index j € I, we can simply let
d; = a; for distinct points @,d" € A'. For a node s, we will use @° to refer to the subset of actions taken on
the path to s such that the action is part of a continuous action interval. We will overload the notation of the
payoff and nature error functions so that for a given f or A for a node s, they take elements @ € A as input,
with the implicit understanding that the value of the function depends only on @*. We will let 7y(@) denote
the product of probabilities over each index j into @ such that nature acts at @;.

The game IV = (N, A", S’ Z' /'H, 00, u,Z’) is the discrete extensive-form game obtained by restricting
players to selecting actions that are part of the discretization A’.

4.3.3 Discretization model
Discretization mapping and error terms

We will need to reason about the similarity of the full game I" and the induced game I" for a given dis-
cretization A’. To do this we will require a mapping of the continuous action space onto the discretization:
Definition 16. A discretization mapping is a surjective function g : A — A’ that maps the continuous action
space A onto the discretization A’. We require that g is decomposable, so for all @ € A, g(&@); depends only
on @j. Gy denotes the set of legal discretization maps for a given discretization A'.

The discretization mapping along with the bijections ¢, o forall s € S,c € Cs,a,d’ € A, immedi-
ately defines a mapping of the nodes S onto the nodes S’. Denote this node mapping functionby i : S — S’.



For any node s € SNS’, h(s) = s. Fors € S,s ¢ S’, h(s) is the node in S’ reached by inductively applying
the maps g and ¢5§,g(5s)j at each continuous action space on the path to s.

Due to the constraints in Definition 15, g also leads to an information set mapping, as any two nodes
s1,82 € I for some I must map to the same information set: h(s1),h(s2) € I’ for some I'. We let
f : Z — T’ be this information set mapping.

For all three functions g, h, f we also define their inverses g~ ', h~!, f~1, that return all intervals A C A,
nodes S C S, and information sets Z C Z, respectively, that map onto given @ € A’ s’ € S/, and I’ € T',
respectively. We denote by h; ' (s') the intersection o1 (s') N 1.

Given a discretization mapping g, it will be convenient to define aggregate utility error terms for nodes
of the real game:

maxaeq, €/ ; if s is a player node
€51 = 4 Juca, o0(s, a)e%i if s is a nature node
(@) — pi(g(@))| if s is aleaf node

Similarly, we define aggregate error terms for nature error. We define the nature distribution error of an
information set I and node s’ € f(I) to be

o |Jeenri o) ais)

TSI a0 ah(f(D)

This is the difference between nature’s probability of reaching s’ and its probability of reaching any node
in hl_l(s’ ), normalized by the probability of reaching the given information sets. The nature error for
information set [ is

6(]) = E 6?,8’
s'ef(I)

For a nature node s at height k& € H, and s’ = h(s), we define the nature action o’ € Ay error and node
error to respectively be

The nature error at height & is

Q0 Jrez, 7)€y if k & Ho
F fsesk m(s)ey ifk € Hy

[V N

Finally, we let W = max;eN,zez ui(z) be the maximum payoff at any leaf node.

Strategy mapping

Once a Nash equilibrium has been computed in the discretized game, we need to define a way of converting
that strategy profile to a strategy profile for the full game. We perform this mapping in the following simple
way. Since all subtrees under discretized intervals have the same shape (based on how we defined the
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Figure 4.10: An overview of our discretization approach.

discretization problem in Section 4.3.2) and thus same number of actions, we can simply implement the
same strategy that we computed for a given discretized subtree at all subtrees that map to it. Specifically,
let o’ be the strategy profile computed for the discretized game. Then for each real node s € S, we set
o(s,a) = o’(h(s),a’), where a’ is the action at s that leads to h(t5). For continuous intervals, we simply
pick each discrete point a with the probability that it was chosen in the discrete game, and every other action
with probability zero. This mapping yields a strategy profile that satisfies the following property, which we
will use to derive bounds later:

Proposition 9. For a strategy profile o’ computed in a discretized game T, our method of strategy conver-
sion leads to a strategy profile o for the full game I so that for any information set pair I,1' such that I
maps onto I', c_o(I) > 0, and o;(I) > 0,

4.3.4 Overview of our approach

Given some game with continuous action spaces, the goal in this work is to pick a finite set of points for
each continuous action interval. This will induce a finite extensive-form game. A (potentially approximate)
Nash equilibrium is then computed in the discrete game. The computed Nash equilibrium is then mapped
to a strategy profile in the full (continuous) game. Figure 4.10 illustrates the approach.

Under reasonable assumptions, we will derive solution quality bounds for any Nash equilibrium com-
puted in the abstraction when implemented in the full game. More specifically, we will show that such
strategy profiles constitute e-Nash equilibria in the full game, where the € depends on the error terms we
defined in the previous section. These results are anlogous to the solution-quality results for perfect-recall
abstraction in Section 4.1.



4.3.5 Discretization quality bounds

We start by showing an error bound on solution quality for any given discretization and discretization map-
ping, leveraging Theorem 7.

Theorem 14. For any game " with continuous action spaces A that satisfy the constraint given in Defini-
tion 15, discretization A’ C A, and discretization mapping g : A — A’, any Nash equilibrium o computed
in I constitutes an e-Nash equilibrium when implemented in T', where

€= max{2e§i + Z GQW} +2 Z W
’ keH; keHo

The bounds as given here are in their most general form. In particular, the two nature error terms
> ke, eOWand2), eHo €)W are not given in terms of the functions p; that describe the change in nature
outcome probabilities. 62 can easily be bounded for all k£ in H; and Hg respectively:

& < / ~(I) / r0(@) — mo(@”)
I€T,, s€hy'(s")

=&

s'ef(I)

/ oo(s,a) —oo(s',a’)| = ﬁ,g
aeg;l(a’)

€ < / m(s)
SESK

This gives the following corollary:

a’EAS/

Corollary 1. For any game I" with continuous action spaces A that satisfy the constraint given in Defini-
tion 15, discretization A’ C A, and discretization mapping g : A — A’, any Nash equilibrium o computed
in I constitutes an e-Nash equilibrium when implemented in T', where

€= max{2€§i + Z W} +2 Z gw

keH; keHo

The 52 terms do not diverge. While an infinite sum is taken in both cases, the terms are probability
weighted, and [; ., (1) =1, [,. 7(s) = 1. Since we are dealing with probability distributions, we can
take the maximum over Zj, or Si. In practical settings, it may be desireable to take several maxima. First,
in the current form of both Theorem 14 and Corollary 1, the bound depends on the strategy profile of the
players, not just nature. To make the bound independent of player actions, one can take the maximum over
player actions. Second, instead of computing the infinite sum of errors over Z; or S, it may be useful to
take the probability-weighted sum of errors over discrete points, and then compute the maximum error over
each discrete point.

4.3.6 Discretization algorithms

In this section we consider general bounded discretization problems that are largely independent of the
specific error bound to be minimized. This means that our algorithms will apply to the results from Sec-
tion 4.3.5, and also to any (potentially stronger or more general) bounds obtained in the future, as long as
they fall under the setting described in Section 4.3.6.



Optimal discretization as an optimization problem

We consider a more general class of problems than those described in Section 4.3.2. We consider a game
I" where one or more s € .S has a continuous action space. We again let A be the set of all intervals to be
discretized with index set I and let d’é» refer to the k; discrete points chosen for interval j. We assume the

points in the discretization are ordered, so cfé < 62“ forall j € I,1 € [k;].

We start by formulating the optimization problem very generally. We assume that we have an error
bounding function ¥ : A¥ x G4 — R that takes as input a discretization A’ and discretization map g and
returns a real-valued error bound ¥(A’, g). We make two innocuous assumptions about ¥ to represent the
natural condition that the error increases the further an actual point is from the discrete point to which it
maps.

First each point maps to its nearest lower or upper discrete point. Formally, for all j € I, and any point

ag, a <aq < 6”1 not in the discretization, ¥ is minimized at g(a;) = a or g(a;) = 62“

Second, for all j € I, and any two points ay, a;, aé <aq < aq < aé“ not in the discretization, if
VU is minimized when g(a;) = d’l» then ¥ is minimized when g(q;) = d’é-, and if ¥ is minimized when
gla;) = l+1 then ¥ is m1n1m1zed when g(a;) = alJrl

We w1ll say that an error function W that sat1sﬁes our two assumptions is monotonic. Given a monotonic
U and a discretization A’, the optimal mapping for each interval j € I can be determined by finding the
splitting point between each interval [c‘ig, é’é“

- . . . _,l_;’_l
a; and right side is mapped onto @;" .

] such that the left side of the splitting point is mapped onto

For each interval j € I, we introduce real-valued variables c_ié € Aj,l € [kj]and g7, 7 € [kj — 1],
where k; is the desired number of discrete points for interval A;. The variables Eié represent the discrete

points, while g; represents the point between &’ a;j and _’]r'H that separates the interval, such that the points in
the interval [ as, g]} map onto @; and the points in the interval [g;, _’TH} map onto a a7 1. Since any set of

values for @ ,g overall j €I, l € [kj], 7 € [k; — 1] completely specifies a discretization and discretization
mapping, We let A! | g, denote the discretization and mapping obtained by a solution. The feasible set of
this problem is

iy < a;tt Viel,le[k—1]
ai<gl<at vielrelk—1
F={alg, 0= =% Y (k= 1] 4.13)
a; € A Vjel,l e k]
g; €A Viel,relkj—1]

With this notation, we arrive at the most generic form of the optimal discretization problem for mono-
tonic error functions:

min {W(A}, g,) : (A}, g) € F} (4.14)

Setting £ = 1, one can see that this is equivalent to minimizing any function, so this general form will
not get us far. Fortunately, there is often further structure in practical games. In the rest of the algorithms
section, we will consider various forms of structure that enable us to design efficient algorithms for finding
good discretizations.

Convex error function The constraints specified in (4.13) are all linear. Thus, if ¥ is convex, solving
(4.14) becomes a convex minimization problem over linear constraints. These are solvable in polynomial



time under mild assumptions [Ben-Tal and Nemirovski, 2001]’. Perhaps more importantly, large subsets of
this class of error functions have practically efficient solution methods—e.g., an error function that is conic-
quadratic or semi-definite representable (Ben-Tal and Nemirovski [2001] give a thorough discussion of such
representability), smooth, or non-smooth with certain structure [Nesterov, 2005b, Beck and Teboulle, 2012].

Decomposable error function

In Section 4.3.5, we considered error functions that are a mixture of maximums (player nodes) and probability-
weighted sums (nature nodes) of the error functions at individual nodes. We now consider how to (recur-
sively) represent such error functions using linear inequalities, for the purpose of computation.

Let & : Aj x g; — R be an error function that gives the error incurred at interval j € I when choosing
discretization A;- and mapping g; at A;. Recursively taking the maximum or weighted sum can be imple-
mented by recursively applying the following linear inequalities, where variable es represents the error at a
given node or information set d:

es > Z ao(s,a)es
a€As

£= 4.15)

€s > Iax €s
acAs ¢

€s 25]

The same linear formulation can also be used to formulate the error bound in the case where £ : A x g are
functions that give the error for each leaf and nature node. In a slight abuse of notation, we denote the set of
error function solutions described in (4.15) by £.

If each error function £; depends only on the subset of A that consists of interval j and any descendant
intervals, the discretization problem can be decomposed: find each interval j € I that is the first continuous
interval from the root to the interval. Each such interval, along with its subtrees and any intervals therein,
can be minimized separately.

Minimizing our bound

We will now study the game class that satisfies Definition 15 and minimization of the bound given in Corol-
lary 1. We will consider various types of error functions.

Linear error functions In this section we consider games I' where the utility and nature outcome dis-
tribution functions pu,, ps, at all z € Z, s € S that are descendants of a continuous interval, are Lipschitz
continuous with Lipschitz constant L /.. This encompasses two important practical classes of game: (1) all
the functions w and p are linear, and (2) the functions are non-linear but the bound being derived is based on
knowing (only) that the functions are Lipschitz continuous.

If all continuous intervals at nature nodes have a uniform distribution, we get the following simple
results: all intervals should be discretized into uniform interval sizes.

Theorem 15. For a game I" with continuous action spaces A, where each utility and nature outcome dis-
tribution function is Lipschitz continuous with constant L, for each leaf z or nature node s, and all
continuous nature intervals are uniformly distributed, the bound-minimizing k;-point discretization at each

7 A heavily updated version of this book is at http: //www2.isye.gatech.edu/-nemirovs/.
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interval A; is:

ag.:aj+<l—;>'<ﬁj;jo‘j) Vi € [kj]

g]T-:ozj—f—T-(ﬁj_aj) VT € [k — 1]
kj
We will call this a uniform discretization.

When the conditions of the above theorem do not hold, the decomposition results from Section 4.3.6
and the recursive linearization (4.15) still apply. In the following two subsections, we leverage this fact.

Convex error functions As we pointed out above, taking the maximum, sum, and integral all preserve
convexity. Thus, if the error

|n=(a) = p=(a)| or |ps(a) — p(d)]

at each leaf or nature node can be represented by a convex function, the linear constraints in (4.15) can be
used to represent the overall error as a convex function. As discussed in Section 4.3.6, this would, depending
on the specific structure, allow the application of various efficient polynomial-time methods. We do not give
specific algorithms here, but merely point out that optimal solutions can be found in polynomial time. In
practice, the specific choice of which polynomial-time algorithm to apply should be informed by the exact
structure of the error functions of the given game.

Piecewise linear error functions We now consider piecewise linear utility error functions and piecewise
linear nature probability error functions for discretizing continuous player action intervals. We do not con-
sider discretizing nature actions here because even with linear functions and a uniform nature distribution,
discretizing nature intervals would lead to quadratic error, as shown in the proof of Theorem 15. Even if the
actual error functions are not piecewise linear, this can be used for arbitrarily accurate approximation.

Finding a bound-minimizing discretization, subject to a limit on the number of discretization points,
is NP-hard. This is easily seen from Theorem 9, and representing their discrete game-abstraction problem
using a step function.

However, it can be represented by a MIP, where the number of binary variables is equal to the number
of pieces summed over all functions. This number can be significantly decreased if the interval pieces over
the different functions p, p under some interval j € I align. We use the same variable formulation Ez’é-, gé-
as defined in (4.13), and the feasible set F remains the same. Consider an interval j € T and the set of
points where some function in the subtrees at j changes piece. This set of points divides the interval [, (;]
into pieces. Let P; be an index set into these pieces. The size of PP; is clearly bounded by the sum of
pieces in functions in subtrees at j. We introduce a Boolean variable b;”l, c}’T for each v € P;, I € [kj],
and 7 € [k; — 1], representing whether 62, g7 fall into the interval representing piece v € P;, respectively.

’Y7l YT\ s = .
When b, (c;"") = 1, we restrict @; (g7 ) as follows:
b o 1
a',y-b;Y <d aé»S,B;-YJr(ﬁj*ﬁ;)-b}

The sum ) | € bj.’l = 1 ensures that only one interval is chosen. The constraints for c;-”, g; are completely

analogous. For each leaf node z with piecewise payoff function 417, and [ € [k;], we can then introduce price



variables p! , plz(&’é), Pl (gé) € R, with the latter two for the interval [6§-, gﬂ , and constrain them linearly as
follows:

. >pi(gh) — pl(d})
P =1 phlg) 2pl(g)) — M -7 Yy ePy (4.16)
pL@) <pl(@) + M0y vy e P,

This is correct for sufficiently large M/ € R. We now have variables pi representing each error function
for the discrete points, and can apply the linear constraints from (4.15) to get a linear representation of the
overall error. Thus we get the following MIP, where e; is the objective value at the root according to (4.15):

7300

min {er Lo €&, (A, g,) € FNP,B T € {0, 1}} 4.17)

4.3.7 Applications

In this section, we discuss some applications of our results. We will focus on three recent problems that have
included continuity in their problem formulation, or discretized away continuity: robust policy optimization
under parameter uncertainty Chen and Bowling [2012], security games Yin and Tambe [2012], Kiekintveld
et al. [2011], Marecki et al. [2012], and sequential wifi-jamming under battery constraints DeBruhl et al.
[2014].

Chen and Bowling [2012] propose the use of zero-sum extensive-form game solving as a way of tractably
computing optimally robust policies for Markov Decision Processes (MDPs) with parameter uncertainty.
They design robustness criteria that can be implemented via nature first sampling parameter instances, and
an opponent then choosing the worst of these. This sampling by nature was necessary in order to get games
where the action space for the players is finite. Now, with our discretization-quality results, it is possible
to use a broader class of robustness measures that allow continuous action spaces, while obtaining solution
quality bounds.

Several papers have investigated continuous settings for security games. These have been for single-
shot Kiekintveld et al. [2011], Yin and Tambe [2012] or repeated Bayesian Stackelberg games Marecki et al.
[2012]. Since our framework is for the more general setting of extensive-form games, our solution-quality
bounds apply to all these settings. Furthermore, they would also apply to more sophisticated models that
include both sequential actions and imperfect information. Marecki et al. [2012] mention as future work the
setting where the follower also behaves strategically. Our results immediately yield solution quality bounds
for discretizations for this setting.

Another area with continuity is wifi jamming. In recent work, sequential-interaction models were intro-
duced for this domain DeBruhl et al. [2014]. These models employ discretized action spaces, where both
the jammer and transmitter have a (small) finite set of possible power levels to transmit at. However, this is
an abstraction of reality, where software-defined radios mean that action spaces can be continuous (at least
up to the bit-precision of the hardware). Using the techniques developed in this paper, we can give solution
quality bounds on the utility loss obtained from considering only a discrete number of possible power levels
(possibly by padding the game tree with dummy actions to satisfy Definition 15). DeBruhl et al. [2014] also
mention that in a more realistic model, both transmitter and jammer would be modeled as observing only
noisy signals of the actions taken by the other player. Since these observations would be of a continuum,
the noise would likewise be continuous. The discretization quality bounds derived here would immediately
apply to this setting.



4.3.8 Differences to abstraction practice in poker

We have already discussed how our framework can be used to give theoretical bounds on solution quality in
practical scenarios. In particular, we showed that a uniform discretization is optimal for linear error functions
(for discretizing nature this required a uniform distribution over the continuous action space). This stands
somewhat in contrast to how practical abstractions are created for poker.

Consider no-limit Texas hold’em (NLHE). This game is the premier testbed for (discrete) extensive-
form game solving algorithms [Sandholm, 2010]. Each year, the Annual Computer Poker Competition is
held, where research groups submit highly-tuned poker-playing programs. The winning programs are based
on computing Nash equilibrium approximations in abstractions of the full extensive-form game [Sandholm,
2010].

In NLHE, at each betting step, the acting player may bet any amount from the minimum bet to their entire
stack of chips. To handle this action space, the top agents devise betting abstractions. These are completely
analogous to the discretizations considered in this paper. The payoff functions under the subtrees are all
linear in the specific actions chosen. At a cursory glance, one might say that Theorem 15 suggests that
the optimal discretization would be uniform. However, the discretizations employed by the poker bots are
more akin to a geometric progression. For example, Brown et al. [2015] describe using a betting abstraction
consisting of 0.5,0.75,1,1.5, 2 and 5 times the pot size, as well as the all-in action. At the start of betting,
all-in is approximately 133 times the pot size. Both examples and experiments by Ganzfried and Sandholm
[2013] support the idea that the uniform mapping is not optimal.

A potential explanation for this is that the subtrees reached for different choices of bet size technically
do not fall under the constraints of Definition 15. Consider a group of bets, say raising in the range of [1, 2]
(here we consider continuous bets in this small continuous range due to ease of exposition, one can construct
similar examples with larger integer ranges) with a stack size of 2.5. The subtree where the player bets 2
exists as a subset of the subtree at every other betsize. These subsets all map to each other in a way that
obeys Definition 15. However, if the player bets 1 instead, the opponent may reraise by 1, in which case the
agent can call. This scenario does not exist when betting 2, as the player already bet her entire stack. For
any two bet sizes a1 < ao, these discrepancies due to extra actions exist. To resolve this issue, one could
pad the tree with extra actions such that Definition 15 is satisfied, but it is unclear how this would interact
with the solution-quality bound, and could thus lead to nonoptimality of the uniform discretization.

4.3.9 Conclusions

We analyzed the problem of developing solution-quality bounds for discretization of extensive-form games
with continuous action spaces. To our knowledge, we developed the first such bounds. We developed bounds
for a very general class of continuous games: ones where there is a finite set of prototype trees, such that
the instantiation of a given prototype has its nature probability outcomes and utilities parameterized by the
choice on the continuous intervals. We developed bounds both where they depend on the specific Nash
equilibrium (Theorem 14) and where they are independent of the Nash equilibrium chosen (Corollary 1).
We then considered the problem of computing bound-minimizing discretizations. First we developed
very general bound-minimization formulations that allow a broad class of error-bounding functions. We
discussed how such functions can be minimized in polynomial time when they are convex. We then consid-
ered the more specific problem of minimizing our bound developed for Corollary 1. For the case where all
utility error and nature probability error functions are Lipschitz continuous (without additional structure),
and nature chooses uniformly over each continuous interval, we showed that the bound-minimizing solution
is to discretize uniformly. For the case where the error functions at individual nodes can be represented



by convex functions, we showed how to generate a convex optimization formulation of the overall prob-
lem. We also developed a MIP for piecewise linear error functions, which can also be used for arbitrarily
accurate approximation. We also showed how the problem can be decomposed into separately optimizable
components.

Ganzfried and Sandholm [2013] dicuss randomized mappings, where each real point has a probability
distribution over which of its nearest discrete points it maps to. Their experiments strongly suggest that such
randomization is desirable. Incorporating randomized mappings in our work could potentially lead to better
discretizations, almost certainly in practice, and potentially also in theory. We leave this as future research.

4.4 Proposed work

While the above lines of work have provided much-need theoretical foundations for the area of abstraction in
EFGs, there is still a lot of work to do in order to bridge the gap to practical abstraction work. All algorithms
mentioned in the preceding section require either 1) solving an integer program whose size is on the order of
magnitude of the game tree (this can be improved to just the signal tree for games of ordered signals) [Kroer
and Sandholm, 2014], or 2) solving for abstractions level-by-level with prohibitively strong constraints on
the type of abstraction allowed [Kroer and Sandholm, 2016a].

The main issue facing our theoretical framework (as well as that of Lanctot et al. [2012]) is that when we
consider a pair of information sets I, I’ for merging, we require some form of mapping between the nodes
in the two information sets. In this mapping, we require that any pair of nodes s € I, s’ € I’ that map to
each other have the same path of information set-action pairs, over all players for perfect recall (this is, at
least, the most obvious way to satisfy Definition 9), over the opponents in the past and over all players in
the future for imperfect recall (explicitly required by Definition 13).

An example from a small poker game can elucidate this. Consider a poker game with three cards: king,
queen, and jack. For an information set representing us holding a king, there will be nodes representing our
opponent holding a queen or jack. Similarly if we are holding a queen, our opponent has to have a king or
jack. If we want to merge our two information sets for king and queen, it is clear that the two jack nodes
can map to each other. But if we want to satify the constraints in Definitions 9 and 13, the king and queen
nodes cannot map to each other immediately, as they are on different information set-action pair paths for
our opponent. Instead, we are then required to also perform this abstraction for our opponent. In a bigger
game, these constraints end up making the space of feasible abstractions very small.

We propose developing practical methods for computing abstractions, while retaining bounds on the
solution quality. We propose two different directions that could potentially achieve this:

® By allowing additional worst-case assumptions about paths such as the ones described above. This

will allow a trade-off between 1) allowing more flexible abstraction that violates the prior constraints,
and 2) deteriorating the solution quality bound, as these violations would lead to worse bounds. This
will greatly expand the set of feasible abstractions, thereby potentially making the computational
problem easier. In the best-case scenario, this new framework will allow analysis of a general level-
by-level abstraction algorithm. Either this will be achieved by analyzing existing level-by-level algo-
rithms such as Ganzfried and Sandholm [2014] or by developing new algorithms that explicitly use
the bound quality as an objective.

® Making stronger assumptions about the game structure. This would be similar to the work on games of
ordered signals [Gilpin and Sandholm, 2007b], but would require potentially slightly stronger assump-
tions (Section 4.1.5 suggests that stronger assumptions will be necessary). One concrete direction is
to exploit just the private signals of the game for abstraction, since private signals are easier to prove



bounds for.

Depending on our success in developing such a scheme, we will attempt one or more of:

e Compute the first strategy with a meaningful bound on regret in NLTHE. Ideally, this would be
achieved by first computing some abstraction with bounded solution quality, and then applying a
scalable equilibrium-finding algorithm to the abstraction. Alternatively, we may focus on develop-
ing methodologies for ex-post bounded regret computation by developing a hybrid best-response and
abstraction approach.

¢ Show that existing practical abstraction algorithms compute solutions with bounds on solution quality.

¢ If we are unable to develop a practical algorithm with bounds, we will also explore whether a solution-
quality impossibility result can be proven about the type of abstraction that is employed in practice.



Chapter 5

Limited lookahead in sequential games

5.1 Introduction

Limited lookahead has been a central topic in Al game playing for decades. To date, it has been studied
in single-agent settings and perfect-information games—specifically in well-known games such as chess,
checkers, Go, etc., as well as in random game tree models [Korf, 1990, Pearl, 1981, 1983, Nau, 1983, Nau
et al., 2010, Bouzy and Cazenave, 2001, Ramanujan et al., 2010, Ramanujan and Selman, 2011]. In this
paper, we initiate the game-theoretic study of limited lookahead in imperfect-information games. Such
games are more broadly applicable to practical settings—for example auctions, negotiations, security, cy-
bersecurity, and medical settings—than perfect-information games. Mirrokni et al. [2012] conducted a
game-theoretic analysis of lookahead, but they consider only perfect-information games, and the results are
for four specific games rather than broad classes of games. Instead, we analyze the questions for imperfect
information and general-sum extensive-form games.

As is typical in the literature on limited lookahead in perfect-information games, we derive our results
for a two-agent setting. One agent is a rational player (Player R) trying to optimally exploit a limited-
lookahead player (Player L). Our results extend immediately to one rational player and more than one
limited-lookahead player, as long as the latter all break ties according to the same scheme (statically, favor-
ably, or adversarially—as described later in the paper). This is because such a group of limited-lookahead
players can be treated as one from the perspective of our results.

The type of limited-lookahead player we introduce is analogous to that in the literature on perfect-
information games. Specifically, we let the limited-lookahead player L have a node evaluation function A
that places numerical values on all nodes in the game tree. Given a strategy for the rational player, at each
information set at some depth ¢, Player L picks an action that maximizes the expected value of the evaluation
function at depth ¢ + k, assuming optimal play between those levels. Our study is the game-theoretic,
imperfect-information generalization of lookahead questions studied in the literature and we believe this
makes it interesting in its own right. However, the model also has applications such as biological games,
where the goal is to steer an evolution or adaptation process (which typically acts myopically with lookahead
1) [Sandholm, 2015] and security games where opponents are often assumed to be myopic (as makes sense
when the number of adversaries is large [Yin et al., 2012]). Furthermore, investigating how well a rational
player can exploit a limited-lookahead player lends insight into the limitations of using limited-lookahead
algorithms in multiagent decision making.

We then design algorithms for finding an optimal strategy to commit to for the rational player. We focus
on this rather than equilibrium computation because the latter seems nonsensical in this setting: the limited-
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lookahead player determining a Nash equilibrium strategy would require her to reason about the whole game
for the rational player’s strategy, which rings contrary to the limited-lookahead assumption. Computing
optimal strategies to commit to in standard rational settings has previously been studied in normal-form
games [Conitzer and Sandholm, 2006] and extensive-form games [Letchford and Conitzer, 2010], the latter
implying some complexity results for our setting as we will discuss.

As in the literature on lookahead in perfect-information games, a potential weakness of our approach is
that we require knowing the evaluation function h (but make no other assumptions about what information
h encodes). In practice, this function may not be known. As in the perfect-information setting, this can lead
to the rational exploiter being exploited if their model of h is sufficiently wrong.

5.2 Model of limited lookahead

We now describe our model of limited lookahead. We use the term optimal hypothetical play to refer to
the way the limited-lookahead agent thinks she will play when looking ahead from a given information set.
In actual play part way down that plan, she may change her mind because she will then be able to see to a
deeper level of the game tree.

Let k be the lookahead of Player L, and S’f’a the nodes at lookahead depth %k below information set I that
are reachable (through some path) by action a. As in prior work in the perfect-information game setting,
Player L has a node-evaluation function A : S — R that assigns a heuristic numerical value to each node in
the game tree.

Given a strategy o for the other player and fixed action probabilities for Nature, Player L chooses, at
any given information set I € Zj, at depth ¢, a (possibly mixed) strategy whose support is contained in the
set of actions that maximize the expected value of the heuristic function at depth ¢ 4 &, assuming optimal
hypothetical play by her (max,, in the formula below). We will denote this set by A} =

To-L(s
{a:a € arg (Illé%c H;%XZ 7TUL(I) Z 7 (t5, 5"\ h(s)},
sel s’GS}“‘a

where 0 = {o,0R} is the strategy profile for the two players. Here moves by Nature are also counted
toward the depth of the lookahead. The model is flexible as to how the rational player chooses o and
how the limited-lookahead player chooses a (possibly mixed) strategy with supports within the sets A7. For
one, we can have these choices be made for both players simultaneously according to the Nash equilibrium
solution concept. As another example, we can ask how the players should make those choices if one of the
players gets to make, and commit to, all her choices before the other.

5.3 Complexity

In this section we analyze the complexity of finding strategies according to these solution concepts.

5.3.1 Nash equilibrium

Finding a Nash equilibrium when Player L either has information sets containing more than one node, or
has lookahead at least 2, is PPAD-hard [Papadimitriou, 1994]. This is because finding a Nash equilibrium
in a 2-player general-sum normal-form game is PPAD-hard [Chen et al., 2009], and any such game can be



converted to a depth 2 extensive-form game (where the second player does not know what the first player
moved), where the general-sum payoffs are the evaluation function values.

If the limited-lookahead player only has singleton information sets and lookahead 1, an optimal strategy
can be trivially computed in polynomial time in the size of the game tree for the limited-lookahead player
(without even knowing the other player’s strategy o) because for each of her information sets, we simply
have to pick an action that has highest immediate heuristic value. To get a Nash equilibrium, what remains
to be done is to compute a best response for the rational player, which can also be easily done in polynomial
time [Johanson et al., 2011].

5.3.2 Commitment strategies

Next we study the complexity of finding commitment strategies. The complexity depends on whether
the game has incomplete information (information sets that include more than one node) for the limited-
lookahead player, how far that player can look ahead, and how she breaks ties in her action selection.

No information sets, lookahead 1, static tie-breaking As for the Nash equilibrium case, if the limited-
lookahead player only has singleton information sets and lookahead 1, an optimal strategy can be trivially
computed in polynomial time. We can use the same approach, except that the specific choice among the
actions with highest immediate value is dictated by the tie-breaking rule. With this strategy in hand, finding
a utility-maximizing strategy for Player R again consists of computing a best response.

No information sets, lookahead 1, adversarial tie-breaking When ties are broken adversarially, the choice
of response depends on the choice of strategy for the rational player. The set of optimal actions A} for any
node s € S, can be precomputed, since Player R does not affect which actions are optimal. Player L will
then choose actions from these sets to minimize the utility of Player R. We can view the restriction to a
subset of actions as a new game, where Player L is a rational player in a zero-sum game. An optimal strategy
for Player R to commit to is then a Nash equilibrium in this smaller game. This is solvable in polynomial
time by an LP that is linear in the size of the game tree [von Stengel, 1996], and algorithms have been
developed for scaling to large games [Hoda et al., 2010, Zinkevich et al., 2007, Lanctot et al., 2009, Kroer
and Sandholm, 2014, 20164, Gilpin and Sandholm, 2007b, Ganzfried and Sandholm, 2014].

No information sets, lookahead 1, favorable tie-breaking In this case, Player L picks the action from A7
that maximizes the utility of Player R. Perhaps surprisingly, computing the optimal solution in this case is
harder than when facing an adversarial opponent.

Theorem 16. Computing a utility-maximizing strategy for the rational player to commit to is NP-hard if the
limited-lookahead player breaks ties in favor of the rational player.

No information sets, lookahead > 1, favorable tie-breaking It is NP-hard to compute an optimal strategy
to commit to in extensive-form games when both players are rational [Letchford and Conitzer, 2010]. That
was proven by reducing from knapsack to a 2-player perfect-information game of depth 4. This immediately
gives us two results: (1) finding an optimal strategy for Player R to commit to is NP-hard if Player L has
lookahead at least 4, and (2) computing an optimal strategy to commit to for Player L is NP-hard even with
lookahead 1. Their result also implies NP-hardness of computing a strategy to commit to for the rational
player, if our L player has lookahead of at least 4. We tighten this to lookahead 2:

Theorem 17. Computing a utility-maximizing strategy for the rational player to commit to is NP-hard if the
limited lookahead player has lookahead at least 2.

Limited-lookahead player has information sets When the limited lookahead player has information sets,
we show that computing a strategy to commit to is NP-hard:



Theorem 18. Computing a utility-maximizing strategy for the rational player to commit to is NP-hard if the
limited lookahead player has information sets of at least size 6.

5.4 Algorithms

In this section we will develop an algorithm for solving the hard commitment-strategy case. Naturally its
worst-case runtime is exponential. As mentioned in the introduction, we focus on commitment strategies
rather than Nash equilibria because Player L playing a Nash equilibrium strategy would require that player
to reason about the whole game for the opponent’s strategy. Further, optimal strategies to commit to are
desirable for applications such as biological games [Sandholm, 2015] (because evolution is responding
to what we are doing) and security games [Yin et al., 2012] (where the defender typically commits to a
strategy).

Since the limited-lookahead player breaks ties adversarially, we wish to compute a strategy that max-
imizes the worst-case best response by the limited-lookahead player. For argument’s sake, say that we
were given A, which is a fixed set of pairs, one for each information set I of the limited-lookahead
player, consisting of a set of optimal actions A} and one strategy for hypothetical play alI at I. Formally,
A= €T, (A3, alI ). To make these actions optimal for Player L, Player R must choose a strategy such that
all actions in .4 are best responses according to the evaluation function of Player L. Formally, for all action
triples a, a* € A,a’ ¢ A (letting 7(s) denote probabilities induced by 01{ for the hypothetical play between
I,a and s):

> w(s)-h(s)> > w(s)-h(s) (5.1)

SGS'IIC,(L SGS}C,(L/
> ow(s)-h(s)= > w(s)-h(s) (5.2)
s€ST , SESY o«

Player R chooses a worst-case utility-maximizing strategy that satisfies (5.1) and (5.2), and Player L has
to compute a (possibly mixed) strategy from .4 such that the utility of Player R is minimized. This can be
solved by a linear program:

Theorem 19. For some fixed choice of actions A, Nash equilibria of the induced game can be computed in
polynomial time by a linear program that has size O(|S|) + O(}_;cz, |Arl - maxses |Ag|").

To prove this theorem, we first design a series of linear programs for computing best responses for the
two players. We will then use duality to prove the theorem statement.

In the following, it will be convenient to change to matrix-vector notation, analogous to that of von Sten-
gel [1996], with some extensions. Let A = — B be matrices describing the utility function for Player R and
the adversarial tie-breaking of Player L over .4, respectively. Rows are indexed by Player R sequences, and
columns by Player L sequences. For sequence form vectors x, y, the objectives to be maximized for the play-
ers are then x Ay, x By, respectively. Matrices F, F' are used to describe the sequence form constraints for
Player R and L, respectively. Rows correspond to information sets, and columns correspond to sequences.
Letting e, f be standard unit vectors of length |Zg|, |Z;|, respectively, the constraints Ez = e, Fly = f
describe the sequence form constraint for the respective players. Given a strategy x for Player R satis-
fying (5.1) and (5.2) for some A, the optimization problem for Player L becomes choosing a vector of 7/
representing probabilities for all sequences in A that minimize the utility of Player R. Letting a prime super-
script denote the restriction of each matrix and vector to sequences in A4, this gives the following primal (5.3)
and dual (5.4) LPs:
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where ¢’ is a vector with | A| + 1 dual variables. Given some strategy 3’ for Player L, Player R maximizes
utility among strategies that induce .A. This gives the following best-response LP for Player R:
max ! (Ay')
€T

ITET — T

x>0 (5.5

eTH 4 —aTHy < —e

TG =27 Gy
where the last two constraints encode (5.1) and (5.2), respectively. The dual problem uses the unconstrained
vectors p, v and constrained vector v and looks as follows

min eTp —€-U
PyUsv

ETp+ (Hou — H)u+ (Gae — Gv > Ay (5.6)
u>0

We can now merge the dual (5.4) with the constraints from the primal (5.5) to compute a minimax strategy:
Player R chooses x, which she will choose to minimize the objective of (5.4),

mln q/Tf/

z,q’
q/TF/ _:I:TB/ 2 0
TT _ T
—T B =—e (5.7)
x>0
xTHA —a:THﬁA > €
eTGp—2TG =0
Taking the dual of this gives
max —eTp +e-u
y'p
—ETp+ (Hg— H-p)u+ (Ga— Gye)v < By (5.8)
F/ /: f/
y,u >0

The theorem follows by a duality proof on (5.7) and (5.8).

In reality we are not given A. To find a commitment strategy for Player R, we could loop through
all possible structures A, solve LP (5.7) for each one, and select the one that gives the highest value. We
now introduce a mixed-integer program (MIP) that picks the optimal induced game A while avoiding enu-
meration. The MIP is given in (5.9). We introduce Boolean sequence-form variables that denote making



sequences suboptimal choices. These variables are then used to deactivate subsets of constraints, so that the
MIP branches on formulations of LP (5.7), i.e., what goes into the structure A. The size of the MIP is of the
same order as that of LP (5.7).

min ¢’ f

x,q,z

¢'F>2"B—-2M
Exr=e
TG p=2TGy + (1—2)M

j{: Za 2 Za!

a€Ag
r>0, z€{0,1}

The variable vector x contains the sequence form variables for Player R. The vector q is the set of dual
variables for Player L. z is a vector of Boolean variables, one for each Player L sequence. Setting z, = 1
denotes making the sequence a an inoptimal choice. The matrix M is a diagonal matrix with sufficiently
large constants (e.g. the smallest value in B) such that setting z, = 1 deactivates the corresponding con-
straint. Similar to the favorable-lookahead case, we introduce sequence form constraints Zae Ap Za > Zg
where a’ is the parent sequence, to ensure that at least one action is picked when the parent sequence is
active. We must also ensure that the incentivization constraints are only active for actions in A:

eTHy—2TH 4 >e—(1—2)M (5.10)
2TGp— TG =0+ (1—2)M

for diagonal matrices M with sufficiently large entries. Equality is implemented with a pair of inequality
constraints {<, >}, where £+ denotes adding or subtracting, respectively.

The values of each column constraint in (5.10) is implemented by a series of constraints. We add Boolean
variables of (I’, a’) for each information set action pair I’, a’ that is potentially chosen in hypothetical play
at I. Using our regular notation, for each a, a’ where a is the action to be made dominant, the constraint is
implemented by:

> vi(s) = of(D), v'(s) <or(I'd)- M (5.11)

s€S§a

where the latter ensures that v’(s) is only non-zero if chosen in hypothetical play. We further need the
constraint v*(s) < 77, (s)h(s) to ensure that v'(s), for a node s at the lookahead depth, is at most the
heuristic value weighted by the probability of reaching s.

5.5 Experiments

In this section we experimentally investigate how much utility can be gained by optimally exploiting a
limited-lookahead player. We conduct experiments on Kuhn poker [Kuhn, 1950], a canonical testbed for
game-theoretic algorithms, and a larger simplified poker game that we call KJ. Kuhn poker consists of a
three-card deck: king, queen, and jack. Each player antes 1. Each player is then dealt one of the three cards,
and the third is put aside unseen. A single round of betting (p = 1) then occurs. In KJ, the deck consists of



two kings and two jacks. Each player antes 1. A private card is dealt to each, followed by a betting round
(p = 2), then a public card is dealt, follower by another betting round (p = 4). If no player has folded, a
showdown occurs. For both games, each round of betting looks as follows:

® Player 1 can check or bet p.

= If Player 1 checks Player 2 can check or raise p.
— If Player 2 checks the betting round ends.
— If Player 2 raises Player 1 can fold or call.
- If Player 1 folds Player 2 takes the pot.
- If Player 1 calls the betting round ends.
= If Player 1 raises Player 2 can fold or call.
— If Player 2 folds Player 1 takes the pot.
— If Player 2 calls the betting round ends.
In Kuhn poker, the player with the higher card wins in a showdown. In KJ, showdowns have two possible
outcomes: one player has a pair, or both players have the same private card. For the former, the player
with the pair wins the pot. For the latter the pot is split. Kuhn poker has 55 nodes in the game tree and 13
sequences per player. The KJ game tree has 199 nodes, and 57 sequences per player.

To investigate the value that can be derived from exploiting a limited-lookahead opponent, a node eval-
uation heuristic is needed. In this work we consider heuristics derived from a Nash equilibrium. For a given
node, the heuristic value of the node is simply the expected value of the node in (some chosen) equilibrium.
This is arguably a conservative class of heuristics, as a limited-lookahead opponent would not be expected
to know the value of the nodes in equilibrium. Even with this form of evaluation heuristic it is possible to
exploit the limited-lookahead player, as we will show. We will also consider Gaussian noise being added
to the node evaluation heuristic, more realistically modeling opponents who have vague ideas of the values
of nodes in the game. Formally, let o be an equilibrium, and ¢ the limited-lookahead player. The heuristic
value h(s) of a node s is:

hs) = 4 0) ifs €z 512
a > aca, 0(s,a)h(t;) otherwise :

‘We consider two different noise models. The first adds Gaussian noise with mean 0 and standard deviation
~ independently to each node evaluation, including leaf nodes. Letting ps be a noise term drawn from

N(0,7): h(s) = h(s) + ps. The second, more realistic, model adds error cumulatively, with no error on
leaf nodes:

h(s) = ui(s) ifseZ .
[ZaeAs a(s, G)E(tfl)] + ps  otherwise )

Using MIP (5.9), we computed optimal strategies for the rational player in Kuhn poker and KJ. The MIP
models were solved by CPLEX version 12.5. The results are given in Figure 5.1. The x-axis is the noise
parameter ~y for h and h. The y-axis is the corresponding utility for the rational player, averaged over at least
1000 runs per tuple (game, choice of rational player, lookahead, standard deviation). Each figure contains
plots for the limited-lookahead player having lookahead 1 or 2, and a baseline for the value of the game in
equilibrium without limited lookahead.

Figures 5.1a and b show the results for using evaluation function h in Kuhn poker, with the rational
player in plot a and b being Player 1 and 2, respectively. For rational Player 1, we see that, even with no
noise in the heuristic (i.e., the limited-lookahead player knows the value of each node in equilibrium), it is
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Figure 5.1: Winnings in Kuhn poker and KJ for the rational player as Player 1 and 2, respectively, for
varying per-node independent evaluation function noise. Error bars show standard deviation.

possible to exploit the limited-lookahead player if she has lookahead 1. (With lookahead 2 she achieves the
value of the game.) For both amounts of lookahead, the exploitation potential steadily increases as noise is
added.

Figures 5.1c and d show the same variants for KJ. Here, lookahead 2 is worse for the limited-lookahead
player than lookahead 1. To our knowledge, this is the first known imperfect-information lookahead pathol-
ogy. Such pathologies are well known in perfect-information games [Beal, 1980, Pearl, 1981, Nau, 1983],
and understanding them remains an active area of research [LusStrek et al., 2006, Nau et al., 2010, Wilson
et al., 2012]. This version of the node heuristic does not have increasing visibility: node evaluations do not
get more accurate toward the end of the game. Our experiments on KJ with / in Figures 5.2 g and h do not
have this pathology, and h does have increasing visibility.

Figure 5.3 shows a simple subtree (that could be attached to any game tree) where deeper lookahead
can make the agent’s decision arbitrarily bad, even when the node evaluation function is the exact expected
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Figure 5.2: Winnings in Kuhn poker and KJ for the rational player as Player 1 and 2, respectively, for
varying cumulative evaluation function noise. Error bars show standard deviation.
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Figure 5.3: A subtree that exhibits lookahead pathology.

We now go over the example of Figure 5.3. Assume without loss of generality that all payoffs are positive
in some game. We can then insert the subtree in Figure 5.3 as a subgame at any node belonging to P1, and
it will be played with probability O in equilibrium, since it has expected value 0. Due to this, all strategies
where Player 2 chooses up can be part of an equilibrium. Assuming that P2 is the limited-lookahead player



and minimizing, for large enough «, the node labeled P1* will be more desirable than any other node in the
game, since it has expected value —a according to the evaluation function. A rational player P1 can use this
to get P2 to go down at P2*, and then switch to the action that leads to «. This example is for lookahead 1,
but we can generalize the example to work with any finite lookahead depth: the node P1* can be replaced
by a subtree where every other leaf has payoff 2«, in which case P2 would be forced to go to the leaf with
payoft « once down has been chosen at P2*.

Figures 5.2e and f show the results for Kuhn poker with /. These are very similar to the results for h,
with almost identical expected utility for all scenarios. Figures 5.1g and h, as previously mentioned, show
the results with / on KJ. Here we see no abstraction pathologies, and for the setting where Player 2 is the
rational player we see the most pronounced difference in exploitability based on lookahead.

5.6 Conclusions and future work

This chapter initiated the study of limited lookahead in imperfect-information games. We characterized the
complexity of finding a Nash equilibrium and optimal strategy to commit to for either player. Figure 5.4
summarizes those results, including the cases of favorable and static tie-breaking, the discussion of which
we deferred to the extended online paper.

Information sets

Lookahead depth > 1 {PPAD,NP}-hard

{PPAD,NP}-hard Solution concept

Equiliwnilmem

P Tie-breaking rule

Adversarial, statiC/\Favorable

P NP-hard

Figure 5.4: Our complexity results. {PPAD,NP}-hard indicates that finding a Nash equilibrium (optimal
strategy to commit to) is PPAD-hard (NP-hard). P indicates polytime.

We then designed a MIP for computing optimal strategies to commit to for the rational player. The
problem was shown to reduce to choosing the best among a set of two-player zero-sum games (the tie-
breaking being the opponent), where the optimal strategy for any such game can be computed with an LP.
We then introduced a MIP that finds the optimal solution by branching on these games.

We experimentally studied the impact of limited lookahead in two poker games. We demonstrated
that it is possible to achieve large utility gains by exploiting a limited-lookahead opponent. As one would
expect, the limited-lookahead player often obtains the value of the game if her heuristic node evaluation is
exact (i.e., it gives the expected values of nodes in the game tree for some equilibrium)—but we provided
a counterexample that shows that this is not sufficient in general. Finally, we studied the impact of noise
in those estimates, and different lookahead depths. While lookahead 2 usually outperformed lookahead 1,
we uncovered an imperfect-information game lookahead pathology: deeper lookahead can hurt the limited-
lookahead player. We demonstrated how this can occur with any finite depth of lookahead, even if the
limited-lookahead player’s node evaluation heuristic returns exact values from an equilibrium.

Our algorithms in the NP-hard adversarial tie-breaking setting scaled to games with hundreds of nodes.
For some practical settings more scalability will be needed. There are at least two exciting future directions
toward achieving this. One is to design faster algorithms. The other is designing abstraction techniques
for the limited-lookahead setting. As noted in Chapter 4, abstraction plays an important role in large-scale



game solving [Sandholm, 2010]. Limited-lookahead games have much stronger structure, especially lo-
cally around an information set, and it may be possible to utilize that to develop abstraction techniques
with significantly stronger solution quality bounds. Also, leading practical game abstraction algorithms
(e.g., [Ganzfried and Sandholm, 2014]), while theoretically unbounded, could immediately be used to in-
vestigate exploitation potential in larger games. Finally, uncertainty over h is an important future research
direction. This would lead to more robust solution concepts, thereby alleviating the pitfalls involved with
using an imperfect estimate.

5.7 Proposed work

The work developed in this chapter represents the first generalization of extensive-form game limited-
lookahead research to the game-theoretic and imperfect-information setting. However, in order to be broadly
applicable in practice, it is necessary to model uncertainty about the limited-lookahed behavior of the op-
ponents. We propose extending the model developed in this chapter to include uncertainty over the node-
evaluation function of the limited-lookahead player.

We will consider two types of uncertainty: uncertainty over a base set of functions {h; : S — R}
sampled before the game begins, or a stochastic node-evaluation function h : S — X, where X is an inde-
pendent random variable representing the evaluation function at node s. The former is more likely to yield
results; for example, we can model the uncertainty over the node-evaluation function as an initial chance-
node appended to the game. The latter would lead to greater flexibility in modeling, and it could ideally be
combined with the former. The latter, more general framework may be computationally difficult to handle
if the goal is to maximize expected value. Expected value maximization has the drawback that it requires a
distribution, and is therefore still unrealistic for some practical settings. Instead, we will investigate the use
of robust optimization frameworks, which require fewer assumptions about the node-evaluation function,
and are more likely to be practically computable. In particular, rather than try to maximize the expected
payoff against some distributional assumption about the node-evaluation function, we will focus on show-
ing robustness against any node-evaluation function from some uncertainty set. This will likely allow us to
leverage algorithms for either robust convex or robust combinatorial optimization [Ben-Tal and Nemirovski,
2002, Ben-Tal et al., 2009, Mutapcic and Boyd, 2009, Bertsimas et al., 2011]



Chapter 6

Timeline

My proposed research will roughly be completed as follows:
January 2017: Proposal

January-February 2017: Large-scale equilibrium refinements (Section 3), submit to I[JCAI

January—April 2017: Speeding up FOMs to be competitive with CFR at earlier stages of convergence
(Section 3), submit first results to EC

May-July 2017: Show efficient implementation of FOMs on large games (Section 3)
June-August 2017: Robust optimization for uncertainty in limited lookahead (Section 5)
June-December 2017: Practical abstraction algorithms with solution-quality bounds (Section 4)
January—-March 2018: Academic job interviews

March—April 2018: Writing my thesis document

May 2018: Thesis defense
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Chapter 7

A brief overview of my non-thesis research

This chapter briefly surveys some of the research directions I have followed during my Ph.D. that are not
included in my proposed thesis.

¢ Prediction markets. In my work on prediction markets [Kroer et al., 2016], we present a new com-
binatorial market maker that operates arbitrage-free combinatorial prediction markets specified by
integer programs. Although the problem of arbitrage-free pricing, while maintaining a bound on
the subsidy provided by the market maker, is #P-hard in the worst case, we posit that the typical
case might be amenable to modern integer programming (IP) solvers. At the crux of our method is
the Frank-Wolfe (conditional gradient) algorithm which is used to implement a Bregman projection
aligned with the market maker’s cost function, using an IP solver as an oracle. We demonstrate the
tractability and improved accuracy of our approach on real-world prediction market data from combi-
natorial bets placed on the 2010 NCAA Men’s Division I Basketball Tournament, where the outcome
space is of size 203, To our knowledge, this is the first implementation and empirical evaluation of an
arbitrage-free combinatorial prediction market on this scale.

* Sequential planning for biological problems. In Kroer and Sandholm [2016b] we study biological
adaptation, a powerful mechanism that makes many disorders hard to combat. We study steering such
adaptation through sequential planning. We propose a general approach where we leverage Monte
Carlo tree search to compute a treatment plan, and the biological entity is modeled by a black-box
simulator that the planner calls during planning. We show that the framework can be used to steer
a biological entity modeled via a complex signaling pathway network that has numerous feedback
loops that operate at different rates and have hard-to-understand aggregate behavior.

¢ Computational bundling. In Kroer and Sandholm [2015a], we study a common revenue-enhancement
approach—bundling—in the context of the most commonly studied combinatorial auction mecha-
nism, the Vickrey-Clarke-Groves (VCG) mechanism. A challenge in mechanism design for combi-
natorial auctions is that the prior distribution on each bidder’s valuation can be doubly exponential.
Such priors do not exist in most applications. Rather, in many applications (such as premium display
advertising markets), there is essentially a point prior, which may not be accurate. We adopt the point
prior model, and prove robustness to inaccuracy in the prior. Then, we present a branch-and-bound
framework for finding the optimal bundling. We introduce several techniques for branching, upper
bounding, lower bounding, and lazy bounding. Experiments on CATS distributions validate the ap-
proach and show that our techniques dramatically improve scalability over a leading general-purpose
MIP solver.
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