Finding the optimal basis

Consider the LP:

maximize 60z; + 30z2 + 203 (1)
subject to

8ty + O6zy + w3 + s = 48 (2)
dvy + 2x9 + 1.5z3 + S =20 (3)
2r1 + 1.bxe +  .Das +s3 = (4)

The optimal solution (in the book form is)
p 51 1208y +10s3 = 280 (5)
— 219 +s1  +2s9 —8s3 = 24 (6)
—2x9 43 +2s9  —4s3 = 8 (7)
x1 +1.2529 —.589 +1.5s3 = (8)

Question: Suppose I tell you which variables are basic in the optimal so-
lution. From that information, can you easily derive the optimal solution?

Answer:

From the optimal basis I can determine which variables are basic .



Basic and nonbasic variables

The optimal solution (in the book form is)

z +529 +20s9 +10s3 = 280 (9)
—2%9 +81 +289 —8s3 = 24 (10)

—2x9  +a3 +2s89  —4s3 = 11)

x1 +1.2529 —.bsy +1.5s3 = 2 (12)

BV = {81, xr3, 2171}

and nonbasic

NBV = {ZCQ, S92, 83}.

For convenience, lets convert these into vectors:

S1 X2
rpy = | w3 | and xypy = | So
L1 S3

We can now partition the original LP based on the non-basic and basic
variables.



Partitioning the original LP

maximize 060z; + 302y + 20z3 (13)
subject to
8ty + 6xy —+ r3 + S = 48 (14)
dvy +  2x9 + 1.5z3 + 59 = 20 15)
201 + 1529 + .bas +s3 = (16)
S1 L2
rpy = | w3 | and xypy = | So
I S3

We can now partition the original LP based on the non-basic and basic
variables.

S1 5
rpy = | w3 | and xypy = | So
T S3

First cpy , the coefficients of the basic vars in the original obj. function.

Cpy = (O 20 60)



and cypy , the coefficients of the basic vars in the original obj. function.

CNBYV — (30 0 O) .

We can also partition the columns of the A matrix into those correspond-
ing to the basic variables (B) and nonbasic variables (N). Note that it is
very important to keep the order of the columns consistent.

1
1.5 and N =

D

B:

o O
DO =~ OO
— N D
O~ O
_— O O

Finally, we just copy the b vector

48
b= 20
8



Finding the optimal basis

S1 T9
rpy — | T3 INBY — S9 CBV:(02060) CNBV:(SOOO)[):
L1 S3
11 8 6 00
B=|101lb4|land N=|2 10
0.5 2 1.5 0 1

We can use this to “factor” the original LP.
objective function:

T
C T = CByXBy + CNBVIBNV

constraints:

Ax = Brpy + Nxypy < b.

48
20
8



Let’s check this out numerically

S1 i)
CBVIRBYV + CNBYVITBNY = (0 20 60) T3 | + (30 0 0) S9
L1 S3

= 081 4+ 2023 + 6021 + 309 4+ 059 + 053
= 060z 4+ 3029 + 2023

Similarly
11 8 S1 0 0 0 i)
Axr = Bxgy + Neygy = | 0 1.5 4 r3 |+ 2 10 ss | = verify on blackboard.
0.5 2 T 1.5 01 S3



Finding the optimal basis

So we can write any LP as

Z = CBYyXTBV + CNBVINBV
Bxpy + Nxnypy =b

TRV, LNBV >0

Let’s take the constraints and multiply by B~ .

Bxpy + Nxnypy =b (17)
= B Y(Bxpy + Naypy) = B~ (18)
= apy+B 'Noypy =B (19)
= TRy = B ' — B 'Nzypy (20)

So we can solve for zpy in terms of B, N, b and xypgy.
Now let’s look at the objective function, and substitute for zp;, from
equation 20:

Z = CBYXBV + CNBVINBV
—1 —1
= Cgv<B b— B NfUNBV) —|-CNBVwNBV
1 —1
= cgyB b— (cpyB™ "N — cypv)TNBY

So we can solve for z in terms of B, N, b and xypy.



Checking with our example

rpy = B_lb — B_lNCUNBV

12 -8
B'=l02 -4
0 —.5 15
12 —8)\ /(48 24
B%W=|02 —41]]20|=1]38
0 —.5 15 8 2
12 —=8\(6 00 —2 2 -8
BIIN=|02 —41||l2 10|=]|-2 2 —4
0 —.5 15 1.5 0 1 125 —5 1.5
Putting it together:
s 24 —2 2 =8\ ([
X3 | = 8 — | =2 2 —4 59

1 2 1.25 =5 1.5 S3



Compare with

z +5x9 +20sy +10s3 = 280
—25132 +51 +282 —883 = 24
—21‘2 +I3 —|—2SQ —483
r1 +1.25x9 —.08y +1.bs3 =
And the objective function is
z = cBVB_lb — (chB_lN — CNBV)TNBY
24 -2 2 =8
= (02060)| 8 | —1((02060)| =2 2 —4
2 1.25 —.5 1.5

= 180 — 51’2 — 1082 — 1083

—(3000)

%)
S92
53



Summary of some formulas

® Let a; be the column corresponding to z; in A.

e Let ¢; be the coefficient of z; in the optimal tableaux.

®C; = cBVB_laj — Cj

We can simplify last formula if z; is slack or excess or artificial:

o If x; is slack, ¢; = 0 and a; is a vector with one 1 and the rest 0’s, so
¢; = cgyB'a; = jth element ofcpy B!

o If z; is excess, ¢; = 0 and a; is a vector with one -1 and the rest 0’s, so
Cj = cBVB_laj = —ith element ofcp, B!

e If z, is artificial, ¢; = —M and a; is a vector with one 1 and the rest 0’s,
SO C; = cBVB_laj = ith element ofcgy B~ + M



Another example

z = x1 + 4o
T+ 209+ 51 =6
201 + 19+ 859 =38

L1, X2,S81, 52 ZO

Suppose that in the optimal basis, the basic variable are =, and ss.

Then,
X9 X1
rpy = S INBV = S
2 1

cpy = (40) xnpy = (10)
(22 v () ()

o- (12,0

We compute

The optimal final tableaux can be computed from the formulas:

Z + (CBvB_lN — CNBV)SCNBV = Cng_lb
CUBv—i—B_lNCL‘NBV = B '



Computing the optimal basis

z+ (cpgyB™'N — eypy)aypy = cpyB™'b
Qva+B_1NZ‘NBV = B_lb

o ()14 (2212)
Blb:(f/g?)(g):(?)

1/2 1/2
3/2 —1/2) =(22)

We compute

Cgv(B—1N> = (4 O) (

cv(B~1b) = (40) (g) _ 12

We now have the objective function

z+((22)—(10))(x1>12

S1

and the constraints

() e 25 (2) = 5)



Final tableaux

We now have the objective function

z+(@2y—u0»(x1>=12

S1

and the constraints
+ —
S 3/2 —1/2 S1 H

z+x1+28 = 12
(1/2>$1+£€2+<1/2)81 = 3
(3/2)xy — (1/2)s1+ 82 = 5

which yields



Changes in parameters

e Let’s explore changes in right hand side and objective function coeffi-
cient.

e We will again ask when current basis remains optimal.

— non-negative r.h.s.,

— non-negative coefficient in row 0

e We proceed by example



Change in objective function coefficient of a nbv

Let’s change the objective function coefficient of z;. z; is non-basic, so
we are changing only cypy.
It become (1 + A 0). Looking at equations:

2+ (epyB™'N — expy)rypy = cpyB'h
SCBV—I—B_lNCIZ'NBV = B_lb

we see that cypy only changes objective function.
We recompute objective function. Instead of

S1

z+((22)—(10))(”31>—12

we have

S1

z+((22)—(1+A0))(”“)—12

or
24+ (1 —=A)zy + 251 =12

So, to maintain current basis, we have A < 1. Note that since x; is
nonbasic, this is reduced cost, the amount we have to change the objective
function in order to make the variable basic.



Changing the coeflicient of a basic variable

Let’s change the coefficient of z-

Z + (CBvB_lN — CNBV)xNBV = CBvB_lb
Q?Bv+B_1NQZNBV = B_lb

Again, we only have a change in objective function. A change to cpy
affects the objective function in two places, so we substitute 4 + A for 4 as
the first entry in cpy and obtain:

twssn (5, -om(5)-ss0(

S1
or

2+ (1+A/2)z1+ (24 A/2)s; =12+ 3A

So, to keep the objective function coefficients non-negative, we must have
A > —2 and that each increase of the coefficient by 1 increases the objective
function by 3.



Right hand side change

A change to the right hand side changes 0. Let’s try to change 6 to 6+ A.

Z + (CBvB_lN — CNBV)xNBV = CBvB_lb
Q?Bv+B_1NQZNBV = B_lb

Note that b only appears on the right hand side.

. 6+ A 1 3+A/2
Changing b to (8 ) changes B~'b to (5 N

equations becomes

). Thus the system of

(1/2>$1+$2+(1/2)81 = 3—|—A/2
(3/2)$1—(1/2)81+82 = 5—A/2

and the objective function value is now

3+A/2
h—A/2
So we can change A in the range —6 < A < 10 and the shadow price is 2.

cpyB7b = (4 0) ( ) =12+ 2A



Right hand side change

What about changing the 8 to 8 + A. Now

3
~17
b b_<5+A)'
Our allowed range of change is —5 < A < o0.

What about the effect on the objective function?
We compute

cBVBlb—(4O)(§+A) =12

So changing the right hand side of the second equation has no effect.
This is not surprising, since s, is basic, meaning that there is slack in the
second equation.



