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THE RANDOM RECTANGULAR PULSE TRAIN

            (
x(t)=( anp(t-nT+t0)

          -( 

All the an’s are independent variable which take on the values of (1 with equal probability (In fact they can take on one of M possible values and the the same proof would hold)

The time offset, t0, is an independent variable with a uniform probability density function, f(t0),= 1/T for –T/2 ( t0 ( T/2.

f(t0)  
1/T 
     -T/2    0  T/2   t0 

The pulse, p(t), is a rectangular pulse of height, A, and width equal to T seconds. (However, except for the final result we never make use of the fact that it is a rectangular pulse. In fact, it can be any pulse, even lasting for more than T seconds.
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The autocorrelation function, (x(() is given by the equation

    (x(()=E{x(t+() x(t)}

(x(()=E{( anp(t+(-nT+t0) ( amp(t-mT+t0)}

(x(()=( ( E {anam}E{p(t+(-nT+t0) p(t-mT+t0)}

E {anam}=E{an2} for n=m

E {anam}=0, for n(m

(If an=(1, then E{an2}=1)

Therefore the double sum turns into one sum

(x(()= ( E {an 2}E{p(t+(-nT+t0) x(t) p(t-nT+t0)}

but

Et0{p(t+(-nT+t0)p(t-nT+t0)}=

  (
 ( p(t+(-nT+t0)p(t-nT+t0) f(t0)dt0 = 

-(
 T/2

 ( p(t+(-nT+t0)p(t-nT+t0) (1/T) dt0  

-T/2
So,

       (    T/2

(x(() = (E {an 2}/T) (   ( p(t+(-nT+t0)p(t-nT+t0) dt0
                                     n=-( -T/2  

But, if we let t’= t-nT+t0 

Then we have

                  (     t-nT+T/2

(x(() = (E {an 2}/T) (   ( p(t’+()p(t’) dt’

                                                n=-(  t-nT-T/2  

Now here is the trick, each integral is over a time of T seconds from t-nT-T/2seconds until t-nT+T/2 seconds. But the summation is over all n so we are essentially integrating from minus infinity until plus infinity but doing T seconds at a time.

Therefore, we finally have


Notice that this example is very general, E{an 2}, only depends on how many an’s you have, e.g., if

an= (1, then E{an 2}=1, and if an=(1, (3  E{an 2}=5.

And p(t) can be any pulse-even not perfectly time-limited!

For example if we have a binary system, an= (1, and E{an 2}=1.

And if p(t) is the rectangular pulse described earlier, then

     (    

            ( p(t +()p(t ) dt=A2T[1-(((/T];   (((( T

                 -(   
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(x(() = (E{an 2}/T)    ( p(t +()p(t ) dt 


                                                      -(   











(x(() =  A2[1-(((/T];   (((( T








