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Supplement to Part V: Goodness-of-Fit Tests

“To call in the statistician after the experiment is done may be no more than asking him to perform a postmortem examination. He may be able to say what the experiment died of.”
Sir Ronald A. Fisher (1890-1962).

Goodness-of fit tests defined: A goodness-of-fit test is a statistical hypothesis test that determines whether a set of sample data have been drawn from a hypothetical population.

Procedure: The basic procedure for performing a goodness-of-fit test is identical to the familiar procedure for testing hypotheses regarding population means, proportions, etc. We will:

· Formulate two opposing hypotheses

· Select a test statistic

· Derive a decision rule

· Calculate the value of the test statistic and confront it with the decision rule

Example: Financial analyst Warren Sapp wants to run a simulation model that includes the assumption that the daily volume of a specific type of futures contract traded at U.S. commodities exchanges (represented by the random variable X) is normally distributed with a mean of 152 million contracts and a standard deviation of 32 million contracts. (This assumption is based on the conclusion of a study conducted in 1998.) Warren wants to determine whether this assumption is still valid. He studies the trading volume of these contracts for 50 days, and observes the following results (in millions of contracts traded):

	111.1
	82.1
	97.9
	133.8
	135.2
	124.9
	141.7
	140.2
	215.1
	100.4

	159.8
	144.5
	92.9
	139.1
	173.6
	103.3
	222.2
	195.0
	179.7
	169.2

	192.8
	187.0
	120.7
	156.3
	139.8
	140.4
	96.2
	149.3
	228.0
	180.9

	190.3
	117.2
	127.2
	140.3
	176.2
	151.0
	128.4
	146.0
	131.0
	213.4


We can present the raw information from Warren’s research in comparison with what we would expect to see if Warren’s assumption is true.

	Bin
	Observed 
Frequency
	z-value at Bin 
Upper Limit
	Area under Standard 
Normal Curve
	Expected Frequency out of 
50 Observations

	0-25
	0
	-3.969
	0.0000
	0.00

	25-50
	0
	-3.188
	0.0007
	0.03

	50-75
	0
	-2.406
	0.0073
	0.37

	75-100
	5
	-1.625
	0.0440
	2.20

	100-125
	7
	-0.844
	0.1473
	7.37

	125-150
	19
	-0.063
	0.2757
	13.78

	150-175
	6
	0.719
	0.2888
	14.44

	175-200
	7
	1.500
	0.1693
	8.47

	200-225
	5
	2.281
	0.0555
	2.78

	225-250
	1
	3.063
	0.0102
	0.51

	250-275
	0
	3.844
	0.0010
	0.05

	275-300
	0
	4.625
	0.0001
	0.00

	300-325
	0
	5.406
	0.0000
	0.00


One reasonable approach to testing this assumption is to apply an “eyeball” hypothesis test, in which we examine the sample distribution visually to see if it seems to reasonably approximate the proposed theoretical distribution.

Here is a histogram showing the theoretical distribution of 50 observations drawn from a normal distribution with μ = 152 and σ = 32, together with a histogram of Warren Sapp’s sample data:

	[image: image1.wmf]"Eyeball" Hypothesis Test: Expected Distribution
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	[image: image2.wmf]"Eyeball" Hypothesis Test: Observed Distribution
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In this case, it is difficult to make any definite inference. Some people might say the two distributions are reasonably similar, and Warren is justified in using the proposed normal distribution to model the trading volume. Other people might come to the opposite conclusion. 

As it happens, a hypothesis like this can be tested using methods quite similar to those we have already learned. The only new element in this procedure is the test statistic. Here we introduce a new statistic, called chi-square (
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), developed by Karl Pearson (1857-1936).

The Chi-Square Statistic
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Where:
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	= the observed frequency of data in a specific range
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	= the expected frequency of data in a specific range


Essentially, this statistic allows us to compare the distribution of a sample with some expected distribution, in standardized terms. It is a measure of how much a sample differs from some proposed distribution. A large value of chi-square suggests that the two distributions are not very similar; a small value suggests that they “fit” each other quite well. 

Like Student’s t, the distribution of chi-square depends on degrees of freedom. In the case of chi-square, the number of degrees of freedom is equal to the number of classes (a.k.a. “bins” into which the data have been grouped) minus one, minus the number of estimated parameters
.

Here are graphs showing the chi-square distribution for several different numbers of degrees of freedom:
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	Chi-Square Distribution, d.f. = 5
	Chi-Square Distribution, d.f. = 10
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	Chi-Square Distribution, d.f. = 15
	Chi-Square Distribution, d.f. = 20


Note: It is necessary to have a sufficiently large sample so that each class has an expected frequency of at least 5.

Now, back to Warren Sapp’s hypothesis test. 

Step 1: In this case, the opposing hypotheses are:

	H0:
	X is normally distributed with μX = 152 million and σX = 32 million.

	HA:
	X is not normal with μX = 152 million and σX = 32 million.


Step 2: Select test statistic.

We will use the chi-square statistic.

Step 3: Derive a decision rule.

We will reject the null hypothesis if the test statistic exceeds the critical value of chi-square, which depends on alpha (let’s assume we want 
[image: image12.wmf]a

= 0.05), and the number of degrees of freedom.

We need to make sure that the expected frequency in each bin is at least 5, so we “collapse” some of the bins, as shown here.

	Bin
	Observed 
Frequency
	z-value at 
Bin Upper 
Limit
	Area under 
Standard 
Normal Curve
	Expected Frequency 
out of 50 
Observations

	0-125
	12
	-0.844
	0.1994
	9.97

	125-150
	19
	-0.063
	0.2757
	13.78

	150-175
	6
	0.719
	0.2888
	14.44

	175-325
	13
	5.406
	0.2361
	11.81


The number of degrees of freedom is equal to the number of bins minus one, minus the number of estimated parameters. We have not estimated any parameters, so we have d.f. = 4 – 1 – 0 = 3.

The critical chi-square value can be found either by using a chi-square table (see the end of this document) or by using the Excel function:

=CHIINV(alpha, d.f.) = CHIINV(0.05, 3) = 7.815

We will reject the null hypothesis if the test statistic is greater than 7.815.

Step 4: Calculate the test statistic and confront it with the decision rule.

	Bin
	Observed Frequency
	Expected Frequency out of 50 Observations
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	0-125
	12
	9.97
	0.413

	125-150
	19
	13.78
	1.974

	150-175
	6
	14.44
	4.932

	175-325
	13
	11.81
	0.120

	
	
	Chi-Square = 
	7.439


Our test statistic is not greater than the critical value; we cannot reject the null hypothesis at the 0.05 level of significance. It would appear that Warren is justified in using the normal distribution with μ = 152 and σ = 32 to model futures contract trading volume in his simulation.

Here is a picture of Warren Sapp’s test:
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p-Values in Chi-Square Tests

The p-value of this test has the same interpretation as in any other hypothesis test, namely that it is the smallest level of alpha at which H0 could be rejected 

In this case, we calculate the p-value using the Excel function:

= CHIDIST(test stat, d.f.) = CHIDIST(7.439,3) = 0.0591

Other uses for the Chi-Square statistic

The chi-square technique can often be employed for purposes of estimation or hypothesis testing when the z or t statistics are not appropriate. In addition to the goodness-of-fit application described above, there are at least three other important uses for chi-square:

A. Tests of the independence of two qualitative population variables.

B. Tests of the equality or inequality of more than two population proportions.

C. Inferences about a population variance, including the estimation of a confidence interval for a population variance from sample data.

Critical Values of χ2

	
	Critical Values for Upper Tail Area 
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	d.f.
	0.990
	0.980
	0.950
	0.900
	0.800
	0.700
	0.500
	0.300
	0.200
	0.100
	0.050
	0.020
	0.010
	0.001

	1
	0.000157
	0.000628
	0.00393
	0.0158
	0.0642
	0.148
	0.455
	1.074
	1.642
	2.706
	3.841
	5.412
	6.635
	10.827

	2
	0.0201
	0.0404
	0.103
	0.211
	0.446
	0.713
	1.386
	2.408
	3.219
	4.605
	5.991
	7.824
	9.210
	13.815

	3
	0.115
	0.185
	0.352
	0.584
	1.005
	1.424
	2.366
	3.665
	4.642
	6.251
	7.815
	9.837
	11.345
	16.266

	4
	0.297
	0.429
	0.711
	1.064
	1.649
	2.195
	3.357
	4.878
	5.989
	7.779
	9.488
	11.668
	13.277
	18.466

	5
	0.554
	0.752
	1.145
	1.610
	2.343
	3.000
	4.351
	6.064
	7.289
	9.236
	11.070
	13.388
	15.086
	20.515

	6
	0.872
	1.134
	1.635
	2.204
	3.070
	3.828
	5.348
	7.231
	8.558
	10.645
	12.592
	15.033
	16.812
	22.457

	7
	1.239
	1.564
	2.167
	2.833
	3.822
	4.671
	6.346
	8.383
	9.803
	12.017
	14.067
	16.622
	18.475
	24.321

	8
	1.647
	2.032
	2.733
	3.490
	4.594
	5.527
	7.344
	9.524
	11.030
	13.362
	15.507
	18.168
	20.090
	26.124

	9
	2.088
	2.532
	3.325
	4.168
	5.380
	6.393
	8.343
	10.656
	12.242
	14.684
	16.919
	19.679
	21.666
	27.877

	10
	2.558
	3.059
	3.940
	4.865
	6.179
	7.267
	9.342
	11.781
	13.442
	15.987
	18.307
	21.161
	23.209
	29.588

	11
	3.053
	3.609
	4.575
	5.578
	6.989
	8.148
	10.341
	12.899
	14.631
	17.275
	19.675
	22.618
	24.725
	31.264

	12
	3.571
	4.178
	5.226
	6.304
	7.807
	9.034
	11.340
	14.011
	15.812
	18.549
	21.026
	24.054
	26.217
	32.909

	13
	4.107
	4.765
	5.892
	7.041
	8.634
	9.926
	12.340
	15.119
	16.985
	19.812
	22.362
	25.471
	27.688
	34.527

	14
	4.660
	5.368
	6.571
	7.790
	9.467
	10.821
	13.339
	16.222
	18.151
	21.064
	23.685
	26.873
	29.141
	36.124

	15
	5.229
	5.985
	7.261
	8.547
	10.307
	11.721
	14.339
	17.322
	19.311
	22.307
	24.996
	28.259
	30.578
	37.698

	16
	5.812
	6.614
	7.962
	9.312
	11.152
	12.624
	15.338
	18.418
	20.465
	23.542
	26.296
	29.633
	32.000
	39.252

	17
	6.408
	7.255
	8.672
	10.085
	12.002
	13.531
	16.338
	19.511
	21.615
	24.769
	27.587
	30.995
	33.409
	40.791

	18
	7.015
	7.906
	9.390
	10.865
	12.857
	14.440
	17.338
	20.601
	22.760
	25.989
	28.869
	32.346
	34.805
	42.312

	19
	7.633
	8.567
	10.117
	11.651
	13.716
	15.352
	18.338
	21.689
	23.900
	27.204
	30.144
	33.687
	36.191
	43.819

	20
	8.260
	9.237
	10.851
	12.443
	14.578
	16.266
	19.337
	22.775
	25.038
	28.412
	31.410
	35.020
	37.566
	45.314

	21
	8.897
	9.915
	11.591
	13.240
	15.445
	17.182
	20.337
	23.858
	26.171
	29.615
	32.671
	36.343
	38.932
	46.796

	22
	9.542
	10.600
	12.338
	14.041
	16.314
	18.101
	21.337
	24.939
	27.301
	30.813
	33.924
	37.659
	40.289
	48.268

	23
	10.196
	11.293
	13.091
	14.848
	17.187
	19.021
	22.337
	26.018
	28.429
	32.007
	35.172
	38.968
	41.638
	49.728

	24
	10.856
	11.992
	13.848
	15.659
	18.062
	19.943
	23.337
	27.096
	29.553
	33.196
	36.415
	40.270
	42.980
	51.179

	25
	11.524
	12.697
	14.611
	16.473
	18.940
	20.867
	24.337
	28.172
	30.675
	34.382
	37.652
	41.566
	44.314
	52.619

	26
	12.198
	13.409
	15.379
	17.292
	19.820
	21.792
	25.336
	29.246
	31.795
	35.563
	38.885
	42.856
	45.642
	54.051

	27
	12.878
	14.125
	16.151
	18.114
	20.703
	22.719
	26.336
	30.319
	32.912
	36.741
	40.113
	44.140
	46.963
	55.475

	28
	13.565
	14.847
	16.928
	18.939
	21.588
	23.647
	27.336
	31.391
	34.027
	37.916
	41.337
	45.419
	48.278
	56.892

	29
	14.256
	15.574
	17.708
	19.768
	22.475
	24.577
	28.336
	32.461
	35.139
	39.087
	42.557
	46.693
	49.588
	58.301

	30
	14.953
	16.306
	18.493
	20.599
	23.364
	25.508
	29.336
	33.530
	36.250
	40.256
	43.773
	47.962
	50.892
	59.702

	31
	15.655
	17.042
	19.281
	21.434
	24.255
	26.440
	30.336
	34.598
	37.359
	41.422
	44.985
	49.226
	52.191
	61.098

	32
	16.362
	17.783
	20.072
	22.271
	25.148
	27.373
	31.336
	35.665
	38.466
	42.585
	46.194
	50.487
	53.486
	62.487

	33
	17.073
	18.527
	20.867
	23.110
	26.042
	28.307
	32.336
	36.731
	39.572
	43.745
	47.400
	51.743
	54.775
	63.869

	34
	17.789
	19.275
	21.664
	23.952
	26.938
	29.242
	33.336
	37.795
	40.676
	44.903
	48.602
	52.995
	56.061
	65.247

	35
	18.509
	20.027
	22.465
	24.797
	27.836
	30.178
	34.336
	38.859
	41.778
	46.059
	49.802
	54.244
	57.342
	66.619

	36
	19.233
	20.783
	23.269
	25.643
	28.735
	31.115
	35.336
	39.922
	42.879
	47.212
	50.998
	55.489
	58.619
	67.985

	37
	19.960
	21.542
	24.075
	26.492
	29.635
	32.053
	36.336
	40.984
	43.978
	48.363
	52.192
	56.730
	59.893
	69.348

	38
	20.691
	22.304
	24.884
	27.343
	30.537
	32.992
	37.335
	42.045
	45.076
	49.513
	53.384
	57.969
	61.162
	70.704

	39
	21.426
	23.069
	25.695
	28.196
	31.441
	33.932
	38.335
	43.105
	46.173
	50.660
	54.572
	59.204
	62.428
	72.055

	40
	22.164
	23.838
	26.509
	29.051
	32.345
	34.872
	39.335
	44.165
	47.269
	51.805
	55.758
	60.436
	63.691
	73.403

	41
	22.906
	24.609
	27.326
	29.907
	33.251
	35.813
	40.335
	45.224
	48.363
	52.949
	56.942
	61.665
	64.950
	74.744

	42
	23.650
	25.383
	28.144
	30.765
	34.157
	36.755
	41.335
	46.282
	49.456
	54.090
	58.124
	62.892
	66.206
	76.084

	43
	24.398
	26.159
	28.965
	31.625
	35.065
	37.698
	42.335
	47.339
	50.548
	55.230
	59.304
	64.116
	67.459
	77.418

	44
	25.148
	26.939
	29.787
	32.487
	35.974
	38.641
	43.335
	48.396
	51.639
	56.369
	60.481
	65.337
	68.710
	78.749

	45
	25.901
	27.720
	30.612
	33.350
	36.884
	39.585
	44.335
	49.452
	52.729
	57.505
	61.656
	66.555
	69.957
	80.078

	46
	26.657
	28.504
	31.439
	34.215
	37.795
	40.529
	45.335
	50.507
	53.818
	58.641
	62.830
	67.771
	71.201
	81.400

	47
	27.416
	29.291
	32.268
	35.081
	38.708
	41.474
	46.335
	51.562
	54.906
	59.774
	64.001
	68.985
	72.443
	82.720

	48
	28.177
	30.080
	33.098
	35.949
	39.621
	42.420
	47.335
	52.616
	55.993
	60.907
	65.171
	70.197
	73.683
	84.037

	49
	28.941
	30.871
	33.930
	36.818
	40.534
	43.366
	48.335
	53.670
	57.079
	62.038
	66.339
	71.406
	74.919
	85.350

	50
	29.707
	31.664
	34.764
	37.689
	41.449
	44.313
	49.335
	54.723
	58.164
	63.167
	67.505
	72.613
	76.154
	86.660


� There are no estimated parameters in our example. One instance in which we might be estimating parameters would be if Warren were using his sample data to estimate the mean and standard deviation of the proposed normal distribution.
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