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Solutions to Practice Final #2

Problem 1 (#6-67 in the book, Practical Management Science) 

Houseco Developers is considering erecting three office buildings. The time (in years) required to complete each of them and the number of workers required to be on the job at all times are shown in table 6.69. Once a building is completed, it brings in the following amount of rent per year: building 1, $50,000; building 2, $30,000; building 3, $40,000. Houseco faces the following constraints:

· During each year 60 workers are available.

· At most one building can be started during any year.

· Building 2 must be completed by the end of year 4.

Determine the maximum total rent that can be earned by Houseco by the end of year 4.

We start by creating a spreadsheet with all of the input data laid out in a logical fashion. 
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Decision Variables

The decision variables are which buildings to start in each year, and they are yes/no decisions.

We can make a matrix of decision variables in our spreadsheet, corresponding to the possible choices we might make. We’ll keep track of how many times we decide to start each building (we’ll want to constrain this to once per building later — it doesn’t make sense to build a building more than once), as well as how many buildings we start in a given year (the problem says we can’t start more than one building per year, so this will lead to another constraint).
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Objective

We want to study the total rent collected over the four years. First, we make a matrix of total rent per building based on which year the building’s construction begins:
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Now the sumproduct of this matrix and our matrix of decision variables will yield the total rent over four years. We put this function in cell E3.
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Constraints

· During each year 60 workers are available.

We need to keep track of how many workers are employed in any given year, which is driven by our decision variables:
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We’ll use this setup to make sure that we never use more than 60 workers.

· At most one building can be started during any year.

This is no problem to keep track of, because our decision variables are in a nice block. We’ll just constrain those to be binary (0, 1) when we fill in the Solver dialog box.

· Building 2 must be completed by the end of year 4.

In this case, we’ll constrain cell E19 to be equal to 1.

Solver

Here is the completed Solver dialog box. 
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In plain English:

The objective is to maximize total rent over four years.

The decision variables are which buildings to start in which years.

The constraints are (in order):

· The decisions are all yes/no (1, 0).

· You can’t start more than one building in any year.

· You can’t use more than 60 workers at a time.

· You can’t start Building 1 more than once.

· You must build Building 2 at some point.

· You can’t start Building 3 more than once.

We solve the model, and conclude that we will start Building 1 in year 1, and start Building 2 in year 2. The total rent over four years will be $130,000.

Problem 2 (11-24, p. 611, in the book, Practical Management Science, pretty much)

A TSB (Tax Saver Benefit) plan allows you to put money into an account at the beginning of the calendar year that can be used for medical expenses. This amount is not subject to federal tax — hence the phrase TSB. As you pay medical expenses during the year, you are reimbursed by the administrator of the TSB until the TSB account is exhausted. From that point on, you must pay your own medical expenses out of your own pocket. On the other hand, if you put more money into your TSB than the medical expenses you incur, this extra money is lost to you. Your annual salary is $50,000 and your federal income tax rate is 30%.

a. Assume that your medical expenses in a year are normally distributed with mean $2000 and standard deviation $500. Build a model in which the output is the amount of money left to you after paying taxes, putting money in a TSB, and paying any extra medical expenses. Experiment with the amount of money you put in the TSB, and estimate the optimal value for this amount.

First, we set up a spreadsheet to organize all of the information. In particular, we want to make sure we’ve identified the decision variable (how much to have taken out of our salary and put into the TSB account — here in cell B1), the objective (Maximize net income — after tax, and after extra medical expenses not covered by the TSB — which we have here in cell B14), and the random variable (in this case the amount of medical expenses — here in cell B9).
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This will be a random variable.

=B1

=MAX(B9-B10,0)
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Note (this is important): We will never get a simulation model to tell us directly what is the optimal value of the decision variable. We will try different values (here we have arbitrarily started with $3000 in cell B1) and see how the objective changes. Through educated trial-and-error, we will eventually come to some conclusion about what is the best amount of money to put into the TSB account.

Now we add the element of randomness by making B9 into an assumption cell. First, enter the mean and standard deviation for the medical expenses random variable (we put them in cells B16 and B17, respectively).
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Select the assumption cell B9 and click on the assumption button [image: image9.png]


. Select “Normal” and click “OK”.
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We are presented with a screen where we can enter the parameters for this normal distribution. We can enter values (2000 and 500) or we can use cell references. Here we enter the cell references. (Unfortunately, you can’t just click on the cells to enter them here; you have to type everything into the boxes.)
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Click OK and go back to the spreadsheet, where cell B9 has turned a luminous green.

Now we need to tell Crystal Ball to keep track of our objective cell during all of our simulation runs, so we can see its mean and standard deviation over many trials. Select the net income cell B14 and click on the forecast button [image: image12.png]


.

You can enter a name and units if you want. Then click OK.
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The forecast cell will now be blue. Now click on the run preferences button [image: image14.png]


. We see the run preferences dialog box, which has a number of options that aren’t really important to change. Click OK.
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Now click on the run simulation button [image: image16.png]


. 

While the simulation is running we can watch one of several things in the forecast window, chosen from the forecast window “view” menu. Here are two of the possible choices, a summary statistics window and a histogram window:
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The simulation will run until it reaches the maximum number of trials, at which point it will display this message:
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To see the summary statistics from the 1000 simulations, we click on the extract data button [image: image20.png]


. Select one of the options (here we pick our favorite thing in the whole world, statistics):
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We see the following information appear in a new worksheet:

[image: image22.wmf]1

2

3

4

5

6

7

8

9

10

11

12

13

14

A

B

Statistics

Net Income

Trials

1000

Mean

$32,896.78

Median

$32,900.00

Mode

$32,900.00

Standard Deviation

$31.04

Variance

$963.19

Skewness

-11.02

Kurtosis

130.57

Coeff. of Variability

0.00

Range Minimum

$32,448.17

Range Maximum

$32,900.00

Range Width

$451.83

Mean Std. Error

$0.98


This gives us everything we need to perform analysis such as making a confidence interval for the true mean net income when we put $3000 into the TSB account.

Unfortunately, we can’t tell whether $3000 is the optimal amount without trying many other possible amounts. This could entail a long and tedious series of simulation runs, but fortunately it is possible to test many values at once. We set up numerous columns in the worksheet, so that we can perform simulation experiments on many possible TSB amounts simultaneously:
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Here we have set up different columns, each with its own possible amount to be put into the TSB account in row 1. In row 14 we have the net income forecast for each possible value of the decision variable. To make the output easy to interpret, we had to select each forecast cell, click on the “define forecast” button, and give each of them a logical name. This is a pain, but it pays off later.

Now we re-run the simulation, click on extract data, select “all” forecasts, and get summary statistics for all of our possible values for the TSB:
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We can do several things here, including a nice chart showing the response of net income to the choice of TSB amount:

[image: image25.wmf]TSB Simulation Analysis Results

$32,500

$32,600

$32,700

$32,800

$32,900

$33,000

$33,100

$33,200

$33,300

$33,400

$33,500

$1000

$1250

$1500

$1750

$2000

$2250

$2500

$2750

$3000

$3250

Amount Put Into TSB Account

Mean Net Income


We conclude that the best amount is about $1,750. 

Some random Crystal Ball notes:

You need to “rewind” the simulation every time after you run it, or you will get a message saying “maximum trials reached” when you try to run it again.

When doing confidence intervals from the output you get with “extract data”, remember all the great stuff you learned in stats class. If you forget, you can always go to, say, http://www.columbia.edu/~dj114/cisheet.doc for a handy list of confidence interval formulas. The “mean standard error” statistic given in the extract data file already has been divided by the square root of n for your convenience.

b. Rework part (a), but this time assume a gamma distribution for your annual expenses. The gamma distribution has three parameters: a “location” parameter, a “scale” parameter (sometimes called beta), and a “shape” parameter (sometimes called alpha). Use a location parameter of zero, an alpha of 16, and a beta of 125 as the parameters for this distribution. (These imply the same mean and standard deviation as in the previous model, but the distribution of medical expenses is now skewed to the right, which might be more realistic.) 

See whether you should now put more or less money in a TSB than you found in part (a).

We simply redefine the assumption cell and re-do the experiment as we did previously. In the distribution gallery we select “gamma”, and enter the parameters as shown:
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As it happens, the results are almost identical to the previous analysis; we conclude that the best decision is to put about $1,750 into the TSB.
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Problem 3 (#7-41, p. 390, in the book, Practical Management Science)

There are five possible scenarios for the economy next year. The probability of each scenario, as well as the annual percentage return on stocks, bonds, and gold, are listed in Table 7.15.

	
	Returns
	

	
	Stocks
	Bonds
	Gold
	Probability

	Depression
	-0.05
	0.01
	0.30
	0.05

	Recession
	0.00
	0.02
	0.16
	0.20

	Zero growth
	0.10
	0.06
	0.10
	0.30

	Moderate growth
	0.15
	0.08
	0.04
	0.20

	High growth
	0.20
	0.04
	-0.02
	0.25


Table 7.15

a. Find the minimum-variance portfolio that yields an expected return of at least 0.09.

Decision Variables

We need to decide what proportion of our money to invest in each of three possible investments.

Objective

We want to minimize the portfolio variance.

Constraints

We need to invest 100% of our money, and we need to have an expected return of at least 0.09 (9%).

First, lay out the information given in an organized fashion. The decision variables are in cells B9:D9. The formula in cell E9 will be used to keep track of our total investment, so we don’t exceed 100%: [image: image28.wmf]1
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=

1
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Now we augment the worksheet with the following:

· The formulas in cells B12:B16 calculate the portfolio return under each of the five scenarios.

· The formula in cell B20 calculates the expected return on the portfolio (which will be constrained to be at least 9%).

· The formulas in cells C12:C16 calculate the squared deviation (a.k.a. squared errors) from the expected return (cell B20) for each scenario.

· The formula in cell B22 calculates the probability-weighted sum of the squared errors (the portfolio’s variance, the objective to be minimized).

· The formula in cell D22 is the square root of the variance, also known as the standard deviation.
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Solver

This model is actually fairly simple to set up in the Solver dialog box, once we have the spreadsheet organized properly. There are only two constraints:
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Note that this is a non-linear problem (because the objective has squared things in it), so we go to “Options” and uncheck the “assume linear model” box. Also, we uncheck the non-negativity box to allow for short selling:
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Now, solve the model:

46.85% stocks, 7.35% bonds, and 45.80% gold. This portfolio will yield slightly more than the required return of 9%, and has a standard deviation of 0.9862%. (Note that minimizing the variance is equivalent to minimizing the standard deviation.)
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b. (Added by Juran, just for fun.) Assume that there is no short selling allowed (no negative values for the decision variables). Draw an efficient frontier graph showing the trade-off between risk and return for this problem. Discuss how the optimal allocations of funds to the three investment types change in response to changes in the minimum required portfolio return.

This is a great situation for a one-way SolverTable, which allows us to optimize the problem, repeatedly and automatically, for a number of different values for some constraint (or other input value). Here, we will solve the problem for different values of the required minimum return.

First, we need to make an alteration to the Solver settings. We go into “options” and check the box that says “assume non-negative” (to prevent any short selling). We also put three formulas in cells E22:G22 to copy our decision variable values, for reasons that will become obvious after we run the SolverTable.
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Now we set up SolverTable as shown below. What we are saying, in English, is:

Try all the values between 0% and 100% for the required minimum return on this portfolio, in 2.5% increments.

Find the minimum variance portfolio at each of those levels.

Report the portfolio standard deviation and the allocations to the three investment types at each of those minimum return levels, in a nice clean table starting in cell A25.
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Click OK, and after a minute or two SolverTable gives the following output:
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It would appear that there is no way to get more than about a 10% return here, no matter what. So, to make an interesting efficient frontier graph, we’ll reduce the range of minimum returns to, say 8% to 12%, and make the increments smaller (say, 0.05%):
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We re-run SolverTable and get output like this:
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Using the output, we can make a scatter diagram:
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We can see from the chart that there is no way to earn more than about 10.75% under these assumptions, and that there is no way to reduce the standard deviation below0.9862%.

Another interesting way to look at this situation is to make a graph that shows how the portfolio allocations change as the minimum return is increased:
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As the rate of return increases, the bonds get pushed out, then gold, until eventually the entire portfolio consists of stocks. The 100% stock portfolio corresponds to the maximum possible return.

Note that in order to make this graph, we had to put the decision variables right next to the other output cell for SolverTable. We can have SolverTable report multiple outputs, but they have to be in contiguous cells.
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Prof. Juran
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