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Abstract

We consider the pricing problem faced by a platform matching price sensitive customers to
flexible supply units within a geographic area. This can be interpreted as the problem faced
in the short-term by a ride-hailing platform trying to match supply and demand within a city.
We propose a framework where a platform chooses prices for the different locations, and drivers
respond by choosing where to relocate based on prices, travel costs and driver congestion levels.
We derive structural results for supply equilibria and the equilibrium profits supply units garner,
and show that the platform’s problem can be reformulated as a function of these. We also show
how the problem can be spatially decomposed based on attraction regions. We then analyze
a demand shock scenario to highlight the key features of an optimal pricing policy and the
supply response it generates. We characterize the optimal policy and the implications of the
strategic nature of supply units. We show that the platform will use prices to create artificially
damaged regions where driver congestion is artificially high in order to lure drivers towards more
profitable locations for the platform. Furthermore, the optimal solution, while better balancing
supply and demand around the region of the demand shock, also incentivizes some drivers to

move away from the demand shock in search of better conditions.

Keywords: spatial pricing, revenue management, ride-hailing, strategic supply, market design.

1 Introduction

Pricing and revenue management have seen significant developments over the years in both practice
and the literature. At a high level, the main focus has been to investigate tactical pricing decisions
given the dynamic evolution of inventories, with prototypical examples coming from the airline,

hospitality and retail industries (Talluri & Van Ryzin (2006)). With the emergence and multipli-



cation of two-sided marketplaces, a new question has emerged: how to price when capacity /supply
units are strategic and can decide when and where to participate. This is particularly relevant for
ride-hailing platforms such as Uber and Lyft. In these platforms, drivers are independent contrac-
tors who have the ability to relocate strategically within their cities to boost their own profits. On
the one hand, this leads to a more flexible supply. On the other hand, one is not able to simply re-
allocate supply across locations when needed, but rather a platform needs to ensure that incentives
are in place for a “good” reallocation to take place. Consider the spatial pricing problem within a
city faced by a platform that shares its revenues with drivers. Suppose there are different demand
and supply conditions across the city. The platform may want to increase prices at locations with
high demand and low supply. Such an increase would have two effects. The first effect is a local
demand response, which pushes the riders who are not willing to pay a higher price away from the
system. The second effect is global in nature, as drivers throughout the city may find the locations
with high prices more attractive than the ones where they are currently located and maybe decide
to relocate. In turn, this may create a deficit of drivers at some locations. In other words, prices
set in one region of a city impact demand and supply at this region, but also potentially impact
supply in other regions. This brings to the foreground the question of how to price in space when

supply units are strategic.

The central focus of this paper is to understand the interplay between spatial pricing and supply
response. In particular, we aim to understand how to optimally set prices across locations in a
city, and what the impact of those prices is on the strategic repositioning of drivers. To that end,
we consider a short-term model over a given timeframe where overall supply is constant. That
is, drivers respond to pricing and congestion by moving to other locations, but not by entering
or exiting the system. In our short-term framework, the platform’s only tool for increasing the
supply of drivers at a given location is to encourage drivers to relocate from other places. In
turn, this time scale permits us to isolate the spatial implications on the different agents’ strategic
behavior. In this sense, our model can be thought of as a building block to better understand richer

temporal-dynamic environments.

In more detail, we consider a revenue-maximizing platform that sets prices to match price-sensitive
riders (demand) to strategic drivers (supply) who receive a fixed commission. In making their
decisions, drivers take into account prices, supply levels across the city, and transportation costs.
More formally, we consider a measure-theoretical Stackelberg game with three groups of players:
a platform, drivers and potential customers. Supply and demand are non-atomic agents, who
are initially arbitrarily positioned. We use non-negative measures to model how these agents are

distributed in the city. All the players interact with each other in a linear city. Every location



can admit different levels of supply and demand. The platform moves first, selecting prices for the
different locations around the city. Once prices are set, the set of customers willing to pay such
levels is determined. Then, drivers move in equilibrium in a simultaneous move game, choosing
where to reposition based on prices, supply levels and driving costs. In fact, besides prices and
transportation costs, supply levels across the city are a key element for drivers to optimize their
repositioning. If too many other drivers are at a given location, a driver relocating there will
be less likely to be matched to a rider, negatively affecting that driver’s utility. The platform’s
optimization problem consists of finding optimal prices for all locations given that drivers move in

equilibrium.

Main contributions. Our first set of contributions is methodological. We propose a general
framework that encompasses a wide range of environments. Our measure-theoretical setup can
be used to study spatial interactions in both discrete and continuous settings. In this general
framework, we develop structural properties of the equilibrium utilities of drivers and prove that
the city admits a form of spatial decomposition. Furthermore, we establish that the equilibrium
utility of drivers admits a fundamental upper bound driven by the local driver congestion level.
In turn, we leverage these properties to provide a crisp structural characterization of an optimal
pricing solution and its corresponding supply response. This characterization provides a one-to-one

mapping between the equilibrium utilities and the optimal prices and equilibrium flows.

In our second set of contributions, we shed light on the scope of prices as an incentive mechanism
for drivers and provide insights into the structure of an optimal policy. To that end, we study
a special family of cases in which a central location in the city, the origin, experiences a shock
of demand. To put the optimal policy in perspective, we first characterize an optimal local price
response policy, a pricing policy that only optimizes the price at the demand shock location. Such
a policy increases prices at the demand shock location leading to an attraction region around the

shock in which drivers move toward the origin.

Leveraging our earlier methodological results in conjunction with the derivation of new results, we
characterize in quasi-closed form the optimal pricing policy and its corresponding supply response.
The optimal policy admits a much richer structure. Quite strikingly, the optimal pricing policy
induces movement toward the demand shock but potentially also away from the demand shock.
The platform may create damaged regions through both prices and congestion to steer the flow of
drivers toward more profitable regions. Compared to the local price response policy, the optimal

solution or global price response incentivizes more drivers to travel toward the demand shock.

The optimal pricing policy splits the city into six regions around the origin (Figure 1). The mass
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Figure 1: The optimal solution creates six regions.

of customers needing rides at the location of the shock is serviced by three subregions around it:
the origin, the inner center and the outer center. The origin is the most profitable location and so
the platform surges its price, encouraging the movement of a mass of drivers to meet its high levels
of demand. These drivers come from both the inner and outer center. In the former, locations
are positively affected by the shock, and some drivers choose to stay in them while others travel
toward the origin. In the latter, drivers are too far from the demand shock and so the platform has
to deliberately damage this region through prices (e.g., by using excessively high prices) to create
incentives for drivers to relocate toward the origin. However, drivers in this region have an option:
instead of driving toward the demand shock at the origin, they could drive away from it. This
gives rise to the next region, the inner periphery. Consider the marginal driver, i.e., the furthest
driver willing to travel to the origin. To incentivize the marginal driver to move to the origin,
the platform is obligated to also damage conditions in the inner periphery. The optimal solution
creates two subregions within the inner periphery. In the first, conditions are degraded through
prices that make it unattractive for drivers. Drivers in this region leave toward the second region.
That is, they drive in the direction opposite to the demand shock. The action of the platform in
the second region is more subtle. Here, the platform does not need to play with prices. The mere
fact that drivers from the first region run away to this area creates congestion, and this is sufficient
degradation to make the region unattractive for the marginal driver. The final region is the outer

periphery, which is too far from the origin to be affected by its demand shock.

We complement our analysis with a set of numerics that highlights that the optimal policy can
generate significantly more revenues than a local price response. In other words, anticipating the
global supply response and taking advantage of the full flexibility of spatial pricing plays a key role

in revenue optimization.



2 Related Literature

Several recent papers examine the operations of ride-hailing platforms from diverse perspectives.
We first review works that do not take spatial considerations into account. There is a recent but
significant body of work on the impact of incentive schemes on agents’ participation decisions.
Gurvich et al. (2016) study the cost of self-scheduling capacity in a newsvendor-like model in
which the firm chooses the number of agents it recruits and, in each period, selects a compensation
level as well as a cap on the number of available workers. Cachon et al. (2017) analyze various
compensation schemes in a setting in which the platform takes into account drivers’ long-term and
short-term incentives. They establish that in high-demand periods all stakeholders can benefit from
dynamic pricing, and that fixed commission contracts can be nearly optimal. The performance of
such contracts in two-sided markets is analyzed by Hu & Zhou (2017) who derive performance
guarantees. Taylor (2017) considers how uncertainty affects the price and wage decisions of on-
demand platforms when facing delay-sensitive customers and autonomous capacity. Nikzad (2018)
focuses on the effect of market thickness and competition on wages, prices and welfare and shows
that, in some circumstances, more supply could lead to higher wages, and that competition across

platforms could lead to high prices and low consumer welfare.

There is also a literature on matching in ride-hailing without pricing. Feng et al. (2017) compare
the waiting time performance, in a circular city, of on-demand matching versus traditional street-
hailing matching. Hu & Zhou (2016) analyze a dynamic matching problem as well as the structure
of optimal policies. In a related study, Ozkan & Ward (2016) develop a heuristic based on a
continuous linear program to maximize the number of matches in a network. Afeche et al. (2017)
study demand admission controls and drivers’ repositioning in a two-location network, without
pricing. They show that the value of the controls is large when both capacity is moderate and

demand is imbalanced.

Most closely related to our work are papers that study pricing with spacial considerations. Castillo
et al. (2017) takes space into account, but only in reduced form through the shape of the supply
curve. This paper points out that surge pricing can help to avoid an inefficient situation termed
the “wild goose chase” in which drivers’ earnings are low due to long pick-up times. Banerjee
et al. (2015) consider a queueing network where drivers do not make decisions in the short-term
(no repositioning decisions) but they do care about their long-term earning. They prove that
a localized static policy is optimal as long as the system parameters are constant, but that a
dynamic pricing policy is more robust to changes in these parameters. Banerjee et al. (2016) find

approximation methods to find source-destination prices in a network to maximize various long-run



average metrics. Customers have a destination and react to prices, but supply units do not behave
strategically. Bimpikis et al. (2016) focus on pricing for steady-state conditions in a network in
which drivers behave in equilibrium and decide wether and when to provide service as well as where
to reposition. They are able to isolate an interesting “balance” property of the network and establish
its implications for prices, profits and consumer surplus. Buchholz (2017) structurally estimates a
spatial equilibrium model to understand the welfare costs of taxi fare regulations. These papers
investigate long-term behavior associated with spatial pricing. In contrast, our work examines how
the platform should respond to short-term supply-demand imbalances given that the supply units

are strategic.

From a methodological point of view, our work borrows tools from the literature on non-atomic
congestion games. Our equilibrium concept is similar to the one used by Roughgarden & Tardos
(2002) and Cole et al. (2003) to analyze selfish routing under congestion in discrete settings: in
equilibrium, drivers only depart for locations that yield the largest earnings. We consider a more
general measure-theoretical environment that can be traced back to Schmeidler (1973) and Mas-
Colell (1984). Our work is also related to the literature on optimal transport (see Blanchet &
Carlier (2015)). Once the platform sets prices, drivers must decide where to relocate. This creates
a “flow” or a “transport plan” in the city from initial supply (initial measure) to post-relocation

supply (final measure). However, in our problem, the final measure is endogenous.

Finally, some of our insights relate back to the damaged goods literature. Deneckere & McAfee
(1996) explain that a firm can strategically degrade a good in order to price discriminate. In our
setting the platform can damage some regions in the city through prices and congestion to steer

drivers toward more profitable locations and thus increase revenues.

Our linear city framework relates to the class of Hotelling models (Hotelling 1990), which are
typically used to study horizontal differentiation of competing firms. In contrast to this classical
stream of work, we consider a monopolist who can set prices across all locations. Furthermore,
these prices affect the capacity at each location and supply units can choose among all regions of

the city to provide service.

3 Problem Formulation

Preliminaries. Throughout the paper, we will use measure-theoretic objects to represent supply,
demand and related concepts. This level of generality will enable us to capture the rich interactions

that arise in the system through a continuous spatial model. The continuous nature of space



simplifies our solution, enabling us to express the solution to special cases of interest in quasi-closed
form. To that end, we introduce some basic notation. For an arbitrary metric set X equipped with
the Borel o—algebra, we let M(X) denote the set of non-negative finite measures on X. For any
measure 7, we denote its restriction to a set B by 7|g. The notation 7 < 7’ represents measure 7
being absolutely continuous with respect to measure 7/. The notation esssupg corresponds to the
essential supremum, which is the measure-theoretical version of a supremum that does not take
into account sets of measure zero. To denote the support of any measure 7 we use supp(7). The
notation 7 — a.e. represents almost everywhere with respect to measure 7. For any measure 7 in
a product space B x B, 7 and 1 will denote, respectively, the first and second marginals of 7.
We use 1,3 to denote the indicator function, and S°, 95, S, S¢ to represent the interior, boundary,
closure and complement of a set S respectively. If F'(-) is a cumulative distribution function, then
F(q) =1— F(q). For consistency, we use masculine pronouns to refer to drivers and feminine ones

to refer to customers.

3.1 Model elements

Our model contains four fundamental elements: a city, a platform, drivers and potential customers.
We represent the city by a line interval C = [—H, H], for some H > 0 and a measure I" in M(C).
We refer to this measure as the city measure and it characterizes the “size” of every location of
the city. For example, if I" has a point mass at some location then that location is large enough to

admit a point mass of supply and demand.

Demand (potential customers) and supply (drivers) are assumed to be infinitesimal and initially
distributed on C. We denote the initial demand measure by A(-) and the supply measure by u(-),
with both measures belonging to M(C). For example, if p is the Lebesgue measure on C, then
drivers are uniformly distributed over the city. Both the demand and supply measures are assumed
to be absolutely continuous with respect to the city measure, i.e., A, u < I'. Customers at location
y € C have their willingness to pay drawn from a distribution Fy(-). For all y € C, we assume the
revenue function ¢ — ¢ - fy(q) is continuous and unimodular in ¢ and that F}, is strictly increasing

over its support [O,W, for some finite positive V.

We model the interactions between the platform, the customers and the supply as a game. The
first player to act in this game is the platform. The platform selects fares across locations and
facilitates the matching of drivers and customers. Specifically, the platform chooses a measurable

price mapping p : C — [0, V] so as to maximize its citywide revenues.

After prices are chosen, drivers select whether to relocate and where to do so. The relocation of



drivers generates a flow/transportation of mass from the initial measure of drivers p to some final
endogenous measure of drivers. This final measure corresponds to the supply of drivers in the city
after they have traveled to their chosen destination. The movement of drivers across the city is
modeled as a measure on C x C, which we denote by 7. Any feasible flow has to preserve the initial
mass of drivers in C. That is, the first marginal of 7 should equal u. Moreover, T generates a new
(after relocation) distribution of drivers in the city, which corresponds to the second marginal of T,

To. Formally, the set of feasible flows is defined as follows
Fp)={reMCxC):mm=p, mn<<Il}

The first condition ensures consistency with the initial positioning of drivers, the second condition
ensures that there is no mass of relocated supply at locations where the city itself has measure
zero. In particular, given the latter, the Radon-Nikodym derivatives of 75 and A with respect to
I', dra(y)/dI" and dA(y)/dI, are well defined and for ease of notation we let, for any y in C,

. dA

A dTQ a a4

s"(y) = dT(y)y and A(y)

Physically, s™(y) represents the post-relocation supply at location y normalized by the size of location
y, and A(y) corresponds to the potential demand at location y also normalize by the size of such
location. Here and in what follows, we will refer to s”(y) and A(y) as the post-relocation supply
and potential demand at y, respectively. We use the notation Cy to represent the set of locations

with positive potential demand in the city, i.e., Cy = {y € C: A(y) > 0}.

Given the prices in place, the effective demand at a location y is given by A(y) - Fy(p(y)), as at
location y, only the fraction Fy(p(y)) is willing to purchase at price p(y). At the same time, the
supply at y is given by s7(y). Therefore, the ratio of effective (as opposed to potential) demand to
supply at y is given by
Ay) - Fy(p(y))
sT(y)

assuming s7(y) > 0. Since a driver can pick up at most one customer within the time frame

)

of our game, a driver relocating to y will face a utilization rate of min {1, A(y) - Fyy(p(y))/s"(v)},
assuming s” (y) > 0. The effective utilization can be interpreted as the probability that a driver who
relocated to y will be matched to a customer within the time frame of our game. In particular, if
sT(y) > Ay) - Fy(p(y)), there is driver congestion at location y, and not all drivers will be matched
to a customer. If s7(y) = 0 at location y, we say the utilization rate is one if the effective demand

at y is positive and zero if the effective demand is zero. Formally, the utilization rate at location y



is given by
min{l,%&v’g(y))} if s™(y) > 0;
R(y.p().s"()) £ {1 it 57(y) = 0, M) - By (p(y) > 0;

0 if A(y) - Fy(p(y)) = 0.

When deciding whether to relocate, drivers take three effects into account: prices, travel distance
and congestion. The driver congestion effect (or utilization rate) is the one described in the para-
graph above. We assume that the platform uses a commission model and transfers a fraction « in
(0,1) of the fare to the driver. As a result, a driver who starts in location y and chooses to remain

there earns utility equal to

U () 5™@) 2 - ply) - B(y:p(), 5™ w))- (1)

That is, the utility is given by the compensation per ride times the probability of a match. We model
the cost for drivers of repositioning from location x to location y through the distance between the

locations, |y — x|. Therefore, a driver originating in x who repositions to y earns utility

11 (2,,0(), 5" W) 2 U (,p(), 5" W) ~ Iy — al. (2)

When clear from context, and with some abuse of notation, we omit the dependence on price and
the supply-demand ratio, writing U(y) and II(x,y). We are now ready to define the notion of a
supply equilibrium.

Definition 1 (Supply Equilibrium). A flow 7 € F(u) is an equilibrium if it satisfies

T({u,y) € Cx C: MM, y,ply),57(y) = esssup 11 (wp(),57()) }) = u(0),

where the essential supremum s taken with respect to the city measure I'.

That is, an equilibrium flow of supply is a feasible flow such that essentially no driver wishes to
unilaterally change his destination. As a result, the mass of drivers selecting the best location for

themselves has to equal the original mass of drivers in the system.

The platform’s objective is to maximize the revenues it garners across all locations in C. From a
given location y, it earns (1—a)-p(y)-min{s™ (y), A(y)- Fy(p(y))}. The term (1—«)-p(y) corresponds
to the platform’s share of each fare at location y, and the term min{s”(y), A(y) - Fyy(p(y))} denotes
the quantity of matches of potential customers to drivers at location y. If location y is demand

constrained, then min{s”(y), A(y) - Fy(p(y))} equals A(y) - F,(p(y)), while if location y is supply



constrained, then min{s”(y), A(y) - Fy(p(y))} amounts to s (y). The platform’s price optimization

problem can in turn be written as

sup (1 -a) / p(y) - min{s”(y), \(y) - Fy(p(y))} d'(y) (P1)
p(-), T€F (1) ¢
s.t. T is a supply equilibrium,
o= dr
ar-

Remark. Our model may be interpreted as a basic model to understand the short-term operations
of a ride-hailing company. In particular, each driver completes at most one customer pickup within
the time frame of our game and there is not enough time for the entry of new drivers into the
system. In the present model, we do not account explicitly for the destinations of the rides. We do
so in order to isolate the interplay of supply incentives and pricing. In that regard, one could view

our model as capturing origin-based pricing, a common practice in the ride-hailing industry.

4 Structural Properties and Spatial Decomposition

A key challenge in solving the optimization problem presented in (P;) is that the decision variables,
the flow 7 and the price function p(-), are complicated objects. The flow 7, being a measure over a
two-dimensional space, is obviously a complex object to manipulate. The price function will turn
out to be a difficult object to manipulate as well in that the optimal price function will often be
discontinuous. In order to analyze our problem, we will need to introduce a better-behaved object.

This object, which will be central to our analysis, is the (after movement) driver equilibrium utility.

Drivers’ utilities. For a given price function p and flow 7, we denote by V(x| p, 7) the essential
maximum utility that a driver departing from location x can garner by going to anywhere within

a measurable region B C C. In particular, the mapping Vz(:| p,7) : C — R is defined as

Va(z| p, 7) éessgupﬂ(ﬂc,-,p(-),ST(-))- (3)
When B = C, we use V instead of Vz. By the definition of a supply equilibrium, essentially all
drivers departing from location = earn V(x| p, ) utility in equilibrium.

We now show that the equilibrium utility Vz(-| p,7) must be 1-Lipschitz continuous. Intuitively,
drivers from two different locations x and y that consider relocating to B see exactly the same
potential destinations. Hence, the largest utility drivers departing from x can garner must be greater

or equal to that of the drivers departing from y minus the disutility stemming from relocating from
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x to y, that is, Va(x) > Vg(y) —|z—y|. Since this argument is symmetric, we deduce the 1-Lipschitz
property.

Lemma 1. (Lipschitz) Consider a measurable set B C C such that I'(B) > 0. Let p be a measurable
mapping p : B — Ry, and let T € F(u). Then, the function Va(:| p,7) is 1-Lipschitz continuous.

We now introduce a reformulation of (P;) that focuses on the equilibrium utility V' and the post-
relocation supply s as the central elements. We then establish important structural properties of

V' and establish a spatial decomposition result that is based on the equilibrium behavior of drivers.

4.1 Reformulating the Platform’s problem

In what follows, we define v = (1 — a)/a. In the next result, we establish that the platform’s
objective can be rewritten in terms of the utility function V(| p,7) and the post-relocation supply
s, yielding an alternative optimization problem.

Proposition 1 (Problem Reformulation). The following problem

swp e [ Vil )5 (@) dE(a) (P2)
p(-) , TEF (1) Cx
s.t. T is an equilibrium flow,
dry
Vv = II(z,p(),s (- T=—=
(sl p7) =esssup 1 (,-,p(),57()), 57 =,

admits the same value as the platform’s optimization problem (Pi), and a pair (p,T) that solves
(P2) also solves (Py).

The first step in the proof of the proposition above is to rewrite the platform’s objective in terms of
the post-relocation supply s”(x) and the pre-movement utility function U (z,p(x), s (z)) (see Eq.
(1)). This transformation is not particularly useful per se, since the function U (z,p(z),s™(z)) is
not necessarily well-behaved. The next step consists of establishing that U (z, p(x), s” (z)) coincides
with V' (z| p,7) whenever a location has positive post-movement equilibrium supply (see Lemma
A-2 in the Appendix). Indeed, whenever the equilibrium outcome is such that a location has
positive supply, the utility generated by staying at that location has to be equal to the best utility
one could obtain by traveling to any other location. This is intuitive in that if it were not the
case, no driver would be willing to stay at or travel to that location. In turn, one can effectively
replace U (z,p(x), s™(x)) with V(x| p, 7) in the objective, which yields the alternative problem. The
main advantage of this new formulation is that the equilibrium utility V(x| p, 7) admits significant

structure, as we show next.
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4.2 Indifference and Attraction Regions

A key feature of the problem at hand is that, in equilibrium, conditions at different locations are
inherently linked as drivers select their destination among all locations. An important object that
will help capture the link across various locations is the indifference region of a driver departing
location x. The indifference region of x represents all the destinations to which drivers from x are
willing to travel to. Formally, the indifference region for a driver departing from x € C under prices

p and flow 7 is given by
IR(a| p.7) £ {y € C: lim V() (alp.7) = V(alp.7) |

where B(y,d) is the open ball in C of center y and radius ¢. Intuitively, the definition above says
that if y € ZR (x| p, T), then drivers departing from x maximize their utility by relocating to y.

Indifference regions describe the set of best possible destination for a given location. The converse
concept which will turn out to be fundamental in our analysis is the attraction region of a location
z. The attraction region of z represents the set of all possible sources for which location z is their
best option. In addition, location z is called a sink if it is not willing to travel to any other location.
These regions are rich in the sense that enjoy of several appealing properties and, as we will see in
Section 5, we can solve for the platform’s optimal solution within them. Below we provide a formal
definition for an attraction region and a sink location.

Definition 2 (Attraction Region). Let (p,T) be a feasible solution of (P2). For any location z € C,
its attraction region A(z|p,T) is the set of locations from which drivers are willing to relocate to
z, i.e.,

A(z|p,7) £ {r €C: 2 € IR(z|p,7)}.

We call a location z € C a sink if its attraction region A(z|p,T) is non-empty and z ¢ A(Z'| p,T)

for all 2’ # z. When z is a sink, we represent the endpoints of its attraction region by
Xi(z| p,7) 2 inf{x € A(z| p,7)}, X, (2| p,7) & sup A(z| p, 7).

Furthermore, we say that z is an in-demand sink whenever I'([z,z+ ) NCy) and I'((z — 6, z]) NCy)
are strictly positive for all § > 0.

The next result characterizes the shape of attraction regions.
Lemma 2 (Attraction Region). Let (p,7) be a feasible solution of (P2). For any sink z € C, its

attraction region A(z| p,T) is a closed interval containing z.

The lemma above establishes an intuitive but important transitivity result. Let x < y < z be such

that x is in the attraction region of z. Then, y must also be in the attraction region of z.
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The structure of the utility function V' at a supply equilibrium will play a central role in our
analysis. The following lemma establishes the shape of V' within attraction regions.

Lemma 3 (Utility Within an Attraction Region). Let (p,7) be a feasible solution of (P2), and let
z € C be a sink. Then, the equilibrium utility satisfies

Viz|p,7)=V(z|p,7)— |z —x|, forall z¢€ A(z|p,T).

This result is closely related to the Envelope Theorem, which is widely used in mechanism design
(see Milgrom & Segal (2002)). If a driver originating from z is indifferent to relocating to z, then

V(z| p,7) — V(x| p, 7) must be equal to the relocation cost |z — z|.

Importantly, attraction regions occur as frequently as drivers move in the city. The movement of
drivers to some final location implies that that location has a non-empty attraction region. At
least drivers from locations traveling to it belong to its attraction region. The next proposition
formalizes this.

Proposition 2 (Existence of attraction regions). Let (p,7) be a feasible solution of (P2) and
suppose that y € IR (x| p,T) for some x # y. Then, there exists a sink location z € C such that
z,y € A(z| p, 7).

Consider two set B and B’ such that 7(8 x B') > 0. Intuitively, there must exist two locations z € B
and y € B’ for which z is willing to travel to y. It follows that location x belongs to the attraction
region of y, although y is not necessarily a sink location. The sink location in the proposition
is constructed as the last location to which drivers departing from x are willing to travel to. By

construction this location must be a sink.

4.3 Spatial Decomposition

Next, we show that attraction regions lead to a natural decoupling of the platform’s problem, as
they provide a natural way of segmenting the city. The next result establishes a flow separation
property induced by attraction regions.

Proposition 3 (Flow Separation). Let (p,T) be a feasible solution of (P2), and let z € C be a sink.
Then, there is no flow crossing the endpoints of the attraction region, X;(z| p,7) and X, (z| p, 7).

Formally,

(1) T([=H, Xi(z| p,7)) x [Xi(z| p,7), H]) = 0 and 7(({z} U (Xi(2| p, 7), H]) x ([=H, Xi(2] p,7)] \
{z}) = 0;
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(i) T((Xr (2| p,7), H] x [-H, X, (2| p, 7)]) = 0 and 7(([-H, X;- (2| p, 7)) U{z}) x ([Xr(2[ p, 7), H]\
{z})) =0.

Figure 2 illustrates this proposition. In equilibrium, there cannot be any flow crossing the end points
of A(z| p,7) in either direction. Suppose there was positive flow leaving some point y < X;(z| p, 1)
and crossing into A(z| p,7). This would imply that y should also be an element of A(z| p,7),
contradicting the fact that X;(z| p,7) is an end point of the attraction region A(z| p, 7).

We clarify here that this proposition does not impose anything on the direction of flow emerging
from the end points X;(z| p,7) and X, (z| p,7). That is, if there is a mass of drivers starting from

the boundary 0A(z| p,7), these drivers could move either into or out of the attraction region.

-

no flow no flow
crossing crossing

Figure 2: Flow separation. Illustration of the result in Proposition 3. No flow crosses the

boundaries of A(z| p, 7).

This flow separation result will enable us to geographically decompose the platform’s problem into
multiple weakly coupled local problems. To that end, we introduce some additional notation that
will allow us to “localize the analysis”. Formally, for any measurable B C C and measure i € M(B),

we define the set of feasible flows restricted to B to be
Fp(f) ={r e M(BxB): 11 =f, 72<T|g}

In addition, we define local equilibria as follows.
Definition 3 (Local Equilibrium). For any B C C such that I'(B) > 0 and i € M(B), a flow
T € Fp(ft) is a local equilibrium in B if it satisfies

T({u,y) € B x B I(2,y,p(y), 5], (y)) = esssup 11 (=, -,p<->,s|;<->)}> = ji(B).

B

That is, a local equilibrium in B is a feasible flow such that no driver wishes to unilaterally change
his destination when restricting attention to the set B. With this definition in hand, we may now

state our next result. Informally, this result states the following “pasting” property. Suppose we
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start from a price-equilibrium pair (p,7) and a sink z and its attraction region A(z|p, 7). Then,
we can replace the flow that occurs within A(z| p,7) with any other local equilibrium within that
attraction region as long as we maintain the same conditions at the boundary 0A(z| p, 7).
Proposition 4. (Pasting) Let (p,T) be a feasible solution of (P3), and let z € C be a sink. Denote
A= A(z|p, 7). Let i € M(A) be the measure representing drivers that stay within A according to
flow T, i.e., i(B) = 7(Bx A) for any measurable set B C A. Suppose there exists a measurable price
mapping p : A — [0, V] and a flow 7 € F4(j1) such that 7 is a local equilibrium in A under pricing
p. Furthermore, suppose Vu(:| p,T) equals V(-| p,7) in OA. Define the pasted pricing function
p:C—10,V],

s p@) ifze A

p(z) ifz e A

and the pasted flow 7 € F(u), where for any measurable L C C x C
F(L) £ 7(LN (A x A)) +F(LN (A x A)).
Then, the pasted solution (p,T) is a feasible solution of problem (P3) such that

. sT(x) ifx € A; o Valz|p,7) ifx € A
st = and V(z|p,7) =
sT(x) ifx € A, V(z|p,7) ifxe AS

Propositions 3 and 4 suggest a natural structure for the induced flows by any pricing policy. For
a given sink z, Proposition 3 establishes that the attraction region of z and its complement are
flow separated. Now Proposition 4 applies this flow separation result and shows how to make
local deviations to a feasible solution while maintaining feasibility. More precisely, an equilibrium
in C can be locally modified in the attraction region of z, without losing feasibility, as long the
equilibrium utilities of drivers in the boundaries of the attraction region are not modified. The new
solution (p,7) in C merges the old solution (p,7) in A(z|p, 7)¢ with the modified solution (p,7) in

the attraction region A(z|p, 7).

5 Congestion Bound and Optimal Flows

In the prior section, we showed that the platform’s optimization problem can be reformulated as
a problem over equilibrium utilities V' and post-relocation supply s”. We also showed that V is
a well-behaved function: it is 1-Lipschitz continuous and it has derivative equal to +1 or -1 over
attraction regions. Furthermore, we demonstrated how to use attraction regions to decompose the

platform’s global problem into localized problems.
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In this section, we focus on the optimal relocation of drivers within attraction regions. That is,
we will prove that, without loss of optimality, we can restrict attention to flows within attraction
regions that take a very specific form. In order to do so, we first need to formalize the notion of

congestion level of a given location.

5.1 Congestion Bound

We first introduce some quantities that will be useful throughout our analysis. These quantities
emerge from a classical capacitated monopoly pricing problem. Let us consider any location z € C
and ignore all other locations in the city. The problem that a monopolist faces when supply at =
is s and demand is A, can be cast as

Réoc(s) A max ¢ - min{S, A;I: : Fm(q)}’ (4)
qE[O,V]

loc

2¢(s) being defined as the argument that maximizes the equation above. Since

with the price p

loc

»¢(s) is uniquely determined and is

q- F(q) is assumed to be unimodular in ¢, the optimal price p

characterized as follows

ple(s) = max{pt™(s),pk},  where s = X\, - Fo(pl®(s)), pl € arg 2}3‘%“ Fu(p)}.  (5)
4 )

That is, the optimal local price either balances supply and demand or maximizes the unconstrained

local revenue.

For a given local supply s, the maximum revenue that can be generated at location z is R'¢(s), with
a fraction « of that revenue being payed to the drivers. Therefore, a - Rl%°(s)/s is the maximum
revenue a driver staying at this location can earn. To capture this notion, we introduce for every

location  the supply congestion function v, : R, — [0, - V], which is defined as:

a- RYe(s)/s if s> 0;
Ye(s) £ < a-V if s =0, A\(x) > 0;
0 if s =0, A\(z) =0.
The congestion function 1, must be decreasing since more drivers (in a single location problem)

imply lower revenues per driver.

Lemma 4. For any x € Cy the congestion function 1, (-) is a strictly decreasing function.

More importantly, the congestion function 1, yields an upper bound for the utility of drivers at

almost any location with respect to the city measure.
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Proposition 5 (Congestion Bound). Let (p, T) be a feasible solution of (P2). Then the equilibrium

driver utility function is bounded as follows:

V(z|p,7) < ¢y (s"(x)) I' —a.e. x in Cy.

When there is a single location, the inequality above is an equality by the definition of v¢,. For
multiple locations, drivers may travel to any location and there is no a priori connection between
the utility that drivers originating from z can garner, V(x| p,7), and ¢;(s”(z)). The result above
establishes that the latter upper bounds the former. The bound captures the structural property
that as equilibrium supply increases at a location, and hence driver congestion increases, the drivers

originating from that location will earn less utility.

5.2 Optimal Supply Reallocation in Attraction Regions

We now consider the problem of how to optimize flows within an attraction region. The key idea
is to use the structural properties about the equilibrium utility function as well as the pasting
result developed in Section 4, in conjunction with a relaxation to the platform’s problem within an

attraction region that leverages the congestion bound established in Proposition 5.

Consider a feasible solution (p,7) of (P2). Let z € C be a sink and A(z| p,7) its corresponding
attraction region. We will now show how to construct a second feasible solution of (Pz) for which
the revenue is weakly larger and we can fully characterize its prices and flows within the attraction
region A(z|p,7) as defined by the original solution (p, 7).

Theorem 1. (Optimal Supply Within an Attraction Region) Consider a feasible solution (p,T) of
(P3), and let z € C be an in-demand sink. Then, there exists another feasible solution (p,7) that
weakly revenue dominates (p,T), and is such that V(:| p,7) coincides with V(:| p,7) in A(z|p,T)
and its supply s7 in A(z| p,T) is given by:

Y V(2 p,m) =z —2]) - Ipwysor i @ € (21, 20);
s"(x) =< s, if e =z, i€ {lr};
0 otherwise,

for a set of values z; < z,z, > z, and s; > 0,i € {l,r}. Furthermore,

pEe(s™(2)) if x € Az p,7) \ {z1, 20}

Di fo = Zi, (RS {laT}v

p(x) =

where p; is such that U(zi, pi,si) = V(2| p,7) - Liacz)>o0y fori € {l,r}.
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The theorem above characterizes an optimal solution, including both prices and flows, within an
attraction region. In particular, the optimality of a pricing policy implies that it is sufficient to
focus on solutions that have post-movement equilibrium supply around the sink z in [z, 2] while
potentially creating regions with zero equilibrium supply away from the sink, in [ X}, z;) and (z,, X, ].
These regions “feed” the region around the sink z with drivers. Furthermore, the optimal prices are
fully characterized in any attraction region through the post-relocation supply. We will highlight
the main implications of Theorem 1 through a prototypical family of instances in Section 6, where

we will characterize the optimal solution in quasi-closed form.

Key ideas for Theorem 1. The key idea underlying the proof of the result is based on optimizing
the contribution of the attraction region A(z|p, T) to the overall objective by reallocation the supply
around the sink, and then showing that this reallocation of supply constitutes an equilibrium flow

in the original problem.

In order to optimize the supply around the sink we consider the following optimization problem

which, as explained below, is a relaxation of (P3) within A(z| p, 7):

max [ Vi) @) dr) (Picp(2)
5(-)>0 (X1, X,
st 3(x) <y '(V(z)) I —ae x in Cy, (Congestion Bound)
/ S(z)dl(x) = ¢, (Flow Conservation)
[XZ7X’V‘]
/ S(x)dl(x) < 77, (No Flow Crossing Left to Right)
(z,Xr]
/ S(x)dl(xz) <, (No Flow Crossing Right to Left)
[Xl7z)

where 7. corresponds to the total flow that 7 transports from A(z|p,7) to A(z|p,7), and 7 (7,)
correspond to the total flow in A(z| p,7) that is transported to the left (right) of z, excluding z.
Recall that given the post-relocation supply, s, the quantity

/35(:1:) dI'(z),

represents the post-relocation supply induced by § in B. Thus, the last three constraints in (Px p(2))
stand for consistency of the total post-relocation supply in each one the relevant subregions of
A(z| p, 7).

In (Pxp(2)), we fix the driver utilities and ask what should be the optimal allocation of drivers
while satisfying flow balance in the regions [Xj, z] and [z, X,| and imposing the congestion bound.

Clearly selecting 5 = s7 is feasible for the problem above and hence the optimal value upper bounds
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the value generated by the initial price-equilibrium pair (p, 7) in the region A(z|p, 7). In the proof,
we show that this relaxation is tight. Namely, it is possible to construct prices and equilibrium flows
achieving the value of Problem (Pxp(z)). The proof consists of two main steps: 1) solving problem
(Prp(z)) and 2) showing that the post-relocation supply that solves the relaxation can actually be
obtained from appropriate prices and flows. For step 1), the main idea relies on recognizing that
Problem (Pgp(z)) is a measure-theoretical instance of two coupled Continuous Bounded Knapsack
Problems. In particular, the congestion constraint corresponds to the availability constraint in the
classical knapsack problem. The solution to (Pxp(z)) is obtained by allocating as much as possible
at locations where we can make the most revenue per unit of volume, i.e., we would like to make
5(z) as large as possible at locations where V(x| p,7) is the largest. Hence the solution starts
by allocating as much supply as possible at location z. The challenge here is that flow-crossing
conditions need also to be satisfied and hence whether flow is sent to z from the left or the right is
key and needs to be tracked. For step 2), we explicitly construct prices and flows that generate the
post-relocation supply § we obtained earlier, and then we apply the pasting result (Proposition 4)

to obtain a feasible price-equilibrium in the whole city C.

6 Response to Demand Shock: Optimal Solution and Insights

The results derived in the previous sections characterize the structure of an optimal pricing policy
and the corresponding supply response in attraction regions for general demand and supply condi-
tions. In this section, to crisply isolate the interplay of spatial supply incentives and spatial pricing,
we focus on a special family of instances that will be rich enough to capture spatial supply-demand

imbalances while isolating the interplay above.

In particular, we focus on a family of models that captures a potential local surge in demand.

Namely, we specialize the model to the case where the city measure is given by

I'(B) = 14pepy + /Bd:e,

that is, the origin may admit point masses of supply and demand while the rest of the locations
only admit infinitesimal amounts of supply and demand. In what follows, we fix the city measure

throughout, but we parametrize the supply and demand measures.

Supply is initially evenly distributed throughout the city, with a density of drivers equal to
everywhere. Potential demand will be also be assumed to be have a uniform density on the line

interval, except potentially at the origin.
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We analyze what happens when a potential demand shock at the origin (the potential high demand
location) materializes and, in particular, we investigate the optimal pricing policy in response to
such a shock. We represent the demand shock by a Dirac delta at this location. Therefore, for any

measurable set B C C, the potential demand measure (after the shock) is given by

A(B) =X~ 1{063} + /B Aidz,

where A\g > 0 and A\; > 0. In particular, we refer to the case \g = 0 as the pre-demand shock

environment and the case A\g > 0 as the demand shock environment.

For this family of models, we assume that customer willingness to pay is drawn from the same
distribution F'(-) for all locations in the city (and this function is assumed to satisfy the regularity

conditions of Section 3). Figure 3 provides a visual representation of this family of cases.

Demand Shock
Ao

. L i
—-H H

Figure 3: Prototypical family of models with demand surge. The supply is initially uniformly
distributed in the city with density p1, and potential demand is uniformly distributed in the city

with density A;, with a sudden demand surge at location 0.

This special structure will enable to elucidate the spatial supply response induced by surge pricing

and the structural insights on the optimal policies that emerge.

Throughout this section we will use short-hand notation to present the optimal solution in a stream-
lined fashion. Let (p,7) be a price equilibrium pair we use A(0), X; and X, to denote A(0| p,7),
X;(0] p,7) and X,.(0| p, 7), respectively. Moreover, when clear from context, we write V(-) instead
of V(| p, 7).

6.1 The Pre-demand Shock Environment

We start by analyzing the pre-shock environment. In this environment, there is no demand shock,
Ao = 0, and both demand and supply are uniformly distributed along the city, with respective

densities A1 and p;.
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If one were to look at each location in isolation, the optimal local price at a location x with demand

(11), as defined in Eq. (5). Note that in the current

loc
T

density A1 and supply density p; is p

loc

environment p;;

(u1) is not location dependent and we denote it by p; throughout.

The next result characterizes the optimal solution in this environment.
Proposition 6 (Pre-demand Shock Environment). Suppose \g = 0. Then, the optimal policy and

corresponding supply equilibrium and flows can be characterized as follows.
(i) (Prices) The optimal pricing policy is given by p(x) = p1, for all x in C.
(ii) (Flow) All supply units stay at their original locations.

Furthermore, the optimal revenue equals v -1 - pq - 2H.

This result is simply says that if the initial demand-supply conditions are identical across the city,
then the optimal price policy does not induce any movement for supply, and the optimal price at
each location is simply that of a single location capacitated pricing problem. In such a solution, the
expected utilization of all drivers is equal to 1 if 3 < A; - F(p“), and otherwise is strictly below 1.
In the latter case, there is oversupply and driver congestion at all locations. The optimal revenue,
recalling the reformulation in Proposition 1, is given by the equilibrium utility of drivers 1, times

the density of equilibrium supply, integrated across all locations (times a scaling factor).

6.2 Benchmark: Local Price Response to a Demand Shock

We next start our analysis of the demand shock environment. Before turning our attention to an
optimal policy in Section 6.3, we first focus on a simple type of pricing heuristic which responds
to changes in demand conditions through changes in prices only where these changes occur. In
particular, in the context of the demand shock model, this corresponds to responding to a shock
in demand at the origin by only adjusting the price at the origin; we call this policy the local
price response. This provides a benchmark to better understand the structure and performance
of an optimal policy. We next characterize an optimal local price response, when prices are fixed
everywhere at the pre-demand shock environment solution, except at the origin.

Proposition 7 (Local Price Response to a Demand Shock). Fix Ao > 0. Suppose that p(x) = p;
for all z in C\ {0} and that the firm optimizes for the price p(0). Then,

(i) (Prices) The optimal price at the origin is given by p(0) = p°(s7(0)), and p(0) > p;.
(ii) (Movement) There exists two thresholds X, > X9 > 0, such that X, > 0 and:

e for all x in [~ X2, XV], all of the supply units move to the origin,
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e for all x in [~ X,,—X?] and all x in [X°, X,], a fraction of the supply units move to the
origin and the other fraction does not move,

e forall x inC\ [—X,, X,], no supply unit moves.

Furthermore, the platform’s revenue is strictly larger than in the pre-demand shock environment.

. : : O : .
—H _Xr —ng XTQ Xr ]if
S~ AN~

Center

Figure 4: Optimal local price response: induced supply response for a case with u; >
A F(p").

The result above characterizes the structure of an optimal local price response as well as the
structure of the supply movement it induces. Figure 4 depicts the structure of the supply response.
In particular, the optimal local price response leads to a higher price at the origin to respond to
the surge of demand at that location. In turn, this higher price attracts drivers from a symmetric

region around the origin. In that region, for locations close to the origin, all supply units move
0

»» only a fraction of the drivers will move to the origin.

to the origin. After a given threshold X
Intuitively, as one gets further from the origin, traveling to the origin becomes a less attractive
option, compared to staying put or traveling elsewhere. As that becomes the case, a smaller and
smaller fraction of units travels to the origin. Furthermore, we establish that supply units have
no incentive to travel anywhere else in the city and, as a result, units that do not travel to the
origin stay put and serve local demand. Beyond the threshold X, no supply units move in the

equilibrium induced by the optimal local price response.

The threshold X, corresponds to the location of the last drivers willing to travel to the origin. In the
current environment, prices are not flexible and, therefore, X, must equals V(0) — 1 since drivers
who are further than that will prefer to earn ¢ by staying put compared to driving to the origin
to earn V(0) minus driving costs. If we are in a supply constrained regime, pu; < \; - F(p*), then
all drivers within [~ X, X,] drive to the origin, i.e., X° = X,.. However, in a supply unconstrained

regime, pu1 > A1 - F((p%), the two thresholds are different, X? < X,., as depicted in Figure 4. This
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occurs because in locations further from the origin but still within [—X,, X,], as underutilized
drivers drive toward the origin, conditions at the departing point improve and in equilibrium,

staying put becomes competitive with driving to the origin.

6.3 Optimal Solution

The previous subsection provided an optimal local price response to a demand shock and the supply
movement it induces. In this subsection, we focus on the optimal global price response across all
locations in the city. To that end, we will leverage the results developed for the general model to

obtain a quasi-closed form solution to the platform’s problem in this specialized setting.

We begin by showing that the origin is an in-demand sink location and, therefore, the results from

Sections 4 and 5 apply to the attraction region of the origin.

By leveraging structural properties of the equilibrium utility function, the congestion bound, and
a novel flow-mimicking technique, we next fully characterize in Theorem 2 the optimal equilibrium
utility of supply units V(+), not only in the attraction region of the origin, but across the entire
city. In particular, this characterization yields a spatial separation of the city into three attractions
regions and regions of no-movement. Leveraging Theorem 1 and a symmetry argument, we solve
for the optimal s™ and the corresponding prices in each attraction region. The solution for the
no-movement regions reduces to the pre-shock environment. Leveraging the pasting result (cf.

Proposition 4) yields the optimal solution to the platform’s problem as presented in Theorem 3.

Our first result in this section demonstrates that we can focus on price-equilibrium pairs such that
the high demand location is a sink that has drivers coming towards it from left and right.
Lemma 5 (Origin is in-demand sink). Without loss of optimality, one can restrict attention to

price-equilibrium pairs (p,T) such that the origin is an in-demand sink such that X; < 0 < X,.

The intuition behind this proposition harks back to the fact that the performance of the pre-shock
environment is dominated by that of the local price response solution. Solutions for which the origin
is not an in-demand sink have revenues capped by that of the pre-demand shock environment. At
a high-level, in those solutions, there is no positive mass of drivers willing to travel to the demand
shock location and, thus, the city resembles a city without a demand shock. However, the local
price response solution incentivizes drivers from both sides to travel to the demand shock and has
a strictly larger revenue. This implies that at optimality we must have drivers coming from both

sides to the origin, that is, X; < 0 < X,..

In what follows we solve for the key objects of the platform’s optimization problem (P3). To make
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Figure 5: Three region-decomposition.

our exposition clear and highlight the spatial aspects of our solution we call the interval [X;, X, ]

the center region, and the region outside of it will be referred to as the periphery (see Figure 5).

6.3.1 Equilibrium Utilities

In this subsection we characterize V() throughout C. We begin by stating the main result of this
subsection. We then we discuss some of the implications and associated intuition.
Theorem 2. (Equilibrium utilities) Under an optimal price-equilibrium pair(p, ), the equilibrium

utility function V(-) is fully parametrized by the three values V(0) and X;, X, as follows:

V(0) — || if z € [X1, X;],
V(z) = { min{V(0) — 2X, + 2,11} if v > X,
min{V(0) - 21X;| + [l vn} iz < X.

Moreover, V(0) > 11 and V(X;),V(X,) < 1.

The first main implication of this result is that we know exactly how much utility each supply unit
garners under optimal prices throughout the entire city. Quite strikingly, the characterization of
V(-) is “independent” of the flows. That is, in order to characterize the equilibrium utility we did

not need to pin down the distribution of after-movement supply.

The second implication is that the city has at most three types of regions. Figure 6 depicts the
equilibrium utility function. The center [X;, X,| is by definition an attraction region. Let W, and
Y, be defined as the points to the left and to the right of X, where the driver’s equilibrium utility
function equals the pre-shock utility level 1. To the right of the origin (and similarly to the left),

we can observe three main regions. We first have the interval [0, W, ], where drivers’ utilities are
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Figure 6: Drivers’ equilibrium utility under an optimal pricing policy. The equilibrium

utility is fully characterized up to V(0), X; and X,.

above the pre-shock utility level. Drivers in this region are positively impacted by the shock of
demand at the origin (and the global optimal prices). The second region [W;, Y] is notable. Here,
drivers garner strictly less utility compared to the pre-shock environment. In [W,, X,] drivers are
“too far” from the origin so their utilities are negatively affected by the cost of driving to the origin.
Drivers in [X,, Y,] are outside the origin’s attraction region and, thus, do not relocate to the origin.
Interestingly, drivers in [X,, Y;] suffer because the platform has to make sure that drivers in [0, X ]
stay within the attraction region of the origin. For the marginal drivers at X, to be willing to
travel to the origin, the conditions to the right of X, should not be too attractive. The final region
corresponds to [Y;., H]; this region is not affected by the shock of demand as it is effectively too far

from the origin.

Key ideas for the proof of Theorem 2. We now present the main arguments that enable us
to establish Theorem 2. At a high level, we focus on each region separately, center and periphery,
and solve for V(-) in each of these regions. We first present the arguments for the center, and then

for the periphery.

Center. The center region is easy to analyze. Lemma 5 establishes that we can focus on solutions
such that A(0) = [X;, X,] is a non-empty interval that strictly contains the origin. Our envelope
result (Lemma 3) characterizes the equilibrium utility function in any attraction region. In turn,

this implies that
V(z)=V(0) —|z|, forall x e [X;, X,

Importantly, the characterization of V() in this region only depends on three parameters, namely,
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V(0), X; and X,. In Section 7, we will leverage this fact to numerically compute the optimal value

for these parameters.

Periphery. Consider the right periphery (X, H]. We first argue that, in this region, the drivers’
equilibrium utility has a non-trivial upper bound, and then establish that this upper bound is
achieved. The treatment for the left periphery is analogous.

Lemma 6. (Upper bound) An optimal price-equilibrium pair (p,T) satisfies

V(z) <min{V(X,)+z — X,,¢1}, forallxe (X, H|. (6)

The upper bound above follows from two bounds. A first upper bound can be derived using the
1-Lipschitz property of V' (Lemma 1), which ensures that V' can grow at a rate of at most 1. Thus,
V() is bounded by V(X,)+z— X,. A second bound may be obtained by leveraging the congestion
bound (Proposition 5). One may show that that drivers from almost any location that do not have
an incentive to travel to the origin have their utilities capped by the pre-demand shock utility level
11. Locations different than the origin that receive supply increase their driver congestion with
respect to the initial congestion level which, in turn, reduces the driver utility at that location. In
addition, drivers traveling to these locations have to incur a transportation cost further decreasing

their utilities. Thus V(-) has to be bounded by ¥4 in (X, H].

The core of the argument toward characterizing the equilibrium utilities in the periphery resides
in establishing that the upper bound in Eq. (6) is always binding for any = in (X, H], a result we
will present in Proposition 9. We show this result in two steps: we first establish that the value
function has to be non-decreasing in [X,, H] and then leverage this to establish that the upper

bound is achieved under an optimal pricing policy.

By our characterization of a driver’s utility in an attraction region (see Lemma 3), the upper
bound would not be binding if there were drivers willing to move left in (X, H]. That would imply
the existence of an attraction region (see Proposition 2) inside of which V'(-) is decreasing. Our
first proposition proves this cannot happen by establishing that, in an optimal solution, V'(-) is a
non-decreasing function in the right periphery.

Proposition 8. (Monotonicity in the periphery) Without loss of optimality, we can focus on price-
equilibrium pairs (p,7) such that V(-) is non-decreasing in (X, H]. Furthermore, if V(X,) = 1,
then V(x) =y for all x > X,.

We first observe that the attraction region around the origin of the demand shock location is always
wider under the optimal solution than under the local best response. That is, A¥(0) C A°Pt(0). In

particular, this means that more locations are affected by a demand shock in the optimal solution
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than under the local price response. Hence, the largest interval in which both solutions differ

corresponds to [—YTOpt, Kf)pt]. We denote this interval by Cgig.

Y1

(a) (b)

Figure 7: Illustration of the main argument in the proof of Proposition 8.

The key argument behind the proof of Proposition 8 is to construct a (strictly) profitable deviation
whenever V' (-) is decreasing in some region. We illustrate the main idea of the argument in Figure
7. Suppose the value function is decreasing in some interval as illustrated in Figure 7(a). We
will construct a deviation over a superset of that interval, denoted by [yo,y1] in the figure. The

construction of a deviation contains three main ideas.

First, the interval [yp, y1] is constructed in such a way that it is flow separated. That is, there is
no flow of drivers leaving this interval and no drivers coming in (7 — a.e). This separation permits
us to analyze this region as an individual sub-problem, where the behavior of drivers is relatively
“controlled”. In particular, we construct the interval [yo,y1] in such a way there is at most one
maximal subinterval where V (-) decreases at rate -1, and at most one maximal subinterval where
where V increases at rate 1. Where V(-) decreases at rate -1 drivers can only move left, and where

V(+) increases at rate 1 drivers can only move right.

Second, the best incentive compatible deviation that ensures a non-decreasing value function coin-
cides with the dashed blue line. Because V' can increase at most at a rate of 1, after gy the best
deviation equals V(yo) + (z — yo) (recall Eq. (6)). Moreover, since the interval ends at y; and we

want the deviation to be a non-decreasing function, it has to be bounded by V(y1).

The final idea is a subtle, but critical one. We know from Proposition 1 that the platform earns
revenues from a location = proportionally to V(x) - s”(x). As a result, one needs to focus on both
V(-) and the post-movement supply s” to establish a profitable deviation. We need to argue that

overall the platform will earn higher revenues after the drivers move. Our argument, which relies

27



on judicious price setting as well as a proper mapping of revenue contributions in different space
regions between the old and new flows, is illustrated in Figure 7(b). We set prices in such a way
that it is incentive compatible for drivers not to move within the interval [yo,y1], except for the
region we denote by I near yy. In this region, we set prices to incentivize the drivers to behave as
they did in region I’ in the old (non-monotone) solution. This enables us not only to achieve the

upper bound constructed, but also to obtain a strict revenue improvement for the platform.

In brief, at the optimal solution, V' (-) must be a non-decreasing function in (X,, H]. This implies
that drivers only move right (or do not move) in the right peripheral region. Our next result shows
that Eq. (6) is indeed binding.

Proposition 9. (Tight upper bound) Without loss of optimality, we can focus on price-equilibrium

pairs (p,T) such that the upper bound in Eq. (6) is tight.

The proof of Proposition 9 relies on the monotonicity in the periphery of V'(-) to construct a strict
improvement whenever we have a solution (p, 7) for which the upper bound in Eq. (6) is not tight.
We start by separating intervals that form maximal attraction regions, that is, attraction regions
with a sink at an end point. In these regions, V (-) is differentiable and has slope equal to 1. Such
intervals can be mapped onto the interval where the upper bound in Eq. (6) also has slope 1. This

mapping in represented by dashed lines and arrows in Figure 8.

Pr e — -
KX ZETTEITRETS Kol :
V<X7)k_'“
S e — — -

Figure 8: Illustration of the main idea underlying the proof of Proposition 9. The dashed lines in
V(z) correspond with interval where dV (z)/dxz = 1. These intervals are mapped onto the intervals
in [X,, H] where the upper bound in Eq. (6) has slope 1. The thick black lines correspond to both
the intervals and parts of the upper bound that are left after the mapping.

We can then use a flow mimicking argument similar to the one used in Figure 7(b). The solutions
in the initial intervals in the mapping can be replicated in the new intervals, which we illustrate

in Figure 8. Thus, this mapping preserves the platform’s revenue in the intervals being mapped.
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The regions that are left after the mapping (thick black lines in the figure) are given prices such
that drivers in them prefer not to relocate, and V coincides with the upper bound. By pasting the
solutions in the intervals we obtain then a solution for which the upper bound is tight and whose

revenue is strictly larger than that of (p, 7).

6.3.2 From Equilibrium Utilities to Supply Distribution and Optimal Prices

Given that we pinned down the equilibrium utility function across the city, the natural next step as
prescribed by the problem reformulation in Proposition 1 is to solve for prices and post-relocation
supply.

Theorem 3. (Optimal prices and flows) An optimal price-equilibrium pair (p,T) is such that V(-)

1s as in Theorem 2, X, = — X, and prices and flows are characterized as follows.

1. (Post-relocation supply) There exists unique B. € [0, W,] and B, € [X;,Y;] such that

Be Yy
y G (V(@)dl (z) = -2 X, and ; ¥y (V(@)dD (z) = - (Ve = X;),

and the optimal post-relocation supply is given by

0 Zf$ € (BC’ Bp) U (_Bpaﬁc)a
P 1(V(x))  otherwise.

sT(z) =

2. (Prices) The optimal prices are given by p(x) = pl°°(s™(x)), where s™(x) is as above.

3. (Movement)

o forall x [ Be, Be), drivers move in the direction of the origin,

o for all x in [—X,,—Bc) U (Be, Xr], all drivers move to [—pe, B,

o forallx [X Bp), all drivers move to B, Yy].

e forall x ( Bp, —Xr], all drivers move to [=Y,, —[,].

e for all z in [Bp,Y;], drivers move in the direction of Y,

e forallx [ Y,, —By], drivers move in the direction of =Y,
[—H

o for all x in Y,) U (Y, H], drivers do not relocate.

The key idea underlying Theorem 3 is to recognize the structure of the regions. The center [X;, X ]
is by definition an attraction region. The other two attraction regions correspond to the intervals
[Y7, Xi] and [X,,Y;] (to recall the definitions of these terms, please revisit Figure 6). Consider the

last of these intervals. In it, V(-) increases at a rate of 1 and drivers only move towards Y, but not
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beyond it. The shape of V() then ensures that all drivers in this region are willing to travel to Y,
and, therefore, this location has to be a sink with its associated attraction region being [X,,Y}].
We can thus leverage Theorem 1 to characterize the flow structure within attraction regions and
then paste solutions appropriately. Finally, we show that the optimal solution has to be symmetric
around the origin. In particular, now all the relevant quantities that characterize the optimal

solution depend only on two values: V(0) and X,.

Discussion. We depict in Figure 9 the structure of the solution obtained in Theorem 3. The main

< JE———
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-H —Be S R e X, By~ H
Outer Inner  Quter  Inner Inner  Outer  Inner Outer
periphery periphery center  center center  center periphery periphery

Figure 9: Supply response induced by optimal prices.

feature of the optimal solution is that it separates each side of the city, with respect to the origin,
into six regions. We focus our discussion on the right side of the city, as the result on the left side

is completely symmetric.

The origin receives a mass of supply equal to ¢; ' (V/(0)). This mass of drivers comes from two
regions, the inner and the outer center, which we now define. The first corresponds to the interval
(0,8.]. Some drivers in this region choose to stay put while others, attracted by the favorable
conditions at the center of the city, choose to drive to the origin. In equilibrium, drivers staying
or traveling to the origin garner the same utility. The outer center is the interval (3., X,]. Here,
the platform sets prices to V (or 0) and therefore supply is equal to zero. That is, the platform
chooses prices to shut down demand, giving no incentive for drivers to stay there (or alternatively
sets prices at zero to again give no incentive for drivers to stay there). In turn, this incentivizes all
drivers in this region to move somewhere else. In order to incentivize these drivers to move towards

the origin, the platform creates one more region: the inner periphery.

The inner periphery corresponds to the interval (X,,Y;]. The platforms “artificially” degrades the

conditions for drivers in this interval in two different ways, leading to the two sub regions, (i) and
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(ii) in Figure 9. In region (i), the platform sets prices equal to V in (X, 8,], shutting down demand,
so no drivers want to either travel to or stay in this region. As a result the interval (53,, Y] receives
all drivers from (X, [,]. This creates driver congestion and, thus, endogenously worsens driver
conditions in the interval (3,,Y;]. The reason the platform to choose these inner periphery prices
is to discourage drivers in the outer center from driving towards the periphery. Quite strikingly,
the optimal global price response to a demand shock at the origin induces supply movement away

from the origin in the inner periphery.

The final region is the outer periphery. All drivers in this region stay put, leading to s™(z) = p;.

Here, drivers collect the same utility they would make if there was no demand shock at the origin.

In sum, the optimal global price response to a demand shock, while correcting the supply-demand
imbalance at the origin, also creates significant imbalances across the city. This is driven by the
self-interested nature of capacity units and the need to incentivize them through spatial pricing. In
particular, we observe that the structure of the optimal pricing policy is very different from that of
the local price response (cf. Proposition 7). In Section 7, we explore the structure of the policies

numerically, and compare their structure as well as their performance.

7 Local Price Response versus Optimal (Global) Prices: Structure

and Numerics

In this section, we will use the optimal local price response solution as a benchmark for comparison
to put the optimal solution in perspective. The objective is to illustrate through several metrics the
different features of the optimal solution as well as its performance in terms of revenue maximization
and welfare. Throughout this section, we use superscripts Ir and opt to label relevant quantities
associated with the local price response and optimal solution, respectively (except when obvious

from the context).

We first observe that the attraction region around the origin of the demand shock location is always
wider under the optimal solution than under the local best response. That is, A¥(0) C A°Pt(0). In
particular, this means that more locations are affected by a demand shock in the optimal solution
than under the local price response. Hence, the largest interval in which both solutions differ

corresponds to [—YTOpt, YTOpt]. We denote this interval by Cgig.

Next, we illustrate and discuss through a set of numerics the differences between the two policies.
We consider a range of instances that includes various levels of supply availability. We fix the city

to be characterized by H = 1 and assume that the demand is uniformly distributed across locations
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with A\; = 4. The origin experiences a shock of demand ranging from low to high: \g € {3,6,9}. We
vary the initial supply p; € {1,1.5,2,...,4.5,5} so that when low, the city (excluding the origin)
is supply constrained, and when high, the city is supply unconstrained. Consumer valuation is
uniformly distributed in the unit interval. Note that the city (excluding the origin) is supply
constrained whenever u; < A - F(p*) = 2. To eliminate any strong dependence on the choice
of H, for each instance, we compare the local price response performance and optimal solution
performances within the sub-region of the city corresponding to the largest interval in which both
solutions differ, Cgig. Given the symmetry of the solutions, in all that follows we focus on the right

side of the city [0, H].

Policy structure. Figure 10 depicts the core spatial thresholds characterizing the optimal pricing
policy and the local price response as the supply conditions p; changes (on the y-axis). In particular,
we track the changes in X, fp, 8. and Y, for the optimal solution (cf. Theorem 3) and the changes

in X,. and X? for the local price response (cf. Proposition 7).

M1
5
4 Local
3 price response
2
1
H
5 55555
4 Optimal
3 solution
1 . W
) _K’_/BP_XT _/BC . ﬁc X ﬁp ,
I } i
—H 0 H

Figure 10: Policy structure. Spatial thresholds characterizing the optimal pricing policy and the
local price response as the the supply conditions changes. The shaded regions have no supply in

equilibrium. The figure assumes \g = 9 and \; = 4.

The first thing to note is that the structure of supply in the attraction region of 0 differs significantly

between the local price response and the optimal policy. In the local price response, there are no
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drivers who stay put around the origin; and post-relocation, drivers are either at the origin or in
[XQ ’lr, X,l,r]. In contrast for the the optimal policy, there are no drivers in a region separated from the
origin [, X?pt] but there are drivers in [0, 8.]. This contrast can be better understood through the
reformulation of the objective in Proposition 1, in conjunction with the shape of the equilibrium
utility function in the attraction region of 0 (cf. Lemma 3). Given the objective, the platform
would ideally like to have supply as close to the origin as possible (subject to the congestion bound
constraint) as it maximizes the integral of V(z) - s (z). With a local price response, as a result
of the lack of flexibility in setting prices throughout the city, the platform is unable to “optimize”
the supply in the attraction region and ends up with drivers at locations with low V' in [X,Q i XM
while locations with higher V’s have no drivers in (0, X)r]. Meanwhile, the optimal policy is able

to set prices so as to induces the best possible distribution of supply in the attraction region.

In the periphery of the optimal solution, which is outside the origin’s attraction region under
pricing policy, the local price response behaves exactly as in the pre-demand shock environment.
In stark contrast, the optimal solution incentivizes movement of drivers from the periphery away
from the demand shock. In particular, the region [X,., Y], which has a non-trivial size, is artificially
damaged. This region is needed for the optimal solution to steer more drivers towards the origin,

an issue we address in more detail in the revenue improvement discussion below.

Revenue Improvement. The revenue performance of the optimal solution with respect to our

benchmark in Cgig is shown in Table 1.

141 1 1.5 2 2.5 3 3.5 4 4.5 5
A =3]205 464 9.59 13.02 13.87 1292 11.00 8.60 5.91
A =6 | 217 311 499 873 996 10.01 956 892 8.21
A=9| 269 351 469 875 1016 10.30 9.81 9.10 8.29

Table 1: Revenue improvement (in %) of optimal solution over optimal local prices response solution

in Cdiff.

For any level of demand shock, we observe that the revenue improvement reaches its maximum

value for medium to high levels of supply, and can be significant, above 10%.

In order to appreciate where the revenue gains stem from, consider Figure 10 and Table 2 below,
which summarizes some key quantities for the case ;3 = 3, Ag = 9 (so that 1; equals 0.27). Let us
analyze the various contributions to revenues under both policies. We start by noticing that the
drivers’ equilibrium utility at the shock location is lower under the optimal solution than under the
local price response, VoP*(0) = 0.62 and V' (0) = 0.65. However, since X;P' = 0.46 and X" = 0.38,
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Vopt (O) Sopt (0) popt (0) X;?pt Y'TOPt Vlr (0) Slr (0) plr (0) X}ﬂr X}a)’lr
0.62 1.97 0.78 0.46 0.57 0.65 1.66 0.81 0.38 0.25

Table 2: Metrics for the local response and optimal solution for the case u; =3, A\g = 9.

the optimal solution is able to incentivize the movement of a larger mass of drivers towards the
demand shock, leading to a mass s°P'(0) = 1.97 and s"(0) = 1.66. Focusing on the objective
reformulation in Proposition 1, this extra mass of drivers delivers 0.14 units (0.62x1.97—0.65x 1.66)
of extra revenue to the platform. The revenue difference is further increased by the fact that the
remainder 0.79 units of drivers in the attraction region of zero (2 x 3 x 0.46 — 1.97) in the optimal
solution travel to locations nearby the demand shock, where V'(+) is close to 0.62. In contrast, the
benchmark solution has the remainder 0.62 drivers (2 x 3 x 0.38 — 1.66) staying within X", X
where V() is below 0.37 (V(0) — X'). Through these two mechanisms, the optimal policy

garners more revenue than the benchmark solution in the region [— X", X2P'].

However, the benefits come at a cost. In particular, to induce the “right” incentives in the shock’s
attraction region, the platform has to alter conditions to the right of the attraction region. In order
to incentivize the movement of drivers in [—X2*", X2**] towards the demand shock, the region
[X7P', ;2P is damaged by having the 0.22 units of drivers in it (2 x (0.57 — 0.46)) contributing
values strictly below ¢ = 0.27 to the platform’s objective. The same units of drivers in the
benchmark solution contribute exactly 0.27 per unit to the platform’s revenue. This cost is offset
by the proceeds that incentivizing the movement of a larger amount of drivers toward the demand

shock generates.

Welfare Implications. The revenue improvement of the optimal solutions relies on creating a
special region in which drivers’ utilities are below of what they could earn if the platform responded
only locally to the demand shock. This raises the question of whether revenue-optimal pricing leads

to lower or higher surpluses for drivers and consumers compared to the benchmark solution.

The social welfare (SW) equals the sum of the platform’s revenue, and the driver (DS) and con-
sumer surpluses (C'S), as given by
DS= | V@du), CS= [ Elw-p@)l=p@)- min{s @) A Fpa) } ().
Caif Caifr
Driver surplus corresponds to nothing more than the integral of driver equilibrium utilities across
all locations in Cgig. Similarly, consumer surplus corresponds to the gains enjoyed across Cqig by

all those consumers who are willing to pay and are matched to some driver.

In Table 3 we display the percentage differences of driver and consumer surpluses, as well as social
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welfare between the optimal and benchmark solutions. We note that there are instances where the
optimal solution is a Pareto improvement over the local price response, in the sense that it is better

for the platform, drivers and consumers. There are also instances where the platform’s revenue

gain is at the expense of both drivers and consumers.

1 1 1.5 2 2.5 3 3.5 4 4.5 5
A =3 -0.67  3.09 11.3 13.64 14.6 1244 10.00 7.53 4.92
DS M=6]| 415 -399 -162 -2.01 -0.82 074 3.00 535 7.80
AMN=9]| -622 -735 -748 -945 -9.72 -9.02 -8.14 -6.36 -4.32
A =31 -10.96 -14.1 -1848 -7.24 -3.15 -0.44 1.01 1.57 1.58
CS XM=6] -12.03 -10.58 -17.15 -6.32 1.18 4.18 424 285 0.69
A =9 -14.33 -11.94 -2243 -12.58 -1.39 5.77 9.73 1098 10.44
M =3 -1.04 0.81 4.26 828 970 883 T7.44 5.8 3.96
SW  X=6]| -360 -356 -349 -1.05 150 3.16 443 529 5.87
AM=9] -524 -595 -816 -6.84 -440 -2.32 -0.86 0.51 1.58

Table 3: Driver surplus, consumer surplus and social welfare difference (in %) of optimal solution

over optimal local prices response solution in Cgjg.

For a given level of supply, the driver surplus degrades with respect to the benchmark as the demand
shock becomes more intense. We also find that, independently of the size of the demand shock,
the optimal solution performs better than the benchmark in terms of consumer surplus when the
supply level is high. More drivers in the city imply more matches and lower prices and, thus, higher

consumer Surplus.
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Appendix for:
Surge Pricing and its Spatial Supply Response

A Proofs for Section 4

Proof of Lemma 1. Consider any z,y € C. Then, for essentially any w € B, we have

Ve(y) =2 U(w) — [w —y|
=U(w) = |z —w|+ |z —w| = Jw -y
> U(w) = [z —w| = |z —yl,
where the second inequality comes from the triangular inequality. This implies that
Va(y) + 1z =yl = VB(2).

Since by Lemma A-1 (stated and proved right after this proof), Vi(y) is finite for any y in C, we

have
VB(z) = VB(y) <[z —yl.
Since we can interchange the roles of z and y, we have proved that
Va(z) = Ve(y)| < |z—vy|, forallzyeC.

O

Lemma A-1. Consider a measurable set B C C such that I'(B) > 0, let p be a measurable mapping
p: B — Ry, and let 7 € F(u). Then, V(x| p,T) € (—oo,a-V] for all x € C. Furthermore,
V(z|p,7) >0 for all x € supp(I").

Proof. Fix x € C. Note that for any y € B, we have U(y) — |y — x| > —2- H. Since I'(B) > 0, this
implies that Va(z|p,7) > —2- H.
Similarly, note that for any y € B, U(y) < -V and hence

I'yeB:Uly)—ly—z|>a-V) < T'yeB:—|jy—z|>0) = 0.

This implies that V(x| p,7) < a- V.

Finally, we show that V(x| p,7) > 0 for all x € supp(I’). Since x € supp(I’) we have that
I'(B(x,0)) > 0 for all 6 > 0 and, therefore, because U(y) > 0

'y e B(x,0):U(y) — ly—z| >—=6) >0, V§>0.
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This implies that V(x| p,7) > —0 for all § > 0, implying that V(z|p,7) > 0. O]

Proof of Proposition 1. The platform’s objective function satisfies the following series of equal-

ities:
o [ ot - min {7 0. T (o)X } 8) = o [ ) - min {57 (). Py (o)A F L2007 )

F A
—a [ty min {1, EDRE Y s ar)

s7(y)
—/U(y p(Y), s"(Y) Lis(y)>0y5 (y)dI'(y)
(“)/ (y,2(¥), 87 (¥))Lsm () >0pdT2(y)
© . Uy, p(y), 8" (1)) 15 (y)>01d72(y),

where (a) follows from the fact that U(y, p(y), s (y))1{s(y)>0} is @ measurable function with values
n [0,+00), and (b) holds because whenever A(y) = 0 we have U(y,p(y),s"(y)) = 0. The key step
is then to establish that

Ul(z,p(x),s" () = V(x|p,71) Ty —a.e. v €C,

namely, whenever there is post-relocation supply at a given location, the drivers originating at such
a location can achieve maximum utility by staying at that location. We state and prove this result

in Lemma A-2 (stated and proved following this proof). In turn, one obtains that

v [ ) min {7 0). Fuo)X 0} 48 w) = [ V) Lrisnydnio)

—

a

= /C V()1 )>0y8" ()l (y)

- /C V() (4)dl(y),

~

where (a) follows since V' (y)1{sr(,)>0} is measurable with values in [0, +00). This concludes the

proof. O

Lemma A-2 (Equilibrium Utilities). For any price mapping p and corresponding equilibrium T,
let B C C such that I'(B) > 0, then

Ul(x,p(x),s (x)) = Va(z|p,7)=V(z|p,T) o —a.e. T € B.
Proof. We prove that
Ul(z,p(z),s"(x)) = Vg(x|p,71) T —a.e. x € B.
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The proof for V(z| p, 7) instead of Va(z| p, 7) follows the same steps and is, thus, omitted.

Let A C B be a set defined by
A2 {zeB:U(x) = Vg(x)}. (A-1)

We want to prove that m9(A°¢) = 0, where the complement is taken with respect to B. Consider the

sets

A2 {zeB:U(z) < Va(z)}
T2 {zeB:U(z) > Va(a)}

We show that 7(A~) =0 and 75(A1) = 0. We begin with A™:

(A7) =7(Cx A7)
=7({(z,y) €eCx A™ : lI(z,y) = V(z))
<7({(z,y) eCx A”:U(y) 2 V(y))
<7({(z,y) eCx A” : U(y) = Va(y))
<7({(z,y) €Cx B:Vs(y) > Uly) > Vs(y))
=0,

where the second equality comes from the equilibrium definition. The first inequality follows from
the fact that V(z) + |z —y| > V(y) (see Lemma 1), the second from V' (y) > Vz(y), while the third
from y € A™.

To show that m5(A") = 0, for any n € N define the set

Af={ye B UMW) 2 Vo) + ),

and note that AT = J,,cy A7. Tt is enough to show that m5(A;}) = 0 for all n € N. We proceed by

contradiction, suppose there exists n € N such that 75(A4;7) > 0. Let € > 0 be such that € < 5

2n’
K(e)

and consider the finite partition {If},_” of C, where for any x,y € I{ we have |z —y| < e. Observe

that
K(e) K(e)
0 < m(Af) =n(AFn | IH) =) n(Al nI),
i=1 i=1
therefore, there exists i € {1,..., K(€)} such that m2(A} NIf) > 0. Since, 7» < I', we also have
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I'(A} NIf) > 0. Take x € If | then for any y € A N If

Uly) > Va(y) + %
1

2 Vp(z) — |y — 2+ ~
> Vg(z) — |y — 2| + 2¢
> Vi(x) + |y — =,
where the second inequality comes from the Lipschitz property (see Lemma 1). The last two

inequalities hold because of our choice of € and x,y € I;. We conclude that
AT NI C{y € B: I(x,y) > Vi(z)},

and, therefore, I'{y € B : II(z,y) > Vp(z)}) > 0. This contradicts the definition of essential

supremum. ]

Proof of Lemma 2. For ease of notation let us denote X;(z| p,7) and X, (2| p,7) by z; and x,,
respectively. We also denote A(z|p,7) by A(z). We show that A(z) = [z, 2,]. The definitions of

x; and z, immediately imply that A(z) C [x;, z,]. Next, we prove the reverse inclusion also holds.

First, we show that x;, 2, € A(2), that is,
z € IR(x;) and z € IR(x,).

It is enough to show this for x,, as the proof for z; is analogous. Since A(z) # () and C is a bounded
set, z, is well defined. Also, A(z) # ) implies the existence of = such that z € ZR(z| p, 7). This
together with Lemma A-3 (stated and proved right after this proof) imply that z € ZR(z| p, 1),

leading to the conclusion that z < x,.

If z = x, we are done. Assume that z < z,. We want to prove that
ln Vi) () = V(z,). (A-2)

Let us first construct a sequence {z"},eny C A(2) such that 2" — x,. Then, z € ZR(z") for all
n € N, that is,

lélﬁ)l VB (x") =V ("), V¥YneN. (A-3)

Note that Eq.(A-3) implies that Vg, s)(-) takes finite values. We prove Eq. (A-2) from first

principles. Take an arbitrary ¢ > 0, it is enough to show that

Jdo > 0 such that V§ < do, €+ V(5 (7r) = V().
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Since " converges to x, we can find ng € N such that for all n > ng we have [2" — ;| < 5. In

particular, from Eq. (A-3) applied to ng we deduce
b9 > 0, such that Vo < o, % + VB(z,5)(2"™) = V(2"0). (A-4)

Using the Lipchitz property of Vg 5)(-) and V (), and the fact that [2"0 —z,| < § yields

g + VB(z,6) () = VB(z,6)(z") and V(2") > V(x,) — §

Plugging this into Eq. (A-4) yields Eq. (A-2) and, therefore, x, € A(z). Similarly we have that
X € A(z)

To conclude the result we make use of Lemma A-3 (stated and proved right after this proof) one
more time. Since A(z) # () we must have z € A(z) and, therefore, z € [x}, x,,]|. Consider z € [z}, x,]
then the lemma together with the fact that x;, x, € A(z) imply z € ZR(z|p, 7). This concludes the
proof. O

Lemma A-3. For any price mapping p and corresponding equilibrium 7, if y € ZR(x| p,T) then
y € IR(z| p,7) for all z € [x Ny, z V y]. Furthermore, let © < y < z then if y € IR (x| p,T) and
z € IR(y| p,T) then z € IR (x| p, ).

Proof. Suppose that y € ZR (x| p, 7). If x = y there is nothing to prove. Without loss of generality,
suppose x < y. Fix z € [z,y] , we want to prove that y € ZR(z| p, 7), i.e.,

lm Vi) (2) = V(2). (A-5)

First, observe that I'(B(y,d)) > 0 for all § > 0. If this is not true then there exists & > 0
such that I'(B(y,4)) = 0 and, therefore, I'(B(y,d)) = 0 for all § < 4. In turn, this implies that
VB(y,s)(7) = —oo which contradict that y € ZR(x|p, 7). Lemma A-1 implies that Vi, 5 () takes
finite values for all § > 0.

Now we proceed to prove Eq. (A-5). Clearly, V(2) > Vp(, 5)(2) for any 6 > 0 and, therefore, it is
enough to verify that

Ve > 0, 309 > O such that V6 < dg, Vp(y,6)(2) +€ > V(2).

Consider € > 0 and 01 > 0 such that x ¢ B(y,d1), and note that since y € ZR (x| p,7) we can find

0o > 0 such that
€

V(z) < Ve (@) + 3, V9 < do.

Consider § < min{dy, do, §}, then

Ulw) —|w—z| < VB(Ws)(fL‘) + %, I' —a.e. w in C. (A-6)
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Note that since z € [z, y], for any y' € B(y,d) we have
Y =zl =y =2 = =26+ ]z — xl,

and, therefore,

— - > —20 —xl.
Jamin (ly — | |y ~ 2} > 26+ |~

This and Lemma A-4 (which we state and prove after the present proof) deliver

€
VBy,6)(2) 2 VB(y,s)(T) — 37 20 + |y — =|.
This inequality together with Eq. (A-6) deliver:
Vi (2) + % 125 |y —a|>Uw) — |w—z| — § I'—ae win C.

Then, I' — a.e. w in C we have

2
VB(y,(g)(z)—l—ge—i-Qéz U(w) — |w— x|+ |y — z
=U(w) = |w—y|+|w—y|—|w—2z|+|y -z
> U(w) = |lw—y| =y — 2|+ |y — 2|
=U(w) —|w —yl,

implying that Vp, 5 (2) + %6 +26 > V(2). Finally, since 2§ < § we conclude that Vg, 5)(2) + € >
V(2). This concludes the proof. O

Lemma A-4. Let e,6 >0 and z,y,z € C. Then,

Vi) () 2 Viay (@) — e+ mmin {Jy/ —| =y =)

Proof. Define the following set

R2{y € B(y.6): H(2,y') = V(@) — €}

and observe that I'(R) > 0. Otherwise, we could find a lower essential upper bound in B(y,d). Let
y' € R then

I(z,y) =Uy) =y — 2l = |y — x|+ ]y -zl
=H(x,y) — |y — 2|+ |y -zl
> Viys) (@) —e—y' — 2| + |y — |
> Vo) (z) —e+ min {|y — | — [y’ — 2|},

y'€B(y,9)
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Since I'(R) > 0 we must have that
VB(ys)(2) > I (z,y') I'— aey €R.
Putting the last two inequalities together yields the desired result. O

Proof of Lemma 3. We make use of a more general result which we prove and state after this

proof in Lemma A-5 . Namely, for any x,y € C
If yeZIR(z|p,7) then V(z|p,7)=V(z|p,7)+ |2 —=x|, forallze[xAyzVy. (A-7)

Since z is sink, by lemma 2, A(z) is a closed interval such that z € A(z). Denote this interval by

[1, x| and let = be in this interval. If ; < z < z then Eq. (A-7) yields both
V(z|p,7) =V (x| p,7) 4+ (x — ;) and V(z|p,7) =V (x| p,7)+ (2 — 7).

Putting these two equalities together delivers V (z| p,7) equal to V(z| p,7) — (z — ). A similar
argument applies for the case that z < x < z,. In either case, for any x € A(z| p, 7) we have that

V(x| p,7) equals V(z| p,7) — |z — z|. u

Lemma A-5. Let (p,7) be a price equilibrium pair. Then for any z,y € C
If ye IR(x|p,7) then V(z|p,7)=V(z|p,7)+ |2 —x|, forallze[zNy,xVy].

Proof. Without loss of generality let x < y, and assume that y € ZR(xz). We prove that V(z) =
V(z) + |z — x|. By the Lipschitz property (see Lemma 1) of V' we have

V(z) <V(z)+ |z — x|

It remains to prove the opposite inequality. Fix z € (z,y) and € > 0, and choose §p > 0 such that
z ¢ B(y,0) for all § < dp. Since y € ZR(x) we can find §; > 0 such that

5+ Vo (@) 2 Viz), Vo<, (A-8)
and Vp(y,5)() takes finite values. Let do to be equal to & A 01 and define the set
R¥O€ 2 {v/ € B(y,8) : I(z,y) > V(z)—€}.

Note that for all § < &y we have I'(R%%€) > 0. Otherwise, we can find § < dy such that I'(R*%€) = 0,
which implies that V(z) — € > Vp(, 5)(x). This together with Eq. (A-8) yields a contradiction.
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For any ¢ € R®%¢

Ozy)=UW)—ly —2=UW)—ly —z|+ |y —2| -y — 2|
> V() —e+ |y —a|—|y — 2|
=V(r)—e+|z—x|

We deduce by the definition of the essential supremum that
Vs (2) 2 V(@) + |z —z| — e
The choice of € was arbitrary. Letting € | 0, we obtain that
Vi(ye)(2) 2 V() + |z -,
which implies that V(z) > V(z) + |z — z|. Thus,
V(zlp,7)=V(z|p,7)+ |z —z|, forall ze€xAyxVy.
Also, V(|p, ) is differentiable over (x A y,z V y) with derivative equal to either 1 or -1. O

Proof of Proposition 2. WLOG suppose = < y, since y € ZR(x| p,7) the following quantity is
well defined

z2sup{y €C:y € IR(z|p,7)}.

We prove that z is a sink location such that z,y € A(z| p, 7). First, we show that z € ZR(z| p, 7).
Consider a sequence {z,} such that z, € ZR(z|p,7) and 2, — 2. Fix ¢ > 0, § > 0 and choose
n such that |z, — z| < §/2. Since z, € TR(z|p,) then there exists dy(n, ) > 0 such that for all
§ < do(n, €) we have V., 5)(z) > V(z) — €. In particular, for any 6 < min{do(n, €), 6/2} we have
B(zn,8) C B(z,6) and, therefore,

Vi(:4) () > Vp(z,.5) (1) 2 V(x) — e

Since the choice of ¢ and § was arbitrary we conclude that limg o Vi, ) (x) = V(z). That is,
2z € IR(z| p,7) which also shows that A(z) # 0. To complete the argument that z is a sink
location we argue that we cannot have z € A(2) for some 2’ # z. If we did then 2’ € ZR(z| p, 1)
for some 2’ # z. If 2/ > 2 this would contradict the definition of z as being maximal. If 2’ < z
then by Lemma A-5 the function V() would be decreasing in (2/,z), and by the same lemma it
would be increasing in (z, z). Since we cannot have both at the same we deduce that z is a sink
location. Moreover, by construction = € A(z), and because x < y < z Lemma A-3 guarantees that
y € A(z). O
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Proof of Proposition 3. To show the result we make use of Lemmas A-7 and A-6 which we prove

and state after the proof this result. We only provide a proof for i) the proof for ii) is analogous.

First we show that 7([—H, X;(z|p, 7)) x [X;(z| p, ), H]) = 0. Suppose this is not true, then Lemma
A-6 implies that there exists (z,y) € [—H,X;(z| p,7)) x [Xi(z| p,7), H] such that y € ZTR(x)
which, in turn, contradicts Lemma A-7 part i). Observe that the same reasoning applies to the set
{z} U (Xi(z| p, 1), H]) x ([H, X;(2| p,7)] \ {2}). Thus in either case the result holds.

O]

Lemma A-6. Let £1,Ly C C. If 7(L1 X L2) > 0 then there exists (z,y) € L1 X Lo such that
y € IR(x|p, 7).

Proof. Suppose 7(L£; x L2) > 0. This implies that there exists a pair (z,y) € £1 X L3 such that for
all 9 >0
7(B(z,08) x B(y,d)) > 0. (A-9)

If this is not true then for any (z,y) € £1 x L2 we can find 6, , > 0 such that Eq. (A-9) does not
hold when we replace J with 6, ,. The collection Z defined by

= {B(.%', 53:,1/) X B(yv 5I,y)}(x,y)€[l1 X Lo

is an open cover of £1 X L5. Moreover the set £1 x Lo is separable because C x C is separable. This
implies that we can find a countable sub-cover of £1 X L3 in Z, that is, there exists { B(zy, 0z, 4, ) X

B(Yn, 6z, ,yn ) }nen such that

L1 % Lo C U B(wny(sxn,yn) X B(yn76xn,yn)7
neN

see, e.g., (Sierpinski & Krieger 1952, Theorem 69, p. 116). Using the subadditivity of the measure

7 we have

(L1 % £2) < 7( | Bns0an) X BnsGrn)) £ D0 7B b0,,) X Blyns 6a,,)) = 0,
neN neN

contradicting that 7(£1 x L£2) > 0. This shows that for some (z,y) € £1 x L2, Eq. (A-9) holds for
any 6 > 0.

We next show that y € ZR(z), that is,

Ve > 0,300 > 0 such that V§ <y €+ Vp(ys(r) > V(x).

46



Let € > 0 and let 69 > 0 small enough such that B(z,d0) N B(y,d) = 0, and dp < 5. Consider
d < dp then from Eq. (A-9) and the equilibrium definition we have

0 < 7(B(x 5) x B(y,0))

_ ({ ) € B(x,8) x Bly,d) : I(2,y) = V(m’)})
7'2( {y € B(y,0) : 32" € B(x,8) such that II(z',y) = V(x')} )7

£ Rx,y,0

since 7 < I this implies that I'(R™Y?) > 0. Now we argue that
R™ C {y € B(y,0) : e + I (x,y) > V(2)}.

Indeed, let i € R™Y9 then there exists 2’ € B(x,d) for which

Ul)=VvE)+ly -2
2V(m)—§+|y/—m'
€
=V(z) =5 +ly =7 ly' — x|+ |y — ]
€ €
> _ - _Z _
>V(z) -5 -5 +ly — |

where is the first inequality we used the Lipchitz property of V, and in the second we use that
(«',y') € B(x,0) x B(y,6) and that § < §. This yields € + II(x,y') > V(z), as desired. Therefore,

I'({y' € B(y,0) s e+ 1(2,y) = V(x)}) > 0,
which implies that Vg, 5 (7) > V(z) — e O
Lemma A-7. Fiz p(-) and let T denote a corresponding equilibrium. Let z be a sink location then,
i) For all (z,y) € [-H, Xy(z[ p, 7)) x [Xi(2| p,7), H], y ¢ TR(x| p, 7).
i) For all (x,y) € ({2} U (Xi(z[ p,7), H]) x ([-H, Xi(z| p, )]\ {2}), y € TR(z| p, 7).
iii) For all (x,y) € (X, (2| p,7),H] X [-H, X, (2| p,7)], y ¢ ZR(x| p, 7).

i) For all (z,y) € ([=H, X;(z[p, 7)) U{z}) x ([Xr(z] p,7), H]\ {2}), y ¢ TR(x|p, 7).

Proof. We provide a proof for i) and ii), the proofs for the other cases are analogous. We start with
i). We argue by contradiction. Suppose there exists x € [-H, X;(z| p,7)) and y € [X;(z| p,7), H]
such that y € ZR(x). We show that this would imply that z € ZR(x), which would contradict the
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minimality of X;(z|p, 7). Let w =z Ay and w = 2z Vy. Let € > 0 and note that by Lemma A-3 we
have that w € ZR(w). Therefore,

36, > 0 such that V§ < 6y, g + Va5 (w) > V(w),
and since y € ZTR(x)

3, > 0 such that ¥V < 4, § + VB(y,s)(7) = V(z).
Also, because A(z) # () we have that z € ZR(z) which implies

36, > 0 such that V6 < 4,, g + VB8 (2) = V(2).
Furthermore, we have that (we provide a proof at the end)

€
VB(y,s) (W) = Vp(y,s) (7) + [w — 2| — 3 (A-10)

Putting these four inequalities together and considering 0 < min{d,, dw, 15} yields

€
V(z) < Vg (z) + 3

€ €
< Vi) (w) — [w — x| + 3 + 3

3
2
<V(w) - |lw— x|+ 3¢
€ 2
< VB0 (w) + 37 lw — 2|+ 3¢

< VB(z,é) (.CU) +e

This implies that limsyo V(. 6 (z) = V(z), that is, 2 € ZR(x).

Now we prove Eq.(A-10). First note that since y' € B(y,d) we have

min x| =y —w|} > =28 + |lw— x|,
min (el ~ 1y ~wl) = 29+ u ]

which together with Lemma A-4, using §, delivers

€25+ |w—al.

VB(y,é) (M) > VB(y,&) (.%’) - 6

Finally, can use that § < & in the inequality above to deduce Eq.(A-10).
12

Now we show ii). We analyze two cases proceeding by contradiction. First, suppose that X;(z|p, 7) <
z and y € ZR(z|p, 1) for some y € [-H, X;(z| p,7)] and = € (X;(z| p,T), H]. There are two cases.
Then by Lemma 3 V (:|p, 7) is strictly increasing in (X;(z|p, 7), z). However, because y € ZR(x|p, T)
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by Lemma 3 V(-] p, 7) must be strictly decreasing in (X;(z|p, 7),z|. Since V (-|p, 7) cannot be both

strictly increasing and strictly decreasing in (X;(z| p,7), 2 A x) a contradiction obtains.

Second, suppose that X;(z| p,7) = z and y € IR(x|p,7) for some y € [-H, X;(z| p,7)) and
x € [Xi(z| p,7), H]. Then Lemma A-3 implies that y € ZR(z| p, ) or, equivalently z € A(y| p, 7).
However, z is a sink location and y # z, therefore, we cannot have z € A(y| p, 7). Hence, we have

a contradiction. O

Proof of Proposition 4. For ease of notation we use X;(z) and X, (z) to denote X;(z|p,7) and

X, (2| p, 7), respectively. We show that 7 belongs to F¢(u) and that it is an equilibrium in C. First
we argue that 7 € Fe(u). We clearly have that 7 € M(C x C). In order see why 71 coincides with
1, let B be a measurable subset of C then

71(B)

7(B x C)
T((BNA°) x A% +7((BNA) x A)

(a)

e

T((BNAS) x A%) + (BN A)

(BN A°) x A +7((BNA) x A)

T(BNAY) x A) +7((BNOA) x A°)+7((BNA) x A)
r((BmAC)xC +7((BNA) xC)

(
(

=

T(B x C)
(B),

7

where (a) comes from the fact that 7 belongs to F4(j1), and (b) comes from Proposition 3 and the
definition of X;(z) and X, (z). That is, 71 coincides with p. Now, we show that 7o < I'. Let B be

as before and suppose I'(B) equals zero then

72(B) = 7(C x B)
= 7(A° x (BN A%)) + 7(A x (BN A))
7(BNA°) + 7(B N A)

:07

IN

where the last line holds because 79 < I' and 7o < I'|4. Now we show that 7 is an equilibrium.

We need to verify that 7(£) equals u(C), where

~

€2 {(wy) €CxC: 1w,y (y), 5" (y) = esssup T (.-, p(),57()) |
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First we show that I'—a.e we have

Let B be a measurable subset of A¢ then

79(B) =7(C x B)
7((C x B) N (A x A%)
= 7(A° x B)

—

a

= 7(Cx B)
= 72(B),

=

where (a) comes from Proposition 3. Therefore, s7(z) equals s7(z) I' — a.e. x in A°. Similarly,

for B a measurable subset of A we have
7a(B) = 7(A x B) = 72(B),
where the second equality holds because 7 is an equilibrium in A.
Second, we show that V' (z| p,7) equals V4(z| p,7) for all z € A. Let x € A, by definition
V(z|p,7) > H(x,y,ﬁ(y),sf(y)), I'—ae. y in C.
In particular, from our choice of p and s7 in A we have

V(| p,7) > (x,y,0(y),s" (y), I'—ae y in A,

implying that V(x| p,7) > V4(x| p, 7). Therefore, it remains to show V(x| p,7) < Va(x| p, 7). To

prove this, it is enough to argue that
Va(z|p,7) = (z,y,p(y),s"(y)), I'—ae. y in A" (A-11)
The Lipchitz property together with V4(+| p,7) being equal to V(- p,7) in 0.A yield

Va(z| p,7) = Va(Xi(2)| p, 7) — |z — Xi(2)]
= ValXi| p,7) — (& — Xi(2))
> U(y,p(y),s"(y)) — ly — Xu(2)| — (z — Xi(2)), [I'—ae. y in [H, X;(2))
=U(y,p(y),s" () —lz —yl, I'—ae y in [H X(2))
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Similarly, replacing X;(z) with X, (z) in the steps above we deduce
Va(e|p,7) 2 Uy, p(y),s"(v)) = |z —yl, ' —ae y in (X,(2), H].

Putting these two inequalities together delivers Eq. (A-11). In conclusion, V(z| p,7) equals
Va(z| p,7) for all z € A. The same argument can be used to show that V(x| p,7) equals V(x| p, 1)
for all x € A°. Indeed, let x € [H, X;(z)) then

Viz|p,7) =2 V(Xi(2)] p,7) — [z — Xi(2)]
=V(Xi(2)| P, 7) — (z — Xi(2))
=V(Xi(2)|p,7) — (z — Xi(2))
>U(y,p(y),s"(y)) —lz—yl, I'—ae yin A,

V(x| p,7) > Uy, py),s" () — e —yl, I'—ae y in A°
U "(y)—|r—y|, I'—ae. y in A"

—~
S
=
—
<
S~—
v}

V(zlp,7) > V(Xi(2)|p,7) — |z — Xi(2)]
=V(Xi(2)| p,7) — (x — Xi(2))
>U(p(y),s™(y),y) = [z —yl, I'—ae yinA
=U®B),s" W), y) —|lx—yl, I'—ae y in A,
and
V(z|p,7) = Uly,p(y),s"(y)) — |z —yl, I'—ae y in A°

(v.0(y),s" (W) = [ —yl, I —ae y in A
Thus V(z|p,7) < V(z|p, 7). The same can be done for = € (X,(z), H]. Therefore, V(x| p, ) equals
V(x| p,7) in A°.
Lastly, we verify that 7(£) equals x(C). Define the sets
& 2 {(z.y) € A x A 11(w,y,5(y), 5" (4)) = V(al 5,7) }

{(2y) € Ax A (w,y,5(y), 5" () = V(x| 5, 7)

lI>

&

o1



then 7(£) = 7(&1) + 7(&). Note that by our choice of prices and s7, and because V (z| p, 7) equals
Va(z| p,7) for all z € A, we have

r(&) = 7({(@,y) € A x A%: (2, (), 5™ (W) = Vialp)} ),

#(&) = 7({(z.9) € Ax A 11w,y 5(y). 5" (y) = V(| 5.7) } ) = A(A).
Then if we let € be defined analogously to £ but with (p, 7) replaced by (p, ), this would yield
that 7(€) equals x(C). In fact,

f(r‘f) = 7(&1) + i(A)

7(51) +7(A X A)
T(S N (A x A)) +7(EN(Ax A))
(€)
p(C),

IS

=

o

C

\‘

where in (a) we use the definition of fi. In (b) we use the fact that 7 only puts mass in £, and in

(c) we use that

T(A°x A°)=0 and 7(A°xA)=0.

B Proofs for Section 5

Proof of Lemma 4. Suppose A(z) > 0 and recall that the price achieving the maximum in the

definition of RI¢(s) is plo¢(s) = max{p’@(s), pu}. Let s* be equal to A(z)-F.(p%), that is, pl¥(s%) =
. Then, since p2%(-) is decreasing we have that p'°¢(s) = pb?(s) for all 0 < s < s* and, therefore,

Réoc( ) bal( ) F_l(l

—= = pli(s) = - ﬁ), for all 0 < s < s*. (B-1)

Since F' is strictly increasing, the quotient above is strictly decreasing for s € (0, s"]. Noting that

F~1(1) =V, the point just made also includes s = 0. Now, for s > s" we have pl°°(s) = p¥, thus

Rfvoz(s) _ pz . A(CE) i fx(pg)’ (B—2)

which is strictly decreasing. In any case, we conclude that v(-) is strictly decreasing over its

domain. O
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Proof of Proposition 5. Consider the set R £ {x € C: A(z) > 0} and let B C R be a set defined
by

B2 {zc R:V(z)> . (s"(2))}.

We want to show that I'(B) = 0. First, note that for any « € B we have U(x) # V(x). In fact, let
z € B then

V(@) > buls”(@)) 2 U, p(), 5" (@),
that is, V(x) > U(z). By Lemma A-2 we conclude that 75(B) = 0. This yields,
0= r(B) = /B 5 () dI(x). (B-3)
If I'(B) = 0 then we are done. Suppose I'(B) > 0, from equation (B-3) we can conclude that
s(x) = 0 ['—ae z€B.

Since in B we have A\(z) > 0 this implies that I" almost everywhere in B, 1, (s™(x)) equals a - V.

Because « - V is the maximum value that V(-) can attain, we conclude that
a-V>V(x)>,(s(x) =a-V I'—ae. x€B.
But since we are assuming that I'(B) > 0, this yields a contradiction. O

Before we move on to the proof of the main result of this section we provide a different version of
the congestion bound stated in Lemma 5. This different version is an upper bound on the supply

for all location (I" — a.e) in an attraction region regardless of whether A(-) is positive or not.

Lemma B-1. Let (p,7) be a price equilibrium pair and assume that z € C is a sink location. Let
X"PP(z|p, ) £ inf{x € A(z|p,7) Nsupp(I")} and X:"PP(z|p,7) £ sup{x € A(z|p,7) Nsupp(I")}.

Define the function

U (V) if Az) > 05
H (V) 2 (C)l ij Az) =0,z € (Xf:ip(ZIP,T),X?Zp(ZlP, 7));
ar(@)  if Mz) =0, z € {(X7 (2l p,7), X2 (2| p, 7) 5
0 if w € A(z| p,7) \ (X7 (2] p, 7), X2 (2] p, 7)),
then
s(xz) < Hy(V(z|p, 7)), I'—ae x in A(z|p,T).
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Proof. From Lemma 5 we have that
sT(x) < Hy(V(x|p,7)), I'—ae. z in A(z|p,7)N{\> 0},
so we only need to show that the set
B2 {ze Al p,r): Mz) =0, 57(x) > Ha(V(a| p, 7))},
satisfies I'(B) = 0. From the definition of X;"" and X;""" we have
(A2l p,7) \ (X7 (2| p, 7), X722 (2| p, 7)) = 0,

therefore showing that I'(B) equals zero is equivalent to showing that I'(B; U Bs) equals zero,
where
By £ {z € (X;"PP, X3"PP) : \(z) =0, s"(z) > 0},

By £ {z € {X;"PP, X3P} 1 \(z) = 0, s"(z) > ——(z)}.
For the sake of contradiction assume that I'(B;) > 0 then

TQ(Bl)—/ s"dI’ > 0.
B1

This together with Lemma A-2 yields that 7o(B1N{z : U(z) = V(x)}) > 0, which in turn implies the
existence of x € By N{z : U(x) = V(z)}. Such an z satisfies that « € (X;""?, X;""?) and V(z) = 0
and, therefore, V(') < 0 for some 2’ € {X;""?, X;"PP}. However, any 2’ in {X;""", X;"PP} belongs
to supp(I') and, hence, Lemma A-1 guarantees that V(z') > 0, yielding a contradiction. Thus,
I(By) = 0.

Also, if I'(B2) > 0 then WLOG we must have that I'({X;"PP}) > 0 and s7(X3"PP) > i (xUPP),
This implies that 7 ({X;""P}) > u({X;"""}). However, by Lemma 3 part i) we have that

H({XFPP}) = (X3P, X,] x {X;"PP))
= T({Xiupp} X {Xiupp}) + T((Xﬁupp,Xr] X {Xﬁupp}%

the second term in the last line is bounded above by u((X7"PP, X,]), because u < I' and I'((X; PP, X,]) =
0 we have that this second term equals zero. The first term is bounded above by p({X;"""}) and,
therefore, T2({X;""P}) must also be bounded above by u({X;"""}), yielding a contradiction. In

conclusion, I'(B) = 0 and the result is proven.
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Proof of Theorem 1. The proof of this theorem consists of several parts. First, we introduce

an optimization problem which is a relaxation of platform’s optimization problem restricted to
the attraction region A(z). Then we introduce some notation and pose technical properties. The
proof of the properties is deferred to an additional lemma which proof is provided after the present
theorem. Given this, we argue that the relaxation has a similar structure to a continuous bounded
knapsack problem, and we show how to solve it. Next we construct a local price-equilibrium pair
(p,7) in A(z) that implements the relaxation’s solution. We conclude by applying Proposition 4 to

create the global price-equilibrium pair (p,7) in C as in the statement of the theorem.

Part 1: Relaxation. Consider the function H,(-) defined in Lemma B-1 and the following problem

relaxation in [Xj, X,]

e [ Vi) s@are (Pip()
st S(z) < Hy(V(z|p,7)), I —ae z in [X;, X,] (CB)
/ 5() A0 (@) = 7([X0, X,] % [X1, X)) (FC)
(X1, X7]
/ 5(@) A0 (@) < 7([X0, X,] % (2 X)]) (FR)
(5]
/ 5(z) dD(z) < (X0, X,] % [X0, ) (FL)
[X1,2)

Observe that s7 (which defines 1) is a feasible solution for (Pxp(z)). The supply density s will

be shown to be an optimal solution for this relaxation.
Part 2: Notation. Next we define quantities that will simplify notation in the proof.

1. For any measurable set B C [X;, X,] we define the measure
sU(B) 2 [ H(V(@) dr@),
B

SH(.) is the measure with density H,(V (z)) with respect to the I" measure.

2. Next we rename the quantities on the RHS of equations (FC), (FL) and (FR).

Note that 7 equals 77 + 7. + 7.



3. Before we define the thresholds zj, z, and quantities s;, s, as in the statement of the theorem,

we need to identify the maximal intervals where the optimal solution is feasible. Let

o= sup{(S €0,z— X : SH((z—10,2)) < Tl},

=3
bl
I

£ sup {5 €0,X, —2]: SH((z,2+0)) < Tr},

6 2 sup {0 € (0,617 6,]: S7((z— 6,2 +8)) < 7.
Then (z — 4y, z) is the maximum interval to the left of z in which our solution can put density
H,(V(x)) and satisfy equation (FL). A similar interpretation applies to (z, z+ d,). The interval

(z — 6,2+ ) is the maximum symmetric interval in which we can put density H,(V (z)) before
we violate (FC), while satisfying both (FL) and (FR).

Without loss of generality let us assume that 6, < §;, thus d. € [0,6,]. We define

2 2 2 40,

4. We define s,.. Let H. = H, (V(z,)) and I, & I'({2,}). Define

T = SH((z, 2+ 60)) T—SH((z = 60,2+ 6,))
I, ’ I, } Lirsop

This is the largest amount of mass we can put on z, and still be feasible.

A .
Sy = min {Hr,

5. Finally we define z; (which will be lower or equal than z — §.) and s;. The quantity
SH((z — ¢, 2+ 0¢)) + sp - Iy,

corresponds to the total supply the optimal solution (as in the statement of the theorem) puts
in the interval (z —d., 2+ 0.]. By the way we set s, we cannot increase the interval to the right of
z without violating one of the problem’s constraints. However, we may still be able to increase

this interval to the left of z. Let
B2 inf{B e 0,0, —0]:SH([z—0.—B,246.)+ 5, >7},

it corresponds to the tightest values to the left of z — §. at which we can put density H,(V(x))
without violating the constraints (FC) and (FL). We define

zléz—éc—ﬁl.

Let I} =2 I'({z — 0. — Bi}). We define s; by

A T—=SH((z=08.— B, 2+6:)) — s+ I}
S = iy '1{Fl>0}’
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6. Recall that we will show that s is an optimal solution to (Pxp(z)). It will be useful to
denote by S7(-) to the measure associated with it s”. Note that S7(-) and S¥(-) coincide
on (z—6.— B,z + ).

Part 3: Technical properties. In Lemma B-2 (stated and proved after the proof of the present
theorem) we establish that the following properties hold:

1.
SH((z,2+6.)) < 70, (a)
SH((Z_(;C_BZ72+5C))+ST'FTST? (b)
SH((z = 6. B,2)) <7, (c)
ST({}) > 7. (d)

2. If . < 6, then 5; = 0.
3. Te+ 7 < SH([z, 2+ 5)).
In what follows we will assume that these properties are satisfied.

Part 4: Knapsack. We show that s™ is an optimal solution to (Pxp(2)). We divide the proof
in two parts. First we prove that s is feasible, and then we show that any other s that is optimal

equals s™, I'— a.e.
Feasibility: s is feasible.

1. First the congestion bound and non-negativity are clearly satisfied for all z € [X;, X, |, except

perhaps for # = z;. In the latter case s7(z;) equals

T—SH((Z—(sc—,Bl,Z-F(SC))—ST-FT
T )

S| =

Equation (b) in Lemma B-2 ensures that s; > 0. Furthermore, the definition of §; guarantees
that
SH([z = 6c — B2+ 6c)) + sp - [ > 7,

or equivalently

T_SH((Z_5C_/Blyz+6c))_ST'FT

sz(v<zl)) > Iy

Thus, s; satisfies the congestion bound.
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2. We verify the global flow conservation constraint (FC). If I7 = 0 then from the definition of j
and Eq. (b) the constraint is directly satisfied. If I7 > 0 then

S%([XlaXT]) =s;- 17+ S%((Z — 0¢ — Blaz +5c)) + 501

:T—SH((Z—5C—,81,2+5C))—sr-Fr+S%((z—5c—ﬁl,z+6c))+sT-I‘T

=T.

3. Finally we verify both (FR) and (FL). Because of the definition of s,, (FR) is immediately

satisfied. In order to verify (FL) we need to show
si- I+ 8" ((z = 6. — B1,2)) < 7.

If I1 = 0 then since §; + 6. < §; the inequality is satisfied. If I7 > 0 to verify (FL) we need to
show
T = SH(<Z_5C_Bl7Z+6C)) — Sr 'F’r’ +SH(<Z_6C_BZ7Z)) S us

or equivalently

SH([Zaz‘i'(Sc))“‘sr‘Fr > Te + T

The LHS in this equation is
S (2,2 + 60)) + - Iy = min { ST ([z,2 + 60)) + Hy - Lo+ S7({2)),7 = $7((2 = 6, 2)) }.

Each term in the minimum above is larger or equal than 7, +7,. The first term equals S¥ ([z,2+
d¢]) which, from Lemma B-2, is larger than 7. 4+ 7. The second term is larger because of (d)

and the third term because §. < §;.

Optimality: Next we show that s” is indeed optimal. Consider another feasible solution s and let

S be its associated measure. That is, for any measurable B C A(z)
S(B) 2 / s(z) d(x).
B

Suppose s is optimal. We show that s equals s I'— a.e in [X}, X,]. This would show that s and
s7 yield the same objective and, therefore, s7 is optimal. We first show it for (z — 8; — 6, 2 + 6¢).
Define the set

Re2{x € (2= —dc,2+0) : s(x) < s (x)}.

Using (CB) and the fact that s7(z) equals H,(V(z)) for € (z — 8 — 8¢, 2 + J.), what we need to
show is I'(R®) = I'((z — By — 0¢, 2 + 0¢) ). Assume otherwise, that is, I'(R) > 0. Next we prove that

there is a deviation from s yielding strictly larger objective.
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Since s is feasible, from (FC) we must have

/ s(z) dT(z) + / s(@) d0(z) = 7,
(z—B1—0c,2+3dc) [X1,X )\ (z—B1—0c,z+0c)

similarly for s” we have

/ & (z) dD(z) + / & (z) dD(z) = .
(z—B1—bc,z+0c) [X1,Xr\(z—B1—0c,2+0c)

Putting these last two equations together yields

0< /R (57(2) — s(x)) dD(z) = / (s(2) — 57 (2))dD (), (B-4)

[leXT]\(Z_Bl_5672+6c)

implying that the set
Q£ {zx e [X;, X, \ (2= B — b, 2+ 6c)  s(x) > 57 ()},

has positive I" measure, I'(Q) > 0. Let 4; = [X},2), A, = (2,X,] and A, = {z} then one of the

following must hold
I'RNA;) >0, I'(RNA,)>0 or I'(RNA.) >0,

and the same holds if we replace R by (). We use this two sets to create a feasible and profitable

deviation.

Consider the case in which I'(R N (A. U A;)) = 0 (the treatment of the case I'(RN (A. U 4;)) > 0
is analogous). In this case s equals s™ I'— a.e in [z, 2 + 6.), and we must have I'(R N A;) > 0. Let

us analyze two cases.

1. Case 1: I'(Q N A4;) > 0. By the continuity of the measure we can always find € > 0 such that
I'(ReMA)), I'(Q.N A;) > 0 where
Ro2{ze€(2— 0 —0e,2+0):s(x) +e< s (2)},
Qe2{z e X, X, )\ (z=B1 =00, 2+0.): s(x) —e> s (x)}. (B-5)
Let v =T'(R.N A;)/T'(Q.N A;). Consider modifying s as follows, in R, N A; we increase it by

€1 > 0 and in Q. N A; we decrease it by - - €1, where €; < € is such that € > € - y. Let us denote

this modification § which is given by

8($)+€1, xr € RN A,
g(x) = S(ﬂf) —€ 7, TE Qe N Al)

s(x), otherwise.
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Note that since Re C R¢, and Qc € Qc,.y. We have that 0 < 5 and 5 < H,(V(x)). So that 5

satisfies the non-negativity constraint and (CB).

Next we verify that the constraints (FC),(FL) and (FR) are satisfied. We are modifying s only

on A; so (FR) is satisfied. For the other two constraints note that

§(2)dI(z) = /

R.NA;

(s(x) + e1)dI(z) + / (s(x) —v-e€)dl(x),

/(ReﬂAl)U(QemAl) QeNA;

/ s(z) dl(z) + e - (F(RE NA) =~ D(Qen A,))
(ReNANU(QeNA)

/ s(z) dT'(x),
(ReNADU(QeNAy)

and, therefore, after modifying s both (FC) and (FL) are satisfied. Finally, we verify the objective
improvement. The objective value only changes in R. N 4; and Q. N A4; then

V(z)-5(zx)dl(x) = /

(ReNANU(QeNA;)

= ewaemAl V(z)dI'(z),

V(x)-s(x)dl(z) + 61/ V(x)dl'(x)

/(ReﬂAz)U(QeﬂAz) RenAy

for the second term in on the RHS of the previos equality we have

/ V(z)d['(x) >V (z) - I'(ReNA) =V(z) v - I'(QeNA) > ’y/ V(z)dI'(z).
R.NA,; QNA,;

Thus

V(z)-5(x)dl(x) > / V(z) - s(x)dl (x).

~/(R€QAZ)U(QEF_1AZ) (RemAl)U(QemAl)

This show that § yields an strict objective improvement.

. Case 2: I'(QN A;) = 0. In this case s < s7 I'— a.e in [X;,z — 5. — B3]. Therefore, we must have
that I'(Q N A,) > 0. Two more cases.

e I'(RN(z—dc,2)) =0: First we show that

7 — SH((z,2 + 6.))
I, ’

(B-6)

Sp =

and then, using this, we construct an objective improvement.

Our current assumption implies s = s* I'— a.e in (z — d,, 2), and because I'(R N 4;) > 0 we
have I'(RN (z — 0. — By, 2 — d.]) > 0. Since this last set has positive I" measure it holds that
5; > 0. Lemma B-2 then implies that 6. = J,.. Definition of ¢, delivers

SH((z,2460) <7 < SH((2,2 4+ 6.)) = SH((2, 2+ 6.)) + Hy - Ty (B-7)

60



If I = 0 then 7, = S ((z,2 + §.)) and also, from the feasibility of S,
7 > S(2, X,] = S(z,2+0c)+ S[z+0e, X, = ST ((2,248.)) + S[z+ 6, X;] = 704 S|z +0e, X,

thus S[z + 0., X;] = 0 and, therefore, A(Q N A;) = 0 which is not possible. So assume I > 0.
Then from the definition of s, and Eq. (B-7)

r = 50 — s - 50 50
sT:min{T S (I(i,z—i- ))77' S ((zFT 2+ ))}
So to verify Eq.(B-6) it is enough to show

T — SH((z,z +0¢)) < T= SH((z L))
T, = T, '

Suppose otherwise, then

7 —SH((z = 6e 2+ 5e))

SH([z = 8c, 2 +60) + 8- Iy 2 S7((2 = 8e, 24 8c)) + ( T

)'FT:T)

and thus §; = 0, which is not possible.

Next we construct the objective improvement. We have
SH(z,2406,) + 5, - I =7.>S((z,246.)) + S[z + e, X;] = SH((2, 2+ 6.)) + S[z + 6, X, ],

hence

o > s(z 4 60) + S((”‘S;;XT] naQ).

This implies that s, > s(z 4 0.) and I'(Q N (2 + d., X;]) > 0. We can create an improvement

by increasing s(z + d.) and reducing s in @ N (z + d., X,]. There exists ¢ > 0 such that
sp > €+ s(z+ ) and I'(Qe N (2 + 0¢, Xy]) > 0, where Q¢ is as defined in Eq. (B-5). Let
v=1,/I'(QeN (2 + d¢, X;]) and consider €; € (0, €) such that € > €; - ;. Define

s(z) + €1, x = z+ 6,
8(x) = {s(x) —e1-7, =€ QN (240, X],

s(z), otherwise.

Following the same steps as in case 1 we can show that s is a feasible strict improvement over

S.
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e I'(RN(z— b 2)) > 0: Recall that in RN (z — d,, 2) we have r < s™ and, thus,
Tl > S%((Z,Xl])

_ / & (z) dT(z) + / & (z) dT(z)
RN(2—8¢,z) (2, X))\ (RN(2—d¢,2))

/R @A) /  (2) dI' (@)

(z, X1\ (RN(2=4c,z))

V

V

> /Rm(z—éc,z) s(z) dl(x) +/ s(z) dI(x)

(2, X1\ (RN(2=4c,2))
= S((z, Xj]).

That is, 7, > S((z, Xj]). So we can increase s in RN (z — J., z) and decrease s in @ N A, in a
feasible manner and obtain an objective improvement. Choose € > 0 such that I'(R. N (z —
0c,2)), '(QcNA) >0 Let y=T(RN(2—0.,2))/T"(QNA,) and

5(;1;)—{-61, IEGRGQ(Z_(sC?Z)?
g(ﬂ?) = S(.CC) — €17, TE Qe N AT?

s(z), otherwise,

where €; € [0, €] is such that € > ¢; -y and

(5(2) + e1)dl(z) + / s(z) dI'(x).

(z,Xi\(ReN(z—bc,2))

7> S((z X1) :/

ReN(z—6¢,2)

That is, €; is chosen so that s satisfies (FL). Also note that (FR) is also satisfied because in
A, we have § < r. Moreover, the choice of v ensures that § verifies (FC). To see why this §

yields an objective improvement, it is enough to note that

/ V(z)dI'(x) > V(z—0c) - I'(Re N (2 — d¢, 2))
ReN(z—6¢,2)
=V(z—=109:) v - I'(QeNA,)
>y [ Vidre).
QeNAy
where the last inequality comes from V(z — d.) being larger than V' (z) for any = € Q. N A,.
This shows that s yields an strict objective improvement.

We proved in (z — f; — 6, 2z + 0.) we must have that any optimal solution s equals s I'— a.e;
otherwise, we can find an strict objective improvement. Next we argue that the same result holds
in [X;,2 — B — 8:) N (2 + 6 Xy]. To see this consider Eq. (B-4). if s does not equal s” in
[(Xi,2 — B — 0.) N (2 + 0., X;] I'— a.e, then Eq. (B-4) ensures that s does not equal s I'— a.e
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(z— By — ¢, 2+ 9dc). Thus, we can use the previous analysis to find an strict objective improvement.

In conclusion, s equals s I'— a.e in [X;, X,] \ {z — B — ¢, 2 + 0}
Finally, we show that the previous conclusion also holds in {z—3; —d., 2+ 0. }. Let s be any optimal
solution, since both s and s7 verify (FC) we must have

siIy + s,y = 8(z — By — 8) I + s(z + ) Iy

Furthermore, from the other constraints we can conclude that s(z + ¢.) < s,. Hence, if we denote

by L(r,z— 8, — d¢, 2+ d.) the objective function under s in the set {z — §; — d., z + 0.} we have that

L(ryz = —6c, 2+ d.) = V(2 — s(z= 01— 0)I1+ V(24 0c) - s(z+ 0c) I

STy 5 0y) = s(2 + 8T ) + V(2 + 6) - s(2 4+ 0T

( )-
(== B —0.)- ((

(2= B = 8- (st + 5013 ) + (V(z 400 = V(e = Bi—60)) - s(z +60) T,
(== B —60) -

( )-

— e
-9

C

N
Q

| — 50 Sle + Sy r) (V(Z + 60) - V(Z - Bl - 50)) < sply
z2—=0F1—0c) - stl1+V(z+6.) s
(3%72 - Bl - 5072 + 5c)

This means that the best possible way to pick s(z — 5; — d.) and s(z + d.) is to set them equal to
s; and s, respectively and, therefore, at any optimal solution s we must have r equals s7 I'— a.e in
{z — B1 — ¢, z + 0.}. This concludes part 3 of the proof.

Part 5: Implementation. We construct a price-equilibrium pair (p,7) in A(z) with 7 € F,(f1)
and

W(B) 2 7((BNA(2)) x A(z)), B CC measurable.

Define p : A(z) — [0, V] by

ploe(s™(x)) if z € (21, 20);
p(x) = < p; ife=z,ie{lr}
1% otherwise,

where p; is such that U(z;, pi, si) = V(2ilp, T)-1{z(z,)>0y for i € {l,r}. By the way s; was constructed,

the value p; is always well defined.

Next, we define the flow 7. We do this in three steps. Firstly, we define a measure that transports
flow from A(z) to z. Secondly, we construct a measure that sends flow from [X}, ) to [X}, z). This
last steps is analogous for (z, X,]. Finally, we put together the measures constructed in the first

two steps to create a measure in A(z).
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Step 1: For any measurable set B C A(z) define the measures
u(B) 2 T(Bx [X1,2)) and pu,(B) 2 7(B x (2, X,]),
and the quantities
A2 (X1, 2) = §7([X1,2) and - Ar 2 (2, X,]) = S7((2, X,]),
note that because of (FL) and (FR), A;, A, > 0. Further define
g=z—inf{6§>0:w(z—0,2) >4} and ¢ = z+inf{d>0:pu.((z,2+6]) > A,}.
For any set B C A(z) we define the left and right mass going to the center by the measures

i (B) = m(B 0 (q1, 2)) + Lygeny - (A1 — u(q, 2)),
pr(B) = (BN (2,0)) + Lygoeny - (Ar — pr(2, ),

observe that by the definition of ¢; and g,, the atoms above have non-negative mass. Let H, £
A(z) x {z}. For any measurable set £ C A(z) x A(z), the measure that sends flow to the origin
is defined by

L) & pf(m (LN H)) + (LN H,) + pé(m (LN Hy)).

From Lemma B-3 (which we state and prove after the present proof) we verify that 7¢ is indeed

a non-negative measure.

Step 2: As mentioned earlier we show how to create the flow on the left side of z. We create a
measure, 7' in [X}, 2) x [X}, 2), that transports the mass in [X7, z) that we are not sending to the
origin to the mass created by our knapsack solution in [Xj, z). The construction of an analogous

measure 7" in (z, X, ] is identical to the one of 7! and, thus, omitted.

For any set B C [Xj, z), define the measure

w(B) £ m(BN[Xi, @) + Ligeny - (ula 2) — Ar)

We denote by S! de measure Sﬂ[ X;,2)- Both measures ,u,f and S! satisfy the following property

wi([a, 2)) < SY([b, 2)), Va,be[X,2), b<a. (B-8)
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To see why this is true note that

pi([a, 2)) = p(la, 2) N (X1, @) + Lgcla) - (@, 2)) — 4A)
= Ligela)y - (illa, @) + wlla, 2)) — Ar)
= Ligelan)y - (ulla, 2)) — Ay)
< Lgelo)y - (lla, 2)) + 7([X5,a) x [b,2)) — Ay)
(r(l

= Yqelaz) - (7([0, 2) X [X),2)) + 7([X1,0) X [b,2)) = A1)

D1 ety - (10 2) x [b.2) +7([(X1,0) x [b,2)) — A)

(
- 1{qz€[a,z)} : (7—2([ )) )7

where (a) follows from the fact that b < a and, therefore, 7([a, z) x [X}, b)) equals zero. Next,
if b € (21,2) then from the congestion bound we must have that m2([b,2)) < S7([b,2)) which,
together with the fact that A; > 0, yields Eq. (B-8). If b € [X, #] then

7a([b, 2)) — A = 57([b, 2)) + ST([X01, b)) — 72([X0,0)) = S7([b, 2)) — 72([X;,0)) < S7([b,2)),

in either case we conclude that Eq. (B-8) holds.

Let ¢ £ S'([X}, 2), note that u!([X},z)) also equals . For any measure v defined in [X}, 2) we

define its cumulative function and pseudo-inverse by
F(y) 2 v(ly.2), Yy<z and FU()Lsup{y<z:F(y) >t} Vielo]

It is important to note that the knowledge of F), is enough to characterize the measure v, see
e.g, Santambrogio (2015). Similarly, the knowledge of the value a measure in the product space

assigns to the sets of the type [y1, 2) X [y2, z) is enough to characterize that measure.

We want to transport ,uf in to S'. Before we provide the formal definition we introduce the push-
forward notation (very typical in the literature of optimal transport). For a map T : [X;, z) —

(X1, 2) and a measure p in [X, z), we define the push-forward measure Typu, by
Tup(E) &2 w(TH(E)), forall E C [X},2).
Let m be the Lebesgue measure in [0, %], then we define the transport 7¢(£) by
(L) & (F}S”,Fg”)#m(ﬁ), for all £ C [X7,2) x [X], 2).

Next we argue that T{ = ,uf and Té = S'. Recall that is enough to show this for the cumulative
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distribution function. Consider any y € [Xj, z| and the set [y, z) then
m(ly, 2)) = 7'([y, 2) x [X1, 2))

(te .8 F 0w ey 2)

(te 0, : Fyy(2) <t < Fu(y ))

e

m

I
'113

and the same argument holds for 74 and S’. Furthermore, it’s not difficult to see that for

y1,Y2 € [ X}, 2] we have

s 2)x[y2,2) = m(t € [0,1] 1 Fyy(2) <t < Fyy(y), Fsnl2) <t < Faa(1)) = Fya(y1)AFin(p2).
(B-9)

e Step 3: Now we are ready to define the measure 7 in A(z). For any measurable set £ C
A(z) x A(z), T is defined by

F(L) 2L N[X,2) x [X1,2)) +76(L) +77(L N (2, X,] x (2, X,]).

Next, we show that 7 € Fy(;)(f1) is an equilibrium in A(z) for the prices p defined above. In
order to do so we first show that 7 € F4(,)(f1). Second, we compute the supply density of 7 and
corroborate they coincide with s7. Third, we compute Va() (-] B, 7) and verify is coincides with

V(:| p,7) in A(z). Finally, we check the equilibrium condition.

o 7 € Fy)(f1): Clearly 7 is a non-negative measure in A(z) x A(z) because is the sum of non-
negative measures. Now we check that 71 = fi. Consider a measurable set B C A(z) then
71(B) = 7(B x A(2))
= (BN [X1,2)  [X0.2)) +7°(B x A(2)) + 7 (BN (2. X,]) x (2. X,))
(BN ) + 7B x A(2)) + p (BN (2, Xy ])
(BN )+ ui(B) +7(B x {z}) + pi(B) + py(B N (2, Xy ])
= (BN Xy, @) + Ligesnx, )y - (mlla, 2)) — &) + pi(B) + 7(B x {z}) + p(B)
pir (B0 (gr; Xrl) + LggeBn(zx,)y - (e (2, 00]) — Ar)
(BN [Xi,2) —mBn{a}) + Ligesy - m{a})

pr(B N (2, Xr]) = pr (BN {gr}) + 1{qr€l§} “pr({ar })
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and from the definition of i is clear that 71 < I'. For the second marginal of 7 we have

t1zeny - (uf(A(z)) +7(A(z) x {z}) + uﬁ(A(z))) +57(B)
B) + 1izeny - (Az +7(A(2) x {z}) + Ar) + 57(B)

+ 1eemy - (01X, 2)) = $7(1X0,2)) + 7(A(2) x {21) + (2, X)) = S7((2, X))
= ST(B) - ST(BNn{z})
+1eesy - (1(X12)) = S7(1X0,2)) + 7(AG) x {2D) + (2, X)) = S7(2, X))
= §7(B) + Lizemy - (X0, ) + T(AG) x {2]) + (2, X)) = §7(1X1, X))
= 57(B)

Since S7 is such that S™ < I', we conclude that 7 € Fy(,) ().

Supply density: We just proved that for any measurable set B C A(z) 7o(B) = S7(B). This in

turn, implies that
d%Q( ) =" (x) - i (2)
o @) =s(@), I'—a.e. z in A(z).

Equilibrium utilities: We show that V) (z|p,7) equals V(z|p, T) — |z —z| for all x € [ X}, X,].
First, observe that I' — a.e. y in A(z)

L s (V(zlp,7) = lz =y - 1pngysop iy € [z, 2],
Uy, 5(0),5" (1) = =
0 ity € A()\ [21, 2],
Second, for any = € [X;, X;| we argue that V(z|p,T) — |z — x| > V(. (2] p, 7). Suppose
I(y € A(2) - Uy, 5(y),s" () = |y — 2| > V(z[p, 7)) > 0,

then, since by Lemma A-1 V (y|p, 7) is non-negative I'—a.e and V (y|p, 7) equals V (z|p, 7) — |z —y|
for any y € A(z), it must be true that V (y| p,7) is larger or equal than U(y, 5(y), s” (y)) I — a.e.
Thus

I'(y € A(z) : V(ylp,7) = ly — 2| > V(a[ p, 7)) >0,

but this contradicts the Lipschitz property of V'(:| p, 7).

Third, we show that the upper bound we just proved is tight, that is, for all € > 0
I(y € A(2): U(y.5(y),s" () — ly — 2| > V(z[p,7) —€) > 0. (B-10)
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Fix € > 0, there are two cases. Suppose WLOG that z # z, then since I'([z,2+0)N{\ > 0}) >0
for any 6 > 0, we can take § € (0, min{e/2, z. — z}) which yields

0<I(y€elz,z+9): A(y) >0)
=TI(y€lz,z2+8): My)>0,20+|z—x| > |y—x|+ |y —2|)
<ST(yelzz240):AMy) >0, e+ ]z —a[>|y—a[+ |y —z])
<I(y€la,z]: My) >0, e+ ]z —z[> |y —z[+ |y — 2[)
=I'(y € [z,2] : AMy) >0, Uy, p(y), s () — ly — 2| > V(z) —¢)
<T(y e A(2) : Uy, ply), s (y) — |y — 2| > V(z) —e),

this shows that Eq. (B-10) holds. For the other case suppose that both z; and z, equal z. Then,

we must have
0 < (X1, X,] % [X0 X,]) = /{ @A) =) T

Thus both s7(2) and I'({z}) are strictly positive. If A(z) > 0 then the same series of inequalities
that we used for the previous case applies to this case, and so the desired Eq. (B-10) holds. If
A(z) = 0 then since by feasibility we have

0< S%(Z) < HZ(V(2| va))?

it must be the case that z belongs to {X;""?, X;"P’}. WLOG suppose that z = X;"PP then by
the previous inequality we have that 0 < s7(X;"PP) < %(Xﬁupp). In turn, this implies that
p({X7"PP}) > 0. This means that 2 has and initial mass of supply. Since z is a sink location, it
does not belong to the indifference region of any other location and, therefore, by Lemma A-6 it
does not send flow to any other location. Hence, 72({z}) > 0 and by Lemma A-2 we conclude
that U(y,p(y),s™ (y)) = V(2| p, 7). Since, A\(z) = 0 this implies that V(z| p,7) = 0. To conclude,
note that

I(yeAz): Uy, p(y),s" () — ly— | > V(z|p,7) —€) > Ty € {2} : —ly — 2| > —|z — x| —¢)
=I'({#})
>0,

hence Eq. (B-10) holds.

e Equilibrium condition: Consider the equilibrium set

£4 {(:c,y) € A(z) x A(2) : U(y,p(y), s (v) — |y — x| = Va (2| B, %)},
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we need to verify that 7(&) equals i(A(z)). First, for 7(£) we have

I
Rl

#(&) = 7({(@.) € A@) x [, 2] : Aw) > 0, 2=yl + |y —al = |z~ al})
({(z.9) € AG) x L2120} Aw) =0, Ul 5(w). 5™ W) — Iy — 2l = Vi (@] 5.7) })
({(@v) € A@) x [21,2] : Aw) > 0, |z =yl + |y — 2l = |z — o] })

+ > %<{(:1:,y) € A(z) x {z} : —|zi — x| = VA(Z)(x\]a,%)D (a0
e{l,r}

+
Rl
<

Il
Rl

denote by Z; the i term in the summation above. Then, for i = [ since 7((z;, X;| X {z1}) = 0 and

the property we showed for the equilibrium utilities we have

2= 7({(@,y) € [Xi,a] x {a} s —Jz— o] = Vag (@l 5.5)}) - Lneoo)
({(@) € X2 x {1} s —lzr = al = V(@) — |z = al }) - 1ae—o)
%<{($,y) € Xz x{z}: 0= V(Zl)}) “1{xn(z)=0}

=s;-17- 1{V(zl):0,)\(zl)=0}'

Il
Rl

Similarly, we can show that Z,. equals s, - I3 - 11y (2,)=0,(z,)=0}- Consider the sets
Ec 2 A(2) x {y € {z} : My) > 0},
(z,y) € [X1,2) X [21,2) : AM(y) >0, x < y},

{
g L {(m,y) € (2, X0 X (z,27) : AMy) >0, y < x}

Then,

F(E) =7(E) + Z F(E) + 50 I Ly (2)=0 A (21)=0} -
ie{l,r}

For the first term we have
7€) = R({y € {z} : Ay) > 0}) = R({z}) - 1ppo)>0

Next we show that 7(&) equals 72([z;,2) N {y : A(y) > 0}), the same argument applies to &,.
Indeed, observe that

X0 2)% (22) N (M) > 00) = & U { (@) € [, % [2,2) s A0 > 0, 2 >y},
and that 7([X7, 2) x ([z1,2) N {y : A(y) > 0})) equals T2([z;,2) N {y : A(y) > 0}). We show

%({(az,y) € [z1,2) X [21,2) : AM(y) > 0,2 > y}) =0.

0
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Note that 7(0) = 7!(O) and

therefore,

o)< Y (a2 x [z,0))
a€(

Zl,Z)ﬂQ

= Z Tl([a,z) x [Zl7z))_7l([avz) x [a,2))
a€(z,2)NQ

(@)

= ) Fi(a) A Fgi(z1) = F(a) A Fgi(a)
a€(z,2)NQ

()

= ) Fula) = Fyu(a)
a€(z,2)NQ

=0,

where (a) comes from Eq. (C-28) and (b) from Eq. (B-8). Therefore,

7(€) =

({z}) - 1pae)sop + 2({y € [21,2)  A(y) > 0}) + ({y € (2, 2] - AMy) > 0})

+ > F{ak x {2 D Ly eo—oa(o)=0}

e{l,r}

=Ry € lzz) : AY) >0+ D si- I Liy(e—o(z)=0}-

e{l,r}

Now, recall that

A(A(2)) = T(A(2) x A(2)) = / S dr,

[zlvz'l”]

and for the integral above we have

/ s*dﬁ:/ s*dr+/ s dl
[21,2r] 21,2 )N {y:A(y) >0} {2120 ) {y: A (y)=0}

(@)

= To({y € [21,2¢] : My) > 0}) + st dr

/{Zz,zr}ﬂ{yv\(y)=0}

=Ry elaal A y) >0+ D si- L 1az)—oy-
ie{l,r}

—~
=

Hence, if we show that

Z i Ii - Loy (2))=0,(2)=0} = Z i Li - 1in(z)=015
ie{l,r} ie{l,r}

the proof will be complete. It is enough to show that if A(z;) = 0, I; > 0 and V(z;) > 0 then

si - 1y (z;)=0y equals s;. If V(zi) > 0 then if s; = 0 then we are done; however, if s; > 0 then
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since A(z;) = 0 from the congestion bound we deduce that z; € {X;"*", X7"PP}. WLOG suppose

z; equals X ZS PP then
(X", 2)) < §7 (X}, 2)
< SH((X]"PP 2)) + s - I
5 ([X P, 2))

!

IN
|

= 72([X1,2))
= 7 ([X]"P, 2))

where the first inequality comes from the congestion bound of Lemma B-1, the second from

s;, I; > 0 and the last from the feasibility of s7. Therefore 75({z;}) > 0 and, therefore, Lemma
A-2 implies that U(z;, p(2i),s"(zi)) = V(z). Since, A(z;) = 0 we conclude that in this case we

cannot have s; > 0. This completes the proof.

Part 6: Conclusion. We conclude by applying Proposition 4. The price-equilibrium pair (p, 7)

satisfies the hypothesis in Proposition 4, so we can create a global price-equilibrium pair (p,7) in

C. This new solution has the same objective that (p,7) in A(2)¢, but it dominates the platform

revenue in A(z). Therefore, (p,7) revenue dominates (p, 7).
Lemma B-2. The following properties hold.
1.
SH((z,2+60) < 77,
SH((z =6, — B2+ 6.) + s - I <7,
ST((z =6 — B, 2)) < 7,
ST({z}) > ..

2. If 6. < o, then ;= 0.

3 Te+ 1 < SH([2,246]).

Proof of Lemma B-2. We provide a proof for each statement separately.

O

1. Inequality (a) comes from the definition of ¢, and that J. < é,. To prove (b), first note when

B; = 0 our choice of s, make the inequality true. Suppose 5; > 0, by the definition of 5; we

must have

1
SH([Z—(SC—BZ—ﬁ,z+5c))+sr-l}<7', Vn € N.
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Taking lim,,_,, yields the the desired result. Inequality (c) comes from the definition of ¢

and the fact that 8; + 0. < d;.

Next we prove (d). Note that from the feasibility of s” we have ([ X}, X,]) = 7, in turn
n({z}) = 7 + (7 = 7a((2, X, ]) + (1 = 72([X0, 2))).

Again by the feasibility of s” the last two terms in this equation are non-negative. Hence,
({z}) > 7. and since 7»({z}) < ST ({z}) we conclude the result.

2. We have 0. < 6, < §; and, therefore,
SH([z = 60,24 6,)) >7 and SH((z,246)) < 7.

The first inequality comes from 6. < ¢, and the definition of §.. The second comes from

0. < 0, and the definition of §,.

If I, = 0, because SH([z — 6,2 + d.]) > 7, we can conclude that 3 = 0. If I, > 0 then
SH((z,2 4 6.]) < 7 implies
7 — SH((2,2 + 6.))

gl ’

H, <

and, therefore,

T—SH((z—(sc,z—f-éc))}.

r = i Hrv
S mll’l{ FT,

Hence,
SH((Z —0cy 2 + 50)) +sp - Iy = min{SH((Z — 0cy 2 + 5‘3])’7—}’

if the minimum equals 7 then, since

SH([z2 = 6,24 00)) + 5, - T > ST (2= 60,24 0.)) + 8p - [ =7,
we would have 3 = 0. If the minimum equals S¥((z — d., z + d.]), then s, equals H, which
together with S ([z — 0., z + 6.]) > 7 imply that §; = 0. In any case 3; equals zero.

3. Suppose otherwise, thar is, 7. + 7. > S ([z,2 + d.]). This together with (d) imply that
7 > SH((2,2 4+ 6,]). In turn, this yields 6. < 6, < & and, therefore, ; = 0. Since J. < §
we also have that S ([z — d,,2)) < 7. Hence, 7 > SH([z — d., z + 6.]) which contradicts the

definition of d. when 5; equals zero.
O

Lemma B-3. Let v be a non-negative measure in C. Consider any measurable subset K of C and
some z € C then the mappings v(mi(- ND)N K) and v(m (- N (K x {z}))), defined on the Borel
sets of C x C, belong to M(C x C).
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Proof. For any Borel set £ C C x C define
Ta(L) 2 v(m(LND)NK) and 7(L) £ v(m (LN (K x {z}))).

We show that 7,, 7, € M(C x C). Note that because v € M(C) for i € {a,b} we have that 7;(0) = 0,
and for any Borel set £ C C x C that 7;(£) € [0,00). To verify o— additivity consider a countable
partition {£, }nen C C x C, we need to show that

TZ<U En) = Zn(ﬁn).
neN neN

Note that from the definition of D and the fact the set K x {z} has second component equal to 0,
both collections {m (L, N D)}nen and {m (L, N (K X {z})) }nen form a partition. Given this we

can verify o— additivity, we do it for both 7, and 7 at the same time

(U 20) +n(U £0) =vm(U £an D)0 K) 4+ v(m(|J £a 0 K x {21))

neN neN neN neN
=v(|J m(LaND)NK) +v(| m(Ln N K x {z}))
neN neN
= u(m(LaND)NK) + Y v(m(Ln N K x {z}))
neN neN
= Z Ta(Ln) + Z 75(Ln),
neN neN

where the third line comes from the o—additivity of the v measure. This shows that 7 € M(C x
C). O

C Proofs for Section 6

To simplify the exposition of our result in this section we define the quantities

A loc

p1 = p°(m) and 1 £ Py (),

where the function ;(-) correspond to ;(-) for some x # 0 (at locations other that the origin,
1 (+) is the same function.) We use X;, X, and V' (0) to denote X;(0|p, 7), X,-(0|p, 7) and V(0| p, 7),
respectively. Also, m € M(C) denotes the Lebesgue measure in C. We use D to denote the subset
of C x C with equal first and second components, that is, D = {(z,y) € C x C : z = y}. For any
measurable set B C C and a price-equilibrium pair (p,7) we denote the platform’s revenue in B

under (p,7) by Revg(p, 7). In case that B is C we simply use Rev(p, 7).
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Furthermore, recall that Lemma 4 shows that for fix € C whenever the density I'(x) is positive,
the congestion function 1,(+) is strictly decreasing. In the current setting we assume that both Ag
and A are strictly positive and, therefore, the monotonicity property of the congestion function
applies to every location in the city.

Lemma C-1. Let p be any price mapping and T a corresponding equilibrium flow. Then for any
measurable set B C Cy such that 0 ¢ B and 7(B x B) =0 we have

V(zlp,7) < o1, I'—a.e. z in B.

Furthermore, in the pre-shock environment we can replace B with Cy in the inequality above.

Proof. Define the set
LE2{zeB:V(zlp,T) < 1}

We would like to show that I'(£¢) = 0 where the complement is taken with respect to 5. Suppose

this is not the case, and note that
p1-m(LY) = p(L) =7(L % C) =7(L x B) + 7(L x B°),
since £¢ C B and 7(B x B¢) = 0, the second term in the expression above is zero. This yields,

w1 -m(LY) =7(L x B)
T(LEXxBNL)+7(L°xBNL)
T(LS X L)+ 7(LE x L)

There are two cases. First, if 7(£¢ x £) > 0 then by Lemma A-6 there exists a pair (z,y) € L x L
such that y € ZR(x|p, 7). Therefore, by Lemma 3 we have

V(ylp,7) = V(zlp.7) + |z — y|.
However, since (z,y) € L x L
V(y|p7 T) < and V(ﬂ?|p, T) > 1/}1'

Using the previous equation we can deduce that ¥; > 11, which is not possible. The second case
is 7(L¢ x £) = 0. Note that

T9(LY) = 7(C x L) > 7(L x L) = pg - m(LE).
We also have that

n(e) = [ s@ar@ < [ 0 Vialpr)ir@) < me 1),
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where the first inequality comes from Proposition 5, and the second from the fact that ¢, (-) is a
strictly decreasing function, the definition of £¢ and I'(£¢) > 0. Note that this inequality holds
in both of the cases in the statement of the lemma. In both cases we have 0 ¢ B so I'(L€) equals
m(LC), yielding

p1 - m(L) < 72(L°) < pn - (L) = p - m(LE),

a contradiction. O

C.1 Proofs for Section 6.1

Proof of Proposition 6. Let (p,7) be any feasible price-equilibrium pair by Lemma C-1 we have

V(x| p,7) < 1, I almost everywhere in Cy = C \ {0}. This yields the following upper bound for

the platform’s objective

/ V(x| p,7)-s"(z)dx < - / sT(z)dx <y - p1 - m(C).
Ca

Ca

The maximum revenue the platform can achieve in this case is bounded above by 7 -1 - uy - m(C).
Next, we show that the solution given in the statement of the lemma is feasible and achieves the

upper bound.

Flow feasibility. We show that 7 € F(u). A complete definition of the measure 7 is 7(£) =
(w1 (LN D). From the definition of 7 it is clear that 7 € M(C). Furthermore, 7 coincides with
and so does 7y. Since p is the Lebesgue measure times a constant and I is the Lebesgue measure

plus an atom, we have 71,75 < I'. From this we can deduce that m— a.e in C we have s” (z) equals

Ha.

Equilibrium utilities. We show that V' (z| p, 7) equals 1;. Note that

U(y,p(y),s"(y)) =1, I —ae. y in Cy.

Fix x € C, we have that

I'({yeC:U(y,p(y),s"(y) =y — x| > ¥1}) = Lo—jo—af>y) T LT ({y € C\ {0} : =]y — 2] > 0}) = 0.

Moreover, for any € > 0

I'{yeC:Uy,py),s () —ly—z| >¢1 —e}) > T'{y € Cr: —|y — x| > €}) >0,

where the last inequality comes from the fact that I" corresponds to the Lebesgue measure (plus

an atom). That is, V(x| p, 7) equals 1.
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Equilibrium condition. Consider the equilibrium set

&2 {(@,y) €CxC:UW.p), s 1)~y —al = Vil p.7) }.

Then,

r(&) = 7({(w.y) ecx {0} : ~ly—al =wr }) + 7({(z,) €C x Cx s~y — 2] = 0} ) = (C).

We have proven that the solution is the statement is feasible, and because of the values of V'(-|p, 7)

and s7(-) we conclude that this solution achieves the upper bound. O

C.2 Proofs for Section 6.2

Proof of Proposition 7. The proof of this proposition consists of several steps. In the first step

we establish that the origin is an attraction region, characterize some properties of it and compute
the value of the equilibrium utility function outside the attraction region. After this step, the
drivers utility function will be pinned down in the entire city as a function of its value in the origin,
V(0| p, 7). The second step supplies us with a full characterization, up to V(0| p,7), of the post-
relocation supply 7o in the entire city. Finally, in step three we show how to solve for the optimal
value of V(0| p, 7) and, therefore, we pin down both V(-] p, 7) and 7. We further show how to find
the optimal p(0) and the corresponding optimal flow .

Step 1: We show that we can restrict attention to solutions (p,7) such that X; < 0 < X, X, =
V(0) — 41 and X; = —X,. Furthermore, such solutions have V(x| p, ) = 4 for all x € C\ [ X, X, ].

Proof of Step 1: Let (p, 7) be a feasible solution. First, we show that at any optimal solution we
must have X; < 0 < X,. By Lemma C-2 (which we state and prove after the proof of the present
proposition) we have that if either of the sets {z € (0,H]: 0 € ZR(z|p,7)} or {x € [-H,0) : 0 €
IR(z|p, )} is empty then the revenue the platform makes satisfies

1
—-Rev(p,7) <ty -p1-2-H.
v

Now we construct a new feasible solution (p,7) for which both sets are non-empty and such that
1
—-Rev(ﬁ,%)>1/)1-u1-2-H, (C—l)
Y

where p equals p; in C \ {0} and p(0) is appropriately chosen. This will imply that any optimal
solution must satisfy {z € (0,H]:0 € ZR(z|p,7)} # 0 and {z € [-H,0) : 0 € ZR(z|p, 7)} # 0 and,
therefore, X; < 0 < X,.. This also implies that the optimal revenue in this case is strictly larger

than the one in the pre-shock environment.
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Our solution will send flow in [—h, h] to the origin, where h > 0 is to be determined. Inside this
interval, all the flow in the subinterval [—h(h), h(h)] goes to the origin where 0 < h(h) < h. The
rest of the flow in [—h, h] partially stays at its original position and partially goes to the origin. We

now show how to determine h(h) and h. For any given h > 0 we define

h(h) & (1 +h—a-p1)?,
note that when 11 equals o - p; we have that h(h) equals h, and we will send all the flow in [—h, h]
to the origin. However, when ¢ < « - p1; not all the flow will be sent to the origin. Define

M F(p1)

pi(z) £ o pr - ————,
1+ h — |x|

then o
AF(p1)
pii ()
The idea is that for every location x € K (h) = [—~h, k] \ [=h(h), h(h)] we will leave a density z;(z)

of flow there and send p; — pi(x) (note that this difference is non-negative) to the origin. In order

<1, ze[-hh]\[-h(h),h(h)]

to make this possible, we need to chose h appropriately. Observe that the total supply we will send

to the origin is

B h
Sr(h) = 2h(h)p +2 | = ) dme),

where limy,_,o S7(h) = 0. Hence, since ¢; < @-V, we can always find h > 0 such that

_ Sr(h)
Ao

a-V—hZa-F‘1<1 )—hzwl. (C-2)

This yields

F<¢1 + h) > ST(h) )
o - X
Now we construct the solution (p, 7). Fix any h satisfying Eq. (C-2) and consider prices defined by

ith iy =
plx) =4 °
P1 ifzeC \ {0}7
and flows for any measurable set £ C C x C defined by
(h)] x {0}))

(L) = p(m (LN D) N [=h, h]%) + p(m (LN [=h(h),
N K(h)),

+ Go(m (LN K(h) x {0})) + G1(m(LND)
where Gy, G; are measures defined for any measurable set B C K(h) by

Go(B) 2 /B (41 — () dm(z), Gy(B) 2 /B () dim(z).
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We argue that (p, 7) is a feasible solution that complies with Eq. (C-1). From Lemma B-3 we have
that 7 € M(C x C), also note that for any measurable set B C C the first marginal of 7 satisfies

71(B) = p(BN [=h, 1)) + p(B O [=h(h), h(h)]) + Go(BN K (h)) + G1(BN K (h)) = u(B).
The post-relocation supply measure is
72(B) = p(B O [=h, h]°) + Sr(h) - Loepy + G1(BN K(h)),

clearly 7o < I'. Therefore, 7 € F(u). Next, we need to show that 7 is a supply equilibrium. The
Radon-Nikodym derivative of 7o with respect the city measure is (I'-a.e)

(

Sr(h) itz =0
0 if 2 € [~h(h), h(h)] \ {0}
pi(z) if z € K(h)

o ifwe [—h R

Indeed,

[ st@)arie) = Spmiee + [

1 dm(z) + / () dim(x) = 75 (L),
LN[—h,h)e

LOK (h)

d7o

that is, G4 (-) equals s(-) I'-a.e. From this we can compute V (-|p, 7). Note that (I-a.e)

(wl +h if y = 0;
~ o dR a-py if y € [=h(h), h(h)] \ {0};
Uly) =Uly,p(¥), 5~ () ) = —
( dr ) -1 ‘/\f((gf)l) if y € K(h);
" if y € [—h, h)°.

Let a(x) be defined by

A Y1 +h— |z ifxe[-h,hl
a(z) =
U1 if x € [—h, h|°.

We argue that V(-|p,7) = a(-). Fix z € C, it is not hard to verify that
IyecC:U(y) -y — 2| >a(z)) =0,

and, thus, a(x) > V(x| p,7). Suppose that = € [—h,h] and a(z) > V(z| p,7) then, because
I'({0}) > 0, we have that

Y1 +h—|z|=a(z) > V(z|p,7) > (x,0) =11 +h—1]0— x|,
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a contradiction. Thus, for x € [—h, h| we have a(xz) = V(z|p,7). For any other x we can use a

similar argument to conclude that a(z) = V(z|p, 7).

Now we are ready to verify the equilibrium condition. Observe that
& = {(w,y) € CxC: [1(w,y) = V(alp, 7)) b = ([=h, K] x {0)U([—h, K [~h, REND)U(K (h)x K (R)D),
then

7(€) = w(mi(END) N [=h, h]°) + p(m(E N [=h(h), h(R)] x {0}))
+ G1(m(END)NK(h)) + Go(m (€N K(h) x {0}))

= p([=h, 1)) + u([=h(h), h(h)]) + GL(K (h)) + Go(K (h))
= p(C).

This proves that 7 is an equilibrium. Next we need to show (p,7) satisfies Eq. (C-1). From

Proposition 1 we have

"Rev(5.7) = /C Via) - S ()ar ()
h

= (Y1 +h)-Sp(h)+ 2/ (Y1 +h—z)pr(z) dn(z) + 11 - py - 2(H — h)
h(h)
h
> b Sp(h) + v (Sr(h) + 2/ () ) -+ - oy 2(H — D)
R(h)
h h

(1 — m()dz +2 [

ul(ac)dx) +1 - -2(H —h)
h(h)

=h-Sr(h)+ 1 (2B(h)u1 + 2/
h(h)

=h-Sp(h) +v1-p1-2-H.
Since h - Sp(h) > 0, Eq. (C-1) obtains. This proves that X; < 0 < X, in any optimal solution.

The next step of the proof of Step 1 consists on arguing that given V(0), X, = V(0) — ¢»; and
X; = —(V(0) —#1). Consider a feasible solution (p,7) where p(-) equals p; everywhere but at the
origin, and X; < 0 < X,. From Proposition 3 and the fact that p({X,}) = 0 we have that

T([Xe, H] ¥ [ X, H]Y) < p({Xo}) + 7((Xr, H] X [X;, H]Y) = 0.

Then by Lemma C-1 we have that V(z) < ¢1, I' — a.e. = in [X,, H]. This, together with the
continuity of V() imply that V(z) <y for all z € [X,, H].

Suppose first that X, < V(0) — ¢; then
V(XT‘ paT) = V(O) - XT > ¢1;
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but this violates the continuity of V to the right of X,. Thus X, > V(0) — ¢;. On the other
hand, suppose X, > V(0) — ¢; then we must have that ¢y > V(x| p,7) = V(0) — x for all
x € (V(0) — 11, X;]. Observe that

HVO) o XD 2 VO XD = [ @) dre) (c3)

Define the set
K = {y € [V(O) - wlaXT] : ST(y) S Ml}a

it must be that I'(K) = 0; otherwise, from the definition of V(X,| p,7) we have

V(0) =X, =V(X;) 2U(y,p1,5"(v) = ly = X;|, ['—ae yin K
>U(y,p1, 1) — ly— Xo|, I'—ae yin K
=i — (X, —y), I'—ae y in K,

and I'(K) > 0 implies that V(0) —y > 1 for some y € (V(0) — 91, X, |. However, we know that
Y1 > V(0) —y for y € (V(0) — 91, X;] and, therefore, we must have I'(K) = 0. Using this in Eq.
(C-3) yields

p([V(0) = 91, Xp]) > g - ([V(0) = ¢, Xo]) = p([VI(0) = ¢, Xo]),

which is not possible. Hence, X, = V(0) — ¢; and the same arguments applies to X, yielding
X; = —(V(0) — ).

In order to conclude the proof for Step 1 we show that we can restrict attention to solutions (p, T)
such that V(z| p,7) equals v; for all z € [X;, X, ]°. In turn, this will show that s7(z) equals u1,
I' —a.e. z in [X;, X,]°. We base the proof of the latter statements in Lemma C-3 (which we state
and prove after the proof of the present result), this lemma enables us to separate the city into two
regions [X;, X,] and [X;, X, ]°. For each region we can modify the prices and equilibria, and then

paste them together to obtain a new solution that is an equilibrium for the entire city.
Consider a feasible solution (p,7) such that X; < 0 < X,, X, = V(0) — ¢ and X; = —X,.. Since
([ X1, Xr] X [X7, Xr]€) =0 and 0 ¢ [X;, X;]¢, Lemma C-1 delivers

1
. Rev(p,7) < — - Reviy, x,)(p,7) + 2 p1 -1 - (H — X5). (C-4)

2=

We show that we can always modify (p,7) so that the previous upper bound is achieve. Let
B = [X;, X,], since 7(B x B¢) = 0 and 7(B¢ x B) = 0, Lemma C-3 ensures that (p,7)|s is a price
equilibrium pair in B. Such equilibrium satisfies Va(z) = 1 for = € 0B.
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Now, we choose prices p5° (z) equal to p; for all 2 € B¢ and a flow 75° defines by for any measurable
setﬁlxﬁggBCxBC
TBC([,l X ﬁg) = U(['l N ﬁg)
Then, it is easy to verify (as we did in the pre-shock environment, see Proposition 6) that (p?°, 75%)
forms a price-equilibrium pair in B¢. This solution satisfy that Vae(x) = 11 for x € B¢, and that
B
-

s C(m) equals p1, I' —a.e. x in BC.

Lemma C-3 enables us to paste the solutions (p, 7)|s and (pB°,75%), and generate a new solution
in the entire city. Such solution preserve the prices and flows in both B and B¢ and, therefore, the
upper bound in Eq. (C-4) is achieved. In conclusion, we can restrict attention to solutions (p, T)

such that V(z|p, 1) equals ¥, for all x € [X;, X, ], and that s™(x) equals p1, I' —a.e. x in [ X, X,]°.

Step 2: We characterize s7(+) (this completely characterizes 7). Let

X0 =) —a-p)" and XP=-X,

and \ 7( ) X
A 1- F P1 0 "
my) =a-p1———=, Sr=2-pu-X,+2 w1 — pi(x))de.
i VO -] o 1712
In this step we show that (I" — a.e)
St ify=0
0 ifye X} XN\ {0}

pi(y) ify e [X, X\ (X2, XY
H1 if Y€ [Xb XT}C'

Proof of Step 2: Note that at the end of the previous step we showed the result for y € [X;, X, ]°.

So first we show
sT(y) =0, I —ae z in [XP, X\ {0}.

Define the set K3 = {y € [X?, X?]\ {0} : s7(y) > 0}. We argue that I'(K;) = 0. If this is not the
case then I'(K1) > 0 and, therefore,

T2(K71) Z/ sT(x)dl(x) > 0.
K
Then Lemma A-2 ensures that

U(az,pl, ST(ZL')) = V(z|p,71) Ty —a.e. x € K, (C-5)
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but for z € K1 C [X, X%]\ {0} we have V(z|p,7) = V(0) — |z| and V(0) — |z| > a - p1. Then Eq.
(C-5) implies the existence of x € (X, X?) \ {0} such that

a-pp < U(%ﬂlasT(fU)) <a-p,
yielding a contradiction. Next we show that
sT(y) = mly), I—ae yin [X,X]\ X, X)),
By Lemma A-2 we have that
U(w,pl,sT(x)> =V(z)=V(0)—|z|, I—ae z in[X;,X,]\[X, X, (C-6)

but for any = € [X;, X,]\ [X}, X?] the definition of X and X? imply that V' (0) — |z| < a p1. Thus
Eq. (C-6) and the definition of U (az, p1,sT(z )) deliver

MCcFp)/sT(@) <1, T—ae o i [X,X%,]\ [X0, X9,
Using the again Eq. (C-6) and the definition of U(m, p1, sT(:c)) we conclude that

F(p1)

L I —ge oz in [X, X, ]\ [XP, X0
P1 V(O)—’.’B" a.e .%Hl[ I ]\[ 1> 7"]?

s (z) =a-
as needed. Next we compute s7(0),
sT(0) - I'({0}) = s™(x) dI’
©-rop=[ 5w
= n2({0})
= 7(C x {0})
= 7([X1, X;] x {0})

= 7([X7, X7] x {0}) + 7([X4, X, )\ [X7, X7] % {0}),
1) 2)

for (1) we have

(X7, X7] < {0}) = u((X7, X)) — r([X7, X7] x €\ {0})
=2 - X, = 7([X7, X7] < [X7, X2\ {0})

(i) 2”1 ' X197

82



in (a) we use s7(z) =0, I' — a.e. z in [X, X?]\ {0}. For (2) we have

7([X0, X\ (X7, X)) < {0}) = (X, X\ (XD, X70) — m([X0, XD\ (XD, X7] < [X0, X\ {0})
=21 - (X, — X7) — 7([X0, X, )\ [X7, X7) > (X7, X7\ {0})
— 7([X5, X\ [X7, X7 < [X0, XD\ [X7, X))
=21 - (X, — X)) — 0= m2([X0, X\ [XP, X7])
2 (X - X - [ () dr,
(X, X\ X7, XP]

from this we conclude that

X
0 =20 X042 [ = () do.
XT
Step 3: Now we can provide a full solution for the optimization problem. Recall that we are only
optimizing over p(0) or, equivalently, over V' (0). By our congestion bound (see Proposition 5), any
solution has to satisfy V(0| p,7) < ¢0(s7(0)). Moreover, Step 2 characterizes the supply-demand
ratio at every location as a function of V' (0). Thus, the following formulation is a natural relaxation
for the platform’s problem
I‘Bl(%))( V(O) : ST +2- 7/}1 C M1 (H - X?) (/Plocfreac)
st X0 = (V(0)—a-p))*, X, =V(0) -
Xr

Sp = 2X0u; +2 / = (o))
X

T

Y1 < V(0) < 4ho(ST)

We show that the optimal V*(0) in (Pjoc—reqac) 18 the unique solution to

V*(0) = 4o (S7(V*(0))).

loc

The optimal solution to the platform’s problem set price at the origin p*(0) = pi**(S7(V*(0))) such
that p*(0) > p1, and flows for any measurable set B C C x C given by

7(B) = p(m1 (BN D) N[X;, X, ) + p(m (BN [X], X]] % {0}))
+G1(m(BND) N [Xy, X,]\ [X7, X7)) + Go(m (BN [Xy, X, ]\ [X], X[] x {0})),

where G, G1 are measures defined for any measurable set £ C [X;, X,] \ [ X}, X?] by

Go(L) 2 /E (41 — a () dm(z), Gy(L) 2 /L 1 (x) dm(z).
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Proof of Step 3: The proof consists of two parts. First, we show that VV*(0) as stated above is
an optimal solution for (Pjye—reqc). To do this we prove that Sp(V(0)) is increasing for V(0) > 1)1,
with Sp(¢1) = 0. This implies that ¢o(S7(V(0))) is decreasing and, therefore, it crosses with V'(0)
at only one point. Then, we show the objective function increases with V' (0). These two facts imply
the optimality of V*(0). Second, we show that (p,7) with p(0) = p*(0) (and equal to p; for x # 0)
and and 7 as stated above, are a feasible price-equilibrium pair that achieve the same revenue than
the optimal solution of (Pjoe_reqc)- Since this problem is a relaxation to our original optimization

problem we have optimality.

We begin with the first part. Note that

St(V(0)) =2u1 - (V(0) — 1) + 241 - p1 - log <V(0) _ (Vlf(l)) _ ap1)+)'

From this it follows that S7(¢n) = If V(0) > ap then Sp(V(0)) is clearly increasing. If
V(0) € (¢1,ap1) then the derivative of S7(V(0)) with respect to V(0) equals
2p1 — 291 - g - Vo). :2#1—2"(#1‘#1'L
Y1 V(0)? V(0)’

which is nonnegative if and only if V' (0) > ¢1. Since this is in our domain, we conclude that Sp(-)

is increasing in (¢1, ap1) and, therefore, is increasing for all V' (0) > ;.
Next, we show the objective is increasing in V(0), the objective function is
V(0) - Sp(V(0) +2- 41 - pun - (H = (V(0) — ap1) ™),

when V(0) > a - p1, the objective becomes

2p1 - V(0) - (V(0) = ¢1) + 2¢1 - 1 - V/(0) - log (;Z)pll) +2-tpr - (H = V(0) + apr).
Its derivative is non-negative if and only if

V(0) api
2= 2 2+ log <W>

but from the fact that V' (0) > «-p; and that the logarithm is a concave function the latter inequality

is always true. Similarly, for V(0) € (¢1, - p1) the objective’s derivative is non-negative if and

only if

V(0) V(0)
2= 22+10g(¢1 )

which, since V(0) > 91, is always true. Observe that in both cases the inequalities for the sign of
the objective’s derivative is strict except when V' (0) = 1)1. Thus, the objective is strictly increasing

in the domain.
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For the second part we need to show that (p,7) with p(0) = p*(0) (and equal to p; for = # 0) and
and 7, implement the solution of (Pjoe—_reqac). To do this we first need to argue that this solution is
feasible. It can be easily seen that this flow yields the exact same flows as in Step 2, only this time
we replace V*(0) in all the quantities that depend on V' (0). Given the value of s™ and the fact that
under p*(0) we have U(0,p(0),s™(0)) = V(0| p,7) = V*(0), we can do the same as we did in Step
1(to show that 7 is an equilibrium) and show that 7 is an equilibrium. Since we have pinned the
value of V(0| p,7) (and thus the value of V(| p,7) in the entire city) and the value of s7(-), it is
easy to see (using Proposition 1) that % -Rev(p, 7) coincides with the optimal value of (Pjoc—reqc)-

Therefore, (p,7) is the optimal solution.

To conclude we argue that p*(0) > p;. There are two cases. If u; < A1+ F(p1) then 11 equals a- p;.
Since V*(0) > ¢ and V*(0) = ¢o(S7(V*(0))) we have have that

a-pr =11 <V*(0) = 4o(Sr(V*(0))) < a- pg*(Sr(V*(0))) = a-p*(0),
that is, p1 < p*(0). The second case is p11 > A1+ F(p1). Here p; equals p* and, since pl*¢(St(V*(0)))
equals max{p§®, p*}, we have that p; < p*(0). O

Lemma C-2. Let (p,7) be a feasible price-equilibrium pair for either the local price response envi-
ronment (Section 6.2) or the global price response environment (Section 6.3). If either {z € (0, H] :
0€IR(z|p,7)} =0 or {x € [-H,0):0 € IR(x|p,7)} =0, then the platform’s objective satisfies

v-Rev(p,7) <1 -p-2- H.

Proof. WLOG let us just assume that {z € (0, H] : 0 € ZR(z|p,7)} = 0. That is, for all x € (0, H|
we have 0 ¢ ZR(z|p, 7). In turn, this implies that 7((0, H] x [-H,0]) = 0 and, therefore, by Lemma
C-1 we conclude that

V(zlp,7) <in I' —ae. in (0,H],

which, from the continuity of V'(:|p,7), implies that V(z|p,7) < 4y for all x € [0, H]. Now, we
show that the same bound holds for z € [-H,0). If 7([-H,0) x B) =0 for any B C [0, H|, we can
use Lemma C-1 to obtain the upper bound. On the other hand, if there exists B C [0, H] such that
7([—H,0) x B) > 0 then by Lemma A-6 we know there exists a pair (z,y) € [-H,0) x B for which
y € IR(x| p, 7). Thus, we can define

z =inf{z € [-H,0) : y € IR(z| p,7)},
and by Lemma A-7, y € ZR(z| p, 7). Also, from Lemma A-5 we have
Vizlp,7) =Vizlp,7) +2 -z, Vzelzyl
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This implies V' (z|p, 7) < V(y|p, 7) for all z € [z, y], and because y € B C [0, H| we have V (y|p, ) <
11 yielding
Vizlp,7) <tr Vazelzyl

Furthermore, from Lemma A-6 and the definition of z we can conclude that 7([—H, z] x (z, H]) =0
which together with Lemma C-1 and the continuity of V' imply that V(x|p,7) < ¢ for all z €
[-H,z]. This completes the argument for the upper bound.

In order to bound the revenue, simply note that

}Y.Rev(p,f) _ /c V(2)s™(z) dI'(z) < 1 - /C §™(2) Al () = r - jr - 2 - H.

O]

Lemma C-3. (Equilibria Separation and Pasting) Consider a set B C C such that both B and B¢

are intervals or union of intervals with I'(0B) = 0.

1. (Separation) Let (p,T) be a price-equilibrium in C, if T(B x B¢) = 0 and 7(B¢ x B) = 0 then
(plB, TIBxB) and (p|pe, T|gexne) are price-equilibrium pairs in B and B¢, respectively. Moreover,
V(| ple, T|BxB) equals V(| p|pe, T|Bexne) in OB, V(-| p|g, T|BxB) coincides with V (-| p,7)|g and
the same holds for BC.

2. (Pasting) Suppose we have two price-equilibrium pairs (pB,TB) and (p®°, TBC) in B and B¢ such
that 8 € Fp(p|p) and 75° € Fpe(u|se), respectively. If V(-] pB,78) equals V(-] p5°,758°) in 0B
then the flow 7 defined by for any measurable set L CC x C

(L) = 8L N B x B) + 75 (L N B° x BY),

belongs to F(p) and is an equilibrium in C for a price p equal to p® in B and equal to pB° in BC.
Moreover, V(x|p,7) = V(x| pB,78) in B and V (z|p,7) = V(x| p°, 75°) in B°.

Proof. Separation. Suppose that 7(B x B¢) = 0 and 7(B° x B) = 0. Let 78 = 7|gx5 and p® = p|5

, we show that (p%,7%) is a price-equilibrium pair. The proof for (p|ge, T|gexpe) is analogous and,

thus, omitted. We need to prove that 72 € Fi(u?), where 18 coincides with j|s, and that the set

dTQB

7_8
=) = esSup M0, FE0)

5|Bé{(x,y)EBxB:H(ZU,y,pB(y) "dI|

satisfies 75(€|B) = p|B(B).
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First we verify that 78 € Fz(u®). Since 78 is the restriction of 7 to B x B it clearly belongs to
M(B x B). Also, for any £; measurable subset of B we have that

(L) = 8L, x B)

(L1 x B) N (B x B))
(L1 x B)

7(L1 x C)

= 71(L1)

= (L)

Thus, 7'13 = p|p. Now we need to prove that TQB & I'|g. Observe that for any Lo measurable subset
of B we have that

5 (L2) = 5(B x L2)
=7((Bx Ly)N (B x B))
T(B X Lg)
7(C X L)
= 712(L2),

that is, Tf = 79|B. Therefore, since 19 < I', we have that 7'28 < I'|g. In turn, 78 € Fp.

Now we show 75(£|g) = u|g(B). It suffices to prove that 75(€|%) = 0 where the complement is
taken with respect to B x B, we do this by contradiction. Assume that 75(& |3) > 0, this implies
that

0 < 75(€lR) = T(Elp),

and we must have that m(B) > 0, indeed
0< 7€) <7(Cx B)="12(B).
Next, observe that for any Lo measurable subset of B

B(La) = (L) = / §7(2) dl(z) = / & (2) dT'|s(2),

,Cg [:2
therefore,
dry (x) = s"(z) I'—ae. x in B (C-7)
aTls = , .e. .
This implies that
drB dr
V($|p877—8) :esssupﬂ(xfaplg(')aﬁ(')) :esssupﬂ(a:,-,p('),d—z(-)) = VB(£U|p,T). (0_8)
B B B r
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Consider the set G = {y € B: ddlsz( ) = s"(y)}. Then, by Eq. (C-7) we have
TEIEN (B xG°)) <7(C%xG° =7m(G°) =0

where the complement is take with respect to B. Therefore, 0 < 7(€|3) = 7(€|g N (B x G)) and we

can conclude that

r({(r,) € Bx B (2, ,ply), T2 () # Vislalp, 1)} ) > 0.

2R

Define the sets R~ and R™ by
dTy
— {(@.9) € B x B+ Ha.y.p(0). T2 (1)) > Vilalp. )

92 ) < Vis(alp. 7)),

and note that R = R~ U RT. To obtain a contradiction we argue that 7(R~ U R*) = 0. Consider
first the set R*, and note that 7(R*) = 7(R* N E). However, any (z,y) € Rt NE satisfies

R ={(z,y) € Bx B: I(x,y,p(y),

(2, (0(0), T2(0)) < Vilalp, ) and (2,9, (p0), T2 () = Vialp, )

but V(z) > Vg(x) implies that RT™ N E = () and, therefore, T7(R™) = 0.

Consider R~ and define
A2{yeB:U(y) =Vsylp,7)},

then by Lemma A-2 we have 7(R™) = 7(R™ N (B x A)). Take any (z,y) € R~ N (B x A) then
Vs(ylp, 7) — |y — z| > V(z|p, 7),

which, because of the Lipchitz property (see Lemma 1), is not possible. Thus, R~ N (B x A)) =0
and we have that 7(R~) = 0. This proves that 7% is an equilibrium in B.

Now we show that V (x[p?, 78) equals V (z|pB°, 75°) for all z € OB. Recall that from equation (C-8)
we have

V(x|p®,78) = Va(z|p,7) and V(z[p?",75%) = Vie(z|p, 7),
so we just need to show Vg(z|p, 7) equals Ve (x|p, 7) for all z € 0B. We first show that Va(x|p, 7) =
V(z|p,7) for all z € B. Let x € B, since B is an interval or a union of intervals we must have

1(B(z, )N B) > 0 for all n € N. In turn, this implies

0 < 7(B(z,2) N B x B)

= 7(B(z, )N B x B°) + 7(B(x, 1) N B x 0B)
= 7(B(r, 1) B x B,
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where the third line comes from m < I" and I'(0B) = 0. Thus, from Lemma A-6 there exists
(2n,yn) € B(z,2) N B x B° such that y,, € IR (2| p, 7). Then,

1
Vn € N, 36(n) > 0 such that Vé < §(n) - + VB(yn,5)(2n) = V(2n). (C-9)

Note that since y, € B° we can always find dy such that B(y,,d) C B for all § < §p. So we can
consider § < 8§ V §(n) in Eq. (C-9). Using that z, € B(z,1) and the Lipschitz property (see
Lemma 1) we have

and V(z,) —V(z)> —1,

T on

SEE

VB(yn,5)(2n) = VB(y,.5) () <

plugging this into Eq. (C-9) yields

Vn €N, 3d(n) > 0 such that V§ < dp V §(n) % + VB(yn,8)(7) = V().

Since B(yn,d) € B we have Va(x) > Vpg,, 5)(2) thus the former expression implies that Vs(z) >
V(z). But we always have that V(z) > Vg(x) and, therefore, V(z) = Vg(x). The same argument
shows that V(x) = Vge(z) for all x € B€.

To conclude we need to prove that Vg(x|p, ) equals Vge(z|p, 7) for all z € 0B. Consider = € 9B.
Let {x, }nen C B be a sequence converging to x. Then the continuity of Vg implies V() — Vg(x).
At the same time, since z,, € B we have Va(z,) = V(z,) and by continuity V(z,) — V(). Then
Va(z) = V(z) and the same is true for B¢, which implies Vi (z|p, 7) = Vie(x|p, 7) for all z € OB.

Pasting. First we check that 7 € F(u). Let £1 be any measurable subset of C we have that
T1(L1) = 7(£1 x C)
=7B((L1 x )N (B x B)) + 757 ((£1 x C) N (B¢ x B°))
=75((L1NB) x B) + 75°((L1 N B°) x B)
= u|g(L1 N B) + p|pe(L1 N B°)
= pu(Ly).

Also, if I'(£1) = 0 then I'|g(£1) = I'|pe(L£1) = 0. Therefore, 75(L1) = 75°(L£1) = 0, which in turn
implies 79 < I'. Hence 7 € F(u).

Now we show the set

£ £ {(wy) €CxC: 1Ty, p(y),57(y) = esssup Mz, p(), 57())
satisfies 7(£) = p(C). Note that
ENBxB={(z.y) € BxB:I(x.y.pl).s" 1) = Vialp.7)}.
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It is enough to prove that 75(£ N B x B) = u(B). As we did in the first part of the proof (see Eq.

(C-7)) we can show that
dr¥
dl'|z

(x) = s"(z), I'—a.e. z in B,

so if we prove that V(-|p,7)|s = V(:[p®, 78) we will be done (the proof for B¢ is analogous). Fix
x € B, as in Eq. (C-8) we have

dr dr
V(alp® %) = esssup I (x, . p°(-), 2= ()) = esssup I (z,-, p(), T2()) = Vis(alp. ).
B B B

-7 0)

So we just need to verify that V(z|p,7) = Vi(z|p,7). We show that V(z|p,7) < Vi(z|p,7), the
other inequality always holds. Let I(z) be the interval in B to which = belongs to. Let y;, = inf I(x)
and yy = sup I(x), note that y; and yy do not necessarily belong to B but they do belong to 0B.
Then by assumption we have V (y|p?, 75) equals V (y|pB°, 75°) for y € {yr,yr}, in turn this implies
that Vi (y|p, 7) equals Vge(y|p, 7) for y € {yr,yu} . Now, consider the sets Bf = [H,yr] N B¢ and
Bf; = [yu, H] N B¢ then

(a)
Ve(xlp,7) > Va(yulp, ) — |2 — yul

= Vs(yulp,7) — (yu — )

®)
> U(w,s"(w)) — lyy —w| — (yv —x), I'—ae w in B

©
> U(w,s"(w) — (w—yu)— (yv —z), I'—ae. w in B

@
> U(w,s"(w)) — |lw—=z|, I'—a.e w in Bf,
where (a) comes from the Lipschitz property (see Lemma 1), (b) comes from the definition of

Vi(yu|p, ) together with I'(Bf;) > 0, and (c), (d) hold because for w € Bf; we have z < yy < w.

Similarly,
Va(zlp,7) = Va(yLlp, 7) — [= — yL|
= Vs(yclp, 7) — (z — L)
>U(w,s"(w)) — |y —w| — (x —yr), [ —ae w in Bf
=U(w,s"(w)) —(yp —w) — (x —yr), I'—a.e. w in B
=U(w,s"(w)) —|lw—2z|, I'—ae w in Bf.
Since Bf U Bf; = B¢ this implies that Va(z|p,7) > V(z|p, 7). This concludes the proof. O
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C.3 Proofs for Section 6.3

Proof of Lemma 5. Let (p,7) be a feasible solution. We show that at any optimal solution we

must have X; < 0 < X,, in turn this implies that 0 is a sink location. By Lemma C-2 we have that
if either of the sets {x € (0,H] : 0 € ZR(z|p,7)} or {zx € [-H,0) : 0 € ZR(x|p,7)} is empty then

the revenue the platform makes satisfies
1
—-Rev(p,7) <1 -p1-2- H.
v

However, the solution (p, 7) given in Proposition 7 has both sets non-empty because 0 € ZR (X, |p, T)
and 0 € ZR(—X,| p,7) with X, > 0. Furthermore, Rev(p, 7) is strictly large than the revenue of
the pre-demand shock environment or, equivalently, strictly larger than )y - uq - 2- H. This implies
that any optimal solution must satisfy {z € (0,H] : 0 € ZR(z|p,7)} # 0 and {z € [-H,0) : 0 €
IR(z|p,7)} # 0 and, therefore, X; < 0 < X,.

O
Proof of Lemma 6. If X, = H there is nothing to prove, so let’s assume X, < H. Fix z €

[X,, H]. From the Lipschitz property (see Lemma 1) we have that V(z|p,7) < V(X,|p, 7)+(z—X,).
Moreover, Proposition 3 ensures that 7([X,, H| x [X,, H|¢) = 0 and, hence, because 0 ¢ [X,., H] we

can apply Lemma C-1 to deduce that
V(zlp,7) < 1, I —ae. z in [X,, H]. (C-10)

To show that the previous inequality holds everywhere, notice that if V(z| p,7) > 11 the from
the Lipschitz continuity property of V(:| p,7) we could find a subset of of [X,, H] with positive I"
measure (in this set I" coincides with the Lebesgue measure) in which V(| p, 7) is strictly larger
than 1. This is not possible because it would contradict Eq. (C-10). Putting together both upper

bounds yields the desire result.

O]

Proof of Proposition 8. Let (p, ) be optimal for problem (Ps) as in Lemma 5 so we have 0 < X;.

Note that is X, = H then the result trivially holds, so let’s assume X, < H. Before we begin note
that for any > X,, by Lemma 6 and the Lipschitz continuity property of V(:| p,7) (see Lemma
1), we must have V(z) < 1.

We first prove the second statement of the proposition. Suppose V (X, ) = 11 and define the set
R&{x € [X,, H]:V(z)=11}.
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We show by contradiction that we cannot have m(R¢) > 0 (the complement is taken with respect
to [X,, H]). If 75(R¢) > 0 then because 1 is an upper bound from Proposition 1 we have the

following

1
S Revirmn.r) = [ V(@) dn()
Y (X, H]

- /R V(z) dra(z) + / Vi(z) dra(2)
</RV(:U) dro(x) + Y1 dra(x)

RC
< 1 - mo([Xy, H])

=1 - (H=Xp),

where the last line comes Proposition 3. Thus, the quantity

Rev( g x| (p,7) +7 1 p1 - (H—X,),

strictly upper bounds the platform’s objective. So if we are able to construct a solution such
that attains the upper bound, we will contradict the optimality of (p,7). Observe that Lemma
C-3 enables us to separate the solution (p,7) in [-H, X,] and (X,, H]. The separated solution
(pl=H%0, 1)
and V (X, | plm X 720X coincides with V/(X,| p,7) which equals ;. For (X, H] consider
prices p(x) = py for all x € (X,, H|¢ and flows 7(£) = u(m (L N D)) for any measurable set

see Lemma C-3 for notation) in [ H, X,] has revenue equal to Rev|_g x,1(p, 7),

L C (X, H] x (X,,H]. The pair (p,7) is the same solution as in Proposition 6 with the sole
difference that we have changed the city to be (X, H] instead of C. Therefore, (p,7) is a feasible
price-equilibrium in (X, H] with revenue equal to v -t - u1 - (H — X,), and such that V(x| p, 7)
equal to v for all x € (X, H]. Thus we can use Lemma C-3 to paste both solution and obtain an

equilibrium in the entire city. This new equilibrium achieves the upper bound.

Suppose that m(R°) = 0 and define the sets

Li2{z:u>s"(2)}, Lo2{z:m=s"(2)}, L_={x:m <s(v)}

Then by Lemma 5 it holds that I' (RN L_) = 0. Moreover, if I'(RN Ly) > 0 we have

(X, H]) = (1%, H]) 2 1y (R) = / s7(x)dT(z)+ / §T(2)dD(z) < I(R) < (X, H),
RNL4 RNLo

not possible, where (a) comes from Proposition 3. Thus I'(R N Ly) = 0. This implies that
I'(RN Lyg) =I'(R) and

ya DX, H]) = u((X, H]) = /R (@) dr (@) = I (R),
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that is, I'(R) = I'([X,, H]) or I'(R¢) = 0. In turn, I' — a.e. x € [X,, H| we have that V(z) equals
1. Since, V (+) is continuous and I'|x, g has full support in [X,., H] which has non-empty interior
we conclude that V' (z) = ¢ for all z € [X,, H].

For the reminder of the proof we assume V(X,) < ¢1. We show that if V(-) is not non-decreasing
in [X,, H] then there is an strict objective improvement. In the proof we define several critical
points in the interval [X,, H| which will help us to create a flow separated region (no flow leaves
this region). Then we show the objective strict improvement in this region. In Figure 11 we provide

a graphical representation of the points just mentioned.

So assume that V(z) is not non-decreasing in [X,, H], then there exists & > § > X, such that
V(z) < V(g). Let,

note that since for z = ¢, V(z) = V(g) thus the set over which we take the supremum above is both
bounded and non-empty. Hence, 3 is well defined and it corresponds to the last point z in [7, Z]
such that V(z) equals V(g). Moreover, because V() is continuous y < %, and for all z € (g, z] we
have V(z) < V(g) = V(g). Let

Yo = inf{z € [X,, 9] : Iv € (y, H] such that z € IR(z)},

if for all z € [X,,y] and for all z € (y, H] we have z ¢ ITR(z), we let yo = y. That is, yp is
the smallest z in [X,,y] to which some location in (g, H] is indifferent to travel to. Note that
for all z € (yo, 2] we have V(z) < V(yo). Also, the definition of yp and Lemma A-6 imply that
T([—H, yo] % (yo0, H]) = 0 and 7((yo, H] X [-H, yo]) = 0. Let

y1 =inf{z € [2,H] : V(2) > V(yo)},

that is, y; is the first value after & for which V'(-) hits V' (yo). Note that when well defined y; satisfies
that 7([y1, H] x [—H,y1]) = 0. If this is not the case then since atoms do not have measure we would
have 7((y1, H] x [-H,y1)) > 0 and, therefore, by Lemma A-6 we can find (z,y) € (y1, H] X [—H,y1)
such that y € ZR(z). Then Lemma A-5 would contradict the minimality of ;.

There are two cases:

1. y1 is not well defined: In this case we have that for all z € [%, H], V(z) < V(yo). Recall that from
our previous discussion we have that V(z) < V(yp) for all z € (yo,Z]. Also, Property 1 (which
we prove at the end of the present proof) establishes that 72 ((yo,#]) > 0. Using this observations

we create a new solution (p,7) with revenue strictly larger than that of (p, 7).
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No flow crossing this point
/ towards X,

0 x, g Yo i w H

Figure 11: Graphical representation of g, Z, 7, yo and y;.

Let B = [—H,yo] and note that we have both 7(B x B¢) = 0 and 7(B°¢ x B) = 0, so we can use
the separation result in Lemma C-3. Hence (p®,75) (see Lemma C-3 for notation) is a price-

equilibrium pair in B. Its revenue equals the revenue of (p,7) in B, and V (yo| p®,75) = V(10).

For B¢ we choose flows 78°(L£) = p(m1 (£ N D)) for all L C B x B°. That is all drivers stay at
their initial location. It is not hard to see that s™ () equals 1, I' — a.e. x in B°. We choose

prices pB°(x) = po for all = € B, where py is such that

A1 - F(po)

o }=V(wo), (C-11)

a - po - min{l1,

note that since V(1) < 91, po is well defined. That is, the solution (p?°, 75%) is the same solution
as in pre-demand shock environment but in smaller city, B¢ and with a larger price across all

locations. Using Proposition 1 it is not hard to see that the revenue associated with this solution
is v+ V(yo) - 1 - (H — yo)-

By Lemma C-3, we can paste the two previous solutions to create a new solution (p,7) in entire
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city. This new solution yields a strict objective improvement. Indeed,

Rev,, m)(p.7) = /[ ,, V@) i
- /( V@ dnt)+ / V(@) dra(a)
D V(o) - 7a((y0,3) + /( V@ dn)
V(yo) - 72((y0, 2]) + V(yo) - 72((2, H])
= V(yo) - 72([yo, H])
= V(yo) - u([yo, H])
(yo) - p1 - (H — yo)

where (a) comes from 72((yo,2]) > 0, (b) comes from the fact that under 7 no flow leaves or

enters [yo, H], and the last two lines from the definition of (p,7) restricted to [yo, H].

2. yp is well defined: In this case there exists z € [&, H] such that V(z) > V(yp). Also, we must

have y; > &, and we already argued that 7([y1, H] x [-H,y1]) = 0. There are two more cases.

a) Yy € (yo,v1], Vo > y1, = ¢ TR(y): This together with Lemma A-6 imply that 7([yo, y1] X
([-H,yo0] U [y, H])) = 0, and we also have 7(([—H, yo] U [y1, H]) X [y0,y1]) = 0. From this we

can construct a new feasible solution (p,7) with revenue strictly larger than that of (p, 7).

Let B =[—H,yo)U(y1, H] and note that we have both 7(B x B¢) = 0 and 7(B° x B) = 0, so we
can use the separation result in Lemma C-3. Thus (p®,75) (see Lemma C-3 for notation) is a

price-equilibrium pair in B. Its revenue equals the revenue of (p,7) in B, and V (yo| p®, 7%) =
V(yo) and V (y1| %, 78) = V (y0).

For B¢ we choose flows 75°(L) = u(m1(£LND)) for all £ C B¢ x B°. We choose prices p* () = po
for all z € B¢, where py is as in Eq. (C-11). As we argued before this solution forms an price-

equilibrium pair with revenue equal to V(yo) - p1 - (y1 — yo)-

We can then paste both solutions (see Lemma C-3) to obtain a solution (p,7) in the entire

city. As before, it yields a strict revenue improvement.

b) 3y € (yo,y1], 3= > y1 such that z € ZR(y): Then the following points are well defined

7, = sup{z € [y1, H] : 3y € [yo, y1] such that 2 € TR(y)},
Y, 2 inf{y € [yo,v1] : 3 € [y1, H] such that z € TR(y)}.
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That is, 7, is largest point after y; for which some location in [y, y1] has drivers indifferent to
travel to it. As for y , it corresponds to the smallest point in [yo,y1] that has drivers willing
to travel to some location in [y;, H]. Note that from the definition of 7; and Lemma A-6 we
can deduce that there is no flow crossing 7; in any direction, that is, 7([—H, ;] X [y, H]) = 0.
Also, from Property 2 (which we prove at the end of the present proof) for any z € [yl,yl],
Y1 € IR(z). This together with Lemma A-5 imply that for any z € [y, 7], V(2| p,7) =
V() =[5 — 2l

The idea is to again construct an strict objective improvement. First, define y© to be such that
V(yo) + (y° —yo) = V(31), that is, y° = V() — V(yo) + yo. Next we argue that y. € (yo,71)-
In fact, by the definition of 7; we must have V(7;) > V(yo) thus y. > yo. Also, if y. > 7, then

V(yo) + (¥ — o) = V(yo) + @1 — %) © V(@) = V(o) + (J1 — %),

and since V(y;) = V(y1) + (; — y1) we would have

V(y1) + @1 —v1) = V(yo) + (U1 — vo) < V(y1) — V(vo) = y1 — yo,

which, since y; > yo, implies that V' (y1) > V(yop), contradicting the definition of y;. From this

we can also infer that y* — yo =7, — y1.

Second, let h £ 7, — y¢ and for any set £ C C x C define the set
Ly 2{(x+hy+h)eCxC:(xy) €L}

We now construct a new solution (p,7). Let B = [—H,yo) U (y;, H]|, so that B¢ = [yo, 7]
Following our previous scheme of proof we construct two price-equilibrium pairs one in B and
another in B¢, and then we paste them to create (p,7). As we did before we can use the

separation result (see Lemma C-3) to obtain a solution (p?,75) in B such that V (yo| p%, 7%) =
V(o) and V(7] p%,7%) = V(31)-

For B¢ define the flow 78 for any £ C B¢ x B¢ by

() = (£ [y 7] % oo T ) + s(m (€0 (W, 7] % o, ) DY), (C-12)

We next show that this flow belongs to Fpe(u|ge) and that it is an equilibrium for some prices
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pB° yet to be defined. Indeed, for any measurable subset K of B¢ we have

(

(( N o y°]) % [v0, 1) ) + (K N[y 7))

(( +h) O + sy + 1) X [yo + by + b)) + (K 0 57 7))
(

(K +R) 0 [y, 5d) % [y B+ B]) + (K O [y, 7))

K+ h) N y1, 7)) + u(K N [y°, 7))

C (K + 1) Oy, 7)) % €) + (K O [y 7))
(
(K N [yo, y°]) + h) + p(K N [y%,71])

where (a) holds because by construction in [y;,7;] the flow there can be transported only
inside the same set and, therefore, 7([y1,7;] % [y1,7; + h]°) equals zero. Equality (b) comes
from the fact that p is invariant under translation (it is a multiple of the Lebesgue measure).
Therefore, 75° coincides with p|ge. Also, it is clear from the definition of 75° that 75 < I
Hence, 75° belongs to Fpe(pu|s:). Furthermore, Property 3 (which we prove at the end of the

present proof) ensures that

dr° dro . dry” i 7
d%(x) < d7($+h) I'—a.e. z in [y, y], and d—?(x) =p I'—ae. z in [y°7;]. (C-13)
We choose the prices p5° as follows. In [y¢,7,] we set constant prices equal to p; such that
AN - F
o -pr-minfl, L L@y y g

M1
this price is well defined because V (y;) < 1. For locations in [y, y¢] consider the set

BC

A o dr dro
R = N < _— -
note from Eq. C-13 we have I'(K¢) = 0. We set prices for z € K to be such that
c dTBC
B 2 _ 0 -
U(x,p (x), T (a:)) = U(ﬂs +h,p(z+h),s" (z+ h)), (C-15)

such prices are well defined because the new Radon-Nikodym is smaller than the old one
(shifted by h) in K. For z € K¢ we set the prices equal to zero. Now we need to verify that

this selection of prices and flows yields an equilibrium. That is, we need show that the set

e dr5° e drB
_ c C . B 2 _ B 2 /.
e = {(v.9) € B x B 11(w,y.p™ (v), e () = esssup 1 (0™ (), G2 ()) .
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has 75° measure equal to p(B°). First, from Property 3 we have

dec(.)) V) + (@ —y0) i@ € [y0,y°] (C16)

Vel o, 7%) = esssup 21 (.-, p% (), T2 |
V() if [y, 7).

Bc

For the first term in Eq. (C-12) observe that 7((Ege N [yo0, ¥°] X [y0,Y1])n) equals

dTQB ¢

r({(ey) €y 7] X Iy i) = H (= hyy = hop™ (y = ), T (y = 1) = V() + (@ = ) ).

using that I'(K¢) = 0 and Eq. (C-26) one can verify that this expression equals

r({@y) € o) x g : By, p).s"w) = Vel p 1) }).

In turn, from the definition of y, and ¥, and the fact that 7 is an equilibrium flow this last
expression equals u([y1,7]). For the second term in Eq. (C-12) we have the set Ege N [y°, 7] x
[y, 711 N D equals

) =va}no,

{(@y) € 7] % o 7] + (w07 (1),
Thus the second term in Eq. (C-12) equals

TBC
p({e € 8.3 U™ @), T @) = V) }) = w72 = nllvo, 1)),

where the first equality comes from Eq. (C-13) and the discussion that it follows it. The
second equality comes from p being invariant under translation and y°—yg = y; —y1. Putting
all these together yields

7 (Ege) = u([H1, 1)) + 1y, 1)) = w(lvo, 1)) = p(B%),
as required.

In order to create the new solution (p,7) we just use Lemma C-3 to paste the two solutions
we constructed in B and B¢. Note that the pasting is allowed because V (yo| p®°, 75°) = V(1)
and V(7| p®, %) = V(71).

To conclude the proof we show the objective improvement. It is enough prove that Rev,, » | (p,7) >
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Rev[yo,%] (p, 7'),

V(x) dra(x)

—

Revy, 7(p,7) = [

Y0,71]

—~
S
Nl

—

[ V(yo) dra(x)

40,71

V(yo) dry (z)

=

[

90,91]
C

V(| p® 75 dry (x)

AT
—

[v0,71]

= Revyy,5,)(. 7).
where in (a) use Property 1. In (b) we use that under 7 no flow leaves or enters B¢ and, thus,
5 (B%) = 5 (B° x B%) = u(B°%) = 7(B° x C) = 7(B° x B%) = 7(C x B°) = m(B°).
In (¢) we simply use Eq. (C-16).
In what follows we provide a complete proof of the three properties that we use to obtain the result.

Property 1. m((yo,]) > 0.

Proof of Property 1. First we show that 3h € (0,2 — yo) such that 7((yo, yo + h) X [Z,y1]) = 0.
Suppose this is not true then for all n € N large enough we have that 7((yo, yo + %) X [Z,11]) >
0, which thanks to Lemma A-6 implies that for all n € N large enough there exists (zn,yn) €
(0, Yo + ) x [£,41] such that y, € IR(zy). Our envelope result (see Lemma A-5) ensures that
V(zn) = V(yn) — |yn — xn|. Since y, € [&,y1] we must have V(y,) < V(yp) for all n € N large
(when y; is not well defined we replaced by H and the argument still goes through). Furthermore,

x, converges to yo so the continuity of V(-) yields
Viyo) = lim V(zn) = lim V(yn) = |yn — 2n| < V(yo) — lim (yn — zn) < V(yo),
n—00 n—00 n—00

not possible. We conclude that 3h € (0,2 —yo) such that 7((yo,yo+h) X [Z,y1]) = 0. Note that the
same must be true for some h € (0, (& — yo) A (3112;%)) We fix h in this interval with the property

we just proved.

Next, note we also have that 7((yo,y0 + k) % (y1, H]) = 0; otherwise, by Lemma A-6 we can find
(z,y) € (yo,yo + h) X (y1, H] such that y € ZR(x), which implies that y € ZR(y;). Using the

envelope result delivers

Viy)) =V(y) —ly—wl, V(z)=V(y) —Ily—=zl
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Since V(y1) = V(yo) we have (y1 —z) = V(yo) — V(z), but our choice of h implies that y; —z > h
thus
h<(y1 =) =V(y) = V(z) < |yo — x| < h,

again a contradiction. The last inequality comes from the Lipschitz property (see Lemma 1). In
summary, we have that there exists h € (0, (Z —yo) A M) such that 7((yo,yo0 + h) x [, H]) = 0.

To conclude the proof note the following

—
S
~

0 < u((yo,yo + h))
= 7((y0,y0 + 1) x C)
2 7((wo, 90 + ) x o, H))
= 7((y0,y0 + 1) X [y0, %)) + 7((y0, yo + h) x [&, H])
= 7((y0, 90 + h) X [y0,2))
< 72([yo, £])
9 (g0, 2)),

where (a) comes from the fact that the measure p has full support in C. The equality (b) holds
because by construction no flow leaves [yo, H|, and (c) is true because 79 < I" and I" does not have

atoms in [yo, Z]. This concludes the proof of Property 1.

Property 2. Both 7, and y, are achieved in the set where they are defined. Furthermore, for any
KAS [317@1]7 gl S IR(Z)

Proof of Property 2. First we show both
Jyq € [yo, y1] such that ¥, € TR(y,) and IJzg € [y1, H] such that z4 € TR(y,). (C-17)
Let us begin with the first statement. Let " be a sequence in A converging to 7;, where
A=A{zx €[y, H|: Jy € [yo,y1] such that x € TR(y)}.

Then there exists a sequence {y"} C [yo, y1] such that 2™ € ZR(y™). Note that since {y"} C [yo, y1]
and 2" € [y1, H], Lemma A-3 implies that 2" € ZR(y1). Fix € > 0 and § > 0 then we can find
no(d) such that for all n > ng(d) we have B(z,,6/2) C B(¥,0). This implies that Vi, 5/2)(y1) <
VB,.6)(y1) for all n > ng(d). Fix n > ng(d), because 2™ € TR (y1) we know that

3 0o(e, n) such that V6 < do(e, n) VE(onb) (y1) > V(y) —
Let 79 = do(€,n) A § then for all 6 < ro we have

Vi@,.0)U1) = VB@,s2) W) = Vi, 5@1) 2 V() -
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This shows that for any €,d > 0 we have Vg, 5)(y1) > V(y1) — €. That is, 3 € TR(y1)-

Now we prove that y, € A where
A={y € [yo,y1] : 3= € [y1, H] such that z € TR(y)}.

By the definition of Y, we can always construct a sequence {y"} C A converging to y,- From the
definition of A there exists another sequence {z"} C [y1, H]| such that z" € ZR(y") for all n. Fix
€ > 0 then we can always find ng(e) such that for all n > ng(e) we have |[y" —y | < €/3. Fix
n > ng(e) then since 2" € TR (y"™) we have

3 do(e,n) such that V6 < do(e,n) Vp(a,.5)(y") = V(Y") - %’ (C-18)

but from the Lipchitz property we can deduce that

€

€
VB(en6) (") < VB@a0)(y) + 5 and V(") 2 V(y,) - 3.

Replacing this in Eq. (C-18) yields
3 do(e,n) such that V6 < do(e,n) Vp(z, o) (gl) > V(gl) — €,
that is, ™ € ZR(y;). This concludes the proof for Eq. (C-17).

Next, we show that for all z € [gl,yl], Y, € IR(z). First, from our previos argument we know
there exists y, and x4 as in Eq. (C-17). Then Lemma A-3 implies §; € ZR(z) for all z € [y, ¥1]-
Observe that this yields §; € TR(z4) because x4 € [yq, ;). Take z € [y, y,] then since x4 € TR(y,)
from Lemma A-3 we conclude that z, € TR(%). Using envelope result, Lemma 3, we have that

V(zq) = V(2) + (x4 — z). Furthermore, fix € > 0 then since 5, € ZR(z,) we have
Jdo(€) such that V6 < do(e) Vpey,5)(7q) +€ > V(g =V (2) + (24 — 2). (C-19)
Thus for any 6 < dp(¢), the Lipchitz property and Eq. (C-19) yield
Vi) (2) 2 Vi) — (2 = 2) = V() + (2 = 2) — (= 2) — e = V() — &,
which implies that 5, € ZR(z). This concludes the proof of Property 2.
Property 3. Both Eq. (C-13) and Eq. (C-16) hold.

Proof of Property 3. Let us star with Eq. (C-13). In order to prove the first part in Eq. (C-13)

consider the following set




We want to show that I'(K¢) = 0 (the complement is taken with respect to [yo, y¢]). If this is not
true then I'(K¢) > 0 and we have

¢ ren dr. dmo .
B (K)_/c d; (z )dF(a:)>/Kc dr(x+h)dr( x) = 1o(K°+h). (C-20)

However,

K ) + p(m((fy°,7) x K°) D))

( Y0, Y

T( (o, y°] X K)n)
(

(¢

=7

7 (Iyo + oy + b x (K + 1))

IN

T

Kc+h>

T2(K° + h).

This together with Eq. C-20 yield a contradiction. To prove the second part of Eq. (C-13) consider
any R C [y°,7;], and observe that

g (R) = 7] ¢ R+ 1) + (R) = u(R) = | udr(a),
where the second equality comes from R+h C [y;,7; +h] and the fact that 7([y1,7,] %X [, 7, +h]) =
0.

Finally, we provide a proof for Eq. (C-16). Let

Z(z) £ min{V (yo) + (z — y0), V(71)}-
We verify that for all z € B¢

d7'2
(w)7 dF

C

Z(x) > U(w,pB (w )) —|w—2z|, I'—a.e w in B (C-21)

and that Z(x) is the smallest with such property. First, fix = € [y¢,7;] so Z(z) = V(7). Note that
from our choice of prices in [y¢,7;] we have

dTQB ¢
dI’

Z2@) = V@) 2 V(@) — o —a] = U(w,p" ), To@)) ~ jw—a], T'—ae w in 5]

So we only need to show the same inequality but this time for [yg, y¢]. From the definition of y, and

Y1, Lemma A-3 and Lemma A-5 we have that V() — |y; — v1| equals V(y1| p, 7) and, therefore,

V(@) =2 Uw,p(w), s"(w)) = [w—yi| + 51 —nl, I'—ae. w in [y, 7]
U(w,p(w),s" (w)), I —ae. w in [y, 7]
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We can use this together with the fact that [yo,y¢] + h = [y1,7;] to obtain

(a)
Z(x)=V(yy) > U(w+h,p(w+h),57(w+h)), I' —a.e. w in [yo,y“]
> U(w+h,p(w+h),37(w+h)> —|lw—2z|, I'—ae w in [yo,y"]

(b) dTQBC

= U(w,ch(w),

(w)) —|w—=z|, T'—ae win [y,

Inequality (a) comes from the fact that I" in the interval under consideration is invariant under a
shift of h. Line (b) comes from Eq. (C-26). That is, for x € [y, 7] Eq. (C-21) is satisfied. It is left
to verify that Z(z) is the smallest value satisfying this equation. For any € > 0, since = € [y°, 7]

we have
0 < I'(B(z,¢) N[y, 74])

= I(we 7] VEm) - w—al > V() -

= (we [y, 7 U (w " (w), d;ffc (w)) = [w—a| > V(F) —e),

hence V(7;) is the smallest value satisfying Eq. (C-21).

Now we show Eq. (C-21) for = € [yo,y¢]. Fix = € [y0,y] so Z(z) = V(yo) + (x — yo). Note that
V(yo) equals V(y1), and from the definition of 7, and the envelope result we have that V' (y1) equals
V() — (7 — ). Therefore,

Z(x) = V(y1) — W —y1) + (= — wo)

(@) . c —
2 V) —(w—x), I'—ae win [y7]

b c dr5°
U U(w,pB (w), —%

where (a) follows from w > y. and y¢ — yo = 7, — y1. Line (b) holds from our choice of prices in

() = lw—al, T'—ae win[y7)

[y¢, 7). Hence, Z(z) upper bounds (almost surely) the desire quantity in [y°, 7], so we just need

to prove the same bound for [yg,y¢]. Note that from the definition of y, and 7, we have that
Ve+h)=V(y)+(@+h—y1)=V(y1) + (z —y) = Z(x),
and thus

Z(x)=V(x+h|p,T)

(a)
> U(w,p(w),s"(w)) — |lw—(z+h)|, I'—ae w in [y1,7]

S U+ hyplw+h), s (w+h) = fw+h =@+ B, T=ae win gy

C
dry

U(w, p® (w), e

(w)) = |w—2)|, I'—ae w in [yo,y ],
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where (a) comes from the definition of V(x + h| p,7), (b) from the invariance under translation of
I'. Line (c) follows from Eq. (C-26). Therefore, Z(z) satisfies Eq. (C-21). To see why Z(z) is the

smallest value satisfying this equation observe that

0 < I'(B(y%e) Ny, 7))
(@)

Y r(we ' 7] V@)~ (w—2) > V@)~ @ - )+ @~ w) <)

= (we 7] U(w,p™ (w), df(w)) — w3 > Z(z) =€),

<

where in (a) we use that y¢ — yo = y; — y1. This implies that Z(z) is the smallest value satisfying

Eq. (C-21), completing the proof.

O

Proof of Proposition 9. If X, = H there is nothing to prove, so assume X, < H. Let (p,7)

be a feasible solution such that V(:|p,7) is non-decreasing. Due to Proposition 8 we can always
restrict attention to this type of solution. We proceed by contradiction. Assume that there exists
Z € (X,, H] such that

V(%) < min{V(X,) + (7 — X,),¥1} = Z(7). (C-22)

First, we construct an interval I such that m5(I) > 0 and V(z) < Z(z) for all z € I. Then, we
show that Z(z) can be achieved in a feasible manner by appropriately creating a price-equilibrium
pair (p,7) that mimics the flow generated by 7 in (X, H]. The final step of the proof is to use the

interval I and the flow 7 to show an strict objective improvement.

Interval construction. From Eq. (C-22) and the continuity of V() we can deduce the existence of
an interval [@,b] C (X,, H] such V(z) < Z(z) for all z € [a,b]. Furthermore, the Lipchitz property
(see Lemma 1) and Lemma 6 imply that V(z) < Z(z) for all « € [a,¢] where ¢ is the minimum
between H and the value ¢ such that V(a) + (¢ —a) = 1. Also, Proposition 8 and Lemma A-6
together with Lemma 3 imply that 7([a,¢] x C) = 7([a, ¢] x [a,¢]). Putting all of this together we
conclude that there exists an interval I = (&, &) such that (1) > 0 and V(z) < Z(z) for all z € I.

Flow mimicking. Define the collection of intervals
ITE{IC (X, H]:I=]a,bl,a<bbecIR(a),aisminimal and b is maximal}.

There are two cases: Z = () and Z # (). We only do the latter because its treatment contains the

former.
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Suppose Z # (), then there exists X, < a < b such that b € ZR(a), where a and b are minimal and
maximal with this property, respectively. We first look at some properties of the equilibrium in

each element of Z and then we look at its complement.

Note that from the minimality of a we have that for any = < a, a ¢ ZR(x). Similarly, for any = > b
we have x ¢ ZR(b). This, together with Proposition 8 and Lemma A-6 imply that [a,b] is a flow-
separated region, that is, there is no flow coming in nor flow going out of [a, b], 7([a, b] X [a,b]¢) =0
and 7([a,b]¢ X [a,b]) = 0. Observe that our flow separation result in Lemma C-3 implies that in

each interval I € 7 we have an equilibrium. Furthermore, from Lemma A-5 we must have
V(z) =V(a)+ (x —a), Yz € [a,b].

From the previous discussion we infer that the elements in the collection Z are disjoint intervals

and, since V is non-decreasing, the collection is at most countable.
For any a,b such that [a,b] € Z we define
t(a) 2 V(a) - V(X,)+ X, and t(0b) 2 V() -V(X,)+ X,

Note that since V' is non-decreasing we have V' (a) > V(X,) and, therefore, t(b) > t(a) > X,. Also,

0 x, t(la) t(lb) . b

Figure 12: Graphical representation of t(a) and t(b).

for any such b we have t(b) < Y;. The points t(a), t(b) are the corresponding points to a,b in the

interval [X,,Y;] (see Figure 12). Furthermore, ¢(-) is a non-decreasing mapping,.

We denote by Z¢ the collection of intervals whose elements are the intervals that do not belong to
Z. Observe that the elements in Z and Z¢ alternate in a consecutive manner. That is, if we have
an interval (c,d) € Z¢ then it can only be followed by and interval [a,b] € Z with a = d. In the
case that I = (¢, d) € Z¢ is not followed by an interval in Z then I equals (¢, H|. Define the disjoint

unions

K2 UIand/ccé UI.

IeT Ielc
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Note that (X,, H] = K UK up to a set of I" measure zero. Also, for each interval I € Z¢ we
must have that for all measurable sets A C I, 7(A x A) = u(A) = 1(A); otherwise, by Lemma
A-6 we would get a contradiction with the definition of Z. In turn, this implies that %(m) = U1,

I' —ae. z in K°.

We denote by Z; the collection of intervals {[t(a), t(b)]}[4,jez, and I} is defined in analogous manner.

Also, Ky and Kf are defined similarly to K and K¢ replacing Z with Z; and Z¢ with Z7, respectively.

The idea now is to construct a solution (p,7) in (X, H] and then paste it with the old solution
(p, 7) restricted to [—H, X,). To construct (p,7) we will make use of the collections Z; and Zf. For
each element in these collections we will create a price-equilibrium. For intervals [t(a),t(b)] € Z;
the idea is that the solution (p,7) has the same equilibrium than (p,7) in [a, b]. For the interval in
Iy we choose prices such that no drivers will have an incentive to move. Finally, using Lemma C-3

we will paste the equilibria generated in all the intervals.

First, we show how to construct prices and an equilibrium in some [t(a),t(b)]. Fix [a,0] =1 € T
and denote the mimicking set [t(a),t(b)] by I;. Choose prices p't(z) equal to p(z + (a — t(a))) for
all € I,. For the flows, we define 7/t for any £ C I; x I; by

(L) = T(L +(a—t(a),a— t(a))),

that is, 7/t mimics 7 in I x I. It can be shown that (see Property 1 at the end of this proof)
(pt,71t) forms a price-equilibrium pair in I; such that 7%t € Fy,(u|z,). Also, V(x| p't, 71t) equals
V(z+a—t(a)| p,7) for all x € I}, and

dTQIt
dI’

(x) = %(l’ +a—t(a)), I'—ae. x in L. (C-23)

Furthermore, because I € 7 we have
V(] p', 7) = V(@ +a — t(a)| p,7) = V(@) + (¢ — t(a) = V(X,) + (¢ — X,) = Z(2), V€I,

that is, for all intervals I; the associated solution (p’t, 7't) achieves the upper bound Z(z).

Second, we show how to set the prices and construct an equilibrium everywhere else. Consider
any two consecutive sets in Z, Iy = [ay, b1] and Iy = [ag,bs]. The corresponding mimicking sets
are [t(a1),t(b1)] and [t(az2),t(b2)]. We need to set prices and define the flow in the interval J; =
(t(b1),t(az)). We choose the prices p’* to be such that

U(-ﬁU,th(.iU),qu) = Z(fC), Vr € Jt.
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Since Z(x) < 41 these prices are guaranteed to exist. We define the measure 77/¢ for any measurable
set L C Jy x J; by
(L) = p(m (L ND)).

This measure has dT2J t/dI" = p1, I' — a.e in J;. It can be shown that (see Property 2 at the end of
this proof) (p’t, 77*) forms a price-equilibrium pair in .J; such that 77t € Fy, (u|;,) and V (x|p’t, 77%)
equals Z(x) for all z € J;.

Third, the solutions {(p’t, 77¢)} 1,7, and {(th,TJt)}Jtel'tc cover the whole interval (X, H]. Moreover
they are defined in disjoint interval, and are such that the respective V'(-) functions coincide at the
boundaries of the interval (these functions coincide with Z(-)). Thus, we can apply Lemma C-3 to
paste all these solutions and obtain a new solution (p,7) in (X, H|. As mentioned before we can
use the same lemma to paste this solution with the old solution restricted to [—H, X,]. This would

yield a solution in the entire city.

Objective improvement. Consider the revenue under (p,7) in (X,, H], it easy to observe that

Revx, m)(p.7) = / Vialp,7) - 57 (z) dI(z)
(X7, H]

— [ VGlp.) 5@ @) + [ Vialpr) @) dr @)
K

c

=3 [Vl @) ar@)+ [ Vi) 5@ dr).

IeT °

:‘(:1) =(b)

Let us develop the integral of the term (a). Let I be equal to [a,b] and I; equal to [t(a),t(b)] then

/ Viz|p,7)-s"(x) dI'(z) = / V(zx+a—tla)|p,7)-s"(x+a—t(a)) dl(z)
[a,b] [t(a),L(b)]

- / V(alp", 7). 57 (2) dT (@),
[t(a).£(0)]

where in the first line we use the invariance under translation of I', and in the second line we use

that V(x| p’t, 71t) equals V(x 4+ a — t(a)| p,7) for all z € I; and Eq. (C-23). Thus,

Revir,m(p7) = 3 [ Vialp. 757" (@) ar ) + (0
LeTy V-t

= / Z(z)-s"(z) dI(z) + (b).
Kt
Thus, to conclude the proof we only need to show that

(b) = / V(elp.7) 57 (@) dT(x) < / Z(x) - 5" (z) AT (@). (C-24)

c
t
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Define the following functions
V(zlp,7) if z € K€,

V(alp,7) if z € [a,b], some [a,b] € Z,

Z(x) if x € k¥,

Z(t(a)) if z € [t(a),t(b)], some [t(a),t(b)] € Z;.
We verify that V. (z) < Z.(x) for all x € (X,, H], and the we use this inequality to prove the
objective improvement. Let z € K¢ then there exists an interval (c,d) € Z¢ with = € (¢, d). If
x € Kf then the upper bound is trivial. If x ¢ Kf then = € [t(a),t(b)] for some [t(a),t(b)] € Z;.
We must have that a > d; otherwise, since (¢,d) € Z, it must be the case that b < ¢. In turn, this

implies that [t(a),t(b)] N (¢, d) = () which contradiction our current assumption. Therefore,

Ve(z) = V(zlp,7) < V(dlp,7) < V(alp,7) = Z(t(a)) = Zc().
Let z € [a,b] for some [a,b] € Z. If x € Kf then ¢(b) < x because otherwise we would have that
t(a) <a < a<tb), that is, z € [t(a), t(b)] € Z;. Under our current assumption this is not possible.

Then,
Ve(x) = Valp,7) < V(blp,7) = Z(t(b)) < Z(x) = Ze(x), (C-25)

~ ~

that is, when z € K N K§ we have Vo(x) < Z.(x). If z € [t(a),t(b)] for some [t(a),t(b)] € Z;. Using

similar arguments as before we can show that a > a and, therefore,

Ve(z) = Vlalp, ) = Z(t(a)) < Z(t(a)) = Zc(x).

Now, recall that in the Interval construction part of the proof we defined an interval I = [, €]
in which the function V' (:|p, 7) is uniformly strictly bounded by Z(-). Now we relate this interval to
K¢ by showing that there exists e > 0 such that (¢ —¢,¢) C If with If € Zf. The idea is to use that
(¢—e,&) C I and (¢—e¢, &) C K§ together with Eq. (C-25) to show an strict objective improvement.

Note that if ¢ = H then

p
[t(a),t(b)]€Le
= (6) - V(Xr) + X,
= V() - V(a)) + (V(a) - V(X)) + X
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where (1) comes from the fact that t(-) is non-decreasing and ¢ = H, line (2) follows from the
V(a) < Z(a) and V(X,) = Z(X,). Inequality, (3) holds because both V and Z are 1—Lipschitz
functions. In the case that ¢ < H we have V(a)+ (¢ —a) = ¢1. Also, we always have that ¢(b) <Y,
where Y, is such that V(X,)+ (Y, — X,) = ¢;. From this we deduce that Y, < ¢ and, therefore, we
have that supp,) ¢s)ez, t(b) < ¢ Either way we can always find € € (0,¢—a) such that the interval
(¢ —¢€,¢) does not intersect with any interval in Z;. Hence, since Zf are all the intervals that do not

belong to Z; we must have that (¢ —¢,¢) C If for some If € Zf.

Because (¢ — ¢,¢) is a subset of both Kf and (a,¢), for z € (¢ —€,¢) N K¢ we have Ve (z) < Z(z).
Also, for x € (¢—¢,¢)NK from equation Eq. (C-25) we have V() < Z.(z). That is, Ve(z) < Z.(z)

for all z € (¢ — ¢, ¢) and, therefore,

[vern s@ar@= [ vl mire - Y [ Vi) mare

[a,bleT
< / Jomdr@) - S [ Vi) - mdr (@)
[a,p)eT 7 1ol
(XTH [a,bleT
_ / Vomdl@) — Y Z(Ha)u(Ha), b))
(XT’H [t(a),t(b)]€Ts
=/ Z(x) - pdl(z),
K¢

which proves Eq. (C-24).
We provide a proof for both Property 1 and Property 2.

Property 1. (p',7') forms a price-equilibrium pair in I; such that 7 € Fy,(u|z,). Also,
V(x| p't,7") equals V(x +a — t(a)| p, ) for all x € I;, and

dTQIt( ) dT2
dIr’ dr

—(z+a—t(a)), I'—ae. z in L.

Proof of Property 1. We first show that 7% € F,(u|s,). It is clear that 7t € M(I; x I;), and
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that T2It < I'. To see why Tllt coincides with py, consider a set K C I; then

T (K) = ' (K % L)
= 7((K +a—t(a)) x (It + a — t(a)))
(K +a—t(a)) x [a,b])
T((K+a—t(a)) xC)
p(K +a—t(a))
(K),

=T

= U

where the fourth line holds because the set K + a — t(a) is contained in [a, b], and we know there
is no flow leaving this interval. Next, using a similar argument we show the property for dTQIt /dr’,

let K be a measurable subset of I; then

_ /K %(w +a—t(a)) dl(x).

Using this last property and the prices definition is easy to see that
Iy

. dr.
V(a:|plt,71f) =influeR: I'(y € I;: U(y,plt(y), d12" (y)) — ly — x| >u) =0}
dry

= inf{u € R: Dy € I Uly,ply +a — ta)), T2y +a — ta))) ~ [y — 2| > w) = 0}

=influeR:I'(yel:U(y,ply), i

dF( y) —ly— (z+a—ta))| >u) =0}

= VI(:B_‘_ a— t(a)|pa 7_)7
but from out flow separation result (see Lemma C-3) we have that Vi(x +a —t(a)| p,7) = V(z +

a—t(a)|p, 7). Using this same approach, the definition of 7/* and the fact that 7 is an equilibrium

in [a, b] it is easy to verify the equilibrium condition.

Property 2. (p’t,77t) forms a price-equilibrium pair in .J; such that 77t € F, (|, ) and V (z[p”t, 77¢)
equals Z(x) for all z € J;.

Proof of Property 2. From the definition of 77 it is clear that 7/t € Fy,(u|y,). Also, dry*/dI" =
w1, I' — a.e in J;. To see why V(x| p’t,7%) equals Z(z) for all 2 € J;, note that for fixed x € J;

drslt
()

Iy € Jy:Uly,p”(y), —ly—z|>Z(x)=T(yed:Z(y) —|r—y| > Z(z)) =0,
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where in the first equality we use the definition of p’® together with dTQJt/dF =1, ['—a.ein J;. In
the second equality we use the Lipschitz property of the function Z(-). That is, Z(z) > V (z|p”’t, 77%).
This upper bound (I'—a.e) is tight. Let ¢ > 0 then

0 < I(B(z,¢/2) N Jy)
<I'(y € B(z,e/2)NJy) e > |z —y|+ (Z(z) — Z(y)))
=I'(y € B(z,e/2)NJy) 1 Z(y) — |y —z| > Z(z) — ¢)

dTQJ ¢
" dI

=I'(y € B(z,e/2)NJy) : Uy, p" () W) —ly — x| > Z(z) —¢),

thus Z(x) is the smallest upper bound (I'—a.e) and we have Z(z) = V(z| p’t,77t). It is not hard

to verify that the equilibrium condition reduces to
T ((2,y) € Je x Jo: Z(y) — |y — 2| = Z(x)) = p( ),
and by the definition of 77t this is immediately satisfied. O

Proof of Theorem 2. The result follows directly from Proposition 9, and the fact that [X;, X, ]

is an attraction region where V(-) is pinned down. O

Proof of Theorem 3. We separate the proof in several steps. First, we argue that there are at

most three attraction regions in the any optimal solution. Then we show that any optimal solution
does not have drivers moving to the interval [W,, X,| and [X;, W;]; otherwise, the platform can
incentivize the movement of a positive fraction of drivers outside of the center and make strictly
larger revenue. After this we put into practice Theorem 1 which prescribes what are the optimal
prices and post-relocation supply in each attraction region. In the final main step of the proof we
argue that the optimal solution has to be symmetric. We present the proof of two properties that

we will use during the main arguments, Property 1 and Property 2, after the main proof.

Attraction regions identification: Lemma 5 establishes that at an optimal solution the attrac-
tion region of the origin is well defined with X; < 0 < X,. So Our first attraction region is the
interval [X;, X,].

The second and third attraction regions correspond to the intervals [Y;, X;] and [X,,Y;] with Y}
and Y, being sink locations. WLOG consider only the right interval, if Y, = X,. we do not identify
any attraction region to the right of X,. Assume that X, <Y,, we will show that A(Y,) = [X,,Y}]
and Y, ¢ A(z) for any z # Y,. In order, to show this we first show that Y, € IR(X,| p, 7).
From Theorem 2 we know that V(z) equals V(X,) + (z — X,) for all z € [X,,Y,]. Fix ¢ > 0 and
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do € (0,Y; — X,) then for any § < §p define the set
K° 2 {y e B(Y,,6)N[X,, Y] : U(y) = V(y)}.

Since p((Yy —6,Y7]) > 0 and 7((Y; — 6,Y;] x (C\ (Y; — 6,Y;])) = 0 (otherwise we would obtain a
contradiction with Theorem 2), we must have that 72 ((Y; — 9, Y;]) > 0. This together with Lemma
A-2 and 7, < T imply that I'(K?) > 0. Hence,

0 < I'(K°)

=I'(ye K°:e>0)

=T(ye K°:V(X,) > V(X,) —¢)
=Iye K :V(y) —ly— X:| > V(X,) —¢)
=T(ye K :UWy) —ly—X,| >V(X;) —¢)
<I'(y€ B(Yr,0) : U(y) — [y — Xo| > V(Xy) —¢)

This implies that Vp(y, 5)(X;) > V(X;)—e. By the choice of € and § we conclude that lims o Vg, 5)(Xr)
is V(X,). In other words, Y, € ZR(X,|p, 7). Now, Y, cannot belong to any other attraction region;
otherwise, by the Lemma A-5 the value function would not be as in Theorem 2. Therefore, Y, is a
sink location and [X,,Y;] € A(Y;). Now if there existed x € A(Y;) but = ¢ [X,,Y,] then we again
the value function would not be as in Theorem 2. In conclusion, A(Y;) = [X,,Y;] and Y, ¢ A(z)
for any z # Y.

No supply in [W,, X,]: Next we argue that at an optimal solution (p,7) we must have that
To([Wy, X;]) = 0, the same is true for the left side. Suppose by contradiction that 7 ([W,, X,]) >0
and denote this amount of supply by g,, we construct a new solution (p,7) that yields an strict

objective improvement. Observe that,
0<gr=7(Cx[W,, Xp]) =7(Wp, X;] x Wy, Xy]) < p((Wr, X;]) = pur - (Xyr = W).

That is, from the total amount of initial supply in [W,, X,] we have that ¢, units stay within
[W,, X,] and a total of py - (X, — W,) — ¢, units travel to [0, W;]. Note that for this ¢, units of
mass their V' is bounded by 7 and, therefore, what the platform can make from them is strictly
bounded by 11 - ¢, (times a scaling factor). Let X, € [W,, X,) be such that = (X, — X,).
In the new solution, we will modify the attraction region [X;, X,] to be [X;, X,]. We will maintain
the same prices and post-relocation supply in the origin’s attraction region. However, to the right
side of X, we will set new prices that will be consistent with a new value function and flows that

upper bound those of the old solution, see Figure 13.
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M([Xﬁ X7D = dr

Figure 13: No supply in [W;, X,]. The new solution moves the right end of the attraction region
from X, to X,, so now a mass ¢, of drivers can travel towards the periphery. From this mass the

platform now makes v instead of V(z) with V(z) < 1.

We begin our construction of (p,7) with the interval I' = [X,,Y,], where Y, is such that ; =
V(X,)+ (Y, — X,). Let h 22 (X, — X,), we define flows for any £ C I! x I! by

Consider the set

N 1 dTQI’} dry
K&{er: (@) < 2+n)
We set prices to be such that
Il d7-2I}
U(a:,p r(z), Ta (:c)) = U(a: +h,p(x +h),s"(x + h)), Vo e K, (C-26)

otherwise, we set the prices equal to zero. We will prove at the end of the present proof, in Property
1, that (p'r, 717 forms a price-equilibrium pair in I! such that V (z|p’, 77 ) equals V (X,.)+(z— X,
and I'(K°¢) = 0.

In the interval I? = (Y,, H] we can achieve the optimal solution when there is no demand shock.
As in the optimal solution in the pre-demand shock environment (see Proposition 6) we set prices

equal to p; and the flows are such that dTI’%/dF equals u1, I’ — a.e in I?2.

The interval I = [X;, X,] is more involved. Observe that all the initial flow to the right of the
origin that we have to allocate in [0, Xr] equals pq - X, — g-. This is exactly the same amount of
drivers in [0, X,] that travels to [0, W;] according to 7. Our new solution will generate the same

post-relocation supply than 7 in [0, W,] but this time only using drivers from [0, X,].

We use the same prices, that is plg () = p(x) for all x € [XZ,X'T]. For the flows we define them
through two measures: the flow that goes from [Xj, 0] to [X;,0] and the flow that goes from [0, X, ]
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to [0, X,]. For the first flow we use 7¢ = 7|[x,,0), for the second measure 7" we will use a monotone
coupling as in the proof of Theorem 1 (see e.g, Santambrogio (2015) for details). Define the initial
supply to the right measure " to be equal to /"[0 %, and the final supply S” to be

ST(B) £ 7([0,X,] x B), for any measurable set B C [0, X,].
Note that S”([0, W,]) equals x" ([0, X,]). Given this we define 7" by
(L) & (Fl[;l], Fs[jl])#m(ﬁ), for any measurable set £ C [0, X,] x [0, X,],

where # correspond to the push-forward operator. For any measure v defined in [0, Xr] we define

its cumulative function and pseudo-inverse by
F(y) 2v(0,y), Vy>0 and FU(@t) 2inf{y>0: F(y) > 1}, Vi€ [0,u7([0,X])]

Effectively, 7" transports the initial mass in [O,X}] to the final supply distribution (considering

only drivers that come from the right) in [0, W,] as prescribed by 7. The final flow measure i

correspond to 7¢ + Tr’[o % In Property 2 below we show that (plg , I ) is a price-equilibrium pair
such that

0
T

Revix, w,) (p"

’ TIE) = ReV[Xl,W»,«] (p7 7_)‘

The solution (p,7) is constructed by pasting (see Lemma C-3) the old solution is [—H, X;) with
the new solution in I°, I! and I2. The pasting is possible because the equilibrium utility function
coincide in the boundaries of these intervals. This new solution preserves the platform’s revenue in

[—H,W,]U[Y;, H| but it strictly improves it in [W,,Y,]. Indeed, note that

qr = / ST(a:)dm—/ sT(z)dx = / (s7(x 4+ h) — s (x)) dx—f—/ s"(x)dx,
(X, Yy ] (X, Yy] (X0, Vo] (X0, X (X, — X, )]
>0 I'—a.e
(C-27)
thus
1 -
— - Revyy, v, (0, 7) = / V(z|p,7) - s"(x) de + /~ V(z|p,7) - s (x) do
,y [ r,Xr} [XT‘7YT]
Y / V(alf,7) - 57 (x) do
(X7, Y7
O / C V(@|p,7) 8 () dr+ 41 -2 gr
(X7, Y]
(0 -
O venn T@dat [ V@@
[Xr,}/r [WWXT}
(@ o
> / V(z|p,7) - s"(x + h) de + / V(z) s (z)de
[Xr,Yr] (Wi, X+ (X — X))
e 1
D[ V@) @) do= - Reviw, (7).
[WTvYT} ’y
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where (a) follows because 7 does not put mass in [W,., X,], (b) because Y, — Y, equals 2- (X, — X,.).
Using the fact that 72([W,., X;]) = ¢, we obtain (c¢), while (d) follows from Eq. (C-27) and (e) from
V(x| p,7) being equal to V(x + h) for all z € [X,,Y;].

In conclusion, any optimal solution must satisfy both m([W;, X,]) = 0 and = ([X;, W;]) = 0.

Using Theorem 1: All the conditions in Theorem 1 are met. So, for any of the three attraction
regions if (p,7) is not already as in the statement of the theorem we can find at least a weak
improvement. That is, we can restrict to solution as in Theorem 1. Therefore, the prices are
as stated in the present theorem, and there exists 8. € [W},0], 8L € [0,W,], ﬁ}l, € [V, X;] and
B, € [Xr,Y,] such that

{0 if ¢ € (87, 85) U (L, L),
P (V (x| p, 7)) otherwise,
with gr
; vy (V| por) dl (@) = - (X = X0)
and

Y !

5 v, (V| p 7)) dD(z) = - (Y = Xy), ng v, (V(@lp7)) dl(2) = - (X, = Y)).

P l
Note that the fact that 8. € [W;,0] and % € [0,W,], does not come directly from Theorem 1
but rather is a consequence of that any optimal solution must satisfy both 7o([W,, X,]) = 0 and
To([X;, Wi]) = 0. Also, observe that Theorem 1 only gives us a solution in each attraction but
above we have stated the solution for the entire city. The only missing interval are [—H,Y;| and
[Y;, H]. In this intervals, as in the pre-shock environment, the solution set prices equal to p; and
the supply at every location is u1, in turn, the V equals 1 in this region. This gives a complete

solution to the platform’s problem up to three values: V(0), X;, X,.

Symmetry: In the last main step of the proof we argue that the solution is symmetric. After

proving this, the solution will take the exact form in the statement of the present theorem.

Note that given a value for V(0) and an central attraction region characterize by X; and X, we can
characterize the optimal solution as we did in Using Theorem 1. So fix these three values and
the optimal solution associated to them. We now proceed to construct a new solution that yields a
strict objective improvement when the solution is not symmetric. WLOG assume that | X;| > X,

and let 0 = (|X;| — X,)/2. Consider the solution (p,7) associated to the values
V(0)=V(0), X=X +5 X, =X +6.
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Note that with this values we have ])~Q|, W,>W,andY; =Y;+2-6 fori e {l,r}. We next show
that this new solution yields a weak objective improvement in the center, and a strict objective

improvement in the periphery.

Note that given V(0), X; and X, Theorem 2 characterizes V(-] #, 7). It has the same shape than
V(-|p, T) except that now the dip in [¥;, W}] is smaller, while the dip in [W,., ;] is larger. See Figure

14 for a graphical representation. Consider first the solution in the center, [Xl, Xr]. This interval

V(o)1

(2 (0N

L Xl X’ |
—-H Yi [ Xl _Wr 0 Wr Xr' }/r r H
~ ~— ~ ~
20 1) ) 20

Figure 14: Symmetry argument.

contains the same amount of drivers that the old attraction region. The difference is that it lost
a mass of uq - drivers to the left and gain the same mass to the right. As in the discussion that
follows Theorem 1 the optimal solution in [Xl, Xr] can be obtained using a knapsack argument.
This new attraction region is symmetric, | X;| = X,., with equal mass of drivers at both sides of the

origin. Therefore the knapsack solution must be symmetric, with 3, € [0, ;] such that
s7(2) = Y (V(2] 5, 7)) = ¢ ' (V(z|p, 7)), Vo € [Be, Bel,

and equals zero otherwise, and
Be } )
/B 1/1;1(‘/(.%’]3, 7:) dr(x) = M1 (Xr - Xl) = M1 (Xr - Xl)-

Note that §. € [0,W,] is a consequence of the having 8. € [W;,0] and 87 € [0, W,] in the old
solution. Theorem 1 prescribes how to formally implement this solution through prices and flows.
We omit the details of how to construct the flows, but we note that the optimal prices are given
p(x) = ploc(s7(x)). In the case that 3 = 0 then s7(0) = 1 - (X, — X;) and p(0) is such that
U(0,p(0),57(0)) = V(0). The platform’s revenue in the new center is then

1 X, ) Be

S Revig 0 (5.7 = [ V655w de /Bc V() o (V(2)) da.
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This expression is an upper bound for the platform’s revenue under (p,7) in [X;, X,]. In fact,
WLOG assume 37 > |3!| which implies that 3, € [|8.], 57] and we must have

L Revix v T)—/ﬁg V(z) oo (V(z) da
v X7, X, ]\P, - 5 x

l
c

|| ¢

= [, Ve e Vepdes [ Ve e ve) de

1 o Be - Br -
= > Revyg x, (7 7) 2 /mvu) wml(V(x))dx—k/wé Vi) 67 (V () da

Be B

:i‘ReV[xl,m(ﬁ,% —/MV z) wxl(V(x))dw+/~c V(z) -y (V(2)) da

1 - Bc 55
<= Revig, ¢ (5.7 + V(A (= [ 0 (V) de+ [0 (Vi) da)

i 18] Be
= ’t . ReV[Xth}(ﬁ, 7~').

That is, the new solution in the center is a weakly improvement over the old solution.

Now let us consider the periphery. Since |X;| = X, both right and left periphery are symmetric.
Thus the optimal solution as given by Theorem 1 is the symmetric at both sides. The post-relocation

supply is characterize by Bp € [XT, }77,] such that
s7(x) = v (V2] 5,7)) = ¢ ' (V(X,) + (2 = X)) =2-6), Va € [By, V7],

and equals zero otherwise, and

Y, _ ~
Iﬂ;l(V(x’ﬁ,%) df(m) =M1 (Y;“ _Xr) = M1 (Yr —Xr) + p1 - 0.

The optimal prices are p(z) = pl¢(s7(x)). As before we omit the characterization of the equilibrium

flow as their existence is guaranteed by Theorem 1. The platforms revenue in the periphery is

1 . e .
; 'ReV[_Hjl}U[)”(mH}(pa 7)=2 /~ V(2| p,7) -~ (V@] p, 7)) de +2 - - pa - (H = Yy),

Bp

where we have dropped the subindex z from ;! to stress the fact that in this part of the city
this subindex does not change the congestion function. We need to compare this revenue with the

revenue of the old solution in the periphery. Not that since |X;| > X, we must have

Yo =By <Y, =B, < B, — Vi
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Thus,

B Y,
= Revi g nr) = V()0 V@) dok V)6 (V)
T (H =Y, +Y+ H)
B, Y
- / V(@) ¢ V(@) de+2- / V() o V() de
Yl+(YT‘_B;) 17,
+r o (H=Y, + Y+ H)
B Y,
- / V() o (V) de+ 2. / V(a §,7) - 7 (Vi(a| 5, 7)) da
Yi+(Yr—5p) Bp+2:0
+ 24 -y - (H=Y,)
B, Br+2-6
- / V(@) o (V@) de — 2 / V(z| §,7) - o (Vi(z| p, 7)) da
Yi+(Yr—355) Bp

(a)

1 .
2 ReV g gk, m (P 7);

So if we show that the term (a) is strictly negative we will be done. Not that

By . Yi+(Yr—Bp) .
@=[ V() o V@) da -2 [ V)¢ (V@) do
Yi+(Yr—By) Yi+(Yr—B1)
By, Yi+(Yr—Bp) )
— [ V@) | V(@) oV (@) da
Y+ (Yr—Bp) Yi+(Yr—55)
L B Yi+(Yy—6p)
VW T-F) ([ T wa)de- [ U V() d)
Y +(Yr—Bp) Yi+(Yr—5y)
=0.

In conclusion, we have constructed a new symmetric solution that yields an strict revenue improve-

ment over the old solution. Therefore, any optimal solution ought to be symmetric.

Property 1. (p’r,7!7) forms a price-equilibrium pair in I} such that V (z|p’r, 77 equals V(X,.) +
(x — X,) and I'(K€) = 0.

Proof of Property 1. We first show that 77+ € Fri(plpr)- It is clear that e M(I} x I), and
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that 7'21T1 < I'. To see why 7'11’} coincides with py1 consider a set I C I} then
Y (K) =7 (K > 1))
=7((I+h) x (I} +h))
T((I+h) < [X; + 7, Yy])
=7((I+h)xC)
=u(l+h)
= u(1),
where the fourth line holds because the set I 4 h is contain in [X, 4 h, ¥;], and we know there is no

flow leaving this interval. Next, using a similar argument we show the property for alTZIT1 /drl’; let T
be a measurable subset of I} then
1 dI’ "
= 7([X, + h, Y;] x (I +h))
< (X0, Vo] x (I + 1))

(
dmo

/(Hh) % (@) ()
d7‘2

—/dp(:c+h)dl’( ),

that is, I'(K¢) = 0. As for the equilibrium utility function let z € [X,, ;) we have
Iy

: dr.
Vialp" r'") = influ € R: T(y € I} - Uly.p" (4). % (1))

. dry
:mf{uG]R:l"(yGI1 U(y,p(y + h), dF(y+h))—|y—:U|>u):0}
dry

=inf{lueR: I'(ye[X,+hY,]:Ulypy), dF( y))

—ly—2[>u) =0}

—ly—(z+h)| >u) =0}
<V(x+h|p,T1).
Actually this upper bound is tight. Indeed, Fix any € > 0 and consider § > 0 small enough such
that (z + h) ¢ B(Y;,8). We have 7({y € B(y,0) N [X, + h,Y,;] : U(y) = V(y)}) > 0 which implies
that I'({y € B(Y;,0) N [X, + h, Y] : U(y) = V(y)}) > 0 and, therefore,
0<I({y€ B, 0)N[X, +hY,]: Uly) =V(y),e+y— (x+h) >y — (z+h)[})
=I'({y € B, 0) N [X; + 1, Y] : Uly) = V(y),U(y) = ly — (z + h)| > V(2 +h) — e})
<I({y € [Xo +h,Y;]:U(y) = |y — (@ +h)| > V(z +h) —e})

[1
dry”

dI’

=I'({y eI} U(y,p" (v),

W) = ly —a| > V(z+h)—e}),
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therefore V(x| pr, 77 ) equals V (z + h) for all € [X,.,Y;), and by continuity for all z € I!. Since
V(z + h) equals V(X,) + (z — X,) we obtain the desired result.

Now we need to verify that this selection of prices and flows yields an equilibrium. That is, we
need show that the set

Il
dry”

" dr

&n = {(@,y) € I x I} (0™ (1), T2 () = Vial p )

has 7/7 measure equal to u(I}). Observe that 7(€n1) equals

r({(e) € K4 b i) % [ + Y] T — oy — o (g — ), 2y — 1) = V() }),

using that I'(K¢) = 0 and the way we chose the prices one can verify that this expression equals

r({@w € G+ Vi) x [ + b Y s H(a,y.p(y). s™0) = Vel p.7) ).

There is no 7 flow of drivers leaving [XT + h,Y;] so the fact that 7 is an equilibrium flow implies

that this last expression equals u([X, + h,Y,]), which equals p(I}).

Property 2. (plg ) 719) is a price-equilibrium pair such that

0

ReV[Xl,WT](pIT ) 7'19) = ReV[Xl,W,] (p, 7).

Proof of Property 2. First a couple of observations, note that for any y € [O,XT] and the set
[0,y] then

1 ([0,9]) = 7 ([0,9] x [0, %))
=m(te 0,1 (0. %,])]: By (1) € 0,9)])
=m(te 0w (0, X))]:0 <t < Fr(y))
= Fur(y),

and the same argument holds for 75 and S”, this characterizes the first and second marginals of 7".

Furthermore, it’s not difficult to see that for yi,ys € [0, X,] we have

7 ([0,91] % [0,20) = m(t € [0, ([0, K] £ £ < Fyr(an), £ < Fse(y2) ) = Fyr (1) A For (32). (C-28)

Next, we show that 717 € Fro(plo) is an equilibrium in I°. In order to do so we first show
0

thatrlr € F ro(plro). Second, we compute the supply density of TZIT and corroborate they coincide

with s7. Third, we compute Vo (-| plg, TITO) and verify is coincides with V(- p, 7) in I?. Finally, we

check the equilibrium condition.
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0 . . . . .
Clearly 717 is a non-negative measure in I° x I because is the sum of non-negative measures. Now
' I8

0
we check that 7’1]7" = pfo. Consider a measurable set B C I? then

7 (B) = 7((B N [X3,00) x [X,,0]) + 7" (BN [0, X,]) x [0, X))
=7((BN[X},0)) x C) + u" (BN[0,X,])
w(B N [X;,0]) + (B N[0, X))

= plo(B)

0
and thus we also have 7'1[T < I'. For the second marginal of 717 we have

7 (B) = 7(1X,,0] x (BN [X,,00)) + 77([0, X,] x (BN [0, X,]))
= 7([X1,0] x (BN[X;,0])) + S"(BN[0, X))
= 7([%2,0] x (B [X1,0)) +7([0, X,] x (BN [0, X))

0
and thus 7'21’“ < I'. We conclude that 77 € F, 70(pl0). From this we can also conclude that
0
dTQI

— T _ : 0
ar () =s"(x), I'—a.e x in I,.

Next we compute the equilibrium utilities. We show that V(x| p7, 77") equals V (x| p,7) for all
x € I?. Observe that I' —a.e. y in I?

Uy, o™ (), 57" (1) = Ul p(u), 5™ (1),

and, therefore, V(x| p,7) > V(x| p’,717). Using the same argument that we used for the proof of
Property 1 we can argue that this upper bound is tight, that is, V(x| p,7) = V(x| p I 7‘10)

Now the equilibrium condition. Consider the equilibrium set
A 0. 70 10 717 70 10
519 = {(I7y) € Ir X Ir : U(y7p T(y)’s (y)) - |y - $| = V(l"p T T)}7
we need to verify that 717 (E'Io) equals p(I°). First, for 71(5]9) we have

! (€9) = 7({ (2.9) € 10,0 x [X1,01: Uy, p(y), ™ (w)) — Iy — 2| = Vi(al p.7) )
= ([X1,0] x [X,,0])
= 7([X1,0] x C)
(

= u([X1,0])
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0
where we have used our choice of prices, the relation between dTQIT /dI" and s”, and the fact that

7 is an equilibrium flow that does not setnd flow out of [X;,0]. For 7'7"|[0 %,]» Dote that its second

marginal is S” and, therefore, Lemma A-2 implies that

)€ =7 ({(2.9) €0, %] % [0, %) Viglp,7) — Iy — o] = Vialp,7) }),

and because V(2| p,7) equals V(0) — z for any z € [0, X,.] we have

T ’[OXT (Ep) =T ({ )€l X[Oer]3_y_|y_x‘:_x}>
—r ({ ) €0, X,] x [0, Xr] x> y})
= ([0, %)~ " ({ (. Ax10,X) 0 <y}),
but
7 ({(m) € 0.5 x [0, %) w0 < y}) < (10.9) < (0. %)
q€n[0,X,]

I
9
<
—~~
=
2,
X
=)
P
2

—77([0,4] x [0, 4])
= > w([0,4) AST(0,X,]) — p([0,4]) A S™(0,q])

= w"(10,4]) A ST([0, X,]) — ([0, 4]) A ST([0, 4))

qeQN[0,X]

where in the last line we used that p"([0,¢]) < S7([0,¢]). Adding up TZ(SIQ) with TT|[O %] (&10),
yields that 717 (€r0) equals p(I%), and the equilibrium condition is satisfied. Finally, the revenue

0
condition in the statement of the Property is immediately satisfied as dTQI* /dI" coincide with s™ in

I§, and the same is true for the equilibrium utilities.
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