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Abstract. Articular cartilage is the bearing material of diarthrodial joints such as the knee, hip, or
shoulder. Some studies of cartilage lubrication have hypothesized that pressurization of its interstitial
fluid may contribute predominantly to reducing the friction coefficient at the contact interface of
articular layers. This study introduces a formulation for the dependence of the frictional response
of articular cartilage on interstitial fluid pressurization, which accounts for the osmotic pressure
in cartilage as well as the tissue’s tension-compression nonlinearity, and is based on the theory of
mixtures for soft hydrated charged tissues. Theoretical predictions of this model are obtained for the
configuration of unconfined compression creep. It is observed from theory that increasing the salt
concentration of the tissue’s bathing solution reduces the minimum friction coefficient that can be
achieved, relative to its equilibrium value; the model also predicts that increasing the applied load can
similarly reduce the minimum friction coefficient. Physical interpretations of these phenomena are
provided by the model. Experimental results are presented which support these theoretical findings
and produce time-dependent responses in good agreement with model predictions. Furthermore, it
is observed that the equilibrium friction coefficient does not remain constant under various loads or
salt concentrations, and correlation analyses suggest that the equilibrium value depends in part on
the compressive strain in the tissue.

Key words: cartilage, osmotic pressure, friction.

1. Introduction

Diarthrodial joints in humans and animals, such as the knee, hip, or shoulder, op-
erate at relatively high loads and low sliding velocities under normal physiologic
conditions. Articular cartilage, which lines the ends of the bones at the joint, is its
primary bearing material. It exhibits remarkable frictional properties which cannot
be explained by traditional lubrication theories, despite the presence of synovial
fluid in the joint which had led to early speculations of a fluid film lubrication
mechanism (MacConaill, 1932; Dintenfass, 1963; Tanner, 1966; Dowson, 1967).
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e-mail: ateshian @columbia.edu
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Some studies of the biotribology of diarthrodial joints have instead hypothesized
that pressurization of the cartilage interstitial fluid may contribute predominantly
to reducing the friction coefficient at the contact interface of its articular layers
(McCutchen, 1962; Malcom, 1976; Forster et al., 1996; Ateshian, 1997). Indeed,
cartilage has a highly hydrated porous permeable matrix (Linn and Sokoloff, 1965;
Maroudas, 1979) whose response to mechanical loading can be described by ap-
propriate porous media theories. Using such porous media models, a theoretical
formulation describing the dependence of the cartilage friction coefficient on the
interstitial fluid pressurization was proposed and verified in an experimental config-
uration in our recent study (Ateshian et al., 1998). The formulation of this friction
model employed the framework of the biphasic theory for soft hydrated tissues
(Mow et al., 1980), which models cartilage as a mixture of a solid phase (primar-
ily the collagen-proteoglycan matrix) and a fluid phase (primarily the interstitial
water).

From physical chemistry principles however, it is also known that there exists
a Donnan osmotic pressure difference between cartilage and its external environ-
ment, due to the negatively charged proteoglycans enmeshed within the collagen
matrix (Maroudas, 1968, 1979). Theories have been described which combine the
solid—fluid mixture approach of the biphasic theory with the presence of a pro-
teoglycan fixed-charge density distribution, such as the electromechanical model
of Frank and Grodzinsky (1987), the triphasic theory of Lai er al. (1991), the
quadriphasic theory of Huyghe and Janssen (1997), and the multiphasic theory
of Gu et al. (1998). It has been shown experimentally that changes in the ionic
content and strength of the bathing solution of cartilage can alter its mechanical
(e.g. Maroudas, 1968; Eisenberg and Grodzinsky, 1985; Lai et al., 1991; Basser
et al., 1998; Narmoneva et al., 1999) and frictional (McCutchen, 1966; Wright and
Dowson, 1976) responses. While the change in mechanical properties has been
predicted from theory, the alteration in frictional response, to the extent that it
is not just a manifestation of the concomitant change in solid matrix moduli or
permeability, remains to be elucidated. Because Donnan osmotic pressure, which
contributes to interstitial fluid pressurization of cartilage, can be altered by the
ionic environment, its role in the frictional response of cartilage can potentially be
significant.

An additional phenomenon that has come to light only recently is that the dis-
parity between the tensile and compressive moduli of articular cartilage acts to
enhance the magnitude of interstitial fluid pressurization in compression (Soltz and
Ateshian, 2000b). This tension-compression nonlinearity stems from the fibrillar
collagenous nature of the solid matrix of articular cartilage, with tensile equilib-
rium moduli typically ranging from 5 to 40 MPa and compressive equilibrium
moduli ranging from 0.1 to 1 MPa. Since the frictional response of cartilage has
been hypothesized to be dependent on interstitial fluid pressurization, it is also of
interest to incorporate this tension-compression nonlinearity in the formulation of
a friction model.
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Therefore, the objective of this study is to incorporate both osmotic effects as
well as tension-compression nonlinearity of the solid matrix into the formulation
of a model to predict the frictional response of articular cartilage; as part of this
process, it is necessary to formulate an extension of our prior frictional model in
the framework of the triphasic theory. Frictional measurements are also conducted
on cartilage samples bathing in NaCl solutions at different strengths, and under
different loads, to investigate this mechanism experimentally. The long-term aim
of this study is to advance our understanding of cartilage lubrication and the var-
ious mechanisms by which this efficient process may potentially be compromised,
leading to cartilage degeneration and osteoarthritis.

2. Model Formulation
2.1. BALANCE EQUATIONS

The general derivation of the governing equations for charged-hydrated soft tissues
containing multi-electrolytes is given by Lai ef al. (1991), Huyghe and Janssen
(1997), and Gu et al. (1998). The model employed here assumes that each phase
of the mixture (solid matrix, water, cations, and anions) is intrinsically incompres-
sible and that the mixture is saturated. Only one cation and one anion species of
equal valences are considered here, for simplicity (Lai et al., 1991). The continuity
equations for all constituents can then be combined into

Veviavel ) i -vy =0, (1)

where v is the solid matrix velocity, v# are the water solvent (8 =w) and ion
(B = +,—) velocities, and ¢? are their corresponding volumetric fractions. For an
infinitesimal strain E and ¢, ¢~ « 1, the mixture saturation condition, Y "5, .

¢P? = 1, leads to the relation
¢” = [tr(E) + o211 + tr(E)] ' Z 92 + (1 — ¢2)1tr (E), 2)

where ¢ is the water volume fraction when the cartilage is in a hypertonic solu-
tion, for which E = 0. Since the proteoglycans are fixed to the solid matrix, their
fixed-charge density (FCD) given by ¢/ (Eq/m? of solvent) similarly relates to its
hypertonic configuration value cZ, through

rr [1 —|—tr(E)}_l o F [1 —tr(E)]

c | ———— S, | ———1.
o, b

The momentum equations for the water solvent (¢ = w) and each of the ion con-

stituents (@ = +,—) are given by

— V% + Z fup (VP —v*) = 0. 4)

B=s,w,+,—

3)
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@ is the electrochemical potential of the a'th constituent (units of J/kg) and f,z’s
(N.s/m*) are the frictional coefficients between the o and B constituents (with
Jop = fpa and fup =0 when a = B). The apparent density p“ (kg/m3) of each ion
constituent is related to its concentration ¢, (mol/m> of solvent) and molecular
weight M, (kg/mol) through p* = ¢* M, c,, while for the water solvent, p* = ¢"
p7, where py is the true solvent density. The momentum equation for the whole
mixture (2 ion species + solvent 4 solid =4 constituents) is given by

V.o=0, )

where o is the total mixture stress. Electroneutrality of the mixture is satisfied by

Y zata—c" =0, (6)
o=+,—
where z, is the algebraic valence of the «th ionic species (z4 =41, z_=—1).

In the absence of electrical current in the tissue (open-circuit configuration), the
following relation for the current density must also hold, where F, is Faraday’s
constant

L=Fg" ) 2t —v)=0. )

a=w,+,—

2.2. CONSTITUTIVE RELATIONS

The total stress at any point in the material is given by
oc=—pl+o°, )

where p is the pressure (inclusive of osmotic effects), I is the identity tensor,
and o¢ is the elastic (or effective) stress in the solid phase. To model the tension-
compression nonlinearity of the solid matrix, we employ the Conewise Linear
Elasticity model of Curnier et al. (1995) in its cubic symmetry implementation
(Soltz and Ateshian, 2000b),

3 3
o¢ = Z MlA. : Eltr(ALE)A, + Z Matr(ALE)A, b + 21E, )
a=1 b=1
b#a

which describes a bimodular response (a strain-independent modulus in tension
and a strain-independent but different modulus in compression). Here, A, : E =
tr(AgE) and A[A, : E] denotes A as a function of A, : E, where A, is a texture
tensor corresponding to each of three preferred material directions defined by the
unit vectors a,, with A, = a, ® a, (a, -a, = 1, no sum over a). For cubic material
symmetry, a, - a, = 0 when b # a, and the three directions are generally taken to
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be: a; parallel to the split line direction, a, perpendicular to the split line direction,
and a3 normal to the articular cartilage surface. The term A, : E represents the
component of normal strain along the preferred direction a,. Tension-compression
nonlinearity stems from the conditional statement,
) [A E] )\._1, AaZE<0, (10)
PR T g, AE>O

This signifies that the material properties A; differ whether the normal strain com-
ponent along the direction a, is compressive or tensile.

From classical physical chemistry, the chemical potential (or more generally,
the electrochemical potential) of inviscid water is given by

- - 1
wr =y + — |:p — RT Z (Dycy) + BwtrEi| , (11
Pr gt —

where R is the ideal gas constant, T is the absolute temperature, u, is the refer-
ence chemical potential, ®, are the osmotic coefficients, and B,, is the coupling
coefficient with the solid phase representing colligative effects stemming from
the presence of the solid phase in the water. Similarly, the ion electrochemical
potentials are given by

Fy
M,

~o o RT
we = puy + (—) In(YeCo) + Za , (12)

M,
(¢ = +, —) where ug are the reference chemical potentials, y, are the activity
coefficients, and v is the electric potential.

2.3. FRICTION MODEL FORMULATION

The most critical aspect in the formulation of a friction model in the framework of
the triphasic theory is to employ quantities which are continuous across the inter-
face of contacting articular layers. In the triphasic theory, the following boundary
conditions apply:

[[o]ln = 0, [[a“11 = 0. (13)

(¢ = w, +, —), where [[.]] denotes the difference, across a boundary interface, of
the enclosed quantity, and n denotes the unit normal at any point on this boundary
interface. A proof of the general validity of these equations for the typical condi-
tions encountered in articular cartilage is provided in Appendix A. If the interface
occurs with only an external bathing solution, these equations reduce to

on = —p*n, as = v, (14)

where the superscripted asterisk denotes the corresponding quantities for the bathing
solution (e.g. p* denotes the ambient pressure). Note from Equations (8) and (14)
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that neither p nor the elastic traction 6°n are continuous across the interface, unlike
for the biphasic theory. Therefore, the friction model cannot employ these quan-
tities as was done previously in the biphasic framework (Ateshian et al., 1998),
for the purpose of examining the interstitial fluid pressure contribution relative
to the total contact load. To extend the concept of fluid load support originally
formulated in our earlier studies (e.g. Ateshian and Wang, 1995) to the triphasic
theory, we propose to define an expression for fluid pressure which represents what
would be measured by a fluid pressure transducer either placed against the cartilage
surface (e.g. Soltz and Ateshian, 1998) or inserted within the tissue (e.g. using a
needle). (This argument is presented only to provide a physical interpretation for
the mathematical formulation of fluid load support which follows.) It is assumed
that this hypothetical transducer has a chamber of infinitesimal volume, filled with
the same solvent and ion species as the cartilage mixture, but with no solid matrix
nor fixed charges. Because of its infinitesimal dimension, all variables are taken
to be homogeneous within this chamber. Satisfying the balance of water chemical
potential and ion electrochemical potential between cartilage and this hypothet-
ical chamber fluid, as given in Equation (14), and recognizing that [[u5]] = 0
(¢ = w, +, —) and [[p} 1] = 0, produces the following relations at the interface of
the transducer and the cartilage,

p—RT(P.+P_)é=p— RT(Picy+ P_c_)+ BytrE, (15)
Y+C =y fcic_, (16)

where y. = /y+V-, Yy = /¥, V_. and tildes denote quantities within the pressure
transducer (with ¢, = ¢_ = ¢). From these relations, it is thus possible to derive a

general expression for pressure of the form,

p = p—RT [q>+c+ +®_c_— (P + D) ()’;—i) 4/_c+c_:| +
+
+ B,trE, (17)

which can be interpreted to represent the directly measurable fluid pressure, any-
where within the tissue or on its boundary, including at the contact interface of two
cartilage layers. We now note that Equation (17) can be posed irrespective of the
presence of a pressure transducer, where the osmotic and activity coefficients, ®,
and y,, correspond to those of a solution of the same ion species as the articular
cartilage, at a concentration ¢ given by Equation (16). Substituting p into Equation
(13), it can be verified that [[p]] = 0, that is, the expression of Equation (17) is
continuous across any interface. If the following stress tensor is also defined:

6'6 = O'e — {RT|:¢+C++¢_C_ —

— (P, + D) (Z—i> 4/_c+c_j| - BwtrE}I, (18)

+
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then 0 = —pl 4+ ¢¢ = —pI + 6° and therefore, from Equation (13);, [[6°]]
n=>0.

Integrating this fluid pressure, minus the ambient pressure p*, over a contact
interface I" produces a fluid load of

wr = — f (5 — p*)dr., (19)
r
whereas the total normal load at the interface is

W = /(n -on+ p*)dr, (20)
r

with n denoting the unit outward normal on I'!. It is now proposed that when two
opposing mixtures come into sliding contact, the most significant friction arises
from the frictional interactions of the solid phases across the interface. Let the
area fractions (which are equal to the volume fractions, Delesse, 1847) of each of
the mixture components be given by ¢#° and ¢#! for the two opposing mixtures,
respectively (8 = s, w, +, —). Assuming smooth surfaces, the fraction of contact
area I' over which the opposing solid phases are in contact with each other is
given by ¢*%¢*!, therefore the area fraction over which the fluid pressure is actually
supporting load is 1 — ¢*°¢*! (Ateshian et al., 1998). It follows from this argument
that the true fluid load support is (1 — ¢*%¢*')W? and that the load transmitted
across solid-to-solid contact at the interface is given by

WSS — W _ (1 _ d)sod)sl)wp' (21)

By definition, the measured (effective) friction coefficient at the contact interface
is given by peg = F/ W, where F is the friction force. Since most of the friction is
presumed to occur at the solid-to-solid interface, the model postulates that the fric-
tion force is proportional to the solid-to-solid normal contact force, F' = p., W**,
where ., is the friction coefficient achieved when fluid pressure has subsided,
W? = 0. It then follows that

0513 W7
Meft = Meq |:1 —(1-9¢"¢’ )W] - (22)

This model properly reduces to Coulomb’s law when ¢** = ¢*! = 1 (i.e. for non-
porous media); whereas it predicts negligible friction in the absence of a solid phase
on either side of the interface (¢°° = 0 and/or ¢*! = 0, and W? = W — conditions
which subsume fluid film lubrication). Otherwise, since the ratio W? /W is time-
dependent under most loading conditions, this model produces a transient friction
coefficient, as typically observed experimentally.

I In our earlier studies (Ateshian, 1997; Ateshian et al., 1998), the ambient pressure was taken to
be zero, that is, all pressure terms represented gauge pressures.
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2.4. UNCONFINED COMPRESSION RESPONSE

The configuration of unconfined compression of a cylindrical cartilage plug is anal-
yzed to produce solutions for the instantaneous and equilibrium responses under an
applied step load, at any desired bathing solution salt concentration. The instantan-
eous response is expected to produce the maximum achievable value of W?” /W
for unconfined compression, and thus the smallest possible friction coefficient;
whereas the equilibrium response will produce ... These theoretical solutions
will subsequently be compared to experimental results.

The advantage of analyzing the instantaneous and equilibrium configurations is
that closed-form solutions can be achieved by recognizing that the strain field, ionic
concentrations, and electric potential are all homogeneous under these conditions
(assuming homogeneous material properties and fixed-charge density distribution,
and neglecting the friction at the cartilage-loading platen interface). The first step
in this analysis is to determine the tissue free-swelling equilibrium configuration at
the current bathing solution concentration, c*, relative to its hypertonic configura-
tion (i.e. when ¢* — o0). Then, solutions will be obtained for the instantaneous
and equilibrium responses to an applied step load, relative to the configuration at
c*. For all three of these analyses, satisfying the boundary conditions of Equation
(13) for electrochemical potential balance produces equations of the same form as
Equation (16). Using this equation together with the electroneutrality condition of
Equation (6) results in quadratic equations for the anion and cation concentrations,
whose solutions are

—cf + \/CF2 + 42/ ye) e
c_ = 2 )
¢ +\JeF Ayt /ysre?
o = - . (23)

Note that these equations do not represent a complete solution since ¢’ is depend-
ent on the strain according to Equation (3) and the traction boundary condition of
Equation (13) has yet to be satisfied; thus the state of strain and the interstitial fluid
pressure remain to be determined. For the configurations being analyzed, the shear
strains are zero while the circumferential and radial normal strains are equal to one
another (£;) but may differ from the axial normal strain (E)),

Ei 0 0
[E]=| 0 E; 0 |. (24)
0 0 Eo

Substituting this state of strain into the constitutive model of Equation (9), the
effective stress components become

o = 049 = (HAlE|]1+ X)E| + 11 Ep,

rr

0!, = HalEolEy + 20 E], (25)
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where Hu[.] = H_4 = A_1; + 21 when its argument is negative, and Hu[.] =
H, s = A1 + 2 when its argument is positive.

2.4.1. Free-Swelling

For this reference starting configuration, the remaining boundary conditions re-
duces toon = —p*n and p = p* or alternatively, 6°n = 0. Because the swelling
produces tensile normal strains, Hy[Ej] = H4[E|] = H, 4 in Equation (25) (where
the superscript » denotes the free-swelling reference state), and it follows from the
isotropic chemical stress loading that E| = Ej, 0, =0, =07, = (Hyx + 202) E,
and trE = 3E{. Using Equations (18) and (23) and the boundary condition 6°n =
0 with these results,

El = RT @, - () +
o H+A + 2)"2 + SBw - - 2
AN 2%
(@ + D) (=) + (=) ¢ = (@ + )|, (26)
2 Vi
where
1-3E;
oF = oF <—0) | @7)
%

The quadratic system in Ej formed by these two equations can be solved in closed-
form, with only one of the two roots corresponding to the desired solution; how-
ever, the general expression for this solution is too cumbersome to present here. A
typical variation of the free-swelling strain with bathing solution salt concentration
is shown in Figure 1, demonstrating that the swelling strain is greatest at ¢* = 0
and tends to zero as ¢* — oo. From Equation (17), the osmotic pressure within the
tissue, minus the ambient pressure, is

cf cF\? yi 2
p—p" = RT | (P, — D) (—) + (P +D) (—) + (—i) ' —
2 2 Y+

— (®% 4 @*)c* | — B, trE, (28)

and a typical dependence of this expression on c* is presented in Figure 2. These
findings are in agreement with the longstanding understanding of cartilage swell-
ing, as reviewed for example by Maroudas (1968, 1979). At the lowest salt concen-
trations c* of the external bathing solution, the electrostatic forces generated in the
negatively charged proteoglycans and the influx of water and ions into the cartilage
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Figure 1. Free-swelling strain, E}, as a function of bathing solution salt concentration, ¢*, for

typical material constants (H_4 = 0.6 MPa, H; 4 = 13.2MPa, 1, = 0.48MPa, By, = 0,
yr/vi =104 =0_ =% = &* =1,cL, =100Eq/m3, p¥ =0.8),and at T = 300K.
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¢ (M)
Figure 2. Osmotic pressure, p — p*, under free-swelling, as a function of bathing solution
salt concentration, ¢* (same properties as in Figure 1).

cause the greatest amount of swelling, stretching the collagen-proteoglycan matrix
until the strain in the matrix is balanced by the swelling pressure of the interstitial
fluid. At the higher values of c*, the electrostatic forces become negligible and only
entropic effects remain, leading to a reduction in the swelling pressure and strain.

2.4.2. Equilibrium Response to an Applied Axial Strain

Starting from the reference free-swelling configuration described above, let an in-
cremental axial normal strain A Ey be applied, such that the total axial strain is now
Ey = Ej, + AE,. The radial and circumferential strains can then be represented by
E| = E, + AE;, where AE/ remains to be determined, and the tissue dilatation is
equal to trE = Ey + 2E, = 3E) + AEy + 2AE. For the case where Ey <0 (and
thus typically E; > 0), the normal radial and axial effective stress components are
given by
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ol = (H+A + 2)\‘2)E6 + )»QAE() + (H+A + Az)AEl,

O';Z = (H_A +2)\.2)E6 +H_AAEQ+2)\.2AE1, (29)
and the boundary conditions require that 0,, = —p + 0. = —p* and p = p* (or
equivalently, 6. = 0) on the lateral boundary of the cylindrical specimen, while
0., = —p +0f, = —p* + o, (or equivalently, 67, = o,) at the top and bottom
surfaces, where o, is the applied stress (above the ambient pressure p*). These
boundary conditions, together with Equations (18) and (29), produce the following
system of equations,

(Hyp + 223 +3BW)E} 4+ (Ay + By)AEg + (Hyp + Ay + 2B,)AE,

CF
= RT @+—¢4(5)+

AN A%
(@4 + D) (=) + (=) ¢ = (@L+ %) |, (30)
2 Y+
0a =(H_g — Hi))Ey+ (H_y — X)) AEy + (A — Hyx)AE,, 3D

(32)

3E[ + AE 2AE
CF:C§O|:1—( O+ O+ l)]

P2

Substituting Equation (32) into Equations (30), (31) produces two equations which
can be solved in closed-form for the unknowns AE; and the applied stress o,
given AEj and reference free-swelling strain Ejj. (The general expression for the
solution is again too cumbersome to present here.) The osmotic pressure is given
by the same expression as in Equation (28), however, using Equation (32) for ¢/. A
representative variation of this pressure with applied strain A E and concentration
c* is shown in Figure 3. Note that an apparent equilibrium compressive Young’s
modulus can be derived from this solution, E*} = d0,/d A Ey, which is dependent
on the free-swelling reference configuration (Figure 4). From the above results and
Equation (19), it is clear that W” = 0 at this equilibrium configuration; hence, if
one of the loading platens is sliding against the cartilage, the frictional model of
Equation (22) would predict pes = peq as expected.

2.4.3. Instantaneous Response to an Applied Axial Strain

The solution for the instantaneous response can be achieved by recognizing that
the incremental solid matrix deformation must be isochoric under sudden loading
(Mak et al., 1987; Ateshian et al., 1994). In this case, trE = Eq + 2E; = 3Ej +
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Figure 3. Equilibrium osmotic pressure minus ambient pressure, p — p*, as a function of
applied compressive axial strain A E), at three representative values of ¢* (same properties as
in Figure 1).
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Figure 4. Apparent equilibrium compressive modulus, E 9PP “as a function of bathing solution
salt concentration, c*, evaluated at an axial normal strain Ey = Ej + AEp = 0 (i.e. when
AEg = —E6 where the reference strain varies with ¢* as shown in Figure 1).

AEy+2AE| = 3E; (ie. AEy + 2AE; = 0). The boundary conditions for this
case are 0,y = —p + 05 = —p*and o, = —p + 0, = —p* + 04, Or

., ) AE,
p = p +Hia+20+3By)E)+ (A — Hya) — )~

CF
—RT @+—¢J<3)+

CF ? y:t ? 2 * * *
+ (P + D) 7 + )/_ c* — (CD+ + @) |, (33)
+
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3, H
O, = (H—A — H+A)E6 + (H—A — 72 + T+A> AE(), (34)
3E}
' =cf <1— wo). (35)
P

Equation (34) can be solved for AE, given o, and Ej. In addition, it should be
noted that since Equation (35) is identical with Equation (27), substituting Equation
(26) into Equation (33) produces

- AE,
p=p"+ 02— Hyp) (TO) , (36)

and the instantaneous fluid load support would then be

wr Hip— 22
W 2H_4 —3hy+ Hip —2(Hia — H_4)E}/AEy

(37

It can be noted from this equation and the representative response in Figure 5 that
the fluid load support is dependent on the reference configuration at the bathing
concentration of c¢*, as well as the applied compressive strain A Ey; in particular,
if Eg = Ej + AEy = 0, then W? /W = 1/3 (and if Ey > 0, all instances of H_4
would be replaced with H, 4 in Equation (37), also producing W*/W = 1/3). An
instantaneous apparent compressive modulus can also be derived from the above
solution, E*Y = 90,/dAEy = H_4 — 3%y/2 + H, /2, which is independent of
the free-swelling configuration.

According to Equation (22), the effective friction coefficient, pg, achieves its
smallest value (denoted by pmi,) when WP/ W is greatest; for the current analysis,
this occurs at the instantaneous response. Thus, a prediction of fimin, OF min/teg-
can be achieved by substituting the result of Equation (37) into Equation (22); using

¢ =0.6M 1.0
0.9

0.8

C* =0.015M wr
0.7 W
0.6
0.5
04
-0.2 -0.15 -0.1 -0.05
AE,

Figure 5. Instantaneous fluid load support, W? /W, as a function of applied compressive axial
strain A E, at three representative values of ¢* (same properties as in Figure 1).
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¢ =0015M

W (N)
Figure 6. The ratio pyin/Meq as predicted from Equation (22) when using the instantaneous
fluid load support as given in Equation (37), as a function of ¢* and W = —ay (nrg) (where

og4 is given in Eq. (34)), assuming a cylindrical sample of radius rp = 1 mm; ¢50¢51 = 0.05,
other properties as in Figure 1.

a representative value of ¢*%¢*! = 0.05, the dependence of fipin/ Meq On load and
bathing solution concentration is presented in Figure 6.

2.4.4. Transient Response

A complete analysis of the transient response in unconfined compression can be
achieved numerically. Please see the study by Sun et al. (1999) for a formula-
tion of the governing mixture theory equations suitable for a finite element or
finite difference analysis. In addition to the material properties employed in the
instantaneous and equilibrium responses above, a transient analysis also requires
that the following properties be provided: k = d)wz / fus (the hydraulic permeability
of the porous solid matrix), D™ = RT¢¥c,./ f. (the diffusion coefficient for the
cation), and D~ = RT¢"c_/ f—,, (the diffusion coefficient for the anion); all three
of these properties are taken to be constant here. All other frictional coefficients
in Equation (4) are assumed negligible (f,+ = fi— = f+— = 0). For the current
problem, the transient response was achieved under a step load (creep response), in
analogy to the analysis above and the experiments described below. All the depen-
dent variables of this problem can be obtained from the numerical solution, though
only select responses are provided here. The ratios W? /W and et/ heq, €valuated
from Equations (17)—(22), are presented in Figure 7 for a typical applied load and
bathing solution salt concentration. These responses predict a monotonic increase
in the effective friction coefficient, for a given equilibrium friction coefficient, with
the minimum friction coefficient occurring at t = 0" as expected.

3. Experimental Methods and Results

Experiments were conducted to investigate the trends suggested by the theoret-
ical analysis above. However, it should be noted that the experiments described
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Figure 7. Typical transient response of WP /W and jieff/ teq Obtained from a finite difference
solution of the governing equations for unconfined compression creep under an applied load
of W = 0.5N and with ¢* = 0.6 M. (H_4 = 0.6 MPa, H 4 = 13.2MPa, A, = 0.48 MPa,
By = 0, y+/yi = 1,04 = &_ = &% = * = 1, L = 20Eqgm’, p¥ = 0.8,
T = 300K, k = 1.0 x 107Pm?*/N.s, DT = 0.5 x 1079m?/s2, D~ = 0.8 x 10~7m?2/s2,
#30¢31 = 0.05.)

here achieved strains in the finite deformation range, hence comparisons with the
theoretical analysis are only intended to be qualitative. Six cylindrical cartilage
plugs (diam. =4.78 mm) were harvested from shoulder joints of freshly sacrificed
6—10-month-old cows. From each of these disks, three plugs were cored (diam.
=2.0mm) and stored in different concentrations of PBS solution (0.6, 0.15, and
0.015 M). At the time of testing, each sample was thawed, its thickness measured,
and placed into a custom friction device (Figure 8) with the articular surface facing

Applied load (W)

Glass ‘ Ba]thti_ng
platen \ solution
Sliding
force (F)
Cartilage —
disk
Mulu axis
load cell \L{
Linear
translation g
stage -

TP Tr R r I oreyoryyyd
Figure 8. Schematic of the experimental configuration.
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Figure 9. Average experimental frictional response of peff/iteq Versus time, as a function
of (a) bathing solution concentration ¢* (for all loads), and (b) applied load W (for all
concentrations). Each curve represents the average of 18 tests.

a smooth glass platen. Without applying an initial tare load, the glass platen was
lowered onto the surface of the tissue at a rate of 10 wm/s until a constant load
of either 0.89, 2.22, or 4.45N was achieved?; this constant load was maintained
by feedback control until equilibrium was reached (~2500s). Simultaneously, a
reciprocal sliding motion was produced with a linear translation stage (Model
PM500-1L, Newport Corp., Irvine CA) between the sample and glass platen, at a
constant velocity of 1 mm/s, spanning 4 mm in each direction. The normal applied
load (W) and frictional sliding force (F) were measured with a muti-axis load cell
(JR3, Woodland CA), and the creep deformation with an LVDT (Macro Sensors,
NJ). The time-dependent friction coefficient (ue = F/W) was evaluated from
the force measurements (Figure 9). Its minimum value (fm,), achieved when the

2 Inall cases, it took less than 30 s to achieve the desired load. Given that the time constant for
flow-dependent creep and stress-relaxation is on the order of several hundred seconds, this protocol
is reasonably representative of instantaneous loading.
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applied load reached its desired level (<30s), and its terminal equilibrium value
(ieq) were employed in subsequent analyses. At the completion of a test, the spe-
cimen was unloaded and allowed to recover for 3600 s. Each specimen plug was
tested at each of the three loads in random order; each of the three plugs from the
same disk were tested at distinct salt concentrations, with six specimens employed
for each concentration. A nonlinear stress-strain relationship, o = A[exp(Be)—1],
was fitted to the equilibrium engineering stress and strain data acquired from the
three applied loads to produce a tangent unconfined compression modulus at zero
strain (A B), for each of the three concentrations.

Following all loading sequences, cartilage disks were biochemically analyzed
as follows: First, wet weight was measured, followed by freezing at —30°C. Disks
were then lyophilized overnight and reweighed to determine water content. For de-
termination of sulfated glycosaminoglycan (S-GAG) content, disks were digested
for 16 h with papain at 60°C in 0.1 M sodium acetate (pH 5.6) containing 0.05 M
EDTA and 0.01 M cysteine-HC1. S-GAG content of the digests was determined
using the 1,9-dimethylmethylene blue dye-binding assay (Farndale et al., 1982),
as modified for microtiter plates and using absorbances of 540 and 595 nm for
improved detectability (Seibel et al., 1992).

A two-way ANOVA with repeated measures on load and concentration was
performed on the friction coefficients and the ratio pmin/eq. When statistical sig-
nificance was observed, pairwise p-values were evaluated from least squares means
using Bonferroni adjustment to determine differences in the means. A one-way
analysis with repeated measures on concentration was performed for the variables
of thickness, water content, GAG content, and tangent modulus.

Out of 54 tests (three tests per plug on 18 plugs), one outlier was excluded from
the analysis. The effects of concentration and load on fimin, e, aNd fmin/[heq are
reported in Figure 10. All three of these parameters were statistically higher at
0.015M than at 0.15 or 0.6 M, and at 0.89 N than at 2.22 or 4.45 N (p < 0.05). In-
creasing the bathing solution concentration decreased the thickness of the
samples significantly between all concentrations (p < 0.05) as well as decreased
the water content and tangent modulus relative to the lowest concentration
(Table I). However, GAG content did not change significantly with concent-
ration.

To investigate which of the measurable parameters could best predict the ob-
served variation in the equilibrium friction coefficient ., linear regression was
performed against the applied load W (r? =0.197), the bathing solution salt con-
centration ¢* (r> =0.076), the equilibrium axial engineering strain (r*=0.312), the
equilibrium modulus (r* =0.103), and the GAG per wet weight (r* = 0.000). Other
than GAG content, ., was observed to decrease with increases in these variables.
The highest correlation, observed with the equilibrium engineering strain, is shown
in Figure 11.



22 GERARD A. ATESHIAN ET AL.

0.05 -
¥ * p0.0001 T *t
0.04 -

0.03

Jumin T
0.02 -

0.01 1

0.015 0.15 0.6 089 222 4.44

* (M) W(N)
(a)

0.40 = -
*F p 0.0005

0.30

Hey 0201

0.10 1

0.00
0.015 0.15 0.6 0.89 222 444
c* (M) W (N)
(b) {

0.20
¥ p0.04  #f
*+

0.15 4

Hun 0,101

0.05 1

0.00 T .
0.015 0.15 0.6 0.89 222 444

c* (M) & W (N)

Figure 10. Average experimental results for the effect of bathing solution concentration, ¢*,
and load, W, on (a) imin, (b) feg, and (¢) Umin/Keq-

Table 1. Tabulation of the effect of bathing solution concentration on several measured parameters

Concentration, c* 0.015M 0.15M 0.6M
Thickness (mm) 1.09+0.16* 1.06 £0.18* 1.03 +£0.17*
Percentage of water content 85.4 £5.4%% 80.9 £3.4* 77.9 £3.67
GAG/pg/mg 474482 4954143 44.34+9.0
Tangent modulus (MPa) 0.50 £0.14*+ 0.32 +£0.15* 0.15+£0.09F

1 p <0.05.
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Figure 11. Correlation between experimental measurements of the equilibrium friction
coefficient j1eq and the equilbrium axial compressive strain.

4. Discussion

The objective of this study was to formulate a model for the frictional response of
articular cartilage which accounts for osmotic effects as well as the solid matrix’s
tension-compression nonlinearity. The motivation for this investigation is based
on the recognition that pressurization of the interstitial fluid has been proposed as
a mechanism for reducing the friction coefficient of cartilage (McCutchen, 1962;
Malcom, 1976; Mow et al., 1980; Macirowski et al., 1994; Forster and Fisher,
1996; Ateshian ef al., 1998), a mechanism which has been successfully modeled
using biphasic constitutive relations for cartilage (Ateshian et al., 1997, 1998).
However, biphasic models do not directly describe the Donnan osmotic pressure
which is lumped with the stiffness of the solid matrix?, therefore an analysis of
this effect requires the use of mixture models incorporating electrolytes and solid
matrix fixed-charge density as performed here.

The first challenge in the modeling of the frictional response of cartilage using
the triphasic theory (Lai et al., 1991; Gu et al., 1998) was to formulate a quantity
continuous across any contact interface, since frictional forces dependent on such
a quantity must be equal and opposite across the interface. In addition, such formu-
lation should reduce to the biphasic fluid pressure in the absence of fixed charges.
The quantity p, defined by Equation (17), is such a quantity; it represents the

3 The biphasic aggregate modulus, H4, combines the intrinsic stiffness of the solid matrix with
the stiffness imparted by the osmotic pressure; whereas the triphasic moduli H1 4 employed here
represent only the intrinsic solid matrix stiffness.
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difference between the local total pressure and the local osmotic pressure against a
(hypothetical) bathing solution which is in equilibrium locally with the tissue.
When two cartilage layers approach one another, it is possible that squeeze film
and hydrodynamic effects may prevail for a short duration of time, whereby the sur-
faces are separated only by fluid (e.g. synovial fluid); however, several theoretical
studies have suggested that this fluid-film lubrication mechanism is unlikely to last
for more than a second or so (Hou ef al., 1992; Jin et al., 1992; Hlavacek, 1993,
2000), and that the theoretical framework of pure fluid-film lubrication predicts
friction coefficients substantially lower than observed experimentally (Dowson and
Jin, 1986). Consequently, in view of the experimental finding that a low cartilage
friction coefficient can be maintained for much longer durations than a second, a
number of investigators have proposed that the frictional response of cartilage is in
the mixed lubrication regime, where a combination of hydrodynamic and boundary
lubrication prevails. The source of friction in pure fluid-film lubrication arises ex-
clusively from the viscosity of the lubricant; whereas the friction in pure boundary
lubrication is dependent upon the properties of the boundary lubricant present at the
bearing surfaces, and the solid-to-solid interactions; hence, in mixed lubrication,
the friction force is presumed to result from a combination of these effects. The
question that has intrigued investigators over the last several decades is the nature
of the role of the interstitial water within cartilage. Does this water influence the
frictional response, and if so, in what ways. Hou et al. (1992) demonstrated that
during squeeze-film lubrication of a biphasic articular layer, the pressure in the
fluid-film lubricant is the same as that within the interstitial fluid of cartilage near
the articular surface; Ateshian et al. (1994) subsequently indicated that this intersti-
tial fluid pressure remains essentially unchanged for hundreds of seconds if contact
occurs in the absence of a fluid-film lubricant (‘boundary contact’), suggesting that
there can be a total depletion of the fluid-film after a few seconds of squeeze-film
action and yet no loss of pressurization within the interstitial water of cartilage
for much longer durations. Furthermore, in a rolling and sliding boundary contact
study (Ateshian and Wang, 1995), it was demonstrated that a very elevated hydro-
static pressurization of interstitial fluid can be maintained under steady-state rolling
and sliding despite the absence of a fluid-film lubricant. Hou et al. (1992), Jin
et al. (1992), and Hlavacek (2000) demonstrated that squeeze-film action is in fact
defeated by the porous nature of cartilage, when compared to impermeable bearing
surfaces, because the pores present an additional pathway for the squeeze-film
lubricant to escape the high-pressure regions. Therefore, the theoretical evidence
strongly suggests that pure fluid-film lubrication cannot be sustained for more than
a few seconds at best, but that the interstitial water of cartilage can nevertheless
remain pressurized for much longer times; during the short transition from fluid-
film lubrication to boundary contact, the interstitial fluid pressure within cartilage
is the same as in the fluid film, and decreases only very slowly over several hundred
seconds following fluid-film depletion. The friction model proposed in this study
represents a mathematical formulation, within the framework of mixture theory,
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of hypotheses that have been proposed previously in the literature which explain
the role of the interstitial water in the frictional response. Under this hypothesis,
the hydrostatic pressurization of the interstitial fluid contributes significantly to the
load W supported across the contact interface, even in the absence of a fluid film
lubricant separating the articular surfaces. The load supported by the interstitial
fluid depends on the fraction of the contact area over which solid-to-solid contact
occurs; if the articular surfaces are perfectly smooth and in the absence of a thin
film lubricant, the solid-to-solid contact area fraction is given by ¢ = ¢**¢*!; if the
surfaces are not in direct contact, that is, in the presence of a thin film lubricant,
the solid-to-solid contact area fraction is simply ¢ = 0; and if the surfaces are
only in partial contact (e.g. if the surfaces are not smooth) then 0 < ¢ < ¢*9¢°!.
Accordingly, the load supported by the fluid is given by (1 — ¢)W? and it can
be easily verified that this expression spans the range from fluid-film to boundary
contact, including in the limit when the bearing surfaces are non-porous. Based on
the theoretical evidence from the literature, which shows that the predicted friction
coefficient from hydrodynamic lubrication theory is two orders of magnitude smal-
ler than the observed minimum friction coefficient of cartilage, we hypothesized in
the current model that the friction force arising from the viscosity of the interstitial
water of cartilage and/or the viscosity of the synovial fluid is negligible, and that the
major contribution to the observed friction coefficient arises from the solid-to-solid
interactions. Hence, the friction force is taken to be proportional to W** in Equation
(21), or more generally W** = W — (1 — ¢) W?. This should not be misconstrued
to mean that interstitial water plays no role in the frictional response of cartilage; on
the contrary, the primary role of the interstitial water is to reduce the magnitude of
the load, and hence the friction force, transmitted across solid-to-solid interactions
as indicated in Equation (22).

The most evident finding of this study is that the observed transient response
of the friction coefficient, as represented by fiesr/[teq in Figure 9, can be predicted
by the proposed model as shown in Figure 7. Indeed, it is possible to reproduce
from theory a time-varying response with a very similar time constant as the ex-
perimental results, on the order of a few hundred seconds. From purely experi-
mental considerations, the magnitude of this time constant strongly suggests that
squeeze-film lubrication effects cannot account alone for the observed response,
since squeeze-film times for a water-based saline solution simply could not ex-
ceed a few seconds at best. Consequently, in view of the agreement observed with
the theoretically predicted transient response, the premise of the proposed friction
model appears to be supported, namely that the frictional force results primarily
from solid-to-solid interactions at the contact interface. The model postulates that
these interactions are dependent on the magnitude of interstitial fluid pressuriza-
tion within the cartilage and not on the thickness of a putative fluid film. Thus,
when load is applied onto cartilage, a very large fraction of it is initially sup-
ported by the fluid inside cartilage and only a small fraction is supported by the
solid matrix, yielding a very small friction coefficient at early times. As the water
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exudes from the tissue sideways along the radial direction, with a characteristic
time constant on the order of hundreds of seconds, the interstitial fluid pressure
decreases accordingly and contributes less and less to the load support which shifts
increasingly to the solid phase, with a concomitant increase in the friction coeffi-
cient.

The experimental findings of this study demonstrate that the friction coefficient
of cartilage can be as small as 0.013 at early loading times and as high as 0.28
after a long duration of loading (Figure 10). The low value of fp, is in good
agreement with other reports in the literature and agrees with the expectation that
cartilage is an excellent bearing material. Some investigators have maintained that
this remarkably low friction coefficient should be attributed to a boundary lubricant
present in the cartilage or synovial fluid, with lubricating glycoproteins (Swann and
Radin, 1972; Swann et al., 1979) and phospholipids (Hills, 1989) ranking high on
the list of candidates. However, under this hypothesis, the friction coefficient would
presumably remain small at all times, which is belied by the experimental findings
reported here and in previous studies (McCutchen, 1962; Forster and Fisher, 1996),
as attested by the relatively high values of p.,. Indeed, the ratio of pimin tO ey
ranged on average from 0.06 to 0.11 in the current study (Figure 10); importantly,
the increase from fiyi, tO e, did not represent a permanent alteration in the car-
tilage since allowing the tissue to recover, and repeating the frictional test on the
same sample at different loads (as performed in this study), demonstrated that the
large reduction in the friction coefficient at early times was highly repeatable. As
opposed to the alternative hypotheses of hydrodynamic fluid film lubrication and
pure boundary lubrication, the mechanism proposed in this study is able to account
for the observed ratio fimin/teq as can be noted in Figures 6 and 10, because a
dramatic change occurs in the percentage of fluid load support W? /W over the
duration of the test, where it decreases from a typical value of 97% at early times
down to 0% at equilibrium.

Unlike the predictions for pmin and fimin/ ey, the current model does not pre-
dicate a particular response for the equilbrium friction coefficient, i.,. In other
words, whether ., remains constant or varies under certain conditions does not
enter directly into the hypothesis that fluid load support is responsible for the time-
dependent response of the friction coefficient. Based on the work of Unsworth et al.
(1975), Malcom (1976), Swann et al. (1979), Hills (1989) and others, we had previ-
ously speculated that 1., could depend on the sliding velocity, the applied load, the
surface roughness, or the presence of a boundary lubricant at the articular surfaces
(Ateshian, 1997; Ateshian ef al., 1998). Of the factors investigated in the current
study, it was observed that (., correlated best with the magnitude of the axial com-
pressive strain under equilibrium conditions (Figure 11), a finding consistent with
one of our earlier studies (Wang and Ateshian, 1997); clearly, from Figure 10(b),
Meq also varied with load and concentration, but the correlation analysis suggests
that the axial strain, which also depends on applied load and concentration, has a
more direct influence on the equilibrium friction coefficient. At this time we can
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only speculate on why this dependence occurs, for example, as a result of flattening
of surface roughness or factors affecting the molecular forces of macromolecules
present at the articular surface, including electrostatic forces.

In addition to these findings on fiefr and pmin/heq, €Xperimental measurements
of the thickness, water content, and unconfined compression modulus of cartilage
as a function of bathing solution concentration and applied load are found to be
in qualitative agreement with the predictions of the triphasic solution presented
here. Indeed, the decreasing thickness of cartilage observed with increasing c*
(Table 1) is consistent with the behavior of the free-swelling strain, E{, as shown
in Figure 1; similarly with the decreasing water content, ¢* (Table I) as predicated
by Equation (2). The decrease in equilibrium unconfined compression modulus
with increasing ¢* (Table 1) is similarly consistent with the trend calculated for
E™" in Figure 4, whereas the increase in modulus with greater applied loads is
partly due to the increase in osmotic pressure with compressive strain, as shown
in Figure 3. Consequently, at least from these qualitative agreements, it is reason-
able to conclude that the theoretical framework of the triphasic theory is able to
explain these observed phenomena. Hence, even though cartilage Donnan osmotic
pressure could not be measured directly, its response may be inferred from the
indirect measurements presented here, namely, that osmotic pressure increases with
decreasing bathing solution concentration, and increases with increasing applied
load.

It is interesting to note that ftmin/eq 18 Observed to follow opposite trends when
increasing osmotic pressure by these two alternate mechanisms. With concentration-
induced increases in 0Smotic pressure fimin/feg increased, but with load-induced
increases in osmotic pressure this ratio decreased (Figure 10(c)). From theory,
the results of Figure 5 indicate that the instantaneous (maximum) fluid load sup-
port W? /W increases with increasing salt concentration (i.e. decreasing osmotic
pressure, Figure 2) and with increasing compressive strain or load (i.e. increas-
ing osmotic pressure, Figure 3). This higher fluid load support produces a ratio
Mmin/ eg Which decreases with increasing ¢* and increasing W, as demonstrated
from theory in Figure 6 and verified experimentally in Figure 10(c). When the
tissue is initially in a free-swelling state, the strain field is isotropic with all three
normal components being in tension and given by Ej; thus, near the free-swelling
state, the stress-strain response is linear since there is no mixing of tensile and
compressive normal strain components. As is also the case for a biphasic material
(Armstrong et al., 1984), so long as the total applied axial strain Ej + AEj is
positive, the instantaneous fluid load support is 1/3 of the total applied load ac-
cording to Equation (37) and will remain at this value until Ej + AE, becomes
negative (Figure 5). The smaller the value of ¢*, the greater the magnitude of AE)
required to overcome the swelling strain so as to make the axial strain compressive;
however, when |AEO /Ej | > 1, the effect of this initial swelling becomes negligible
and the fluid load support becomes comparable to the case of a biphasic-CLE
model where swelling effects are neglected (Soltz and Ateshian, 2000b). Thus, the
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tension-compression nonlinearity of cartilage plays a crucial role in modulating
the interstitial fluid pressurization and consequently the transient response of the
friction coefficient of cartilage.

Finally, it is important to comment on the question as to how can cartilage be
considered a good bearing material if its friction coefficient remains small only for
a few hundred seconds but then reaches the relatively high value of 0.28 under equi-
librium conditions. The answer to this question is that interstitial fluid load support
never drops to zero and always remains very substantial under physiological load-
ing conditions, because human joints always experience some form of intermittent
loading. There is no physiological circumstance of normal daily activities where a
load can be applied across cartilage and maintained perfectly static for thousands
of seconds, as is possible in laboratory testing conditions. In our previous study
(Ateshian, 1997), we provided evidence from the literature that any motion of the
joints, even if sliding at speeds as low as 0.1 mm/s, will produce and sustain a
high interstitial fluid load support. Our experimental measurements of interstitial
fluid pressurization (Soltz and Ateshian, 1998, 2000a) demonstrate that intermittent
loading at frequencies as low as 10~* Hz will still pressurize cartilage considerably,
and it is safe to assume that the characteristic frequency of joint loading (even in the
upper extremities) is more likely to be in the range of 1073~10° Hz. Consequently,
under physiological conditions, the friction coefficient of cartilage remains much
closer to 0.013 (the lower range of our measurements) than 0.28 (the upper range
of our measurements).

The results of this study advance our understanding of the mechanism of lubri-
cation in diarthrodial joints, whose primary function is to transmit joint loads with
low friction and wear. This study presents a new formulation of our previously de-
scribed friction model for cartilage, within the framework of the triphasic theory for
soft hydrated charged tissues and the conewise linear elasticity theory for bimodu-
lar materials. This formulation is able to describe the time-dependent response of
the friction coefficient of articular cartilage, as well as its dependence on applied
load and bathing solution salt concentration. This study also clarifies the role of
osmotic effects in the interstitial fluid pressurization load support mechanism of
articular cartilage.

Appendix A: Interface Jump Conditions

In this Appendix the interface jump conditions are derived and the assumptions em-
ployed in the current analysis are detailed. The balance of mass, linear momentum,
and energy, and the entropy inequality for a mixture of multiple phases are given
by

d
Z—/p“dv+/ 0% (V¢ —vg) -ndS =0, (A.1)
— dr Jg IR
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where R is the mixture volume, n is the unit outward normal to R, p%, v¥, 6%, b,
e“, h*, r*, n* are the density, velocity, stress tensor, specific body force, specific
internal energy, heat outflux vector, specific internal heat source, and specific en-
tropy for the a-phase, respectively, 6 is the temperature, and vy is the velocity of
the boundary of the volume R.

The jump conditions for the mass, linear momentum, energy, and entropy across
a discontinuous interface I" can be derived from the above integral form of the
balance equations using the Reynolds transport theorem (e.g. Hou et al., 1989):

> v — vr)ﬂ ‘n=0, (A.5)

Z“a—p“(V“—Vr)@)(V“—Vr)H ‘n=0, (A.6)

ZO’“T(VQ —vp) —h* — Ioa

(8” + %(Va —vr) - (v — Vr)) (v = VF)H ‘n=0, (A7)

HZ (lle—aer“n“(v“ —vr))ﬂ ‘n=0. (A.8)

o
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These interface jump conditions are true generally and are not limited for non-
dissipative interfaces to steady-state equilibrium.

In addition, it is possible to generate jump conditions for each individual o-
phase. For the present purpose, only the jump condition for the mass is provided,
because it can be reduced to a special case of sufficiently general purpose:

[[p“(¥v* —vp)]] - n =%, (A.9)

where 6“ is the surface supply of mass to the a-phase from the remaining phases.
Such mass supply terms would typically occur in chemical reactions between the
phases. For hydrated biological soft tissues, however, such mass supply is typically
negligible, hence it is appropriate for this general category of problems to employ
the jump condition

[[p*(v* = vr)]]-n =0. (A.10)
The electrochemical potential of the «-phase is given by (e.g. Bowen, 1980)

al

K% = T — 2, (A.11)
o

where * is the specific Helmholtz free energy of the «-phase, defined by
Y* =% —6n*. (A.12)

Consider that the temperature 6 is continuous across [, that is, [[#]] = 0, in which
case I' is known as an ‘ideal’ singular interface (Liu, 1980). In this case, the jump
condition on entropy, (A.8), can be written as

Xa:haﬂ ‘n=— H;ep“n“(va - vr)ﬂ . (A.13)

Substituting (A.13) into (A.7) produces

Z I:O_aT — e

o

(8” —On* + %(V” —vr) - (V¢ — V[‘)) I} V" — Vr)]] -n=0. (A.14)

Making use of the definitions in (A.11) and (A.12) into (A.14) results in the jump
condition

|:|:Z— (K“ + %(V“ —vr) - (V% — VF)I> pY (v — Vr):|i| -n=0. (A.15

o

For hydrated biological tissues, it is convenient to define material regions on the
solid phase. Thus, jump interfaces can be represented with vi = v*. Furthermore,
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for the fluid phases (e.g. water and ions), the dissipative stress is typically neglected
(i.e. the fluid is assumed inviscid), so that 6%, and hence K%, is an isotropic tensor
(o # s), for example,

K* = °1, (A.16)

where 1 is the commonly defined electrochemical potential. Combining these
results into (A.15), and accounting for (A.10) produces

> [[ﬁ“ + %(va —V) (v — V‘Y)i|i| p%(v —v*) -n=0. (A.17)
ass

Now recognizing that i* 4 (v* —v*) - (v* —v*) /2 is independent of p*(v* — v*) -n,
the jump condition for the chemical potential of the «-phase reduces to

H,:La - %(va —V) (v — vS)H =0, #>s. (A.18)

If we also define the inner part of the total stress o as the sum of the stresses from
all phases,

6= Zo“, (A.19)

the linear momentum jump condition of (A.6) becomes

Ha =Y PV =V ® (v — vS)H ‘n=0. (A.20)

Equations (A.18) and (A.20) represent the generalization of the jump conditions
summarized in Equation (13) above. They are valid for dynamic problems as well
as steady-state equilibrium problems; they are based on the following assumptions:
(a) there is no mass production at the jump interface; (b) the fluid phases are
inviscid; and (c) the interface is non-dissipative (no frictional heat losses).

Hence, the use of the expressions in Equation (13) is appropriate under the
assumptions outlined here. Dropping the higher order terms in the jump conditions
is justified by an order of magnitude analysis, which is most commonly done in
all problems of continuum mechanics. However, if the effect of frictional heat is to
be accounted in the jump condition, more general expressions would be required
which are not investigated here; furthermore, constitutive relations would be neces-
sary to model the energy dissipation at the jump interface, for example, based on
the formulation of a friction coefficient as proposed in this study, and temperature
changes may have to be considered as well. This increased level of complexity may
be addressed in future studies.
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