Printed in Great Britain

Int. J. Solids Structures Vol. 35, Nos 34-35, pp. 4945-4962, 1998
© 1998 Elsevier Science Ltd. All rights reserved

Pergamon
0020-7683/98/$—see front matter

PII: S0020-7683(98)00103-6

EFFECTS OF FIXED CHARGES ON THE STRESS-
RELAXATION BEHAVIOR OF HYDRATED
SOFT TISSUES IN A CONFINED COMPRESSION
PROBLEM

V.C. MOW,t G. A. ATESHIAN, W. M. LAl and W. Y. GU
Orthopaedic Research Laboratory, Departments of Mechanical Engineering and Orthopaedic
Surgery, Columbia University, New York NY 10032, U.S.A.

(Received 24 September 1997 ; in revised form 12 February 1998)

Abstract—The 1-D confined-compression stress-relaxation behavior of a charged, hydrated-soft
tissue was analyzed using the continuum mixture theory developed for cartilage (Lai et al., 1991).
A pair of coupled nonlinear partial differential equations governing the displacement component
of the solid matrix and the cation concentration ¢* were derived. The initial-boundary value
problem, corresponding to a ramp-displacement stress—relaxation experiment was solved using a
finite-difference method to obtain the complete spatial and temporal distributions of stress, strain,
interstitial water pressure (including osmotic pressure), ion concentrations, diffusion rates and water
velocity within the tissue. Using data available in the literature, it was found that: (1) the equilibrium
aggregate modulus of the tissue (as commonly used in the biphasic theory) consists of two com-
ponents : the Donnan osmotic component and the intrinsic matrix component, and that these two
components are of similar magnitude. (2) For the rate of compression of 10% in 200 s, during the
compression stage, the fluid pressure at the impermeable boundary supports nearly all the load,
while near the free-draining boundary, both the matrix stiffness and the fluid pressure support a
substantial amount of the load. (3) Equivalent aggregate modulus and equivalent diffusive coefficient
used in the biphasic theory can be found, which predict essentially the same stress relaxation
behavior. These equivalent parameters for the biphasic model embody the FCD effect of the triphasic
medium. The internal fluid pressure predicted by the two models are however different because of
osmotic effects. (4) Peak stress at the end of the compression stage is higher for a tissue with higher
FCD. We have obtained the strain, stress, flow, pressure and ion concentration fields inside the tissue.
Some representative results of these fields are presented. These fields are essential for determining the
local variations of mechanical, electrical and chemical environments around cells necessary for the
understanding of the mechano-electrochemical signal transduction processes required for the control
of biologic functions. © 1998 Elsevier Science Ltd. All rights reserved.

NOMENCLATURE
cF fixed charge density
< molar concentration of «th ionic species (z = +, —)
D* diffusivity of ath ionic species
e dilatation of solid phase
E infinitesimal strain tensor
o frictional coefficients between o and f§ phases (or constituents)
F. Faraday constant
h thickness
1 electrical current density
1 identity tensor
M molar weight of ath ionic species
p pressure
R universal gas constant
T absolute temperature
v* velocity of ath constituent (¢ = s,w, +, —)

activity coefficient of ath ionic species

>~
<

As Lamé coefficient

L shear modulus

u” chemical potential of water

uh reference chemical potential of oth constituent
s electrochemical potential of oth ionic species
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p* apparent mass density of «th constituent
0% true mass density of ath constituent

g Cauchy stress tensor for total mixture

¢ osmotic coefficient

@* volume fraction of ath constituent

v electric potential

*

quantities associated with external bathing solution

INTRODUCTION

Biological tissues are called charged tissues when their extracellular matrix (ECM) is
charged. Articular cartilage, growth plate, invertebral disc, and cornea are examples of
charged hydrated soft tissues. The charged nature of the ECM derives from the pro-
teoglycans (PGs) within the tissue. These molecules are very large and have complex
macromolecular structures (e.g., Hardingham and Fosang, 1992 ; Muir, 1983). Each PG
molecule (known as an aggrecan) is composed of a single protein core to which are attached
glycosaminoglycan (GAG) chains. The dimeric units of these GAGs are usually chondroitin
sulfate (CS) and keratan sulfate (KS). At normal physiologic conditions, each dimeric unit
of CS has two negative charge groups (SO3 and COO 7), and each dimeric unit of KS has
one negative charge group (SO3). Thus, each aggrecan is a macromolecular polymer
containing numerous negative charged groups, spaced at 10-15 Angstroms apart [Mow et
al., 1992 ; Muir, 1983]. In the tissue, many aggrecans (one to two hundred—depending on
age) are attached to a single chain of hyaluronan molecule of approximately 500 kDa. The
whole ensemble is known as a proteoglycan aggregate, and its molecular weight can be as
high as 200 MDa. In the ECM, the proteoglycan aggregates are entangled within the fine
fibrous collagen network to form a strong, cohesive, porous, hydrated ECM (Fig. 1).
Relative to the mobile ions (e.g., Na*, C17) dissolved in the interstitial water, these charges
are firmly attached to the ECM, and thus they are called fixed charges. The density of these
fixed charges (per volume of interstitial water) is the fixed charge density (FCD).

Within the tissue, the fixed negative charges on the ECM attract mobile cations
(mostly Na*) to maintain electroneutrality at a scale level much greater than the molecular
dimensions of CS and KS chains so that the continuum assumption may be used. The
electrostatic interactions between fixed charges and mobile ions (at the molecular level)
are primarily responsible for many macroscopically observed mechano-electrochemical
coupling phenomena, such as the Donnan osmotic pressure, ECM pre-stress, streaming
potential, streaming current, negative osmosis, and electro-osmosis (e.g., Akizuki et al.,
1986 ; Buschmann and Grodzinsky, 1995; Eisenberg and Grodzinsky, 1987 ; Frank and
Grodzinsky, 1987 ; Grodzinsky et al., 1978 ; Gu et al., 1993, 1997 ; Lai et al., 1991, 1994 ;
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Fig. 1. Schematic of a charged-hydrated soft tissue equilibrated with NaCl solution.
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Fig. 2. Schematic of a confined compression stress—relaxation test: (a) the specimen is confined on

the lateral surface so that only deformation in the z direction occurs; (b) a ramp displacement is

applied at the surface during 0 < ¢ < #,. The bathing solution contains 0.15 M NaCl. The specimen
chamber is considered to be frictionless, rigid and impermeable.

Katchalsky, 1971 ; Katchalsky and Curran, 1975; Maroudas, 1979 ; Mow et al., 1992;
Myers et al., 1984 ; Overbeek, 1956 ; Setton et al., 1995).

The confined compression stress relaxation tests with porous platens (Fig. 2(a)) have
been frequently used for investigating the flow-dependent viscoelastic behavior of biological
hydrated soft tissues (e.g., Holmes et al., 1985; Lai et al., 1981 ; Mow et al., 1980). From
the stress—relaxation data, the 1-D compression modulus (i.e., the aggregate modulus) at
equilibrium and the hydraulic permeability of the tissue can be calculated using either
poroelastic theory developed by Biot (1941) or continuum mixture theory, i.e., the biphasic
theory for cartilage developed by Mow et al. (1980). In spite of the fact that both theories
can predict well the confined compression stress—relaxation experiments (Fig. 2(b)), neither
of the two theories, however, account for the swelling pressure effect associated with the
FCD. Thus, in this theoretical study, we will determine the effects of FCD, hence the
osmotic pressure, on the confined-compression stress—relaxation behavior of cartilage using
our mechano-electrochemical theory (Lai et al., 1991). The objectives of this study are to
determine the confined-compression stress—relaxation behavior of a charged, hydrated-soft
tissues by : (1) delineating the contribution of the swelling pressure to the total stress when
the tissue is compressed ; and (2) determining the deformation, flow, pressure and electric
fields in the tissue required for the understanding of mechano-electrochemical signal trans-
duction within the tissue.

THEORY

In 1991, Lai and co-workers developed a mechano-clectrochemical theory (the triphasic
theory) for a charged, hydrated soft tissue based on the continuum mixture theory of
Truesdell and Noll (1965) and Bowen (1980). (The reader may wish to refer to an excellent
review article by de Boer (1996) on the development of poroelasticity theory and mixture
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theory.) The triphasic theory evolved naturally from the biphasic theory for cartilage (Mow
et al., 1980) and the physicochemical theory for electrolyte solutions (Donnan, 1924 ;
Friedman, 1986). In the theory, a charged hydrated soft tissue is modeled as a continuum
mixture consisting of an incompressible solid phase (the ECM), an incompressible inter-
stitial water phase, and an ion phase with two species (Na* and C17). At each point within
a tissue, macroscopically, the electroneutrality condition holds:

ct =c 4, (1)

where ¢* is the Na* concentration, ¢~ is the Cl~ concentration, and ¢F is the absolute value
of the negative FCD on the solid phase. Note that all concentrations are per interstitial
water volume. The motions of water and ions are governed by the following quasi-static
momentum equations :

water p"Vp = fi, (0 —0") 1o @7 —0") +f T —0Y), )
cationp V" = f, (" —v") +f (@ =0 ) +f (T —v7), 3)
anionp VA~ =f (' —v ) +f @ =07 )+f (0 —v7), )
tissuedive = 0, )

where p* and ¢v* denote the apparent density and the velocity of the o component
(e =s,w, +, —), respectively, with the indices s, w, +, — denoting quantities associated
with solid, water, cation and anion, respectively. The quantities i* and i~ are the elec-
trochemical potentials for cations and anions, respectively, and " is the chemical potential
for water. Here, £,4’s are frictional coeflicients (corresponding to resistance force per tissue
volume) between the « and f components with f,; = f,, and ¢ is the total stress tensor of
the mixture. Equations (2)—(4) state that the driving force for the movement of water is the
gradient of its chemical potential and the driving force for each of the ions is the gradient
of its electrochemical potential. These driving forces are balanced by the frictional forces
generated by the relative motions between the components, given by the terms fj,(v* —v”).
For an isotropic hydrated charged mixture with infinitesimal deformation, the consti-
tutive equations of the triphasic theory are (see Lai et al., 1991 and Gu et al., 1998):

o = —pl+ ) tr(E)I+24E, (6)
1 = i+ [p— RTH(c* +¢7) + B, tr(B)]/pt, (7
A% = i +(RT/M ) In(y, )+ Fap/M ", ()
A =ts +(RT/M ) In(y_c)—Fap/M ©)

where p is the fluid pressure, E is the strain tensor measured from the reference configuration
for the tissue equilibrated in a hypertonic salt bathing solution, A, and p, are Lamé
coefficients of the solid matrix, p is the reference chemical potential for phase o, M* and
M~ are the molar weights of Na* and CI-, respectively, y, and y_ are the activity
coefficients of Na* and Cl—, respectively, ¢ is the osmotic coefficient, F, is the Faraday
constant, i is the electric potential, B, is the coupling coefficient, and R and T are the
universal gas constant and absolute temperature, respectively.
The continuity equations for each phase are
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dp*jot+div(pr*) =0, (x=s,W,+,—) (10)

where p” the apparent densities, are related to their true densities (p7), and the volume
fractions (¢*) by p* = ¢*p% (o = s, w, +, —). Note that

Xp* =1, (summation overo =s,w, +, —) (11)

for immiscible mixtures. For Na™ and Cl~ ions, ¢* and ¢~ are negligible when compared
with ¢" and ¢°, so that equation (11) can be approximated by

o o" = 1. (12)
The apparent densities for ions are related to their concentrations by

pt ="M ¢t and p ="M . (13)

1-D COMPRESSION STRESS RELAXATION PROBLEM

Figure 2(a) is the schematic representation of the problem under consideration. A
cylindrical disc of tissue (thickness /), equilibrated in 0.15 M NaCl bath, is placed inside a
confining cylinder prior to the application of an applied load. At ¢t =0, the porous—
permeable loading platen acting on the (top) surface of the tissue is displaced with a
constant velocity ¥, (Fig. 2(b)) until time ¢,, beyond which, the platen is kept at a fixed
position, while the specimen undergoes stress relaxation to the final equilibrium configur-
ation.

The solution of this ramp—displacement relaxation problem using the biphasic for-
mulation was first provided by Mow and coworkers (1980) under the assumption of
infinitesimal deformation and constant permeability. Subsequently, biphasic formulations
and solutions including strain-dependent permeability and/or finite deformations have been
given (e.g., Ateshian et al., 1997 ; Holmes et al., 1985 ; Lai et al., 1981). None of the above
studies includes explicitly the fixed charges, although its effect is implicitly included in the
aggregate modulus and permeability. In this study, we use the triphasic theory to determine
explicitly the effects of the FCD on the stress—relaxation behavior of charged, hydrated-
soft tissues. Our specific aims are: (1) to assess the contribution of the osmotic pressure
effect to the relaxation behavior and to the aggregate modulus; and (2) to determine the
effect of FCD on the peak stress of the experiment, and calculate the deformation and flow
fields within the tissue. The relation between permeability and FCD was derived by Gu et
al. (1993).

Reference configuration

We shall assume that in the initial (z = 0) state, at equilibrium, there is neither a
mechanical load applied onto the porous platen (surface, z = i) nor any confining stress at
the circumference of the testing specimen from the impermeable confining cylinder.
However, the tissue is in a swollen state with a strain e’.(z, 0) relative to the hypertonic
configuration, and there is an osmotic pressure p’. In this initial equilibrium state for a
homogeneous medium, the momentum equations show that o, u%, i, i~ are all constant
through the depth of the tissue. The constants are determined from the boundary conditions
o=0,p" =u"", gt =at*a- =", where * quantities are associated with the external
bathing NaCl solution. Thus, using the constitutive eqns (6)—(9) for both the tissue and the
solution (where, for the external bathing solution, FCD, strain and pressure must all be set
equal to zero), one can easily obtain (Lai et al., 1991).
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RT2¢c* (0) — pc"(0) —2¢*c*(0)]

¢.(2,0) = 7 (14)
P’ = RT[2¢c* (0) —2¢*c*(0) — pc" (0)] — Byel. (15)
where
H, = A,+2pu,+ B, (16)
and ¢*(0) is the Na™ concentration at this initial swollen state, given by
¢t (2,0) = [ (0)+/{c" (0)}2+40% /7.)7c** (0)])2, (17)

where ¢F(0) is the FCD in the tissue and ¢*(0) is the NaCl concentration in the bath in this
initial state. Since the tissue is assumed to be homogeneous, then ¢"(0) is a constant, and
as a consequence the free swelling strain e’. is also a constant. In the following, we shall
take this initial state as the reference state for the solid displacement u*(z, ). With reference
to the hypertonic state, the displacement u"(z, ¢) is given by

us(z,t) = ' (z, ) +u"”(z,0) (18)
from which, we have e¢.(z,t) = e..(z,t) +¢..(z,0) and

’
an: aezz

0z 0z (19)

Governing equations

For this 1-D problem, all dependent variables are functions of the coordinate z and
time ¢ only (Fig. 2). We shall formulate this problem in terms of two coupled nonlinear
partial differential equations for the solid displacement u°(z, f) and cation concentration
¢"(z,1). First, in terms of ¢, ¢* and ¢, the continuity equations can be written as:

de"  0(e"v")
o Tz

0, (20)

M o’ d(e"v")
o ezt e T

0, (21

HoVet HoVvT et
(@"c?) oo™ cT)

22
ot 0z ’ 22)
and
Ap“c™)  d@"v )

T e O 23)
Now, from eqns (20) and (21), we obtain an equation for v*:

o' 0 e

=l =), 24)

Since the velocities »* and v" are zero at z = 0 for all time, the integration of the above
equation with respect to z gives
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v’ = "V (v°—0vY). (25)

For small displacement, v* = 0u’/0t, therefore, eqns (25) can also be written as

5u5_ W(,.S w 26
GO, (26)

Similarly, from eqns (20) and (22), we can obtain an equation for ¢* :

det  oct 1o .
W+U as _q)‘” aZ[c V(Y —v")]. 27)

From the momentum eqns (2)—(4), the relative velocities v¥ —v™ and v*—v" on the right side
of the above two equations can be expressed in terms of the chemical and electrochemical
potentials. Neglecting the frictional coefficients /., f_, and f, _, we have,

W_U+ ia’aur

‘ =f+w aZ ’ (28)

N O T o
v _AJ} FECR R 29)
vP—vt =0 —vV)+ @V —v"), (30)
v’'—v” =@ =)+ @ —v7). (3D

By inserting the constitutive eqns (6)—(9) into the above equations and using the following
relation (from dive = 0)

0 de’. de..
P o) 7 =2 S (32)
0z 0z 0z
we obtain
o (o[, de. LY\ @RT
(U —v )_ fws Ha 02 +Fc(’ 62 + fws A(’ya ¢)9 (33)
and
(™) 1 0 oy
Wt — - + + _
v —v i RTW/+ aZ(yJ,c )+ F.c 2. ) (34)
S (0 e Y
vV —v = RTy, aZ(y,c )—F. a- (35

where
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o ye oy
A(), $) = [az(c++c—¢c — e )+jgz+;gz} (36)

We note that for ideal behaviors, the activity and osmotic coefficients are given by
y. =7y_=¢ =1,so0that 4() = 0.
Using eqns (33) and (34), eqns (26) and (27) become::

ou, , w)2 . Y)2RT
G B e CR7) ICY

fWS
doct oct 1 0
- w_ - T AW (W gt
o T e T e O
10 [c (o) < Wﬂ
=— RT— —(y,ct)+Fcm — 38
qow az|: f+w y ( + ) a ( )
Let the current density be denoted by I:
I=F."[ct (vt —v°)—c (v —1)]. (39)
Using eqns (30), (31), (33) and (34), we obtain
B Dy de.. D, d .. D SV
I=—Fp [RT Vo PG+ ) = Soet | @)
where
o= Dpc"+D, ct+D _c™. (41)

To"RT " RT ~¢"RT
c @ D e D e .

R “42)

In the following, we will consider only the case where 7 = 0 (i.e., the open circuit case). For
this case,

02 Fc é’z

LW _RT[D_ 0
F,

D DF de..
7)—7*( 7+¢")—DpA(y, 45)} |:H<\ pe } (43)

Substituting the expression for dy/0z in eqns (33) and (34), we obtain:

Us_vwzl D,ct+D_c Hﬂazus _pr D, dy,c" D 3y c”
o K 02> Y. 0z y_. 0z

$ DD EDC) ) aa)

c o

D D .+ a c 1 a -
(" —v*) = [*( - +(Dc+DFcF)ngZC—c*DFA(v,</>)>
+

cto\ V- 0z
D, o’
<o <Ha - )} (43)
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where K = f,/¢". An equation for v"¥—v~ can be similarly obtained. Thus, in the absence
of an electric current, we have

ow wwf#*ﬂmc(Haw)JfCh&uﬁ_D-wJ>}
ot o 4

- K "oz 7+ Oz Y- 0z

9" DD +D )

A(y, 46
i (4. $)  (46)
dct o oct 1 0[e"D, (D_c" dy_c” B g L Oypet
o1 +v Fra waz[ . < - as +(D_c +DFC)V+ 0. ¢ DAy, ¢)
®
CFQOWD+C+ a2us
_ K <Ha o (47)

where v" = (1 —1/p")du’/0r. With ¢ and ¢F(0) denoting the water volume fraction and
FCD at ¢ = 0, respectively, we note that

" =i +(1—9pp)e and " =c5(0)(1—e/py),

where e is the dilatation of the solid matrix.
We note that for ideal behaviors, ¢ =y, = y_ = 1, the above equations simplify to

ou’ W|:]‘13D+C++DC (72uS_DF<D+8cJr B 00)]

a =%k » o \PT e TP (48)

oc~ oct
<D_c+ al +(D_c™ +Dgch) (,;)

0z
CFQDWD+C+ aZus
-2 (Ha )l @

ol L Efe.
o

Following the general formulation of the initial and boundary conditions, the numerical
solution for this ideal case will be provided below.

Initial conditions

Before the application of the ramp displacement, the charged-hydrated tissue sample
(Fig. 2(a)) is equilibrated in a NaCl solution of concentration ¢* (e.g., 0.15 M), and isin a
swollen state relative to our hypertonic reference configuration. As mentioned earlier, we
shall take this swollen state as the reference configuration for the solid displacement in the
stress—relaxation problem. Thus, the initial conditions are:

w(z,0) =0 (50)

and

¢t (2,0) = [0 +/{" (0} +40%/7.)** (0)]/2, (1)

where ¢F(0) is the FCD at ¢ = 0 (the initial swollen state).
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Boundary conditions
The bottom surface (z = 0) is assumed to be rigid, therefore,

w(0,0) =0 atz=0. (52)

Also, the boundary is assumed to be impermeable to water and ions, i.c., the velocity
components (v°, v*, v~ and v") are zero. It follows from the momentum equations that at
this boundary,

o _op_ow _
0z 9z 9z

0. (53)

Using the constitutive equations for the chemical and electrochemical potentials, the above
equations can be shown to lead to the following boundary conditions for ¢* at z =0:

o _ 0 (54)
oz
In fact, at this boundary all the following identities hold :

o _oc _deu _dp_ob _
0z 0z 0z 0z 0z

(55)

The upper surface of the tissue is at z = &, where a ramp displacement U(¢) is imposed via
a rigid porous—permeable loading platen. Thus, at this surface (i.e., z = &), we have:

w(h,t) = =U(@), (56)
where

Also, the continuity of water chemical potential ™ = u"* at the platen—tissue interface
gives

p(h, 1) = RT[2¢c™ (h, 1) —2¢*c™*(h, £) — pcF (h, )] — By [e..(h, ) +el.(h, 0)]. (58)
Thus,
o..(h,f) = —RT[R2¢ct (h, ) —=2¢*cT*(h, t) — pcF (h, O]+ H,[e..(h, 1) +e..(h,0)] (59)

where we recall e’ is the free-swelling strain relative to the hypertonic reference configur-
ation. Letting P, denote the total (mixture) compressive stress on the tissue surface (z = /)
resulting from the prescribed ramp displacement, we obtain :

ou’(z, t)

P,=—H,
A a 52

+ RTR2¢(ct (h, ©)—ct (h,0)) — p(cF (h, ) — " (h,0)) =2¢*(cT*(h, £) —ct*(h,0))]  (60)

where
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¢t (h,t) = constant = [c" (A, t)—i—\/c”(h, 0 +4(% [y.)*c**)2.

In arriving at the above equation, we have used eqn (14) for e’..

For simplicity, we shall assume in this paper that the external NaCl solution is well
stirred so that its concentration remains constant throughout the loading process, i.e., we
assume ¢t (h, t) = ¢*"(h,0) at all time. The interaction between the tissue and the bath will
be dealt with in a separate paper.

RESULTS AND DISCUSSION

Numerical results are presented only for the ideal case where y, =y_ = ¢ = 1. The
nonlinear governing eqns (48) and (49) subject to the initial conditions (50) and (51) and
boundary conditions (52) and (53) are solved numerically using a finite difference method.
Once the distribution of the displacement of solid matrix and cation (Na*) concentration
within the tissue are obtained, all other quantities can be calculated from the above defining
equations. For articular cartilage, the following physiologically realistic parameters are
used in our numerical calculations:

toy=200s c¢*=0.15M, H,=0.3MPa,

R=28314)/molK, T=298K, D" =0.5x10"°m?/s, D~ =0.8x10"° m?/s,
K=7.0x10"Ns/m*, ¢y =0.75, c§ =0.20 mEq/ml,

Vy=025pum/s, h=0.5mm.

Figures 3a and 3b show the strain distribution within the tissue at various times. The
strains are monotonically varying with depth, always compressive, and the maximum
value always occurs at the surface (z = h). During the compressive stage (1 < 200 s), the
compressive strain increases with time (Fig. 3a) until the end of the ramp (¢ = 200 s).
During the relaxation stage (¢ > 200 s), the compressive strain at the surface decreases with
time while the compressive strain at the bottom (z = 0) continues to increase (Fig. 3b) until
a uniform equilibrium compressive strain of 10% is reached. We note that with a 10%
surface to surface compressive strain applied across the surfaces in 200 s, due to drag-
induced compaction (Lai and Mow, 1980), the local true compressive strain at the tissue
surface reached up to 20% before decreasing to the final equilibrium value of 10%. The
compressive strain at the bottom reached this same equilibrium value monotonically. This
result is consistent with the biphasic analysis reported by Mow et al. (1980). Since the FCD

: 0.00

@ 10s
-0.05 40s
-0.10¢

.E 20s

©

= 015}

n ’ 00s
-0.20¢
-0.25 . . .

0.0 0.2 04 0.6 0.8 1.0

Normalized Depth ( z/h )

Fig. 3a. Strain distributions within the tissue at different times during the compression stage.
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Fig. 3b. Strain distributions within the tissue during the stress—relaxation stage.

is a linear function of the strain (for this infinitesimal deformation formulation), the
distributions of FCD in the compressive stage and relaxation stage follow similar patterns
to those of the compressive strain distribution, see Figs 4a and 4b.

Figures 5a and 5b show the nonlinear distributions of Na* concentration within
the tissue at various times. During the compression stage (1 < 200 s; Fig. 5a), the Na*
concentration increases with time, and is particularly accentuated near the surface (z = £).
This is due to the compaction effect (with significant compressive strain) which increases the
FCD, and thereby requires more positive counter-ions (Na*) to maintain electroneutrality.
These increases are more pronounced near the surface where the local FCD is higher.
During the relaxation stage (¢ > 200 s), redistribution of Na™ concentration takes place
within the tissue until an equilibrium is reached (Fig. 5b). Figures 6a and 6b provide the
dependence of Cl~ concentrations as a function of depth and time. Note that the increase
in FCD will decrease the Cl~ concentration. This phenomenon is known as Donnan
exclusion effect (Donnan, 1924).

Figure 7 shows the history of total compressive stress P,(f) corresponding to the
history of the prescribed surface displacement. Also shown in the same figure are the
histories of the fluid pressure at z =0 (impermeable interface) and at z = h (porous—
permeable interface). We note that the fluid pressure curves follow the same pattern as the
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Fig. 4a. Calculated FCD distribution as a function of time during the compression stage.
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Fig. 6b. C1~ concentration distributions at different times during the stress—relaxation stage.

applied loading curve, P,(?), reaching peak values at the end of the ramp stage and relaxing
to an equilibrium value at large time. This equilibrium fluid pressure, which is uniform
throughout the depth, is the Donnan osmotic pressure frequently reported in the literature
(e.g., Maroudas, 1979). Clearly, we see from this figure that at equilibrium, approximately
one half of the load support is from the Donnan osmotic pressure. During the transient
stage, in addition to the Donnan osmotic effect, there is also the fluid pressurization effect,
due to flow resistance of the solid matrix. We note that this latter effect always exists even
if there is no FCD. From the fluid pressure curve at z = 0 (the impermeable bottom
boundary) we see that during the compressive stage, more than 90% of load support at
this depth is from fluid pressure. This is because the solid matrix strains are small at this
depth during the compressive stage. On the other hand, at z = /& (the porous—permeable
interface), there are larger solid matrix compressive strains during the same stage and
therefore, the contribution to load support from fluid pressure is smaller than that at the
bottom-dashed curve in this figure.

If we curvefit the loading history of P,(¢) (i.e., Fig. 7 obtained from the triphasic
theory), with the biphasic theory to determine the equivalent aggregate modulus H, and
the equivalent diffusive resistance coefficient K, (which is related to the permeability k by
the relation K., = k/(¢")?), we obtain the result shown in Fig. 8. We see that, insofar as
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mEq/ml) and the biphasic theory with equivalent aggregate modulus (H,) and equivalent diffusive
resistance coefficient (K).

the outward manifestation of the stress relaxation behavior is concerned (as characterized
by the loading history P,), both theories, the biphasic and the triphasic, can describe the
same behavior with little difference. However, the two theories predict different fluid
pressure histories inside the tissue as shown in Fig. 9. The fluid pressure relaxes to zero in
the biphasic theory whereas the fluid pressure relaxes to the Donnan osmotic pressure in
the triphasic theory. The equivalent aggregate modulus, as determined from the curvefit,
gives a value of H, = 0.683 MPa, which is a little more than twice the value of the triphasic
intrinsic modulus H, of 0.3 MPa used in the calculation for the triphasic medium, and the
equivalent diffusive resistance coefficient K, of 1.02 x 10"* Ns/m* as compared with the
triphasic frictional coefficients f, of 5.25 x 10'* Ns/m*. These equivalent values of H, and
diffusive resistance coefficient K, embody the FCD effect in the biphasic theory which does
not have a FCD.
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Fig. 9. Comparison of fluid pressures calculated by the triphasic and biphasic theories, at the
impermeable interface (z = 0). The biphasic pressure does not include the FCD (osmotic) effect.

It is interesting to note that in the biphasic theory, continuity conditions require that
the interstitial fluid pressure at a cartilage boundary (e.g., the dotted curve in Fig. 9) be
equal to the external fluid pressure in the adjacent bath. Indeed, this has been confirmed
experimentally that the fluid pressure measured immediately outside of the cartilage agrees
very well with theoretical predictions of the biphasic theory, in the configurations of
confined compression creep and stress—relaxation (Soltz and Ateshian, 1997, 1998). It is
evident, however, that simply placing a pressure transducer against the surface of cartilage
cannot produce measurements of the osmotic contributions to the interstitial fluid pressure
as predicted by the triphasic theory (Fig. 9). It remains an experimental challenge at this
time to perform measurements of the transient cartilage interstitial fluid pressure inclusive
of osmotic effects.

It is important to note that while the triphasic theory reduces to the biphasic theory
when the FCD is zero, the elastic modulus (4, and p,) and the diffusive resistance coefficient
(Kys) in the biphasic theory are in general, not the same as those in the triphasic theory.
They have been determined from experiments in such a way that the aggregate modulus
and the diffusive resistance coefficient include implicitly all the FCD (including osmotic)
effects.

Finally, Fig. 10 shows that the peak stress, at the end of the compression stage (¢ = 1),
increases nonlinearly with the FCD. In the normal physiologic range of ¢© for articular
cartilage, 0.1-0.4 mEq/ml, we see an added benefit of the proteoglycan charge groups. It
enhances the ability of the tissue to support higher loads in a dynamically loaded situation.
Clearly, in osteoarthritic cartilage, when the proteoglycans are depleted, this important
beneficial effect is negated.

CONCLUSIONS

A special case of the general mechano-electrochemical theory developed by Lai and
co-workers (1991) was used to solve the confined compression stress relaxation problem.
A pair of nonlinear coupled partial differential equations governing the displacement
component of solid matrix (¢°) and cation concentration (¢*) were derived to describe the
stress relaxation experiment. The initial-boundary value problem is solved using the finite
difference method. Using physiologic data available in the literature, it was found that: (1)
Donnan osmotic pressure and intrinsic matrix stiffness contribute in nearly equal proportion
to the load support at equilibrium: (2) for the rate of compression of 10% in 200 sec,
during the compression stage, the fluid pressure at the impermeable boundary supports
nearly all the load, whereas near the porous—permeable interface, the fluid pressure only
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Fig. 10. Peak value of total compressive stress as a function of fixed charge density (c}).

partially supports the load; (3) equivalent aggregate modulus and equivalent diffusive
resistance coeflicient can be found for a biphasic medium which predicts the same stress
relaxation behavior. These equivalent parameters for the biphasic model embody the FCD
effects of the triphasic medium. However, the internal fluid pressures predicted by the two
models are different; and (4) the FCD accentuates the peak stress response found at the
end of the compression stage thus providing enhanced load support for cartilage having a
normal physiologic range of proteoglycans.
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