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Abstract Under pure bending, with an arbitrary patch of plane four-node fi-
nite elements, the exact analytical algebraic expressions of deformation, strain
and stress fields are numerically captured by a computer algebra program
for both compressible and incompressible continua. The Ritz test functions
are generated as linear combination of Rayleigh displacement vectors. These
coupled fields model pure bending of Euler-Bernoulli beam with appropri-
ate linearly varying axial strains devoid of shear. Such Courant “admissible”
functions allow an undeformed straight side to curve in flexure. Since these
displacement vectors satisfy equilibrium they are necessarily functions of the
Poisson’s ratio. Applications in bio-, micro- and nano-mechanics motivated
this formulation that blurs the frontier between the finite and the boundary
element methods.

Exact integration yields the shear locking-free element sti↵ness matrix for
a compressible convex or concave quadrilateral, or a triangular element with a
side node. For an isochoric plane strain problem, the Rayleigh kinematic mode
of dilatation is replaced by a constant pressure. The equivalent nodal loadings
are calculated according to the Ritz variational statement. Subsequently, with-
out assembling the global sti↵ness matrix, nodal compatibility and equilibrium
equations are solved in terms of Rayleigh modal participation factors.

The exact integral of a generic quadratic polynomial, which describes en-
ergy density fields, is furnished as a closed form algebraic expression that can
be incorporated in Fortran or C++ finite element calculations without resort-
ing to any numerical quadrature.

Keywords exact integration · flexure modes · isochoric mode · symbolic
computation
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1 Introduction

The historic success of computational fluid dynamics [6], in real-world applica-
tions, encouraged innovations of novel techniques that minimized a functional
with spatially and temporally discretized test functions. In this paper attention
is confined to designing a finite element [8] methodology for two-dimensional
linear static analysis of isotropic continua undergoing flexural and plane strain
isochoric deformations.

Utilizing the Ritz variational formulation [42], in order to generate approxi-
mate solutions for boundary value problems of continuum mechanics, Courant
proposed spatial discretization via triangulation [10] that was associated with
linear displacement fields. Thus, for all problems of mathematical physics,
because the partial di↵erential equations are of second or higher order, homo-
geneous balance equations (i.e., local or point-wise strong equilibrium condi-
tions) are always satisfied. When the Ritz functional is accurately evaluated
exact solutions for constant boundary stresses can be numerically reproduced
by any collection (or patch) of elements of arbitrary geometrical shapes. This
is the demand from Iron’s patch test. [22,23]. The Courant triangulation yields
constant stress fields, hence any such patch become ‘too sti↵’ when the bench-
mark test of an Euler-Bernoulli beam is conducted. Therein, the constraint
due to triangular shapes, under pure bending, contaminates all elements with
shear stresses (because a patch of triangular elements cannot approximate a
stress gradient without shear). This inaccuracy is known as shear-locking. De-
partures from basic exact solutions are associated with modeling deficiencies,
and this class of phenomena, in general, is termed to be locking [30].

In order to improve the accuracy of Courant’s triangular elements, Taig
[46,47] introduced quadrilateral elements and the accompanying isoparametric
formulation. The associated energy density functions (in the Ritz variational
statement) were integrated numerically [21]. Based on Projective Geometry
[43], Wachspress coordinates [48,19] (generalized barycentric coordinates [16])
allowed polygonal elements that resemble boundary elements[3,29]. Instead
of isoparametric mapping, rational polynomials in the physical x, y� frame
formed the basis functions. The formulation was amenable to analytical eval-
uation of the energy integral (

R
BT D B d⌦ within each element ⌦), [12].

Locking problems still persisted.
The reason is that neither Taig’s isoparametric nor the Wachspress Padé

formulation permits an edge of a quadrilateral element to curve. This is a
kinematic requirement of the Euler-Bernoulli beam where only ‘a plane sec-
tion normal to the neutral axis remains plane’ (and does not curve). Thus
by constraining an element edge to remain straight, when it should curve in
flexure, locking was invariably introduced.

This paper solves locking problems for a four-node plane element that can
be a convex or concave quadrilateral or a triangle with a side node where
the displacement vectors are obtained from Rayleigh displacement modes of
quadratic polynomials that satisfy equilibrium in the strong sense. The result-
ing Ritz test functions, which are linear combination of Rayleigh modes, are
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Courant “admissible” [10] because each independently satisfy static equilib-
rium.

For a benchmark (concave) finite element, detailed algebraic expressions
are presented in Appendix-II. The necessary exact integration expression is
included in Appendix-I. The computer mathematics environment Mathematica
is extensively employed in concept development and numerical calculations.

Each deformation field associated with Courant’s triangulation introduces
a change in ‘volume’ (i.e., area in plane strain cases). Consequently, for the
limiting incompressible case of the Poisson’s ratio ⌫ = 1

2 , it has been a daunting
task to recover the constant element pressure }. The Rayleigh displacement
vectors, which contain ‘without shear the constant transverse gradient of an
axial strain’ (e.g., flexural strains) and the ‘constant dilatational distribution’
independently, paved the solution to alleviate the di�culties with incompress-
ibility and shear-locking.

The proposed formulation is not hybrid as Fix defines in [15] nor non-
conforming/incompatible that is elaborated with historical references in [20].
Also, the choice of physically “admissible” [10] Ritz test functions followed by
analytical integration (not any numerical quadrature whatsoever) to construct
the element sti↵ness matrix insulate the present formulation from “variational
crimes” [45]. MacNiels’s defect-free characterization [31] is an appropriate de-
scription of what is achieved here with Rayleigh modes and exact integration.

Rigorous analyses of the numerical development of this paper can be traced
back to various publications of Irschik (with co-authors); e.g., [38] on the role
of the Poisson’s ratio in finite element basis functions, formulating the problem
in the natural x, y frame [18] rather than computational ⌘, ⇠ coordinates [46,
21], for continuum mechanics with source terms in bio-morphometric analysis
[24]. Solutions for ‘coupled displacement vectors’ in bio-, micro- and nano-
thermo-mechanical applications motivated this finite element formulation.

2 Formulation

The entire formulation is carried out in the ‘x, y’ physical (not ‘⌘, ⇠’ com-
putational) frame with element vertices (xi, yi) for node i. Calculations for
compressibility, ⌫ 6= 1

2 , and incompressibility, ⌫ = 1
2 , require two di↵erent

strategies to utilize the Ritz formulation. Then within each two classes, the con-
stant strain problems must be addressed before the shear-locking phenomenon
is modeled; also, the rigid body modes must be incorporated first. For four-
node plane elements, there are eight nodal displacement degrees-of-freedom,
consequently, eight independent physical criteria are to be selected here.

The standard notation of elasticity is used here:

axial strains along x, y : ✏xx, ✏yy (1)
axial stresses along x, y : �xx,�yy (2)
shear strain and stress: �xy, ⌧xy (3)
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In this paper to address shear-locking and incompressibility, the Rayleigh
modes are:

(a) rigid body modes
(i) mode-1: rigid body motion in the x� direction
(ii) mode-2: rigid body motion in the y� direction
(iii) mode-3: rigid body rotation on the x� y plane

(b) constant strain fields
(a) constant deviatoric strains

(i) mode-4: ✏xx = �✏yy = c1, �xy = 0; c1 : an arbitrary constant
(ii) mode-5: ✏xx = ✏yy = 0, �xy = c2; c2 : an arbitrary constant

(c) constant (non-zero) delation
(i) mode-6: ✏xx = ✏yy = c3, �xy = 0; c3 : an arbitrary constant

(d) to emphasize locking-free fields flexural modes are expressed in terms of
stresses

(i) mode-7: @
@y�xx = c4,�yy = 0, ⌧xy = 0; c4 : an arbitrary constant

(ii) mode-8: @
@x�yy = c5,�xx = 0, ⌧xy = 0; c5 : an arbitrary constant

In modes-7 and 8 the stress gradient tensors implies that along n normal to
any arbitrary direction t, i.e., t ? n, @

@n�tt is a constant.
The test functions for the Ritz variational formulation [42] are linear com-

bination of Rayleigh modes. Since the displacement vector associated with
each Rayleigh mode complies with all balance laws, all test functions for the
Ritz variational formulation Courant “admissible” [10].

2.1 Three-node plane compressible elements

The incompressible cases are verified first to pass the uniform stress patch tests.

In the x� y frame the six Rayleigh vectors:  i =
⇢

u : x� displacement
v : y � displacement

�
are:

(a) rigid body modes

(i) mode-1:  1(x, y) =  1 =
⇢

1
0

�
: rigid body motion in the x� direction

(ii) mode-2:  1(x, y) =  2 =
⇢

0
1

�
: rigid body motion in the y� direction

(iii) mode-3:  3(x, y) =
⇢
�y
x

�
: rigid body rotation on the x� y plane

(b) constant strain fields
(a) constant deviatoric strains

(i) mode-4:  4(x, y) =
⇢

x
�y

�

(ii) mode-5:  5(x, y) =
⇢

y
x

�

(c) constant (non-zero) delation

(i) mode-6:  6(x, y) =
⇢

x
y

�
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It is important to note that modes-1 through 5 yield zero dilatation as
evidenced by:

<
@

@
x,
@

@
y > � I , I = 1 . . . 5 (4)

the subscript I signifies an incompressible mode.
a row vector is encased within angle braces < > and
the dot product is indicated by � (5)

The continuum displacements and nodal ones are connected via the Ritz
(vector valued) test functions {�i}:⇢

u
v

�
=

6X
i

{�i(x, y)} ri; �i(x, y) =
6X
j

↵ij  j(x, y); �i : 2⇥ 1 columns (6)

{r} : displacements at degrees-of-freedom; ↵ij : modal participation factors
i.e., ↵ij indicates the contribution of mode-j to i-th. degree-of-freedom

Since for the i th. node (xi, yi), the zero or unit displacement is dictated by
the i th. degree-of-freedom being zero or one, it can be shown that:

[↵]T =

2
4 (x1, y1)
 (x2, y2)
 (x3, y3)

3
5
�1

; (x, y) = { 1, . . . 6} : size: 2⇥ 6 (7)

Now the standard constitutive and strain displacement matrices B and D are
used as the Ritz functional is minimized with respect to {r} leading to the
sti↵ness matrix:

[k] =
Z

BT D B d⌦; {R} = [k] {r} ; {R} : nodal force vector (8)

Since all elements of the strain energy density matrix (BT D B) are constants,
one point quadrature leads to the exact integrals. Successful patch tests for
uniform stresses verified the computer program. The detail numerical results
are omitted here in the interest of brevity.

2.2 Three-node plane incompressible elements

Here a constant pressure } replaces the dilatation mode-6, then:⇢
u
v

�
=

5X
i

{�i(x, y)} ri; �i(x, y) =
5X
I

↵iI  I(x, y); (9)

From the Ritz variational form the nodal loads Ri are expressed in terms of
} and ↵iI . Equations of nodal equilibrium and compatibility are explicitly
written out and the system of equations are solved for } and ↵iI . All sym-
bolic calculations are carried out using Mathematica. The computer algebra
programming is somewhat involved so only the results are presented here. The
example in Fig. 1 captured the exact solutions for the following problem.
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plane strain problem; µ =
1
3
; ⌫ =

1
2
; (10)

2 4 6 8 10

!1

1

2

3

1

2

3

4

1

2

34

5

6

nodes:!!0, 0", !10, 0", !10, 2", !0, 2", !0, 1", !2, 2""

Fig. 1 Patch test with incompressible triangles: analytical fields are captured

Uniform unit stress blocks are replaced by horizontal forces at nodes, 2 and
3 by +1 and at 5 by -1, in the horizontal direction along the x�axis. For all
elements identical pressures, stresses and strains were obtained from symbolic
computation where exact results were captured:

} =
1
2
; {�x,�y, ⌧xy} = {1, 0, 0} ; {✏x, ✏y, �xy} =

⇢
3
4
,�3

4
, 0

�
(11)

3 Four-node plane elements to accommodate pure bending

In the classical Courant triangulation, the linear fields  i(x, y), i = 1 . . . 6, will
satisfy any partial di↵erential equation of mathematical physics. Beyond tri-
angulations, the coupled interpolant Rayleigh modes are quadratic (or higher
order) polynomials. The term coupled signify that one component of  i de-
pends on the other. Thus, the proposed method can be termed to be a Rayleigh
modal formulation, as opposed to the conventional Courant nodal one when

the uncoupled Ritz test functions: 'i =
⇢

Sk

0

�
or

⇢
0
S`

�
, where i = 1 . . . 8; k, ` =

1 . . . 4, are constructed directly from the Wachspress basis functions (general-
ized barycentric coordinates [16] including concavity and side node) Sk(x, y),
of the four-node plane element with vertices (xk, yk), k = 1 . . . 4, when the
continuum displacement vector became:⇢

u
v

�
=


S1, 0, S2, 0, S3, 0, S4, 0
0, S1, 0, S2, 0, S3 0, S4

�
{r} = {'i} {r} = ['] {r} ; (12)

where:['] is (continuum) field (nodal) displacement transformation matrix.

Unlike equation (12) i.e., equation (8) of [38], here, similar to equation
(5) of [18] The Ritz test functions {�}, which are linear combinations of he
Rayleigh flexural modes { }, are functions of the Poisson’s ratio ⌫. This makes
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the proposed Ritz functions {�i(⌫, x, y)} a better choice than conventional
shape functions {'i(x, y)} in the light of Irschik and his co-authors’ concern
expressed in [38]:

“The main problem of the standard continuum mechanics based for-
mulation is the Poisson ratio ⌫ which couples axial strains ... and the
transverse normal strains ... in the stress strain relation ... ,”

The following choice alleviates the shortcomings in {'} via  7, 8 :

(a) plane strain

(i) mode-7:  7(⌫, x, y) =

8><
>:

x y

�1
2

⇣
x2 +

⇣
⌫

1�⌫

⌘
y2

⌘
9>=
>;

(ii) mode-8:  8(⌫, x, y) =

8<
:
�1

2

⇣⇣
⌫

1�⌫

⌘
x2 + y2

⌘

x y

9=
;

(b) plane stress

(i) mode-7:  7(⌫, x, y) =
⇢

x y
�1

2

�
x2 + ⌫ y2

��

(ii) mode-8:  8(⌫, x, y) =
⇢
�1

2

�
⌫ x2 + y2

�
x y

�

(c) plane strain incompressible

(i) mode-7:  7(⌫, x, y) =

8<
:

x y

�1
2

�
x2 + y2

�
9=
;

(ii) mode-8:  8(⌫, x, y) =
⇢
�1

2

�
x2 + y2

�
x y

�

3.1 Compressible four-node elements

The computer algebra program, which has been tested with triangular ele-
ments in §2.1, now incorporates:

1. the flexural modes-7 and 8
2. exact integration, vide, Appendix-II, of quadratic polynomials to evaluate

the element sti↵ness matrix from equation (8).

Dimensions of vectors (lists in computer algebra) and matrices (lists of
lists) are evaluated as the calculation proceeds with the same code of §2.1.
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3.1.1 General form for compressible media

In <n in an element with m nodes, there are n ⇥ m number of degrees-
of-freedom. One needs, n ⇥ m number of Rayleigh vectors that can assure
zero-locking for all physical phenomena like strain gradients as encountered in
micro-mechanics.

In the interest of generalization the x, y and u, v nomenclature are replaced
respectively by x1, x2 and u1, u2 in equation (6) leading to:

for triangles:
⇢

u1

u2

�
=

⇥
�i

⇤
{r} = [�] {r} ;�i(x, y) =

6X
j

↵ij  j(x, y); (13)

and with the inclusion of the flexural modes:

�i(x, y) =
8X
j

↵ij  j(x, y); [↵] : 8⇥ 8 matrix and [�] : 8⇥ 2 (14)

For a canonical concave element [�] is in Appendix-II, equation (20).
Since Rayleigh mode vectors for elements beyond the Courant triangle cou-

ple the displacement components through the Poisson’s ratio ⌫ in the following
equations all  are indicated with the argument ⌫.

Extension for an m-node element in <n, with nm = n⇥m, the analog of
equation (6) follows, therein each nm Rayleigh mode  i is a n⇥ 1 vector :8>>><
>>>:

u1

u2
...

un

9>>>=
>>>;

=
nmX
i=1

{�i} ri = [�] {r} ;

8>>>><
>>>>:

summary of notations:
{ i} : Rayleigh modes: n⇥ nm
{�i} : Ritz test functions: n⇥ nm

{'i} :
⇢

field-displacement matrix: n⇥ nm
with m independent basis functions

matrix [. . .]: a ‘list of lists’ {{. . .} , {. . .} , . . .}; (15)

in general: �i(⌫, x1, x2, . . . , xn) =
nmX
j

↵ij  j(⌫, x1, x2, . . . , xn); (16)

The modal participation factors are calculated as in equation (7). The nodal
point coordinates of node-j is indicated with a superscript:

for the first node the coordinates are:
⇣
x(1)

1 , x(1)
2 , . . . , x(1)

n

⌘

for the j�th. node the coordinates are:
⇣
x(j)

1 , x(j)
2 , . . . , x(j)

n

⌘
, j = 1,m (17)

[↵]T =

2
66666664

 
⇣
⌫, x(1)

1 , x(1)
2 , . . . , x(1)

n

⌘

 
⇣
⌫, x(2)

1 , x(2)
2 , . . . , x(2)

n

⌘
...

 
⇣
⌫, x(m)

1 , x(m)
2 , . . . , x(m)

n

⌘

3
77777775

�1

;
⇢
 (x, y) = { 1, . . . nm}
 i : a vector of n rows (18)
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The Mathematica program for the triangular element can be easily ex-
tended since all list operations (and matrix operations, when a matrix is
structured as a list of lists) remain the same for equations (??) through (15)
as equations (6) and (7).

The sti↵ness matrix expression equation (8) results from the Ritz varia-
tional formulation hence it is independent of m,n. However, the exact integra-
tion in the element bounded by hyper-planes in <n�1 require (n-2) applications
of the divergence theorem to convert the integral on a (plane) polygon.

3.1.2 Numerical Results: Locking-free exact response

Highlights from a series of numerical experimentations are presented now. Each
node is numbered and each element number is shown within a white disc. The
results are from a Mathematica program. The problem description is:

Young’s Modulus = 1; Poisson’s Ratio =
1
4
; plane stress problem; (19)

StressProfiles !" !!6. ! 12. y, 0, 0", !6. ! 12. y, 0, 0""
StrainProfiles !" !!6. ! 12. y, !1.5 # 3. y, 0", !6. ! 12. y, !1.5 # 3. y, 0""

NodalDisplacements !" !!0, 0", !24., 96.", !60., 600.", !!60., 600.", !!36., 216.", !0, 0""

1 2

1 2 3

456

0 2 4 6 8 10

!1

0

1

2

Fig. 2 Two element patch; horizontal forces: +1 at node 3, -1 at 4

StressProfiles !" !!6. ! 12. y, 0, 0", !6. ! 12. y, 0, 0""
StrainProfiles !" !!6. ! 12. y, !1.5 # 3. y, 0", !6. ! 12. y, !1.5 # 3. y, 0""

NodalDisplacements !" !!0, 0", !60., 600.", !!60., 600.", !0, 0", !0, 149.625""

1
2

1 2

34

5

0 2 4 6 8 10

!1

0

1

2

Fig. 3 Two triangles with side-nodes; horizontal force: +1 at node 2, -1 at 3
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The stress, strain and displacement profiles are identical in both elements
of Fig. 2 and Fig. 3. The calculations reproduced the analytical results. There
is no shear stress (and strain) and the bending stresses (and strains) are linear
in y:

strains: {✏xx, ✏yy, �xy} = {6� 12y, 3y � 3/2, 0} (20)
stresses: {�xx,�yy, ⌧xy} = {6� 12y, 0, 0} (21)

The end y�displacement (vertical deflection) is 600 that matches the analytical
result exactly.

3.2 Incompressible four-node elements

The modal participation statement, equation (9), is rewritten:⇢
u
v

�
=

⇥
�i

⇤
{r} = [�] {r} ;�i(x, y) =

8X
I 6=6

↵iI  I(x, y); (22)

and the Mathematica program of §2.2 is implemented. The exact results were
obtained for the example in Fig. 4.

1 2 3

1 2

34

5

6 7

8for all elements: !"1!3; #"1!2
element pressure: 3!2

element stresses: "3$3 y, 0, 0#; element strains: 9"1$y, $1%y, 0#!4;
unit force

unit force

0 2 4 6 8 10 12
x

$1

0

1

2

3

y

Fig. 4 A Locking-free test with incompressible elements

As it has been mentioned in §2.2, the intricate programming details are not
included in this paper. Consequently, intermediate numerics are not presented.

3.3 Morphometric applications

A number of practical applications with the Wachspress formulation of 1971
[48] were reported in 1991 in [32] followed by [34,33]. The notion of concavity
was detected in a later publication [13]. However, it was Irschik’s formulation of
2003 with source terms in growth analysis [24,27] demanded high accuracies in
shape-analysis with proper treatment of incompressibility and locking issues.
This paper intends to furnish an accurate method for bio-medical applications.
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4 Comments on Symbolic Computations

Fortran language,[1], was designed according to the imperative program-
ming paradigm to carry out numeric calculations. Very soon after that, Mc-
Carthy released LISP, [36] as a functional programming language based on the
��calculus, [7].

Contemporary revolution in digital computing made it possible to under-
take very complicated, [50], symbolic and numerical computation in tandem.
Mathematica meets the expectation of McCarthy’s “common sense,” [35], in
computing. Immense theoretical progress, [5], can aid uniqueness proofs for
the stress fields in equilibrium to be the best choice of Courant “admissible”
set of Ritz test functions. Text books on finite elements, e.g., [2], and general
continuum mechanics, e.g., [9], and especially, excellent material by Carlos A.
Felippa, with detailed Mathematica codes to developing symbolic programs:
http://www.scribd.com/doc/46188490/Reference-Fellipa
is a very rich resource.

4.1 Experimentation with concave finite elements

Concave finite elements are extremely rare in the literature. Wachspress in
1975, [49], discussed the method to determine the the shape functions that are
linear along the edges.

Recent interests on concave element have been motivated by biological
growth analysis, [37]. Specifically in cranio-facial morphology, [13], concavity
cannot be ignored. The invariant analysis of bio-morphometry, [41], demanded
analytical formulations. Many of those legacy codes (of 1980) are still used,
[4], in current research. Irschik’s seminal work, reported in [27], laid out the
framework for immediate applications in bio-morphology. His earlier work,
in continuum mechanics related to source terms makes rigorous analytical
formulations possible to model growth absorption and resorption that was
initially introduced in 1982, [44], from an engineering perspective. Especially,
the rational treatment, [26], makes it possible to characterize growth without
landmarks, within the context of non-unique solutions, [25,11].

The surface growth phenomenon, as opposed to the volumetric one, intro-
duces concavities in biological objects. Thus Irschik’s explicit representation,
from 2003, of the mechanics of surface growth, [24], motivated the author to
deploy the Wachspress formulation, [14] in 2008 to model compatible elements.

4.2 Scalar and vector field computations

The nondimensional parameter ⌫ couples the displacement vectors via the
equilibrium equation. Mathematica programs require very little modifications
to handle scalar and vector objects side by side. From the physics of the
problem the Buckingham ⇧-theorem, which is a formalization of the Rayleigh
method for dimensional analysis, is thusadequately addressed in computation.
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5 Conclusions

Closed form shear-locking free two-dimensional analytical results are repro-
duced devoid of “variational crimes [45].” Pian’s stress-based formulation [40],
where the Poisson’s ratio dependent [38] Rayleigh flexure modes satisfied equi-
librium, is carried out in a computer algebra environment (Mathematica) with
exact integration (not any numerical quadrature). Thus, the Rayleigh modal
displacement profiles are concluded to be the best Courant “admissible” can-
didates for the Ritz formulation.

Computer algebra has been indispensable during the concept development
phase. Symbolic computation, which has been in the mind of pioneers [39], is
anticipated to find wider applications in all research fields of engineering and
sciences [50]. Now, with the advent of seamless translation into C++ codes,
e.g., [17], high accuracy finite element computations have become economical
in engineering mechanics and computer graphics (to name a few) simulations
especially with the Graphics or Visual Processing Units (GPU or VPU).

The computational steps developed here serve as building blocks in con-
structing other two- and three-dimensional defect-free elements [31]. For ex-
ample, in eight-node three-dimensional elements, the 24 Rayleigh modes could
be selected according to [28]. Integration on the element volume are to be con-
verted to the boundary integrals by divergence theorem. Closed form results
in the appendices can be utilized in procedural programs to carry out:

1. Qualitatively select the Rayleigh modes to be reproduced
2. For each mode, derive the analytical (coupled) displacement fields that

satisfy equilibrium
3. Linearly combine the Rayleigh modes to obtain shape vector matrix: [S]
4. Solution of unknowns:

(a) Compressible cases:
i. Obtain B from [S]
ii. Carry out exact integration in

R
BT D B d⌦

iii. Solve for nodal displacements
(b) Incompressible cases:

i. Substitute all Raleigh modes pertaining to dilatation with } and
its spatial derivatives

ii. Convert boundary traction, which consists of the applied ones and
those obtained from }, to nodal loads

iii. Write all equations of equilibrium and compatibility
iv. Solve for nodal displacements and coe�cients for } and its spatial

derivatives
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Appendix-I: Closed form expression for element sti↵ness evaluation

For four-node plane elements, the exact integrals of quadratic functions within
non-rectangular regions can be computed using the closed form expression
presented in this section. For a quadratic displacement fields in x� y domain,
the strain fields are linear in x and y and the energy density is a quadratic
function in x, y. The following expression is applicable for convex and concave
quadrilateral elements and triangles with one side node.

Let the element domain ⌦ be defined by:
nodes = {{x1, y1} , {x2, y2} , {x3, y3} , {x4, y4}}.
Then

⇣ R
⌦

(a1 + a2 x + a3 y + a4 x2 + a5 x y + a6 y2) d⌦
⌘

is:

-(1/24) (y1 - y2) (2 a4 x1^3 + 2 a4 x1^2 x2 + 2 a4 x1 x2^2 +
2 a4 x2^3 + 12 a1 (x1 + x2) +
4 a2 (x1^2 + x1 x2 + x2^2) + 8 a3 x1 y1 +
3 a5 x1^2 y1 + 4 a3 x2 y1 + 2 a5 x1 x2 y1 +
a5 x2^2 y1 + 6 a6 x1 y1^2 + 2 a6 x2 y1^2 +
(4 a3 (x1 + 2 x2) + a5 (x1^2 + 2 x1 x2 + 3 x2^2) +
4 a6 (x1 + x2) y1) y2 + 2 a6 (x1 + 3 x2) y2^2) -

(1/24) (y2 - y3) (2 a4 x2^3 + 2 a4 x2^2 x3 + 2 a4 x2 x3^2 +
2 a4 x3^3 + 12 a1 (x2 + x3) +
4 a2 (x2^2 + x2 x3 + x3^2) +
8 a3 x2 y2 + 3 a5 x2^2 y2 + 4 a3 x3 y2 +
2 a5 x2 x3 y2 +
a5 x3^2 y2 + 6 a6 x2 y2^2 + 2 a6 x3 y2^2 +
(4 a3 (x2 + 2 x3) + a5 (x2^2 + 2 x2 x3 + 3 x3^2) +
4 a6 (x2 + x3) y2) y3 + 2 a6 (x2 + 3 x3) y3^2) +

(1/24) (y1 - y4) (2 a4 x1^3 + 2 a4 x1^2 x4 + 2 a4 x1 x4^2 +
2 a4 x4^3 + 12 a1 (x1 + x4) +
4 a2 (x1^2 + x1 x4 + x4^2) + 8 a3 x1 y1 +
3 a5 x1^2 y1 + 4 a3 x4 y1 + 2 a5 x1 x4 y1 +
a5 x4^2 y1 + 6 a6 x1 y1^2 + 2 a6 x4 y1^2 +
(4 a3 (x1 + 2 x4) + a5 (x1^2 + 2 x1 x4 + 3 x4^2) +
4 a6 (x1 + x4) y1) y4 + 2 a6 (x1 + 3 x4) y4^2) -

(1/24) (y3 - y4) (2 a4 x3^3 + 2 a4 x3^2 x4 + 2 a4 x3 x4^2 +
2 a4 x4^3 + 12 a1 (x3 + x4) +
4 a2 (x3^2 + x3 x4 + x4^2) + 8 a3 x3 y3 + 3 a5 x3^2 y3 +
4 a3 x4 y3 + 2 a5 x3 x4 y3 + a5 x4^2 y3 + 6 a6 x3 y3^2 +
2 a6 x4 y3^2 + (4 a3 (x3 + 2 x4) +
a5 (x3^2 + 2 x3 x4 + 3 x4^2) + 4 a6 (x3 + x4) y3) y4 +
2 a6 (x3 + 3 x4) y4^2)

with the following sign correction. If (twice the area) :
(-(x2 - x4) (y1 - y3) + (x1 - x3) (y2 - y4))
is negative then the sign of the above expression is to be changed.
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Appendix-II:Exact algebraic and numeric Results

The element in Fig. 5 under plane strain was analyzed without round-o↵ with:
nodes : {{�1, 0} , {0, 0} , {0,�1} , {1, 1}} ; ⌫ = 1

5 ; Young’s Modulus = 1
The mode shape matrix [�], like equation (14) ,was obained, where [�]T :2
66666666664

� 5
18

�
�x2 � 4y2

�
� 16xy

9 � 13x
18 + 10y

9 ,�2
9

�
�4x2 � y2

�
� 20xy

9 + 8x
9 + 2y

9
�2

9

�
�x2 � 4y2

�
� 20xy

9 + 2x
9 + 8y

9 ,� 5
18

�
�4x2 � y2

�
� 16xy

9 + x
9 + 5y

18
5
6

�
�x2 � 4y2

�
+ 16xy

3 + x
6 �

7y
3 + 1, 2

3

�
�4x2 � y2

�
+ 20xy

3 � 8x
3 �

2y
3

2
3

�
�x2 � 4y2

�
+ 20xy

3 � 2x
3 �

8y
3 , 5

6

�
�4x2 � y2

�
+ 16xy

3 � 7x
3 + y

6 + 1
� 5

18

�
�x2 � 4y2

�
� 16xy

9 + 5x
18 + y

9 ,�2
9

�
�4x2 � y2

�
� 20xy

9 + 8x
9 + 2y

9
�2

9

�
�x2 � 4y2

�
� 20xy

9 + 2x
9 + 8y

9 ,� 5
18

�
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�
� 16xy
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9 � 13y
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� 5
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�x2 � 4y2

�
� 16xy
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A Concave Element

Fig. 5 A concave element

The BT : transposed strain-displacement matrix is:2
66666666666666666664

5x
9 �
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9 � 13
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9 , 2
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The lower triangle of the element sti↵ness matrix is:2
6666666666666666666664
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