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Abstract

On arbitrary plane quadrilaterals, difficulties in integrating energy
densities prevented analysts from directly using shape function expres-
sions in terms of the physical coordinate variables (z and y). With
the availability of an exact integration procedure, shape functions are
sought here as explicit expressions (in z and y). Conventional isopara-
metric (indirect) representation, via canonical coordinate variables (7
and &) on a unit square in the computational domain, do not reveal
the presence of irrational algebraic expressions that were first elab-
orated by Wachspress. Computer algebra systems demonstrate that
the isoparametric shape functions are: for a general quadrilateral —
linear and a square root of a quadratic (in x and y); for a trapezoid
— identical to the Wachspress rational polynomials; for a parallel-

ogram — bilinear functions; and, moreover, even valid for a triangle



with a side node. The failure of the isoparametric formulation for con-
cave domains is traced to the negative argument of irrational parts.
Shape functions in the physical domain (z— and y— ) facilitate con-
tour plotting of responses (e.g., temperature distributions) within
quadrilateral elements. A subsequent paper details exact calculation
of stiffness matrices where the presented shape functions (in  and y)

are indispensable.
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1 Introduction

Generation of shape functions is the most fundamental task in any finite
element implementation. Following Courant’s formulation, ref. [2], for two-
and three-dimensional simplex elements, i.e., triangles and tetrahedrons re-
spectively, the shape functions are linear algebraic functions of coordinate

variables, x,y and x,y, z respectively, of the form:

a, + a1z 4+ asy = 0; for two-dimensional cases (1)

(o + a1x + asy + azz = 0;  for three-dimensional cases (2)

The challenge to postulate shape functions for plane quadrilaterals and three-
dimensional hexahedrals were adequately met by the ingenious formulation of
Taig, ref. [9] — well-known in the literature as the isoparametric formulation.
This algebraic construct is the focus of this paper. In essence, Taig starts
with the bi-linear or tri-linear forms of shape functions on a unit square or
a unit cube for two- or three-dimensions, respectively, in (n,£) and (n,£, ()
Cartesian coordinates. The isoparametric assumption is that the physical
coordinates (x,y) and (x,y, z), which define the actual element in space, are
themselves ‘interpolated’ from the nodal values of elements. Details can be
found in standard text books, e.g., ref.[13]. However, in no literature shape
functions are expressed in (z,y) and (x,y,z) coordinates. The objective
of this paper is to furnish explicit algebraic expressions for isoparametric
shape functions in terms of (z,y) coordinates for plane convex quadrilaterals.
Similar methodology is anticipated to yield shape functions for analogous

three-dimensional cases.



1.1 Essential properties of shape functions

Shape functions are approzimating test functions for elliptic partial differen-
tial equations of mathematical physics, e.g., potential and vibration prob-
lems, ref. [2]. These approximants are in accordance with the nodal indepen-
dence characterization. For a generic node (number i), whose coordinates are
represented by a location vector p; — (x;,v;), (24, v:, 2;) for two- and three
dimensional cases, respectively — a shape function ¢; possesses the following

global Kronecker property:

¢i(p,) = 0;; : Kronecker’s delta, i.e., (3)
=1, fori =
—0, fori # j

The elliptic nature of the field equation necessitates strict adherence to the

following local maximum-minimum condition and the mean-value form:

0<o(p) <1l,peq, and quj(p) =1; (4)

respectively, within the element domain €.
An objectivity condition stems from the second order partial differential

equations that mandates exact interpolation of a constant and linear fields:

> wioip) =z Y yiip) = v

and Z 2;¢;(p) = z — for three-dimensional problems (5)



A linear field between nodes is sufficient to prevent inter-element separa-

tion (i.e., a finite jump in the field value across element interfaces):

¢i(p) =1—1;

7 measured from p,(7 = 0) to p, 11(7 = 1) (6)

The above prescription for shape functions are for second order partial dif-
ferential equations, higher (even) order cases can be similarly constructed for
more complex elements with adequate number of degrees-of-freedom.

A replica of equation (5) with & — the shape functions on the canonical
square or cube where a generic point p* denotes (7, ) or (n, £ (), respectively,

becomes:

D w7 =2 Y y®(07) = s
and Z 2;®;(p*) = z — for three-dimensions (7)

This is the cardinal idea behind the isoparametric formulation. This inge-
nious algebraic scheme (even though devoid of any geometrical basis) has

elevated the finite element method beyond triangulation.

1.2 The Wachspress formulation

Due to the lack of any analytical reasoning behind the isoparametric for-
mulation, such a useful method cannot be extended to convex polygons of
arbitrary number of sides. Wachspress, ref. [12], employed projective geome-
try constructs to generate shape functions for all convex polygons in the form

of rational polynomials, i.e., a polynomial divided by another polynomial (of
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one less degree). A computational treatment can be found in ref.[4]. For

four-node quadrilaterals a shape function is of the following form:

Ao + a1 + asy + asz? + asx y + asy?
;@ bj : constants (8)
bO + bll‘ + bgy

It is demonstrated in this paper that the isoparametric formulation, though
heuristic, yet reproduces the Wachspress results for trapezoids (and parallel-
ograms). An interesting fact, which is illustrated here, is that for a triangle
with a side node, equation (8) is not valid. However, the isoparametric for-
mulation still holds. These new results, which are reported here for the first
time, became available when the isoparametric idea has been explored in the
(x,y) (physical) coordinates rather using the conventional (7,£) canonical
variables.

A computer algebra environment, e.g., Mathematica, becomes indispens-
able to constructing shape function in the (object) physical (x,y) coordi-
nates. Detailed steps for hand calculation (and verification) are presented
here along with suggested strategies to conveniently develop efficient C or

FORTRAN programs (from the Mathematica symbolic code segments).



2 Closed form expressions for isoparametric
coordinate transformations

The isoparametric formulation yields shape functions for irregular convex
quadrilaterals (hereafter referred as quadrilaterals and convex unless other-
wise explicitly indicated). The starting point is the bilinear shape functions
on a unit square (the computational domain) in Figure 1 with corner nodes

at:

(0,0), (1,0), (1,1), (0,1) (9)

in (n,&) coordinates.
Bilinear shape function

. & (for node number 1)
Canonical square

&(node numbers circled) 14 @
I @ 08
03 0.6
06 0.4
04
02 0.2
D AR 1D > 1
02040608 1 02 04 06 08 1

Figure 1: Canonical square — computational domain

In terms of the canonical (7, ) coordinate variables the shape functions are:

(I=m) 1=8, n(1=¢, n§ (1-n)¢ (10)

The contour plot of the first one is shown in Figure 1.
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Consider an arbitrary (convex) quadrilateral in the z — y plane with the

following vertices (numbered counterclockwise), vide Figure 2:

(z1,1); (w2,92); (23,93); (24, v4) (11)

Y General quadrilateral 3
25
2
1.5
1
0.5

4

05 1 15 2 25 3

Figure 2: A general quadrilateral

The isoparametric formulation estimates the  and y coordinates in terms
of the expressions in (10) and (11). These coordinates (both x and y) them-
selves are conceived as variables to be interpolated from the nodal values

stated in (11) leading to:

r=1-n) 1= x+n(1—=8 z2+nlaxs+(1—-n)xy  (12)

y=1-n 1= mn+n1-8 p+nfys+(1—n) & (13)

From the above two bilinear equations one can eliminate n and obtain the
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following quadratic equation in &:

e & + Be € + ¢ = 0, where the coefficients are: (14)
Q¢ = —T2Y1 +T3Y1 T T1Y2 — T4 Y2 — T1Y3
T TaY3 +TaYs — T3Ya
Be =yx1 — Yo+ yx3 —YyTs—TY1 + 2224
— T3yt + Y2 =21 Y2 T Ty Y2 — TY3
T X1Ys + TYs — T2 Ys
Ve = YT+ YT+ TYr — T2y — TY2 + T1 Y2 (15)

To facilitate hand calculation and verification the aforementioned relations

are now illustrated for a particular quadrilateral, shown in Figure 2, whose

GG CD GY

The interpolated x and y coordinates in terms of the canonical shape func-

vertices are:

tions, as depicted in equations (12) and (13), are:

(I—m) (1—-¢  1n(1-=¢& 7(1-n)¢

r = 3 + 5 + 10 +3n¢ (17)

Elimination of n from the above two equations leads to:
762 + (299 — 507 — 30y) € + (36 + 1202 — 200y) = 0 (19)

It is important to note that the roots of the above quadratic equation are

real within the element domain. The discriminant of equation (19) vanishes

9



along the ‘zero discriminant curve’ as shown in Figure 3. Consider two sample
points situated in two different segments that are separated by the curve. The
values of the discriminant:

(299 — 502 — 30y)? — 76 x 4 (36 + 120 — 200 y)

on the upper left side of the curve, at (1,0) is 14577 > 0 and on the lower
right at (3,0) is —998183 < 0, are of different signs.

y real roots within the element

3

05 1/ 15 2 25 3

-1 ero discriminant curve

-2

Figure 3: Zero discriminant in the physical coordinates
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2.1 Robustness of the isoparametric formulation

The nature of the solutions for n and £ govern the shape function expressions
in the = and y coordinates. Thus, one constructs the following quadratic
equation, analogous to equation (14), in terms of 1. Eliminating ¢ from

equations (17) and (18) one obtains:

a,mz + Byn+ v =0 (20)
where oy, =x3y1 — Tay1 — T3y + TaYo — T1Y3
T ToY3 + T1Ys — T2Ya
By =ya1 —yx2+yTs — YTy —TY1 — T3y
+2x491 + T Y2 — Xy Yo — T Y3+ T1Y3
+TYs —2T1Ys + T2

Yo =—YTi+ YT+ TY — T4y — TYs+ T1Ys (21)

The discriminants calculated from equations (20) and (21) are identical
to the one shown in Figure 3, since 32 — 4 oy is the invariant for the coordi-
nate transformation. For the particular element, with the nodal coordinates

denoted in equation (16), the quadratic equation in 1 becomes:
136n* — (261 +502 +30y)n + (=19 + 1702 — 50y) = 0 (22)

The discriminant obtained from the above equation is of the form Az? +

Bxy + Cy? + linear terms, which in explicit terms becomes:

2500 22 + 3000 2 y + 900 y® — 66380 2 + 42860 y + 78457 (23)
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This represents a parabolic curve in z — y plane since:
B? —4 AC= (3000)? — 4 x 2500 x 900 = 0.
In general, from equations (14) and (20), the discriminant can be struc-

tured in the following form:

ﬁi — 4oy, v, = ﬁg —dag e ie., B —day (24)
=Az?*+ Bry+ Cy®+ lower order terms (25)
where A = (y1 — yo + Y3 — y4)°
B=—-2(x1— 22+ x3—24) (Y1 — Y2+ Y3 — Ya)

C:($1—$2+I’3—x4)2

since (B* — 4 AC) is always zero the z— and y— plot for (3* — 4a~) is
a parabola (for non-trivial cases). Hence in Figure 3 the zero discriminant
curve can never enter into the element domain. This asserts the robustness

of the isoparametric formulation for (convex) quadrilaterals.

3 Coefficients of quadratic equations govern-
ing the canonical parameters n and ¢

The isoparametric shape functions in equation (10) are expressed in 7 and
as a full bi-linear set. The parameters n— and £— can be solved as the roots
of equations (14) and (20) in terms of the location (z,y) and the nodal coor-
dinates with numeric values for variables in expression (11). Thus the shape
functions for a convex quadrilateral can be obtained in terms of the nodal
coordinates as algebraic expressions of (x,y), as illustrated in the aforemen-

tioned example.
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It is possible to facilitate solutions of (7, £) by expressing the coefficients of
quadratics in equations (14) and (20). All such coefficients can be explicitly

obtained in terms of triangular areas:

1,1,1
Ay, = det |z, 25, 1) (26)
Yis Yjs Yk

= twice the area of the triangle with vertices: (z;,v;), (z;,v;), (k, yi)

= (=2 ¥ + Tu Yi + T Y5 — Tk Y; — Ti Y T Tj Yx) (27)
1,7,k : 1,2,3,4 for nodes, and (28)
: 0 denotes a generic point (z,y) within the element (29)

By combining five indices: ¢,7,k = 0,1,2,3,4 and taking a group of
three to calculate equation (27) there are (°Cs =) 10 terms whose linear
combinations express: (o, 3, ,7,) and (ag, B¢, ve) of equations (15) and
(21) as elaborated below.
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3.1 Coefficients of quadratic equations
for C, C*" and FORTRAN coding

Here the coefficients of the quadratic equations, equations (14) and (20), are

presented in the expanded form:

Qg = —ToY1 +T3Y1 T T1Y2 — TaY2 — T1Y3 + T4 Y3+ T2Ys — T3 Y4
=Ag10— N34, (30)
Ve =YX H YTy +TY1 — Ty — TYs + T1 Y4
=Ap12 (31)
Qp =T3Y1 —T4Y1 —T3Y2 +TaY2 —T1Y3 +To2Ys + T1Ys — T2 Yy
=Ag34— Q34 (32)

Yy = Au01 (33)

The (middle) § terms are somewhat involved but can be verified from equa-

tions (15) and (21) to be:

Be=—A120—Doga— D123+ Aso3 (34)
and
By =—Do12—Doza+A1oa+Ay13 (35)
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3.2 Degenerated cases of trapezoids

It is interesting to explore the degenerate quadratics when the leading coeffi-
cients, viz., oy, ae, vanish. In such cases there will be no quadratic equation
and the canonical parameters n— and {— will take the form: —%, vide equa-
tions (31), (31), (32), (33) and (34). The geometrical implications are traced
below.

Let us first consider the case when ag in equation (30) vanishes, i.e., when

the areas of triangles with vertices 4, 1, and 2 and with vertices 3, 4, and 1

become the same. From Figure 4 one concludes that sides 4-1 and 2-3 are

parallel.

1Y *1 Y

Figure 4: A special quadrilateral: oz =0

Similarly, a,, = 0 implies, vide Figure 5, the sides 1-2 and 3-4 are parallel.

x

1.Y1

Figure 5: A special quadrilateral: o, =0
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These cases of trapezoidal elements are of special significance since ex-
periences with isoparametric quadrilaterals demonstrated a higher degree of
accuracy than a quadrilateral of considerable skewness when the popular

numerical quadrature is employed in element formulation.

To facilitate finite element code development in procedural (including ob-
ject oriented C*+, Java, C#)languages, a benchmark example is illustrated

follows.

4 A special case: trapezoid with two sides
parallel to the z-axis

In the literature, Taig’s ingenious isoparametric formulation is hardly related
to any geometrical concept since all calculations are carried out in the com-
putational square (in n— and {— ) rather than in the element itself (in z—
and y— system). Some new results of this section facilitates bridging the
gap between the isoparametric scheme and those based on rigorous analytical
concepts, e.g., Wachspress’ projective geometry and perspective transforma-

tions.

Consider a particular trapezoid:

Y2 =11 and y4 = Y3 (36)
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A Trapezoid
4

Figure 6: A trapezoid

In this case:

YT, —YTa+ T4y — 1Y+ (—y1 +y3)

n = (37)
Y1 — Yo+ YTz — YTy —T3Y1 + T4y — T1Y3 + T2Y3
Yy—uh

£ = (38)
Ys — U1

There is no irrational (square root like) term of  and £ in the aforementioned
expression.

Observe that n is in a rational polynomial (Padé) form. The other
coordinate ¢ is a linear function in y. Thus the terms in equation (10),
e, (1—n) (1=, n(1-=&, n¢& (1—mn), are all rational polynomi-
als, where the numerator polynomial is second order in x and y, and the
denominator is a linear function. These shape functions coincide with the
Wachspress interpolants, ref.[4] based on the considerations of projective

geometry, ref.[11]. This serendipitous identity with the Wachspress values
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explains why trapezoidal elements, in all cases, perform better than general

quadrilaterals (under isoparametric modeling).

4.1 Parallelograms

The isoparametric mapping becomes identical with the affine transformation,
vide ref. [8], for arbitrary parallelograms. This strong geometrical criterion

yields excellent accuracy, as has been widely observed, wvide ref. [1].

A Parallelogram

Figure 7: A parallelogram (with variables a and b shown)

The independent variables are the coordinates of the first and second
nodes, and the horizontal and vertical offsets a and b, respectively, shown in
Figure 7.

The isoparametric equations equations (12) and (13) become:
=1 =n =8 xr+ 1 =néa+a) +nl =z +né(a+z)  (39)
y=0=n0 =y + A =&l +u) +nl—Eya+nsb+y2)  (40)
Elimination of n leads to:
— Y21 + 08Ty + Yoty + Y22 — STy — alyy — Toyr + aly:

=2(y2 — 1) (41)
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Thus:

§= L0 TYTL T el T YTy — Dol — (Y2 — y1)
b by — bry — ayr + ays

(42)

Similarly after the elimination of ¢ the other canonical parameter n becomes:

—bx + ay + bxry, — ayy
—bxy + bxy + ayy — ays

n= (43)

Now, for an arbitrary (convex) quadrilateral, the shape functions introduced
in equation (3), can be obtained using the bilinear forms in equation (10) as

follows:

o1 =(b(x — z2) + aly2 — y)) ¢,
¢y =(b(x1 — 22) + 2oy — ayr + xY1 — Toy1 + ays — Y2 + 21(Y2 — Y))
¢35 =— (b(x — 1) + alys —y)o,

o3 =(b(x — 21) + alyr — y))(x2(y — y1) + (Y1 — v2) + 21(Y2 — ¥))y2 + 21(y2 — y))

@1 =((z — 2) + aly2 — y))(z2(y1 — y) + 21(y — v2) + 2(y2 — 1)) (44)
where
= =T 9= 5 9= T (45)
and the denominator
D = (b, — ) + ol — ) (46)

7 Interdependency between quadrilateral shape
functions

Symbolic computational environments can take advantage of the fact that

only one shape function (out of the four shape functions) is independent. The
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remaining three can be derived from the desirable conditions to reproduce
exactly any arbitrary linear field. For the four shape functions, which pertain
to a given quadrilateral element, ¢;, i = 1,2,3,4 the three linear relations

from equation (5) are:

O1+ P2+ o3+ @4 =1 (47)
T1Pr + X +X3¢3 + T4y = (48)
Y11+ Y202+ Yz P3 +ys Py =y (49)

The solution for ¢o, ¢3, ¢4 can be obtained in terms of ¢;. This computation
is not complete since the non-negativity of ¢; within the element (region ()
cannot guarantee the same for ¢s, @3, 4.

The interdependency relation reveals the limitation of non applicability
of (non-singular) regular functions to a degenerate case — a triangle with a

side node.

Xy Yy

X3 Y3

X,y
L ® Yo
Y1

Figure 8: A triangle with a side node — a degenerated quadrilateral
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A matrix form of the linearity, which is expressed by equations (47), (48)
and (49), is:

11 1 ®2 11—
Ty T3 Tyl 3 p =T — 1) (50)
Y2 Y3 Ya o Y — Y1 ;1

When the nodes 2, 3 and 4 are on the same line, then the determinant
of the left hand side matrix in equation (50) vanishes. Consequently, any

determination of ¢o, ¢3, ¢4 in terms of ¢; becomes impossible.

7.1 An example of triangles with a side node

To validate the results from equation (50) a sample triangle with a side node
is analyzed. The (Mathematica) symbolic code (furnished in the Appendix)

yielded the following shape functions.

16 7z 8y 13r

A TI NS T

by =— 0 2L 0y Bor

7763763 63 63

2 9z 4y 13r

BTt Tt

n="373"3 (51)
here: r =1/2? — 1011 1312 59
where: r \/x 169+ 3 + 65 (52)

The last three shape functions i.e.,¢9, ¢3, ¢4 were computed analytically from
the first one, ¢, using the interdependency relation stated in equation (50).
It is intuitively obvious that the last shape function ¢4, which contains only

the linear terms but not the irrational term r, can never reproduce ¢, ¢o, 3
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that contain r. The vanishing of the determinant associated with equation

(50) furnishes an algebraic proof of this assertion.

8 Benchmark examples

To verify the results of computer programs to be developed in procedural
programs the following cases — a general quadrilateral, trapezoid and par-

allelogram are executed by the symbolic computer program of Appendix-I.

8.1 General quadrilateral
The nodal coordinates are:

CHEIEDG) e

The isoparametric shape functions are:

9187 2705z 3545y = 55r

O =568 T 2584 2584 T 5168

b 24521 3555z | 3035y 89y
27 5168 2584 | 2584 5168

b= 9781 . 20152 1375y . 35
577 9584 T 1292 1202 | 2584

2349 795 N 815y  1375r
1292 646 646 1292

7 =1/250022 + 3000z y — 663802 + 900y2 + 42860y + 78457 (54)

4

8.2 Trapezoid

The nodal coordinates for an example (like the trapezoid shown in Figure 6)

are taken to be:
1 3 11 3 27 710
LB Y (LB () 20y (710,
<5 10) (5 10) < 10 27 0 (55)
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The shape functions are:

1
—(—300y? + 4002y + 20y — 1080z + 2133)

¢ =15

1
Py = (500y — 2400zy — 1020y + 6480z — 891)

24D
24 -1 2

3 = 241)( 5002 + 24002y — 180y — 7202 + 99)
61 =5(300y — 4002y + 700y + 120z — 237)
D =441 + 130y

8.3 Parallelogram

The nodal points:

(510) (i5:5) G5) (i 2)
10°10/°\10'5/"\2"5/)"\10" 2

(57)

for this example (of a typical parallelogram shown in Figure 7) led to the

following computed shape functions:

—_
Hu\H
-3

2002” 4 900y — 50z — 400y” — 10y + 3)

[\) [\
\H@\W\H
IS IS

(-
(20027 — 900y + 330z + 400y> — 130y — 17)
(-
(

10022 — 450yz — 80z + 200y® + 425y — 33)

p—
e~
=~

9 Comparison with Wachspress shapes

100z* 4 450yx — 60z — 200y* — 355y + 187)

(58)

The brilliant idea of isoparametric shape functions of Taig was intuitive and

lagged a rigorous geometrical basis. On the other hand Wachspress, wvide

ref. [12], developed shape functions for a class of finite elements based on
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the projective geometry constructs. A practical numerical scheme was pub-
lished in ref. [5]. In the interest of complete treatment of the isoparametric
formulation, an example of of a (convex) quadrilateral (four-node) element
is furnished here. The difference between the isoparametric and the Wachs-
press formulations are studied using the close-form algebraic expressions for

the shape functions.

It has been pointed out in ref. [5] that the isoparametric scheme exactly
captures Wachspress’ results for trapezoids (hence for parallelograms). Thus

for the comparison a generic (irregular convex) quadrilateral is considered.

The quadrilateral element of Figure 2, with coordinates in (16), is con-
sidered. The Wachspress shape functions from ref. [5] (having 10® round off

error with Mathematica Rationalize[results, 1078] ) are:

1 116859 5762 72 ~ o015y 34377 y? n 45835 n 63082z y
B 10636 3695 112559 10064 6292 10235

( 6373 | 1142547 (60772 - 31057y) _ 9576y | 2836 y2>
8548 10056 9287 7636 6199 = 2583
( 998 324374 1657y 62349y° 4971w 285850xy>
10003 10901 5680 42745 8875 48993
48847 24567 22 28941  57323y\ 54407y 342871y
Vs 5(_39921+ 7228 (9461 MO >+ 3893 9079 )
94861 59858z 20477y

10404 13729 4833

3

)
1

(59)

The difference xy = 9 — ¢, from equations(54) and (59) are Taylor ex-
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panded up to quadratic terms, and the results are:

2 Tr 1752 5y  83xy 8662y 13y* Tlaxy® 4527y’

M TTI51 T 823 3002 697 769 6063 720 504 296

B 3 L 17z +203x2+ Ty 164zxy 49x2y+22y2+106$y2 416 22 ¢
X277 9067 T 1235 T 2152 603 939 212 753 465 1691

3 8r 2322 13y N 118z y N 557x%y 259y  258xy? 107 z?y?
X3 TU357 T 739 310 1424 859 3064 1088 1439 553

1 S5r 2417 Y 58xy  T9x%y  8y*  Tlxy?  81a?y?
X4=— oo+ oe + + 2= — -
879 898 629 @ 213 821 845 677 770 814
(60)

These differences x are of interest in problems where the secondary effects
are of concern. High accuracy finite elements, as needed e.g., in stochas-
tic finite element formulations and wave propagation problems, will yield
significantly different results due to the differences denoted by x.

The four constant terms in equation (60) indeed dominate the difference
x- A plotting exercise reveales that the first and third Wachspress shape
functions are greater than those from the isoparametric case, whereas the

corresponding second and the fourth ones yield relatively lower values.

1.5 1.5
1 1
0.5 0.5
0 0
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3



1.5 1.5
1 1
0.5 0.5
0 0

0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2

Figure 9: x—for the four shape functions; positive values in black background
and negative values in light background

Since both isoparametric and the Wachspress shape functions are linear
on the boundaries the difference is due to the inclusion of an arbitrary bubble

function, vide ref. [13], due to the numerical artifact.

10 FORTRAN or C programming

Historically the FORTRAN language and C in the recent years have played
the key role in succeeding and versatile implementation of a wide variety of
finite element technics. Most commercial codes will necessitate modules that
can be compiled and executed in a highly efficient manner. The symbolic
nature of computer algebraic constructs has significantly enhanced the finite

element development in an object oriented environment (e.g., Ct* or Java)
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where large applications can be managed under robust software engineering
guidelines.

In a procedural environment, conventionally, the shape function are eval-
uated at isolated points. Numerical values of the Jacobian of the coordinate

transformation (J = g((i?g) are calculated to integrate in the r— and y—

system by performing quadrature in n— and £— with daxdy replaced by
|J|dnd€. Such programming modules (i.e., SUBROUTINE , FUNCTION) can be

clearly coded by invoking two basic units:

1. determination of area of a triangle from nodal coordinates, as described

in equation (27)
2. determination of a root n or &

(a) for a general quadrilateral element:

from quadratic equations:

aan—l—Bnn—l—%,:Oasn: (—@—1/672,—4%%)/2%

(61)
a£§2+ﬁ§§+75:0as§: (—554—\/52—4@575)/2045
(62)

Note the branches of the roots are based on counterclockwise num-

bering of nodes and the counterclockwise sense of n to &.

(b) for a trapezoidal element:
B¢+~ =0as (= —v/8; where ( stands for n or £ (63)

3. generation of the coefficients: «, (3, ~ from linear combinations of results

of item 1.
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11 Conclusions

Closed form algebraic expressions for isoparametric shape functions permit-
ted a deeper understanding of this versatile and extremely popular method,
vide ref. [9]. Existing literature, both text books and research publications,
hardly address the scope and limitation on a rigorous basis ref. [10] since
they are (almost invariably) confined to shape functions expressed in terms
of canonical coordinates  and & on a unit square (2°). Widely available
computer algebra systems can be easily employed to yield shape functions
on arbitrary (convex) quadrilaterals (€2) in terms of the physical = and y

coordinate variables.

Closed form expressions reveal the important fact that, for trapezoids
(hence parallelograms), the isoparametric results indeed coincide with the
Wachspress’ formulation based on projective geometry. This observation
provides a basis to ascertain the improvement in accuracy of isoparametric

elements as a pair of opposite sides tend to become more parallel.

The general form of shape functions in x and y coordinates contain square
root terms, whereas those in the n and £ system are strictly bilinear. This ob-
servation can provide a means to connect the intuitive isoparametric scheme
with the Wachspress irrational shape functions. Furthermore, these radical
subexpressions indicate that there cannot be a clear designation about the al-
gebraic degree of interpolants since a Taylor expansion will contain all higher
power in x and y terms. However, combination of linear terms and square

root of quadratics indicate a first order representation.
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A set of new results in this paper indicate a procedure to construct the
shape functions in x and y variables by solving quadratic equations. Very
efficient procedural (C) and object oriented (C**) codes can be developed to
construct shape functions by employing these relations in terms of areas of
various (sub-)triangles within the quadrilateral finite element (£2).

An advantage of using computer algebra is that one can visualize the
singularity that emerges as a convex quadrilateral degenerates into a triangle
with a side node. The closed form isoparametric shape functions still remain
valid. It is of interest to explore how a square root term helps construct a
function that remains zero on a semi-infinite straight line at the same time
it grows linearly on its complement.

Exact integrations in z and y variables were addressed (in general terms
by the author) in ref. [3]. Specific cases of irrational (square root type) inte-
grands akin to the isoparametric formulation are addressed in ref. [6]. This
method of computing, in x and y variables, addresses a number of crucial
questions raised in the literature regarding the accuracy and anticipated
convergence criteria, vide ref.[7], of solutions obtained from isoparametric

quadrilateral finite elements.
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Appendix: a Mathematica code

isoparametricShapesAnalytical: :usage="isoparametricShapes[nodes, {x,y}]
returns shape functions in {x, y} cordinates for a quadrilateral defined
by nodes containing the list of {xi, yi} nodal locatiomns.

Example: nodes={{1/5, 3/10},{11/5, 3/2},{3,27/10},{7/10,2}}"

isoparametricShapesAnalytical [nodes_,{x_,y_}]:=Module[{p,q,s,eq,pqRule},
s={(1/2-p)*(1/2-q), (1/2+p)*(1/2-q) , (1/2+p)*(1/2+q) , (1/2-p) *(1/2+q) };
eq=Thread [{x,y}\ [Equal] ((#.s)&/@Transpose[nodes])]//Simplify;
pgRule=Simplify[Flatten[Solve([eq,{p,q}]11];

Chop [Expand [s/.pgRule]] ]

30



Acknowledgement

The research was supported by the following grants from the National Sci-
ence Foundation: “Concave Finite Element Shape Functions” CMS-0202232,
“Workshop for Scientists and Engineers on Structural Deformations at the
Historic Site of Angkor, in Cambodia” OISE-0456406, and “US-France Co-
operative Research: Engineering Shape Calculation for Surgery, Biology and

Anthropology” INT-0233570.

Dedication

This paper is dedicated to the memory of the Late Professor Paresh N. Chat-
terjee, Emeritus Chair of the Applied Mechanics Department, Bengal Engi-
neering College (Currently renamed as the Bengal Engineering and Science
University), Shibpur, Howrah, West Bengal, India. He mentored two gen-
erations of researchers and educators of Engineering Mechanics and deeply

touched the heart of every student and colleague in a humane way.

31



References

1]

2]

T. Belytschko and D. Lasry. A fractal patch test. International Journal
for NumericalMethods in Engineering, 26(10):2199-2110, 1988.

R. Courant. Variational methods for the solution of problems of equi-
librium and vibration. Bulletin of the American Mathematical Society,

49:1-29, 1943.

G. Dasgupta. Integration within polygonal finite elements. Journal of

Aerospace Engineering, ASCE, 16(1):9-18, January 2003.

G. Dasgupta. Interpolants within convex polygons: Wachspress’ shape
functions. Journal of Aerospace Engineering, ASCE, 16(1):1-8, January
2003.

G. Dasgupta. Interpolants within convex polygons: Wachspress’ shape
functions. Journal of Aerospace Engineering, ASCE, 16(1):1-8, January
2003.

G. Dasgupta. Stiffness matrix from isoparametric closed form shape
functions using exact integration. Journal of Aerospace Engineering,

ASCE, 2005. under review.

Carlos A. Felippa, Bjorn Haugen, and Carmelo Militello. From the
individual element test to finite element templates: Evolution of the
patch test. International Journal for Numerical Methods in Engineering,

38:199-229, 1995.



[8] D. F. Rogers and J. A. Adams. Mathematical Elements of Computer
Graphics. McGraw-Hill, 1990.

[9] I. C. Taig. Structural analysis by the matrix displacement method.
Report S017, English Electric Aviation Report, England, 1961.

[10] R.L. Taylor, J.C. Simo, O.C. Zienkiewicz, and A.C.H. Chen. The patch
test — a condition for assessing FEM convergence. International Journal

for Numerical Methods in Engineering, 22:39-62, 1986.

[11] E. L. Wachspress. A Rational Basis for Function Approximation, volume

228 of Lecture Notes in Mathematics. Springer Verlag, 1971.
[12] E. L. Wachspress. A rational finite element basis. Academic Press, 1975.

[13] O. C. Zienkiewicz and R. L. Taylor. The Finite Element Method, volume
2-Solid Mechanics. Elsevier, New York, NY, 5th edition, 2000.

IT




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


