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Section 1

General Issues With Repeated Observations Data

1.1 Introduction

Definition: data in which we observe cross-sectional units at more
than one time period.

e Repeated observations data (ROD) is a very valuable resource for
finding empirical solutions to social science puzzles.

— Quantity: increases samples sizes/provides more DF.

— Quality: enables us to answer questions in ways that cross-sectional
data cannot.

e Example 1: Suppose we have a cross-sectional data set where we
observe that the participation rate of Latinos in an election is 40%.

— Could be the case that a given Latino voter has a 40% chance of
participating in any given election.

— Could also be the case that 40% of Latinos will vote in every
election and 60% will never vote.

— Can distinguish b/t these two scenarios if we get to observe these
voters over time.
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e Example 2: Democracy and Economic Growth. Some might argue
that democratic governments cause higher economic growth (b/c of
constraints on govt., etc.). Others might argue that the same con-
ditions that lead populations to accept democracy (e.g., respect for
rule of law, sense of fairness) also lead them to have higher economic
growth.

— By observing countries before and after transitions to democracy—
while presumably accounting for (possibly unobservable) factors—
we can potentially reject one of these hypotheses.

e Can estimate more elaborate models in terms of parameter variation
(allow parameters to vary over individuals and/or over time).

e Standard distinction between types of ROD:

1. T is large relative to N: Time-Series Cross-Section (TSCS) data.
2. N is large relative to T": Panel data.

e But ROD also presents new challenges:

— Concerns about asymptotics—panel v. time-series cross-section

(TSCS) data.
— How do we treat unit effects—as fixed or random?
— Complicated error structures.

— Issues of panel attrition.



e Consider the model

yir = a + B'x; + uy

where
— 4 =1,..., N cross-sectional units (e.g., countries, states, house-
holds)
—t=1,..., T time units (e.g., years, quarters, months)

— NT' = total number of data points.

e Oftentimes, this model will be estimated pooling the data from dif-
ferent units and time periods.

e Advantages: can give more leverage in estimating parameters; con-
sistent w/ “general” theories
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1.2 Example: Unobserved Country Effects and LSDV

e In the model:

Govt Spending;; = By + 1Openness; + PoZiy + €

[t might be argued that the level of government spending as a percent-
age of GDP differs for reasons that are specific to each country (e.g.,
solidaristic values in Sweden). This is also known as cross-sectional
heterogeneity.

If these unit-specific factors are correlated with other variables in the
model, we will have an instance of omitted variable bias. Even if not,
we will get larger standard errors because we are not incorporating
sources of cross-country variation into the model.

We could try to explicitly incorporate all the systematic factors that
might lead to different levels of government spending across countries,
but places high demands in terms of data gathering.

Another way to do this, which may not be as demanding data-wise,
is to introduce a set of country dummies into the model.

Gout Spending;; = «o; + 510penness; + oLy + €i

This is equivalent to introducing a country-specific intercept into the
model. Either include a dummy for all the countries but one, and
keep the intercept term, or estimate the model with a full set of
country dummies and no intercept.



1.2.1 Time Effects

e There might also be time-specific effects (e.g., government spend-
ing went up everywhere in 1973-74 in OECD economies because the
first oil shock led to unemployment and increased government unem-
ployment payments). Once again, if the time-specific factors are not
accounted for, we could face the problem of bias.

e To account for this, introduce a set of dummies for each time period.

Govt Spending;; = a; + 0; + 510penness;; + (o4 + €t

e The degrees of freedom for the model are now NT'— k — N — T.
The significance, or not, of the country-specific and time-specific ef-
fects can be tested by using and F-test to see if the country (time)
dummies are jointly significant.

e The general approach of including unit-specific dummies is known as
Least Squares Dummy Variables model, or LSDV.

e Can also include (T'—1) year dummies for time effects. These give the
difference between the predicted causal effect from x;;3 and what you
would expect for that year. There has to be one year that provides
the baseline prediction.
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1.3 Consequences of not accounting for heterogeneity

e If the o vary over individuals and we pool the data we can get bias
in estimates of the slope and intercepts—see Figs. 1.1 and 1.2.

1.4 Testing for unit or time effects

e For LSDV (including an intercept), we want to test the linear hy-
pothesis that
041:@2:...204]\[_1:0

e Can use an F'-test:
(Ryr — Ry)/(N —1)

F(N—l,NT—N—K>:(1_RZUR)/(NT—N—K)

In this case, the unrestricted model is the one with the cross-sectional
dummies (and hence different intercepts); the restricted model is the
one with just a single intercept. A similar test could also be performed
on the year dummies.

1.4.1 How to do this test in Stata?

e After the regress command you do:

1. If there are (N — 1) cross-sectional dummies and an intercept
test dummyl=dummy2=dummy3=dummy4=. . .=dummyN-1=0
2. If there are IV cross-sectional dummies and no intercept

test dummyl=dummy2=dummy3=dummy4=. . .=dummyN
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Figure 1.1: Heterogeneity Bias—attenuation
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Figure 1.2: Heterogeneity Bias—incorrect sign



1.4.2 An alternative test

e Beck and Katz ('01 10) argue that the Schwartz Criterion (SC) is
superior to the standard F' test for the presence of unit effects, be-
cause the SC imposes a higher penalty for including more explanatory
variables.

e The SC provides a difficult test for the LSDV model where N is
particularly large separate dummies for each cross-sectional unit are
specified.

e Assume a prior probability of the true model being K; and a prior
conditional distribution of the parameters given that K; is the true
model. Then choose the a posteriori most probable model.

e We choose the model that minimizes

KllﬂT (1 1)
T .

SC = In(y'My/NT) +

where M; =1 — Xl(X’le)_le.
e Just choose the model that has the lowest SC.



Section 2

Fixed Effects Estimators

2.1 LSDV as Fixed Effects

e Least squares dummy variable estimation is also known as fixed
effects, because it assumes that the unobserved effect for a given
cross-sectional unit or time period can be estimated as a given, fixed
effect.

e Can think of this as fixed in repeated samples (e.g., France is France)
as opposed to randomly drawn.

e Let the original model be

Y = o + B'xy + uy (2.1)

10
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e We can rewrite this in vector form as

Y1 (S 0 0 }(1 uq
Y2 0 e 0 )(2 18 5
=gt ot T B T (22)
YN 0 0 e }(N uy
where
Yi1 L1 21 --- TKil
Yi2 T1i2 T2 .. TK2
Y. = ; 3 )Ci:: ) ) . ) e = ’
Tx1 : TxK : : : Tx1
Yir Tyr Ty oo TKGT 1
Ui
| U2
u;, = ; 3
Tx1
;T

Eu] =0, Euu] =0y, Euu]=0 ifi+#j.
(I denotes the T" x T identity matrix).

e These assumptions regarding u;; mean that the OLS estimator for
eq. is BLUE.
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e To obtain the OLS estimators of o and 3, we minimize:

N

S = ZuuZ—Z —ea — X;0) (y; —eal — X;0).

1=1
e Take partial derivatives wrt to a, set equal to zero and solve to get:

af =y — B'x%; (2.3)

where
T T
Yi = Z%t/ﬂ X; = int/Ta
t=1 t=1

e Substitute our estimate for & in S, take partial derivatives wrt 3,
set equal to zero and solve:

“Irn T
Bow — |53 e — ) — xy] lzz i — )4 — )
=1 t=1 ]

e Including separate dummies for each cross-sectional unit will produce
estimates of the unit-specific effects.

e While this may be desirable, it does come at some cost—possibly
inverting a large matrix of Os and 1s.
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e Another way to compute this estimator w/o including dummies is to
subtract off the time means:

i = af + B'%; + 4 (2.4)

e [f we run OLS on this regression, it will produce what is known as
the “Between Effects” estimator, or 35y, which shows how the mean
level of the dependent variable for each cross-sectional unit varies with
the mean level of the independent variables.

e Subtracting eq. from eq. gives
(yir — 9i) = (o — ) + B'(xi — Xi) + (wie — W)
or
(yie — 5i) = B'(xie — %) + (wgy — ;)
e Running OLS on this equation gives results identical to LSDV.

e Sometimes called the within-group estimator, because it uses only
the variation in y;; and x;; within each cross-sectional unit to estimate
the B coefficients.

e Any variation between cross-sectional units is assumed to spring from
the unobserved fixed effects.
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e Another way to approach this is to pre-multiply each cross-sectional
unit equation (y; = eal +X;3+w;) by a T x T idempotent “sweep”

matrix: !
Q=1 - Tee’

e This has the effect of sweeping out the «s and transforming the
variables so that the values for each individual are measured in terms
of deviations from their means over time:

Qy; = Qea; + QX;8 + Qu, (2.5)
= QX0 + Qu 2

e Running OLS on this regression gives

) N Trw
Bev = [Z X;QXz] [Z XiQY@']
i-1 i-1

e The variance-covariance matrix is

N —1
rlBo] = o [z xgqxz-]
=1
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e Properties of B¢y unbiased and consistent whether NV or T" or both
tend to infinity.

e Note that the OLS estimate of o] is unbiased, but is consistent only
as T" — o0.

— With LSDV consistency is an issue: incidental parameters
problem.

e A key advantages of FE estimators: can have correlation between x;;
and o

o A key drawback: if time-invariant regressors are included in the
model, the standard FE estimator will not produce estimates for
the effects of these variables (perfect collinearity in LSDV).

— There is an IV approach to produce estimates, but requires some
exogeneity assumptions that may not be met in practice.

e The effects of slow-moving variables can also be estimated very im-
precisely due to collinearity.
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2.2 Application: Economic growth in 14 OECD countries

e Garrett examines the political component of economic performance
in his '98 book Partisan Politics in the Global Economy.

e Question: how does labor centralization and left control of the gov-

ernment, affect economic growth (esp. in terms of an interaction
effect)?

— Tests the social democratic corporatist model of economic perfor-
mance: congruence b/t political and labor bargaining enhances
performance.

— lLe., centralized labor bargaining goes well w/ politically power-
ful left parties; decentralized bargaining is more congruent when
right parties are in power.

e Data: 14 OECD countries observed annually from 1966-1990 (i.e.,
N =14;T = 25.
e Dependent variable: GDP.

e [xplanatory vars:

— Qil dependence (OIL),

— Overall OECD GDP growth, weighted for each country by its
trade with the other OECD nations (DEMAND),

— proportion of cabinet posts occupied by left parties (LEFTLAB),

— degree of centralized labor bargaining as a measure of corporatism

(CORP),
— interaction b/t CORP and LEFTLAB (CLINT).
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e OLS on this equation gives:

. regress gdp oild demand corp leftlab clint

Source | 83 df MS Number of obs = 350
————————————— Ao F( 5, 344) = 11.30
Model | 291.283034 5 58.2566069 Prob > F = 0.0000
Residual | 1773.90603 344 5.15670357 R-squared = 0.1410
————————————— ettt Adj R-squared = 0.1286
Total | 2065.18906 349 5.91744717 Root MSE = 2.2708

gdp | Coef Std. Err t P>|t]| [95% Conf. Intervall]
_____________ o
oild | -15.2321  4.572497 -3.33 0.001 -24.22567  -6.238529

demand | .0049977 .000999 5.00 0.000 .0030328 .0069625

corp | -1.139716 .3043989 -3.74 0.000 -1.738433  -.5409982

leftlab | -1.483549 . 3844653 -3.86 0.000 -2.239747  -.7273499
clint | .4547183 .1233779 3.69 0.000 .2120482 .6973883

_cons | 5.919865 . 7356383 8.05 0.000 4.47295 7.36678
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e Including dummies for each country (except one) gives:

. regress gdp oild demand corp leftlab clint Icc_2 Icc_3 Icc_4 Icc_5 Icc_6 Icc_
> 7 Icc_8 Icc_9 Icc_10 Icc_11 Icc_12 Icc_13 Icc_14;

Source | SS df MS Number of obs = 350
————————————— R F( 18, 331) =  9.16
Model | 686.921905 18 38.1623281 Prob > F = 0.0000
Residual | 1378.26716 331 4.16394912 R-squared = 0.3326
————————————— e Adj R-squared = 0.2963
Total | 2065.18906 349 5.91744717 Root MSE = 2.0406

gdp | Coef Std. Err t P>t [95% Conf. Intervall]
_____________ o
oild | -25.59808 5.946569 -4.30 0.000 -37.29592  -13.90025

demand | .0084949 .001129 7.52  0.000 .006274 .0107158

corp | -.2500641  .6654194 -0.38 0.707 -1.559048 1.05892

leftlab | -1.172257  .4468775 -2.62 0.009 -2.051335  -.2931785
clint | .5030912 .1596682 3.15 0.002 .1889988 .8171836

Icc_2 | -.4136903  .5988751 -0.69  0.490 -1.591772 . 7643909

Icc_3 | -2.090873  .7898403 -2.65 0.009 -3.644613 -.5371336

Icc_4 | -2.159732  .7633224 -2.83 0.005 -3.661307 -.658157

Icc_5 | -2.587796 1.091167 -2.37 0.018 -4.734293  -.4412985

Icc_6 | .6289216 .8440104 0.75 0.457 -1.031379 2.289222

Icc_7 | -1.796217 1.255454 -1.43 0.153 -4.265892 .6734584

Icc_8 | -3.993015 1.891938 -2.11  0.036 -7.714754  -.2712759

Icc_ 9 | -.8709414 1.02877 -0.85 0.398 -2.894693 1.15281

Icc_10 | -1.449112 1.301281 -1.11  0.266 -4.008935 1.110711
Icc_11 | -3.893792 1.607724 -2.42 0.016 -7.056438 -.7311463
Icc_12 | -3.489515 1.29017 -2.70 0.007 -6.027481 -.9515491
Icc_13 | -3.10808 1.477907 -2.10 0.036 -6.015355 -.200806
Icc_14 | 2.929627  .6076861 4.82 0.000 1.734213 4.125041

_cons |  3.374094 1.365808 2.47 0.014 .6873365 6.060852
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e The F-test to determine if the dummies should be included gives:

. test Icc_2=Icc_3=Icc_4=Icc_b=Icc_6=Icc_7=Icc_8=Icc_9=Icc_10=Icc_11=Icc_12=Icc
> _13=Icc_14=0;

F( 13, 331)
Prob > F

7.31
0.0000

e Finally, estimating the fixed effects model:

. xtreg gdp o0ild demand corp leftlab clint, fe ;

Fixed-effects (within) regression Number of obs = 350

Group variable (i): country Number of groups = 14

R-sq: within = 0.2315 Obs per group: min = 25

between = 0.0461 avg = 25.0

overall = 0.0424 max = 25

F(5,331) = 19.94

corr(u_i, Xb) = -0.7104 Prob > F = 0.0000

gdp | Coef Std. Err t P>[t]| [95% Conf. Intervall]

_____________ +________________________________________________________________

oild | -25.59808 5.946569 -4.30 0.000 -37.29592  -13.90025

demand | .0084949 .001129 7.52  0.000 .006274 .0107158

corp | -.2500641  .6654194 -0.38 0.707 -1.559048 1.05892

leftlab | -1.172257  .4468775 -2.62 0.009 -2.051335  -.2931785

clint | .5030912  .1596682 3.15 0.002 .1889988 .8171836

_cons | 1.78165 1.961666 0.91 0.364 -2.077255 5.640556

_____________ +________________________________________________________________
sigma_u | 1.9296773
sigma_e | 2.0405757

rho | .47208946  (fraction of variance due to u_i)

F test that all u_i=0: F(13, 331) = 7.31 Prob > F = 0.0000
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Section 3

Random Effects Estimators

Intro

Fixed effects is completely appropriate if we believe that the unit-
specific effects are indeed fixed, estimable amounts that we can cal-
culate for each cross-sectional observation.

Thus, we believe that Sweden will always have an intercept of 1.2
units (for instance). If we were able to take another sample, we
would once again estimate the same intercept for Sweden. There are
cases, however, where we may not believe that we can estimate some
fixed amount for each country.

In particular, assume that we have a panel data model run on 20
countries, but which should be generalizable to 100 different coun-
tries. We cannot estimate the given intercept for each country or
each type of country because we don’t have all of them in the sample
for which we estimate the model.

In this case, we might want to estimate the Bs on the explanatory
variables taking into account that there could be country-specific
effects that would enter as a random shock from a known distribution.

If we go this route, we will be estimating a random effects model.

20
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3.2 Deriving the random effects estimator

e Also called variance components b/c we can set up the disturbance
in this way:

Vi = o + )\t + Ut

e We make the following crucial assumptions about the variance and
covariances of these components:

Elaw] = E[\] = Blug] = 0

E[Oéi)\t] = E[oziuit] = E[Atuzt] =0

o2 ifi=j
Emﬂﬂ_{o if § £ j

af\ ift=s

EMMJ:{O if t £ s

2 . . .
o; ifi=4t=s
Eluu,| = u ]
[u”un} { 0  otherwise
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e Let’s add a general intercept to our model and set \; = 0V ¢:

yir = p+ B'xi + a; + uy (3.1)
e We can rewrite this in vector form:
Y. = de + V; (32)

where

(%3]

X, = e Xi], 0 = [M] Covi =[P o= gt

Tx(K+1) (K+1)x1 B Tx1 :

(%YA

e The variance-covariance matrix of the 7" disturbance terms v; is:

(02 + ag) ng ag . ag ]
V = Efviv)] o2 (02 +02) o2 ... o2
02 ag Ug . (05 + ag)
= oIy + olee
e Note that . )
-1 Oq !
Voo [IT‘03+TU§] °e
e The full variance-covariance matrix for all the N'T" observations is:
V 00...0
o [OVO 0| py
0O 00...V
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e To produce parameter estimates, we could proceed in the manner

that we did with the FE estimator—i.e., pre-multiply by Q and run
OLS.

— This will give unbiased and consistent estimates.

— However, if the a; are assumed to be random rather than fixed,
the CV estimator is not BLUE; the GLS estimator is.

— Intuition: v; and v;5 both contain «;, inducing correlation in the
disturbances. Need to use GLS to get efficient estimates.

3.3 GLS Estimation

e The normal equations for the GLS estimator are

N
[Z X'VIX,

1=1

N
dars = »_XiV'ly,

1=1

e We could write the GLS estimator simply as

N
Sars = [Z X;vlfcz-] D> XiVily, (3.3)
i=1 i=1

e But let’s unpack this to get a better understanding of what is going
on w/ this estimator. We can rewrite the inverse of the variance-
covariance matrix as

1 1 1 1 1
V= — [IT — ?ee’ + 1) - Tee’] = [Q + 1 - Tee’]
where
o,
Y= 5
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e Fconomizing on notation:

Wiz + ¥ Bis [&L] = Ws, + B3y (3.4)
B GLS
where
Wx:ﬁ _Txx B:i:i W:ﬁy _Txy ny
N N
T =Y XX, Thy =Y Xly;
Bis = ; (Xjee'X;) By =— ; (Xlee'y;)

e Some intuition: These matrices contain the sum of squares and the
sums of cross products between groups (Bzz & Bjy), within groups

(Wiz & Wiy), and for total variation (T5; & T%,).
e Solving [3.4 gives

_ . )
YNT YT > %! i
N N =ty [B]
YT %, S XQX; + T Y %%, QLS
L =l i=1 =

YNTY
N N
> XiQyi +YT Y %9
i=1 i=1
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e Taking the partitioned inverse and solving for the parameters gives

R - N N —1
s = |13 X1QX + 035~ (% - x>']

L= -

<3S xQy 0 S - %) 9]
| =1 i=

~ - ~! =

flaLs = ¥ — BarsX

e We can rewrite Bqrq as

A

ABb + (I — A)Bey

where
N N -
A=yT |3 XIQX, + 4T Y (% — x)(%i - x)’]
. 1=1 ) 1=1
X Z(Xz —X)(X; — i)/ ;
1=1
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e In words: the GLS estimator is a weighted average of the b/t group
estimator and the w/in group estimator, w/ v indicating the weight
given to b/t group variation. Recall

02

- u
y= o2+ Ta?
—As o — 1, dars — T T;, (ie., the OLS estimator). This
means that little variance is explained by the unit effects.
—Asy — 0, BGLS — the w/in estimator. This happens as either

1. the unit-specific effects dominate the disturbance w;;.

2. T'— oo (intuition: the «; are like fixed parameters since we
have so much data on the T dimension).

— GLS then is an intermediate approach b/t OLS and FE (which
uses no b/t group variation).

e The variance of the GLS estimator is

: 2
var [IBGLS:| = 0y

N N -1
Y O XQX; +yT Y (%Ki — X)(%i x)’]
=1 =1

e Recall the variance for the w/in group estimator:

N -1
var[Bey] = oy [Z XQQXz] :
i=1
e The difference b/t these var-cov matrices is a p.d. matrix (assuming
Y > 0).
e Thus,as T" — oo, ¢ — 0, and var [\/TBGLS] — var [\/TBCV} (as-

suming our cross-product matrices converge to finite p.d. matrices).
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e Since we typically do not know o2 and o2, they must be estimated.
We can do two-step GLS (i.e., obtain consistent estimates of the
variance components and then plug these in to compute 2nd stage
parameter estimates).

o If either N — oo or T" — o0, 2-step GLS has the same asymptotic
properties as GLS w/ known variance components.

e Can use w/in and b/t group residuals to compute estimates:

é\e ZT: [(yzt — Yi) — B/cv(Xz't — 59‘)} 2

A9 1=11=1
_ 3.5
Ou NT -1 - K (3:5)
N - . ~y 2
) [yi_,u_ﬁxi)}
52 == _ 152 (3.6)
« N— (K +1) T |

where i and 3 are obtained from Bz ~1Bj;y.

T

3.4 Maximum Likelihood Estimation

e RE estimates can also be computed by ML.

e To obtain the MLE, assume u;; and a; are normally dist’d and start
w/ the log of the likelihood function:

NT N
mL=——In2r — —In|V|
2 2
N

- %Z(Yi —eu—XiB)V ! (y; — en — X;0)
1=1
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e To obtain the MLE § = (1, B, 02%,0%), we take partial derivatives

«
wrt each of these parameters, set to zero and solve.

e This gives four equations that we must solve simultaneously, which
can be difficult.

e Instead we can use a sequential iterative procedure, alternating back
and forth b/t g and B and the variance components 2 and o?2.

e For N fixed and T' — oo, the MLEs of u, 3, and 02 are consistent
and — CV estimator. The MLE of ¢2) is inconsistent (insufficient
variation b/c of fixed N).

e With simultaneous solution of o2, it’s possible to obtain a negative

)
value. It’s also possible to obtain a boundary solution, although the

prob. of this — 0 as either 7" or N — 0.

3.5 Fixed v. Random Effects

e Makes no difference for large T'.
e Can make a big difference when T' is fixed and N is large.

e Does it make sense to treat one source of unobserved variation as
random (u;) and another as fixed (oy;)?

e Conditional v. marginal inference:

— FE is often thought of as an approach where inferences are made
condit’l on effects that are in the sample.

— RE can be thought of as making inferences that are unconditional
or marginal wrt the pop. of all effects.
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e Perhaps the most important consideration is whether we think the
unit effects are correlated w/ explanatory variables—if so, RE is not
appropriate (although may not make much difference in certain sit-
uations).

3.6 Testing between Fixed and Random Effects

e If ; is uncorrelated with the explanatory variables x;;:

— GLS is unbiased/consistent and will achieve the Cramer-Rao
lower bound (i.e., is efficient).

— CV is unbiased/consistent but is inefficient.
e If o; is correlated with any of the explanatory variables:

— GLS is biased/inconsistent.

— CV is unbiased /consistent.
e This sets us up for a Hausman test:

Hy: Ela;x;;) = 0; Random effects appropriate = BGLS is approx-
imately equal to B¢y but is more efficient (has smaller standard
errors).

Hi: Ela;x;] # 0; Random effects is not appropriate = BGLS will be
different from B¢y (and inconsistent).

e In this setting, the Hausman test statistic is calculated as:
A A ) A A -1 . A
m = (Bev — Bars) (V&f[ﬂcv] - Var[IBGLS]) (Bev — Bars)

o m ~ Y%
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e If m is larger than its appropriate critical value, then we reject ran-
dom effects as the appropriate specification.

3.7 Application

e Let’s try random effects on the Garrett data:

xtreg gdp oild demand corp leftlab clint, re ;

Random-effects GLS regression Number of obs = 350

Group variable (i): country Number of groups = 14

R-sq: within = 0.2225 Obs per group: min = 25

between = 0.0007 avg = 25.0

overall = 0.1255 max = 25

Random effects u_i ~ Gaussian Wald chi2(5) = 87.18

corr(u_i, X) = 0 (assumed) Prob > chi?2 = 0.0000

gdp | Coef.  Std. Err. z P>|z]| [95% Conf. Interval]

_____________ +________________________________________________________________

oild | -20.44602 5.394257 -3.79 0.000 -31.01857  -9.873467

demand | .0075601 .0010875 6.95 0.000 .0054286 .0096915

corp | -1.210037 .420998 -2.87 0.004 -2.035178  -.3848961

leftlab | -1.256097 .4275844 -2.94 0.003 -2.094147  -.4180465

clint | .4653267 .1481581 3.14 0.002 .1749422 . 7557112

_cons | 5.19839 1.111886 4.68 0.000 3.019134 7.377646

_____________ +________________________________________________________________
sigma_u | .98722663
sigma_e | 2.0405757

rho | .18966702 (fraction of variance due to u_i)

e Note the big differences in the coefficient values compared w/ FE (for
FGLS MLE, replace re w/ mle.
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e Let’s run a Hausman test. The commands for this model would be
xtreg gdp oild demand corp leftlab clint, fe ;
est store garrettfe ;
xtreg gdp oild demand corp leftlab clint, re ;
est store garrettre ;

hausman garrettfe garrettre;

e The results:

-——— Coefficients ———-
| (b) (B) (b-B) sqrt(diag(V_b-V_B))
| garrettfe garrettre Difference S.E.
_____________ e
oild | -25.59808 -20.44602 -5.152068 2.502733
demand | .0084949 .0075601 .0009349 .0003033
corp | -.2500641 -1.210037 .9599731 .5153092
leftlab | -1.172257 -1.256097 .0838399 .1298888
clint | .5030912 .4653267 .0377645 .05956242

b = consistent under Ho and Ha; obtained from xtreg
B = inconsistent under Ha, efficient under Ho; obtained from xtreg

Test: Ho: difference in coefficients not systematic
chi2(5) = (b-B)’ [(V_b-V_B)~(-1)](b-B)
= 15.39
Prob>chi2 = 0.0088



Section 4

Non-Spherical Errors

4.1 Intro

e Up to this point, we have assumed that our errors were spherical.

e A good deal of attention, however, has been paid to issues of non-
spherical errors in panel and TSCS data (esp. the latter).

4.2 The Method of PCSEs

e Key motivation for using PCSEs: improve inferences made from
TSCS data by taking into account the complexity of the error process,
but not ask too much of data.

e Non-standard error structures (TSCS):

1. Contemporancous correlation: errors across cross-sect’l units are
correlated due to common shocks in a given time period.

o? ifi=jands=t

E(uit,ujs) = 0ij if ¢ 7&] and s =t
0  otherwise

2. Panel heteroskedasticity: error var. differs across cross-sect’l
units due to characteristics unique to the units.

o2 ifi=7jand s =t

Blusu) = {

otherwise

32
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3. Serial correlation: errors w/ units are temporally correlated.
Uit = PU;p—1 T Egt.

e OLS not BLUE & can produce incorrect SEs when the errors are
nonspherical.

e GLS is BLUE & gives correct SEs.

e But assumes that the var-cov matrix (£2), used to weight the data is
known.

e Can do FGLS using Q.

e Beck & Katz '95 APSR show, however, that the FGLS method ad-
vocated by Parks and Kmenta produces incorrect SEs when applied

to TSCS data.

e FGLS gives overconfident SEs—does not fully take into account the
variability in the estimates of the error parameters (rely too heavily
on asymptotic properties).

e Beck & Katz '95 APSR: superior way to handle complex error struc-
tures w/ T'SCS analysis is to estimate coefficients by OLS & compute
PCSEs.

e Intuition: OLS with TSCS data will be unbiased but will produce
incorrect standard errors.
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— Qis an NT x NT block diagonal matrix with 3, an N x N

matrix of contemporaneous correlations along the diagonal:

b 0
>
=
0 >
where _ )
2
01 012 013 - OIN
2
012 09 023 -+ 02N
Y= ’ , .
2
OIN O2N O3N - Oy

— Use OLS residuals, denoted e;; for unit ¢ at time ¢, to estimate

the elements of X3:

T
< Z —1 €it€t
Z . t J

1] T )
which means the estimate of the full matrix 3 is
A E'E
)Y P ——
T
and —_—
Q=Ir®—

(4.1)

— Compute SEs using the square roots of the diagonal elements of

(X'X) I X'OX(X'X) ™,

(4.2)

where X denotes the NT' x NT' matrix of stacked vectors of

explanatory variables, x; ;.
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— Intuition behind why PCSEs do well: similar to White’s heteroskedas
consistent standard errors for cross-sect’l estimators, but better
b/c take advantage of info provided by the panel structure.

— Good small sample properties confirmed by Monte Carlo studies.

e Potential problems:

— Note that this methods ignores unit effects—doesn’t have to,
though.

— PCSEs solves the problems of panel heteroskedasticity and con-
temporaneous correlation—not serial correlation. Serial correla-
tion must be removed before applying this fix.

— How to correct for serial correlation? Lags are recommended, but
that introduces a potential problem that we’ll discuss when we
turn to dynamic specifications.

— Can also do Prais-Winsten.

4.3 Heteroskedasticity in FE and RE models

e If we treat the az as random, then heteroskedasticity can occur if we

2

have o2,

or 052, or both:
/ 2 2 /
V, = FE|vv;| =0, 1r +0;.ee

e To do GLS, we use V; instead of V.
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e Since we typically do not know either o2, or o2, we can resort to a

2-step FGLS approach.
— Problem: cannot get a consistent estimate for J?M- even as 1’ —
oo; only one realization of ai (incidental parameters).
— Can get a consistent estimate of 0%, as T — oo.

— W/ finite T, cannot get consistent estimates of either o2, or o2,

even if N — oo.

— If N and T are getting big, then we can get consistent estimates
of o2,

e To do FGLS:

1. Run OLS or CV on y; = X;6 + v; and compute the estimated
residuals v;.

2. Compute V, either by
(a) assuming o2, = 02 V i and using

T

O = % (03 — 5@)2 : (4.3)
i=1
or
(b) assuming the variance of i conditional on x; has the same
functional form across individuals var|ai|x;] = o%x;; 62, is

estimated as in eq.
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3. Then do

N
Srcns — [z xgvﬂxi] XV,
i=1 i=1

(a) Approximate the asymptotic var-cov matrix of drars by

N ~1
(Z X;VJXJ
1=1

e Could also do a feasible weighted LS method, weighting each obs.
by the reciprocal of 7,; and then apply the CV estimator to the
transformed data.

4.4 Serial Correlation in RE and FE models
e Including az is in essence a way to account for unobserved persistence
in the data.

e Unobserved persistence can also show up in the form of serial corre-
lation in the disturbances.

e Suppose we have the classic AR(1) disturbance:
Uit = PU; -1 + €t (4.4)

where the g;; are iid w/ mean zero and variance U?.
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e If we knew p then we could write down a standard variance compo-
nents model:

Vit = PYii—1 = (1 = p) + B'(xi — pxi—1) + (1 = p)ai +&ir (4.5)
— All we are doing here is substituting in ;1 — pt — B’X¢7t_1 —
for w; +—1.
e Can get an asymptotically efficient estimator of 3 by doing the fol-
lowing:
1. De-mean the data to take out the au:
(yir — yi) = B'(xir — %) + (wir — ;)
2. Compute an estimate of p:
(a) Use the LS residual from the de-meaned regression, or
(b) regress (yi — ¥i) on (yir—1 — ¥i—1) and (X;4—1 — X; —1) and

use the coefficient on (y;—1 — 7; 1) as an estimate of p (note:

T

Ui—1 = (1/T) > yis—1; we assume we have measures of yj
i=1

and ;0.

3. Compute estimates of o2 and o2:

N T
. 1 _ RS _
o2 = NT Z Z{(yzt =) — (L= p)iv = p(Yig—1 — Gi—1)
Al

1=1 1=1

— B [(xit — %) — (Xig—1 — Xi—1)0]}°

Al

I 2
O = = [y@ — (1 = p) = pyi—1 — B (X — Xz’,—lﬁ)]
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Intuition: see equations for computing GLS variance estimates

under assumption of spherical disturbances (i.e., eq. [3.5and 3.6)).

4. Plug in our estimate for p and use 62 and 62 to compute the
var-cov matrix of (1 — p)a; + €.

4.5 Robust standard error estimation with unit effects

e The properties of the FGLS estimators just described depend cru-
cially on asymptotics—may not do well in finite samples.

e Might be better off computing some kind of robust estimator of the
var-cov matrix to get our standard errors (i.e., robust to both het-
eroskedasticity and serial correlation).

e Robust estimators for FE models exist; although they also rely on
asymptotic properties, they may do better in finite samples since they
demand less of the data.

4.5.1 Arellano robust standard errors
o Lety = Qy;, Xi = QX;, uf = Qu;.

e Arellano ('87 Ozford Bulletin of Economics and Statistics) sug-
gests the following robust estimator:

N
(xx) (Z XTWﬂ?’X?) (X" 1)
i=1
where 47 are the estimated residuals obtained from running OLS on

the transformed equation (i.e., 0 =y; — X;F,écv).
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4.5.2 Kiefer robust standard errors

e Arellano also suggests (following Kiefer) the robust estimator:

N

(XTx*H) (Z X', Xj) (Xx*H)™ (4.7)

1=1

where
+ 1 N
A PR
i=1
e Both of these estimators assume 1" fixed and N — oo.

e In some Monte Carlo work I've done, the Arellano estimator does
better than Kiefer for TSCS data.

e F'E robust std. errs. can be obtained in Stata by using the robust
and cluster options in the xtreg routine.

e Note that the Arellano approach is essentially the same as doing
LSDV and then computing PCSEs.



41

4.6 Application: Garrett data

e The Garrett model of GDP growth estimated w/ OECD data is
exactly the kind of case where we might expect non-spherical errors.

. xtpcse gdp oild demand corp leftlab clint ;

Linear regression, correlated panels corrected standard errors (PCSEs)

Group variable: country Number of obs = 350

Time variable: year Number of groups = 14

Panels: correlated (balanced) Obs per group: min = 25

Autocorrelation: no autocorrelation avg = 25

max = 25

Estimated covariances = 105 R-squared = 0.1410

Estimated autocorrelations = 0 Wald chi2(5) = 42.01

Estimated coefficients = 6 Prob > chi2 = 0.0000
| Panel-corrected

gdp | Coef.  Std. Err. z P>|z| [957% Conf. Interval]

_____________ e~

oild | -15.2321  5.228694 -2.91 0.004 -25.48015  -4.984049

demand | .0049977 .0015394 3.256 0.001 .0019804 .0080149

corp | -1.139716 .2234088 -5.10 0.000 -1.577589 -.7018424

leftlab | -1.483549 .2755847 -5.38 0.000 -2.023685  -.9434125

clint | .4547183 .0839526 5.42 0.000 .2901741 .6192624

_cons | 5.919865 .5833949 10.15 0.000 4.776432 7.063298



e For kicks, let’s do FGLS:

. xtgls gdp oild demand corp leftlab clint,

42

Cross-sectional time-series FGLS regression

Coefficients:
Panels:
Correlation:

Estimated covariances

Estimated autocorrelations

Estimated coefficients

Log likelihood

105

-627.671

generalized least squares
heteroskedastic with cross—-sectional correlation
no autocorrelation

panels(correlated);

Number of obs
Number of groups
Time periods
Wald chi2(5)

350

14

25
108.70
0.0000

corp
leftlab
clint
_cons

-14.01453
.0045992
-1.107322
-1.247823
.4114256
5.41023

2.347816
.0008527
.1370615
.1348838
.0479446

.276808

Prob > chi?2

P>|z| [95% Conf.
0.000 -18.61616
0.000 .0029279
0.000 -1.375958
0.000 -1.512191
0.000 .3174559
0.000 4 .867696

Intervall

-9.412892
.0062705
-.8386865
-.9834559
.5053952
5.952763



Section 5

Dynamic Panel Models
5.1 Intro

e How to model persistence?

1. Lags of the dependent variable (LDV) are included as regressors

— Account for partial adjustment of behavior over time (e.g., to
reach a long-run equilibrium).

— Account for particular factors, including exogenous shocks,
that have continual effects over time (coefficient on LDV in-
dicate whether these factors have greater impact over time or
whether their impact decays and the rate at which it decays).

— Eliminate serial correlation in the disturbance term.
— Parsimonious way of accounting for the persistent effects of
explanatory variables w/o including their lags.

2. Individual-specific effects that do not vary over time

3. Dynamic panel models employ both of these approaches: dy-
namics plus individual-level heterogeneity:.

e Studies in economics: labor demand (Arellano and Bond 91 Rev. of
Econ. Studies, Blundell and Bond '98 J. of Econometrics), firm
investment (Blundell, Bond, Devereux, and Schiantarelli ‘92 J. of
Econometrics), private savings rates (Loayza, Schmidt-Hebbel, and
Serven ‘00 Rev. of Econ. Studies), and cigarette demand (Baltagi,
Griffin, and Xiong ‘00 Rev. of Econ. & Stats).

43
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e Studies in pol. sci.. party ID (Markus '82 APSR; Franklin and
Jackson '83 APSR; Green and Palmquist 90 AJPS'; Kabashima and
[shio '98 Party Politics; Green and Yoon 02 PA), campaign finance
(Krasno, Green, and Cowden '94 JOP; Box-Steffensmeier and Lin
'96 PA) and protest activity (Finkel and Mueller 98 APSR).

e Problems w/ pol. sci. studies:

1. Estimate models on a period-by-period basis (i.e., they estimate a
separate, cross-sectional model for each time period)—inefficient
(does not take advantage of the panel structure of the data and
the info it provides).

2. Do not adequately account for individual-specific effects—one of

the main motivations for doing panel analysis in the first place.

e Failure to account explicitly for unobserved individual effects — bi-
ased and inconsistent estimates.

e OLS loses the desirable properties of unbiasedness and consistency
because at least one of the explanatory variables on the RHS will be
correlated with the disturbance term.

e Even LSDV produces biased and inconsistent estimates for dynamic
panel models.

5.2 Dynamic panel data and cross-sectional estimators

e OLS is both biased and inconsistent when used to estimate dynamic
models with panel data.
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e Consider the following representative regression model for dynamic

panel data:

Yir = VYir—1 + Bxip + o + wiy (5.1)
where ¢ denotes the cross-sectional units (i = 1,..., V), t denotes the
time period (¢t =1,...,T), z;; is an exogenous explanatory variable,

~v and (8 are parameters to be estimated, «; is an individual-specific
effect which we do not get to observe, and u; ; is a random disturbance
term.

e «; can be either fixed or random effects, since estimators have been
derived for both cases.

e Assume
Elwt|Yit—1, - Yi1, Tig, Tig—1, ..., xi1] = 0. (5.2)

e For now, also assume that the u;; are serially uncorrelated and ho-
moskedastic.

e If we have not adequately accounted for individual-specific effects,
then OLS is inappropriate; eq. becomes

Yit = VYit—1+ BTis +u;, (5.3)
where u7, = a; + u;y.

e To see why this is problematic, consider what happens if we lag eq.

one period:
Yit—1 = VYir—2 + BTig—1 + @ + w1 (5.4)

e By construction, y;;—1 1s correlated with «;. .*., y;—1 1s correlated
with u;,.
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e For the OLS estimates of v and 3 to be unbiased,
Elui y|yii—1,ig) =0, (5.5)

e Furthermore, the performance of OLS does not improve as our sample
size gets large, b/c the fundamental requirement for consistency is
violated.

e LSDV transformation to remove the individual effects produces bi-
ased and inconsistent estimates because correlation remains between
the transformed lagged dependent variable and the transformed dis-
turbance:

T
Yit—1 — Yig—1, where g;; 1 = Z Yii—1/(T — 1) (5.6)
=2
T

Wiy — Wi—1, where ;1 = Z wi—1 /(T —1) (5.7)

t=2

e Maybe okay as T gets big—Hurwicz/Nickell bias.
e What do do?

1. Transform the equation to remove the individual-specific effects.

2. Deal w/ any problems that transformation induces w/ the dis-
turbance term (different kind of correlation between the lagged
endogenous variable and the disturbance created—can use 1V).

5.3 The Anderson-Hsiao Estimator

e Anderson and Hsiao (1981, 1982) pointed out that first differencing
eq. eliminates the problem of correlation between the lagged
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endogenous variable and the individual-specific effect.

e First differencing eq. gives
Vit —Yit—1 = Y Yir—1 — Yit—2) + B(@ir — Tig—1) + Uiz — uiz—1 (5.8)
which can be rewritten as
Ayir = YAY -1 + BAZ; 1 + Ay (5.9)

where A is the difference operator such that the notation Ay;; de-
notes Yt — Yit—1-

e Still correlation between RHS variables and the disturbance term
because y; ;-1 in Ay;4—1 is by construction correlated with u; ;-1 in

Auijt.

e Use IV w/ set of instruments conveniently supplied by the panel
structure of the data.

® Y1 o — Yir—3 and y; ;o are correlated with y;, 1 — y;4—2 but not
u;y — wi—1 (assuming there is no serial correlation).

e The same is true for z;;_9 — x; ;3 and x; ;_o.

e Suppose eq. p.1|includes y;;—1 as the only explanatory variable:

Yip = VYir—1 + QG + Ujg. (5.10)
e Anderson and Hsiao (1981) showed that

N
Z¢:1 Zthl Ayi,tAyz’,t—Q
Z@']\il Zthl Ay 1 1AY; 19

YIv = (5.11)
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and N .
Zizl thl Ayi,tyi,t—Q (5 12)
ZZ']L ZtT:l Ayi,t—lyz',t—2

are consistent estimators of .

Tiv =

Anderson-Hsiao estimators have some problems though.

Arellano (1989) shows that the estimator given in eq. [5.11] has a
singularity point as well as large variances over a range of values for
.

Arellano and Bover (1995, 46) concluded from a Monte Carlo study
that a variant of the first-difference estimator, the Anderson and
Hsiao (1981) estimator, is “useless” when N = 100, T' = 3, and the
coefficient on the lagged endogenous variable is .8.

Others, in seeking to improve on the Anderson-Hsiao estimator, have
shown that it is inefficient, because it neglects important information
in the data.

The subsequent improvements on Anderson and Hsiao have built on
their innovation of using instrumental variables made available by the
panel structure of the data. These studies have adopted the Gener-
alized Method of Moments (GMM) framework to derive estimators
that surmount the problems of Anderson-Hsiao.

GMM estimators: key intuition is that once the individual-specific
effects are removed, the panel structure of the data provides a large
number of instrumental variables in the form of lagged endogenous
and exogenous variables.
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5.4 Review of GMM estimation

e You've done GMM before—OLS and maximum likelihood can be
derived as GMM estimators—just like GLS & 2SLS.

e Main idea: from a set of basic assumptions about a DGP, we can
establish population moment conditions and then use sample analogs
of these moment conditions to compute parameter estimates.

e Pop. moment conditions typically involve expectations of functions
of the disturbance term and explanatory variables, while the sample
analogs of the population moment conditions typically take the form
of sample means.

e Consider the cross-sectional regression
v, = X3 + u; (5.13)
where we adopt the key identifying assumption
F[xu;]=0 (5.14)

(here x; is a 1 X k matrix of explanatory variables, 3 is a k x 1 vector
of parameters to be estimated, and w; is the disturbance).

e This basic assumption defines a set of moment conditions and is a

weaker variant of the assumption in eq. [5.5discussed above (violated

in a dynamic panel setting).
e Substituting in for u;, we can rewrite eq. as
E [xi(y; —xi8)] = 0 (5.15)

to get the moment conditions in terms of observables and parameters.
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e Pop. moments are estimated consistently with sample moments, so
the next step is to write down the sample analog of eq. [5.15]

1 e, :
N ;Xi (yl — Xﬁ) =0 (5.16)

where 3 is our estimator.

e Multiplying this out and solving for B gives

B = <Z X;X¢> (Z XL%) : (5.17)

which is identical to the equation for the OLS estimator of 3.

e We can rewrite eq. [5.17 as (X’X) ™' X'y by stacking the x; and y;
for observations ¢ = 1,..., N into an N X K matrix X and N x 1
vector y, respectively.

e Suppose eq. .14 does not hold, for example, because x;; in x; is

correlated with w;.
e Suppose also that there are some variables z; available for which
Ezu] =0 (5.18)

does hold and that the elements of z,; are partially correlated with
$i,k-

e Then z; can serve as instrumental variables.

e The pop. moment conditions for the GMM estimator of 3 are

E [z(yi — x:8)] = 0 (5.19)
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which have the sample analog

1 e .
N ; Z; (y - xzﬂ) = 0. (5.20)

e If the number of columns in z; (i.e., the number of moment condi-
tions) > the number of parameters to be estimated (which is typically
the case), then our equation is overidentified and there is not a closed

form solution as with eq. [5.16| (which was just identified).

e To get around this problem we choose B so that it minimizes the

quadratic
(iv: z, (yz - XZ/B)) \%% (i A (yZ — xﬁ)) : (5.21)
=1 i=1

where W is a positive semi-definite weighting matrix.

e The solution to this minimization problem does have a closed form,
and with a little manipulation, we obtain

B=(XZWZX) " (X'ZWZy). (5.22)
e Note the similarities between this GMM estimator and expressions
for 2SLS estimators (note the Zs) and GLS estimators (note the Ws).

e It can be shown that the asymptotic variance of v N (B — B3) is

Q= (F[X|Z;)]WE [Z;X;]) 'E[X|Z;] WVWE [Z;X;] (E [X/Z;)WE [Z;X;])~" (5.23)

where
V = Var|[Zv;] = EZuu.Z;] .
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e The efficiency of the GMM estimator depends crucially on the choice
of W. In order to obtain an efficient estimator, we should choose W
so that it makes €2 as small as possible.

e The choice of W that does this is W = V! (Hansen '82 Ecta).

e Substituting in V™! for W in eq. [5.23| and canceling terms substan-

tially simplifies the expression for the asymptotic variance, which
becomes

Q= (XIZ,V'Z X)) (5.24)
e Next step: come up with a consistent estimate for V.

e Do not get to observe u;, so use estimated residuals produced by cal-
culating 4; = y; —x;3", where 3 is a first-stage, consistent estimator

of 3.
e In the first stage, we typically use in eq. the weighting matrix
W, = (Z'Z)7 ! to obtain 3.

e The weighting matrix we use in the second stage, which is a consistent
estimator for V71 is

N —1
A A —1 1 L

1=1

- -1
e Plugging in W and V  in equations (9.22)) and ([5.24)) produces the
asymptotically optimal GMM estimator.

e Note that if we assume the disturbances are homoskedastic and not
serially correlated, then it would be optimal to use (Z'Z)~! for W.
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e However, using the weighting matrix given by eq. assures that
our standard errors, which we compute by taking the square root of
the diagonal of

A

Q= (X'ZV 'ZX), (5.26)
are robust to nonspherical disturbances.

e Hansen ('82 Ecta) shows that GMM estimators are consistent and ~
normal. Thus, if an estimator can be shown to be a GMM estimator
(i.e., can be derived using the GMM framework just discussed) then
the “goodness” properties of consistency and asymptotic efficiency
automatically follow.

— E.g, it follows that B is consistent and asymptotically distributed
as N(3,€).

e GMM estimators for DPD have same basic form as for cross-sectional
models.

e Key feature: exploit the panel structure of the data to construct
instruments that satisfy moment conditions like eq. .19,

5.5 A first-difference GMM estimator for dynamic panel
data

e Arellano and Bond (1991) note that the Anderson-Hsiao estimator is
inefficient because it does not use all available instruments and can
be improved upon by placing it in a GMM framework—a significant

contribution—led to a growth industry developing GMM estimators
for DPD.
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o [f assume E(u;;) = E(u;u;s) = 0, then the transformed residuals in

eq. 0.8 have zero covariance between all y; ; and x;; dated ¢ — 2 and

earlier. This means we can go back through the panel from period
t — 2 to obtain appropriate instrumental variables for purging the
correlation between Ay, ;1 and Aw,;. The transformed residuals
satisty a large number of moment conditions of the form

Elz;Aujy) =0, t=2,...,T, (5.27)

/ .
where Z;t = (yz’,t—% Lit—2,Yit—3yLit—3y--+rYils ZUZ"l) denotes the in-
strument set at period .

e For notational efficiency, we can stack the time periods to write down
a system of T" equations for each individual:

yi=XiB +u; (5.28)
where
[ Ayis [ Ayis Az Ay
Yi= AZ'M Xy = Ayi’g A%A , and u; = A%A
_Ayi’T_ _Ayz',T—1 A:E@T_ _ AUi,T_

Z;, = .




%)

e Note that this means that the number of instruments increases as we
move through the panel. For example, if we have the simple model
in eq. .10, then the instrument matrix becomes

_ym o o0 ... 0 0 ... 0

0 Yii Yi2 --- 0 0 ... 0
Z; =

_0 0 0 ... yi1 Y2 - Yi,T—-2 |

e Hence, if T'= 5 then we would have

yi1 0 0 0 0
Z; =0 yi1 iz 0 0
0 0 Uil Yi2 Yi3

for our matrix of instruments.
e The vector of population moment conditions is

E[Z!u;] = 0. (5.29)

e The sample analog of eq. that we use to construct an optimal
GMM estimator for 8 = (v, B) is

N

1

~ Y Zu,; =0. (5.30)
1=1

e [ect
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(just stack the observations for all of the cross-sectional units for all
periods).

e Then we can re-express eq. as
1
—7Z'(y — X6) = 0.

N
e The optimal GMM estimator is then given by
0= (X'ZV 'ZX)'X'ZV 'Zy, (5.31)

where V is a consistent estimate of V, the limiting variance of the
sample moments E[Z w;u}Z;].

e If we assume conditional homoskedasticity and no autocorrelation,
then the optimal choice for Vis V. = Z'Z.

e But typically, want to compute 2nd stage, robust estimate. In gen-

eral, the optimal choice for V is
. 1 &
V, = N Z Z;0,0,Z;,
i=1
where 0; is an estimate of the vector of residuals, u;+, obtained from
an initial consistent estimator.

e Arellano and Bond (1991) suggest using V. = %ZZ]\; Z.HZ; to
produce the initial consistent estimator, where

2 =1 0 ... 0
-1 2 -1 ...0

H=]10 -1 2 ...0

0O 0 0 ...2
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e By the properties of GMM estimators, with T' fixed and N — oo, 0
is consistent and asymptotically distributed as N (6, 32) (Hansen '82
FEcta).

e The asymptotic variance 2 is equal to
(B(X!Z,)E[ZwwZ,) " E(Z/ X)) .
A consistent estimator of the asymptotic variance is
S = <X’Z\7; 1z’x) o
e Std. errs. for the first-difference estimates are obtained by taking

the square root of the diagonal of 3.

e If the disturbances are heteroskedastic, then the two-step estimator is
more efficient. In practice, however, the asymptotic standard errors
for the one-step estimator appear to be more reliable for making
inferences in small samples (Arellano and Bond 1991; Blundell and
Bond 1998).

5.6 (Possibly Superior) Alternatives to First-Differencing

e The basic first-difference estimator can perform very poorly when the
autoregressive parameter when it is equal to or greater than .8 (large
downward biases and serious lack of precision).

e Intuition: suppose 17" = 3, then eq. implies

Ayio = (v —1)yi1 + a; + u;o. (5.32)
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® y; 1, the instrument for Ay; 5 in the first-differenced equation is only
weakly correlated with Ay, » for values of v close to 1, which leads
to downward bias in the autoregressive parameter.

e Even if we do not expect a high degree of persistence in the data,
several alternative estimators are more attractive because they can
give substantial efficiency gains over the first-difference estimator.

e Can exploit additional moment conditions that arise under alterna-
tive assumptions of the DGP.

e Differences can be used as instruments to estimate equations in lev-

els, in addition to the instruments that are available after first-
differencing (Arellano and Bover 1995 and Blundell and Bond 1998).

e Suppose we have the simple dynamic model given by eq. and
assume
Elawyidd = Floay; (5.33)
for all t and s. and Ely;;—1u; s = 0 where t — 1 < s.

e Can treat this model as part of a system of two equations—one in
differences and one in levels:

Ayt = YAY; -1 + Ay (5.34)

Yit = VYit—1 T uzt (5.35)

where the second equation denotes the DGP in levels (recall that
Uiy = 0+ Uig).

e We get moment conditions in levels in addition to the moment con-
ditions we have with first-differencing. For example, for T" = 3:

E[ufﬁAyi,g] = 0. (536)
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since
Elu; 3Ayi2] = El(ci +wi3)(Yi2 — yin)] (5.37)
= Elayial — Elogyia] + Eluisyie] — Eluisyial-
(5.38)

e The last two expectations are zero because of our assumptions in eq.
5.2 while the difference between the first two expectations is zero

because of eq. .33

e The additional moment condition leads to the matrix of instruments

Z: 0
+ 1
Zi B [0 Aym] '

e MC work shows superior performance of these kinds of estimators,
esp. as vy — 1.

e Ahn and Schmidt ('95 J. of Econometrics) point out other moment
conditions that can be exploited under alternative assumptions.

e Assume that the u;; are uncorrelated with each other and uncorre-
lated with «; and y; o (the initial value of ;), then:

E[’UJZ"TAUZ'J] = 0, t = 2, c. ,T —1 (539)
e Ahn and Schmidt contend that the assumptions that give rise to

these additional moment conditions are not as restrictive as the as-
sumptions that are typical with these kinds of models.

e Moment conditions hold under weaker assumptions:

— cov(u;, ¥io) is the same V ¢;
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— cov(u; g, o) is the same V ¢;
— cov(u; s, Ui s) is the same V ¢ # s.

e Adding the homoskedasticity assumption that E(u7,) is the same for
all T gives still more moment conditions that can be exploited.

e Using moment conditions in eq. [5.39, along with conditions such
as those in eq. which come from first-differencing, can lead to
substantial gains in asymptotic efficiency.

5.6.1 Orthogonal deviations estimator

e Arellano and Bover (1995) propose an alternative transformation to
first-differencing called forward orthogonal deviations: subtract
the mean of all future observations in the sample for each individual.

e With this transformation, the disturbance in eq. becomes
- . uijt+1+...+ui’r_p
’ T —1

where w;; = /(T —t)/ (T —t+ 1) is a weight that equalizes the
variance of the transformed errors.

) fort=1,...,T —1,

e To implement, pre-multiply the stacked levels regression (i.e., not
differenced) by the forward orthogonal deviations operator

A = diag[(T —1)/T,...,1/2]"? A", (5.40)
where
1 —(T-1)"' —(T-1)"" (T—-1)"" —(T—-1)"" —(T—-1)"
0 1 —(T—2)7! (T -2~ —~(T-27" —(T-2)!
AT = z :
0 0 0 1 ~1/2 ~1/2
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e Intuition:

— the elements of the rows of this matrix sum to zero (i.e., will
remove the individual-specific effects)

— the upper triangularity of A" ensures the validity of the lagged
endogenous variables as instruments.

e More intuition: “first differences to eliminate the effects plus a GLS
transformation to remove the serial correlation induced by differenc-

7

ng.

5.6.2 Finite sample considerations

e Bias/efficiency trade-off that starts to bite as T increases in size (rel-
ative to N) = we may not want to use all available instruments.

e More instruments become available as 1" increases, but instruments
from earlier periods in the panel become weaker the farther we progress
through the panel.

e Using all of the instruments is efficient but can cause severe downward
bias in GMM estimators when our sample is finite (Ziliak 1997)—
overfitting.

5.6.3 Specification tests

e Consistency of estimators depends crucially on the assumption that

the u; ¢+ in eq. p.1] are serially uncorrelated.

e Ifserial correlation exists, then some of our instruments will be invalid
and the moment conditions used to identify parameters will not hold.
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e Should test for serial correlation.

o If no serial correlation in the u;; in eq. [5.1} then the first-differenced

residuals should display negative 1st-order serial correlation but not
2nd-order serial correlation:

— First differencing produces the MA(1), process w; ; — ;1.

— If our disturbances for the levels equation are u;; — pu;;—1, then
differencing gives wu; — ;-1 — p(wit—1 — u;—2)
— y;+—2 not valid as an instrument since it will be correlated with

u;1—9 in the differenced disturbance term (although lagged ys at
period ¢ — 3 and earlier remain valid instruments).

e Arellano and Bond (1991) give tests of first- and second-order serial
correlation based on the residuals from the two-step estimator of the
first-differenced equation.

e Drawback: the complete test (i.e., for both first- and second-order
serial correlation) can be performed only for samples where T° > 5,
although the test statistic for first-order serial correlation is defined
for samples where T" > 4.

e Arellano and Bond omnibus test of over-identifying restrictions (or
moment conditions), which helps to determine whether our assump-
tions about serial correlation are correct.

— Tests whether the moment conditions over and above those needed
to identify the parameters are valid.

— Advantage: defined for samples where T' > 3.
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— Disadvantages: can reject the restrictions due to forms of misspec-
ification other than serial correlation and its asymptotic distribu-
tion is known only when the disturbance term is homoskedastic.

e Variant of the Sargan test (cf. Sargan '58 Ecta; Hansen '82 Ecta):

—1
s=uZ (Z 70,07 ) 7' (5.41)

where 1 = (0y,...,0y), the stacked vectors of estimated first-
differenced residuals for all ¢ and T'.

s ~ x> w/ df = number of columns of Z minus the number of

explanatory variables.
e Significant y? value = overidentifying restrictions are invalid.

e Intuition: if the moment conditions given by eq. hold, then the
sample moments given by eq. when evaluated at the parameter
estimates should be close to zero, and hence the value of the quadratic
function in eq. should be small.

e Rejection of the overidentifying restrictions should lead one to recon-
sider the specification of the model, possibly reducing the number
of instruments employed or including more lags to eliminate serial
correlation.

e Can use differences between Sargan test statistics to test the validity
of additional moment conditions.

— The difference between the Sargan statistics ~ x? w/ df = num-
ber of new moment conditions that are used.
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— A significant x? value would indicate that the additional moment
conditions are not valid and should not be used.

5.6.4 Available software

e Arellano and Bond’s first-difference can be implemented using the
xtabond routine in the latest versions of Stata.

— Can handle models such as eq. and more complex models
that include additional lags.

— Works for data with missing observations, provided the observa-
tions are missing at random.

— Users can select subsets of instruments in order to avoid bias from
weak instruments.

— Can also perform Sargan and serial correlation tests.
e Arellano and Bond’s free DPDI8 software (GAUSS) can do every-
thing that xtabond can do, but can also compute the orthogonal
deviations estimator, as well as the version of this estimator and the

first-difference estimator that uses differences as instruments for the
levels equation.

5.7 Application: Stability in Party Identification

e Debate: is party identification extremely stable, changing only at a
glacial pace or can short-term forces affect the “unmoved mover.”

e Green and Palmquist ('90 AJPS) model party identification and
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short-term forces (STF) as part of the following system of equations:

Py = B12STF; ¢ + yi1Pig—1 + wyi (5.42)
STF;y = 01 Pt + 72251 Fi 41 + ua;. (5.43)

e However, they estimate only the parameters in the first structural
equation in the system, using ST'F;;_; as an instrument for ST'F; ;.

e Thus, they have not corrected for the problem of correlation between
P ;-1 and individual-specific effects that would be contained in uy;.

e Primary motivation: the problem of errors in measuring party iden-
tification and how such errors can lead to incorrect inferences about
the effects of short-term forces on party identification.

e Apply the Wiley-Wiley method to correct for measurement error—
find that the relationships between short-term forces and party iden-
tification vanish.

e Green and Yoon (01 PA) argue that the technique that Green and
Palmquist use is invalid when the model assumes that intercepts vary
over individuals (use Anderson-Hsiao estimator).

e Need to pool data rather than estimating separate eqn. for each t.

e Results are reported in Table [5.1].



66

Table 5.1: Estimates of Green and Palmquist’s dynamic party identification equations

Pooled-1V OD ODL

STF variable Pty STFY Pty STFE? sb Py STFE? sb
Feeling thermometer  (0.814 0.006 —0.128 —0.006 1.221 0.220 0.014 8.866
difference scores (0.019)  (0.001) (0.171) (0.007)  (0.317)  (0.104)  (0.004)  (0.031)
Solve economic 0.832 0.201 —0.099 0.004 0.003 0.166 0.092 0.664
problems (0.027) (0.094) (0.158) (0.097) (0.959) (0.104) (0.081) (0.882)
Approval rating 0.858 0.106 0.026 0.032 5.746 0.203 0.148 1.079
(0.019) (0.037) (0.184) (0.087) (0.017) (0.101) (0.072) (0.782)
Carter’s handling of  0.863 0.080 —0.081 0.028 3.287 0.230 0.142 4.228
inflation (0.016) (0.039) (0.147) (0.058) (0.070) (0.092) (0.054) (0.238)

“Standard errors in parentheses. ? Sargan test statistic with p values in parentheses.



67

5.8 Lagged specifications for TSCS data—the method of
PCSEs revisited

e A crucial assumption for the method of PCSEs: no serial correlation.
e Various ways to remove it.

— LDV correction appears to be better than Prais-Winsten trans-
formation (Beck & Katz '96 PA).

e LDV fix requires that no unit-specific effects be present in the data.

e Discussion of unit effects is largely absent from the articles that ad-
vocate and employ PCSEs.

— ~ 40% of articles that used PCSEs also used LDV.

— Beck ('01 Ann. Rev. of Pol. Sci., pp. 282-287) addresses
the issue of heterogeneity in TSCS data, but does not link this
discussion with the issue of serial correlation or dynamics.

*x Recommends that researchers test for unit heterogeneity in
their data, however.

— Green, Kim, & Yoon (01 10) explicitly address dangers of un-
modeled unit-specific effects in TSCS data.

— When unmodeled unit effects are correlated with explanatory
variables, OLS slope coefficients are biased and inconsistent.

— Source of the problem is unit effects are relegated to error term.

— But can use FE/LSDV to fix.
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e Beck & Katz ('01 10): including FE for models w/ continuous dep.
vars to account for unobserved heterogeneity can be worse than leav-
ing them out.

e Bias may not be that great, in particular if the explanatory power of
the unit effects is minimal.

e Loss can be great in terms of inference on substantively impt. time-
invariant or slow-moving variables.

e Beck & Katz (01 10, p. 493): including lags of dep. var. can
make FE less relevant (e.g., FE are similar to including a lag with a
coefficient of 1).

e But even if ind. vars are not correlated with the unit-specific effects,
LDVs are correlated with such effects by construction.

e And if ind. vars are correlated with the lagged dep. var.: coefficients
are biased and inconsistent.

e Standard FE estimators do not necessarily take care of the atten-
dant problems: LSDV or “within group” estimator are still biased &
inconsistent.

e [V estimators surmount these problems, but not clear that these are
appropriate for TSCS data (small N and large T).

e May work okay for studies with large N (e.g., see Blanton 99 J.
of Peace Research; Keith '99 J. of Peace Research; Poe, Tate, &
Keith 99 ISQ).

e But what are the implications for the method of PCSEs?
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e Can see problems both with OLS point estimates and PCSEs them-
selves.

e [f LDV is in X and unit effects exist but are unmodeled and thereby
relegated to the disturbance term ¢, then F[X'e] will not necessarily
equal zero.

— LDV correlated by construction with «; in €.

e Expectation is assumed to be zero in the proof that 3 Y., and by
extension 2 25 Q (see Beck & Katz 96 PA, pp. 32-33 and White’s
Asymptotic Theory for Econometricians. pp. 59, 165-166).

e White’s proof of consistency requires that B “% B which will not
necessarily happen if E[X'e] # 0.

e But not clear how much of a problem this is in practice.

e The theory that tells us PCSEs are reliable is grounded in their
asymptotic properties, but we care mainly about small sample prop-
erties.

— But if Ig. sample properties are not good, it does not bode well
for the situation where we have small N or T

e Still, including lags to eliminate serial correlation may help w/ prob-
lem of unit effects, as Beck and Katz suspect.

e Unit effects show up as serial correlation—Beck and Katz make clear
researchers should test for it = pitfall might be avoided if correct for
serial correlation.

e Note that FE estimators are also biased with LDV spec, but bias
goes away as T' becomes large (bias O(1/T).
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5.8.1 Monte Carlo Studies

e Following in the B & K tradition, Kristensen and Wawro conducted
some Monte Carlo studies to check the robustness of PCSEs when
both unit effects and serial correlation are present.

e Findings:

— In a test for serial correlation, the presence of unit effects almost
always leads us to reject the null of serial correlation when no lag
is included in the estimation model.

x Do a Lagrange Multiplier test: regress estimated OLS residu-
als on lags of the residuals (NT x R? ~ x3).

x If a lag is including, get about 50-50 chance of rejecting null;
might proceed w/o accounting for unit effects then.

— LDV doesn’t help much in accounting for unit effects: get bias in
OLS coefficients (esp. in coefficient on lag), but including a lag
seems better than not including it if you do not account for unit
effects.

— As long as there is little to no correlation b/t «; and x;; and unit
effects have little explanatory power, PCSEs do fine (and better
than standard FE std. errs.)

— As N 7 or unit effects explain more variance or correlation b/t
a; and x;; T, FE w/ Arellano std. errs. (w/ a lag) outperform
PCSEs (can lead to inaccurate point estimates and Type II er-
TOrS).

— PCSEs do very poorly in estimating the effects of the time-

invariant variable; trade-oft involved in employing the FE esti-
mator is justified when unit effects are present—OLS estimates
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will likely be biased (even under the most favorable conditions)
to the extent of being useless for the purpose of inference.

e Jury still out on whether DPD methods will do better.

5.9 In conclusion...

e DPD methods can be very powerful tools is solving political science
puzzles.

e But data demands are great—meed to think about how data will
be collected if we think dynamic specification is necessary—firmly
grounded in theory or an afterthought?



Section 6

Variable Coefficient Models

6.1 Introduction

e Up to this point, we've assumed that the coeflicients on explanatory
variables are constant across cross-sectional units.

e Theory may indicate however that slope coefficients vary across 1
and /or t as well.

e [ig. indicates bias that may occur if slopes are assumed to be
heterogeneous.

e A general model is:
K
Yit = Z BritTrit + Wit (6.1)
k=1

e This model is not identified, since we have N1 observations to esti-
mate NT'K parameters.

72
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Figure 6.1: Heterogeneity Bias—variable coefficients
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6.2 Cross-section specific coefficients

e Suppose we thought that the coefficients varied only across 7:
!/
Yit = BiXit + Wit (6.2)
e We could just run regressions on each unit separately:.

e Or we could include dummy indicators for each cross-sectional unit
and interact them with the explanatory variables—analogous to LSDV—
still lots of parameters.

e Stack the cross-sectional regressions a la Zellner’s seemingly unrelated
regression model:

yi X4 0 B4 u
i I e B B B
YN | I 0 XN_ _,3 N | uy |

o If Flu;u’] # 0 then the GLS estimate of the 8;s is more efficient
than unit-by-unit OLS.

e Note that unit-by-unit OLS is an extreme approach that uses no
information from other units when estimating 3,.

e At the other extreme, we have complete pooling, where the 3; are
constrained to be equal.
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e In between these two approaches, there is “partial pooling” or “shrink-
age estimators”—i.e., 3;s vary, but are “shrunk” back toward some
common mean.

— Sometimes referred to as “borrowing strength.”

e We could also treat the coefficients as random variables drawn from
some distribution—potentially reduces the number of parameters to
be estimated:

B; ~ N(B,T) (6.4)

e Can use Bayesian or classical approaches to estimation—we’ll focus
on the latter; for the former see Western '98 AJPS'; not much differ-
ence w/ weak/gentle priors.

e The model in detail:

/
Yit = Xt + Ut

B; ~ N(B,T)
E[B, — B|xi] = 0 (no systematic relationship b/t 8, and x;)
E[uit\xﬁ] = O

o2 ifi=j

E(uit,um:{oz '
11d

e If we are doing ML, then we will add u; ~ N(0, 0?)
e Let v; = B, — B and note that v; ~ N(0,T).
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e Rewrite the model in terms of a new, composite error term:
Yir = B'%it + (wi + vixi) = B'xi + wyy (6.5)

Intuition: w;; indicates how far an individual 3; is from the general
mean.

e Let’s stack cross-sectional units in the usual fashion: y; = 8'x; + w;.

e OLS on this equation will produce consistent (although perhaps in-
efficient estimates):

E[W”XZ’} = E[uz + V;Xilxi]
= Elw|x;] + E[vix;|x;]
=0

e Call this pooled OLS, since we are producing only one parameter
vector, B3 (i.e., borrowing lots of strength; using all N'T" observations;
appealing b/c of small sampling variance).

e However, this estimator is not efficient:
Elw;w] = E[(u; + vix;)(u; + vix;)]
= O'Z-QIT + XZ'FXQ
— II,

e The var-cov matrix for the full sample is:

I, 0 0-- 0
R

O 0 O - Ily
= Iy ®1II;
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e If we knew o7 and T, could do GLS...

e Contrast w/ unit-by-unit OLS: larger sampling variance (w/ finite
T') but will be consistent if there is correlation b/t 8, and x;.

6.3 GLS/FGLS

e Assuming we have consistent estimates of o? and I', we could do
FGLS: )
- -1 1™ A1
8- |xQ x| X0y (6.6)

Q= Iy ® ﬂ@
= IN & (OA'EIT -+ Xﬂf‘Xé)

e Alternative formulation that grants more insight into the working of
the GLS estimator:

var[bi] = (X/z'Xz')_lxlz'Hz'Xi(X/ixz')_l
=V;+T

where b; indicates the unit-by-unit OLS estimator and
V, = o?(x';x;) "t
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e We can then rewrite the GLS estimator in eq. as

N
B = Z W;b; (6.7)
i—1

N 1
where W; = {Z[I‘ + Vi]l} T+ Vv, L
i=1

e What this says is that the GLS estimate is a weighted average of the
unit-by-unit OLS estimates, where the units w/ smaller variance are
given more weight

e Fq. (6.7 gives us an easy way to derive var|3] (assuming b, are
independent,):

~

var|3]

W var[b;| W'

7

(6.8)

M- M-

e Turning to GLS estimates of 3;, we get the best linear predictor as:
Bi=[07 4V, 0B+ V, b (6.9)
= A3+ L — Aj]b; |

where A; = [I7! + \A/'Z-_l]_lﬁ[‘.

e In words: our estimate is a weighted avg. b/t the pooled and unit-
by-unit estimates.
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e Using eq. [6.9, we can write:
var[3;] =Avar[BJA} + [T — Ajvar[b][T; — A’

o ]  (6.10)
+ [Ix — Ay]cov|B, b;]A" + Acov|3, b;|[Iry — Aj]

e In order to proceed from here, we need to figure out how to estimate

I' and V;.

e One popular alternative has been the FGLS procedure suggested by
Swamy in Statistical Inference tn Random Coefficient Models.

e Run unit-by-unit OLS in the first step to get b;. Then compute
unit-by-unit var-cov matrices:

V, = $2(X!X,)™!
/
9 €€
T Tk

where e; are the OLS residuals and £ is the # of regressors.

o If we knew the true 3;s we could construct the var-cov matrix for

1 ol _
— B.,8. — NB3 (6.11)
v (e vos )

B N
where B = N"13" 3,
i=1

them as

s R
|

o I' - T as N gets large. May not work well for finite T'.

e Since we have only estimates of the 3;, we need to adjust any var-
cov estimate to take into account both parameter variability and
sampling error (i.e., var[b;] = V; + 3).
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e Swamy suggests using
I 1 —
r=—— b, — Nbb' | — — AZ- 12
N_1<Zbloz bb) NZV (6.12)
R N
where b= N"13"b,.
i=1

e Note that there is nothing that guarantees that T will be positive def-
inite; sampling variability measured by V; may swamp the measure
of parameter variability estimated by the first term in [6.12]

e The standard practice is simply to drop the second term (justification:
as T gets big, b, — 3;, and sampling variability goes away).

e For finite T, Beck and Katz suggest a “kludge” (BKK): if T is neg-
ative, set it to 0 (i.e., using the fully pooled OLS estimate of 3;).

e We could work w/ the likelihood instead, either doing classical ML
or using a Bayesian approach.

e We can write the log likelihood for the varying coefficient model as

N
T 5
In L(/Bzv O'Z',/B, F) =K — 5 ._E IH(O'

1 1 ,
— 5 3y =A%)/ (vi — B'x) (6.13)
i=1 !
N |«
—ymm——;w - B)T(8, - B)

where K 1s some constant.
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e Maximizing this directly is difficult.

e “Kasier” w/ Bayesian approach: specify priors for 3,T", and o9 and
then use numerical methods to calculate the full posterior (e.g., can

do Markov Chain Monte Carlo a la Western '98 AJPS—hierarchical
model).

e Beck & Katz conducted Monte Carlo experiments on these various
estimators to check performance in TSCS data:

— In terms of RMSE of 3; and its variance, FGLS does not do well
w/ small T (i.e., < 40); ML and BKK both do okay; pooling also
does okay.

— Recommend against using routines in Limdep & Stata (xtrrhh
in older versions; xtrc in v. 9).

e Another option: restricted ML (REML): attempt to decrease the bias
affecting the maximum likelihood estimates of the variance parameters—
R code available.

e Partition the likelihood into two parts—one part depending on only
the variance components—iree of regression coefficients; REML esti-
mators of variance components are asymptotically the same as ML
estimators.



82

6.4 Modeling coefficients as functions of exogenous vari-
ables

e Our theory might indicate that variation in coefficients is related to
measurable exogenous variables.

e If so, we can attempt to model this.

e Consider the following model:

Yij = Boj + BrjTij + €ij (6.14)
Boj = Yoo + Y0125 + o; (6.15)
Bij = 710 + 7112 + Uy (6.16)

where

— the g;; and u ; are random disturbances for which we can make a
range of assumptions assumptions (iid across ¢ and j, correlation
within ¢, etc.).

— For a panel/TSCS environment, we can think if ¢ as indexing
cross-sectional units (e.g., countries) and j as indexing time pe-
riods.

— For a general multilevel environment, we could think of 7 as
indexing micro-units (e.g., voters) and j (= 1,...,J) indexes
macro-units (e.g., countries); hence the z; can be thought of as
contextual variables.

— The ~s are parameters to be estimated and have subscripts indi-
cating which “level” they pertain to.
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e Based on this structural model, we can write down the reduced form
as

Yii = Yoo + V0125 + Y10%ij + Y1175 - Tij + uoj + uy; - x5 + €55 (6.17)

e In substantive terms, the interaction means that the effects of micro-
level variables are conditioned on the values assumed by the contex-
tual variables.

— E.g., country level characteristics may have different effects de-
pending on time periods.

— E.g., individual level characteristics may have different effects on
behavioral outcomes depending on institutional configurations.

e There is a wide selection of estimators that one could use to estimate
models of this kind. We'll consider a few, where the key differences
across estimators relate to different assumptions about the unit level
disturbances ug; and ;.

6.4.1 Ordinary Least Squares

e Ignores the complicated error structure of eq. [6.17} assuming in effect
that both varu;| = varfu,;] = 0.

e Should be less efficient than estimators that take variation from wug; &
uy; into account; also wrong std. errs. b/c ignores heteroskedasticity
of the error term.
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e Can employ Huber-White consistent std. errs. (slightly modified to
account for the unit level heteroskedasticity) to try to correct for this
(use cluster option in Stata).

S L xx) (ZJ: [(Z(em))/ (Z(eixi))}) (x"x)~! (6.18)
N—-kJ—-1 =1 | \ieg, i€Gy

where the matrix X now includes individual (x) and unit (2) level
variables.

e This var-cov matrix is consistent under arbitrary forms of heteroskedas-

ticity within clusters as the number of J units grows large.

6.4.2 Random Effects—Restricted Maximum Likelihood

e Another option is to fully exploit the covariance structure by assum-
ing strict exogeneity of the disturbance terms €;;, ug; and uy;:

VI
L(, €, 02|yzj) = // 9 exp({|yi; — Y00 — Y10Ti5 — Y012

2mo

— Y% - Ty — oy — ury - i)+ ug; - po
+ 2u0ju1jp12 + Ugj ’ p22)dU0jdu1j
(6.19)

where
0 — (pn D12 )
P12 P22
is a relative precision matrix of ug. and uq. compared to that of €.
e By assuming the disturbances are independent normal variates, we

can estimate Equation [6.19) by the usual (Newton) ML methods, as
long as we begin with “good” starting values.
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e Can use xtmixed in Stata; proc mixed is SAS; Ime4 package writ-
ten by Bates in R (uses th ECME algorithm (Expectation/Conditional
Maximization Either) to provide “good” starting values).

6.4.3 Random Effects—Bayesian MCMC

e This approach starts with the model fitted by the REML and then
samples from the posterior distribution using Markov Chain Monte
Carlo simulation.

e Priors: locally uniform for the v parameters and inverse Wishart for
the variance parameters (€2).

6.4.4 Two-step OLS

e Could also do two-step method a la Lewis and Linzer '05 PA.

e Step 1: estimate a macro-unit by macro-unit regression model (i.e.,
estimate the model in eq. [6.14] separately for each j grouping).

— This produces J values for the slope and intercept parameters,
which then become dependent variables in the regressions given

by Equations and [6.10]

— If the usual conditions for linear regressions are satisfied, the esti-
mates By, and [(;; will unbiased/consistent; but ignore any com-
monality across the units of analysis, so may be less efficient.
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e Step 2: need to employ some method weighting each unit level ob-
servation.

— Heteroskedasticity is introduced by the fact that the dependent
variable is estimated, most likely with unequal error variances
across units (hence, efficiency gains from weighting).

— Saxonhouse 76 A ER and Wooldridge '03 A ER suggest weighting
by the inverse of the std. err (downweight the observations that
have more imprecise estimates).

— Hanushek 74 Am. Statistician, Borjas 82 Journal of Statisti-
cal Planning and Inference and Lewis & Linzer '05 PA, argue
that there are multiple sources of variation implied by the model:
some related to the e;; term (the sampling variance), while others
are related to the macro-level disturbances (e.g. up; and uy;).

— Weighting by the inverse of the std. errs. neglects the existence
of macro-level disturbances.

— Lewis & Linzer's MC experiments indicate that the asymptot-
ically more efficient estimators are 10% more efficient than the
OLS counterpart. (w/ J = 30); however, std. errs. are 10% too
small—tradeoff between robust inference and efficiency.

— Can use robust std. errs. instead.
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6.5 Application

e In his original model, Garrett including dummies indicating certain
periods where he thought different effects might have occurred:

. regress gdp oild demand corp leftlab clint per6673 per7479 per8084 per8690 ;
Source | SS daf MS Number of obs = 350
————————————— Fom F( 9, 340) = 15.13
Model | 590.718006 9 65.635334 Prob > F = 0.0000
Residual | 1474.47106 340 4.33667958 R-squared = 0.2860
————————————— Fomm Adj R-squared = 0.2671
Total | 2065.18906 349 5.91744717 Root MSE = 2.0825

gdp | Coef.  Std. Err t P>[t| [95% Conf. Intervall]
_____________ o
oild | -4.569049 4.500984 -1.02 0.311 -13.42233 4.284233

demand | .0028858 .0009691 2.98 0.003 .0009798 .0047919

corp | -.719991 .2851697 -2.52 0.012 -1.28091 -.159072

leftlab | -1.097082 .3564478 -3.08 0.002 -1.798203  -.3959613
clint | .2961244 .1152769 2.57 0.011 .0693786 .5228701
per6673 | 1.659452 .5965629 2.78 0.006 .4860337 2.832871
per7479 | -.1476102 .6104749 -0.24 0.809 -1.348393 1.053173
per8084 | -1.028596 .6231666 -1.65 0.100 -2.254344 .1971511
per8690 | -.2491463 .6125551 -0.41 0.684 -1.454021 .9557287
_cons | 4.936 .8825309 5.59 0.000 3.200092 6.671908

e Suppose we thought that the effect of different time periods extended
to our slope coefficients. We could estimate a variable coefficient
model w/ coefficients as functions of time period indicators.

e Let’s keep this simple and make our coefficients functions of the pe-
riod indicator for 1966-1973.
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e Do something like this in Stata:

. xtmixed gdp o0ild demand corp leftlab clint ||
> corp leftlab clint, cov(id) ;

per6673: oild demand

Performing EM optimization:

Performing gradient-based optimization:

Iteration O: log restricted-likelihood = -778.01546
Iteration 1: log restricted-likelihood = -777.82157 (backed up)
Iteration 2: log restricted-likelihood = -777.81806
Iteration 3: log restricted-likelihood = -777.81805
Computing standard errors:
Mixed-effects REML regression Number of obs = 350
Group variable: per6673 Number of groups = 2
Obs per group: min = 112
avg = 175.0
max = 238
Wald chi2(5) = 33.75
Log restricted-likelihood = -777.81805 Prob > chi2 = 0.0000
gdp | Coef Std. Err z P>|z]| [95% Conf. Interval]
_____________ +________________________________________________________________
oild | -10.68686  4.495998 -2.38 0.017 -19.49885  -1.874866
demand | .0053231 .0030293 1.76 0.079 -.0006142 .0112603
corp | -1.033495 .2941646 -3.51  0.000 -1.610047 -.456943
leftlab | -1.456091 .370648 -3.93 0.000 -2.182547  -.7296338
clint | .4204303 .119154 3.53 0.000 . 1868927 .6539679
_cons | 5.754773 .7098348 8.11  0.000 4.363522 7.146023



Random-effects Parameters | Estimate Std. Err. [95% Conf. Intervall
_____________________________ e e
per6673: Identity I

sd(oild.._cons) (1) | .0040601 .0032621 .0008407 .0196086
_____________________________ e
sd(Residual) | 2.188893 .0836016 2.03102 2.359038

IR test vs. linear regression: chibar2(01) =  21.88 Prob >= chibar2 = 0.0000

(1) o0ild demand corp leftlab clint _cons

e In SAS, can do something like:

proc mixed data=sasdata.garrum6;
model gdp = oild demand corp leftlab clint per6673*oild
per6673*demand per6673*corp per6673xleftlab per6673*clint / solution;
random intercept per6673 / type=vc subject=country ;

run;

e Produces:

The Mixed Procedure

Model Information

Data Set SASDATA . GARRUM6
Dependent Variable GDP
Covariance Structure Variance Components
Subject Effect COUNTRY
Estimation Method REML
Residual Variance Method Profile
Fixed Effects SE Method Model-Based
Degrees of Freedom Method Containment
Dimensions
Covariance Parameters 3
Columns in X 11

Columns in Z Per Subject 2
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Subjects 14
Max Obs Per Subject 25

Number of Observations

Number of Observations Read 350
Number of Observations Used 350
Number of Observations Not Used 0

Iteration History

Iteration Evaluations -2 Res Log Like Criterion
0 1 1515.67161589
1 3 1472.04907393 0.00026453
2 1 1471.92160942 0.00001562
3 1 1471.91470245 0.00000007
4 1 1471.91467342 0.00000000

Convergence criteria met.

Covariance Parameter Estimates

Cov Parm Subject Estimate
Intercept COUNTRY 0.6358
PER6673 COUNTRY 1.2065
Residual 3.4642

Fit Statistics

-2 Res Log Likelihood 1471.9
AIC (smaller is better) 1477.9
AICC (smaller is better) 1478.0
BIC (smaller is better) 1479.8



Effect

Intercept

OILD

DEMAND

CORP

LEFTLAB

CLINT
OILD*PER6673
DEMAND*PER6673
CORP*PER6673
LEFTLAB*PER6673
CLINT*PER6673

Solution for Fixed Effects

Estimate

4.8078
-4.4086
0.006484
-1.2549
-1.2267
0.4442
65.3800
-0.00398
1.1413
0.5249
-0.3050

91

Standard
Error

1.0650
5.5702
0.001091
0.4079
0.4459
0.1492
126.53
0.002960
0.3692
0.7015
0.1936

DF

13
312
312
312
312
312
312
312
312
312
312

Value

4.51
-0.79
5.94
-3.08
-2.75
2.98
0.52
-1.35
3.09
0.75

Pr > |t]

.0006
.4293
.0001
.0023
.0063
.0031
.6057
.1794
.0022
.4548
.1161

O O O O OO OO ANO O



Section 7

Models for Qualitative Dependent Variables

7.1 Introduction

e So far, we have considered models where the dependent variable is
continuous.

e Methods have been developed for models where the dependent vari-
able is dichotomous, polychotomous, censored, truncated, etc.

e Previous concerns (e.g., fixed or random effects, T' v. N) come into
play with non-continuous dependent variables; there are also some
new challenges.

7.2 Dichotomous Dependent Variables

e The basic set up of the repeated observations model for dichotomous
dependent variables is similar to the standard models.

Yir = OXit + i + e, (7.1)
where
Tty >0
Y0 iyl <0

and:=1,...,Nandt=1,...,T, and u; is assumed to be iid with
2

mean zero and variance o;,.

e The choice we make about the distribution for the disturbance term
matters a lot with repeated observations data and is based on our

92
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beliefs about the correlation between the explanatory variables and
the individual specific effect.

e [f we think there is no correlation between «a; and x;; then we can

estimate a random effects model. With this model we assume
that a ~ I1D(0,02).

e [f we think there is correlation between «a; and x;; then we can esti-
mate a fixed effects model. Here we assume that the «; are fixed
parameters to be estimated.
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e If T" — o0, then it is possible to get consistent estimates of 3 and

078

e However, if T is fixed and N — oo, then we have the incidental

parameters problem—i.e., since the number of parameters increases

with NV, we cannot consistently estimate «; for fixed T'.

e Unfortunately, the inconsistency in «; is transmitted to 3.

e In the linear regression case we take out the individual effect by

subtracting off the means of the variables. That is, if we take the

average over time of eq. [7.1], we get

Ui = BT+ o + w;,

where g = 31, 4% /T. Subtracting eq. [7.2

from eq.

Y — Ui = B — 2;) + (wy — W),

7.1

(7.2)
gives

(7.3)

e But this transformation is not valid with a qualitative limited depen-

dent variable model.

e Such models are nonlinear and so mean-differencing will not work to

remove the individual specific effects.
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7.3 Fixed Effect Logit

e Chamberlain (80 Rev. of Econ. Studies) has derived a conditional
maximum likelihood estimator (CMLE) that works in a similar way.
The conditional likelihood function can be written as

N T
L= H Pr (le‘la o Y| Z%t)
i=1 =1

e Consider the case where T = 2. The unconditional likelihood 1is
N

L= H Pr(yi1) Pr(yio)

i=1
e Note that:
Prlyin = 0,92 = Olyis + yo = 0] = 1
Priya = Ly = lyn +yn =2] =1

which means these probabilities add no information to the conditional
log likelihood so we can ignore them.
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e But
Priyii = 0,42 = 1 and yj1 + yi2 = 1]
Priyii + yio = 1]
_ Prlyii = 0,y;2 = 1 and yi1 + yio = 1]
Prlya =0,y = 1] + Prlyn = 1, yi2 = 0]

e If we assume that the data follow a logistic distribution then we can

Priyin = 0,y = llyn + yn = 1] =

rewrite this as

1 exp(a;+08'x;9)
14exp(a;+8'x;1) 1+exp(e;+3'%;2)
1 exp(a;+03'%x;2) exp(a;+08'%x;1) 1

1+exp(a;+8'x1) 1+exp(a;+8'xj2) * 1+exp(a;+8'%;1) 1+exp(a;+8'%;2)
which simplifies to

eXp(/B/XzQ)
exp(B'x1) + exp(8'x;2)

e The expression for the remaining probability is similarly derived.
These probabilities then constitute the conditional log-likelihood func-
tion, which can be maximized using standard techniques.

e This can be extended to T' of arbitrary size but the computations are
excessive for T' > 10.
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e Can’t use standard specification test like LR for checking unit het-
erogeneity b/c likelihoods are not comparable (CML uses a restricted
data set).

e But can use this estimator to do a Hausman test for the presence of
individual effects.

e Intuition: in the absence of individual specific effects, both the Cham-
berlain estimator and the standard logit maximum likelihood estima-
tor are consistent, but the former is inefficient. If individual specific
effects exist, then the Chamberlain estimator is consistent while the
standard logit MLE is inconsistent.

— Inefficiency is due to loss of information/throwing away observa-
tions.

e We compute the following statistic for the test:
. . / /- .
xi = (/BCML - /BML) [Vemrn — Vi : <5CML - 5ML>

If we get a significant y? value we reject the null of no individual
specific effects.

o If Vi, > Vo, assume zero x? statistic.
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7.4 Application: Unionization of Women in the U.S. (from
Stata manual)

e Chamberlain’s fixed effects logit model can be estimated using xtlogit
with the fe option (note: this example works for pre-version 9 Stata;
v.9 doesn’t work w/ commands Stata says it wants!).

e Sample is a panel (unbalanced) of 4,434 women from 1970-1988.
e Dep. var. is a dummy indicating union membership.

e Ind. varsinclude: age, years of schooling, amount of time spent living
outside an SMSA, years spent living in the South, and an interaction
between this variable and year.

e First, let’s estimate a pooled logit model.

. logit union age grade not_smsa south southXt;

Iteration O: log likelihood = -13864.23
Iteration 1: log likelihood = -13550.511
Iteration 2: log likelihood = -13545.74
Iteration 3: log likelihood = -13545.736
Logit estimates Number of obs = 26200
LR chi2(b) = 636.99
Prob > chi2 = 0.0000
Log likelihood = -13545.736 Pseudo R2 = 0.0230
union | Coef Std. Err z P>|z]| [95% Conf. Interval]
_____________ o~
age | .0099931 .0026737 3.74 0.000 .0047527 .0152335
grade | .0483487 .0064259 7.52  0.000 .0357541 .0609432
not_smsa | -.2214908 .0355831 -6.22  0.000 -.2912324  -.1517493
south | -.7144461 .0612145 -11.67 0.000 -.8344244  -.5944678
southXt | .0068356 .0052258 1.31  0.191 -.0034067 .0170779
_cons | -1.888256 .113141  -16.69 0.000 -2.110009 -1.666504
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Now let’s estimate the fixed effects model, accounting for unit hetero-
geneity:.
. xtlogit union age grade not_smsa south southXt, i(id) fe;
note: multiple positive outcomes within groups encountered.

note: 2744 groups (14165 obs) dropped due to all positive or
all negative outcomes.

Iteration O: log likelihood = -4541.9044
Iteration 1: log likelihood = -4511.1353
Iteration 2: log likelihood = -4511.1042
Conditional fixed-effects logit Number of obs = 12035
Group variable (i) : idcode Number of groups = 1690
Obs per group: min = 2
avg = 7.1
max = 12
LR chi2(5) = 78.16
Log likelihood = -4511.1042 Prob > chi2 = 0.0000
union | Coef.  Std. Err. z P>|z| [95% Conf. Interval]
_____________ +________________________________________________________________
age | .0079706 .0050283 1.59 0.113 -.0018848 .0178259
grade | .0811808 .0419137 1.94 0.053 -.0009686 .1633302
not_smsa | .0210368 .113154 0.19 0.853 -.2007411 .2428146
south | -1.007318 .1500491 -6.71  0.000 -1.301409 -.7132271
southXt | .0263495 .0083244 3.17 0.002 .010034 .0426649

To run the Hausman test, simply type

.hausman
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In this case, the test gives:

-——— Coefficients ———-
| (b) (B) (b-B)  sqrt(diag(V_b-V_B))
| Prior Current Difference S.E.
_____________ e
age | .0079706 .0099931 -.0020225 .0042586
grade | .0811808 .0483487 .0328321 .0414182
not_smsa | .0210368 -.2214908 .2425276 .1074136
south | -1.007318 -.7144461 -.2928718 .1369945
southXt | .0263495 .0068356 .0195139 .0064797
b = less efficient estimates obtained previously from clogit
B = fully efficient estimates obtained from logit

Test: Ho: difference in coefficients not systematic

chi2( 5) = (b-B)’[(V_b-V_B)~(-1)] (b-B)
= 20.50
Prob>chi2 = 0.0010

Note that the hausman command requires the less efficient model to be
estimated first.
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7.5 Random Effects Probit

e The probit model does not lend itself to the fixed effects treatment
because there is no way to sweep out the individual specific effects.
But we can estimate a probit model if we assume random effects.

o Let
Eit = Qi + Uit
and assume a; ~ N(0,02); uy ~ N(0,02), and a; and u; are
independent of each other. Then

2, 2 2
varleg| = o, + 0. =1+ 0},

and

2
O

COIT[Ejt, Ejs] = p = o2
(6%

for t # s. This implies 02 = p/(1 — p).

e We can write the probability associated with an observation as

qitB' %t /
Prlyi| = / fleu)deiy = PlquBxu]

where ¢;; = 2y;; — 1.

e Because of the o, the T' observations for ¢ are jointly normally dis-
tributed. The individual’s contribution to the likelihood is

L — PI‘ yzl: Yi2, - sz
2

%1:6 Xi1 %2:8 X qZT/B xXiT
/ / / f(gib Ei2y v - 75iT)d5iT 8280
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e Rather than evaluating multiple integrals, a simplification is possible.
Consider the joint density:

fleis - e i) = flen, ..., eir|as) f (o)

e We can then integrate over «;:
o0

Flenseosen) = [ e emlan flai)das
—O0

e Conditioned on «;, the g;8 are independent:

fleit, .. eu) = /OO H flei]ai) f i) da

0 =1

e This gives ¢’s contribution to the likelihood as
1 R d
Li = —/ e i CD[qit(,B'Xit + QTZ)] d?“l' (74)
NI {H
2
g — P

S o5
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e Things to note:

— The assumption that the a; and x; are uncorrelated is very re-
strictive. We are also assuming that the within-cross section cor-
relation is the same across all time periods.

— p can be interpreted as the proportion of the variance contributed
by the unit effects.

— We can test for unit heterogeneity by checking the statistical
significance of p. One way to do this is with a likelihood ratio
ratio test of the random effects probit and pooled probit models.

— The standard way to evaluate the integral in the likelihood is
by Gauss-Hermite quadrature. This raises some concerns about
how the size of T" and N affect the accuracy of the quadrature
approximation, and some checks of the performance of the ap-
proximation are in order.

— Stata’s xtprobit command can be used to estimate this model.

— We could derive this model for the logistic distribution rather
than the normal distribution.
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7.6 Application: RE Probit for PAC contributions and roll
call votes

e A major concern is the effects of campaign contributions on the be-
havior of members of the U.S. Congress.

e Assessing these effects is complicated because it is methodologically
difficult to account for members’ predispositions to vote in favor of
PACs’ interests.

e Estimating a RE probit model can help overcome this problem be-
cause it enables us to account for individual specific effects, such as
the predisposition to vote for or against a particular piece of legisla-
tion, which are too costly or impossible to measure.

e The data set includes PAC contributions and roll-call votes that are
of particular interest to certain types of PACs (see Wawro '01 AJPS).

e Let’s estimate a pooled model and RE probit for USCC votes in the
102nd Congress, 2nd Session.
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The pooled model:

. probit vote labor corp unemp;

Iteration O: log likelihood = -1385.746
Iteration 1: log likelihood = -1215.6587
Iteration 2: log likelihood = -1214.1783
Iteration 3: log likelihood = -1214.178
Probit estimates Number of obs = 2002
LR chi2(3) = 343.14
Prob > chi2 = 0.0000
Log likelihood = -1214.178 Pseudo R2 = 0.1238
vote | Coef Std. Err z P>|z| [957, Conf. Interval]
_____________ +________________________________________________________________
labor | -.1197816 .0075367 -15.89  0.000 -.1345532 -.10501
corp | .0970168 .009864 9.84 0.000 .0776837 .1163499
unemp | -6.325817  1.252524 -5.056 0.000 -8.780719  -3.870916
cons | .3775498 .1226202 3.08 0.002 .1372186 .617881

From these results, we would infer a strong relationship between
contributions and votes.
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And now the RE probit model:

. Xtprobit vote labor corp unemp, i(icpsr) nolog;

Random-effects probit Number of obs = 2002
Group variable (i) : icpsr Number of groups = 286
Random effects u_i ~ Gaussian Obs per group: min = 7
avg = 7.0

max = 7

Wald chi2(3) = 44 .06

Log likelihood = -1158.7298 Prob > chi2 = 0.0000
vote | Coef.  Std. Err. z P>|z]| [957% Conf. Interval]
_____________ +________________________________________________________________
labor | -.0606706  .0124172 -4.89 0.000 -.0850078  -.0363333

corp | .0494033 .0140651 3.51 0.000 .0218362 .0769705

unemp | -8.208123  2.193177 -3.74 0.000 -12.50667 -3.909576

cons | .6124466  .2044377 3.00 0.003 .2117559 1.013137
_____________ +________________________________________________________________
/1lnsig2u | -.5200013 1903423 -.8930653  -.1469373
_____________ +________________________________________________________________
sigma_u | .7710511 .0733818 .6398429 .9291653

rho | .3728519 .0445084 .2904777 .4633316
Likelihood ratio test of rho=0: chibar2(01) = 110.90 Prob >= chibar2 = 0.000

These results indicate a less strong—but still statistically
significant—relationship between contributions and votes.



107

7.7 Correlated Random Effects Probit

e The big drawback of the random effects model is the unattractive
assumption that the o; and x; are uncorrelated.

e Chamberlain has proposed a correlated random effects (CRE) model
that gets around this problem by assuming a specific functional re-
lationship between «; and x;. That is,

T
/ !/
Qi = E X + 1 = ax; +1;
t=1
where &’ = (a},...,a%), X, = (X},...,X,p), and 7; is normally
2

;) and is independent of

distributed (with mean zero and variance o
the x;;.

e The a; are vectors of parameters to be estimated and capture the
nature of the relationship between «; and x;;.

e Equation ([7.1) then becomes

T
x /
Yy = BXit + Xt + it
t=1

where €;; = 1; + ;.
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e Estimation of the CRE model proceeds in a sequential manner:

1. Estimate separate probit equations by maximum likelihood for

each time period, regressing the dependent variable in each period

on all of the leads and lags of the explanatory variables.

2. Stack the estimates from each of these probits into a vector 7

and construct the joint covariance matrix of all of the estimates.

The vector 7 is a vector of reduced form estimates.

3. Use a minimum distance estimator to impose restrictions on 7 to

back out estimates of the structural parameters 3 and a;. Let

0 = (3',a’) and choose 0 to minimize

//\—]_

T —fO) @ |7 —£0)],

where €2 is an estimate of the asymptotic variance-covariance

matrix for the reduced-form estimates.

4. We then conduct our standard hypothesis tests to make inferences

about the effects of the variables of interest.

5. Marginal effects can be determined by simulating probabilities:

T
Pr(ya =1) = | (1 + 03)_1/2(6’Xu + Z aiXit)

t=1
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e One key advantage of the CRE estimator: allows for an explicit test
for correlation between the individual specific effect and the explana-
tory variables.

e One drawback of the CRE estimator: requires us to impose a good
deal of structure on the relationship between «; and x;; and restricts
us to including only time-varying variables in x;;.

e Including time invariant variables in x;; in effect induces perfect
collinearity since the values of the leads and the lags of these variables
will be the same within each cross-sectional unit.

e [ts drawbacks aside, this estimator is part of a class of generalized
method of moments estimators that give substantial efficiency gains
over pooled probit estimators, which ignore individual specific effects.

e For details of the estimation procedure for the CRE model, see
Hsiao’s treatment in Analysis of Panel Data, which is more ac-
cessible than Chamberlain’s original derivation.

e Can be estimated w/ standard software with some more restrictive
assumptions; GAUSS code is available for the general model.
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7.7.1 CRE Probit Application: PAC contributions and roll call votes

e The standard RE probit does not allow for correlation between voting
predispositions and explanatory variables. But presumably, predis-
positions attract contributions if PACs give to their “friends.”

e Tables 3 and 4 report results of the CRE estimation of our model of
contributions and votes.

e Figures 2 & 4 plot simulated probabilities based on the CRE esti-
mates.
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7.8 Binary Time-Series Cross-Section (BTSCS) Data

e The methods above are appropriate when NN is large and 1" is small.
Beck, Katz, and Tucker (98 AJPS) derive a method for when T is
large.

e The method is based on the observation that BT'SCS data is identical
to grouped duration data. That is, we get to observe whether an
event occurred or not only after the end of some discrete period (e.g.,
a year).

e Thus, we can use duration methods to correct for the problem of
temporal dependence.

e Start from the hazard rate for the continuous time Cox proportional
hazard model:

A(t) = exp(B'x) Ao(t)

e The survival function is given by

S(t) = exp (— /0 tmw)



112

e Assuming we get to observe only whether or not an event occurred
between time ¢, — 1 and ¢, we can write

Pr(yu, =1) =1—exp (— /t:: )\Z'(7'>d7')
1 exp (— /t ! exp(ﬁ'xit)ko(t)dT)

r—1

~ 1o (—ewlstx) [ tar)

o1
o [et
tk
Oétk :/ >\()(t)d7'
tp—1
ke, = In(oy, )
e Then

Pr (yz'tk = 1) =1 —exp (— eXp(B,Xit)Oztk)
=1 — exp (—exp(B'xi + k1))

e This is a binary model with a complimentary log-log (cloglog) link.
The cloglog link is identical to a logit link function when the proba-
bility of an event is small (< 25%) and extremely similar when the
probability of an event is moderate (< 50%).
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e For ease of application then, Beck, Katz, and Tucker recommend
using the logistic analogue

1
1+ exp(— (8% + Ki_10))

where x;_49 is a dummy variable marking the length of the sequence

Pr(yi = 1|xi) =

of zeros that precede the current observation. For example,

t 1 2 3 4 5 6 7 8 9
y 00 01 0 1 1 0 0
K K1 R K3 K4 K1 R2 K1 K1 R2

e The intuition behind why ordinary logit is inadequate for BTSCS
data is that it doesn’t allow for a nonconstant baseline hazard.

e Including the £ dummies allows duration dependence by allowing for
a time-varying baseline hazard.

e To see how the k dummies are interpretable as baseline probabilities
or hazards, note
1

Pr (yzt = 1‘th - O’ tO) - 1+ eXp(_/{t tO)
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e The x dummies are essentially time fixed effects that account for
duration dependence. Thus when we estimate the model we need
to create a matrix of dummies and concatenate it with the matrix
of explanatory variables. For the example given above, this matrix

would look like

—_ = O = O O O
_ O O = O O O == O
O O OO OO O~ O O

O OO O O o O

[

[

Note there are 4 columns because the longest spell is 4 periods long.

1
1+ exp(—(B'%it + Ki_10))

Pr(yi = 1|x3t) =
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7.9 Generalized Estimating Equations (GEEs)

e This class of models allows us to account for unobserved correlation
among observations, without including unit-specific effects.

e GEEs relax assumptions about the independence of observations:
observations are grouped into clusters and then parameters are esti-
mated to model the correlations among observations in the cluster.

e This class of models is derived from the General Linear Model (GLM)
approach.

— Models in which one specifies the “link” function E(Y;) = u; =
h(B'x;) and the relationship between the mean and the variance

(e.g. Vi=g(m)).

— Standard GLMs obtain estimates by solving the “score equa-
tions”:

Ur(8) = Z D,V (Y, — ;) =0 (7.7)

1=1

where D; = %’g and V; is the variance matrix.
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7.9.1 GLMs for Correlated Data
o Consider E(Yy) = pir = g(B'xy), T > 1.
e Must make some provision for dependence within ¢, across ¢.
e Specify the conditional within-unit or within-cluster correlation:

e Define the “working” T" x T correlation matrix R;(«) as a function
of a.

e Structure (but not the elements) of R;(«) determined by the inves-
tigator.

e Then redefine the variance matrix in Equation as:

A)?R(a)(A))?

Vv, — (Ai)2R;(cv)(A)2 78)
¢

where the A; are T' x T diagonal matrices w/ g(u;;) along the diag-

onal.
e Intuition:

— Choose 3 so that u; is “close” to Y;; on average,

— Optimally weight each residual (Y;;— ;) by the inverse of cov(Y;).
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7.9.2 Options for specifying within-cluster correlation
e “Working Independence”: R;(a) =1

— No within-unit correlation (completely pooling observations).

— Just like standard logit /probit.
e “Exchangeable”: R;(a) = p

— Within-unit correlation is the same across units.

— Similar to “random effects,” in the sense that we're assuming
constant within-unit marginal covariance; but do not need or-
thogonality assumption of RE.

e Autoregressive : R;(a) = pl'=*
— Here, AR(1).
— Correlation decays over “time.”

— Can also do “banded” / “stationary” correlations.
e “Unstructured” : R;(a) = avg, t # s

— o 1s a1l x T matrix.

T(T—1) . _ .
— Allows % unique pairwise correlations.

— Very flexible, but can be hard to estimate, esp. w/ large T'.
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7.9.3 “Robust” Standard Errors

e Bapp is robust to misspecification of Ri(c).
o var(Bgpp) is not.

e Can compute “sandwich” estimator: var(Bgpp) =

N 1 1 N -1
N< ﬁgvl.]f)i) (ZDVSVD)(Z 2}15)

i=1
(7.9)
e Similar to the Huber/White estimator.
e One drawback of GEE is that it does not produce standard errors for

elements of R;(«) = we should be cautious about drawing inferences
about these parameters (treated as “nuisance”).

e A number of software packages can estimate GEEs: xtgee in Stata,
proc genmod w/ repeated option in SAS, gee, geepackin S-Plus/R,
GEE in Riemann Library for Gauss.
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7.9.4 GEE2

e Other options exist for estimating the m = @ elements of R;(«).

e Can do this with a separate estimating equation:

Unla)= S EW, (Z, - n) (7.10)

i=1
where

T(T-1) .
—Z; = (Zus, Zins, - - Zar, Zios, - - - Zir(r—1)); the ( 5 L oh-
served” sample pairwise correlation.

— m,; is the column vector of the expected values of the pairwise
intracluster correlation for observation 7.

—E, = om;

o aai

. . . T(T—1 .o
— W, is a square diagonal matrix of rank % containing the
variances and covariances of the Z;s.

e Can be estimated either separately from U (3), assuming
cov|Ui(B), Un(a)] = 0, or allowing the two to covary.

e Drawbacks: Requires correct specification of R;(«) for consistent
estimates of 3.
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7.9.5 Application: Panel Decision-making on the Court of Appeals

e Question of interest: do gender and race affect the decisions of judges
on the U.S. Court of Appeals?

e Almost all cases are decided by (more or less) randomly selected
panels of three judges.

e “Norm of unanimity” suggests there will be significant correlation
among judges on the same panel.

e GEE approach is useful for accounting for correlation, treating each
three judge panel as a cluster.

e Farhang and Wawro (JLEO '04) use this approach to examine deci-
sions in employment discrimination cases.
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Table 7.1: GEE analysis of judges’ votes in Appeals Court decisions

Logit GEE
Variable Coefficient Std. Err. Coefficient Std. Err.
Judge and Panel Level Variables
Intercept 1.126 0.362 1.226 0.613
Gender 0.877 0.269 0.791 0.276
One female colleague (female judge) —0.373 0.454 —0.398 0.594
One female colleague (male judge) 0.800 0.180 0.789 0.274
Two female colleagues (male judge) —0.337 0.575 —0.362 0.595
Race —0.329 0.363 —0.212 0.359
One nonwhite colleague (nonwhite judge) —0.033 0.558 —0.458 0.764
One nonwhite colleague (white judge) —0.136 0.236 —0.151 0.357
Two nonwhite colleagues (white judge) —0.443 0.720 —0.859 1.081
NOMINATE score —0.570 0.192 —0.643 0.176
Panel colleagues’ NOMINATE scores —1.098 0.243 —1.100 0.342
Author 0.122 0.188 —0.023 0.040
Gender x author —0.174 0.421 0.054 0.120
Race x author 0.345 0.549 0.069 0.117
NOMINATE score x author —-0.173 0.338 0.069 0.082
Case Specific Variables
Race discrimination 0.285 0.197 0.294 0.310
Gender discrimination —0.190 0.185 —0.171 0.308
Harassment 0.761 0.206 0.717 0.354
Age discrimination —0.062 0.190 —0.047 0.330
Religious discrimination —0.752 0.624 —-0.715 1.138
Nationality discrimination 0.069 0.468 0.045 0.784
Reverse gender discrimination 0.576 0.391 0.487 0.716
Reverse race discrimination —1.282 0.609 —1.388 1.016
Government defendant 0.139 0.159 0.091 0.268
EEOC plaintiff 0.150 0.620 —0.083 1.423
Plaintiff appeal —1.597 0.235 —1.570 0.390
Both appeal 0.578 0.282 0.586 0.486
Posture —0.079 0.207 —0.093 0.316
Circuit Level Variables

1st Circuit dummy —1.048 0.409 —1.102 0.641
2nd Circuit dummy —0.624 0.373 —0.636 0.650
3rd Circuit dummy —1.358 0.549 —1.386 0.773
4th Circuit dummy —1.885 0.578 —1.973 0.839
5th Circuit dummy —2.053 0.400 —2.038 0.688
6th Circuit dummy 0.093 0.397 —0.023 0.703
7th Circuit dummy —1.112 0.320 —1.156 0.541
8th Circuit dummy —0.870 0.326 —0.923 0.564
10th Circuit dummy —1.315 0.377 —1.344 0.657
11th Circuit dummy —0.207 0.334 —0.252 0.583
D.C. Circuit dummy —1.410 0.489 —1.350 0.794
p — — 0.893 —

Note: Table entries are GEE estimates. N = 1200.
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TasLe 3 Panel Probit Model Results for Voting Behavior on AFL-CIO Roll-Call Votes,

102nd-104th Congresses

102nd Congress 103rd Congress 104th Congress
1st Session  2nd Session  1st Session  2nd Session  1st Session 2nd Session
Variable Estimated coefficients*
In-Labor PAC contributions -0.006 0.002 -0.012 0.010 0.008 0.012
(0.004) (0.011) (0.009) (0.006) (0.001) (0.009)
In Corporate PAC contributions 0.031 0.036 0.006 0.010 0.018 0.030
(0.003) (0.011) (0.007) (0.006) (0.002) (0.011)
Unemployment rate -0.003 -0.008 0.001 -0.006 -0.011 -0.025
(0.004) (0.011) (0.008) (0.007) (0.002) (1.617)
Tests of no correlation between individual effect and regressorst
In Labor PAC contributions 923.348 371.868 342.397 481.322 4,384.273 159.388
(< 0.001) (< 0.001) (< 0.001) (< 0.001) (<0.001)  (<0.001)
In Corporate PAC contributions 170.824 33.342 106.950 32.075 3,986.840 102.342
(< 0.001) (< 0.001) (< 0.001) (< 0.001) (<0.001) (<0.001)
Unemployment rate 112.456 3.222 117.859 31.739 892.259 12.804
(< 0.001) (.666) (< 0.001) (< 0.001) (< 0.001) (.025)
N 315 319 356 332 324 343
T 8 5 7 7 9 5
Note: *Standard errors in parentheses.
t Entries are X% statistics. p values in parentheses.
TasLe 4 Panel Probit Model Resuits for Voting Behavior on USCC Roll-Call Votes,
102nd-104th Congresses
102nd Congress 103rd Congress 104th Congress
1st Session  2nd Session  1st Session  2nd Session  1st Session 2nd Session
Variable Estimated coefficients*
In Labor PAC contributions 0.025 -0.005 -0.012 0.043 0.008 0.022
(0.004) (0.007) (0.003) (0.011) (0.001) (0.004)
In Corporate PAC contributions -0.030 0.004 0.003 0.010 -0.011 0.015
(0.005) (0.006) (0.004) (0.009) (0.001) (0.004)
Unemployment rate 0.002 -0.010 0.023 0.018 0.004 0.002
(0.005) (0.007) (0.004) (0.011) (0.001) (0.005)
Tests of no correlation between individual effect and regressors’
In Labor PAC contributions 676.705 267.680 119.077 55.355 6,441.995 606.078
(< 0.001) (< 0.001) (< 0.001) (< 0.001) (<0.001) (<0.001)
In Corporate PAC contributions 459.730 189.141 87.816 37.028 16,767.967 387.557
(< 0.001) (< 0.001) (< 0.001) (< 0.001) (<0.001) (<0.001)
Unemployment rate 106.871 223.512 82.972 15.364 7,427.728 237.892
(< 0.001) (< 0.001) (< 0.001) (0.031) (<0.001)  (<0.001)
N 302 288 357 344 340 338
T 8 7 7 7 10 8

Note: *Standard errors in parentheses.
T Entries are X% statistics. p values in parentheses.
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Ficure 2 Effect of Labor PAC Contributions on the Probability of Voting in
Favor of the AFL-CIO Positions, 104th Congress, 1st Session
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Ficure 4 Effect of Corporate PAC Contributions on the Probability of Voting
in Favor of the USCC Positions, 104th Congress, 2nd Session
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Section 8

Unbalanced Panels

8.1 Introduction

e Observations can be missing in panel/TSCS data for a number of
reasons.

— Standard non-response or irregularities in data collection.
— By design: rotating panels.

— Attrition/accretion.

x Individuals can’t be located; firms cease to exist.
+ New firms enter the market; longer time series for some coun-
tries.

e The big question is whether or not the missingness is due to an
“ignorable” or “nonignorable” selection rule (Verbeek and Nijman in
Econometrics of Panel Data, '92).

e [gnorability: reason for missingness is unrelated or random to the
main DGP of interest.

8.2 Ignorable selection rules

e Consider the simple variance components model:
Yir = i + B'Xi + wi (8.1)

where a; ~ iidN(0,02), uy ~ 19dN(0,02); assume independence
b/t a;, uy, and B'x;.

125
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e Let diy = 0 if y;; (and perhaps elements of x;;) are missing; d; = 1 if
observed.

e Have ignorability (of order 1) for B if Flae + w;|d;] =0 V 1.
— GLS is consistent for unbalanced panel and balanced subpanel if
N — o0;
— FE is consistent for unbalanced panel and balanced subpanel if
N — oo and E[w;|d;] = 0 where w, = (a1, . .., U;r) and @ =
Uip — Uy
e W/ ignorability, could just force panels to be balanced by deleting
cross-sectional units that have missing obs.; but that’s inefficient.

e If we use all available data, then we essentially face an accounting
problem in computing estimates: need to keep track of how many
obs. we have for each cross-sectional unit.

e Consider the simple case of 2 cross-sectional units observed for dif-
ferent lengths.

e Let ny be the shorter time series observed for © = 1 and ny be the
additional obs. we have for ¢ = 2.

MBS LN 52)

where y1 is ny X 1, yo is (n1 + n2) X 1, ete.

e Stack observations:
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e The var-cov matrix is

0L, + 020, 0 0
Q= 0 oL, + 02T, o B (8.3)
0 0-34']”2”1 O-IQL:[”Q + 0-(%(']712”2

where J nin; is an n; X n; matrix of 1s.

e All non-zero elements of £ are equal to o2.
o Let T = 25:1 n; for 7 = 1,2. Then € is block diagonal where the
gth block is
Q; = (Tio: + ai)jTj + UZETJ. (8.4)
where jTj = JTj/Tjj and ETj = IT]. — jTj-

e For example, for T = 3 w/ the shorter times series being only one
period, we have:

o2+o2 0 0 ]
2, 2 2
Q- 0 o, + o op [1 1} ]
0 o2 ! o’ b + o2 b
“11 “10 1 “1 1]
02402 0 0 0
B 0 o2 +o2 o2 o2
B 0 o oi+o2 o
0 o2 o2  oi4o0?
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Let w? = Tjo2 + o2,
Using some math tricks we get
_ Oy =
O'UQJ- 1/2 = —UJTj -+ ETj
L]
— ITj + ejJTj

where 0; = 1 — 0, /w; (note that 6, varies across j and is a function
of Tj).

We can use this as weights to obtain the GLS estimator as a weighted
least squares estimator, where the weights depend on the number of
observations for each cross-sectional unit (i.e., ;).

Generally, we could write down the variance components model for
unbalanced panels as before, but with ¢t =1, ...,T;.

To compute the within estimator, we modify our standard Q matrix
to be diag(Er,) and then transform the equation (stacking all cross-
sectional units and time periods) by pre-multiplying by Q.

Recall that in the balanced case we pre-multiplied each cross-sectional
unit by Q = I — %ee’ , which worked b/c we had the same T' for
each cross-section.

For the unbalanced case we're pre-multiplying each cross-sectional
unit by its own sweep matrix that depends on the length of 71" for a
given unit.
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e For the error component derivation, write the regression in vector
form:
y = e, + X8 +u

8.5
=70 +v (8.5)

where

—u=%2Z,ax+v,

=T

—yisnx1l;Z=(e,X)and is n x K; Z, = diag(er); er, is a
vector of 1s of dimension T;;

/ /
- 5 — (M,,B )
/.
—a=(a,a,...,ay);
/
V= (”011,---,’U1T177121,---,’U2T2,UN1,---,UNTN)-
e The GLS estimate is

dais = (ZQ712)7'17Q 7y (8.6)
where 2 = 02X,

> =1, + pZ.Z,

= diag(E7,) + diag|(1 + pTi)jTi], (8.7)

and p = 02 /o2,

o (1+pT;) = w?/o? where w? = Tjo2 + o2 (see eq. [8.4)).

e Thus, GLS estimates can be obtained by running OLS on the original
equation after we have pre-multiplied it by

0,72 = diag(Er,) + diag[(o,/w;)I 1] (8.8)

(see eq. [8.2)).
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e In other words,
dais = (ZYZ°)'Z7y" (8.9)
where Z* = 0,927 ?Z and y* = 0,92y,

8.3 Nonignorable selection

e If the selection is nonignorable, then we are faced w/ a more difficult
problem.

e One way to fix this is to try to incorporate the selection rule in our
model.
8.3.1 Review of selection in the cross-sectional case
e Latent structure:
df = 0'w; + €
yi = B'%; +u;

e Observed structure:

L[ 1itd>0 C(y ifdi=1
10 ifdr <0 Y= 7 otherwise

e Assume distribution for the disturbances:

, 2
MR Gl
U; Ocu Oy,
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e That is, we assume that (€;, u;) have a bivariate normal distribution:

Fles ) = 1

2rocoun/ 1 —p

2 2
X exp ——1 A 2p cith + il
2(1 - ,02) 0-6 O-EO-U O-U

where p = 2%
eEYu

2

e What is the likelihood function for this model?
Case 1: d; =0,s0y; = 0.

Individual’'s contribution to the likelihood is Pr(d; = O|w;) = 1 —
D(8'w;/o).

Case 2: d; = 1 and we get to see y;.

To figure out what an individual’s contribution to the likelihood is in

this case will be we need to think about the distribution of u; given
dz' = 1:

/ ) €, u;)de; (8.10)

where ¢ is the threshold ¢; must exceed to observe yo; (ie., ¢ =
—d'w;).

Trick: a joint distribution can be written as a conditional distribution
times a marginal distribution:

f(% Uz) = f(uz>f(€z‘uz)
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Then (8.10) can be written as

/coo fle, ui)de; = /OO fwi) f(€&lug)de;
- / f(eilui)de;

;) Pr(e; > cluy)

Given our assumptions, €|u; ~ N (%uz, (1— p2)a%>.
u

What is Pr(e; > c|u;)?

Jeu Jeu
€ — 3 Ui — 2 U
Ou Ou

>
(1= p) V20~ (1= p)o,

Let ¢ = —8'w; and u; = y; — 3'x;. Then

UE“UZ —0'w; — % (y; — B'x;)
T— ), (1- )%,

e Thus an individual’s contribution to the likelihood if d; = 1 is

1 v — B'x; —0'w; — Ua—?(yz - B'%;)
() [1 - < =7,
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e The log likelihood function for this model is

Zln [1— d(6'w;/0)] +Zln<gu (y_a—ﬂx))

u

oW, — %y~ Bx)
+;ln [1—@( (1—p)1/205 >]

e As you can well imagine, this log likelihood is not the easiest thing

to maximize.

— Life would be easier if we had starting values that put us close to
the maximum.

— Heckman’s two-step method gives us such starting values,
but this method is often used instead of ML.

e Consider this model in a regression setting:

E[dZ|X1J = Pr(dz = 1‘X12‘) = (I)(CS/WZ'/O'G)

E[yi|Xz', dZ = 1} = E[ﬁlxz‘ + UZ‘|X2‘, dz = 1]
= B'x; + Elug|x;, d; = 1]
= ,BIXZ' + E[U@’Q > —(SIWZ']



134

e How might this be problematic for using OLS?
— if Eluile; > —8"w;] = 0, no bias.

—if Elu;le; > —8'w;] = a where a is any nonzero constant, then
we get bias in the intercept but not the slope coefficients.

—if Elu|e; > —8'w;] = f(B'%;), then we get inconsistency in the
intercept and the slope coefficients.

e We can use the law of iterated expectations to figure out what
E[U@‘El > —5/Wi] 1S:

Ely| = E,[Ely|x]]

E[UZ’Q > —5/Wi] = Eu1 {E[UZ‘EZ > —(s,WZ', 62’”@' > —(S/WZ}}

e Take the inner expectation:

E[UZ‘EZ > —5/W7;, Ei] — E[UZ‘GZ}

= TE;

where
COV(€j, Uj)  Oey

2
€

T var(e)) o
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e The outer expectation then becomes

Elreile; > —8'w;| = TEe;|e; > —6'w,]

[ei € —5’W2~]
=10 B |—|— >

Oc O O,

. ¢(5/Wi/o_ﬁ>

B TO_G(I)((S/WZ‘/O'E)

e This follows from the behavior of moments of the truncated normal
distribution.

— ®(+) in the numerator is essentially a weight that ensures that
the distribution will integrate to 1.

e Putting this altogether gives

5l 1/ Ve
Elys|xi,di = 1] = B'xi + Pauii&vv:ﬁ))

8.4 Selection for repeated observations data

e Let’s derive this in the error components framework:
Yir = o + B'xi + uyy (8.11)
where v;; = a; + A\p + ugy.

e Suppose we have T' = 2 w/ attrition in the 2nd period, and let d; = 1
if 9,0 is observed, and is 0 otherwise.
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e Latent variable set-up:
di =vyio + 0'xip+ 8w+ ¢ >0 (8.12)
(assume joint normal for v; and €*).

e Substitute in for y;» and rearrange:
di = (V8 + 0')xip + 0'w; + yvige;
= 7T/X.Z'2 + 5/Wi + €; (813)
= a’Ri + €;
where €; = yupel, R; = (xly + 8'w!) and &’ = (7, &)
e The probabilities of retention and attrition are:

Pr(d; = 1) = ®(a'R;)

Pr(d; =0) =1 — ®(a'R);) (8.14)

e The condit’l expectation of y;o given that it is observed is
E(yio|B'%io, Wi, di = 1) = B'xj5 + E(vj2|B'%j0, Wi, dj = 1) (8.15)

e With v = g€ + 1; where g9 = cov]vs, €] and 7; L €;, we get:
E(vp|lw;, d; = 1) = o9 E(ei|wi, d; = 1)
O09¢ /OO 1 _62/2
= € - e de

@(a’Ri) a'R; \/ 27 (8 16)
— ¢(a'R;)
26(1)(3/RZ')

This is essentially the same as what we did in the cross-sectional case
(finding the expectation of a truncated, normally distributed random
variable).
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e This gives

»(@a'R;)

E(yi2|B'%i0, Wi, d; = 1) = X9 + €2
CID(a’Ri)

(8.17)
e One way to get estimates is via ML. The joint density of d; = 1, y;1,
and y;o 1S

fdi =1, yi1,yi2) = Pr(d; = i1, vi2) f (yi1, vi2)
Pf(dz‘ = HyiQ)f(yila y@'2)

a'R; + (agaj;g ) (yi2 — B'xi2)

1/2
1 0% /
0%+aa

X [2770,3(05 + 20§)]_1/2

2
1 o2
- {_272 [Z(y“ Rkt

X (Z(y@t — IB/Xit)> ;

t=1

(8.18)

— The ®(+) term in this equation comes from

2
O02¢ 09
feilvia) ~ N (02 g Vig, 1 — 2 j 02> (8.19)

— The remaining parts of the equation come from the joint normal
for y;1 and y;s.
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e An individual who has left the sample contributes the following to

the likelihood:
f(di = 0,y1) = Pr(d; = Olyi1) f(yi1)

a'R; + ( 2+U ) (yin — B'xi1)
=q1-¢ JNRETYE
-] _

[27r(0 + 202 ] 1/2

XGXP{—Q( i )(yll ﬁ'XM)Z}

where o1, = covle;, vi1] = 09c = 02 /(0% + 02).

(8.20)
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e Order the observations so that we have complete data on the first V;
of them and the remaining N — N7 represent those who have left the
sample after the first period. Then the log likelihood is

N N

InL=—-Nn2r — 7111&05 — 7111&(05 +202)
N —N
- ! In(o? + o?)
1 Mo 2 o2 [ 2 ’
— 53 D\ D = B = = D (a — B'xi)
wi=1 | t=1 u a | ¢=1
f
N aR,; + ( ) (y22 /B,Xi2)
Uu+0a
+ Z In ® < 172 ’
1=1 |:1 — —2026 2:|
\ 0ut04 J
2 2 1 (3
2(O-u ™ Ua) 1=N1+1
i . a'R; + (U%Uifjg) (yin — B'xi1)
+ 1 —
1/2
i=Nj+1 ] [1 — 012;1; 7 } |

(8.21)

e Note that if g9 = 0 then there is no attrition bias (also means that
o1 = 0); get random attrition model.

e Can be generalized for T' > 2; specify attrition equation for each
period.
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