IEOR4706: Financial Engineering | Professor Guillermo Gallego
Lecture 7 Autumn 2000

1 Active Portfolio Management

This lecture is based on the book Active Portfolio Management by Richard C. Grinold and Ronald
N. Kahn.

Active portfolio management starts with estimates of expected excess returns that do not agree
with the consensus returns. We will argue that a straight maximization of a sensible utility function
may lead to active portfolios that have beta values that are significantly different from 1. This
exposes active portfolio managers to large business risk. This will lead us to consider beta-neutral
portfolios, i.e., portfolios with beta equal to one. Among these portfolios we will see that which
maximizes the information ratio, i.e., the ratio of active return to active risk.

1.1 Consensus returns

The consensus expected returns are given by ¢q. The variance-covariance matrix by V. The bench-
mark portfolio is

Tg = 7‘/71(]
q elv—lq’
1.2 Sensible Utility Function
Consider the utility function
u(z) =q'z — 1x’V:L‘, (1)
T

where 7 is the risk tolerance. We know from an earlier assignment that u(x) is maximized at
Te+ T2

where z, is the minimum variance portfolio and

e'V-1g
z = T(xq — Te)

is a swap vector.
We want to find the value of 7, say 7%, that would induce an investor to select the tangency
portfolio z,. We need
Te + T 2 = 24,

or equivalently,

By inspection, we see that
eV-1iq

We have argued before that €'V ~1q = ¢,/ 03, so this allow us to write

An investor with risk tolerance 7* and utility function (1) would select the tangency portfolio over
all risky portfolios in the efficient frontier.
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1.3 Forecast Returns Different From Consensus Returns

Suppose that your estimate of excess expected returns is given by the vector g # ¢q. Then the
tangency portfolio based on g is
r,=Vlg/eV g

If you have risk tolerance 7%, and you believe the excess returns are given by g you would invest
in a combination of the risk-free rate and portfolio x4. If you invest a fraction a > 0 in portfolio z,
and a fraction (1 — a) in the risk-free rate, the excess expected return will be given by agy = ag'z,,
and the variance by a?0? = a2x’g V4. The optimal choice of a maximizes

g
1
2 2
agy — — @ 0.
Solving, we obtain
%
T %
= .
2 o

1.4 Beta of Active Portfolio

The optimal portfolio invests a fraction a* in z, and a portion (1 — a*) in the risk-free rate. What
V%9 The beta of the resulting

2
Uq

is the beta of the resulting portfolio. Let =, = a*z4, and let 8 =
portfolio is

Bp =a*Bzy = a*By.
We will now argue that

Yq
=",
p qq

By a CAPM like argument, the excess return of any portfolio x, is related to the excess return
of portfolio x4 by

Cov(R,, R,) Cov(R,, R,)
g =9g'Tp = 05 gz, = 05 “gy.
g g
In particular,
Cov(R,, Ry)
9q = glmq — #g‘g

g

By multiplying and dividing the right hand side by 03 we obtain

%
9q = ﬂg —9Yg-
Ug

Therefore,

ﬂp = a*ﬁg

94 %
9g 03

T 9994%

2 02 g, 02

2 2
%4 99 92 %9

q 05 99 04
9q
dq
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Thus, the beta of the optimal portfolio is the ratio of the excess return of the tangency portfolio
under the active manager and the consensus forecast.

Although investing fraction a* on x4 is optimal for an investor with risk tolerance 7%, 8, may
be significantly different from 3, = 1 exposing active portfolio managers to significant residual risk
relative to the benchmark z,. In terms of total risk/return analysis, small differences between ¢ and
g may lead to very high levels of residual risk relative to the benchmark. Active managers loath
taking the risk of significantly under-performing the benchmark because they may get fired.

1.5 Active Excess Return and Active Risk with Beta Equal to One

In this section we will restrict ourselves to portfolios with beta equal to one, and will concentrate
on the tradeoff between active excess return and active risk.
The consensus excess returns are given by

q = Bqq

where [ is as above and ¢, = ¢'z,.
In general, we can write our estimate of excess returns as

9= B(gq + Aqq) + a,

where Ag, is a scalar and o is a vector. Interpret Ag, as our disagreement of the excess return of
the benchmark, and « as the residual returns. In this section we will assume that we agree that the
excess return of the benchmark is equal to g4, so Agy =0 and so

9="0q+a=q+a
In addition, assume that g is such that g, = ¢’z4 = ¢q. This last assumption forces
ag=a'zg =0.

Thus, the benchmark portfolio is assumed to be alpha-neutral.

Here the vector a denotes the abnormal returns. Under the CAPM a = 0, thus our estimates
differ from the consensus returns by the presence of alpha. Looking forward, alpha is a forecast of
residual return. Looking backward alpha is the average of realized residual return. For any portfolio
Tp We can write

gz, = [Bzpge+dzy

= Bplqg + -
Suppose that we invest in a certain portfolio ,. The active holding in risky assets is given by
Lo = Tp — Tq.
Then the active return is given by

gz = ﬁ/(xp — Tq)qq + a/(xp —Tq)
= (Bp—1)gq +ap — g
= ﬁaQq + aq

where 8, = 8y — 1, and aq = ap — g = .
The active risk is given by

V2 o= 2 Va,

p
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Here we have used the fact that o, = ﬁpog.
If we restrict ourselves to portfolios with 8, = 0, or equivalently 8, = 1, then the active expected
return is given by
qlxa = Qg = alxaa
while the active risk is given by
Wy = 0p — 05

Notice that we can also write the active risk as

1/12 = 2z Vz,
= 2,[8002 + Tz,
— Bttt

where wg is the variance of the residual return. For portfolios with 3, = 0 we have

Therefore, for portfolios withe 3, = 1 the active risk is equal to the residual risk. Notice that all such
portfolios have variance 012, = 03 + wg > 02, so the benchmark is the minimum variance portfolio
with beta equal to one.

Under these conditions, the active portfolio manager tries to find the active position z, that
maximizes the ratio of active return o'z, to active risk /! Vz,. This is known as the information

ratio. ,
o'z,

Following the same logic used to find the portfolio with the maximum Sharpe ratio, we see that
Via

e'V-1la’

maximizes (2) provided €/V~!'a > 0. Under this assumption, the maximum information ratio is

given by
R = e Va'V-1la,

Oa

(2)

To =

where o = &'z, and 02 = 2!/, Vx,. If €V ~la <0, then o, = o'z, < 0, and —z, maximizes the
information ratio. To handle both cases at the same time we redefine
B V-la
~abs(e/'V-la)’
but the reader should be aware that €'z, can be either 1 or -1.
It is easy to verifty that 8, = 0. Indeed,

Ba = ﬁ/l‘a

z,V Vla

o—ge’V—la
Toa

o2(e'V—1ta)

= 0.

As a consequence, any portfolio of the form z, = z, + az, will have 3, = 1, active return
op = aa'z, and active risk w} = a®z),Vz, = a’0). Notice that the information ratio of portfolio
zp is the same as that of portfolio =, so

ap = IR wp.
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This defines the active manager’s opportunity set.
The objective of the active portfolio manager is to find a portfolio that maximizes the value
added function .
2
ap — —w
p T p?

where 7, is the tolerance for residual risk. Since o, = IR w,, we can write the objective function as

Ly
IR wp — —w,. (3)
™
The active risk level that maximizes the value added function is wy = % IR, which results in value
added equal to
1 wiIR
—IR?*7, = 2—.
4T T
This formula states that the ability of the manager to add value increases as the square of the
information ratio and with the manager’s tolerance for risk. Therefore, a manager’s information
ratio determines his or her potential to add value. One further implication is that every investor
seeks the strategy or manager with the highest information ratio. Investors will differ only in how
aggresively they implement the strategy depending on their risk tolerance.
We have solved the problem in terms of the residual risk. To determine the value of a recall that
wp = G0q, so the optimal choice is to invest a fraction
. IR

*

2 0,4

in the active portfolio z,. Notice that a* is linear in the risk tolerance, so an investor with more
tolerance for risk will be more aggresive in implementing this strategy.

1.5.1 Cash Position

The resulting portfolio is x, = z, + a*z,. Notice that €'z, = 'z, + a*e’zy =1+ a*e’z, =1+ a*,
since by construction €'z, = £1. Consequently, portfolio z, has a cash position equal to —a*e’zq,
or equivalently —a* if €'z, = 1 or a* if ¢’z = —1. Thus, implementing this strategy may require
borrowing or lending money.

1.6 Active Excess Return and Active Residual Risk with Arbitrary Beta
Under the CAPM, the excess returns are given by

R; — Ry = Bi(Ry, — Ry) + &.
This gives rise to a variance-covariance matrix of the form
V= 02 B3 +T.
If we allow portfolios with arbitrary beta, then the residual risk of a portfolio x,, is given by

2 /
ws = xpTxp

P
2
$;[V - /Baqﬁl]lb
= z,Va, — (ﬁ'fﬂp)%g
2 2 2

== O'p— pO'q.

Our objective is now to find a portfolio z, that

1
! /
azy — —x, ey,
Tr
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where 7, is the tolerance for residual risk.

The first order conditions are 5
—(V - ogﬁﬁ')mp = a,

"
or equivalently,
-
Vi, = Era + ﬂpogﬁ.

Notice that

7
o'y
a = - Vg
Vg
Qq
= —ZV.’L‘a
Ua
IR
= —Vz,,
Oq

while
ogﬂ = Vax,.

Thus,

- IR
Va, = %U—V.’Ea + V Bz,

Via*za + Bpag).
Consequently,
Tp = A" To + Bpxq.

Notice also that x, has beta equal to 3,, and that z, has active cash position equal to 1 — a* — 3,
assuming e’x, = 1.

1.7 Active Management with Zero Cash Position

Here we will consider portfolios that are fully invested in risky securities e’x = 1, so they have no
cash position. Our objective is to find the minimum variance fully invested, beta-neutral portfolio
with expected excess return b. Suppose z is a beta-neutral portfolio, 3’z = 1. Then the excess
expected return is

gz =032+ dv=q,+dxy+ a1, =g+ aq,

where z, = z, — z4. Recall &’z, = 0 since the benchmark portfolio is o neutral. Thus our objective
g'x = b is equivalent to &'z, = b = b — ¢,. The requirement that the portfolio has no cash position
is equivalent to 'z, = 0. Let us now consider the variance of portfolio x = x4 + z,. Clearly
Ve = O'Z + 2z, Vi, + 2, Vi,
= 02 +2020'xq + 2, Vi,
2
= o, +x,Va,,

where we have used the fact that 1 = 'z = 'z, + 'z, = 1 + 'z, implies 'z, = 0.
Consequently, the problem reduces to

H /
minz,Vz,

subject to
o'ze = b,

ﬁ/l‘a = 07
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and
e'xq =0.

It is an exercise to show that there exists constants A, i, and v such that
Ta = ATq + UTe + VYZq,

satisfies the constraints. Let aq = &'24, @ = &/, and recall that o, = o/z,. The constraints are
given by
Ao + pae +yag = b,

)‘ﬂa + /jfﬂe + 'yﬁq = Oa
Ae'zq + pe'ze +yBe'z, = 0.
To solve we use the following facts: oy =0, B, =0, 8, = 1, and 'zy = €'z, = €'z, = 1. Solving,
we obtain the swap vector
b
(1 - ﬁe)aa — Ol
The optimal portfolio is then

[(1 - Be)ma — Te + Bemq]-

LTgq =

Tp = Tq + Tq.

The student can verify that 'z, = 0 and 'z, = 0.



