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1. INTRODUCTION

Thesemanticparadoxes,whoseparadigmis theLiar, playeda crucial role at a
crucial juncturein the developmentof modernlogic. In his 1908seminalpaper,
Russelloutlineda system,soonto becomethat of the Principia Mathematicae,
whosemaingoalwasthesolutionof thelogicalparadoxes,bothsemanticandset-
theoretic.Russelldid not distinguishbetweenthetwo andhis theoryof typeswas
designedto solve bothkindsin thesameuniformway. Settheoreticians,however,
were contentto treat only the set-theoreticparadoxes, putting asidethe seman-
tic onesasa non-mathematicalconcern.This separationwasexplicitly proposed,
eighteenyearsafterRussell’spaper, by Ramsey, thoughhe,likeRussell,advocated
a systemthataddressesbothkinds. Sincethen,thesemanticparadoxeshave been
viewedwithin the perspective of the theoryof truth, wherethey have occupieda
respectableniche,but oneof ratherspecializedinterest.

In this work I shall try to move the issuesarisingfrom thesemanticparadoxes
to a morecentralplacewithin the philosophyof language.It is not somuchthe
paradoxesthemselvesaswhat they revealaboutmechanismsincorporatedin nat-
ural languagethat is philosophicallyso significant. Theseare mechanismsthat
enableusto make within thesamelanguagestatementsthat, in theusualorderof
things,would requiresemanticascentsto metalanguages.Theimplicationsof the
emergingpictureextendwell beyondthespecificconcernsof theparadoxes.

Thework hasphilosophicalandtechnicalaspects.I shalltry to make thephilo-
sophicalpointsclear, without relying too muchon the moretechnicalpartsthat
occupy mostof section4 andpart of section5. The emerging pictureis roughly
this. Statementsaremade,or canbemade,by meansof objects—the“pointers”
of the title—which form a kind of network. The semanticsconsistsof recursive
rules,by which every pointeris eithergivena truth-value—signifying thetruth or
thefalsityof thestatementexpressedthroughit—or is classifiedasafailure,i.e.,as
failing to expresssomethingtrueor false.Eachpointerhasanassociatedsentence
(thesentenceit “points” to), which, in turn, mayrefer, eitherby nameor through
quantification,to pointers. By usinga pointer, onecanthereforemake, or try to
make,a statementaboutstatements.Thesecrossreferencesgeneratethenetwork.
In general,theassociatedsentenceis not sufficient for determiningthestatement
madethrougha pointer. Thepointer’s placein thenetwork entersaswell. Modo
grossothe placedeterminesthe metalevel at which the sentenceis read;that is,
�
I would like to thankmy colleaguesIsaacLevi andRohit Parikh andmy studentsFrederico

MarulandaandGurpreetRattanfor usefulcommentson anearlierdraftof thiswork.
1



2 HAIM GAIFMAN

themetalanguageto which thesentencewould belong—hadwe operatedwithin a
hierarchyof languagesinsteadof usingpointers.Thus,throughpointers,we can
expressin asinglelanguagestatementsthatwouldotherwiserequiremetalinguistic
ascent.This, I shallargue,happensin naturallanguage.

The semanticsis, to a large extent, holistic. Although it hasa compositional
component,which entersthroughtheassociatedsentences,it is on thewholenon-
compositional:what a pointerexpressesis not derived only from its associated
structureandthestructure’sparts,but alsofromcontextualparametersof theglobal
network.

Usually, contextualaspectsarehandledby appealto informalpragmatics.Here,
by contrast,intricatecontextual factorsaregivena formal rigorousmodeling.The
thoughtarisesthatthedifferencebetweenpragmaticsandsemanticsis notassharp
as it might seem. The first canbecomethe second,uponrigoroussystematiza-
tion. Anotherpoint of interestis thenon-compositionalityof thesemantics.Non-
compositionalsemantics,sometimesdescribedasoperational,arewell-known in
the theoryof programminglanguages.But the incorporationof sucha semantics
into a theoryof truth is uncommonin thephilosophyof language.

In the formal systempointersappearas“technical” elements,subjectto well-
definedrules.Butsincethey determinehow sentencesareread,they shouldbeseen
in awiderperspective asrepresentingpointsof view, stances,waysof interpreting
given assertions.Sucha perspective is presenteven in simpleillustrative exam-
ples. It becomesclearerin section5, wheredistinctionsbetweenvariouskindsof
pointersserve asabasisfor a rankingthatentersinto thesemanticrules.

An earlier, different systemwas the subjectof “Pointersto Truth” [Gaifman
1992],abbreviatedhenceforthasPTT. Developingthe earlier ideas,I wasled to
a differentandsimplersystemof rules,which resultsin a considerablysimpler
setup. The requiredstructuralelementshave beenreducedto a bareminimum,
whichmakesit possibleto applythemethodto awidervarietyof pointersystems.
Variousphilosophicalaspectshave gainedtherebyin clarity.

This paperis self-contained.Knowledgeof PTT is not presupposed.Thebasic
exampleof PTT, the so called two-linepuzzle, will serve alsohereasa standard
illustrationandalaunchingpoint. After thefirst moves,therestof this introduction
is devotedto elaborationsof the remarksmadeabove. Section2 containsfurther
arguments,intendedto clarify andestablishthecorrectnessof theproposedanal-
ysis. Section3, which is moreor lessself-contained,containsan outline of the
system;pointersareintroducedanddiscussedandtheconceptof apropositionthat
figuresin thiswork is clarified;alsodiscussedaresomeotherissues,includingthe
StrengthenedLiar. Section4 containsthemoretechnicalpartof thework, where
thebasicformal systemis fully presented.I have avoidedgoinginto proofs,when
thesearetoolong;but someof theshorterproofsareincluded.Section5 introduces
a variantbasedon a rankingof pointers,which enhancestheclassof expressible
propositions.It hastechnical,aswell asphilosophicalsides.

For didacticpurposesI have postponedthe introductionof pointersto section
3. Sentence-tokens,which arethestandardexamplesof pointers,will serve until
then.
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Tokensof sentencesare physicalobjects,organizedeither spatially (inscrip-
tions) or temporally(utterances),which display abstractsentences:the tokens’
types. It is a commonplacethat,asa rule, truth andfalsity dependon tokens,over
andabove their types.‘I amhungry’ hasdifferenttruth-values,dependingon who
makestheutterance.Thesamegoesfor all casesthat involve indexicality, either
explicitly throughwordssuchas‘I’, ‘you’, ‘here’, etc.,or implicitly—by contex-
tual factorssurroundingtheutteranceor theinscription.

An altogetherdifferentkind of token-dependence is involved in the useof se-
manticpredicates,‘true’, ‘f alse’,‘necessary’(whenthis is construedasapredicate
over sentences)andothers.While indexicality works in familiar ways,the token
dependenceof thesecondkind is a deepphenomenon,whosevery existence,not
to speakof its underlyingmechanism,is far from clear. The following two-line
puzzlewill serve asourstandardexample.
Line 1 Thesentenceon line 1 is not true.
Line 2 Thesentenceon line 1 is not true.

By a well-worn argumentthesentenceon line 1 is not true(if thesentenceis true,
thenit is nottrue).Writing thisconclusiononline 2,onefindsthatonehasrepeated
the very samesentence.If the sentenceon line 1 standscondemnedso doesthe
sentenceon line 2. Yet thelatterexpressesa trueconclusion.Notethat,in orderto
statethis conclusion,onecannotbut repeatthesentence(asI have just done:“By
a well-worn argumentthesentenceon line 1 is not true.”) or usesomeequivalent
phrasingin which thesentenceon line 1 is referredto by adifferentname.Hence,
I arguedin PTT, the two tokensmeandifferent things. The first is not true; the
secondstatestruly thisverysamefact.

Let us take a closerlook at the failure of the line 1 sentence.The standard
evaluationrule for a sentenceof theform ‘The sentencewritten in/on ... is true’ is
roughlythis:

( � ) Go to ... andevaluatethesentencewritten there. If that sen-
tenceis true, sois ‘Thesentencewritten in ... is true’ , elsethe
latter is false.

To get the truth-valueof the negatedsentence(‘The sentencewritten in/on ... is
not true’) we shouldapply ( � ) andfollow it up by applyingthe rule for negation
(wherethe latter stepis supposedto reversethe truth-value). In the caseof the
line 1 sentence,the evaluationdoesnot terminate;the sentencesendsus backto
thestartingpoint. Thus,we geta closedloop. The “go-to” commandmakesthe
referringof ‘The sentencewritten in/on ...’ operationallyexplicit. But the loop is
not duemerelyto self-reference.Crucially, the instructiontells us to evaluatethe
sentencefor truth-value,therebydirectingusbackto ( � ). Hadtheinstructionbeen
non-semantic,sayto countthenumberof wordsin thesentence(‘The sentenceon
line 1 hasan odd numberof words’) or to performan orthographiccheck(‘The
sentenceon line 1 containsno misspellings’),therewould have beenno loop and
noparadox.

The closedloop yieldsa non-terminatingevaluation,andfor this reasonalone
thesentenceis not true. It alsomakespossiblethecontradictionensuingfrom the
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assumptionthat thesentenceis true;but it doesnot imply sucha contradictionin
general.Had the sentencebeen‘The sentenceon line 1 is true’, we would have
gottenthe Truth Teller (which attributestruth to itself andsaysnothingbesides).
LiketheLiar, it is nottrueby virtueof its non-terminatingevaluation.But thetruth
of theTruth Teller doesnot leadto contradiction,andneitherdoesits falsity. We
shalllaterseehow thedistinctionbetweentheLiar andtheTruthTelleris expressed
in theproposedsystem.

�
Theconclusionthattheline 1 sentenceis not truereflects

therealizationthatthestraightforward implementationof ( � ) fails. It is expressed
by usingtokensdifferentfrom theline 1 token,e.g.,theothertokenson this page,
includingtheoneon line 2. Theothertokenssucceedbecausethey areexternalto
theloopproducedby thefirst token.Wecanalreadyseehow differenttokensmark
differentlevels. The first token is in the loop, thesecondis, in a sense,about it.
Moreof this in section2.

Oneinfersthat,in thisandin similarsituations,truth-valuesshouldbeassigned
not to sentence-typesbut to their tokens,and that the evaluationrule shouldbe
modifiedsoasto make thetokenon line 2 true. If this analysis—theargumentfor
which I shall elaboratelater—is correct,we arefacedwith the problemof find-
ing a prescriptionfor assigningtruth-valuesto tokensin general.Loopscanarise
from indirectself-reference,whichinvolvesmany sentencesin diversecomplicated
ways. Theremight bealsootherphenomenathatwould causesentence-tokensto
fail. Our definition shoulddecidewhen tokensfail andwhen this failure is ex-
pressedby othertokens. Like the languageusedin the two line puzzle,our lan-
guageshouldincludeits own truth predicate.But sincetruth is now assignedto
tokens,thepredicateshouldbeover tokensratherthantypes.

The systemoutlinedin PTT (and,moreso, the onepresentedhere)meetsthis
challenge.It appliesto a full-fledgedfirst-orderlanguagethathasnamesreferring
to, andvariablesrangingover its sentence-tokens,andsemanticpredicates—

�����
	
for ‘true’ and �
� ��	 for ‘f alse’—takingtoken-namesasarguments.Thereshould
benothingmysteriousaboutpredicatingtruth andfalsity of tokens.A token, � , is
trueif it succeedsin expressingsomethingtrue;is false,if it succeedsin expressing
somethingfalse;is neithertruenor false(statedas � ����� � 	�� ���
� � � 	 ), if it fails to
expresssomethingthathasa truth-value.

Sentencessuchas‘What is written in ... is false’, ‘Whatever Janesaidis true’,
are easily recastas sentencesof the formal language. The setupis sufficiently
generalsoasto make roomfor arbitrarynetworksgeneratedby tokensthat refer
to tokens.Theevaluationprocedure(theformalmethodof assigningtruth-values)
accords,in the caseof the two-line puzzle,with the above analysisand yields
thedesiredverdict. Thesameworks for a wide varietyof indirectself-referential
cases,including, roughlyspeaking,all thosein which the self-referenceinvolves
essentiallyafinite numberof tokens.Certainintricate,infinitary casesfall outside.
In thosecases—someof which will be discussedin the last two sections—there
areno tokensthatexpressthedesiredpropositionsandwe areforcedto ascendto
a metalanguage.Othervariantsof thesystemaredesignedto take careof someof
theseexamples.
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Theproposedsystemintroducesanessentialnon-compositionalelementinto the
semantics:the meaningof a sentence-token is determinednot only by the struc-
ture of the sentence(asa type)andby the meaningsits components,but alsoby
the token’s placewithin a global network of mutually referringtokens. Contex-
tual dependenciesareof coursecommonin the casesof indexicals and demon-
stratives. But thesearedeterminedby rulesrelatingdirectly to humanintentional
acts,ruleswhoseanalysis—sincethey lack aninterestingrecursive or combinato-
rial structure—isnot profitably pursuedby formal modeling. The mechanismof
indexicals anddemonstrativescanbe separatedfrom the standardcompositional
semanticsandtheircontributionsto themeaningof largerunitscanbesetaside,as
it is doneby Kaplan[1989],underthenamecharacter.

Thecontextualdependency thatentersthroughtheuseof semanticpredicatesis
a differentmatteraltogether.� An intricaterecursive procedureis at work, which,
by defining a truth-value assignment,determineswhat tokenssay. Roughly, it
determinesthemetalinguisticlevel at which the tokenizedsentencewould be in-
terpreted—hadweuseda type-basedsemantics.

The truth-valueassignmentis definedby clauses,of which somearecomposi-
tional andsomecontextual. But sincebothkindsareinterleaved whentherecur-
sionis carriedout, thereis no separationof theprocedureinto compositionaland
contextualparts.Wecandistinguish,in theevaluatingprocess,compositionalseg-
mentsfrom contextual ones,yet eachsegmentrelies,soto speak,on thesegments
thatprecedeit.

Now therole of formal modelingin semantictheoryshouldbeproperlyunder-
stood.Theformalismdoesnot imply anagendafor formalizingnaturallanguage,
but is ratheratool: a formal—henceartificial—yardstick thatservesto bringforth
fundamentalpatternsof conceptualthought.It is not impliedthatpeopleareaware
of and follow the turns and twists of the evaluationprocedure,just as it is not
implied that they areawareof andfollow the intricaciesof formal quantification.
Neitherdoestheviewing of languagethrougha systemthatmakesnoexplicit ref-
erenceto speakers’ intentionsand actsindicatethat the latter are ignored. It is
only assumedthat what the speakers say can be fruitfully analysed,by using a
formal systemasa match,without introducingexplicitly thespeakers’ intentions.
This methodologyunderliesthe generalmainstreamprojectof logic. Somefur-
thercommentsonsemantictheorywill helpto put theimplicationof theproposed
systeminto awiderperspective.

Whenphilosophersof languagespeakof asemantictheory, usuallythey have in
mindwhatis known ascompositionalsemantics:asystematicaccountof sentences
andothersyntacticunitsasstructuredobjects,andof thewayin whichasentence’s
truth-valuederivesfrom semanticfeaturesof its components.� Thesefeaturesare
often representedassemanticvalues: semanticentitiesassociatedwith syntactic
constructs.Thesemanticvalueof aphraseis thenuniquelydeterminedby its struc-
tureandthesemanticvaluesof its components.Thesemanticvalueof a sentence
eitherdeterminesits truth-value,or is simply identifiedwith it. A schemeof this
kind, traceableto Frege,appliesto Tarski’s semanticsfor formal languages.
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Lesswell-known amongphilosophersis thegeneralizationof thatschemeand
the rigorousform given to it in the analysisof programminglanguages([Scott
1970],[ScottandStrachey 1971]),whereit cameto beknown asdenotationalse-
mantics(cf. [GaifmanandShapiro1989] for a succinctformal description;for a
detaileddiscussionsee[Winskel 1993]chapter5, or othertextbooksin this area.)
The role of truth-valuesis playedby certain“external” featuresof programbe-
havior (e.g.,the input-outputrelation);andthe structureis the schemeby which
programs,andprogram-components,arecomposedof smallerunits.� Theareaof
programminglanguagesoffersalsoexamplesof non-denotationalsemantics,often
referredto asoperational (cf. [Winskel 1993] chapter2]). Actually, this is the
older kind. It follows morecloselythe program’s dynamics,usingmodelingsof
computationalprocesses(involving, for example,transitionsbetweenstates)in or-
derto specifytheprogram’s behavior. Thereis a wide varietyof modelings,some
of which leadto branchesof researchrich in formalstructureandin applications.�
Therelevanceof this fact,into whichweneednotgoany further, is theverypossi-
bility of anon-compositionalsemantics.

Given that our aim is a systematicaccountof what makessentences(typesor
tokens)true or false—or, moregenerally, what makesthemrelatein this or that
particularway to theworld—thereseemsto benoapriori reasonwhy theaccount
must take a compositionalform. Compositionalpatterns,to be sure,cannotbe
ignored. It is hardlyconceivablethatwe bypasstheanalysisof ‘The tableis red’
into ‘The table’ and‘is red’—viewed asa particularcaseof ‘ � is � ’. But this is
still a far cry from anoverall compositionalsemantics.

Non-compositionalaspectsderive from contextual dependencies,wherebythe
meaningof a phrasedependsnot only on its structureand the meaningsof its
components,but alsoon theembeddingcontext. It is a factaboutnaturallanguage
thattheseaspects,whichhavebeenaccordedampleattentionbyphilosophers,have
notbeenamenableto modelingat thesamelevel of rigor attainedin compositional
semantics.In particular, whenit comesto theeffectsof largerchunksof context,
we find ourselvesappealingto thespecialcircumstancesof thespeaker’s activity,
employing looserandvaguerexplanations.In short,we take a pragmaticrather
thana semantictack. Thepresentproposalshows thatthis neednot alwaysbeso.
Moreon theinterplayof pragmaticsandsemanticsis in thenext section.

2. THE FORCE OF THE ANALYSIS

As arule,thereactionsto my proposedanalysisof thetwo-linepuzzleacknowl-
edgeits plausibility. But somehave arguedthat otherconstrualsareplausibleas
well; in theendonefindsoneselffalling backon pre-theoreticintuitions. Let me
thereforeelaboratetheanalysis,with theaimof showing thatit is quitecompelling.

Liar sentences,or their equivalents,areusedwhenever statementsthatdeny the
truth of Liar sentencesaremade. As notedabove, the samesentence(type) that
producesa paradoxis alsousedto make a truestatement.� We cantracethe two
uses,or two readingsof the Liar sentenceto two differentwaysof determining
truth-values. The first consistsin implementing( � ) all the way, leading,in our
case,to endlesslooping. The secondway includesa higher level move: If the
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evaluationof the sentencewritten in/on ... fails, becauseof loops(or becauseof
otherspecifiedfeatures),the failure is detected,following which ‘The sentence
written in/on ... is true’ is classifiedasfalseandits negationastrue. On thefirst
reading,theLiar fails to stateanything trueor false.On thesecond,it statesthatit
is not trueon thefirst reading.

Someaccountsleave out thesecondreadingaltogether. Kripke’s system[1975]
representsonly the first; consequentlyall Liar sentencesandtheir kin lack truth-
values.Thesecondreadingis seenbyKripkeasamovebeyondthesystem’sscope:
to themetalanguageemployed by the theoretician.Thesameis true, thoughless
obviously so, of revisionarytruth-theories(originally proposedby Gupta[1982]
andby Herzberger [1982]). As in Kripke’s system,truth-valuesareassignedto
sentencetypes. But thevaluesaresubjectto revisionsduring theevaluationpro-
cessandsometimesthereis no convergenceto a stablevalue. In particular, Liar
sentenceskeeposcillatingbetween‘f alse’ and ‘true’. Yet the theoretician,who
describesthis very fact and who assertsthat the Liar is not true (becauseit os-
cillates),makesan assertionthat is true tout court—not an oscillatingone. This
metalinguisticperspective is beyondthesystem’s reach.�

Given that the secondreadingexists in actualusage,what determineshow an
utteranceor an inscription is read? On my proposal,it is determinedaccording
to whetherthe token in questionis or is not inside the loop. And this requires
that ‘true’ and‘f alse’beconstruedaspredicatesover sentence-tokens. Otherwise
we have to regardLiar sentences(types)asambiguoussentenceswhosereading
is determinedby a hostof circumstantialfactors:thediscussionwithin which the
utteranceor inscriptiontakesplace,whatis known of thespeaker’s intentionsand
knowledge,charityconsiderations,andsoon. Wefall backoninformalpragmatics.
Suchamoveis indeedcommonto all otheraccountsthathave triedto grapplewith
theproblem.�

Therearetwo pointsin favor of my proposedanalysis.Thefirst is a directar-
gumentfor associating,respectively, thefirst andsecondreadingsof theLiar with
theline 1 andline 2 tokens.Thesecondis thattheproposalsubstitutesformal rig-
orouscriteriafor informalpragmaticones,criteriathatgeneralizeto a full-fledged
system.Takethefirst pointfirst. As just remarked,thenon-truthof thesentenceon
line 1 is statedby usinganothertokenof thesamesentence.Absentotherconsider-
ations,thereis no reasonwhy it shouldnotbethetokenon line 2. Theassignment
of ‘true’ to thattokenis thereforenatural.Yet it is not forced.Thetokenis not true
if wedecide,for whatever reason,to interpretit accordingto thefirst reading.But
whenit comesto theline 1 tokenthereis nochoice.Only thefirst readingapplies.
To readit in thesecondway is to readit asstatingtruly andsuccessfullyits own
non-truth,andthis is incoherent.If Jacksays‘What I amsayingat this very mo-
mentis not true’ (andsaysnothingelse),we cansuccessfullyandtruly assertthat
hedid not uttera truth: ‘What Jacksaidis not true’. But it is hardlyconceivable
thatJack’sutteranceis trueby virtueof its successin attributingnon-truthto itself.
Perhapsanutteranceexemplifiesfailure,or showsits own failure,but it doesnot
succeedin statingit. If it did it wouldnotbea failure.
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Furthertwistscanbeexplored.Say, onafirst readingthesentenceonline1 fails.
Having detectedthe failure,onecanreadinto thesametoken a statementof this
fact. In thatsensethesentenceon line 1 is trueafterall. Somesuchview wasput
forwardby Burge[1979]. But theimplicationof thestoryis thatweshouldreplace
thesentenceby two abstractentities,which representthe two roundsof thought,
or the two actsof judgment. Indeed,pointers—aswe shall see—aredesigned
exactly to fulfill this role. In ourcase,however, theeffect is smoothlyachievedby
attachingthedifferentreadingsto thedifferenttokens;which, moreover, accords
with actualusage.Notealsothatthesentenceonline 1 cannotbeviewedmerelyas
anambiguouscase—non-trueunderonereading,trueunderanother. Thereading
underwhich it is truepresupposesthereadingunderwhich it is not. Similarly, the
sense,if therebesuch,in which Jack’s statementis truerequiresa previoussense
in which it fails. But then“what Jackhassaid” encompassesfailure; it is not a
meretruth.

Pragmaticsand Semantics.Whenit comesto interpretingactualspeakers,prag-
maticfactors—specificconsiderationsbeyondsemanticrules—are,of course,cru-
cial. Contextualdisambiguationis anecessarypreparatorystepto logicalanalysis;
specificlocal factorscantrumpsemanticandevengrammaticalnorms;� quantifi-
cationrangesare,to a large extent,determinedby implicit contextual parameters
(it is rathertheexceptionthantherule that‘everyone’is intendedto rangeliterally
over all humanbeings). The story is well known andneedsno repetition. It is
nonethelessformal semanticswhich displaysbasicschemesof thinking that un-
derlienaturallanguage.Thesignificanceof ‘everyone’,‘someone’andtheir like is
revealedby viewing themthroughthelensof quantificationallogic.

Theextentto whichformal,or semi-formal,systemsilluminatenaturallanguage
changeswith our theoreticalknowledge. Linguistic patternsthat are subjectto
loosesurfacedescriptionsmaybelaterunpackedasvehiclesof sophisticatedlogic.
Compare,for example,thedescriptionobtainedalongthelinesof Mill’ s logic with
thekind of analysismadepossibleby Frege. The lattersystemdid not transform
naturallanguageinto a formalismof sorts;but it broughtinto the opensomeof
its underlyingmechanisms.Sincepragmaticfactorswill alwaysplay their crucial
role, and sincepragmaticaccountscan be explanatoryand revealing, thereis a
temptationto applythemacrosstheboard.Therisk of this tendency is thesubsti-
tution of easyhandwaving for hardphilosophicallabor. Theseaof languagewill
notbeharnessed,but any claimedpieceof landenhancesourunderstanding.

Thefollowing example,dueessentiallyto Prior [1961], canillustratetheinter-
play of semanticsandpragmaticsin the caseof Liar sentences.A studentwho
thinkstheteacherwasmistaken in whathewroteon theblackboardnext room—
believed by her to be room 10—writeson the blackboardin front of her: ‘What
is written on the blackboardin room 10 is not true’. As it happens,shegot the
roomnumberwrong. Sheherselfis in room10. Hereonemight invoke Kripke’s
[1976]distinctionbetweensemanticreferenceandspeaker’s reference.On these-
manticaccount,whatshewrotefails,but—givensufficientevidenceto warrantthe
story—wecanattribute to her a differentbelief expressibleby someparaphrase,
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e.g.,‘What theteacherwroteontheblackboardin thenext roomis not true.’ (Note
that no similar way out is availablewhena competentspeaker says: ‘What I am
now sayingis not true.’) Thesemanticsto bepresentedheredoesnotaddresssuch
pragmaticissues.Obviously, thereis no systematicway of implementingcharity
considerations.And a speaker may fail by creatingunwittingly a loop, without
therebeinganythingclearwecanpoint to as“what thespeaker hadin mind”.

Someloopscanbe blocked by a systematicreinterpretationof the quantifiers.
Let a book containthe sentence‘Everythingwritten in this book is true.’ If all
othersentence-tokens in the book comeout true, then this token createsa non-
terminatingloop; like theTruthTeller it sendsusbackto itself. Yet,wecanplausi-
bly interpretthewriter assayingthatall othersentencesin thebookaretrue. The
loopis avoidedby excludingthetokenfrom therangeof thequantifier. Thiscanbe
systematizedinto a rule: A tokenwhosetypecontainsa boundedvariablethatoc-
cursundera semanticpredicate(‘is true’, or ‘is false’) is excludedfrom therange
of this variable.Sucha rulecanbeincorporatedinto theformalismoutlinedin the
sequel.I shallnot beconcernedherewith this particularvariantof thesystem.

���
My point is only to show how apragmaticconsideration(“surelythewriter did not
intendto includethis very sametoken amongthe sentencesto which he refers”)
canmetamorphoseinto asemanticrule. Thepossibilityis noteworthybecausesuch
a move is not availablein general.‘Everyoneknows that in thesummerthedays
arelonger’—surely, thespeaker doesnotmeanliterally thateveryhumanbeingon
earthknows this, but only thatevery minimally educated,or minimally observant
onedoes.Thatkind of considerationis not liable to semanticmetamorphosis.

‘Pragmatics’hasbeenusedherein a ratherloosesense.Originally, the term
coveredeverythingnot comingundersyntaxor undersemantics,all thewaysby
which meaningis affectedby context andspecialcircumstance,which cannotbe
systematizedwith formal rigor. To a large extent the tradition is still with us. I
havenotattemptedto sortthisoutandI have takentheinformalcontextual consid-
erationsto bethosethatbring in thespeakers’ intentions.A morecarefulanalysis
shoulddistinguishbetweenthe two. It is not an a priori truth that they mustrun
together. (In non-linguisticdomains,e.g.,in decisiontheory, intentionalsubjective
factorsarefruitfully analysedthroughformal models.) But further discussionof
thissubjectwould take usbeyondthescopeof thiswork.

3. THE METHOD OUTLINED, POINTERS, PROPOSITIONS, AND RELATED

MATTERS

Linguistic tokens are—torecapwhat was said above—physicalobjectsthat
functionin linguisticactivitiesby virtueof thetypes—abstractsyntacticconstructs
—which they call forth. Under “physical objects” are includedalso events,or
physicalprocesses,which occurat particulartimesin particularplaces.Physical
parametersserve to distinguishbetweendifferenttokens.But linguisticuseenters
into the identity conditionsaswell. In principle, thesamephysicalobjectcanbe
employedto representdifferentconstructsin two differentlanguages.Whatcounts
asa token is thereforethe physicalobjectas it is usedin this or that language.
Also merephysicalsimilarity is neithersufficient nor necessaryfor thesameness
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of thetokenizedtypes.Having notedall this, let ustake thetoken-typerelationfor
granted.

The PTT evaluationprocedurerequiredthat we include, as primitives of the
system,certainoperationsontokensthatcorrespondto varioussyntacticoperations
ontypes.For example,anoperationthatcorrelates,with every token,� , of �! #" �  	
and with every substitutableconstantterm, $ , a “token” (denotedas �&% $ ) of the
instantiation" � $ 	 . In general,suchoperationscarryusoutof thedomainof tokens.
Hencewe hadto generalizetheconceptof a token to thatof a pointer: anobject
thatpointsto a sentence(type). A token is a particularcaseof a pointer, it points
to thetypeof which it is a token.

Theseadditionalprimitive operationsareno longerrequired.Weassumeonly a
non-emptysetof objects(thepointers)anda functionthatassociateswith eachof
theseobjectsasentence-type.Wecanthereforemakedowith tokens.Nonetheless
I shall arguethat a generalizednotion—thatof a pointer—is calledfor. First let
me give a roughoutline of how truth-valuesareassigned,using tokensfor that
purpose.

We presupposea fixedfirst-orderlanguage,' . It is interpreted,exceptfor two
so-calledsemanticpredicates

�����(	
and �
� �)	 , which take namesof sentence-

tokensasarguments.Assume,for simplicity, that every token hasa namein ' ,
which is also its namein the metalanguageof this paper. Thus, if � is a token,����� � 	 and �
� � � 	 aresentencesof ' .

����� � 	 saysthat � is true—or, if you want,
expresses,or pointsto, a truth; �
� � � 	 —thatit is false.

Our goal is to interpretthepredicates
���

and �
� ; thatis, to determinetheir ex-
tensions.This is doneby anevaluationprocedure. Givenany token,theprocedure
resultseitherin assigningto it a truth-value,T (for ‘true’) or F (for ‘f alse’),or in
classifyingit asa failure. It is convenientto representfailureby anassignmentof
a third value, *
+#� . Theevaluationproceduredeterminesthereforea three-valued
valuationof all tokens.Theextensionof

���
consistsof thetokensthatgetT, that

of �
� —of the tokensthat get F. Tokensthat get *
+!� are in neitherextension.
Hence,

� �)�,� � 	#� �&�
� � � 	
is truejust when� gets *
+#� . This is thesentencethatsaysin ' that � fails. The
valuesT andF arereferredto asstandard.

Theevaluationprocedureis basedon: (i) clausesthatassignto tokensstandard
values,and(ii) clausesthatdeterminefailure,i.e., thatassign*
+#� . Therulesare
appliedrecursively. At eachstagewegetapartialthree-valuedvaluation.

Now, any partial three-valuedvaluationof the tokens inducesa partial two-
valuedvaluationof the sentencesof ' . First, sentencesnot containingsemantic
predicatesgettheir truth-valuesthroughthepresupposedinterpretationof therest
of ' . Next, if thetoken � getsastandardvalue,then

�)�,� � 	 getsthesamevalueand
�
� � � 	 getstheoppositevalue;if � gets *
+#� thenboth

����� � 	 and �
� � � 	 getF. If �
is unevaluatedsoare

�)�,� � 	 and �
� � � 	 . Finally, thispartialtwo-valuedvaluationis
extendedby usingKleene’s strongtruth-tables(herethe“third value” is not *
+!� ,
but ‘undefined’). Thus,if " is evaluated(is given a valueby the inducedpartial
valuation),then �&" getstheoppositevalue,andif " is unevaluatedsois �&" . The
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conjunction" �.- getsT if bothconjunctsgetT; it getsF if at leastoneconjunct
getsF; in all othercasesit is unevaluated.And soon. Universalandexistential
sentencesarehandledby treatingthem,in theusualway, asinfinite conjunctions
anddisjunctions. Call the partial two-valuedvaluationof sentencesthe induced
valuation.

Alternatively, we can get the inducedvaluationby using the supervaluation
method.Thiswouldconstituteadifferentvariantof ourprocedure.

Theinducedvaluationof sentencesis used,in its turn,to assignstandardvalues
to additionaltokens,accordingto the following standard-valuesrule: If the sen-
tence" is evaluatedand � is a tokenof it, then� getsthesamevalue, providedthat
� hasnotbeenclassifiedasa failure,i.e., providedthat *
+#� hasnotbeenassigned
to it at a previousstage.

By applying recursively the standard-valuesrule, varioustokensget standard
values.Othertokens,which cannotbereached,remainunevaluated(e.g.,bothto-
kenson line 1 andon line 2 in the two-line puzzle). Suchtokensarehandledby
rulesthatdeterminefailure. One,which playsa centralrole, assigns*
+!� to un-
evaluatedtokensthatform so-calledclosedloops.Roughlyspeaking—theprecise
definitionis givenin section4—aclosedloopconsistsof unevaluatedpointersthat
referto eachotherthroughunevaluatedsentences.Suppose,for example,that � is
a token of �
� �0/1	32 " and

/
is a token of � �)�,� � 	 . This canbe realized,e.g.,as

follows:
Line 3 Eitherthesentenceon line 4 is false,or " .
Line 4 Thesentenceon line 3 is not true.

Here‘the sentenceon line 3’ is to be readas‘the sentence-token on line 3’; it is
a token-namethatappearsas‘ � ’ in the formalization.Similarly, ‘the sentenceon
line 4’ appearsas‘

/
’. Let

�
beanothertokenof � ����� � 	 , say, on line 5.

The following diagramshows theparsing“trees” of thesentencesin question.
Nodesrepresentsentences.Nodeslabeledby tokens(� ,

/
, or

�
) representthelabel-

ing token,aswell asthetokenizedsentence.(‘ " ’ is notsucha label,but standsfor
theundisplayedpart thatarisesfrom thesentence" .) As in a parsingtree,a node
representinga sententialcompoundhas,dependingon theconnective, oneor two
outgoingedgesto nodesrepresentingthemaincomponents;theconnective labels
theedges.(Quantifiedsentencesmaygive rise to an infinite numberof outgoing
edges.)The differencebetweenthis anda usualparsingtreeis the following. A
noderepresentinga sentenceof theform

�)�,�546	
or �
� �547	 (where

4
is a token)has

anoutgoingedge(labeledby
���

, or �
� ) to a nodelabeledby
4
. If, moreover,

4
labelsalreadya nodefrom which thereis a pathto thenodein question,thenthe
outgoingedgeis to thatnode.Thus,our “trees” look likeparsingtrees,exceptthat
certainbackwardloopingedgesareallowed.

�8�
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�

/ �
�9�

��� �)�
2 2

� �
"

Figure1

At somestage" getsavalueundertheinducedvaluation(if " doesnotcontain
semanticpredicates,this stageis right at thebeginning); thenthe tokens�;: / : � ,
gettheirvalues.If " ’svalueis F, then� and

/
form aclosedloop. Bothget,via the

closedloop rule, *
+#� ; then
�
, which is not in this loop, getsT, via thestandard-

valuesrule. But if " hasthevalueT, then �
� �0/1	!2 " getsT. Herethereis no loop;
� getsT and

/
and

�
get F. In general,a closedloop may containany finite or

infinite numberof pointers.In thetwo-line puzzle,theline 1 tokenformsby itself
aclosedloop; it gets *
+!� , thentheline 2 tokengetsT.

Line 2

Line 1

�)�

�)�
�

�
Figure2

Thereis anotherrule for determiningfailure. It appliesin caseswheretheval-
uationis not total andneitherthestandard-valuesrule nor theclosedloop rulecan
be applied. Suchcasesinvolve, it canbe shown, infinite descendingchains. A
simpleexampleis aninfinite sequenceof tokens,eachonaseparateline, suchthat
for every < , the sentenceon line < is: ‘The sentenceon line <>=@? is not true’.
Onecanplausiblyarguethat,asfar astokensareconcerned,we canignoresuch
cases.If wedothis,weneedonly thestandard-valuesruleandtheclosedlooprule.
But infinite descendingchainsshouldbeincludedwithin thegeneralframework of
pointers(this is discussedin section5). Hencea third rule is added. Whenthe
recursive procedureterminatesevery tokengetsa value.

As theevaluationproceeds,additionalsentencesandadditionaltokensgetstan-
dardtruth-valuesandadditionaltokensareclassifiedasfailures.At theendweget
a three-folddivisionof all tokensinto trueones,falseones,andthosethatfail; and
a two-fold division of all sentencesinto thosethataretrueandthosethatarefalse.
Tokensthat do not fail get the samevalueastheir tokenizedsentences.It is, in
principle,possiblethatall the tokensof somesentence(or, in thegeneralsetting,
all pointersto it) fail. What the sentencesaysin the theoretician’s metalanguage
cannot—inthatcase—beexpressedbyany tokenof asentenceof ' . Variantsof the
basicevaluationprocedurearechosenwith a view of minimizing thispossibility.
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Pointers. The setupdoesnot requireanything exceptthe correlationbetweento-
kensandtypes.It is notevenrequiredthateverysentencebetokenized.Thisgen-
erality indicates,however, that somethingmoregeneralis in play: a systemthat
consistsof anon-emptysetandafunctionthatcorrelateswith eachof its members
asentence.Furtherrequirements,or additionalstructuralelements,canbeimposed
laterastheneedarises.Someweightyargumentsshow theneedfor suchageneral
concept.

For onething, if we take tokensseriously, thentheir number—the numberof
inscriptionsandutterancesthathave beenandwill bemadeby humans—isfinite
(unlessthe humanracecontinuesfor infinite time). But we might want to have
every sentencerepresentedby sometoken,in which casewe shouldspeakof pos-
sibletokensratherthanactualones.Theremaybealsotechnicalreasonsfor going
beyond tokens. As mentionedat the beginning of this section,the PTT system
positedvariousoperationsthat requiresomethingmoregeneralthantokens. But
themoreinterestingreasonsarenotmerelytechnical.

Think of themultifariousways,besidesutterancesandinscriptions,which are
usedto communicatestatements:all kinds of signaling,electronicmail, satellite
communication,whathave you. Thegeneralschemethatappliesis this: Objects
areusedin actsof assertion,attemptedassertion,or interpretation.The proposi-
tionalcontentof whatis asserted,or interpreted,is giventhroughsentencesthatare
associatedwith theseobjects.Yet thesentences,by themselves,maynot besuffi-
cient. Someotherparametersof theobject,e.g.,its placein someglobalnetwork,
mayaffect what it expresses.What theseobjectsareandhow theassociatedsen-
tencesaredeterminedvariesaccordingto case.Thetoken-typerelationis simple
enough,but even therea closerlook revealsa non-physicaldimensionat play. It
wouldbepointlessfor thepurposeof a generalanalysisto pin theseobjectsdown
asphysicalentities.And it maynot evenbepossible;whatexactly is the“token”
of a radio messagethat underwentscramblingandunscrambling?.As we shall
seeshortly, it is sometimesnaturalto includethesentences(types)aspointersto
themselves. Later, in section5, Gödelnumbersserve aspointersto thesentences
of arithmetic.Let uskeepthepossibilitiesopen.

The meaningof the pointersystemis given throughits functioning: the way
truth-valuesareassignedandfailure is determined.In the context that concerns
ushere—thatof a languagecontainingits own truth-predicate—thepointerdeter-
minesthe metalevel at which the pointedto sentenceis read. A pointermarks
therebyapointof view.

SomeSpecialPointers. Sentences(types)canserve aspointersto themselves. In
‘‘Three is odd’ is true’ thesentence‘Threeis odd’ pointsto itself. At least,it is the
bestconstrual,becauseit meansthat ‘ ‘Three is odd’’ is interpretedasa nameof
thesentence,notof apointerdifferentfrom it.

This toucheson the generalquestionof how to construethe referencesof de-
scriptive termsthat appear, in English,asargumentsof the predicates‘true’ and
‘f alse’. Suchtermsareinterpretedasreferringto pointers,but little hasbeensaid
sofar abouttheidentificationof thesepointerswith familiar objects.Nor, for that
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matter, is therea generalprescription.Thebasicprinciple is thatwhenever a sen-
tenceexpressesdifferentthingsupondifferentuses(asin thetwo-linepuzzle),the
differencemustbe tracedto a differencein pointers;thereforeat leastin oneof
theseusesthepointermustdiffer from thesentenceitself. If pointersarenot read-
ily available in the form of familiar objectsthey shouldbe posited. This is not
an ad-hocmove. The very purposeof pointersis to serve aspegs for different
interpretationsof thesamesentence.

Subjectto thatconstraint,it is desirableto construethepointerssoasto accord
asmuchaspossiblewith pre-theoreticusage.Since,in the two-line puzzle,what
the sentencesaysdiffers from line to line, andsince‘the sentence-token on line
... is true’ is an acceptablephrasing,the obvious choiceis to take the tokensas
ourpointers.Thedecisive factorhereis not thetermitself, but thepredicate‘true’
underwhich it occurs. Occurrencesthat arenot undera semanticpredicatecan
beconstruedasreferringto sentence-types,e.g.,‘The sentenceon line 1 haseight
words.’

Thereis no self-referentialsentencethat refersto itself by enquoting,because
theenquotedsentenceis “part” of its name.Therefore,sentencesthatarepointers
to themselves canbe subject,in our formalism, to variousconstraints;e.g., the
sentence" is differentfromany pointer� whosenameoccursin " underasemantic
predicate.Moreof this is in section5.

Demonstrativepointers constituteanothernoteworthy kind. Thesearedemon-
strative actsthat pick out sentences:‘This [pointing to a sentence-token] is not
true’. Upon formalizationthis sentencebecomes� ����� � 	 . On one construal,�
is thepointedto token. But we canalsoconstrue� asthat particulardemonstra-
tion, assimilatingtherebythe act of pointing andthe token into a demonstrative
pointerthat points to the sentence-type.Here,aswell, constraintsthat preclude
self-referenceare plausible. Other examplesof specialkinds of pointersare in
section4, “SystemsWith OperationsonPointers”,andin section5.

Propositions.It is temptingto saythatby usingapointeroneexpresses,or triesto
express,aproposition.I shallnotresistthetemptation.But my useof ‘proposition’
is innocuous,asuggestive wayof puttingthings,notacommitmentto autonomous
entities.If we read

����� � 	 as‘ � expressesa trueproposition’,and �
� � � 	 similarly,
then � ����� � 	A� �&�
� � � 	 saysthat � doesnotexpressa truepropositionanddoesnot
expressafalseproposition.Assumingthatpropositionsareeithertrueor false,this
meansthat � doesnotexpressa proposition.

On the traditionalview, a propositionis what a declarative sentencesaysand
what is madetrue or falseby the world. Propositionsarefront andcenterin the
Principia, comingbeforelanguageandenjoying an independentontologicalsta-
tus. Somephilosophers,notablyQuineandDavidson,have rejectedpropositions,
eitherbecausethey saw themasphilosophicalphantoms,or becausethey did not
find theminstrumentalenoughin the advancementof true understanding.Other
positions,while not assanguineas thoseof Russellor Ramsey, involve varying
degreesof commitmentto propositions.We neednot go into the variousviews,
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nor take a particularstand,sincethepresentwork doesnot presupposethis or that
position.

Stalnaker [1972] andLewis [1975] suggestedthat languagebeviewedasa de-
vice for pointingout propositions,wherepropositionsaredefinedassetsof possi-
bleworlds.Languagecanindeedbeperceivedfrom ageneralperspective asaway
of usingobjectsto make statements.Yet thenatureof thesestatementsshouldit-
self beclarifiedthrougha language-orientedapproach.Whatpropositionsarewill
comeout of an accountof truth-conditions,or of otherexternalelementsof lin-
guisticusage.This circularclarification,wherebylanguageis viewedasa tool for
expressingpropositionsandpropositionsarewhattheanalysisof languagereveals,
is thebestwecando. While theframework of possibleworldsis aninvaluablein-
strumentfor clarifying modalnotions,its imposition,in theform of preconceived
propositions,foreclosesthemoresignificantusesof language-basedanalysisin the
theoryof meaning,thephilosophyof logic, andin metaphysics.

So far for my view on propositions.Yet little in thepresentwork hingeson it.
Possibleworldsdonotcomeinto thesetupbecausewearenotconcernedherewith
modalnotions.Thesystemcouldbecombinedwith amodelof possibleworlds,if
thelatteris neededto handlemodalities.

I shall adhereto the tradition accordingto which the having of a truth-value
(‘true’ or ‘f alse’) is a characteristicmark of propositions.This is moreof a tax-
onomicconveniencethana substantialposition,sinceI admitaspectsof meaning
thatdo not requiretruth-values.The token on line 1, for example,is meaningful
in asmuchas it setsoff a sequenceof moves in accordancewith ( � ). Looping
endlessly, themovesfail to yield a truth-value.But thisveryprocedureconstitutes
themeaning—ifyou want,theFregeansense—ofthattoken. Let usthereforesay
that the token on line 1 hasa sense,but fails to expressa proposition.What this
tokensuggestsbut fails to expressis expressedby thetokenon line 2.

Sinceevery sentencegetseventuallya truth-value,every sentenceexpressesa
proposition. But this is accomplishedin the metalanguage,the oneusedfor de-
scribingthe evaluationprocedure.If the sentencehasa non-failing pointerto it,
thepropositionis expressedby thatpointer;then,andonly then,is it expressiblein
' . Wecanthussaythateverypointerpointsto aproposition:theoneexpressed(in
themetalanguage)by thepointedto sentence.But a pointerexpressesthatpropo-
sition if andonly if it getsa standardtruth-value. Pointersthat get *
+#� fail to
expressthepropositionsthey point to.

TheStrengthenedLiar. In its original formulationtheLiar sentencesaysof itself
thatit is falseandtheparadoxconsistsin thefactthateachof theassumptions,that
the sentenceis true andthat it is false,leadsto contradiction.A naturalmove is
thensuggested:thesentenceis neithertruenor false.Thesamemove is available
if the sentencesaysof itself that it is not true. VanFrassen[1968] proposedthe
so-calledStrengthenedLiar: if a sentence,which saysof itself that it is not true,
lacksa truth-value, thenit is not true; but this is exactly what the sentencesays,
hencethesentenceis trueafterall andthecontradictionreturns.Thecontradiction
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returnsalsoif the sentencesaysof itself that it is false: If it lacksa truth-value,
thenit is not false;but it saysof itself thatit is false,henceit is falseafterall.

TheStrengthenedLiar shouldbedistinguishedfrom theunable-to-sayparadox,
whichconsistsof ourbeingunableto saythattheline1sentenceisnottrue,without
repeatingthis very samesentence.It is thelatter—thesubjectof this work— that
necessitatesanattribution of truth-valuesto pointers.

� �
By declaringthe Liar sentence(either type or token) a failure, we block the

StrengthenedLiar. For if the sentencefails to expressa propositionit doesnot,
contraryto appearance,sayof itself thatit is not true. We cannotarguethatif it is
nottruethenwhatit saysof itself is true.Thereis nothingit saysof itself—nothing,
that is, whosetruth-value is computablefrom its truth-conditions.The Strength-
enedLiar resultsfrom treatinga token that fails asif it expressedsomethingthat
canbeevaluatedfor truth-value. If this move is disallowed, thereis no paradox.
Both theLiar andtheStrengthenedLiar aredisposedof by castingLiar sentences
asfailedattemptsto expresspropositions.

In many cases,failurescanbesalvaged;atleastthisfollowsfromRussell’sview.
‘The king of Franceis bald’ failsbecause‘The king of France’fails to denote.But
if wereadthesentenceasasserting,amongotherthings,theexistenceof thekingof
France,thenit succeedsin expressingafalseproposition.Thegeneralstrategy then
is to assimilate,into theproposition,implicit presuppositionsthatarenecessaryfor
non-failure. Cansomethinglike this work for Liar sentences?A possibleimplicit
presuppositionis that the Liar sentenceexpressesa proposition. Indeed,Russell
suggestedthat we include this as part of what the Liar sentencesays. But the
suggestioncalls for quantifyingover propositions.Shortof this, we canhave the
presuppositionthat‘The sentenceonline 1 is not true’ is notwrittenon line 1. But
it is strangeto readthis aspart of what the sentencesays. Besides,what would
bethe implicit presuppositionof a sentencethatparticipatesin a closedloop that
involvesmany othersentences?Finally andconclusively, we would have to read
Jack’s assertionof ‘What I amsayingnow is not true’ as‘What I amsayingnow
is not trueandwhatI have just utteredis not ‘What I amsayingnow is not true.’ ’
Which is absurd.

4. THE METHOD IN FULL

A pointersystemfor a language' consistsof a non-emptysetof objectscalled
pointersanda mappingthatassociateswith every pointer, � , a sentenceof ' . We
denotetheassociatedsentenceas:

�CB
andsaythat � pointsto �
B . No otherstructuralelementsor further requirements
areneeded.We neednot even assumethat every sentenceis pointedto by some
pointer(althoughthis,andstrongerrequirements,will belaterconsidered).

Assumea pointersystemfor ' , to bekeptfixedthroughoutthediscussion.As
before, ' is a first-orderlanguage,whosevocabulary is interpreted,except for
two semanticpredicates,

�����;	
and �
� �D	 , which take asargumentspointerterms

(expressionsdenotingpointersor variablesrangingover them). Our goal is to
extendtheinterpretationto thesemanticpredicates.
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To simplify thepresentationassumethat the interpretedvocabulary consistsof
predicatesandindividualnames.Therearenofunctionsymbols.No lossof gener-
ality ensues,sincethemoregeneralcaseis reducibleto this in well-known ways.
Operationsonpointers,which form partof thepointersystem(like thoseof PTT),
may, however, call for specialtreatmentandwill bediscussedlaterin thissection.

Another simplifying assumptionis that every member, � , of the universein
which ' is interpretedhasanamein ' , which,moreover, wetake to be‘ � ’. Hence,
wecanspeakof thesentence" � � 	 thatinstantiatesthequantifiedsentenceE> !" �  	 ,
whenever � is apossiblevalueof ‘  ’. Thisenablesusto give a truth-definitionfor
sentences,withoutgoingthroughassignmentsof objectsto freevariables.Thereis
no lossof generality, sincethehandlingof themoregeneralcaseis derivableasa
meretechnicality. Weuse

‘ � ’, ‘
/
’, ‘
�
’, ‘ � � ’ ‘

/ � ’, ‘
� � ’ ‘ �GF ’,...

asmetavariablesrangingover pointers.We may thereforespeakof the pointer �
andof theatomicsentence,

����� � 	 , of ' .
At eachstageof theevaluationprocesswe have a partial functiondefinedover

pointers,assigningto eachpointerin its domaineitherT or F (the standardval-
ues),or *
+!� —which,asbefore,signifiesfailure.Henceforth,theunqualifiedterm
‘valuation’ meansa partial three-valuedvaluationover pointers. Valuationsthat
areeverywheredefinedaretotal. Weshalluse

‘ H ’, ‘ I ’, ‘ H � ’, ‘ I � ’, ‘ H F ’, ‘ I F ’,..
for valuations.A pointer, � , is evaluatedby H if H � � 	 is defined,andis unevaluated
otherwise.Theequality H � � 	KJML

meansthat � is evaluatedby H andits valueisL
. Thus, H � � 	ONJPL

meansthateither � is unevaluatedby H or � is evaluatedand
its valueis differentfrom

L
.

As notedalreadyourvaluationsinducetwo-valued(partial)valuationsoversen-
tences.Thevaluationinducedby H isdenotedasH andreferredtoasthetheinduced
valuation.Here,in moredetail,areits definingclauses:

(1) If " is anatomicsentencenotcontainingasemanticpredicate,
then H � " 	 is " ’s truth-valuein thegiveninterpretationof ' .

(2) If H � � 	QJ T then H �R����� � 	8	�J T and H � �
� � � 	8	QJ F.
(3) If H � � 	QJ F then H �R����� � 	8	�J F and H � �
� � � 	8	QJ T.
(4) If H � � 	QJ *
+#� then H �R����� � 	8	�J H � �
� � � 	8	3J F.
(5) Fornon-atomicsentences,H isdeterminedaccordingtoKleene’s

strongtruth-tables,where � and S areconstruedas(infinite)
conjunctionsanddisjunctions.

Thelastclause,recall,amountsto applyingrecursively thefollowing clauses:

(5.1) If H � " 	 is defined,then H � �&" 	TJVU H � " 	 , where
U

T
J

F andU
F
J

T.
(5.2) If H � " 	QJ H �W-D	�J T, then H � " �X-D	QJ T.
(5.3) If either H � " 	QJ F or H �W-&	�J F, then H � " �X-&	�J F.
(5.4) If H � " � � 	8	YJ T for all � in therangeof ‘  ’, then H � �# !" �  	8	�J

T.
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(5.5) If H � " � � 	8	QJ F for some� in therangeof ‘  ’, thenH � �! #" �  	8	QJ
F.

(5.6) Theclausesfor otherconnectivesandfor existentialquantifi-
cationareobtainedby expressingthemin termsof �3: � and
� .

A differentwayof inducingavaluationoversentences—whichleadsto avariant
of theprocedure—uses,insteadof (5), thesupervaluationmethod:A sentence"
is givenavalue,if it hasthisvalueunderall totalvaluationsof theatomicsemantic
sentencesthatextendthevaluationdeterminedby (1)-(4). Theuseof supervalua-
tionsat this point doesnot necessitatechangesin theotherpartsof our evaluation
procedure.Thesystemis fully modular. Thephrasingof therulesandof themain
resultsremainsthesame.Z

is theemptyvaluation(i.e.,all pointersareunevaluatedunder
Z
). Notethat

Z
is definedfor all sentencesnot containinga semanticpredicate;it assignsto each
its truth-valueunderthegiveninterpretationof thenon-semanticpredicatesandthe
quantifierranges.
I\[]H meansthat H is anextensionof I . Obviously, I\[^H implies I\[ H . If

H is a total valuation,then H is a total valuationof all sentences,which determines
an interpretationof thewholeof ' , extendingthegiven interpretationof its non-
semanticpart.

Theprocedureisbasedonrules,whoseapplicationtoagivenvaluation,H , yields
a valuationH_F . In generalH_F neednot beanextensionof H . Valuescanberevised.
But if H is a “good” valuation(to bedefinedin thesequel)then H F extendsH and
is moreover itself “good”. Theclassof suchvaluationsis alsoclosedunderunions
of ascendingchains.If we startwith a “good” valuation—inparticular, if we start
with

Z
—we will eventuallygeta total valuationover pointersthathasthedesired

properties.
Therearethreerulesaltogether. Thefirst is (SV)—arule thatassignsstandard

values.Theothertwo arefailurerules,whichassign*
+#� .
(SV) If ��B J " , H � " 	 is definedand H � � 	`NJ *
+!� , thenassignto �

thevalue H � " 	 .
Thesenseof (SV) is obvious: any pointer � to a sentence" shouldget thesame
truth-valueas " , unlessthis pointerhasbeendeclaredalreadya failure. (Recall
that H � � 	KNJ *
+#� meansthateither H � � 	 is standardor it is undefined.)

Theconditionthat H � �!B 	 is definedand H � � 	aNJ *
+!� is theenablingcondition
for therule (SV). It is necessaryandsufficient for theapplicabilityof (SV) to the
pointer� . If it obtainswe saythat therule is enabledby H on thepointer � . Each
of theotherruleshasits enablingconditionandthesameterminologyis used.

If � is unevaluated,theapplicationof (SV) to � resultsin anextensionof H . If
H � � 	 is evaluatedandstandard,theapplicationmay, in principle,revisethis value.
But if H � � 	�J *
+#� , (SV) is not enabled;hence*
+#� cannotberevised. We shall
laterconsideranotherrule for assigningstandardvalues,which makesit possible,
in certaincases,to revise *
+#� . If, however, westartwith a“good” valuation,there
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will be no revisions. As far as“good” valuationsareconsidered,we needonly
(SV) for assigningstandardvalues.

Rulesthat DetermineFailure. Roughlyspeaking,*
+#� is assignedin situations
wherestandardvaluescannotbeassignedby repeatedapplicationsof (SV).Wetry
to pin thefailureonasmallnumberof pointers,soasto leaveotherpointersopera-
tive. Someexamplesandapreliminarydiscussionserve to motivatethedefinitions
thatfollow.

Example1 Let �1B Jb�����0/1	
2 �
� �W�1	 : / B J � ����� � 	 : � B J � �)�,� � 	 .
�

/ �
��� �9�

��� �)�
2 2

� �

Figure3

If �;: / : � areunevaluatedby H , thenwe cannotassignto any of thema valueby
repeatedapplicationsof (SV); � sendusto

/
andto

�
andeachof

/
and

�
sendsus

backto � . They form a closedloop, into which thereis no breaking.Theclosed
looprulewill assignto eachthevalue *
+!� .

Example2 Let �1B Jb�����0/1	
2c� �
� �W�1	d�e�0fgJ ? 	8	 : / B J � ����� � 	 : � B J � �)�,� � 	 .
�

/ �

���
�9�

��� �)�
2 2

�
�

0=1

� �

Figure4

Here,again,�;: / : � seemto sendusto eachother. But H � �
� �W�C	��hfXJ ? 	)J F,
independentlyof

�
’s value.This leavesonly � and

/
in theclosedloop. Eachgets

*
+!� . Then
�

getsT.
Assumethat � is unevaluatedby H andthat �#B J " . (SV) is enabledon � if f "

is evaluated(by H ). Assumethat " is unevaluated.If " is non-atomic,it is either
a sententialcompoundor a quantifiedsentence(�! - or Si - ). In thefirst case"
musthaveanunevaluatedimmediatesententialcomponent;

� � in thesecondcase—
anunevaluatedinstantiation," � � 	 . If " isatomic,it is either

�����0/1	
or �
� �0/1	 , where/

is unevaluatedby H (otheratomicsentencesareevaluatedby
Z
, henceby H ). This

shows that if (SV) is not enabledon an unevaluatedpointer, � , then, in order to
enableit, otherunevaluatedpointersshouldbegivenvalues.We canimaginethat
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theevaluationof � proceedsby callingtheseotherpointers.Eachof thesemaycall
pointers,in its turn,andsoon.
Definition (I) A pointer� calls directlya pointer

/
, undera givenvaluationH , if �

is unevaluatedandthereis a sequenceof sentences" � :kjkjkj
:l";m , unevaluatedby H ,
suchthat (i) ��B J " � , (ii) for every n>o]< : "dprq � is eitheran immediatesentential
componentof "dp , or aninstantiationof it and(iii) "dm is either

�����0/s	
or �
� �0/1	 .

(II) � calls
/

(under H ), if thereis a sequenceof pointers� � :kjkjkj
:0� m , suchthat
� � J � , for every n�ot< , �Gp call directly �!puq � (underH ), and�Gm Jv/ .

Note that calling under H implies calling underany I suchthat Iw[xH . In
particularit impliescallingunder

Z
.

In Example1, eachpointercalls,under
Z
, itself andtheotherpointers.In Exam-

ple2, � doesnotcall
�
, becausethesentence�
� �W�C	,�y�0fgJ ? 	 is evaluated.Indeed,�

’s valueis not requiredfor assigningavalueto � .
In thesequelwe shallomit referencesto thevaluationH , whenthis valuationis

understoodfrom thecontext. Thus,if H is given,we shallsaythat(SV) is enabled
on � , meaningthatit is enabledby H ; or that� calls

/
, meaningthatit callsit under

H .
Lemma 1 If � is unevaluatedby H , then(SV) is not enabledon � if f � callssome
pointer.

The “if” part is trivial, sinceif � calls somepointerthen �dB is unevaluatedby
H . The“only if” part follows from theobservationsabove andthefact that � calls
somepointeriff it callsdirectlysomepointer.
Definition A setof pointersz is closedfor a givenvaluation, H , if it consistsof
unevaluatedpointersandeveryunevaluatedpointercalledby a memberof z is in
z . If, in addition,everymemberof z callssomememberof z , then z is saidto
beaclosednon-terminatingsetfor H .

(If � calls, under H , / , then
/

is unevaluatedbecausethe last sentencein the
sequencethat reachesto

/
is
�����0/1	

or �
� �0/1	 andthis sentenceis unevaluatedby
H . Thelastdefinitionwasphrasedsoasto applyalsoto anothervariant,mentioned
later (“SystemsWith Operationson Pointers”),in which certaincalls can go to
evaluatedpointers.)
Lemma 2 Assumethat z is closedfor H . Then (SV) is not enabledon every
memberof z if f z is non-terminating.In particular, (SV) is notenabledonevery
unevaluatedpointeriff theunevaluatedpointersform aclosednon-terminatingset.
Proof Thefirst claim follows immediatelyfrom Lemma1. Thesecond—fromthe
first, by observingthatthesetof all unevaluatedpointersis closed.
Definition A setof pointers,z , is a closedloop, for a given valuation H , if it is
closedandeverypointerof z callsitself andeveryotherpointerof z .

Obviously, a closedloop is a closednon-terminatingset. Our first failure rule
assigns*
+!� to all membersof suchaset:
ClosedLoop Rule If z is aclosedloop for H , assign*
+!� to everypointerin z .
Note: Theclosedloop rule is enabledby H on eachof themembersof theclosed
loop. Its applicationto any pointerin theloopresultsin assigning*
+#� , in asingle
step,to all the closedloop members.Sincetheseareunevaluatedpointers,the
applicationextendsH .
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Sometimesthe failureof pointersis not traceableto closedloops. Call a non-
emptysetof pointersgroundlessunderH , if it is aclosednon-terminatingsetwhich
doesnothaveany non-emptysubsetthatis aclosedloop. Thesimplestexampleof
agroundlessset(undertheemptyvaluation)is aninfinite descendingchain:
(DC1) � � B J{����� � � 	 :G� � B J{����� � �

	 :kjkjkj;:!�Gp|B J{����� � prq �~} :kjkjkj
� � � � � � �Gp �Gprq ���� ��� �)� ��� ��� ���jkjkj jkjkj

Figure5

Groundlesssetscanbe very intricate,but they all involve, in this way or an-
other, infinitedescendingchains.Thisfollowsfromthelemmabelow, whoseproof,
thoughnotverydifficult, is omitted.
Lemma 3 If z is a groundlessset (under H ) then thereis an infinite sequence
of membersof z : � � :0� � :kjkjkjd:0�GmG:kjkjkj , suchthat each�Gp calls �Gprq � and �G� NJ �!m
whenever � NJ < .

Consequently, every groundlesssetis infinite. Closedloops,on theotherhand,
can be either finite or infinite. Note that all closedloops containedas subsets
in a closedset mustconstituteterminal clustersof the downgoing chains. In a
groundlesssettherearenosuchterminalclusters.

Call a pointer � groundless(under H ) if it is a memberof somegroundlessset.
This, as is easily seen,is equivalent to the condition that � andall unevaluated
pointerscalledby � , constitutea groundlessset. Groundlesspointerscannotbe
given valuesby repeatedapplications(to unevaluatedpointers)of either(SV) or
theclosedloop rule. Wehandlethemthroughour lastrule:
GroundlessPointers Rule If therearepointersthataregroundlessunderH , assign
to all of them *
+!� .

As in the caseof the closedloop rule, this rule is enabledon any groundless
pointerandits applicationassigns*
+!� to all of them.

� �
Startingwith theemptyvaluation

Z
, we applytherulesaslong asthis is possi-

ble, takingunionsat limit ordinals. In this way we getan increasingsequenceof
valuations:

H � :8H � :kjkjkj
:8Hs�,:kjkjkj
whoseunionis thedesiredtotalvaluation.It is easilyseenthatany givenvaluation
enableson any pointerno morethanonerule. But we usuallyhave considerable
freedomin choosingwhereto apply a rule. The main resultstatesthat the final
valuationdoesnotdependonthechoicesmadein passingfrom Hs� to Hs� q � . This is
alsotrueif H � is any “good” valuation,i.e., thefinal outcomedependsonly on H � .

Self-SupportingValuationsandtheMainResult.Theabovementioned“good” val-
uationsarenow to be defined. They arecharacterizedby the generalterm self-
supporting.
Definition A valuationH is weaklyself-supportingif, for everyevaluated� , if H � � 	
is standard,then H � �1B 	 is definedand H � � 	�J H � �1B 	 .
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Weakself-supportmeansthat H supports,via H , its own assignmentsof standard
values.Consider, for example,two pointers� and

/
suchthat:

�1B J �
� �0/1	

� /
�9�

If we have: H � � 	�J T :3H �0/1	�J T, thenweakself-supportis violated,because
H � �)B 	�J F. The sameis true if H � � 	hJ T :�H �0/1	�J *
+#� . In both casesthe
valueof � canberevisedto F by applying(SV). Weakself-supportis alsoviolated
if H � � 	 is standardand

/
is unevaluated.But weakself-supportis not violatedif

H � � 	�J *
+!� , nomatterwhat
/
’s valueis.

Obviously, the total valuationthat constitutesthe semanticsshouldbe weakly
self-supporting:If � hasa standardvalue,this shouldcoincidewith the valueof
thepointedto sentence.

We now considera rule, (SVF ), by which certainassignmentsof *
+#� to � are
revisableto theinducedvalueof �CB . First,notethatanassignmentof *
+!� obtained
byapplyingafailureruleshouldnotberevisable.Say� gets*
+!� via afailurerule.
Then� andall unevaluatedpointerscalledby � , throughunevaluatedsentences,get
*
+!� . As a resultof thesenew assignmentsthepreviously unevaluated�
B getsa
standardvalue.But we do not wantto revisetheassignmentof *
+!� to � . Hence,
the assignmentof *
+#� to � shouldnot be revisableto �)B ’s value, if the latter
derives,roughlyspeaking,from assignmentsof *
+#� to pointerscalledby � .

Let thestandard part of H , denotedHi� , be therestrictionof H to thosepointers
whosevaluesunderH arestandard:H � � � 	�JbL if f H � � 	�JbL and

L
is T or F.

(SVF ) If �1B J " and H � � " 	QJ{L , thenassignto � thevalue
L

.

Using(SVF ), anassignmentof *
+#� to � canberevisedto H � �1B 	 , providedthatthis
lattervaluederivesfrom standardvaluesassignedby H . If � gets *
+#� via a failure
rule,then�1B ’s valuedoesnotderive from thestandardpartof H (if it did, �1B would
have beenevaluatedalreadyandthe failure rule would not have applied). Hence
(SVF ) cannotreviseassignmentsmadeby failurerules.
Definition H is stronglyself-supportingif it isweaklyself-supportingand,for every
� , if H � � 	QJ *
+!� , thenthereis noextensionof H underwhich thisassignmentcan
berevised,via (SVF ). Spelledout fully, thesecondconditionis: If H � � 	KJ *
+!� ,
thenfor every I suchthat HO[tI , I � � �1B 	 is undefined.

Assume,for example:
�1B J � �����0/s	

If � gets *
+#� , then
/

mustget *
+#� in orderto satisfystrongself-support.(If
/

getsa standardvalue,� ’s *
+!� is revisablevia (SVF ), andif
/

is unevaluated,then
� ’s *
+!� is revisablewhenwe extendthe valuationby assigningto

/
a standard

value.)
Wemight,or mightnotwantto imposestrongself-support.If, in thelastexam-

ple,wefind valuationsthatassign*
+#� to � andastandardvalueto
/

unacceptable,
we canrule themout by adoptingstrongself-support.But we might want to al-
low the possibility that � fails—for somereason—even though

/
getsa standard

value. We might alsowant to leave openthe possibility of assigning—forsome
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reason—*
+!� to � beforeevaluating
/
. In this caseweakself-supportis all we

require.
If ��B J � ����� � 	 thenany weakly self-supportingvaluationdefinedfor � must

assignto it *
+#� . The sameis true if �&B J �
� � � 	 . But if � J��)�,� � 	 , thereis a
stronglyself-supportingvaluationthatassignsto �X*
+!� , anotherthatassignsto it
T, andanotherthatassignsto it F. ThismarksthedifferencebetweentheLiar and
theTruthTeller. To take anotherexample,let

�1B J �
� �0/s	 : / B J �
� � � 	

� /
�9�

�9�

Thereis astronglyself-supportingvaluationthatassignsthevalue *
+!� to both,
onethatassignsT to � andF to

/
, andanotherthatassignsF to � andT to

/
. There

aretwo moreweaklyself-supportingvaluationsthat evaluatebothpointers. One
assigns*
+!� to � andF to

/
, theother—F to � and *
+#� to

/
.

In whatfollows, ‘self-supporting’canbereadthroughouteitheras‘weakly self-
supporting’oras‘stronglyself-supporting’.All theresultsholdundereachof these
readings.
Lemma 4 (I) If H is self-supportingandif H F is obtainedfrom H by applyingeither
(SV) or a failurerule, then H_F is self-supporting.

(II) If ��H p���pR�6� is a family of self-supportingvaluationsdirectedunderinclusion
(thatis, for every nl:����h� thereis �.�h� , suchthat H6pd[�H6� and H��>[tHs� ), thentheir
union, �DpW�7��H6p , is self-supporting.

Givenany self-supportingvaluationwecanget,byapplyingrepeatedlyourthree
rules,an increasingchainof self-supportingvaluations,whereeachvaluationex-
tendsthe previous ones. At limit ordinal we take unionsandgo on. As long as
thereareunevaluatedpointerswe cancontinue.For if (SV) cannotbeappliedto
any unevaluatedpointer, then,by Lemma2, theunevaluatedpointersform a non-
terminatingclosedset. If thereareclosedloops,theclosedloop rule applies,else
thegroundlesspointersruledoes.
Theorem 1 Every self-supportingvaluation, H , can be extendedto a total self-
supportingvaluation,H � , by constructingasequence:

H � :8H � :kjkjkj�H6�A:8Hs� q � :kjkjkjd:8Hs�
suchthat: H � J H , Hs� J H � , for each � , H6� q � is obtainedfrom H6� by applying
an enabledrule, and, if � is a limit ordinal � f

, then Hs� J �&�1�G�6H � . All such
sequencesthatstartwith H endwith thesametotalvaluation.Moreover, theclosed
loopsthatareproducedin thecourseof theprocessarethesamein all sequences.

� �
Note: In othersetups,sucharesultis provedby theminimal-fixed-pointtechnique:
An operator� , whichtransformsvaluationsto valuations,is saidto bemonotoneif
I�[tH implies � � I 	 [b� � H 	 . It canbeshown thatif � is monotoneand H�[b� � H 	 ,
thenthereis avaluationH � thatextendsH , whichis afixedpoint (i.e., � � H � 	�J H � ),
suchthatevery fixedpoint thatextendsH extendsH � . This socalledminimalfixed
point is obviously unique.Thesameappliesto a family of monotoneoperators.If
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eachof themextendsthe initial H , thenthereis a minimal extensionof H that is a
fixedpoint for every operatorin thefamily. In our casedefine,for eachpointer� ,
anoperator�Y� asfollows:

If H enablessomerule on � , then �Y� � H 	 is the valuationobtainedfrom H by
applyingthatrule to � . Else, �Y� � H 	�J H .

Sinceatmostonerule is enabledon � , thedefinitionis legitimate.Hadthe �Y� ’s
beenmonotone,we could have usedthe fixed point argument. But they arenot.
A valuation I might enablea rule on � , while anextensionof it might not enable
any rule, or might enablea rule that assignsto � a differentvalue. The proof of
Theorem1 is thereforemore intricate. It uses,in a way, a minimal-fixed-point
approach;but it is basedon a partialorderingdifferentfrom [ , which is defined,
moreover, by meansof theoperators�Y� . Themainstepsconsistin showing that
any ascendingchainin this partialorderinghasa leastupperbound,which is the
usualunion,andthattheoperatorsaremonotonewith respectto it.
Note: Sincetheclosedloopsaredeterminedsolelyby theinitial H , wecanclassify
the pointersthat get *
+!� under H � , into closed-looppointers—which get *
+#�
via theclosedloop rule,andgroundlesspointers—which getit via thegroundless
pointersrule.

In the basicvariant of our proposal,the semanticsis given by the total self-
supportingvaluationdeterminedby

Z
. Othertotal self-supportingvaluationscan

be usedto distinguishthe Truth Teller from the Liar, or to make variousother
distinctionsinto which we shallnot go here.Henceforth,unlessotherwisestated,
thesemanticsis thatof thebasicvariant,i.e., theinitial valuationis

Z
.

Recallthatwealsohave thechoiceof usingthesupervaluationmethod,instead
of Kleene’sstrongtruth-tables,in determiningtheinducedvaluation.For example,
if �1B J������ � 	62 � ����� � 	 (‘What I amsayingnow is eithertrueor nottrue’), thenin
theKleene-basedassignment� gets *
+!� , but in theonebasedon supervaluations
it getsT. All themainresultshold for thesupervaluationvariant.

ExpressibilityRequirements.An importantdesideratumof thesetupis theexpress-
ibility of many propositionsby pointers.Thegeneralgoal is that,givenany sen-
tenceof ' , therebea non-failing pointerto it. Call this thegeneral expressibility
requirement. A morespecificdesideratum,is that, for a given � , therebe non-
failing pointersto

�)�,� � 	 :��
� � � 	 : � ����� � 	 :g���
� � � 	 , and to � ����� � 	¡� �&�
� � � 	 .
Using thesepointerswe canexpressdirectly all the informationconcerning� ’s
truth-value.Call this the local metalevel requirement.

� �
Somenaturalassumptionsabouttheavailability of pointersmustbemade.So

far we did not evenassumethat therearepointersto every sentence.If this is as-
sumed,thenthelocalmetalevel requirementfor � holdswhenever � hasastandard
value.Thisis impliedby thefollowing theorem.Hereandhenceforthin thediscus-
sion,thepresupposedvaluationis thetotalvaluationthatdeterminesthesemantics,
unlessthetext indicatesotherwise.
Theorem 2 If every pointercalleddirectly by

/
, underthevaluation

Z
, has(in the

final valuation)astandardvalue,then
/

hasastandardvalue.
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Proof Assume,for contradiction,that
/

gets *
+!� . It mustgetit at somestagevia
a failure rule. Let H be the valuationat that stage.Then

/
is a memberof some

closednon-terminatingset(for H ), say z , all of whosemembersgetat thatstage
*
+!� . Since z is non-terminating,it containsa pointercalleddirectly by

/
under

H —hencealsounder
Z
. Thereforesomepointercalleddirectly by

/
under

Z
gets

*
+!� . Contradiction.
Corollary If � � :kjkjkjd:0� m have standardvalues,thenany pointer that points to a
sententialcompoundof

����� �Gp 	 ’s and �
� � �Gp 	 ’s, n J ?6:kjkjkj;:8< , hasastandardvalue.
In particular, if � doesnot fail, sodo thepointers,whichby assumptionexist, to����� � 	 andto �
� � � 	 andto all their sententialcompounds.But thelocal metalevel

requirementis notguaranteedif � fails. If � is theline 1 token,then� is apointerto
� �)�,� � 	 . Sinceit fails,weneedanadditionalpointer. Moreover, thereis, for every
< , a simpleexampleshowing that < pointerswill not suffice. Let Jacksay: ‘What
Ann saysis true,andwhatBethsaysis true,and...andwhatZinasaysis true’, and
let eachof thewomensay: ‘What Jacksaysis not true’. Thenall the utterances
fail, via theclosedloop rule. We needanadditionalpointerto ‘What Jacksaysis
not true’.

Let usthereforeassumethateachsentencehasaninfinite numberof pointersto
it. Theinfinity hereis “potential” ratherthan“actual”; givenany sentence," , and
any finite setof pointers,thereshouldbea pointerto " outsidethis set. With this
assumption,thereis a rich classof propositionsexpressibleby pointers.

Let
� B J " andconsiderthesetof all pointerscalled,under

Z
, by

�
. It is easily

seenthat thesetdependson " only. Saythat � is involvedin thesentence" if it
belongsto this set.

� � Obviously, thesetof pointersinvolved in " is closedfor
Z
.

Notethatonly thepointersin this sethave to beconsideredin orderto determine
" ’s value.(Thissetis emptyiff " is evaluatedby

Z
.)

Example: Let " J �# D¢ -Y�  	9£¥¤��  	�¦ , where
-Y�  	 doesnot containsemantic

predicates.A pointer is involved in " if f it is involved in some
¤�� � 	 , suchthatZ �W-Y� � 	8	¡J T. (For if

-Y� � 	 getsF, theinstantiation" � � 	 getsT, vacuously).If the
setof all � ’s for which

Z �W-Y� � 	8	YJ T is finite andeachof thecorresponding
¤&� � 	 ’s

involvesa finite numberof pointers,thenthetotal numberof pointersinvolved in
" is finite.
Theorem 3 If " involvesa finite numberof pointers,thenthereis a non-failing
pointerto " .

Proof Let z be thesetof pointersinvolved in " andlet
/

beany pointerto "
not in z (thereis oneby ourassumption).Starttheevaluationprocessby applying
rulesto membersof z only. Considera stageat which theset, § , of unevaluated
pointersof z is not emptyand (SV) is not enabledon any of them. Let H be
thevaluationat thatstage.An unevaluatedpointerthatis calledby amemberof §
underH is alsocalledunder

Z
; sincez is closedfor

Z
thepointeris in z , henceit is

in § . Therefore§ is closedfor H . Since(SV) is notenabled,§ is non-terminating.
Since z is finite, Lemma3 impliesthat § containsa closedloop asa subset.We
canapplytheclosedlooprule,assigningthereby*
+#� to somemembersof z , and
goon. This shows thatall membersof z canbeevaluatedwithoutevaluatingany
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pointeroutsidez . At thatstage" is evaluatedandwe canassignto
/

its valueby
applying(SV).

Theorem3 impliesthatthelocalmetalevel requirementis satisfiedfor all � ’sthat
point to sentencesinvolving a finite numberof pointers.Becauseif �GB involvesa
finite numberof pointers,sodoesany sententialcompound," , of

����� � 	 and �
� � � 	
(thepointersinvolvedin " consistof � andthepointersinvolvedin �CB ).

The assumptionsof Theorem3 aresatisfiedin any situationin which a finite
numberof peoplemake statementsabouttheworld andaboutstatementsmadeby
peoplewithin this group. Hence,if � is any utterancemadeby a groupmember,
thereis a pointer

/
to the samesentence—say, an utteranceof ��B madeby an

outsider—thatdoesnot fail.
Notethatthefinitenessof z (thesetof thepointersinvolved in " ) is neededat

two points: (i) for theexistenceof a pointerto " , which is not in z , (ii) to ensure
that z doesnotcontaingroundlesspointers.(If z containsgroundlesspointers,an
applicationof thegroundlesspointersrule mayassign*
+!� to pointersoutsidez ,
possiblyto all pointerthatpoint to " .) Thefinitenessof z is not neededif (i) and
(ii) arepresupposed.Consequentlywehave: If � is not involvedin �CB andnoneof
thepointers involvedin ��B is groundless,then� doesnot fail.. This indicatesthat
thegeneralexpressibilityrequirementmaynot obtainbecauseof two reasons:(i)
theexistenceof groundlesspointers,(ii) theexistenceof aclosedloopthatcontains
all thepointersto somesentence.Take thefirst reasonfirst.

GroundlessPointers and Black Holes. It canbe shown that if �QB J¨/ B andone
of the two pointersis groundless,so is theother.

� � Hence,if � is groundless,the
propositionpointedto by � is notexpressibleby any pointer.

Also, if � is groundlesssoareall pointersto
�)�,� � 	 , �
� � � 	 , to their negations,

andto � ����� � 	;� �&�
� � � 	 . Hencewe cannotassertin ' that � is not true,nor that
it is not false,nor thatit is agap.In fact, � is whatin PTTwascalledablack hole.
Thedefinitionof holesandblackholesfor thepresentsystemis asfollows.

A pointer � is a hole if it is a gap,andevery pointerto a sententialcompound,
" , of

����� � 	 and �
� � � 	 that conveys non-trivial informationabout � ’s value is a
gap.(Conveying non-trivial informationmeansthatthetwo-fold division induced
by " ’s two possibletruth-valuesdeterminesa non-trivial division in thesetof � ’s
threepossiblevalues.)Thisgeneralizes.Call asentence," , <�=)? -informativeabout
� if thereis asequenceof pointers� � :0� � :kjkjkjd:0�Gm , suchthat: (i) � � J � andfor each
�h� f �!�©B is a sententialcompoundof

����� �Gp 	 ’s and �
� � �!p 	 ’s, n J^f :kjkjkj©� U ? , (ii)
" is a sententialcompoundof

����� �Gp 	 ’s and �
� � �Gp 	 ’s, n Jªf :kjkjkj;:8< , and(iii) "
conveysnon-trivial informationabout� ’svalue.Then� is an < -hole, where<e� f ,
if every pointerto an < -informative sentenceabout� is a gap. A blackhole is an
< -holefor all < . Every groundlesspointeris a blackhole. Therecan,however, be
blackholesthatarenotgroundless.

Large ClosedLoops. This is a moreinterestingand,I shallargue,a moreserious
concernthangroundlesspointers. The latter derive essentiallyfrom infinite de-
scendingchains—afeaturethat the pointersystemmay or may not have. Large
closedloops,on the otherhand,dependon the expressive power of ' . Assume
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that ' comprisesanapparatusfor definingrecursive setsandfunctions,sufficient
for describingits own syntax.Assumemoreover thatthepointingrelationbetween
pointersandsentencesis describablein ' . This impliesthatwell-formedformula
suchas CB J " or  1B J �1B 2 « B (where‘  ’ and‘

«
’ rangeoverpointers,� is apointer

and " is asentence)canbetranslatedinto ' . Now supposethat � is apointersuch
that:

(L1) �1B J �) X¢  CB J �1B £ � �����  	�¦
If pointersaretokens,thesentencein (L1) canberealizedas:

(L1 F ) AnyonewhosayswhatI amsayingnow doesnotutterthereby
a truth.

Then� failsandsodoeseverypointerto �1B . Or consider:

(L2)
/ B J �) .¢  1B J � �����0/s	�£ � �����  	�¦

(L2 F ) Anyonewho saysthatwhat I amsayingnow is not truedoes
notuttertherebya truth.

Then
/

fails and so doesevery pointer to � �)�,�0/1	 . Still
/

is not a full-fledged
hole (if

� B J �
� �0/s	 then
�

getsF) and it is a long way from a black hole (if� B Jv�����0/s	 and
� F B J � �����W�C	 , then

� F getT; in this waywecansayindirectly that/
is not true).But holesandevenblackholescanbeconstructedalongtheselines.

Theconstructionsarequite involvedandthereareno Englishparaphrases,unless
“English” is extendedby a technicallydefinedvocabulary. In section5 a variant
of theevaluationprocedureis presented,whichensures—atsomeprice—thelocal
metalevel requirement.Thereareothervariants,in which pointerssuchas� and

/
aboveare“penalized”by earlyassignmentsof *
+!� . They will notbediscussedin
thispaper.

SystemsWith Operationson Pointers. ThePTT systemincludesamongits prim-
itivesvariousoperationson pointers. We mentionedalreadythe function

��	 % ��	 ,
which associates,with every pointer� to a quantifiedsentenceE> !" �  	 andevery
substitutableconstantterm $ , a pointer �&% $ to " � $ 	 . Anotherpair of operations,
written in suffix notationas

�Y	 ? and
�Q	­¬

, associate,with every � that points to
" �`- or to " 2`- , apointer�d? to " , andapointer� ¬ to

-
. Furthermore,if � points

to �&" , then�d? pointsto " and� ¬ J �D? . (In othercases,�d? and� ¬ aredefinedby
arbitrarystipulation:�d? J � ¬gJ � . Similarly for �&% $ .)

Operationson pointerscanbe addedto the presentsystem,without changing
theevaluationprocedure.But theoperationsaresignificantonly if they enterinto
the procedureso as to make a difference. In the PTT system,if � points to a
conjunction,it gets,in thefinal evaluation,T if both �D? and � ¬ getT; it getsF if
at leastoneof themgetsF; andit gets *
+!� in all othercases;This is not true if
weaddtheoperationsto thePTPsystem(thesystemof thepresentwork), without
changingits evaluationrules.Consider, for example:

Line 6 Snow is whiteandthesecondconjunctof thesentenceon line 6 is not true.

Let � bethetokenon line 6. Thenwehave:
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�d?�B J ‘Snow is white.’
� ¬ B J ‘The secondconjunctof thesentenceon line 6 is not
true.’

We canplausiblyidentify �D? and � ¬ with subtokensof � : thefirst is the tokenon
line 6 of ‘Snow is white’, thesecond—thetoken on thesameline of ‘the second
conjunctof thesentenceon line 6 is not true.’ Thus,‘the secondconjunctof the
sentenceon line 6’ refersto thesubtokenon line 6 thattokenizesthis type. If " is
‘Snow is white’, wehave:

�1B J " � � ����� � ¬1	
�d?�B J " and� ¬ B J � ����� � ¬1	

In bothPTTandPTP, �d? getsT and� ¬ , whichformsaclosedloop,gets*
+!� . But
in PTT � gets *
+!� , while in PTPit getsT, via (SV). FromPTP’s point of view,
the tokenof theconjunctionon line 6 andthesubtoken that tokenizesthesecond
conjunctarejust two differentpointers.The PTPsystemtakesno cognizanceof
thefactthatthesecondis asubtokenof thefirst. It is thereforenotstrangethatthe
first getsT, while the secondgets *
+!� ; no morestrangethanthe assignmentof
differentvaluesto tokensof thesamesentence.

ThePTPsystemcanbemodifiedsoasto includeoperationsthataregivenspe-
cial statusin the evaluationrules. The following varianthasappealingaspects.
Consideranegation-formingoperation

<;®°¯ �
	
which maps,in a one-to-oneway, every pointer� to a pointer, <;®°¯ � � 	 , pointingto
thenegationof what � pointsto:

<;®u¯ � � 	 B J � � �1B 	
‘The negationof ...’ canbeplausiblyconstruedasreferringto <;®°¯ ��	 ; e.g., ‘The
negationof thesentenceon line 1’ is a nameof <;®u¯ � � 	 , where� is thesentence-
tokenonline 1. Usually <;®°¯ � � 	 is not realizedasatoken.Theexceptionis thecase
where� constitutesa subtoken of a biggertoken of � � �dB 	 ; the biggertoken can
thenserve as <;®u¯ � � 	 . As a rule, <;®u¯ � � 	 is anadditionalpositedpointer.

As farasthepresentsystemis concerned,<;®°¯ � � 	 is justanotherpointerto � � �1B 	 .
If � and <;®u¯ � � 	 get standardvalues,their valuesareopposites;but onemay get
*
+!� , while the othergetsa standardvalue. For example,if �&B J � �)�,� <;®u¯ � � 	8	 ,
then <;®u¯ � � 	 B J ��� ����� <;®°¯ � � 	8	 . Hence<;®u¯ � � 	 gets *
+#� via theclosedloop rule
and� getsT. Thiscanberealizedas‘The negationof whatI amsayingnow is not
true’, or by writing on line 8 ‘The negationof thesentenceon line 8 is not true.’

In orderto treat <;®u¯ �
	 in a way thatreflectsbettertheintuitive meaningof ‘the
negationof...’, theprocedureshouldbemodifiedsothatthevalueof <;®u¯ � � 	 derives
from thevaluegivenpreviously to � . This is accomplishedthroughchanges,(I),
(II) and(III), listedbelow.

Saythatapointer� is syntacticif it is of theform <;®°¯ �0/s	 ; let usreferto
/

(which
is uniquelydeterminedby � , since<;®°¯ �
	 is one-to-one)as� ’s derivedpointerand
denoteit as�D? . Now changetheevaluationprocedureasfollows.
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(I) Restrict(SV), by requiring,aspartof theenablingcondition,
thatthepointerin questionbenon-syntactic.

(II) Add a rule for evaluatingsyntacticpointers:

(NEG) If � J <;®u¯ �0/1	 and H �0/1	 is standard,
assignto � the oppositevalue. If H �0/s	gJ
*
+#� , assignto �O*
+#� .

(III) Changethe direct calling relation. If � is not syntactic,the
conditionremainsasbefore.If � is syntacticandunevaluated
by H , then,by definition,� callsdirectly �d? underH .

The calling relationis definedasbeforein termsof direct
calling.

Thephrasingsof theclosedloop rule andthegroundlesspointersrule remainthe
same.Someconceptsareadjustedin obviousways.E.g.,avaluation,H , is weakly
self-supportingif for everyevaluated� : (i) if � is notsyntacticand H � � 	 is standard,
then H � � 	aJ H � ��B 	 , (ii) if � J <;®°¯ �0/s	 , then

/
is evaluatedandthe valueof � is

obtainedfrom it via (NEG).With theseadjustments,all themainresultshold.
Since <;®°¯ � � 	 calls directly only the pointer � , any closedloop containingthe

formercontainsthelatter. It is possiblethat � belongsto a closedloop and <;®°¯ � � 	
doesnot, e.g., if �QB J � ����� � 	 . But then � gets *
+!� , and <;®°¯ � � 	 gets *
+!� via
(NEG). It is alsoeasilyseenthat � is groundlessiff <;®°¯ � � 	 is. All in all, <;®°¯ � � 	
gets *
+#� if f � does.

Using <;®u¯ ��	 , we canreducethe numberof primitive semanticpredicates,via
theequivalence:

�
� � � 	c±³² ����� <;®°¯ � � 	8	
If we replaceeverywherethe left-handsideby the right-handsideandconstrue
everypointerto theformerasapointerto thelatter, theassignmentsof truth-values
to pointersandto sentences,remainthesame.Theequivalencecanthereforeserve
asadefinitionof �
� � � 	 .

We canalso“save” on truth-values. Accordingto the presentrules, if oneof
� and <;®u¯ � � 	 getsF, theothergetsT. We canallow, instead,anassignmentof F
bothto � andto <;®°¯ � � 	 , asa substitutefor anassignmentof *
+#� to � . Therules
canbe rephrasedso asnot to mention *
+#� . The changein the closedloop rule
reads:For all � in the closedloop, assignF to � andto <;®°¯ � � 	 . The groundless
pointersrule is similarly adjusted.And the last clauseof (NEG) is replacedby:
If H �0/1	OJ H � <;®k¯ �0/1	8	XJ F, assignF to <;®�¯ � <;®�¯ �0/1	8	 . In the resultingsystemF
signifiestwo kindsof failure: thatof expressingafalsityandthatof notexpressing
a proposition. The valueof <;®u¯ � � 	 is usedto distinguishbetweenthe two. The
appearanceof a two-valued“classical” logic is misleading,because<;®°¯ �Q	 is no
longer truth-functional(the valueof � doesnot determinethe valueof <;®k¯ � � 	 ).
Thegapshave beenonly disguisedandthey canberecovered:� is agapiff both �
and <;®�¯ � � 	 arefalse.

Theabovetreatmentof negationcanbeextendedto otherconnectives.Consider,
for instance,a conjunctionoperationthat maps(in a one-to-oneway) any two
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pointers�;: / to ´©µ7< � �;: /1	 , which is a pointerto �&B � / B . The syntacticpointers
now includealsopointersof theform ´�µ¶< � �d: /s	 . If

�³J ´©µ7< � �;: /1	 thenits derived
pointers,

� ? and
�1¬

, are � and
/
. Variousadjustmentsarerequired,which I shall

notgo into. I hopethatthemainideais clear.
The PTT systemdoesnot containoperationssuchas <;®k¯ �Q	 or ´�µ7< � : 	 . But

eachpointer, � , to a sententialcompoundor to a quantifiedsentencehasderived
pointers(�d?6:;� ¬ :d�&% $ ) to ��B ’s immediatecomponentsor to its instantiations.The
assignmentof valuesgoesthroughthesederived pointers. All pointers,except
thosethatpoint to atomicsentences,becometherebysyntacticand(SV) becomes
a rule for assigningvaluesto pointersthatpoint to atomicsentencesonly.

5. FORMAL, PHYSICAL AND RANKED POINTERS

Consideran infinite sequenceof rocks,eachcarryingthe inscription‘What is
writtenonthenext rockis not true.’

� � Theinscriptionsform aninfinite descending
chain,thesameas(DC1)exceptthat‘

�)�
’ is replacedby ‘ � ��� ’. All thesepointers

aregroundlessandwe geta blackhole. I doubtthatwe shouldtake suchphysical
situationsseriously. Therearenonethelessinfinite descendingchainsthat cannot
beignored.

Assumethat ' containsfirst-orderarithmetic. We canuseGödel numbersas
pointersto sentences:<¡B J " if f < is a Gödel numberof " . (We caninsure,if
needed,thatevery sentencehasinfinitely many Gödelnumbers.)By well-known
techniqueswe candefineaninfinite sequence:< � :8< � :kjkjkjd:8< p :kjkjkj , suchthateach
<
p is a Gödel numberof � ����� <
prq � 	 . Herewe have to decreethat eachof these
pointersfails to expressthepropositionto which it points,implying, amongother
things, that < � is not true, < � is not true, etc. But how canwe saythis without
falling into theblackhole?As a matterof factwecanandwedo. I have just done
so myself. But then I usedan inscription,not a Gödel number. Supposethat a
teacher, having setuptheexampleontheboard,pointsto < � declaringthatit is not
true(doesnotexpressatrueproposition).Herutteranceis apointer, throughwhich
shesucceedsin asserting� ����� < � 	 . Yet < � , which points to the samesentence,
fails. The utterancereflectsa point of view higherthanthat of < � ; it targetsthe
whole arithmeticalnetwork of Gödel numbers. Theseconsiderationsshow that
thereis a placefor an asymmetrictreatmentof the Gödel numberson onehand,
andtheinscriptionsandutteranceson theother.

WecanclassifytheGödelnumbersasformal(or, if youwant,asmathematicalor
logical)pointers,andmy inscriptionandtheteacher’sutteranceasphysicalones.� �
Physicalpointersare, of course,formally representedin our system. But they
mark external judgmentsof the agent,which relateto the whole formal part of
thenetwork. If we classifypointersin this way, thenthegroundlesspointersrule
shouldbemodified:If therearegroundlesspointers,assign*
+#� to all unevaluated
formal ones. We can then go on with the evaluationprocess. In our example
this would resultin theformal pointers(theGödelnumbers)getting *
+!� andthe
physicalpointersgettingT. Only whenall groundlesspointersarephysical,dowe
assignto all of them *
+#� . A similarmodificationis suggestedfor theclosedloop
rule.
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Thesereflectionsmayhelpusto make senseof theinfinite rock sequence.As-
sumethatasuperiorpointof view (say, thatof someangel)takesin thefull picture.
A judgmentensuingfrom that perspective is to berepresentedby a higher-ranked
pointer. *
+!� is first assignedto all the rock inscriptions;thenthehigher-ranked
pointersto ‘The inscriptionon the n¸·r¹ rock is not true’, n J ?6: ¬ :kjkjkj , getT.

This suggestsanobviousgeneralization:Includein thepointersystema rank-
ing function, that associateswith every pointer, � , an ordinal number, º � � 	 , the
pointer’s rank. Higher-rank pointersaresupposedto represent,in casesof fail-
ure,a morecomprehensive pointof view; failureis first attributedonly to pointers
of minimal rank. We canlet the ranksrangeover all ordinalssmallerthansome
non-zero� . Preferably, � is a limit ordinal; this makesit possibleto geta system
satisfyingthelocalmetalevel requirement.In thesequelweassume,for simplicity,
that � J{» ; theranksarethusnaturalnumbers.Theresultsremainvalid if � is any
non-zerolimit ordinal.

Thestandard-valuesrule (SV) remainsthesame.Therevisability rule (SVF ) has
to bemodified,but sincethisrule is notneededif

Z
, or any “good” valuation,is the

startingpoint, we canpostponeits discussion.Themodificationof theothertwo
rulesis obvious. Whereasin theoriginal rules *
+#� is assignedto all pointersin
someset,wenow assignit only to thosepointerswhoserankis thesmallestamong
theset’s members.
RankedClosedLoop Rule If z is aclosedloop for H , assign*
+!� to all pointers
of z of minimal rank.
RankedGroundlessPointersRule If therearegroundlesspointersunderH , assign
*
+!� to all groundlesspointersof minimal rank.
Example: Let

�CB J � �����0/1	 : / B J � ����� � 	
Right at the beginning �8�;: / � is a closedloop. If º � � 	 J º �0/1	 , then � and

/
get

*
+!� . Otherwisethepointerof smallerrankgets *
+#� andtheothergetsT. If, in
addition: � B J � ����� � 	
� � �)�,�0/1	
then

�
, beingexternalto the loop, getsa valueafter theapplicationof theclosed

loop rule. Therankof
�

doesnot matter. If � and
/

areof equalrank,
�

getsT; if
they areof differentranks,

�
getsF (becauseoneof theconjunctsof

� B does).
Note: Theranksarerelevantonly in determining,in thecasesof failure,which of
the candidatepointersfail. In suchsituationshigherrank pointersexpressjudg-
mentsof higherlevel. But the ranksdo not determinea metalevel hierarchy, be-
cause,asthelastexampleshows,a lower rankpointercansuccessfullyexpressthe
non-truth,or thefailure,of ahigherrankone.Thegraph-theoreticpropertiesof the
network alwaystake precedenceover therankingfunction.

Themainresultsof theprevioussectioncarryover fully to therankedversion.
Thedefinitionof weaklyself-supportingvaluationsis exactly thesame.Therule
(SVF ), andthedefinitionof stronglyself-supportingvaluationsthat is basedon it,
shouldbemodified. Take againthe lastexample: ��B J � ����� � 	 : / B J � ����� � 	 . If
º � � 	 otº �0/1	 , then� gets *
+#� and

/
getsT. Under(SVF ) theassignmentof *
+!� is

revisableto anassignmentof F, but thiswedonotwant.Wedoallow therevision
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only whenit derivesfrom pointersof smalleror equalrank.Theadjustmentis the
rule (SV

�
) givenbelow.

Let H
% � , where � is a naturalnumber, be the restrictionof H to all pointersof
rank o{� . Recallthat H � is thestandardpartof H : its restrictionto thepointersthat
getunderit a standardvalue.

(SV
�
) If �_B J " , º � � 	YJ � and H � % � �
=.? 	
� " 	3J¼L , thenassignto �
thevalue

L
.

Thereis anotherstrongerversionof this rule thatallows revisionsthatderive also
from assignmentsof *
+!� to pointersof smallerrank. In theabove example,with
º � � 	 otº �0/1	 , if H � � 	�J H �0/1	�J *
+#� , thenH is notrevisableunder(SV

�
). But since

H � � 	 otH �0/s	 , wemightwantto forceT asthevalueof
/
. This is accomplishedby:

(SV
�8�

) If �3B J " , º � � 	OJ � and H � % � �
=.? 	;½ H�% � � " 	XJ¾L
, then

assignto � thevalue
L

.

Thereare,accordingly, two variantsthatcorrespondto our previousstronglyself-
supportingvaluations. Say that a valuation H (over ranked pointers)is strongly
self-supportingif it is weakly self-supportingandno assignmentof *
+#� by H is
revisablevia (SV

�
) in any extensionof H . Definefirmly self-supportingvaluations

in thesameway, exceptthat(SV
�8�

) replaces(SV
� 	

. Speltout in full, theadditional
conditionsfor strongandfirm self-supportare:

(SSS) If �DB J " , º � � 	gJ � and H � � 	gJ *
+#� , then,for all I such
that HO[�I , I � % � �
=.? 	
� " 	 is undefined.

(FSS) If �DB J " , º � � 	gJ � and H � � 	gJ *
+#� , then,for all I such
that HO[�I , I � % � �
=.? 	;½ I&% � � " 	 is undefined.

The main resultsfor the ranked casecanbe now statedsimply by repeatingthe
lemmasandTheorem1 of sections4. ‘Self-support’canbeinterpretedthroughout
eitherasweakself-support,or asstrongself-support,or asfirm self-support.Theo-
rem2 holdsif weaddtheassumptionthatthepointerin question,

/
, hasrank ¿ the

ranksof thepointersit callsdirectly under
Z
. Theorem3 holdsunderits original

assumptions(the“external”pointer,
/
, succeedsevenif its rankis smallerthanthe

ranksof thepointersinvolvedin " ).
Theorem 4 If all pointerscalleddirectly by � , under

Z
, have ranks obº � � 	 , then�

doesnot fail.
Proof Similar to theproof of Theorem2. If at somestage� gets *
+!� , it belongs
at thatstageto somez , which is eithera closedloop or a groundlessset.At least
oneof thepointerscalleddirectly by � , under

Z
, mustbelongto z . Sinceits rank

is smallerthan º � � 	 , � is not of minimal rankamongthemembersof z . But then
it doesnotget *
+!� at thatstage.Contradiction.
Corollary If � points to a sententialcompoundof

����� �Gp 	 ’s and �
� � �Gp 	 ’s, n J
?6:kjkjkjd:8< andits rankis higherthantheranksof the �Gp ’s, then� doesnot fail.

Consequently, thelocal metalevel requirementis satisfied,providedthatfor ev-
ery � therearepointersof higherrankto

����� � 	 , to �
� � � 	 , to theirnegations,andto
� �)�,� � 	;� �&�
� � � 	 . This neutralizestheeffect of groundlesspointersandof large
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closedloops. The generalexpressibilityrequirementis, however, not fully satis-
fied if ' is sufficiently expressive. Thesentenceof (L1) in section4 doesnothave
a non-failing pointerto it. � � It seemsunlikely that theexpressibilityrequirement
canbe fully satisfiedfor highly expressive languages.The problemtoucheson
questionsconcerningthe possibility of attaininga semanticallyclosedlanguage,
or somethingnearto it, which I shallnotgo into.

The ranked approachenhancesconsiderablythat which is stateable,without
metalinguisticascent,throughthe useof pointers. We pay for this by appealing
to an additionalprimitive: the rankingfunction. Perhapsthe price is not ashigh
asit might look. The rankingcanbe derived from a partial ordering. Givenany
well-foundedpartialordering,we canassociatewith it a plausiblestratificationof
thedomain—inour casethesetof pointers—intoordinal ranks.�8� It is therefore
sufficient to stipulatecertainsharpinequalities,of the form �{o /

(meaningthat
� hassmallerrankthan

/
), which generatea well-foundedpartialordering.� � We

canthenusetheassociatedranking. If, for example,thereareno inequalities,all
pointersareof rank0 andwegetthenon-rankedversion.

In orderthatthelocalmetalevel requirementbefully satisfiedit is sufficientthat,
for each� , every sententialcompoundof

�)�,� � 	 and �
� � � 	 hasa pointer,
/
, to it

suchthat
/ ��� (i.e.,

/ ��� is stipulated).This , andthewell-foundednessof the
generatedpartialordering,areimpliedby thefollowing two conditions.

(C1) For eachsentence" thereis apointer�!À to " , suchthat�hoe�#À
for every � whosenameoccursin " undera semanticpredi-
cate.

(C2) Thereare no cycles:
/ � � / � �ÂÁkÁkÁg� / � , and no infinite

descendingchains:
/ � � / � �¼ÁkÁkÁ / m �¼ÁkÁkÁ

(C1) implies that ‘ � À ’ doesnot occurin " undera semanticpredicate.But if "
containsquantifiersoverpointers,then�!À is in theirrange.To restrictthequantifier
rangesto pointersthatare o{�!À is to reducethedescriptive power of ' . We can,
in this way, achieve thegeneralexpressibilityrequirementat a priceof not being
able to quantify over all pointers. As it is, we can achieve the local metalevel
requirement,without reducing' ’s power. ' mayevencontaina relationsymbol
thatdenotesthepartialorderingof thepointers.

Intuitively, � À correspondsto a viewing of " in which " is fully laid out; a
viewing that comprehendsthe pointerswhosenamesappearin " as something
alreadygiven. Formally, we canbuild the �!À ’s into thesetupby recursion.Given
any ' � anda pointersystemÃ � for it, addfor eachsentence," , anew pointer, �!À ,
pointingto " , andstipulatetheinequalities�!À.�c� for every � whosenameoccurs
in " undera semanticpredicate.This yieldsanextension,say Ã � , of Ã � . Extend
' � to ' � by addingindividual constantsto namethenew pointers.Extend Ã � to
Ã � , by addinganew pointers,�#À —for eachsentence," , thatis not in ' � —adding
alsothe inequalitiesthat go with them; extend ' � to ' � by addingconstantsto
namethe new pointers. And so on. The requiredsetupconsistsof the language
thatis theunionof the ' p ’sandthepointersystemthatis theunionof the Ã p ’s.
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A betterwayof achieving (C1)and(C2) is to castsomespecialavailablepoint-
ersin therole of the � À ’s. Assumethat,amongotherpointers,sentencesfunction
aspointersto themselves (cf. section4 “SomeSpecialPointers”);we can then
put: �#À J " , andposit �boÄ" whenever � ’s nameoccursin " undera semantic
predicate.This canbe done,provided that the namesof sentences-qua-pointers
(i.e., underthe semanticpredicate)includethe sentencesasparts,as is the case
whenthe namesareformedby enquoting;becausethen(C2) is guaranteed,it is
impliedby thewell-foundednessof thesyntax.Otherspecialpointers,suchasthe
demonstrative pointersof theprevioussection,canplay theroleof the �#À ’s; again,
providedthattheirnamescontain,in thiswayor another, thesentencesthemselves
asparts.

We have assumedherethat thepartialorderingis generatedby the inequalities
�Åot�!À , where� ’s nameoccursin " undera semanticpredicate.If, for whatever
reason,thereareotherinequalities,thenwe mustassumethattheir inclusiondoes
not leadto a violation of (C2). Theproblemdoesnot ariseif we adopttherecur-
sive constructionabove, by which the �!À ’s areaddedasnew pointers. The new
inequalitiescanbejoinedto any well-foundedpartialorderingover thepointersof
Ã � . We canalsochoosethe new pointersassentencesthat point to themselves,
providedthatthesedonotfigurealreadyaspointersof Ã � .

Other inequalitiesmay be positedby virtue of the specialnatureof existing
pointers.In theGödel-numberexample,theinequality�Æo / is positedwhenever
� is a formalpointerand

/
is anutteranceor aninscription.Wemightalsowantto

give higherrank to utterancesmadeat later times,the ideabeingthat they reflect
a point of view that comprehendsearlierutterances.If Jacksays“What Jill will
say is not true” and Jill, having heardJack,says“What Jacksaid is not true”,
Jack’s utterancegets *
+#� andJill’s utterancegetsT. But thereareno systematic
guidelinesfor deciding,in general,which act of assertionis madefrom a more
comprehensive stance.Herethepragmaticappealto specialcircumstancescannot
beavoided.
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NOTESÇ
Even hadwe decided,for whatever reason,to regardthe Truth Teller astrue, we still would

havehadto distinguishbetweena statementbasedon a straightforwardimplementationof ( È ) anda
statementthatreflectsahigherlevel view.É

A detailedargumentfor theimpossibilityof construingthetwo-line puzzleasa caseof indexi-
cality is givenin PTT, pp. 246-248.Ê

Thus,Dummett[1992]p. 31: “Every[Dummett’s emphasis]semantictheoryhasasits goalan
accountof theway in which a sentenceis determinedastrue,whenit is true,in accordancewith its
composition.”Ë

An importantcondition,calledfull abstraction, preventstrivial choicesof semanticvalues. In
thecaseof sentencestheconditionrequiresthat if two phrasesof thesamesyntacticcategory have
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differentsemanticvalues,thenthereshouldbeasentencewhosetruth-valueis affectedby substitut-
ing onephraseby theother.Ì

The point of usingthis or that semanticsis the insight therebygainedinto the phenomenain
question.Thesemanticvaluesunderlyinga denotationalsemanticsshouldprovide a goodconcep-
tualhandleonwhatgoeson. Thesatisfactionof certainformalconditionsis, by itself, notsufficient.
Variousoperationalsemanticscanbeconvertedinto denotationalonesby choosingassemanticval-
uescertainhighly abstractcomplex entities(higherorderfunctions).Suchchoices,however, require
justification.Í

Following Wittgenstein’s line in theTractatus, onemightarguethatnothingtrueis eversaidby
Liar sentences.Their useis explainedthroughthedistinctionbetweensayingandshowing. I must
saythat I find theappealto thatdistinctionoverworked. In any case,a Tractarianpositionamounts
to acripplingview of logic, whichgivesup onany systematicmetalinguisticaccount.Î

Theoscillatingvaluesof theLiar resultfrom repeatedevaluations,wherethetruth (falsity) of
thesentenceatagivenstageimpliesits falsity(truth)at thenext stage.Theseongoingroundsshould
not be viewedasascendingstepsin themetalinguistichierarchy. At the endthe theoreticianmust
takeastancefrom whichthesituationis described.Essentiallytherearetwo perspectives:thatof the
failureof theLiar sentenceandthatof thenon-failureof thestatementsmadeby thetheoretician.Ï

Burge [1979] appealsto a vaguelyoutlined“pragmaticimplicature”. Appealsto pragmatic
factorsarealsomadein Parson’s paper[1974]. The systemof BarwiseandEtchemendy[1987] is
basedon a formal modelingof propositions.No ambiguitythere.But it endsby gesturingat vague
pragmaticconsiderationswhenit comesto decidingwhich proposition(of the infinite numberof
candidates)is expressedby agivenutteranceor inscription.Ð

Theobjectreferredto by thespeakermaynotbetheobjectpickedliterally by thedescriptionthe
speaker uses.Thus,Donnellan’s [1966] ‘The manwith thechampagneglassin his hand’andmany
otherexamples.Cf. alsoKripke [1977].ÇÒÑ

Therule doesnot prevent loopsthat involve several sentencesthat refer to eachotherthrough
quantification.It canbeextendedsoasto block suchloopsaswell. But thenit givesriseto highly
variablechangesin quantificationranges,which might be found objectionable.The matterneeds
furtherinvestigation.Ç5Ç

Graphtheoretically, these“looped trees”canbe characterizedasdirectedgraphs,suchthat if
thereis apathfrom Ó to Ô andfrom Ó�Õ to Ô , thenthereis eithera pathfrom Ó to ÓÖÕ or a pathfrom Ó�Õ
to Ó (or both).Moreover, differentnodescanhave thesamelabel,but oneverypathalabelcanoccur
nomorethanonce.ÇRÉ

As a rule, the distinctionbetweenthe unable-to-sayparadoxandthe StrengthenedLiar is not
clearlymade;‘StrengthenedLiar’ servesfor both. I myselfusedasomewhatunclearterminologyin
[1992],referringto theunable-to-sayparadoxby ‘StrongLiar’.ÇÒÊ

Theimmediatecomponentof ×iØ , is Ø ; theimmediatecomponentsof ØQÙ#Ú , whereÙ is abinary
connective,are Ø and Ú .Ç Ë

We canrelax this rule a bit. Call a groundlesssetconnectedif it is not a disjoint union of
two groundlesssets.Call it a groundlesscomponentif it is connectedandis not a propersubsetof
any connectedgroundlessset. Every groundlesssetis a disjoint union of groundlesscomponents.
In the relaxed versionwe assign Û1ÜsÝ to all membersof a groundlesscomponent.We therefore
have freedomto handleeachgroundlesscomponentseparately. This makesno difference,thefinal
valuationsarethesame.ÇRÌ

And soarethegroundlesscomponentsets,if weusethemorerelaxedversionof thegroundless
pointersrule,cf. footnote14.Ç Í ×iÞ;ß¶àâásãAä`×,å1ÓCàâásã is the simplestway of sayingthat á fails. In every reasonablesystemthe
existenceof a non-failing pointerto thatsentenceimpliestheexistenceof non-failing pointersto its
components.But sincethis wasnot assumedin thegeneralsetup,I have added,for goodmeasure,
thecomponents.In view of Theorem2, therequirementis of interestonly if á fails.Ç Î

Statedin termsof æ , theconditionis: æ is unevaluatedby ç andthereis asequenceæ Ñ©è­é�é8é_è æAê
of sentencesunevaluatedby ç suchthat: (i) æ Ñdë æ , (ii) every æ,ì|í Ç is eitheranimmediatesentential
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componentof æ ì or an instantiationof it, and(iii) æAê is Þ;ß¶àuî©ã or åCÓ1àuî©ã , whereeither î ë á or î
calls á underç .ÇÒÏ

Supposeá is groundless.Then,at somestagein the procedure,ï¸áCðDñ>ò , is a groundlessset,
where ò consistsof all pointerscalledby á , underthevaluationat thatstage.It is not difficult to
show thatif î�ó ë ákó then,at thesamestage,ïlî�ð�ñ)ò is groundless.ÇÒÐ

I oweGuptathis illustration.É0Ñ
If ‘ á ’ denotestheteacher’sutterance,then Þ;ßÖàâá1ã andits negationaresentencesin ô . TheGödel

numberingis not meantto includesuchsentences.If it does,we shoulddistinguishbetweenGödel
numbersof sentencesthat involve physicalpointersandthosethat do not. Only the latter qualify
asformal pointers.Notethatany infinite descendingchain(suchas(DC1)) musteitherincludean
infinite descendingchainof formal pointers,with a finite numberof non-formalpointerstackedon,
or it mustderive from infinitely many independentpointingsof physicalpointers,resemblingin this
way thesequenceof rocks.É~Ç

That sentence,namelyáAó , involvesall the pointersthat point to it. All of thembelongto the
sameclosedloop. Let î7ó ë áGó . Assume,for an inductive argument,that at the stageat which î
getsits valueevery pointer, ß , to áÖó , of rank õ�ö1àuî�ã hasthevalue Û1ÜsÝ . For theseß ’s theconjunctsß7ó ë á,ó�÷ø×iÞ;ß¶àuß©ã get T. But the conjunct î7ó ë á,ó�÷ù×AÞ;ßÖàuî�ã is still unevaluated,asareall
conjunctsin which thepointeris of rank ú@û . Henceî , beingnow a pointerof minimal rank in a
closedloop,gets Û1ÜsÝ .É5É

Let õ beanirreflexivepartialordering.A memberü�ý�ò is aminimalmemberof ò if thereis
no þ(ý)ò suchthat þTõOü . Thewell-foundednessof õ meansthateverynon-emptysethasminimal
members.Assigntherank ÿ to pointersthatareminimal in thesetof all pointers.Assign � to the
minimalpointersin thesetobtainedby removing all pointersof rank ÿ , andsoon. In general,assign�

to theminimalpointersof thesetobtainedby removing all pointersof rank õ �
.É0Ê

Thepartialorderis thetransitiveclosureof therelationdefinedby thesetof theseinequalities.
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