POINTERS TO PROPOSITIONS*

HAIM GAIFMAN

1. INTRODUCTION

The semantigparadors, whoseparadigmis the Liar, playeda crucialrole ata
crucialjuncturein the developmentof modernlogic. In his 1908 seminalpaper
Russelloutlined a system,soonto becomethat of the Principia Mathematicag
whosemaingoalwasthe solutionof thelogical paradoes,both semantiandset-
theoretic.Russelldid not distinguishbetweerthe two andhis theoryof typeswas
designedo solve bothkindsin the sameuniformway. Settheoreticianshowever,
were contentto treat only the set-theoretigparadors, putting asidethe seman-
tic onesasa hon-mathematicatoncern.This separatiorwasexplicitly proposed,
eighteeryearsafterRussells paperby Ramsg, thoughhe,like Russell adwocated
a systemthataddressebothkinds. Sincethen,the semantigparadorshave been
viewed within the perspectie of the theoryof truth, wherethey have occupieda
respectablaiche,but oneof ratherspecializednterest.

In thiswork | shalltry to move theissuesarisingfrom the semantigparadoes
to a more centralplacewithin the philosophyof language.It is not so muchthe
paradorsthemselesaswhatthey reveal aboutmechanisméncorporatedn nat-
ural languagethatis philosophicallyso significant. Theseare mechanismshat
enableusto make within the samelanguagestatementshat, in the usualorderof
things,would requiresemanticascentd¢o metalanguages he implicationsof the
emeging pictureextendwell beyondthe specificconcern®of the paradors.

Thework hasphilosophicabndtechnicalaspects! shalltry to make the philo-
sophicalpoints clear without relying too much on the moretechnicalpartsthat
occufy mostof sectiond andpartof section5. The emeging pictureis roughly
this. Statementaremade,or canbe made, by meansof objects—the‘pointers”
of the titte—which form a kind of network. The semanticonsistsof recursve
rules,by which every pointeris eithergiven a truth-value—signifyirg the truth or
thefalsity of thestatemenéxpressedhroughit—or is classifiedasafailure,i.e.,as
failing to expresssomethingrue or false.Eachpointerhasanassociate@dentence
(thesentencét “points” to), which, in turn, mayrefer, eitherby nameor through
guantification to pointers. By usinga pointer one canthereforemale, or try to
male, a statemenaboutstatementsThesecrossreferencegieneratehe network.
In general the associatedentences not sufficient for determiningthe statement
madethrougha pointer The pointers placein the network entersaswell. Modo
grossothe placedetermineghe metalerel at which the sentences read;thatis,
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the metalanguagto which the sentencavould belong—hadve operatedvithin a
hierarchyof languagesnsteadof usingpointers. Thus,throughpointers,we can
expresdn asinglelanguagestatementthatwould otherwiserequiremetalinguistic
ascentThis, | shallague,happensn naturallanguage.

The semanticds, to a large extent, holistic. Although it hasa compositional
componentwhich enterghroughthe associatedentencest is on thewholenon-
compositional:what a pointer expressess not derived only from its associated
structureandthestructures parts but alsofrom contextual parametersf theglobal
network.

Usually contextual aspectarehandledby appeato informal pragmaticsHere,
by contrastjntricatecontextual factorsaregivenaformal rigorousmodeling. The
thoughtariseghatthedifferencebetweerpragmaticandsemanticss notassharp
asit might seem. The first can becomethe second,upon rigoroussystematiza-
tion. Anotherpoint of interestis the non-compositionalityf the semanticsNon-
compositionakemanticssometimeslescribedas operational are well-known in
thetheoryof programmindanguagesBut the incorporationof sucha semantics
into atheoryof truthis uncommorin the philosophyof language.

In the formal systempointersappearas “technical” elementssubjectto well-
definedrules.Butsincethey determinénow sentenceareread they shouldbeseen
in awider perspectie asrepresentingointsof view, stancesywaysof interpreting
given assertions.Sucha perspectie is presenteven in simpleillustratve exam-
ples. It becomeglearerin section5, wheredistinctionsbetweervariouskinds of
pointerssene asabasisfor arankingthatentersnto thesemantiaules.

An earlier different systemwas the subjectof “Pointersto Truth” [Gaifman
1992], abbreviated henceforthas PTT. Developingthe earlierideas,| wasled to
a differentand simpler systemof rules, which resultsin a considerablysimpler
setup. The requiredstructuralelementshave beenreducedto a bare minimum,
which makesit possibleto applythe methodto awider variety of pointersystems.
Variousphilosophicalspecthiave gainedtherebyin clarity.

This paperis self-containedKnowledgeof PTT is not presupposedThe basic
exampleof PTT, the so calledtwo-line puzzle will sene alsohereasa standard
illustrationandalaunchingpoint. After thefirst moves,therestof thisintroduction
is devotedto elaboration®f the remarksmadeabove. Section2 containsfurther
amgumentsjntendedto clarify andestablisithe correctnes®f the proposedanal-
ysis. Section3, which is more or lessself-containedcontainsan outline of the
systempointersareintroducedanddiscusse@ndthe concepbof a propositionthat
figuresin thiswork is clarified; alsodiscusse@dresomeotherissuesijncludingthe
Strengthenedliar. Section4 containsthe moretechnicalpartof the work, where
thebasicformal systemis fully presentedl have avoidedgoinginto proofs,when
thesearetoolong; but someof theshortemproofsareincluded.Sections introduces
avariantbasedon a rankingof pointers,which enhanceshe classof expressible
propositionsit hastechnicalaswell asphilosophicakides.

For didactic purposed have postponedhe introductionof pointersto section
3. Sentence-takns,which arethe standardexamplesof pointers,will sene until
then.



POINTERSTO PROPOSITIONS 3

Tokens of sentencesre physicalobjects,organizedeither spatially (inscrip-
tions) or temporally (utterances)which display abstractsentencesthe tokens’
types It is acommonplacehat,asarule, truth andfalsity dependon tokens,over
andabove theirtypes.‘l amhungry’ hasdifferenttruth-values,dependingpn who
makesthe utterance.The samegoesfor all caseghatinvolve indexicality, either
explicitly throughwordssuchas‘l’, ‘you’, ‘here’, etc.,or implicitly—by conte-
tual factorssurroundinghe utteranceor theinscription.

An altogethedifferentkind of token-dependetacis involved in the useof se-
manticpredicatestrue’, ‘false’,'necessary{whenthisis construedisa predicate
over sentencesandothers. While indexicality worksin familiar ways, the token
dependencef the secondkind is a deepphenomenonwhosevery existence hot
to speakof its underlyingmechanismis far from clear The following two-line
puzzlewill sene asour standardxample.

Line 1 Thesentencenline 1is nottrue.
Line 2 Thesentencenline 1is nottrue.

By awell-worn agumentthe sentencen line 1 is nottrue (if the sentencés true,
thenit is nottrue). Writing this conclusioronline 2, onefindsthatonehasrepeated
the very samesentence.lf the sentencen line 1 standscondemnedo doesthe
sentencenline 2. Yetthelatterexpressesitrue conclusion Notethat,in orderto
statethis conclusiononecannotbut repeathe sentencdas! have justdone:“By
awell-worn agumentthe sentencen line 1 is not true’) or usesomeequialent
phrasingn whichthesentencenline 1 is referredto by a differentname.Hence,
| aguedin PTT, the two tokensmeandifferentthings. Thefirst is not true; the
secondstategruly this very samefact.

Let us take a closerlook at the failure of the line 1 sentence.The standard
evaluationrule for a sentencef theform ‘The sentencevrittenin/on... is true’is
roughlythis:

(¥*) Goto ... andevaluatethe sentencevritten there. If that sen-
tenceis true, sois ‘The sentencevrittenin ... istrue’, elsethe
latter is false

To getthe truth-value of the negatedsentencd The sentencavritten in/on ... is
not true’) we shouldapply (x) andfollow it up by applyingthe rule for negation
(wherethe latter stepis supposedo reversethe truth-value). In the caseof the
line 1 sentencethe evaluationdoesnot terminate;the sentencesendsus backto
the startingpoint. Thus,we geta closedloop. The “go-to” commandmalkesthe
referringof ‘The sentencevrittenin/on ... operationallyexplicit. But theloopis
not duemerelyto self-referenceCrucially, the instructiontells usto evaluatethe
sentencéor truth-\alue,therebydirectingusbackto (x). Hadtheinstructionbeen
non-semanticsayto countthe numberof wordsin the sentencg The sentencen
line 1 hasan odd numberof words’) or to performan orthographiccheck(‘The
sentenc®n line 1 containsno misspellings’) therewould have beenno loop and
no paradox.

The closedloop yields a non-terminatingevaluation,andfor this reasonalone
thesentences nottrue. It alsomalkespossiblethe contradictionensuingfrom the
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assumptiorthatthe sentences true; but it doesnotimply sucha contradictionin
general. Had the sentencdeen‘The sentencen line 1 is true’, we would have
gottenthe Truth Teller (which attributestruth to itself and saysnothingbesides).
LiketheLiar, it is nottrueby virtue of its non-terminatingvaluation.But thetruth
of the Truth Teller doesnot leadto contradictionandneitherdoesits falsity. We
shalllaterseehow thedistinctionbetweerthelLiar andthe Truth Telleris expressed
in theproposeaystemt. Theconclusiorthattheline 1 sentencés nottruereflects
therealizationthatthe straightforvard implementatiorof (x) fails. It is expressed
by usingtokensdifferentfrom theline 1 token, e.g.,the othertokenson this page,
includingtheoneon line 2. The othertokenssucceedecausehey areexternalto
theloop produceddy thefirst token. We canalreadyseehow differenttokensmark
differentlevels. Thefirst tokenis in theloop, the seconds, in a senseaboultit.
More of thisin section2.

Oneinfersthat,in thisandin similar situationsruth-valuesshouldbeassigned
not to sentence-typebut to their tokens, andthat the evaluationrule shouldbe
modifiedsoasto malke thetokenonline 2 true. If this analysis—theamgumentfor
which | shall elaboratdater—is correct,we are facedwith the problemof find-
ing a prescriptionfor assigningruth-valuesto tokensin general.Loopscanarise
fromindirectself-referenceyhichinvolvesmary sentencei diversecomplicated
ways. Theremight be alsootherphenomenahatwould causesentence-tansto
fail. Our definition shoulddecidewhentokensfail and whenthis failure is ex-
pressedyy othertokens. Like the languageusedin the two line puzzle,our lan-
guageshouldincludeits own truth predicate.But sincetruth is now assignedo
tokens,the predicateshouldbe over tokensratherthantypes.

The systemoutlinedin PTT (and,moreso, the one presentedere)meetsthis
challengelt appliesto a full-fledgedfirst-orderlanguagehathasnamegeferring
to, andvariablesrangingover its sentence-tans,andsemantiredicates-Fr( )
for ‘true’ and Fa( ) for ‘false’'—takingtoken-namessamguments.Thereshould
be nothingmysteriousaboutpredicatingtruth andfalsity of tokens. A token, p, is
trueif it succeed expressingsomethingrue;is false,if it succeedm expressing
somethingalse;is neithertrue nor false(statedas—17'r(p) A ~Fa(p)), if it failsto
expresssomethinghathasatruth-value.

Sentencesuchas‘What is writtenin ... is false’, ‘Whatever Janesaidis true’,
are easily recastas sentence®f the formal language. The setupis sufiiciently
generalso asto make room for arbitrary networks generatedy tokensthat refer
to tokens. Theevaluationprocedurgthe formal methodof assigningruth-values)
accords,in the caseof the two-line puzzle,with the abose analysisand yields
the desiredverdict. The sameworksfor awide variety of indirect self-referential
casesjncluding, roughly speakingall thosein which the self-referencenvolves
essentiallya finite numberof tokens.Certainintricate,infinitary casedall outside.
In thosecases—somef which will be discussedn the lasttwo sections—there
areno tokensthatexpressthe desiredpropositionsandwe areforcedto ascendo
ametalanguageOthervariantsof the systemaredesignedo take careof someof
theseexamples.
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Theproposedystenintroducesanessentiahon-compositionatlemeninto the
semanticsthe meaningof a sentence-tan is determinechot only by the struc-
ture of the sentencdasa type) andby the meaningsts componentsbut alsoby
the token’s placewithin a global network of mutually referringtokens. Conte-
tual dependencieare of coursecommonin the casesof indexicals and demon-
stratives. But thesearedetermineddy rulesrelatingdirectly to humanintentional
acts,ruleswhoseanalysis—since¢hey lack aninterestingrecursie or combinato-
rial structure—isnot profitably pursuedby formal modeling. The mechanisnof
indexicals and demonstraties can be separatedrom the standarccompositional
semanticandtheir contritutionsto the meaningof largerunitscanbe setaside as
it is doneby Kaplan[1989], underthe namecharacter

Thecontetual dependencthatenterghroughthe useof semantigredicatess
a differentmatteraltogethe? An intricaterecursve proceduras at work, which,
by defining a truth-value assignmentdeterminesvhat tokenssay Roughly it
determineghe metalinguistidevel at which the tokenizedsentencevould bein-
terpreted—hadve usedatype-basedemantics.

The truth-value assignmenis definedby clausespf which someare composi-
tional andsomecontectual. But sincebothkinds areinterleaved whentherecur
sionis carriedout, thereis no separatiorof the procedurénto compositionabnd
contetual parts.We candistinguish,in the evaluatingprocessgompositionakeg-
mentsfrom contextual ones yet eachsegmentrelies,soto speakonthe sggments
thatprecedet.

Now therole of formal modelingin semanticdheoryshouldbe properlyunder
stood. Theformalismdoesnotimply anagendéor formalizing naturallanguage,
but is ratheratool: aformal—hencartificial—yardstick thatsenesto bringforth
fundamentapatternsof conceptuathought.lt is notimplied thatpeopleareaware
of and follow the turns and twists of the evaluationprocedurejust asit is not
implied thatthey areawareof andfollow the intricaciesof formal quantification.
Neitherdoesthe viewing of languagdghrougha systemthatmalesno explicit ref-
erenceto speakrs’ intentionsand actsindicatethat the latter areignored. It is
only assumedhat what the speakrs say can be fruitfully analysedpy usinga
formal systemasa match,without introducingexplicitly the speakrs’ intentions.
This methodologyunderliesthe generalmainstreanprojectof logic. Somefur-
thercommenton semanticheorywill helpto puttheimplicationof the proposed
systeminto awider perspectie.

Whenphilosopher®f languagespeakof a semantiadheory usuallythey have in
mindwhatis knonvn ascompositionabemanticsasystemati@ccounof sentences
andothersyntacticunitsasstructuredbjects andof thewayin whichasentence
truth-value dervesfrom semantideaturesof its components$. Thesefeaturesare
often representeds semanticvalues: semanticentitiesassociatedvith syntactic
constructsThesemantiozalueof aphrasds thenuniquelydeterminedy its struc-
ture andthe semantiosaluesof its componentsThe semanticvalueof a sentence
eitherdeterminests truth-value, or is simply identifiedwith it. A schemeof this
kind, traceabldo Frege,appliesto Tarski’s semanticgor formallanguages.
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Lesswell-knovn amongphilosopherss the generalizatiorof thatschemeand
the rigorousform given to it in the analysisof programminglanguageg[Scott
1970],[Scottand Strachg 1971]),whereit cameto be knowvn asdenotationake-
mantics(cf. [Gaifmanand Shapiro1989]for a succinctformal description;for a
detaileddiscussiorsee[Winskel 1993]chapters, or othertextbooksin this area.)
The role of truth-valuesis playedby certain“external” featuresof programbe-
havior (e.g.,the input-outputrelation); andthe structureis the schemeby which
programsandprogram-componentsyecomposeaf smallerunits* Theareaof
programmindanguage®ffersalsoexamplesof non-denotationaemanticsoften
referredto asopemtional (cf. [Winskel 1993] chapter2]). Actually, this is the
olderkind. It follows morecloselythe program$ dynamics,usingmodelingsof
computationaprocesseginvolving, for example transitionshetweerstatesjn or-
derto specifythe programs behaior. Thereis awide variety of modelingssome
of which leadto branche®f researchich in formal structureandin applications.
Therelevanceof this fact,into whichwe neednotgo ary further, is thevery possi-
bility of anon-compositionademantics.

Giventhatour aim is a systematiaccountof what makes sentencestypesor
tokens)true or false—oy more generally what makesthemrelatein this or that
particularway to the world—thereseemgo beno a priori reasorwhy theaccount
musttake a compositionaform. Compositionalpatterns,to be sure,cannotbe
ignored. It is hardly concevablethatwe bypasshe analysisof ‘The tableis red’
into ‘The table’ and‘is red'—viewed asa particularcaseof ‘a is P’. But thisis
still afar cry from anoverall compositionakemantics.

Non-compositionahspectglerive from contextual dependenciesyherebythe
meaningof a phrasedependsot only on its structureand the meaningsof its
componentshut alsoontheembeddingontet. It is afactaboutnaturallanguage
thattheseaspectswhichhave beenaccordecdmpleattentiorby philosophershave
notbeenamenabldéo modelingatthe samedevel of rigor attainedn compositional
semanticsin particular whenit comesto the effectsof larger chunksof contet,
we find ourselhesappealingo the specialcircumstancesf the spealkr’s actiity,
emplging looserand vaguerexplanations. In short, we take a pragmaticrather
thana semantidack. The presenproposakhaws thatthis neednot alwaysbe so.
More ontheinterplayof pragmaticandsemanticss in the next section.

2. THE FORCE OF THE ANALYSIS

As arule,thereactiongo my proposednalysisof thetwo-line puzzleacknavl-
edgeits plausibility But somehave arguedthat otherconstrualsare plausibleas
well; in the endonefinds oneselffalling backon pre-theoretidntuitions. Let me
thereforeslaborategheanalysiswith theaim of shaving thatit is quitecompelling.

Liar sentenceqr their equivalents areusedwhenaer statementghatdery the
truth of Liar sentencesare made. As notedabove, the samesentencdtype) that
producesa paradoxis alsousedto make a true statement. We cantracethe two
uses,or two readingsof the Liar sentenceo two differentways of determining
truth-values. The first consistsin implementing(x) all the way, leading,in our
case,to endlesdooping. The secondway includesa higherlevel move: If the
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evaluationof the sentencavritten in/on ... fails, becausef loops(or becausef
other specifiedfeatures) the failure is detectedfollowing which ‘The sentence
writtenin/on ... is true’ is classifiedasfalseandits negationastrue. On thefirst
readingtheLiar failsto statearything true or false.Onthe secondit stateghatit
is nottrueonthefirst reading.

Someaccountdeave outthe secondeadingaltogetherKripke’s system1975]
representonly the first; consequenthall Liar sentenceandtheir kin lack truth-
values.Thesecondeadings seerby Kripke asamove beyondthesystems scope:
to the metalanguagemplo/ed by the theoretician. The sameis true, thoughless
ohviously so, of revisionarytruth-theorieqoriginally proposedoy Gupta[1982]
and by Herzbeger [1982]). As in Kripke’s system truth-valuesare assignedo
sentenceaypes. But the valuesare subjectto revisionsduring the evaluationpro-
cessandsometimeghereis no corvergenceto a stablevalue. In particular Liar
sentenceg&eeposcillating betweenfalse’ and ‘true’. Yet the theoreticianwho
describeghis very fact and who assertghat the Liar is not true (becausét os-
cillates), makes an assertiorthat is true tout court—not an oscillatingone. This
metalinguistigperspectie is beyondthe systems reach’

Giventhatthe secondreadingexists in actualusagewhat determineshow an
utteranceor an inscriptionis read? On my proposal,it is determinedaccording
to whetherthe token in questionis or is not inside the loop. And this requires
that'true’ and‘false’be construedaspredicatever sentence-tans. Otherwise
we have to regardLiar sentencestypes)asambiguoussentencesvhosereading
is determineddy a hostof circumstantiafactors:the discussiorwithin which the
utteranceor inscriptiontakesplace,whatis known of the spealr’s intentionsand
knowledge charityconsiderationsgndsoon. Wefall backoninformalpragmatics.
Suchamove is indeedcommonto all otheraccountshathave tried to grapplewith
theproblem?

Therearetwo pointsin favor of my proposedanalysis.Thefirst is a directar
gumentfor associatingrespectiely, thefirst andsecondeadingsof theLiar with
theline 1 andline 2 tokens.Theseconds thatthe proposakubstitutegormalrig-
orouscriteriafor informal pragmaticones criteriathatgeneralizeo a full-fledged
system.Take thefirst pointfirst. As justremarled,thenon-truthof thesentencen
line 1is statedby usinganothetokenof thesamesentenceAbsentotherconsider
ations thereis no reasorwhy it shouldnotbethetokenonline 2. Theassignment
of ‘true’ to thattokenis thereforenatural.Yetit is notforced. Thetokenis nottrue
if we decide for whatever reasonfo interpretit accordingto thefirst reading.But
whenit comego theline 1 tokenthereis no choice.Only thefirst readingapplies.
To readit in the secondway is to readit asstatingtruly andsuccessfullyits own
non-truth,andthis is incoherent.If Jacksays'What | am sayingat this very mo-
mentis nottrue’ (andsaysnothingelse),we cansuccessfullyandtruly asserthat
he did not uttera truth: ‘What Jacksaidis nottrue’. But it is hardly concevable
thatJacks utterancas trueby virtue of its succesin attributing non-truthto itself.
Perhapsan utteranceaxemplifiesfailure, or showsits own failure, but it doesnot
succeedn statingit. If it did it would notbeafailure.
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Furthentwistscanbeexplored.Say onafirstreadinghesentencenline 1 fails.
Having detectedhe failure, one canreadinto the sametoken a statementf this
fact. In thatsensdhe sentencenline 1 is true afterall. Somesuchview wasput
forwardby Burge[1979]. But theimplicationof the storyis thatwe shouldreplace
the sentencédy two abstractentities,which representhe two roundsof thought,
or the two actsof judgment. Indeed, pointers—aswe shall see—aredesigned
exactlyto fulfill thisrole. In our casehowever, theeffectis smoothlyachieved by
attachingthe differentreadinggo the differenttokens;which, morewer, accords
with actualusage Notealsothatthesentencenline 1 cannotbeviewedmerelyas
anambiguousase—non-truenderonereading true underanother Thereading
underwhichit is true presupposethereadingunderwhichit is not. Similarly, the
senseif therebe such,in which Jacks statemenis true requiresa previoussense
in which it fails. But then“what Jackhassaid” encompassefilure; it is not a
meretruth.

Pragmaticsand Semantics Whenit comesto interpretingactualspeakrs, prag-
maticfactors—specificonsiderationbeyond semantiaules—arepf coursegcru-
cial. Contextual disambiguatioris anecessarpreparatonstepto logicalanalysis;
specificlocal factorscantrump semanticandeven grammaticahorms? quantifi-
cationrangesare,to a large extent, determinedoy implicit contetual parameters
(it is ratherthe exceptionthantherule that‘everyone’is intendedo rangeliterally
over all humanbeings). The story is well known and needsno repetition. It is
nonetheles$ormal semanticavhich displaysbasicscheme®f thinking that un-
derlienaturallanguageThesignificanceof ‘everyone’,'someone’andtheirlikeis
revealedby viewing themthroughthelensof quantificationalogic.

Theextentto whichformal, or semi-formal systemslluminatenaturalanguage
changeswith our theoreticalknowvledge. Linguistic patternsthat are subjectto
loosesurfacedescriptionsnaybelaterunpacledasvehiclesof sophisticatedbgic.
Comparefor example thedescriptiorobtainedalongthelinesof Mill’ slogic with
thekind of analysismadepossibleby Frege. The latter systemdid not transform
naturallanguagento a formalismof sorts; but it broughtinto the opensomeof
its underlyingmechanismsSincepragmaticdfactorswill alwaysplay their crucial
role, and since pragmaticaccountscan be explanatoryandrevealing, thereis a
temptationto applythemacrosgheboard. Therisk of this tendenyg is the substi-
tution of easyhandwaving for hardphilosophicalabor The seaof languagewill
notbeharnessedyut ary claimedpieceof landenhancesur understanding.

Thefollowing example,dueessentiallyto Prior [1961], canillustratetheinter
play of semanticsand pragmaticsn the caseof Liar sentencesA studentwho
thinksthe teachemvasmistalen in what he wrote on the blackboardchext room—
believed by herto be room 10—writeson the blackboardn front of her: ‘What
is written on the blackboardn room 10 is not true’. As it happensshegot the
roomnumberwrong. Sheherselfis in room10. Hereonemight invoke Kripke’s
[1976]distinctionbetweersemantiaeferenceandspeakr’s reference Onthe se-
manticaccountwhatshewrotefails, but—given sufiicient evidenceto warrantthe
story—wecan attribute to her a differentbelief expressibleby someparaphrase,
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e.g.,'Whattheteachemwroteontheblackboardn thenext roomis nottrue. (Note
thatno similar way out is availablewhena competenspeakr says: ‘What | am
now sayingis nottrue:) Thesemanticso bepresentedheredoesnotaddressuch
pragmaticissues.Obviously, thereis no systematiovay of implementingcharity
considerations.And a speakr may fail by creatingunwittingly a loop, without
therebeinganything clearwe canpointto as“what thespeakr hadin mind”.

Someloopscanbe blocked by a systematiaeinterpretatiorof the quantifiers.
Let a book containthe sentenceEverythingwritten in this bookis true’ If all
other sentence-t@nsin the book comeout true, thenthis token createsa non-
terminatingoop;like the Truth Tellerit sendsusbackto itself. Yet, we canplausi-
bly interpretthewriter assayingthatall othersentences thebookaretrue. The
loopis avoidedby excludingthetokenfrom therangeof thequantifier Thiscanbe
systematizedhto arule: A tokenwhosetype containsa boundedvariablethatoc-
cursundera semantiqoredicatg('is true’, or ‘is false’)is excludedfrom therange
of this variable.Sucharule canbeincorporatednto theformalismoutlinedin the
sequel.l shallnot be concernecherewith this particularvariantof the system'?
My pointis only to shav how a pragmaticconsideratiorf“surely thewriter did not
intendto includethis very sametoken amongthe sentence$o which he refers”)
canmetamorphosimto asemanticule. Thepossibilityis notevorthy becaussuch
amove is not availablein general.'Everyoneknows thatin the summerthe days
arelonger'—surelythe spealkr doesnot meanliterally thatevery humanbeingon
earthknows this, but only thatevery minimally educatedor minimally obserant
onedoes.Thatkind of consideratioris notliable to semantianetamorphosis.

‘Pragmatics’hasbeenusedherein a ratherloosesense.Originally, the term
coveredeverythingnot comingundersyntaxor undersemanticsall the waysby
which meaningis affectedby contet andspecialcircumstancewhich cannotbe
systematizedvith formal rigor. To a large extentthe tradition s still with us. |
have notattemptedo sortthisoutandl have takentheinformal contextual consid-
erationgto bethosethatbring in the spealkrs’ intentions.A morecarefulanalysis
shoulddistinguishbetweenthe two. It is not ana priori truth thatthey mustrun
together (In non-linguisticdomainsg.g.,in decisiontheory intentionalsubjectve
factorsarefruitfully analysedhroughformal models.) But further discussiorof
this subjectwould take usbeyondthe scopeof thiswork.

3. THE METHOD OUTLINED, POINTERS, PROPOSITIONS, AND RELATED
MATTERS

Linguistic tokens are—torecapwhat was said abore—physicalobjectsthat
functionin linguistic actiities by virtue of thetypes—abstradyntacticconstructs
—which they call forth. Under “physical objects” are includedalso events, or
physicalprocessesyhich occurat particulartimesin particularplaces.Physical
parameterser\e to distinguishbetweerdifferenttokens. But linguistic useenters
into the identity conditionsaswell. In principle,the samephysicalobjectcanbe
emplg/edto representlifferentconstructsn two differentlanguageswWhatcounts
asa token is thereforethe physicalobjectas it is usedin this or thatlanguage.
Also merephysicalsimilarity is neithersufficient nor necessaryor the sameness
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of thetokenizedtypes.Having notedall this, let ustake thetoken-typerelationfor
granted.

The PTT evaluation procedurerequiredthat we include, as primitives of the
systemgertainoperation®ntokensthatcorrespondo varioussyntacticoperations
ontypes.For example,anoperatiorthatcorrelateswith everytoken,p, of Vza(x)
andwith every substitutableconstantterm, ¢, a “token” (denotedas p|t) of the
instantiationx(t). In generalsuchoperationgarryusoutof thedomainof tokens.
Hencewe hadto generalizehe conceptof a tokento thatof a pointer: an object
thatpointsto a sentencdtype). A tokenis a particularcaseof a pointer it points
to thetypeof whichit is atoken.

Theseadditionalprimitive operationsarenolongerrequired.We assumenly a
non-emptysetof objects(the pointers)anda functionthatassociatesith eachof
theseobjectsa sentence-typaie canthereforemake do with tokens.Nonetheless
| shallaiguethat a generalizechotion—thatof a pointer—is calledfor. Firstlet
me give a rough outline of how truth-valuesare assignedusing tokensfor that
purpose.

We presupposae fixedfirst-orderlanguage£. It is interpretedexceptfor two
so-calledsemanticpredicates?'r( ) and Fa( ), which take namesof sentence-
tokensasamguments. Assume,for simplicity, that every token hasa namein L,
which is alsoits namein the metalanguagef this paper Thus,if p is a token,
Tr(p) and Fa(p) aresentencesf £. T'r(p) saysthatp is true—or if you want,
expressespr pointsto, atruth; Fa(p)—thatit is false.

Our goalis to interpretthe predicated'r and Fu; thatis, to determineheir ex-
tensionsThisis doneby anevaluationprocedue. Givenary token,theprocedure
resultseitherin assigningo it atruth-value, T (for ‘true’) or F (for ‘false’),or in
classifyingit asafailure. It is corvenientto representailure by anassignmenof
athird value,GAP. Theevaluationproceduredetermineshereforeathree-alued
valuationof all tokens. The extensionof T'r consistof thetokensthatgetT, that
of Fa—of the tokensthat getF. Tokensthat get GAP arein neitherextension.
Hence,

—Tr(p) A =Fa(p)

is true justwhenp getsGAP. Thisis the sentencehatsaysin £ thatp fails. The
valuesT andF arereferredto asstandad.

Theevaluationproceduras basedon: (i) clauseghatassignto tokensstandard
values,and(ii) clausedhatdetermindailure,i.e.,thatassignGAP. Therulesare
appliedrecursvely. At eachstagewe geta partialthree-aluedvaluation.

Now, ary partial three-alued valuationof the tokensinducesa partial two-
valuedvaluationof the sentencesf L. First, sentencesot containingsemantic
predicategjettheir truth-valuesthroughthe presupposeihterpretatiorof the rest
of £. Next, if thetokenp getsastandardralue,thenT'r(p) getsthesamevalueand
Fu(p) getstheoppositevalue;if p getsGAP thenbothT'r(p) andFa(p) getF. If p
is unevaluatedsoareT'r(p) and Fa(p). Finally, this partialtwo-valuedvaluationis
extendedby usingKleenes strongtruth-tablegherethe“third value”is not GAP,
but ‘undefined’). Thus,if « is evaluated(is given a value by the inducedpartial
valuation),then—a getsthe oppositevalue,andif « is unevaluatedsois —«a. The
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conjunctiona A g8 getsT if bothconjunctsgetT; it getsF if atleastoneconjunct
getsF; in all othercasest is unevaluated. And soon. Universalandexistential
sentenceare handledby treatingthem,in the usualway, asinfinite conjunctions
anddisjunctions. Call the partial two-valuedvaluationof sentenceshe induced
valuation

Alternatively, we can get the inducedvaluation by using the superaluation
method.This would constitutea differentvariantof our procedure.

Theinducedvaluationof sentencess used,in its turn, to assigrstandardialues
to additionaltokens,accordingto the following standard-aluesrule: If the sen-
tencex is evaluatedandp is atokenofit, thenp getsthesamevalue providedthat
p hasnotbeenclassifiedasafailure,i.e., providedthat GAP hasnotbeenassigned
to it at a previousstage.

By applyingrecursvely the standard-aluesrule, varioustokensget standard
values.Othertokens,which cannotbe reachedremainunesaluated(e.g.,bothto-
kenson line 1 andon line 2 in the two-line puzzle). Suchtokensare handledby
rulesthatdeterminefailure. One,which playsa centralrole, assignsGAP to un-
evaluatedokensthatform so-calledclosedloops. Roughlyspeaking—therecise
definitionis givenin sectiord—aclosedoop consistof unevaluatedoointersthat
referto eachotherthroughunevaluatedsentencesSupposefor example thatp is
atokenof Fu(q) V a andgq is atoken of =T'r(p). This canberealized,e.g.,as
follows:

Line 3 Eitherthesentencenline 4 is false,or c.
Line 4 Thesentencenline 3is nottrue.

Here‘the sentencen line 3’ is to bereadas‘the sentence-t@n online 3’; it is
atoken-namehatappearsas‘p’ in the formalization. Similarly, ‘the sentencen
line 4’ appearss‘q’. Letr beanothettokenof —T'r(p), say online 5.
Thefollowing diagramshaws the parsing“trees” of the sentencef question.
NodesrepresensentencesNodedabeledby tokens(p, ¢, or r) representhelabel-
ing token,aswell asthetokenizedsentence('«’ is notsuchalabel,but standgor
theundisplayedgartthatarisesfrom the sentencer.) Asin aparsingtree,anode
representingy sententiacompounchas,dependingn the connectie, oneor two
outgoingedgedo nodesrepresentinghe maincomponentsthe connectie labels
the edges.(Quantifiedsentencesnay give rise to aninfinite numberof outgoing
edges.)The differencebetweerthis anda usualparsingtreeis the following. A
noderepresentin@ sentencef theform T'r(s) or Fa(s) (wheres is atoken) has
anoutgoingedge(labeledby T'r, or Fa) to a nodelabeledby s. If, morewer, s
labelsalreadya nodefrom which thereis a pathto the nodein questionthenthe
outgoingedgeis to thatnode.Thus,our “trees”look like parsingtrees exceptthat
certainbackwardloopingedgesareallowed!!
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e ~

Figurel

At somestagex getsavalueundertheinducedvaluation(if o doesnotcontain
semantigoredicatesthis stageis right at the beginning); thenthe tokensp, q, r,
gettheirvalues.If o’'svalueis F, thenp andq form aclosedoop. Bothget,viathe
closedloop rule, GAP; thenr, whichis notin thisloop, getsT, via the standard-
valuesrule. Butif o hasthevalueT, thenFa(q) V « getsT. Herethereis noloop;
p getsT andq andr getF. In general,a closedloop may containary finite or
infinite numberof pointers.In thetwo-line puzzle theline 1 tokenformsby itself
aclosedloop;it getsGAP, thentheline 2 tokengetsT.

Figure2

Thereis anotherrule for determiningfailure. It appliesin casesvherethe val-
uationis nottotal andneitherthe standard-a&luesrule nor the closedloop rule can
be applied. Suchcasesnvolve, it canbe shavn, infinite descendinghains. A
simpleexampleis aninfinite sequencef tokens,eachon aseparatdine, suchthat
for every n, the sentencen line n is: ‘The sentencen line n+ 1 is not true’.
Onecanplausiblyamguethat, asfar astokensare concernedye canignoresuch
caseslf we dothis,we needonly thestandard-aluesrule andtheclosedooprule.
Butinfinite descendinghainsshouldbeincludedwithin the generaframeavork of
pointers(this is discussedn section5). Hencea third rule is added. Whenthe
recursve procedurderminatesvery tokengetsavalue.

As theevaluationproceedsadditionalsentenceandadditionaltokensgetstan-
dardtruth-valuesandadditionaltokensareclassifiedasfailures.At the endwe get
athree-folddivision of all tokensinto trueones falseones andthosethatfail; and
atwo-fold division of all sentencesto thosethataretrue andthosethatarefalse.
Tokensthat do not fail getthe samevalue astheir tokenizedsentenceslt is, in
principle, possiblethatall the tokensof somesentencéor, in the generalsetting,
all pointersto it) fail. Whatthe sentencesaysin the theoreticiars metalanguage
cannot—inthatcase—b&xpressedby ary tokenof asentencef £. Variantsof the
basicevaluationprocedurearechoserwith a view of minimizing this possibility
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Pointers. The setupdoesnot requirearything exceptthe correlationbetweerto-
kensandtypes.lt is notevenrequiredthatevery sentencdetokenized.This gen-
erality indicates,however, that somethingmoregeneralis in play: a systemthat
consistof anon-emptysetandafunctionthatcorrelatesvith eachof its members
asentenceFurtherequirementsyr additionalstructurakelementsganbeimposed
laterasthe needarises.Someweightyargumentshav theneedfor suchageneral
concept.

For onething, if we take tokensseriously thentheir number—the numberof
inscriptionsandutteranceshat have beenandwill be madeby humans—idinite
(unlessthe humanracecontinuesfor infinite time). But we might wantto have
every sentenceepresentetly sometoken,in which casewe shouldspeakof pos-
sibletokensratherthanactualones.Theremaybealsotechnicalreasongor going
beyond tokens. As mentionedat the beginning of this section,the PTT system
positedvariousoperationghat requiresomethingmore generalthantokens. But
themoreinterestingreasonarenot merelytechnical.

Think of the multifariousways, besideautterancesandinscriptions,which are
usedto communicatestatementsall kinds of signaling,electronicmail, satellite
communicationwhathave you. The generalschemehatappliesis this: Objects
areusedin actsof assertionattemptedassertionpr interpretation. The proposi-
tionalcontenof whatis assertedpr interpretedis giventhroughsentencethatare
associatedvith theseobjects. Yet the sentenced)y themseles, may not be suffi-
cient. Someotherparametersf the object,e.g.,its placein someglobal network,
may affect whatit expressesWhattheseobjectsareandhow the associateden-
tencesaredeterminedvariesaccordingto case.Thetoken-typerelationis simple
enough but eventherea closerlook revealsa non-physicadimensionat play. It
would be pointlessfor the purposeof a generalanalysisto pin theseobjectsdovn
asphysicalentities. And it may not even be possible;whatexactly is the “token”
of a radio messagéehat underwentscramblingand unscrambling?.As we shall
seeshortly it is sometimeshaturalto includethe sentencegtypes)aspointersto
themseles. Later, in section5, Godelnumberssene aspointersto the sentences
of arithmetic.Let uskeepthe possibilitiesopen.

The meaningof the pointersystemis given throughits functioning: the way
truth-valuesare assignedandfailure is determined.In the contet thatconcerns
us here—thabf alanguagecontainingits own truth-predicate—theointerdeter
minesthe metalevel at which the pointedto sentencds read. A pointermarks
therebya point of view.

SomeSpecialPointers. Sentencegtypes)cansene aspointersto themseles. In
“Threeis odd’is true’ thesentencéThreeis odd’ pointsto itself. At least,it isthe
bestconstrual becausét meanghat' ‘Threeis odd’’ is interpretedasa nameof
thesentencenot of a pointerdifferentfrom it.

This toucheson the generalquestionof how to construethe reference®f de-
scriptive termsthat appearin English,asamgumentsof the predicatestrue’ and
‘false’. Suchtermsareinterpretedasreferringto pointers,but little hasbeensaid
sofar abouttheidentificationof thesepointerswith familiar objects.Nor, for that
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matter is therea generabrescription.The basicprincipleis thatwheneer a sen-
tenceexpressesglifferentthingsupondifferentuseg(asin thetwo-line puzzle) the
differencemustbe tracedto a differencein pointers;thereforeat leastin one of
theseusesthe pointermustdiffer from the sentencétself. If pointersarenotread-
ily availablein the form of familiar objectsthey shouldbe posited. This is not
an ad-hocmove. The very purposeof pointersis to sene as peags for different
interpretation®f the samesentence.

Subjectto thatconstraintjt is desirableo construehe pointerssoasto accord
asmuchaspossiblewith pre-theoretiaisage.Since,in the two-line puzzle,what
the sentencesaysdiffers from line to line, and since‘the sentence-tan on line

. is true’ is an acceptablgohrasing,the obvious choiceis to take the tokensas
our pointers.Thedecisve factorhereis notthetermitself, but the predicatétrue’
underwhich it occurs. Occurrenceshat are not undera semanticpredicatecan
be construedasreferringto sentence-type®,.g.,"The sentencenline 1 haseight
words.

Thereis no self-referentiakentenceahat refersto itself by enquoting because
theenquotedsentences “part” of its name.Therefore sentencethatarepointers
to themseles canbe subject,in our formalism, to variousconstraints;e.g., the
sentence is differentfrom ary pointerp whosenameoccursin o underasemantic
predicate More of thisis in sectionb.

Demonstative pointeis constituteanothemotevorthy kind. Thesearedemon-
strative actsthat pick out sentences!This [pointing to a sentence-tan] is not
true’. Upon formalizationthis sentencébecomes-T'r(p). On one construal,p
is the pointedto token. But we canalsoconstruep asthat particulardemonstra-
tion, assimilatingtherebythe act of pointing andthe token into a demonstratie
pointerthat pointsto the sentence-typeHere, aswell, constraintghat preclude
self-referenceare plausible. Other examplesof specialkinds of pointersarein
sectiond, “SystemsWith Operationsn Pointers”,andin section5.

Propositions. It is temptingto saythatby usinga pointeroneexpressespr triesto
expressaproposition.| shallnotresistthetemptation But my useof ‘proposition’
isinnocuousa suggestie way of puttingthings,notacommitmento autonomous
entities.If wereadT'r(p) as‘p expressesi true proposition’,and Fa(p) similarly,
then—T'r(p) A ~Fa(p) saysthatp doesnotexpressatrue propositionanddoesnot
expressafalseproposition. Assumingthatpropositionsareeithertrueor false this
meanghatp doesnotexpressa proposition.

On the traditional view, a propositionis what a declaratie sentencesaysand
whatis madetrue or falseby the world. Propositionsarefront andcenterin the
Principia, comingbeforelanguageand enjoying an independenbntologicalsta-
tus. SomephilosophersnotablyQuineandDavidson, have rejectedpropositions,
eitherbecausehey sav themasphilosophicalphantomspr becauseéhey did not
find theminstrumentakenoughin the advancemenbf true understanding Other
positions,while not as sanguineasthoseof Russellor Ramsg, involve varying
degreesof commitmentto propositions.We neednot go into the variousviews,
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nortake a particularstand sincethe presentvork doesnot presuppost¢his or that
position.

Stalnaler [1972] andLewis [1975] suggestedhatlanguagebe viewed asa de-
vice for pointingout propositionswherepropositionsaredefinedassetsof possi-
bleworlds. Languageanindeedbe perceved from ageneralperspectie asaway
of usingobjectsto make statementsYet the natureof thesestatementshouldit-
selfbeclarifiedthroughalanguage-orientedpproachWhatpropositionsarewill
comeout of anaccountof truth-conditions,or of other external elementsof lin-
guisticusage.This circular clarification,wherebylanguagés viewed asatool for
expressingpropositionsandpropositionsarewhattheanalysisof languageeveals,
is the bestwe cando. While the framewvork of possibleworldsis aninvaluablein-
strumentfor clarifying modalnotions,its imposition,in theform of preconceied
propositionsforecloseshemoresignificantusesof language-baseshalysisn the
theoryof meaningthe philosophyof logic, andin metaphysics.

Sofarfor my view on propositions.Yetlittle in the presentwvork hingeson it.
Possiblavorldsdo notcomeinto thesetupbecauseve arenotconcernedherewith
modalnotions.Thesystemcouldbe combinedwith a modelof possibleworlds, if
thelatteris neededo handlemodalities.

I shall adhereto the tradition accordingto which the having of a truth-value
(‘true’ or ‘false”) is a characteristianark of propositions. This is more of a tax-
onomicconveniencethana substantiaposition,sincel admitaspect®f meaning
thatdo not requiretruth-values. The token on line 1, for example,is meaningful
in asmuchasit setsoff a sequencef movesin accordancevith (x). Looping
endlesslythe movesfail to yield atruth-value. But this very procedureconstitutes
the meaning—ifyou want, the Fregeansense—ofhattoken. Let usthereforesay
thatthe token on line 1 hasa senseput fails to expressa proposition. Whatthis
tokensuggestdut fails to expresds expressedy thetokenonline 2.

Sinceevery sentencayetseventuallya truth-value, every sentencexpresses
proposition. But this is accomplishedn the metalanguagethe one usedfor de-
scribingthe evaluationprocedure.If the sentencéasa non-failing pointerto it,
thepropositionis expressedby thatpointer;then,andonly then,is it expressiblén
L. We canthussaythatevery pointerpointsto a proposition:theoneexpressedin
the metalanguagd)y the pointedto sentenceBut a pointerexpresseghat propo-
sition if andonly if it getsa standardruth-value. Pointersthat get GAP fail to
expresgthe propositionghey pointto.

TheStrengthened.iar. In its original formulationthe Liar sentencesaysof itself
thatit is falseandthe paradoxconsistdn thefactthateachof theassumptionghat
the sentencaes true andthatit is false,leadsto contradiction.A naturalmove is
thensuggestedthe sentencés neithertrue nor false. The samemove is available
if the sentencesaysof itself thatit is not true. Van Frasserj1968] proposedhe
so-calledStrengthenedliar: if a sentencewhich saysof itself thatit is not true,
lacksa truth-value, thenit is not true; but this is exactly whatthe sentencesays,
hencethesentencés true afterall andthe contradictiorreturns.The contradiction
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returnsalsoif the sentencesaysof itself thatit is false: If it lacksa truth-value,
thenit is notfalse;but it saysof itself thatit is false,hencet is falseafterall.

The Strengthenedliar shouldbe distinguishedrom the unable-to-sayaradox,
whichconsist®f ourbeingunableto saythattheline 1 sentencés nottrue,without
repeatinghis very samesentencelt is the latter—the subjectof this work— that
necessitateanattribution of truth-valuesto pointers'?

By declaringthe Liar sentenceeithertype or token) a failure, we block the
Strengthenedliar. For if the sentencdails to expressa propositionit doesnot,
contraryto appearancesayof itself thatit is nottrue. We cannotaiguethatif it is
nottruethenwhatit saysof itselfis true. Thereis nothingit saysof itself—nothing,
thatis, whosetruth-valueis computablgrom its truth-conditions.The Strength-
enedLiar resultsfrom treatinga token thatfails asif it expressedsomethinghat
canbe evaluatedfor truth-value. If this move is disalloved, thereis no paradox.
BoththeLiar andthe Strengthenediar aredisposedf by castingLiar sentences
asfailedattemptdo expresspropositions.

In mary casesfailurescanbesahaged;atleastthisfollowsfrom Russells view.
‘The king of Frances bald’ fails becauséThe king of France’fails to denote But
if wereadthesentencasassertingamongotherthings,theexistenceof theking of
Francethenit succeeds expressingafalseproposition.Thegeneraktratgy then
is to assimilatejnto the propositionjmplicit presuppositionthatarenecessarfor
non-filure. Cansomethindik e this work for Liar sentences? possibleimplicit
presuppositions thatthe Liar sentencesxpresses proposition. Indeed,Russell
suggestedhat we include this as part of what the Liar sentencesays. But the
suggestiorcalls for quantifyingover propositions.Shortof this, we canhave the
presuppositiothat The sentenc@nline 1 is nottrue’ is notwrittenonline 1. But
it is strangeto readthis as part of whatthe sentencesays. Besideswhatwould
be theimplicit presuppositiorf a sentencehat participatesn a closedloop that
involves mary othersentencesFinally andconclusiely, we would have to read
Jacks assertiorof ‘What | am sayingnow is nottrue’ as‘What | amsayingnow
is nottrueandwhatl! have just utteredis not ‘What | amsayingnow is nottrue: '’
Whichis absurd.

4. THE METHOD IN FuLL

A pointersystenfor alanguagel consistof a non-emptysetof objectscalled
pointersanda mappingthatassociatesiith every pointer p, asentencef £. We
denotetheassociatedentenceas:

pl

andsaythatp pointsto p|. No otherstructuralelementsor further requirements
areneeded.We neednot even assumehat every sentences pointedto by some
pointer(althoughthis, andstrongerequirementswill belaterconsidered).

Assumea pointersystemfor £, to be keptfixedthroughouthe discussion As
before, £ is a first-orderlanguage whosevocalulary is interpreted,except for
two semantigpredicates?’r( ) and Fa( ), which take asamumentspointerterms
(expressiongdenotingpointersor variablesranging over them). Our goal is to
extendtheinterpretatiorto the semantigredicates.
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To simplify the presentatiorassumehatthe interpretedvocatulary consistsof
predicatesindindividual namesThereareno functionsymbols.No lossof gener
ality ensuessincethe moregeneralcaseis reducibleto this in well-knowvn ways.
Operation®n pointerswhich form partof the pointersystem(like thoseof PTT),
may, however, call for specialtreatmentindwill bediscussedaterin this section.

Another simplifying assumptionis that every member a, of the universein
which L is interpretechasanamein £, which, morewer, wetaketobe‘a’. Hence,
we canspealof thesentence(a) thatinstantiateshequantifiedsentenc&za(z),
wheneer a is apossiblevalueof ‘z’. Thisenablesisto give atruth-definitionfor
sentencesyithoutgoingthroughassignmentsf objectsto freevariables.Thereis
no lossof generality sincethe handlingof the moregeneralkaseis dervableasa
meretechnicality We use

P e
asmetavariablesrangingover pointers. We may thereforespeakof the pointerp
andof theatomicsentencel'r(p), of L.

At eachstageof the evaluationprocesswve have a partialfunction definedover
pointers,assigningto eachpointerin its domaineitherT or F (the standardval-
ues),or GAP—which, asbefore signifiesfailure. Henceforththeunqualifiedterm
‘valuation’ meansa partial three-aluedvaluationover pointers. Valuationsthat
areeverywheredefinedaretotal. We shalluse

[P0 R T B 1 L £ T & |

A VAR R TR VAR VA

for valuations A pointer p, is evaluatedby v if v(p) is defined andis unevaluated
otherwise.The equalityv(p) = w meanghatp is evaluatedby v andits valueis
w. Thus,v(p) # w meanghateitherp is unesaluatedby v or p is evaluatedand
its valueis differentfrom w.

As notedalreadyour valuationsnducetwo-valued(partial) valuationsover sen-
tencesThevaluationinducedby v is denotedasw andreferredo asthetheinduced
valuation.Here,in moredetail,areits definingclauses:

(1) If  isanatomicsentenc&otcontainingasemantigredicate,
thenw(a) is a’struth-valuein thegiveninterpretatiorof L.

(2) If v(p) =T theno(Tr(p)) = T andv(Fa(p)) = F.

(3) If v(p) = Fthenv(Tr(p)) = F ando(Fa(p)) =T.

(4) If v(p) = GAP thenu(T'r(p)) = v(Fa(p)) = F.

(5) Fornon-atomicsentenceg;is determinecccordingo Kleenes
strongtruth-tableswhereV and3 are construedas (infinite)
conjunctionsanddisjunctions.

Thelastclausefecall,amountgo applyingrecursiely thefollowing clauses:

(5.1) If 7(«) is defined thent(—a) = —v(a), where—T = F and
—F=T.

(5.2) If 5(a) =9(B) =T, thenv(a AB) =T.

(5.3) If eitherv(a) = F oro(p8) = F, thenv(a A B) = F.

(5.4) If 5(a(a)) = T for all @ in therangeof ‘z’, thenv(Vza(x)) =
T.
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(5.5) If 5(a(a)) = Ffor someu in therangeof ‘z’, theno(Vza(z)) =
F.

(5.6) Theclausedor otherconnectiesandfor existentialquantifi-
cationare obtainedby expressingthemin termsof -, A and
V.

A differentway of inducingavaluationover sentences—whideadsto avariant
of the procedure—uses,jnsteadof (5), the superaluationmethod:A sentencey
is givenavalue,if it hasthisvalueunderall total valuationsof theatomicsemantic
sentencethatextendthe valuationdeterminedy (1)-(4). Theuseof superalua-
tionsatthis point doesnot necessitatehangesn the otherpartsof our evaluation
procedureThesystemis fully modular Thephrasingof therulesandof the main
resultsremainghesame. 3

() is theemptyvaluation(i.e., all pointersareunevaluatedunder()). Notethat()
is definedfor all sentencesot containinga semantigpredicatejt assigngo each
its truth-valueunderthegiveninterpretatiorof the non-semantipredicatesndthe
guantifierranges.

u C v meanghatwv is anextensionof u. Olviously, v C v impliesw C @. If
v is atotal valuation,thenw is a total valuationof all sentencesyhich determines
aninterpretatiorof the whole of £, extendingthe given interpretatiorof its non-
semantigart.

Theprocedurés basednrules,whoseapplicatiorto agivenvaluationw, yields
avaluationv’. In generak’ neednot be anextensionof v. Valuescanberevised.
But if v is a“good” valuation(to be definedin the sequel)thenv’ extendsv and
is morewer itself “good”. Theclassof suchvaluationds alsoclosedunderunions
of ascendinghains.If we startwith a“good” valuation—inparticular if we start
with (—we will eventuallygeta total valuationover pointersthathasthe desired
properties.

Therearethreerulesaltogether Thefirst is (SV)—arule thatassignsstandard
values.Theothertwo arefailurerules,which assignGAP.

(SV) If pl= a, v(«a) is definedandv(p) # GAP, thenassignto p
thevaluev(a).

The senseof (SV) is obvious: ary pointerp to a sentencex shouldgetthe same
truth-value as «, unlessthis pointerhasbeendeclaredalreadya failure. (Recall
thatv(p) # GAP meanghateitherv(p) is standardr it is undefined.)

The conditionthatw(pl) is definedandv(p) # GAP is the enablingcondition
for therule (SV). It is necessargandsuficient for the applicability of (SV) to the
pointerp. If it obtainswe saythattherule is enabledby v onthe pointerp. Each
of the otherruleshasits enablingconditionandthe sameterminologyis used.

If p is unevaluated the applicationof (SV) to p resultsin anextensionof v. If
v(p) is evaluatedandstandardthe applicationmay; in principle, revisethis value.
Butif v(p) = GAP, (SV) is notenabledhenceGAP cannotberevised. We shall
later consideranotherrule for assigningstandardralues,which malesit possible,
in certaincasesto revise GAP. If, however, we startwith a“good” valuation there
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will be no revisions. As far as“good” valuationsare consideredwe needonly
(SV) for assigningstandardralues.

Rulesthat DetermineFailure. Roughly speaking,GAP is assignedn situations
wherestandardraluescannotbeassignedy repeate@pplicationof (SV). Wetry
to pin thefailureonasmallnumberof pointers soasto leave otherpointersopera-
tive. Someexamplesanda preliminarydiscussiorsene to motivatethe definitions
thatfollow.

Examplel Letpl= Tr(q) V Fa(r), iz -Tr(p), ril= —Tr(p).

/ -
\ iTr Fa

Figure3

If p,q,r areunevaluatedby v, thenwe cannotassignto ary of themavalueby
repeatedpplicationsof (SV); p sendusto ¢ andto r andeachof ¢ andr sendaus
backto p. They form a closedloop, into which thereis no breaking. The closed
looprulewill assignto eachthevalueGAP.

Example2 Letpl= Tr(q) V (Fa(r) A (0 =1)), ¢l=-Tr(p), rl=-Tr(p).
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Figure4

Here,again,p, ¢, 7 seemto sendusto eachother Butw(Fa(r) A0 = 1) = F,
independentlyf r’svalue. This leavesonly p andgq in the closedloop. Eachgets
GAP. Thenr getsT.

Assumethatp is unevaluatedby v andthatpl= «. (SV) is enabledon p iff «
is evaluated(by v). Assumethat« is unevaluated.If « is non-atomicit is either
a sententiakompoundor a quantifiedsentencévVz S or 3z3). In thefirst casea
musthave an unevaluateoimmediatesententiat:omponenf,3 in thesecondcase—
anunevaluatednstantiatione(a). If aisatomic,it is eitherT'r(q) or Fa(q), where
¢ is unevaluatedby v (otheratomicsentenceareevaluatedby §, henceby 7). This
shaws thatif (SV) is not enabledon an unevaluatedpointer p, then,in orderto
enableit, otherunevaluatedpointersshouldbe givenvalues.We canimaginethat
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theevaluationof p proceed$y callingtheseotherpointers.Eachof thesemaycall
pointers,in its turn,andsoon.

Definition (1) A pointerp calls directlya pointerq, undera givenvaluationv, if p
is unesaluatedandthereis a sequencef sentencesy, . .. , a,, une/aluatedby =,
suchthat(i) pl= aq, (ii) for everyi < n: a;41 is eitheranimmediatesentential
componenbf «;, or aninstantiatiorof it and(iii) «, is eitherTr(q) or Fa(q).

(I p calls g (underv), if thereis a sequenc®f pointerspy, ... , p,, suchthat
po = p, for everyi < n, p; calldirectly p; 1 (underv), andp,, = q.

Note that calling underwv implies calling underary « suchthatu C v». In
particularit impliescalling underd.

In Examplel, eachpointercalls,underf, itself andtheotherpointers.In Exam-
ple2, p doesnotcallr, becaus¢hesentencda(r) A (0 = 1) is evaluated.Indeed,
r’svalueis notrequiredfor assigningavalueto p.

In thesequelve shallomit referenceso the valuationv, whenthis valuationis
understoodrom the context. Thus,if v is given,we shallsaythat(SV) is enabled
onp, meaninghatit is enabledy v; or thatp callsq , meaninghatit callsit under
V.
Lemma 1 If p is unevaluatedby v, then(SV) is notenabledon p iff p callssome
pointer

The*if” partis trivial, sinceif p calls somepointerthenp | is unevaluatedby
v. The“only if” partfollows from the obserationsabore andthefactthatp calls
somepointeriff it callsdirectly somepointer
Definition A setof pointersX is closedfor a givenvaluation,v, if it consistsof
unesaluatedpointersandevery unevaluatedpointercalledby amemberof X isin
X. If, in addition,every memberf X callssomememberof X, thenX is saidto
beaclosednon-terminatingsetfor .

(If p calls, underv, g, thenq is unevaluatedbecausehe last sentenceén the
sequencéhatreachedo q is T'r(q) or Fa(q) andthis sentencés unevaluatedby
7. Thelastdefinitionwasphrasedoasto applyalsoto anothewariant,mentioned
later (“SystemsWith Operationson Pointers”),in which certaincalls cango to
evaluatedpointers.)

Lemma 2 Assumethat X is closedfor v. Then(SV) is not enabledon every
membetrof X iff X is non-terminatingln particular (SV) is notenabledn every
unevaluatedpointeriff the unevaluatedpointersform a closednon-terminatingset.
Proof Thefirst claim follows immediatelyfrom Lemmal. Thesecond—fronthe
first, by observinghatthe setof all unevaluatedpointersis closed.

Definition A setof pointers, X, is a closedloop, for a given valuationw, if it is
closedandevery pointerof X callsitself andevery otherpointerof X.

Obviously, a closedloop is a closednon-terminatingset. Our first failure rule
assigns7AP to all memberf sucha set:

ClosedLoop Rule If X is aclosedloop for v, assignGAP to every pointerin X.
Note: Theclosedloop rule is enabledoy v on eachof the membersof the closed
loop. Its applicationto any pointerin theloop resultsin assigning7AP, in asingle
step,to all the closedloop members. Sincetheseare unevaluatedpointers,the
applicationextendsw.
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Sometimeghe failure of pointersis not traceablgo closedloops. Call a non-
emptysetof pointersgroundlessinderw, if it is aclosednon-terminatingetwhich
doesnothave ary non-emptysubsethatis a closedoop. Thesimplestexampleof
agroundlesset(underthe emptyvaluation)is aninfinite descendinghain:

(DCl) pO*l*: Tr(pl)’ pli«: Tr(pQ)’ ey pblf: Tr(pi—i—l)a ..

Dbo b1 D2 Di Di+1
—_— °

./_ﬂ./_ﬂ./_ﬂ . M.M.___
Tr Tr Tr Tr Tr Tr
Figure5

Groundlesssetscanbe very intricate, but they all involve, in this way or an-
other infinite descendinghains.Thisfollowsfrom thelemmabelowr, whoseproof,
thoughnotvery difficult, is omitted.

Lemma 3 If X is a groundlessset(underv) thenthereis an infinite sequence
of memberof X: pg, p1,... ,pPn,--., Suchthateachp; callsp;+1 andp,, # pn
when&erm # n.

Consequent|yevery groundlessetis infinite. Closedloops,on the otherhand,
can be either finite or infinite. Note that all closedloops containedas subsets
in a closedset must constituteterminal clustersof the downgoing chains. In a
groundlessetthereareno suchterminalclusters.

Call a pointerp groundlesqunderw) if it is a memberof somegroundlesset.
This, asis easily seen,is equivalentto the conditionthat p andall unesaluated
pointerscalled by p, constitutea groundlessset. Groundlesgointerscannotbe
given valuesby repeatedapplicationg(to unevaluatedpointers)of either(SV) or
theclosedoop rule. We handlethemthroughour lastrule:

GroundlessPointers Rule If therearepointersthataregroundlessindery, assign
to all of themGAP.

As in the caseof the closedloop rule, this rule is enabledon ary groundless
pointerandits applicationassignsGAP to all of them!

Startingwith the emptyvaluation(), we applytherulesaslong asthisis possi-
ble, taking unionsat limit ordinals. In this way we getanincreasingsequencef
valuations:

VosVlyeve 3UNy -

whoseunionis the desiredotal valuation.lt is easilyseerthatary givenvaluation
enablewon ary pointerno morethanonerule. But we usuallyhave considerable
freedomin choosingwhereto apply a rule. The main resultstatesthat the final
valuationdoesnotdependn the choicesmadein passingrom vy to vy 1. Thisis
alsotrueif v is ary “good” valuation,i.e., thefinal outcomedepend®nly onwy.

Self-SupportinyaluationsandtheMain Result. Theabosre mentionedgood” val-
uationsare now to be defined. They are characterizedy the generalterm self-
supporting

Definition A valuationv is weaklyself-supportingf, for every evaluatedp, if v(p)
is standardthenw(p] ) is definedandv(p) = v(pl).



22 HAIM GAIFMAN

Weakself-supportmeanghatv supportsyia, its own assignmentsf standard
values.Considerfor example two pointersp andg suchthat:

pl= Fa(q)

pDe e o q
Fa
If we have:v(p) = T, v(q) = T, thenweakself-supports violated,because

v(pl)) = F. Thesameis trueif v(p) = T, v(q) = GAP. In both caseshe
valueof p canberevisedto F by applying(SV). Weakself-supports alsoviolated
if v(p) is standarcandgq is unevaluated. But weakself-supports not violatedif
v(p) = GAP, no matterwhatg’s valueis.

Obviously, the total valuationthat constituteghe semanticshouldbe weakly
self-supporting:If p hasa standardvalue, this shouldcoincidewith the value of
thepointedto sentence.

We now considerarule, (SV'), by which certainassignmentsf GAP to p are
revisableto theinducedvalueof p|. First,notethatanassignmendf GAP obtained
by applyingafailurerule shouldnotberevisable.Sayp getsGAP via afailurerule.
Thenp andall unesaluatedpointerscalledby p, throughunevaluatedsentenceget
GAP. As aresultof thesenav assignmentshe previously unevaluatedp| getsa
standardsalue. But we do not wantto revisethe assignmentf GAP to p. Hence,
the assignmenbf GAP to p shouldnot be revisableto p |'s value, if the latter
derives,roughly speakingfrom assignmentsf GAP to pointerscalledby p.

Let the standad part of v, denotedv?®, betherestrictionof v to thosepointers
whosevaluesundery arestandardy®(p) = w iff v(p) = w andw is T or F.

(SV) If pl= a andv®(a) = w, thenassigrto p thevaluew.

Using(SV'), anassignmendf GAP to p canberevisedto w(p).), providedthatthis
lattervaluedervesfrom standardraluesassignedy v. If p getsGAP via afailure
rule,thenpl’s valuedoesnot derive from the standargartof » (if it did, p] would

have beenevaluatedalreadyandthe failure rule would not have applied). Hence
(SV') cannotrevise assignmentmadeby failurerules.

Definition v is stronglyself-supportingf it is weaklyself-supportingnd for every
p, if v(p) = GAP, thenthereis no extensionof v underwhich this assignmentan
berevised,via (SV'). Spelledout fully, the secondconditionis: If v(p) = GAP,

thenfor every u suchthatv C u, u*(pl) is undefined.

Assumefor example:

pl= -Tr(q)
If p getsGAP, theng mustget GAP in orderto satisfystrongself-support.(If g
getsa standardralue,p’s GAP is revisablevia (SV'), andif ¢ is unevaluatedthen
p's GAP is revisablewhenwe extendthe valuationby assigningto ¢ a standard
value.)

We might, or might not wantto imposestrongself-supportlf, in thelastexam-
ple,wefind valuationghatassignGAP to p andastandardralueto g unacceptable,
we canrule themout by adoptingstrongself-support.But we might wantto al-
low the possibility that p fails—for somereason—een thoughg getsa standard
value. We might alsowant to leave openthe possibility of assigning—forsome
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reason—&AP to p beforeevaluatingq. In this caseweak self-supports all we
require.

If pl= —Tr(p) thenary weakly self-supportingzaluationdefinedfor p must
assignto it GAP. The sameis trueif pl= Fa(p). Butif p = T'r(p), thereis a
stronglyself-supportingraluationthatassigngo p GAP, anotherthatassigngo it
T, andanothetthatassigngo it F. This marksthedifferencebetweertheLiar and
theTruth Teller. To take anotherexample let

pl= Fa(q), ¢l= Fa(p)

Fa
—
~

Fa

Thereis astronglyself-supporting/aluationthatassignshevalue GAP to both,
onethatassigndl to p andF to ¢, andanotheithatassigng- to p andT to ¢. There
aretwo moreweakly self-supportingvaluationsthat evaluateboth pointers. One
assigns=AP to p andF to ¢, theother—F to p andGAP to q.

In whatfollows, ‘self-supporting’canbereadthroughoutkitheras‘weakly self-
supporting'or as‘strongly self-supporting’ All theresultsholdundereachof these
readings.

Lemma4 (1) If v is self-supportingandif v’ is obtainedfrom v by applyingeither
(SV) or afailurerule, thenv' is self-supporting.

(1) 1f {wv;}ier is afamily of self-supportingraluationsdirectedunderinclusion
(thatis, for everyi, 5 € I thereisk € I, suchthatv; C v, andv; C v;), thentheir
union,U;¢ yv;, is self-supporting.

Givenary self-supportingaluationwe canget,by applyingrepeatedlypurthree
rules,anincreasingchainof self-supportingzaluations whereeachvaluationex-
tendsthe previous ones. At limit ordinal we take unionsandgo on. As long as
thereare unevaluatedpointerswe cancontinue. For if (SV) cannotbe appliedto
ary unevaluatedpointet then,by Lemmaz2, the unevaluatedpointersform a non-
terminatingclosedset. If thereareclosedloops,the closedloop rule applies.else
thegroundlesgointersrule does.

Theorem 1 Every self-supportingvaluation,», can be extendedto a total self-
supportingvaluation,v*, by constructinga sequence:

Pe o g

Vo, V1y---UN; UNF15--- ,Up

suchthat: vy = v, v, = v*, for each), vy, is obtainedfrom v, by applying
an enabledrule, and,if X is alimit ordinal > 0, thenvy = U,)v,. All such
sequencethatstartwith v endwith the sametotal valuation.Moreover, the closed
loopsthatareproducedn thecourseof theprocessarethesamein all sequence?.
Note: In othersetupssucharesultis provedby theminimal-fixed-pointtechnique:
An operator0, whichtransformssaluationdo valuationsjs saidto bemonotonef
u C vimpliesO(u) C O(v). It canbeshavn thatif O is monotoneandv C O(v),
thenthereis avaluatiom* thatextendsv, whichis afixedpoint(i.e., O(v*) = v*),
suchthatevery fixed point thatextendsy extendsv*. This socalledminimalfixed
pointis obviously unique.The sameappliesto a family of monotoneoperators|f
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eachof themextendstheinitial v, thenthereis a minimal extensionof v thatis a
fixed point for every operatorin the family. In our casedefine,for eachpointerp,
anoperatorO, asfollows:

If v enablessomerule on p, thenO,(v) is the valuationobtainedfrom v by
applyingthatruleto p. Else,Op,(v) = v.

Sinceatmostoneruleis enabledbn p, thedefinitionis legitimate.Hadthe O,’s
beenmonotonewe could have usedthe fixed point agument. But they arenot.
A valuationu might enablea rule on p, while an extensionof it might not enable
ary rule, or might enablea rule thatassigngo p a differentvalue. The proof of
Theoreml is thereforemoreintricate. It uses,in a way, a minimal-fixed-point
approachhut it is basedon a partial orderingdifferentfrom C, which is defined,
morewer, by meansof the operatorsD,. The main stepsconsistin shaving that
ary ascendinghainin this partial orderinghasa leastupperbound,which is the
usualunion,andthatthe operatoraremonotonewith respecto it.

Note: Sincetheclosedoopsaredeterminedsolelyby theinitial v, we canclassify
the pointersthat get GAP underv*, into closed-looppointes—which get GAP
via the closedloop rule, andgroundlesgointes—which getit via thegroundless
pointersrule.

In the basicvariantof our proposal,the semanticds given by the total self-
supportingvaluationdeterminecdby (). Othertotal self-supportingzaluationscan
be usedto distinguishthe Truth Teller from the Liar, or to make various other
distinctionsinto which we shallnot go here. Henceforth unlessotherwisestated,
thesemanticss thatof thebasicvariant,i.e., theinitial valuationis (.

Recallthatwe alsohave the choiceof usingthe superaluationmethod,nstead
of Kleenes strongtruth-tablesin determiningheinducedvaluation.For example,
if pl = Tr(p)Vv-Tr(p) (What| amsayingnow is eithertrueor nottrue’), thenin
theKleene-basedssignmenp getsGAP, but in theonebasedn superaluations
it getsT. All themainresultshold for the superaluationvariant.

ExpressibilityRequiements.An importantdesideratunof thesetupis theexpress-
ibility of mary propositionsby pointers. The generalgoal is that, givenary sen-
tenceof £, therebe a non-filing pointerto it. Call this the generl expressibility
requiement A more specificdesideratumis that, for a given p, therebe non-
failing pointersto T'r(p), Fa(p), —-Tr(p), —Fa(p), andto =Tr(p) A —Fa(p).
Using thesepointerswe can expressdirectly all the information concerningp’s
truth-value. Call this thelocal metaleel requiement
Somenaturalassumptiongboutthe availability of pointersmustbe made. So
far we did not evenassumehattherearepointersto every sentencelf thisis as-
sumedthenthelocal metalerel requiremenftor p holdswheneer p hasa standard
value.Thisis implied by thefollowing theorem Hereandhenceforthn thediscus-
sion,thepresupposedaluationis thetotal valuationthatdetermineshesemantics,
unlesgthetext indicatesotherwise.
Theorem 2 If every pointercalleddirectly by ¢, underthe valuation(), has(in the
final valuation)a standardralue,theng hasa standardralue.
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Proof Assumefor contradictionthatq getsGAP. It mustgetit at somestagevia
afailurerule. Let v bethe valuationat that stage. Thenq is a memberof some
closednon-terminatingset(for v), say X, all of whosemembergetat thatstage
GAP. SinceX is non-terminatingit containsa pointercalleddirectly by ¢ under
v—hencealsounderf). Thereforesomepointercalleddirectly by ¢ under{) gets
GAP. Contradiction.

Corollary If py,...,p, have standardvalues,thenary pointerthat pointsto a
sententiatompoundf T'r(p;)’'sandFa(p;)’s,i = 1,... ,n, hasastandardralue.

In particular if p doesnotfail, sodothepointerswhich by assumptiorexist, to
T'r(p) andto Fa(p) andto all their sententiacompoundsBut thelocal metalevel
requirements notguaranteed p fails. If p istheline 1 token,thenp is apointerto
—Tr(p). Sinceit fails, we needanadditionalpointer Moreover, thereis, for every
n, asimpleexampleshaving thatn pointerswill notsufiice. Let Jacksay: ‘What
Ann saysis true,andwhatBethsaysis true,and...andwhatZina saysis true’, and
let eachof the womensay: ‘What Jacksaysis not true’. Thenall the utterances
fail, via the closedloop rule. We needan additionalpointerto ‘What Jacksaysis
nottrue’.

Let usthereforeassumehateachsentencéasaninfinite numberof pointersto
it. Theinfinity hereis “potential” ratherthan“actual”; givenary sentenceg, and
ary finite setof pointers,thereshouldbe a pointerto « outsidethis set. With this
assumptionthereis arich classof propositionsxpressibleby pointers.

Letr|= « andconsiderthe setof all pointerscalled,underf), by r. It is easily
seenthatthe setdependn « only. Saythatp is involvedin the sentencex if it
belongsto this set!” Olviously, the setof pointersinvolved in « is closedfor 0.
Notethatonly the pointersin this sethave to be consideredn orderto determine
a’svalue. (This setis emptyiff « is evaluatedoy §.)

Example: Let a = Vz[B(z) — 7(z)], whereg(z) doesnot containsemantic
predicates.A pointeris involved in « iff it is involved in some~y(a), suchthat
0(B(a)) = T. (Forif B(a) getsF, theinstantiationn(a) getsT, vacuously)If the
setof all a’s for which(3(a)) = T is finite andeachof the corresponding/(a)’s
involvesa finite numberof pointers thenthetotal numberof pointersinvolvedin
a isfinite.

Theorem 3 If « involves a finite numberof pointers,thenthereis a non-filing
pointerto a.

Proof Let X bethe setof pointersinvolvedin « andlet ¢ be ary pointerto «
notin X (thereis oneby ourassumption)Starttheevaluationprocesdy applying
rulesto membersf X only. Considera stageat which theset,Y’, of unevaluated
pointersof X is not empty and (SV) is not enabledon ary of them. Let v be
thevaluationatthatstage An unevaluatedpointerthatis calledby amemberof Y
underv is alsocalledunderf); sinceX is closedfor () thepointerisin X, hencet is
inY. ThereforeY is closedfor v. Since(SV) is notenabledY is non-terminating.
SinceX is finite, Lemma3 impliesthatY containsa closedloop asa subset.We
canapplytheclosedooprule,assigningherebyGAP to somememberof X, and
goon. This shavs thatall membersf X canbe evaluatedwithout evaluatingary



26 HAIM GAIFMAN

pointeroutsideX . At thatstagex is evaluatedandwe canassignto q its valueby
applying(SV).

TheorenBimpliesthatthelocalmetaleel requirements satisfiedor all p’sthat
pointto sentenceswvolving afinite numberof pointers.Becauséf p| involvesa
finite numberof pointers sodoesary sententiatompoundg, of T'r(p) and Fa(p)
(thepointersinvolvedin « consistof p andthe pointersinvolvedin pl).

The assumption®f Theorem3 are satisfiedin ary situationin which a finite
numberof peoplemalke statementaboutthe world andaboutstatementsnadeby
peoplewithin this group. Hence,if p is ary utterancemadeby a groupmembey
thereis a pointer g to the samesentence—sayan utteranceof p | madeby an
outsider—thatdoesnot fail.

Notethatthefinitenesof X (thesetof the pointersinvolvedin «) is neededat
two points: (i) for the existenceof a pointerto «, whichis notin X, (ii) to ensure
that X doesnotcontaingroundlespointers.(If X containgroundlesgointersan
applicationof the groundlesgointersrule mayassignGAP to pointersoutsideX,
possiblyto all pointerthatpointto «.) Thefinitenesof X is notneededf (i) and
(ii) arepresupposedConsequentlyve have: If p is notinvolvedin p) andnoneof
the pointess involvedin p| is groundlessthenp doesnotfail.. Thisindicatesthat
the generalexpressibilityrequirementnay not obtainbecausef two reasons{i)
theexistenceof groundlespointers(ii) theexistenceof aclosedoopthatcontains
all thepointersto somesentenceTake thefirst reasorfirst.

GroundlessPointers and Black Holes. It canbe shawn thatif p = ¢ andone
of thetwo pointersis groundlesssois the other'® Hence,if p is groundlessthe
propositionpointedto by p is not expressibleoy ary pointer

Also, if p is groundlesso areall pointersto T'r(p), Fa(p), to their negations,
andto -T'r(p) A —Fa(p). Hencewe cannotasserin L thatp is nottrue,nor that
it is notfalse,northatit is agap.In fact,p is whatin PTT wascalleda blad hole
Thedefinitionof holesandblackholesfor the presensystemis asfollows.

A pointerp is a holeif it is agap,andevery pointerto a sententiacompound,
a, of T'r(p) and Fa(p) that corveys non-trivial informationaboutp’s valueis a
gap. (Conveying non-trivial informationmeanghatthe two-fold division induced
by a’s two possibletruth-valuesdetermines non-trivial division in the setof p's
threepossiblevalues.)ThisgeneralizesCall asentencey, n+1-informativeabout

p if thereis asequencef pointerspg, p1, - - - , pn, SUchthat: (i) po = p andfor each
k > 0 pil is asententiacompounddf Tr(p;)’s and Fa(p;)’s,i = 0, ... k—1, (ii)
a is a sententialcompoundof T'r(p;)’s and Fa(p;)’'s,i = 0,... ,n, and(jiii) «

conveys non-trivial informationaboutp’svalue. Thenp is ann-hole wheren > 0,
if every pointerto ann-informative sentenceboutp is agap. A blackholeis an
n-holefor all n. Every groundlesointeris ablackhole. Therecan,howvever, be
blackholesthatarenotgroundless.

Large ClosedLoops. Thisis amoreinterestingand,| shallague,a moreserious
concernthan groundlesointers. The latter derive essentiallyfrom infinite de-
scendingchains—afeaturethat the pointer systemmay or may not have. Large
closedloops, on the otherhand,dependon the expressie power of £. Assume
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that £ comprisesan apparatugor definingrecursve setsandfunctions,suficient

for describingts own syntax.Assumemorewer thatthepointingrelationbetween
pointersandsentencess describablen £. Thisimpliesthatwell-formedformula

suchasz|= «a orzl= plVyl (Wwhere'z’ and'y’ rangeoverpointersp is apointer

andca is asentenceganbetranslatednto £. Now supposehatp is a pointersuch

that:

(L1) pl = Yz [sl=pl = ~T'r(2)]
If pointersaretokens,thesentencén (L1) canberealizedas:

(L1") Anyonewhosayswhatl amsayingnow doesnotutterthereby
atruth.

Thenp fails andsodoesevery pointerto p).. Or consider:

(L2) ¢l = Va [zl=-Tr(q) = ~Tr(z)]
(L2") Anyonewho saysthatwhatl amsayingnow is not true does
notuttertherebyatruth.

Theng fails and so doesevery pointerto —7'r(g). Still ¢ is not a full-fledged
hole (if »r = Fa(q) thenr getsF) andit is a long way from a black hole (if

rl= Tr(q) andr'|= —Tr(r), thenr’ getT; in thisway we cansayindirectly that
g is nottrue). But holesandevenblackholescanbe constructedlongthesdines.
The constructionsarequite involved andthereareno Englishparaphrasesinless
“English” is extendedby a technicallydefinedvocahulary. In section5 a variant
of the evaluationprocedurés presentedywhich ensures—asomeprice—thelocal

metaleel requirementThereareothervariants,in which pointerssuchasp andg

above are“penalized’by earlyassignmentsf GAP. They will notbediscussedn

this paper

System&ith Opeiationson Pointers. The PTT systemincludesamongits prim-

itives variousoperationson pointers. We mentionedalreadythe function ( )|( ),

which associatesyith every pointerp to a quantifiedsentenc&)za(x) andevery

substitutableconstantterm ¢, a pointerp|¢ to «(t). Anotherpair of operations,
written in sufiix notationas( )1 and( )2, associatewith every p that pointsto

aAportoaV g, apointerpl to «, andapointerp2 to 4. Furthermoreif p points
to —a, thenpl pointsto « andp2 = pl. (In othercasespl andp2 aredefinedby

arbitrarystipulation:pl = p2 = p. Similarly for p|t.)

Operationson pointerscanbe addedto the presentsystem,without changing
the evaluationprocedure But the operationsaresignificantonly if they enterinto
the procedureso asto male a difference. In the PTT system,if p pointsto a
conjunction,it gets,in thefinal evaluation,T if bothpl andp2 getT; it getsF if
at leastone of themgetsF; andit getsGAP in all othercasesThis is nottrueif
we addthe operationgo the PTPsystem(the systenof the presentvork), without
changingts evaluationrules. Considerfor example:

Line 6 Snaw is white andthe secondconjunctof thesentencenline 6 is nottrue.

Letp bethetokenonline 6. Thenwe have:
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pll = ‘Snow is white!
p2] = ‘The secondconjunctof the sentencen line 6 is not
true’

We canplausiblyidentify p1 andp2 with subtolensof p: thefirst is thetokenon

line 6 of ‘Snow is white’, the second—thaoken on the sameline of ‘the second
conjunctof the sentencen line 6 is nottrue. Thus,‘the secondconjunctof the

sentencenline 6’ refersto the subtolenonline 6 thattokenizesthis type. If « is

‘Snow is white’, we have:

pl= a A ~Tr(p2)

pll = aandp2| = -Tr(p2)
In bothPTTandPTR pl getsT andp2, whichformsaclosedoop, getsGAP. But
in PTT p getsGAP, while in PTPit getsT, via (SV). From PTP's point of view,
the token of the conjunctionon line 6 andthe subtolen thattokenizesthe second
conjunctarejust two differentpointers. The PTP systemtakes no cognizanceof
thefactthattheseconds a subtolen of thefirst. It is thereforenot strangehatthe
first getsT, while the secondgetsGAP; no morestrangethanthe assignmenof
differentvaluesto tokensof the samesentence.

The PTPsystemcanbe modifiedsoasto includeoperationghataregivenspe-

cial statusin the evaluationrules. The following varianthasappealingaspects.
Considera nggation-formingoperation

neg( )

which maps,in a one-to-onavay, every pointerp to a pointet ney(p), pointingto
thenegationof whatp pointsto:

neg(p)l= - (pl)

‘The negationof ... canbe plausibly construedasreferringto negy( ); e.g., The
negationof the sentencen line 1’ is a nameof negy(p), wherep is the sentence-
tokenonline 1. Usuallyney(p) is notrealizedasatoken. Theexceptionis thecase
wherep constitutesa subtolen of a biggertoken of —(p); the biggertoken can
thensene asney(p). As arule,neg(p) is anadditionalpositedpointer

Asfarasthepresensystenis concernedpey(p) isjustanothepointerto —(p).).
If p andneg(p) get standardvalues,their valuesare opposites;jput one may get
GAP, while the othergetsa standardvalue. For example,if pl= —Tr(ne(p)),
thenney(p)l= ——Tr(ne(p)). Henceney(p) getsGAP via the closedloop rule
andp getsT. Thiscanberealizedas'The negationof whatl amsayingnow is not
true’, or by writing online 8 ‘The negationof thesentencenline 8 is nottrue’

In orderto treatney( ) in away thatreflectsbettertheintuitive meaningof ‘the
negationof..., theprocedureshouldbemodifiedsothatthevalueof ney(p) derives
from the valuegiven previously to p. This is accomplishedhroughchanges(l),
(1IN and(lll), listedbelow.

Saythatapointerp is syntactidf it is of theform neg(q); letusreferto g (which
is uniquelydeterminedy p, sincengy( ) is one-to-onepsy’s derivedpointerand
denoteit aspl. Now changeheevaluationprocedureasfollows.
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() Restrict(SV), by requiring,aspartof the enablingcondition,
thatthepointerin questiorbe non-syntactic.
(I) Add arule for evaluatingsyntacticpointers:

(NEG) If p = neg(q) andwv(q) is standard,
assignto p the oppositevalue. If v(q) =
GAP, assigno p GAP.

(Il Changethe direct calling relation. If p is not syntactic,the
conditionremainsasbefore.If p is syntacticandunevaluated
by v, then,by definition,p callsdirectly p1 underw.

The calling relationis definedasbeforein termsof direct
calling.

The phrasingsf the closedloop rule andthe groundlespointersrule remainthe
same.Someconceptsareadjustedn obviousways.E.g.,avaluation,v, is weakly
self-supportingf for every evaluatedp: (i) if p is notsyntacticandv(p) is standard,
thenv(p) = v(pd), (i) if p = neg(q), theng is evaluatedandthe valueof p is
obtainedrom it via (NEG). With theseadjustmentsall themainresultshold.

Sincenegy(p) calls directly only the pointerp, ary closedloop containingthe
formercontainghelatter It is possiblethatp belongsto a closedioop andney(p)
doesnot, e.g.,if pl= —Tr(p). But thenp getsGAP, andnej(p) getsGAP via
(NEG). It is alsoeasilyseenthatp is groundlessff ney(p) is. All in all, ney(p)
getsGAP iff p does.

Using ne( ), we canreducethe numberof primitive semanticpredicatesyia
theequivalence:

Fa(p) < Tr(neg(p))

If we replaceeverywherethe left-handside by the right-handside and construe
every pointerto theformerasa pointerto thelatter, theassignmentef truth-values
to pointersandto sentencegemainthesame.Theequialencecanthereforesene
asadefinitionof Fa(p).

We canalso“save” on truth-values. Accordingto the presentrules, if one of
p andneg(p) getsF, the othergetsT. We canallow, instead anassignmenof F
bothto p andto ney(p), asa substitutefor anassignmenodf GAP to p. Therules
canbe rephrasedo asnot to mentionGAP. The changein the closedloop rule
reads:For all p in the closedloop, assignF to p andto ney(p). The groundless
pointersrule is similarly adjusted. And the last clauseof (NEG) is replacedby:
If v(¢) = v(neg(q)) = F, assignF to neg(neg(q)). In the resultingsystemF
signifiestwo kindsof failure: thatof expressingafalsity andthatof notexpressing
a proposition. The value of neg(p) is usedto distinguishbetweenthe two. The
appearancef a two-valued“classical” logic is misleading,becauseigy( ) is no
longer truth-functional(the value of p doesnot determinethe value of neg(p)).
Thegapshave beenonly disguisecandthey canberecovered:p is agapiff bothp
andneg(p) arefalse.

Theabove treatmentf nggationcanbeextendedo otherconnectres. Consider
for instance,a conjunctionoperationthat maps(in a one-to-oneway) ary two
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pointersp, ¢ to con(p, q), whichis a pointerto p| A ¢l. The syntacticpointers
now includealsopointersof theform con(p, q). If r = con(p, ¢) thenits derived
pointers,r1 andr2, arep andq. Variousadjustmentsrerequired,which | shall
notgointo. | hopethatthemainideais clear

The PTT systemdoesnot containoperationssuchasneg( ) or con( , ). But
eachpointer p, to a sententiacompoundor to a quantifiedsentencénasderived
pointers(pl, p2, p|t) to pl’simmediatecomponent®r to its instantiations.The
assignmenbf valuesgoesthroughthesederived pointers. All pointers,except
thosethatpointto atomicsentencedyecometherebysyntacticand(SV) becomes
arule for assigningvaluesto pointersthatpointto atomicsentencesnly.

5. FORMAL, PHYSICAL AND RANKED POINTERS

Consideran infinite sequencef rocks, eachcarryingthe inscription‘What is
writtenonthenext rockis nottrue:'® Theinscriptionsform aninfinite descending
chain,thesameas(DC1)exceptthat T’ is replaceddy ‘—T'r". All thesepointers
aregroundlesandwe getablackhole. | doubtthatwe shouldtake suchphysical
situationsseriously Thereare nonethelesifinite descendinghainsthat cannot
beignored.

Assumethat £ containsfirst-orderarithmetic. We canuse Godel numbersas
pointersto sentencesn )= « iff n is a Godel numberof a. (We caninsure,if
neededthatevery sentencéiasinfinitely mary Godelnumbers.)By well-knovn
techniqguesve candefineaninfinite sequencenyg, n1, ... ,n;, ..., suchthateach
n; is a Godelnumberof —=T'r(n;4+1). Herewe have to decreethat eachof these
pointersfails to expressthe propositionto which it points,implying, amongother
things, thatng is nottrue, ny is nottrue, etc. But how canwe say this without
falling into theblackhole? As a matterof factwe canandwe do. | have justdone
so myself. But then| usedan inscription, not a Godel number Supposehata
teacherhaving setup theexampleontheboard,pointsto n, declaringthatit is not
true (doesnotexpressatrueproposition).Her utteranceds a pointet throughwhich
shesucceedsn asserting-Tr(n1). Yetng, which pointsto the samesentence,
fails. The utterancereflectsa point of view higherthanthat of ny; it tamgetsthe
whole arithmeticalnetwork of Godel numbers. Theseconsiderationshav that
thereis a placefor an asymmetridreatmentof the Godel numberson onehand,
andtheinscriptionsandutterance®nthe other

We canclassifythe Godelnumbersasformal(or, if youwant,asmathematicabr
logical) pointers andmy inscriptionandtheteaches utterancesphysicalones?
Physicalpointersare, of course,formally representedn our system. But they
mark external judgmentsof the agent,which relateto the whole formal part of
thenetwork. If we classifypointersin this way, thenthe groundlesgointersrule
shouldbemodified:If therearegroundlespointers assignGAP to all unevaluated
formal ones. We canthen go on with the evaluationprocess. In our example
this would resultin the formal pointers(the Godelnumbers)getting GAP andthe
physicalpointersgettingT. Only whenall groundlespointersarephysical,dowe
assigrto all of themGAP. A similar modificationis suggestedor the closedioop
rule.
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Thesereflectionsmay helpusto make senseof theinfinite rock sequenceAs-
sumethatasuperiomointof view (say thatof someangel)takesin thefull picture.
A judgmentensuingfrom that perspectie is to be representetly a higherranked
pointer GAP is first assignedo all the rock inscriptions;thenthe higherranked
pointersto ‘The inscriptiononthes** rockis nottrue’,i = 1,2,..., getT.

This suggestsan obvious generalizationincludein the pointersystema rank-
ing function, that associatesvith every pointer p, an ordinal number p(p), the
pointer’s rank Higherrank pointersare supposedo representjn casesof fail-
ure,amorecomprehense point of view; failureis first attributedonly to pointers
of minimal rank. We canlet the ranksrangeover all ordinalssmallerthansome
non-zero\. Preferably A is alimit ordinal; this makesit possibleto geta system
satisfyingthelocal metaleel requirementin thesequelwve assumefor simplicity,
that\ = w; theranksarethusnaturalnumbersTheresultsremainvalid if A isary
non-zerdimit ordinal.

Thestandard-aluesrule (SV) remainghe same.Therevisability rule (SV') has
to bemodified,but sincethisruleis notneededf @, or ary “good” valuation,is the
startingpoint, we canpostpondts discussion.The modificationof the othertwo
rulesis olvious. Whereasdn the original rules GAP is assignedo all pointersin
someset,we now assigrit only to thosepointerswhoserankis thesmallesemong
thesets members.

Ranked ClosedLoop Rule If X is aclosedoop for v, assignGAP to all pointers
of X of minimalrank.

Ranked GroundlessPointers Rule If therearegroundlespointersundery, assign
GAP to all groundlespointersof minimal rank.

Example: Let

pl=—Tr(q), ¢= —~Tr(p)
Right at the beginning {p, ¢} is a closedloop. If p(p) = p(q), thenp andq get
GAP. Otherwisethe pointerof smallerrankgetsGAP andtheothergetsT. If, in
addition:

ri= =Tr(p) A =Tr(q)

thenr, beingexternalto the loop, getsa value after the applicationof the closed
loop rule. Therankof » doesnot matter If p andq areof equalrank,r getsT; if
they areof differentranks,r getsF (becaus®neof the conjunctsof | does).
Note: Theranksarerelevantonly in determiningjn the casef failure,which of
the candidatepointersfail. In suchsituationshigherrank pointersexpressjudg-
mentsof higherlevel. But the ranksdo not determinea metalerel hierarchy be-
causeasthelastexampleshavs, alowerrankpointercansuccessfullyexpresshe
non-truth or thefailure,of ahigherrankone. Thegraph-theoretipropertief the
network alwaystake precedencever therankingfunction.

The mainresultsof the previous sectioncarry over fully to theranked version.
The definition of weakly self-supportingzaluationsis exactly the same.The rule
(SV"), andthedefinition of stronglyself-supportingsaluationsthatis basedoniit,
shouldbe modified. Take againthe lastexample:pl= —Tr(p),ql= —-Tr(p). If
p(p) < p(q), thenp getsGAP andgq getsT. Under(SV') theassignmenof GAP is
revisableto anassignmenof F, but this we do notwant. We do allow therevision
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only whenit derivesfrom pointersof smalleror equalrank. Theadjustments the
rule (SV*) givenbelow.

Let v|k, wherek is a naturalnumber be the restrictionof v to all pointersof
rank< k. Recallthatv® is thestandargartof v: its restrictionto the pointersthat
getunderit astandard/alue.

(SV¥) If pl= «, p(p) = k andv’|(k+1) (o) = w, thenassignto p
thevaluew.

Thereis anotherstrongewversionof this rule thatallows revisionsthatderive also
from assignmentsf GAP to pointersof smallerrank. In the abore example,with
p(p) < p(q), if v(p) = v(q) = GAP, thenw is notrevisableunder(SV*). Butsince
v(p) < v(q), we mightwantto forceT asthevalueof ¢. Thisis accomplishedby:

(SV*) If pl= «, p(p) = k andvs|(k+1) Uvlk (o) = w, then
assigno p thevaluew.

Thereare,accordingly two variantsthatcorrespondo our previous stronglyself-
supportingvaluations. Saythat a valuationv (over ranked pointers)is strongly
self-supportingf it is weakly self-supportingand no assignmenof GAP by v is
revisablevia (SV*) in ary extensionof v. Definefirmly self-supportingrzaluations
in thesameway, exceptthat(SV**) replacegSV*). Speltoutin full, theadditional
conditionsfor strongandfirm self-supportre:

(SSS)If pl= a, p(p) = k andv(p) = GAP, then,for all u such
thatv C u, u*|(k+1) (o) is undefined.

(FSS)If pl= «a, p(p) = k andv(p) = GAP, then,for all » such
thatv C u, u*|(k+1) U ulk (o) is undefined.

The main resultsfor the ranked casecanbe now statedsimply by repeatingthe
lemmasandTheoreml of sectionst. ‘Self-support’canbeinterpretedhroughout
eitherasweakself-supportpr asstrongself-supportor asfirm self-supportTheo-
rem2 holdsif we addtheassumptiorthatthe pointerin questiong, hasrank> the
ranksof the pointersit calls directly under(). Theorem3 holdsunderits original
assumptiongthe“external” pointer ¢, succeedsvenif its rankis smallerthanthe
ranksof thepointersinvolvedin «).
Theorem 4 If all pointerscalleddirectly by p, under}, have ranks< p(p), thenp
doesnotfail.
Proof Similar to the proof of Theorem?2. If atsomestagep getsGAP, it belongs
atthatstageto someX, whichis eithera closedloop or agroundlesset. At least
oneof the pointerscalleddirectly by p, under(), mustbelongto X. Sinceits rank
is smallerthanp(p), p is notof minimal rankamongthe memberf X. But then
it doesnot getGAP atthatstage.Contradiction.
Corollary If p pointsto a sententialcompoundof T'r(p;)’s and Fa(p;)’s, i =
1,... ,n andits rankis higherthantheranksof thep;’s, thenp doesnotfail.
Consequent|ythelocal metaleel requirements satisfied providedthatfor ev-
eryp therearepointersof higherrankto T'r(p), to Fa(p), to theirnegations,andto
-Tr(p) A —Fa(p). This neutralizeghe effect of groundlesgointersandof large
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closedloops. The generalexpressibilityrequirements, howvever, not fully satis-
fiedif L is sufiiciently expressie. Thesentencef (L1) in section4 doesnothave

anon-filing pointerto it.2! It seemsunlikely thatthe expressibilityrequirement
canbe fully satisfiedfor highly expressie languages.The problemtoucheson

guestionsconcerningthe possibility of attaininga semanticallyclosedlanguage,
or somethingnearto it, which| shallnotgointo.

The ranked approachenhancesonsiderablythat which is stateable without
metalinguisticascentthroughthe useof pointers. We pay for this by appealing
to an additionalprimitive: the rankingfunction. Perhapghe price is not ashigh
asit mightlook. The rankingcanbe derived from a partial ordering. Given ary
well-foundedpartial ordering,we canassociatavith it a plausiblestratificationof
the domain—inour casethe setof pointers—intoordinal ranks?? It is therefore
sufiicient to stipulatecertainsharpinequalities,of theform p < ¢ (meaningthat
p hassmallerrankthang), which generatea well-foundedpartial ordering?® We
canthenusethe associatedanking. If, for example,thereareno inequalities all
pointersareof rank 0 andwe getthe non-ranled version.

In orderthatthelocal metalevel requiremenbefully satisfiedt is suficientthat,
for eachp, every sententiacompoundof T'r(p) and Fa(p) hasa pointer g, to it
suchthatg > p (i.e.,q > p is stipulated).This, andthe well-foundednessf the
generategbartialordering,areimplied by thefollowing two conditions.

(C1) Foreachsentence thereis apointerp,, to «, suchthatp < p,
for every p whosenameoccursin « undera semantigpredi-
cate.

(C2) Therearenocycles: ¢o > ¢1 > --- > qo, andno infinite
descendinghains:qy > g1 > - qp > - -+

(C1) impliesthat‘p,’ doesnot occurin « undera semanticpredicate.But if «
containguantifiersoverpointersthenp,, isin theirrange.Torestrictthequantifier
rangedo pointersthatare < p,, is to reducethe descriptve powver of £. We can,
in this way, achieve the generalexpressibilityrequirementt a price of not being
ableto quantify over all pointers. As it is, we can achieve the local metaleel
requirementwithout reducingL’s power. £ may even containa relationsymbol
thatdenoteghe partialorderingof the pointers.

Intuitively, p, correspondgo a viewing of « in which « is fully laid out; a
viewing that comprehendshe pointerswhosenamesappearin « as something
alreadygiven. Formally, we canbuild the p,,'s into the setupby recursion.Given
ary Ly andapointersystemp, for it, addfor eachsentenceg, a new pointer p,,
pointingto «, andstipulatetheinequalitieg,, > p for every p whosenameoccurs
in « undera semantigoredicate.This yields anextension,sayP,, of Py. Extend
Ly to £1 by addingindividual constantd¢o namethe new pointers. Extend?; to
P,, by addinga new pointersp,—for eachsentenceg, thatis notin £,—adding
alsothe inequalitiesthat go with them; extend £; to £, by addingconstantgo
namethe new pointers. And soon. The requiredsetupconsistsof the language
thatis theunionof the £;’s andthe pointersystemthatis theunionof the P;’s.
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A betterway of achiering (C1) and(C2) is to castsomespecialavailablepoint-
ersin therole of thep,'s. Assumethat,amongotherpointers,sentencefunction
as pointersto themseles (cf. section4 “Some SpecialPointers”); we canthen
put: p, = «, andpositp < a when&er p’'s nameoccursin « undera semantic
predicate. This can be done, provided that the namesof sentences-qua-puers
(i.e., underthe semanticpredicate)include the sentencesis parts,asis the case
whenthe namesare formedby enquoting;becausdhen(C2) is guaranteedit is
implied by thewell-foundednessf the syntax.Otherspecialpointers suchasthe
demonstratie pointersof theprevioussectioncanplaytherole of thep,'s; again,
providedthattheirnamesontain,in thisway or anotherthe sentencethemseles
asparts.

We have assumedherethatthe partial orderingis generatedy the inequalities
p < pa, Wherep's nameoccursin « undera semantigpredicate.If, for whatever
reasonthereareotherinequalities thenwe mustassumehattheir inclusiondoes
notleadto aviolation of (C2). The problemdoesnot ariseif we adoptthe recur
sive constructionaborve, by which the p,,’s areaddedas new pointers. The new
inequalitiescanbejoinedto ary well-foundedpartialorderingover the pointersof
Py. We canalsochoosethe new pointersas sentenceshat point to themseles,
providedthatthesedo notfigure alreadyaspointersof Py.

Otherinequalitiesmay be positedby virtue of the specialnatureof existing
pointers.In the Godel-numbeexample,theinequalityp < ¢ is positedwhen&er
p is aformal pointerandgq is anutteranceor aninscription.We might alsowantto
give higherrankto utterancesnadeat latertimes, theideabeingthatthey reflect
a point of view thatcomprehendearlierutterances.If Jacksays“What Jill will
sayis not true” and Jill, having heardJack, says“What Jacksaidis not true”,
Jacks utterancegetsGAP andJill’s utterancegetsT. But thereareno systematic
guidelinesfor deciding,in general,which act of assertions madefrom a more
comprehense stance Herethe pragmaticappealo specialcircumstancesannot
beavoided.
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NOTES

! Even hadwe decided for whatever reason o regardthe Truth Teller astrue, we still would
have hadto distinguishbetweera statemenbasedon a straightforvardimplementatiorof (x) anda
statementhatreflectsa higherlevel view.

%A detailedargumentfor theimpossibilityof construingthe two-line puzzleasa caseof indexi-
cality is givenin PTT, pp. 246-248.

3 Thus,Dummett[1992] p. 31: “Every[Dummetts emphasisemantidheoryhasasits goalan
accountof theway in which a sentencés determinedastrue,whenit is true,in accordancevith its
compositior.

4An importantcondition, calledfull abstiaction preventstrivial choicesof semantiovalues. In
the caseof sentencethe conditionrequiresthatif two phrase®f the samesyntacticcateyory have
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differentsemantiovalues thenthereshouldbe a sentencevhosetruth-valueis affectedby substitut-
ing onephraseby theother

5The point of usingthis or that semanticss the insight therebygainedinto the phenomenan
guestion.The semanticvaluesunderlyinga denotationabemanticshouldprovide a goodconcep-
tual handleon whatgoeson. Thesatishctionof certainformal conditionsis, by itself, not suficient.
Variousoperationasemantic€anbe convertedinto denotationabnesby choosingassemantioval-
uescertainhighly abstractomple entities(higherorderfunctions).Suchchoiceshowever, require
justification.

8 Following Wittgensteins line in the Tractatus onemight amguethatnothingtrueis ever saidby
Liar sentencesTheir useis explainedthroughthe distinctionbetweensayingandshawing. | must
saythatl find the appealto thatdistinctionoverworked. In ary casea Tractarianpositionamounts
to acrippling view of logic, which givesup onary systematianetalinguisticaccount.

" The oscillatingvaluesof the Liar resultfrom repeateddvaluationswherethe truth (falsity) of
thesentencatagivenstagempliesits falsity (truth) atthenext stage Theseongoingroundsshould
not be viewed asascendingtepsin the metalinguistichierarchy At the endthe theoreticiamrmust
take a stancefrom whichthesituationis describedEssentiallytherearetwo perspecties: thatof the
failure of theLiar sentencandthatof thenon-failure of the statementsadeby thetheoretician.

8 Burge [1979] appealsto a vaguelyoutlined “pragmaticimplicature”. Appealsto pragmatic
factorsarealsomadein Parsons paper[1974]. The systemof Barwiseand Etchemendy1987]is
basedn aformal modelingof propositions.No ambiguitythere.But it endsby gesturingat vague
pragmaticconsiderationsvhenit comesto decidingwhich proposition(of the infinite numberof
candidatesis expressedy a givenutteranceor inscription.

9 Theobjectreferredto by thespealker maynotbetheobjectpickedliterally by thedescriptiorthe
speakr uses.ThusDonnellans [1966] ‘The manwith the champagne@lassin his hand’andmary
otherexamples.Cf. alsoKripke [1977].

10The rule doesnot prevent loopsthatinvolve several sentenceshat refer to eachotherthrough
quantification.It canbe extendedsoasto block suchloopsaswell. But thenit givesriseto highly
variablechangesn quantificationrangeswhich might be found objectionable. The matterneeds
furtherinvestigation.

1 Graphtheoretically these‘looped trees” canbe characterizeds directedgraphs,suchthat if
thereis a pathfrom a to b andfrom a’ to b, thenthereis eithera pathfrom a to o’ or a pathfrom o’
to a (or both). Moreover, differentnodescanhave the sameabel,but on every pathalabelcanoccur
nomorethanonce.

2 As arule, the distinction betweerthe unable-to-sayparadoxand the Strengthenedliar is not
clearlymade; StrengthenedLiar’ senesfor both.| myselfuseda somavhatunclearterminologyin
[1992], referringto theunable-to-sayparadoxby ‘StrongLiar’.

3Theimmediatecomponenbf -4, is 3; theimmediatecomponentsf 4 x v, wherex is abinary
connectie, are and+y.

14 We canrelax this rule a bit. Call a groundlesssetconnectedf it is not a disjoint union of
two groundlessets. Call it a groundlesscomponenif it is connectedandis not a propersubsebf
ary connectedyroundlessset. Every groundlesssetis a disjoint union of groundlesssomponents.
In the relaxed versionwe assignGAP to all membersof a groundlesscomponent. We therefore
have freedomto handleeachgroundlescomponenseparately This makesno difference thefinal
valuationsarethe same.

15 And soarethegroundlessomponensets jif we usethe morerelaxedversionof thegroundless
pointersrule, cf. footnotel4.

16 _Tr(p) A —Fa(p) is the simplestway of sayingthatp fails. In every reasonableystemthe
existenceof a non-failing pointerto thatsentencémpliesthe existenceof non-failing pointersto its
componentsBut sincethis wasnot assumedn the generalsetup,| have added for goodmeasure,
thecomponentsln view of Theorem2, therequirements of interestonly if p fails.

7Statedn termsof «, theconditionis: « is une/aluatecby@ andthereis asequencex, .. . ,an,
of sentencesnevaluatecby @ suchthat: (i) ao = a, (i) everya;41 is eitheranimmediatesentential
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componenbdf a; or aninstantiationof it, and(iii) a. is T'r(q) or Fa(q), whereeitherqg = p or g
callsp under(.

'8Suppose is groundless.Then,at somestagein the procedure{p} U X, is a groundlesset,
whereX consistf all pointerscalledby p, underthe valuationat thatstage. It is not difficult to
shaw thatif g}= p] then,atthesamestage{¢} U X is groundless.

191 owe Guptathisillustration.

20 If *p’ denotesheteachers utterancethenTr(p) andits negationaresentenceim £. TheGodel
numberings not meantto includesuchsentenceslf it does,we shoulddistinguishbetweenGodel
numbersof sentenceshatinvolve physicalpointersandthosethatdo not. Only the latter qualify
asformal pointers. Note thatary infinite descendinghain(suchas(DC1)) musteitherincludean
infinite descendinghainof formal pointers,with afinite numberof non-formalpointerstacked on,
or it mustderive from infinitely mary independenpointingsof physicalpointers resemblingn this
way thesequencef rocks.

2That sentencenamelyp, involvesall the pointersthat point to it. All of thembelongto the
sameclosedloop. Let ¢l= pl. Assume for aninductive agument,that at the stageat which ¢
getsits valueevery pointer r, to pl., of rank < p(q) hasthevalue GAP. For theser’s the conjuncts
rl= pl — —Tr(r) getT. Buttheconjunctgl= pl — -Tr(q) is still unevaluated,asareall
conjunctsin which the pointeris of rank> k. Henceq, beingnow a pointerof minimal rankin a
closedoop, getsGAP.

22| et < beanirreflexive partialordering.A member: € X is aminimalmemberof X if thereis
noy € X suchthaty < z. Thewell-foundednessf < meanghatevery non-emptysethasminimal
members.Assigntherank0 to pointersthatareminimalin the setof all pointers. Assign1 to the
minimal pointersin the setobtainedoy remaving all pointersof rank0, andsoon. In generalassign
¢ to theminimal pointersof the setobtainedby remaoving all pointersof rank < 4.

23Thepartial orderis the transitive closureof therelationdefinedby the setof thesenequalities.
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