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[1] Relationships between hydrologic variables are often nonlinear. Usually, the
functional form of such a relationship is not known a priori. A multivariate, nonparametric
regression methodology is provided here for approximating the underlying regression
function using locally weighted polynomials. Locally weighted polynomials consider
the approximation of the target function through a Taylor series expansion of the
function in the neighborhood of the point of estimate. Cross-validatory procedures for
the selection of the size of the neighborhood over which this approximation should
take place and for the order of the local polynomial to use are provided and shown for
some simple situations. The utility of this nonparametric regression approach is
demonstrated through an application to nonparametric short-term forecasts of the
biweekly Great Salt Lake volume. Blind forecasts up to 1 year in the future using the
1847-2004 time series of the Great Salt Lake are presented.
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1. Introduction

[2] Most hydrologists are familiar with linear regression
and its use for developing a relationship between two or
more variables. The general linear model (where the
variables are presumed to be linearly related after apply-
ing some predetermined transform) is used as a building
block in many activities ranging from spatial surface
estimation, missing value imputation, sediment load esti-
mation to autoregressive time series modeling. Often,
such a procedure is not very satisfying. The choice of
an appropriate transform to use may not be obvious, and
scatterplots of the data may not visually support the as-
sumed model. An alternative to such regression approaches
that is capable of representing relatively complex relation-
ships between variables, through ‘“local” or pointwise
approximation of the underlying function, is presented here.
Procedures that determine model parameters automatically
from the data, and also allow the user to choose between
a parametric (i.e., linear model) and a nonparametric
model (i.e., a local linear model) are provided, for a special
case.

[3] There has been a surge in the development and
application of nonparametric regression and density estima-
tion methods in the last decade as computational resources
have become more accessible. Some monographs that make
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this literature accessible are by Silverman [1986], Eubank
[1988], and Hdrdle [1989]. Examples of nonparametric
estimators include orthogonal series expansions, moving
averages, splines, kernel, nearest neighbor, and neural
network estimators. The reader is referred to Lall [1995]
for a review of the application of nonparametric function
estimation in hydrology, to Owosina [1992] for a compar-
ative performance evaluation of selected methods, and to
Hastie et al. [2001] for an expository text that compares all
these methods and their parameter estimation. Some attrib-
utes of these methods are as follows: (1) The estimator of
the target function can often be expressed as a weighted
moving average of the observations. (2) The estimates are
defined locally or using data from a small neighborhood of
each point of estimate, i.e., the weights of the moving
average are zero or very small beyond some distance from
the point of estimate. (3) As a result, a wide class of target,
underlying functions can be approximated without knowing
their actual functional form. (4) The ‘“nonparametric”
estimator has parameters that control the local weights
and the size of the neighborhood used for estimation.

[4] The last point deserves further explanation since it
often creates confusion. The role played by the parameters
in these methods is quite different. The parameters of a
nonparametric model have a different role than those of a
parametric model. No global functional form is assumed,
and the parameters merely control how local averages are to
be formed. Unlike linear or parametric regression, where the
parameters (e.g., intercept and slope) are sufficient to
provide an estimate at any point, the nonparametric estima-
tor needs the observations in the neighborhood to provide
an estimate at any point. For example the parameter of a
moving average is the number of points (e.g., 3) to average
over. One still needs the three points surrounding the point
of estimate to report the answer. By contrast, once a linear

1 of 11



W05422

regression has been evaluated, the parameters are all one
needs to provide an estimate at any point since the overall
behavior is of an assumed form (e.g., linear or log linear).

[s] Background information on multivariate, locally
weighted polynomial regression is provided in the next
section. Methods for parameter selection and the estimation
of error variances and confidence intervals are presented
next. An algorithm for local regression is then summarized.
An application of local regression to time series forecasting
is presented. A biweekly record of the Great Salt Lake
volume from 1847 to 2004 was used for the forecasts. The
dynamics of the time series of the Great Salt Lake has been
studied by Sangoyomi [1993], Lall et al. [1996] and
Abarbanel et al. [1996]. Sangoyomi [1993] investigated a
spectral analysis that showed 14 peaks that pass the 90%
significance test.

[6] This prior work suggests that the dynamics of the
Great Salt Lake (GSL) volume is nonlinear, and particularly
demonstrated the success of a nonparametric regression
scheme (multivariate adaptive regression splines, or MARS
[Friedman, 1991]) for forecasting the GSL for up to 4 years
ahead during extreme hydrologic periods. The local poly-
nomial regression scheme presented here is a computation-
ally faster alternative to MARS, and is easier to explain and
analyze. Results from the two methods are comparable. We
do not directly and quantitatively compare MARS and the
local regression approach. Our intention here is to focus on
certain aspects of choosing the parameters of the local
regression model and in demonstrating how these work to
permit a flexible choice between a full sample parametric
estimator and an estimator that uses a fraction of the full
sample. The improvement and the conditions under which
one can expect improvement using the proposed estimator
relative to the usual cross-validation-based criteria for
model selection are demonstrated.

2. Background

[7] Consider a general regression model given as

yi:f(x,ﬂ)—s—ei i=1,...,n (1)
where, x is a M vector of M explanatory variables, y is the
“response” variable, f{.) represents the underlying func-
tional relationship between y and X, e; are noise or
measurement errors, that may or may not depend on x,,
and n is the number of observations.

[8] Linear regression considers the case where the func-
tion f{.) is linear in x, i.e., fAx) = x3, where (3 is a M vector of
coefficients. Theoretical methods for parameter selection,
analysis of variance, hypothesis testing, estimating confi-
dence and prediction intervals, outlier identification and
other related statistical activities are well developed and
understood for linear regression [Stuart and Ord, 1991].
Statistical software is readily available to perform these
computations. Consequently, these methods see widespread
use. Nonlinear relationships between x and y are admitted in
this framework through prior transforms applied to x, and/or
y. For instance, the components of x may include polyno-
mial terms (1, v, V.. .) in an original variable v. The Box-
Cox family of power transformations is often used in
hydrology [see Helsel and Hirsch, 1992] to select an
appropriate transform. There are a number of difficulties
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with such an approach. These include (1) the inability to
find an appropriate transform for a given data set, (2) bias in
the estimates upon back transforming, (3) nonunique selec-
tion of applicable transforms for a given data set, which can
lead to an unquantifiable uncertainty of estimate (particu-
larly while extrapolating the data, which is the usual
application!), and (4) reconciliation of the distribution of
errors in the transformed and original coordinates relative to
the underlying error distribution. An approach for the
pointwise estimation of the unknown function f{.) from
data, based on a local Taylor series expansion of f(x) at
the point of estimate x, was proposed by Macauley [1931].
Cleveland [1979], Cleveland and Devlin [1988], and Cleve-
land et al. [1988] pioneered this idea into a statistical
methodology for local approximation of functions from
data. Recently [e.g., Loader, 1999; Hastie and Loader,
1993; Fan and Gijbels, 1992; Miiller, 1987; Lejeune,
1985], these methods have been recognized as very useful
generalizations of kernel regression (weighted moving
averages). Applications to a suite of statistical estimation
problems are emerging. Our presentation here is specific to
the estimator we describe. The material presented here
builds directly on the method of Cleveland and Devlin
[1988]. The reader is referred to a monograph by Wand
and Jones [1995] for general background on the methods.

[v] Generally, the strategy for local polynomial regres-
sion is to choose a certain number, k, of nearest neighbors
(in terms of Euclidean distance) of the estimation point X,
and to form the estimate f(x) through a locally weighted,
polynomial regression over the (x, y) data that lie in the
neighborhood. Consider the general regression model de-
scribed in (1). The sampling locations x; are usually not
regularly spaced. We assume the e; are uncorrelated, mean
zero, random variables, assumed to be approximately iden-
tically distributed in the & nearest neighborhood of the point
of estimate.

[10] To motivate the local polynomial regression tech-
nique for approximating a wide class of functions f{.), first
suppose that the errors e; are identically zero. Then locally,
about some x*, we can estimate f{.) using a (multivariate)
polynomial in x which is chosen to interpolate y; = f(x,;*) at
x;*, i =1,.. .k, in the k nearest neighborhood of x*. The data
indices i = 1,...k are arranged so that the data x;* are
arranged in order of increasing distance from x*. Here, we
assume the underlying f'is locally a smooth (i.e., continuous
and differentiable to some order) function. In the univar-
iate setting we can write the following Newton-Taylor
expansion

F(x) = fer] + flxi 63 (x — i) + oA Sed 08, oxE] (x — xi¥)

S(x = xE) (= xE) SO — X)L (x—xEy)
(x —xf) k!

= pl®) + /O — xF) ... (x — x) /K (2)

where the points x and ( are in the interior (convex hull)
of the set of points {x¥, ..., x}}, and f[x¥, x¥, ... x}] is the
G — 1™ divided difference (defined as the coefficient of
the term ¥~ of the polynomial of degree j - 1 that agrees
with f{x;)fx),. . fx;) of f{.) at the sample points {xf, x5,
... x¥}). The point C is generally unknown, but is guaran-
teed to exist by the mean value theorem provided f{.) is C*
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smooth (i.e., continuous and differentiable to order k). We
notice that if the sample points are closely grouped (i.e., |x
— x| is small) and f{.) is locally C* smooth (i.e., the th
derivative is finite), then the last term in the above equality
can be neglected, and one obtains the local kth-order
polynomial approximation py(x) to f{x).

[11] The choice of the x} values for any given x can be
problematic in several ways. First, x* should be “centered”
within the set {xf,...xf¥}. This is not a problem if the
sample points x;* are uniformly distributed, and x is not
near the boundary of the region. However, in situations
where one has nonuniform sampling, and when one esti-
mates f{.) near the boundary, we expect a deterioration in the
estimate of f{.) provided by p(.). Secondly, there is a choice
of how many points, £, to use in building the estimator py(.).
Choosing too few neighbors about x results in loss of
information contained in higher derivatives; choosing too
many neighbors (resulting in a higher-degree polynomial)
yields an estimator with too many degrees of freedom,
allowing too much variation between the interpolation
points. That is, the true, but unknown local behavior of f
near x* may not be well represented by bringing in
interpolation points “far away” from x*. Thus, even work-
ing with error free, perfect data, the idea of representing /by
a local polynomial requires a means of balancing the trade-
off occurring between choosing small local neighborhoods
(i.e., small k), resulting in a possibly oversmoothed or
biased estimate, and choosing large neighborhoods, result-
ing in superfluous degrees of freedom. Asymptotically, (i.e.,
as the sample size n — oo, one would decrease £, since the
distance |x — x| will approach zero.

[12] With the introduction of noise, the above procedure
can be readily adapted by requiring that an estimate of f{.)
near a given x* be obtained by performing a local least
squares polynomial regression on the k nearest neighbor-
hood, and using this regression polynomial’s value at x* to
estimate f{x*). It is desirable to prescale each data vector or
coordinate in x to have similar scale, prior to computing
nearest neighbor distances. In our implementation, we
consider scaling each component to have a mean 0, and
variance 1, or to lie between 0 and 1. Practically, linear,
quadratic and cubic polynomials are useful. Using a poly-
nomial of degree p, we may have n, parameters that need to
be estimated locally. Note that n, < k, else we can interpo-
late, with potentially disastrous results. In practice, we
enforce k > 2n,,. It is desirable to form estimates that are
“local”, since the “end points” in a linear regression can
have a large influence on the resulting estimate. Given these
observations, and the observation that the point of estimate
should be approximately centered in the locale of estima-
tion, it is desirable to weight the local polynomial fit, such
that observations close to the point of estimate are accorded
a higher importance in the least squares fit, than those that
lie further away in the neighborhood.

[13] Then, the locally weighted polynomial regression at
each point of estimate x;*, [ = 1...m, given a (n x M) data
matrix X and a (n x 1) response vector y, is obtained
through the solution of the weighted least squares problem:

min (y; - Z8) Wiy, — Z.8) (3)
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where the subscript / recognizes that the associated element
is connected with the point of estimate x;*; (3, are estimates
of the coefficients of the terms in the basis defined by Z;; Z,
is a matrix formed by augmenting X, with columns that
represent the polynomial expansion of X to degree p
(including cross-product terms if desired); W, is a k£ x kk

diagonal weight matrix with elements w;;; = K(u;;)/>

K(u;,), where u;; = d; Jdy ; d; is the distance from x;* tol};
using an appropriate metric, and K(.) is a weight function.

[14] We have implemented a bisquare kernel (K(u) =
15/16(1 — u?)?). The latter is recommended by Scott [1992]
because of its smoothness properties. The matrices y; and Z,
are defined over the & nearest neighborhood of x;*. Singular
value decomposition (SVD) using algorithms from Press et
al. [1989] is used to solve the linear estimation problem
resulting from (3).

[15] The reader may note that we are in the familiar
territory of linear regression, and will hence have the usual
statistical tools available to us. The coefficients [3; are
obtained as:

B = (ZlTWlZl)ilZlTWIYI 4)
The resulting estimate of f (x)) is then
f(x) =B, (s)

where z; is the n,, x 1 vector formed by augmenting x; with
polynomial terms to order p.

[16] Expressions for the asymptotic bias and variance of
an estimate equivalent to (5) are presented by Wand and
Jones [1995, p. 140], and are not reproduced here. Instead,
we shall develop some data driven estimates of variance and
mean square error of estimate, under the assumption that the
number of nearest neighbors, &, and the order of the local
polynomial, p has been chosen appropriately. We shall
consider £ and p the “smoothing parameters” of the
estimation scheme and consider the slopes (3; to be
“structural parameters”.

[17] The mean square error of estimate at x; is estimated
from the local regression as

MSE(j(x,)) = e/ Wee, (6)

[18] Note that this is a weighted average of the squared
errors from the local regression, with the same weights as
those used for estimating the regression. Essentially, the
mean square error of fit is localized to the point of estimate.

[19] An estimate of the variance of the local errors e;, i =
1...k, is available as

Sgl = e,TWIe;/((k — I’lp)/k) (7)
where n,, is the number of parameters fit.

[20] One can thus allow an error structure that is localized
to the point of estimate as well. Hypothesis tests can then be
designed to see if the error variance at two points is
comparable or not. Such tests can either be implemented
nonparametrically (e.g., through a bootstrap [Efron and
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