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There has been a growing interest in incorporating auxiliary summary infor-
mation from external studies into the analysis of internal individual-level data.
In this paper, we propose an adaptive estimation procedure for an additive
risk model to integrate auxiliary subgroup survival information via a penalized
method of moments technique. Our approach can accommodate information
from heterogeneous data. Parameters to quantify the magnitude of potential
incomparability between internal data and external auxiliary information are
introduced in our framework while nonzero components of these parameters
suggest a violation of the homogeneity assumption. We further develop an effi-
cient computational algorithm to solve the numerical optimization problem
by profiling out the nuisance parameters. In an asymptotic sense, our method
can be as efficient as if all the incomparable auxiliary information is accurately
acknowledged and has been automatically excluded from consideration. The
asymptotic normality of the proposed estimator of the regression coefficients
is established, with an explicit formula for the asymptotic variance-covariance
matrix that can be consistently estimated from the data. Simulation studies
show that the proposed method yields a substantial gain in statistical efficiency
over the conventional method using the internal data only, and reduces estima-
tion biases when the given auxiliary survival information is incomparable. We
illustrate the proposed method with a lung cancer survival study.
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1 INTRODUCTION

Efficient data use can be challenging for many medical studies with limited resources. Practical limitations in terms of
funding and adequate sample size can lead to unsatisfactory inference. It is thus important to ameliorate such problems
by incorporating auxiliary information from relevant external studies (when available). Typically, individual level patient
data are only available “internally”, but study investigators may be able to exploit information extracted from an earlier
study (the “external” study) that addresses the same question.

Normally, due to privacy concerns and/or administrative problems, individual level data from external studies are sel-
dom directly available to the public. Instead, only summary statistics can be obtained from existing publications, public
databases or other related projects. It is thus of great interest to combine auxiliary summary information from external
studies with individual level data to improve the estimation efficiency. To achieve this goal, various procedures have so
far been proposed.1-5 The aggregated auxiliary summary data accessible from the external studies can be quite helpful
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and offer abundant information to us.6,7 For time-to-event data,8-10 some useful auxiliary information could be avail-
able in multiple subgroups defined by patient characteristics. Perhaps the most common quantity is the t∗-year survival
probabilities reported by the literature or the public domain databases, such as the Surveillance, Epidemiology and End
Results (SEER) Program of the National Cancer Institute (NCI).11 To incorporate such auxiliary subgroup survival infor-
mation from external sources, Huang et al11 proposed a double empirical likelihood procedure to summarize the subgroup
t∗-year survival probability as a population moment constraint under Cox proportional hazards model.12 Extensions of
this approach to the additive risk model13 and the non-mixture cure model14 have also been developed by He et al15 and
Han et al,16 using the empirical likelihood method.17 As suggested by Imbens and Lancaster,1 the auxiliary information
from the external studies and individual level data can also be integrated by applying the generalized method of moments
(GMM),18 which is asymptotically equivalent to the empirical likelihood estimators and has appealing practical perfor-
mance in many applications.19,20 GMM has been applied to address the additive-multiplicative hazard model and the
accelerated failure time model.21,22

A key assumption in the above references is that the data distribution for individuals in the internal study is identical
to that in the population from which the auxiliary data are derived. If the auxiliary information was obtained from a
different reference population, borrowing such auxiliary information directly into the internal study may produce biased
estimation.16,23,24 Violation of this type of comparability assumption is a serious issue in practice.24,25 If we simply adopt
existing methods to combine the external and internal data without checking the comparability, we might have incorrectly
incorporated potentially incomparable information, and consequently any seemingly efficiency gain could be spurious.
We acknowledge that in addition to incomparability, another complicated problem is the non-negligible uncertainty,26,27

usually caused by the sampling variability of summary auxiliary information. Such a variability can often be ignored when
the sample size of external study is sufficiently large.11,15 We intend to address the incomparability in this paper and leave
out the sample uncertainty issue.

To tackle the problem of potential incomparability, methods based on reference-data have been discussed in earlier
works.5,16,28 However, the reference datasets may not always be available in practice. As an alternative solution, Chen
et al24 proposed the penalized maximum empirical likelihood estimator under a Cox proportional hazards model. Similar
ideas have been applied to the parametric regression models by Zhai and Han.25 By including nuisance parameters to
characterize the potential discrepancy between the true underlying subgroup survival probabilities of internal data and
the auxiliary quantities from external studies, they are able to adaptively determine the degree of information borrowed
from the external studies using a penalization approach.29-32 Despite its novelty, the computational cost of their method
is quite expensive due to the nonlinear optimization of regularized empirical likelihood and only relatively small number
of discrepancy parameters are allowed in numerical studies.

In this article, we focus on analyzing right censored survival data under the semiparametric additive risk model,13,33,34

and propose a new method to incorporate external auxiliary survival information which may be incomparable with the
internal data. As an important alternative to Cox proportional hazards model, the additive risk model assumes that the
covariate effects act in an additive manner on the hazard rate. Since its invention, the model has gained its popularity
in plenty of applications where the multiplicative structure fails to approximate the lifetime distribution.33-35 Focusing
on the risk difference instead of the hazard ratio may also induce a more direct interpretation of the regression param-
eters, drawing a connection to the familiar linear regression.36,37 In a semiparametric additive hazards model with an
unspecified baseline hazard function, Lin and Ying33 obtained an analytic form estimator for the regression parameters.
McKeague and Sasieni34 presented a weighted least squares estimation method for partly parametric additive risk model
and established its asymptotic efficiency. These earlier works encouraged the implementation of additive risk model
since its solution does not require any complicated nonlinear optimization. Extensions to multivariate survival data or
interval-censored data with a cure fraction have been studied in recent years.38-41 Furthermore, additive risk models have
been favored over Cox models in causal inference since the two-stage method for linear regression can be directly adopted
for the former but not the latter.42-44 Rava and Xu45 recently studied the explained variation under the additive risk model.

As there is no simple likelihood for the regression parameters under the additive risk model, it is difficult for us to adapt
Chen et al’s24 procedure which admits an analytic form for the partial likelihood. We consider the GMM46-49 framework
in this article. Specifically, an adaptive lasso penalty function31 is adopted so that the magnitude of heterogeneity can be
accurately assessed. Owing to the additive structure of our model and the proposed optimization procedure, all nuisance
parameters can be profiled out to yield an explicit expression. Therefore increasing the number of nuisance parameters
does not increase the computing complexity for estimating the parameters of primary interest. We prove that the proposed
estimator is not only more efficient than the one without using the auxiliary information, but also as efficient as the
existing estimators when all the undesirable auxiliary information has been excluded from consideration. To facilitate

 10970258, 2023, 6, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/sim

.9649 by C
ornell U

niversity L
ibrary, W

iley O
nline L

ibrary on [03/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



896 DING et al.

statistical inference of the regression parameters, a consistent estimator for the asymptotic covariance matrix is further
constructed accordingly.

The remainder of this article is organized as follows. In Section 2, we review the additive risk model and introduce the
auxiliary subgroup survival information. In Section 3, after formulating the auxiliary information in a set of estimating
equations, we propose a penalized GMM approach to control the degree of information borrowed from the external studies
and further develop a computational algorithm to estimate all unknown parameters. The asymptotic properties of the
proposed estimators are then carefully established. In Section 4, numerical comparisons are conducted based on simulated
data under a variety of settings. In Section 5, we apply the proposed method to analyze a medical data set. Section 6
concludes with a brief discussion, and the Appendix contains all the technical details.

2 MODEL AND AUXILIARY SURVIAL INFORMATION

Let a non-negative random variable T be the failure time which is right censored by a random variable C. In practice, only
̃T = min(T,C) andΔ = I(T ≤ C) are observed in an empirical sample. Let Z = (Z1, … ,Zp)T be a p-dimensional vector of
covariates with bounded support. We further assume that given Z, T and C are independent. Consider the additive risk
model for the conditional hazard function 𝜆(t|Z) of T given Z:

𝜆(t|Z) = 𝜆0(t) + 𝜷TZ, (1)

where 𝜷 is the p × 1 vector of regression parameters and 𝜆0(t) is an unspecified baseline hazard function.
Let {( ̃Ti,Zi,Δi), i = 1, … ,n} be n independent and identically distributed copies of ( ̃T,Z,Δ). Lin and Ying33 proposed

to estimate 𝜷 in model (1) from the following estimating function

𝚽n(𝜷) =
1
n

n∑

i=1
∫

∞

0
{Zi − Z(t)}{dNi(t) − Yi(t)𝜷TZidt}, (2)

where Yi(t) = I( ̃Ti ≥ t), Ni(t) = I( ̃Ti ≤ t,Δi = 1) and Z(t) = {
∑n

j=1Yj(t)Zj}∕{
∑n

j=1Yj(t)} with the convention 0∕0 = 0. If we
denote A1 =

∑n
i=1∫

∞
0 Yi(u){Zi − Z(t)}⊗2du and A2 =

∑n
i=1∫

∞
0 {Zi − Z(t)}dNi(u), the resulting estimator of 𝜷 has a “least

squares estimator” form ̂𝜷LY = A−1
1 A2, where a⊗2 = aaT for a vector or matrix a. The cumulative baseline hazard function

Λ0(t) = ∫
t

0 𝜆0(u)du can be subsequently estimated by

̂Λ0(t, ̂𝜷LY ) =
∫

t

0

∑n
i=1{dNi(u) − Yi(u) ̂𝜷

T
LYZidu}

∑n
j=1Yj(u)

.

The survival probabilities for different patient subgroups are sometimes available from an external study. For k =
1, … ,K, let Ωk denote the kth subgroup and 𝜙k be the corresponding survival probability at time t∗ provided in the
external study. These probability values = {𝜙k, k = 1, · · · ,K} should be treated with caution if we cannot verify their
comparability with the internal data {( ̃Ti,Zi,Δi), i = 1, … ,n}. More precisely, for the internal data we are interested in,
define the true underlying survival probability of the subgroup Ωk as 𝜙∗k, that is,

P(T > t∗|Z ∈ Ωk) = 𝜙∗k, (3)

for k = 1, … ,K. Most existing methods implicitly demand that 𝜙∗k = 𝜙k for all k = 1, … ,K, and such a comparability
assumption may not always hold.11,24,25

It is possible that some of these available auxiliary subgroup survival probabilities are incorrect due to the potential
discrepancy between the internal and external study populations. In particular, we consider that there exists at least one
k ∈ {1, … ,K}, such that 𝜙∗k ≠ 𝜙k, and define the following undesirable subset of all biased auxiliary information ̃ =
{𝜙k ∶ 𝜙k ≠ 𝜙

∗
k for k = 1, · · · ,K}. We refer to elements in ̃ as incomparable auxiliary survival rates and the remaining

elements in  − ̃ as comparable ones. Using incomparable 𝜙k directly may result in substantial estimation bias, and
consequently any apparent gain in efficiency could be spurious. We aim to fit the additive risk model by incorporating
such external information appropriately to maintain estimation consistency and improve the efficiency of estimation.
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DING et al. 897

3 ESTIMATION METHOD

3.1 Generalized method of moments with penalization

We introduce a K-dimensional parameter vector 𝝉 = (𝜏1, … , 𝜏K)T to accommodate the potential incomparability by
setting 𝜏k = 𝜙∗k − 𝜙k, for k = 1, … ,K. Then, equation (3) can be re-written as

P(T > t∗|Z ∈ Ωk) = 𝜙k + 𝜏k, (4)

for k = 1, … ,K. There are situations where, for certain external studies, the vector 𝝉 is not zero for all components. From
equation (4), we can see that if all the auxiliary subgroup survival probabilities from the external study are comparable
with the internal study population, that is, ̃∗ = ∅, we have 𝜏k = 𝜙∗k − 𝜙k = 0 for all k = 1, … ,K. Otherwise, the bias
parameter 𝜏k = 𝜙∗k − 𝜙k ≠ 0 for some k. Thus, detecting the sparsity structure in 𝝉 could be an effective way to check the
comparability assumption.

By the use of the double expectation formula, the t∗-year survival probabilities in (4) can be expressed as a system of
K unbiased estimating equations

E
[
I(Z ∈ Ωk){exp{−Λ0(t∗) − 𝜷TZt∗} − (𝜙k + 𝜏k)}

]
= 0,

for k = 1, … ,K, under the additive risk model in (1). Write 𝛼 = Λ0(t∗), and define

𝜓

(k)(Z; 𝜷, 𝛼, 𝝉) = I(Z ∈ Ωk){exp{−𝛼 − 𝜷TZt∗} − (𝜙k + 𝜏k)},

for k = 1, … ,K. The population moment equations can be approximated by the sample moment estimating equations

Ψ(k)n (𝝃) =
1
n

n∑

i=1
𝜓

(k)(Zi; 𝜷, 𝛼, 𝝉) = 0, k = 1, … ,K, (5)

where 𝝃 = (𝜷T
, 𝛼, 𝝉T)T . We need to estimate 𝜷 and identify non-zero components of 𝝉 to properly incorporate the auxiliary

information from the external study.
We can combine both the estimating function𝚽n(𝜷) in (2) and the estimating functions𝚿n(𝝃) = (Ψ(1)n (𝝃), … ,Ψ(k)n (𝝃))T

derived from the auxiliary survival information in the following way. Specifically, we consider the penalized GMM
estimator that minimizes the following loss function

Qn(𝝃) = Un(𝝃)TWnUn(𝝃) + 𝜆n

K∑

k=1
wk|𝜏k|, (6)

where Un(𝝃) = (𝚿n(𝝃)T ,𝚽n(𝜷)T)T , Wn is a specified positive definite weight matrix, 𝜆n is a tuning parameter that
controls the strength of the penalty, and w = (w1, … ,wk)T is a positive weight vector that is chosen adaptively by
data.

The specification for Wn and w is crucial to achieve an optimal solution. In this paper, we recommend to set Wn
as the inverse of an estimate of 𝚺(𝝃0), where 𝝃0 is the true value of 𝝃 and 𝚺(𝝃0) is the asymptotic covariance matrix of
√

nUn(𝝃0). This is an optimal choice of weight matrix that yields an efficient estimator when penalty is absent in (6).
Let ̂𝝃1 = ( ̂𝜷T

LY, 𝛼̂LY, 𝝉̃
T)T be an initial estimator, where ̂𝜷LY denotes Lin and Ying (1994)’s estimator, 𝛼̂LY = ̂Λ0(t∗, ̂𝜷LY) is an

estimator for the cumulative hazard function evaluated at t∗ and 𝜏k is given by

𝜏k =
∑n

i=1I(Zi ∈ Ωk) exp
{
− 𝛼̂LY − ̂𝜷

T
LYZit∗

}

∑n
i=1I(Zi ∈ Ωk)

− 𝜙k. (7)

We note that 𝜏k is obtained by setting (5) to be equal to 0 and then solving for 𝜏k directly. Such an initial estimator is
consistent but not efficient since the external information is not utilized for estimating the regression coefficients. We
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898 DING et al.

next write An(𝝃) = diag
{

1
n

∑n
i=1𝜓

(k)(Zi; 𝜷, 𝛼, 𝝉)2
}

k=1,… ,K
and

̂𝚺(𝝃) =
(

An(𝝃) 0
0 1

n

∑n
i=1∫

+∞
0 {Zi − Z(t)}⊗2dNi(t)

)

,

where 0 represents a matrix of 0s with conformable dimension. Note that we have set the off-diagonal elements of the
block matrix ̂𝚺( ̂𝝃1) to be 0 directly. The reason lies in the fact that the two sets of estimating equations in Un(𝝃) are
asymptotically uncorrelated. See Lemma 1 in the Appendix. Meanwhile, 𝚺(𝝃0) can be consistently estimated by ̂𝚺( ̂𝝃1)
and we set Wn = ̂𝚺( ̂𝝃1)−1. It can be easily shown that, 𝝉̃ = (𝜏1, … , 𝜏K)T is indeed a

√
n-consistent estimator of 𝝉 . For

k = 1, … ,K, we propose to set wk = 1∕𝜏k.
Finally, by substituting the recommended Wn and w into the target objective function Qn(𝝃) in (6), our proposed

estimator is given by

̂𝝃 = arg min
𝝃

{

Un(𝝃)TWnUn(𝝃) + 𝜆n

K∑

k=1
|𝜏k|∕|𝜏k|

}

,

where ̂𝝃 = ( ̂𝜷T
, 𝛼̂, 𝝉̂T)T . We shall refer to this proposed estimator as the adaptive generalized method of moments (AGMM)

estimator in the sequel.
Although we present our estimation method using the adaptive lasso penalty proposed by Zou,31 many other familiar

choices for penalty function P
𝜆n(⋅) can also be considered, for example, the SCAD penalty by Fan and Li.30 Comparing to

those non-convex penalty functions, the adaptive Lasso is relatively easy to implement and generally converges very fast.
Later we shall provide more details for a computationally efficient algorithm for optimizing Qn(𝝃).

Note that if we are sure that all the auxiliary t∗-year survival probabilities  obtained from the external study are
comparable to the internal data, that is, 𝜙∗k = 𝜙k for all k = 1, … ,K, we can directly set the nuisance parameters 𝝉 = 0
and ̃𝝃

1 = ( ̂𝜷T
LY, 𝛼̂LY, 0T)T in the minimization of Qn(𝝃). This estimation procedure does not involve any unknown 𝝉 to

accommodate the potential violation of the comparability assumption. We refer to the resulting estimator of 𝜷 as the GMM
estimator and denote it by ̂𝜷GMM. When all the auxiliary subgroup survival rates are comparable, ̂𝜷GMM may perform better
than our proposed AGMM estimator ̂𝜷 due to its simplicity. Otherwise, if some of the auxiliary subgroup survival rates
indeedly violate the comparability assumption, ̂𝜷GMM is not even consistent, as will be demonstrated in our numerical
study.

Throughout the derivation of our proposed estimator, we have implicitly assume that probability values in  come
from an external study with sufficiently large sample so that the uncertainty in 𝜙k (k = 1, … ,K) is negligible compared
to the internal study. In another word, the 𝜙k values are treated as fixed instead of random. Such an assumption has been
adopted in similar studies.11,24,25 We have more discussions in Section 6.

3.2 Computations

In this subsection, we discuss some computational issues in implementing the proposed estimation method. For our
objective function Qn(𝝃) in (6), there are totally p + 1 + K components in 𝝃. When the number of auxiliary statistics K is
large, directly minimizing Qn(𝝃) may be computationally intensive.

Denote Dn = 1
n

∑n
i=1∫

∞
0 {Zi − Z(t)}⊗2dNi(t) and 𝜓̂ (k)

𝜓

= 1
n

∑n
i=1𝜓

(k)(Zi; ̂𝜷LY , 𝛼̂LY, 𝝉̃)2 for k = 1, … ,K. Using the fact that

the matrix Wn is a block diagonal matrix composed of An( ̂𝝃
1)−1 and D−1

n , and An( ̂𝝃
1) is a diagonal matrix whose diagonal

elements are 𝜓̂ (k)
𝜓

, k = 1, … ,K, we can rewrite Qn(𝝃) in the following form

Qn(𝝃) = 𝚽n(𝜷)TD−1
n 𝚽n(𝜷) +

K∑

k=1

{
(ak(𝜷, 𝛼) − bk(𝜷, 𝛼) ⋅ 𝜏k)2 + 𝜆n|𝜏k|∕|𝜏k|

}
, (8)

where ak(𝜷, 𝛼) =
∑n

i=1
[
I(Zi ∈ Ωk) exp{−𝛼 − 𝜷TZit∗} − 𝜙k

]
∕(n2

𝜓̂

(k)
𝜓

)1∕2 and bk(𝜷, 𝛼) =
∑n

i=1I(Zi ∈ Ωk)∕(n2
𝜓̂

(k)
𝜓

)1∕2 for k =
1, … ,K. Based on this sort of “quadratic” representation, it can be easily shown that the objective function Qn(𝝃) is
convex with respect to the parameters 𝝉 .
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DING et al. 899

Note that for any given 𝜷 and 𝛼, Qn(𝝃) in (8) can be uniquely minimized at 𝝉̂P(𝜷, 𝛼) = (𝜏P
1 (𝜷, 𝛼), … , 𝜏

P
K(𝜷, 𝛼))T which

has an explicit expression

𝜏

P
k (𝜷, 𝛼) = arg min

𝜏k

{
(ak(𝜷, 𝛼) − bk(𝜷, 𝛼) ⋅ 𝜏k)2 + 𝜆n|𝜏k|∕|𝜏k|

}

= 1
2b2

k(𝜷, 𝛼)
𝜂S (2ak(𝜷, 𝛼)bk(𝜷, 𝛼), 𝜆n∕|𝜏k|) ,

for all k = 1, … ,K, where

𝜂S(𝜔, 𝜆) = sign(𝜔) ⋅ (|𝜔| − 𝜆)+.

The function 𝜂S(𝜔, 𝜆) is in fact the well-known soft-thresholding function in machine learning.50 Thus, we minimize
the profiled function QP

n(𝜷, 𝛼) = Qn
(
𝜷, 𝛼, 𝝉̂P(𝜷, 𝛼)

)
to obtain the estimator ̂𝜷 and 𝛼̂ by the Nelder-Mead algorithm and

update 𝝉̂ = 𝝉̂P( ̂𝜷, 𝛼̂).51 The resulting minimizer of this profiled minimization procedure is equivalent to that of minimizing
Qn(𝝃) directly by the convexity of the function. This profiled estimation algorithm is efficient since no matter how many
components of the vector 𝝉 we have, they will not be included in the minimization step of QP

n(𝜷, 𝛼). The computation of
estimating p + 1 regular regression parameters is much more affordable than the original optimization problem. We find
very stable performance of this method in our simulation studies.

3.3 Selection of the tuning parameter

The selection consistency of adaptive lasso depends on an appropriate choice of the tuning parameter. To choose the
optimal tuning parameter 𝜆n, we propose to use the following Bayesian information criterion (BIC)

BIC(𝜆n) = U( ̂𝝃
𝜆n
)TW−1

n U( ̂𝝃
𝜆n
) +

log(n)
n
||,

where |A| is the cardinality of the set A and  = {k ∶ 𝜏k ≠ 0, k = 1, … ,K}.52 The BIC balances the model fits and
the model complexity and enjoys a solid theoretical support in the literature. Thus, the best 𝜆n is chosen as ̂

𝜆n =
arg min

𝜆n∈Υ BIC(𝜆n) where Υ is a pre-defined set of candidate values of 𝜆n.

3.4 Asymptotic properties

We establish asymptotic properties of our proposed AGMM estimator ̂𝝃 = ( ̂𝜷T
, 𝛼̂, 𝝉̂T)T in this subsection, where true values

of these parameters are denoted as 𝝃0 = (𝜷T
0 , 𝛼0, 𝝉

T
0 )

T . Write the true parameter vector of 𝝉 as 𝝉0 = (𝝉T
10, 𝝉

T
20)

T , where 𝝉10
consists of s < K nonzero components and 𝝉20 consists of the remaining K − s zero components. Correspondingly, we
write the estimator of 𝝉 from (6) as 𝝉̂ = (𝝉̂T

1 , 𝝉̂
T
2 )T . We need to assume the regularity conditions in Lin and Ying33 so that the

asymptotic properties of ̂𝜷LY can hold. To obtain the asymptotic results of our AGMM estimator, we impose the following
technical assumptions:

(C1) The true regression parameter value 𝜷0 and 𝛼0 = Λ0(t∗) are both interior points in their respective compact
parameter spaces.

(C2) The estimating equation for each auxiliary subgroup survival probability has nonzero variance, that is, the value
E{𝚿(Z; 𝜷0, 𝛼0, 𝝉0)2} is strictly positive for k = 1, … ,K.

(C3) For k = 1, … ,K, E{||I(Z ∈ Ωk)Z⊗2||} are bounded, where ||A|| = max
{∑n

i=1|ai1|, … ,

∑n
i=1|ain|

}
denotes the

matrix maximum absolute column sum 1−norm of an n × n matrix A = (aij).

Assumption (C1) is necessary to ensure the existence of the estimator we are interested in. From Assumption (C2),
it is easy to derive that for k = 1, … ,K, P(Z ∈ Ωk) > 0 implies that for sufficiently large sample each subgroup Ωk will
be allocated with some observations. Assumption (C3) is needed to guarantee that the second partial derivatives of the
estimating functions are uniformly bounded.

The following theorem shows that ̂𝝃 is
√

n−consistent if 𝜆n → 0 at an appropriate rate.
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900 DING et al.

Theorem 1. Under the regularity assumptions (C1) − (C3), if
√

n𝜆n = Op(1), then there exists a local minimizer ̂𝝃 of Qn(𝝃)
such that || ̂𝝃 − 𝝃0|| = Op(n−1∕2).

Next we show that, when 𝜆n is chosen properly, the estimator of 𝝉 has the oracle property, that is, as n goes to infinity,
𝝉̂ can perform as well as if the sparse structure was known in advance.

Theorem 2. Assume that
√

n𝜆n → 0, n𝜆n →∞, and there exists at least one k, such that, 𝜏k = 0. Then, under the regularity
assumptions (C1) − (C3), with probability tending to 1, the

√
n−consistent estimator 𝝉̂ must satisfy the following conditions:

(i) (Sparsity) 𝝉̂2 = 0;
(ii) (Asymptotic normality)

√
n(𝝉̂1 − 𝝉10) −→N(0, (M22 −M21M−1

11 M12)−1) in distribution as n tends to infinity,
where M11,M12,M21, and M22 are specified in the Appendix.

Define𝝍𝜷 = E
{
𝜕𝚿(𝝃)
𝜕𝜷
|𝝃=𝝃0

}

and𝝍𝝉1
= E
{
𝜕𝚿(𝝃)
𝜕𝝉1
|𝝃=𝝃0

}

. The large sample properties of our proposed AGMM estimator
̂𝜷 is provided in the following theorem.

Theorem 3. Let 𝚺LY be the asymptotic variance-covariance of ̂𝜷LY and define

𝚺0 = 𝝍T
𝜷
{H1 −H1𝝍𝝉1

(𝝍T
𝝉1

H1𝝍𝝉1
)−1𝝍T

𝝉1
H1}𝝍𝜷 ,

where H1 is a positive semi-definite matrix specified in the Appendix. Then, under the same regularity assumptions of
Theorem 2, we have

√
n( ̂𝜷 − 𝜷0)

d
−−→N(0, (𝚺−1

LY + 𝚺0)−1).

Remark 1. Assuming that we know which of the available auxiliary subgroup survival probabilities in are comparable
ones in advance, we can use their𝜙k values in the framework of the GMM procudure directly without including additional
nuisance parameters 𝝉 and the resulting estimator may be denoted as the oracle GMM estimator ̂𝜷OGMM. Theorem 2
states that our proposed AGMM estimation procedure can consistently identify all potentially auxiliary subgroup survival
rates ̃ that are derived from undesirable subgroups that produce biased values. After tedious calculation given in the
Appendix, we can show that the asymptotic variance-covariance of

√
n( ̂𝜷OGMM − 𝜷0) coincides with that of

√
n( ̂𝜷 − 𝜷0)

in Theorem 3, that is, (𝚺−1
LY + 𝚺0)−1. This implies that our proposed AGMM estimator ̂𝜷 achieves the same asymptotic

efficiency as if no discordant auxiliary information is involved.

Remark 2. Note that if we set 𝚺1 = 𝝍T
𝜷

H1𝝍𝜷 , the asymptotic variance-covariance of
√

n( ̂𝜷GMM − 𝜷0) can be expressed as
(𝚺−1

LY + 𝚺1)−1. Using the fact that matrices 𝚺0, 𝚺1 and 𝚺1 − 𝚺0 are all positive semi-definite, we have

(𝚺−1
LY + 𝚺1)−1

≤ (𝚺−1
LY + 𝚺0)−1

≤ 𝚺LY,

immediately suggesting that the proposed AGMM estimator ̂𝜷 is more efficient than ̂𝜷LY which uses the internal data only,
but may be less efficient than ̂𝜷GMM. When 𝝉0 = 0, that is, all the auxiliary subgroup survival probabilities are correctly
specified and homogeneity assumption is satisfied, the matrix 𝚺0 reduces to 𝚺1, indicating that our proposed AGMM
estimator ̂𝜷 is as efficient as ̂𝜷GMM despite the inclusion of nuisance parameters. However, when 𝝉0 ≠ 0, that is, incom-
parability exists, although the first inequality still holds, the seemingly efficiency gain for ̂𝜷GMM is meaningless since
the estimating equations have nonzero expectations and the corresponding estimator is inconsistent, as will be clearly
demonstrated in our simulation studies.

For the purpose of risk predication, we need to study the asymptotic property of ̂Λ0(t, ̂𝜷). Denote ̂S(t|Z, ̂𝜷) =
exp(− ̂Λ0(t, ̂𝜷) − t ̂𝜷TZ), which serves as an estimator for S(t|Z) = exp(−Λ0(t) − t𝜷T

0 Z).

Theorem 4. Suppose that the same regularity assumptions of Theorem 2 holds as well, and for a 𝜁 > 0, these
exists continuous and bounded functions g(t) and 𝚪(t) such that supt∈(0,𝜁]

|
|
∑n

i=1∫
t

0 n∕
{∑n

j=1Yj(u)
}2dNi(u) − g(t)||

p
−−→ 0,

and supt∈(0,𝜁] ||
∑n

i=1∫
t

0 {Zi − Z(u)}∕{
∑n

j=1Yj(u)}dNi(u) − 𝚪(t)||
p
−−→ 0. Then, given Z, we have n1∕2{ ̂Λ0(t, ̂𝜷) − Λ0(t)} and

n1∕2{ ̂S(t|Z, ̂𝜷) − S(t|Z)} converge weakly to mean zero Gaussian processes with covariance functions at (t1, t2) given by
CΛ(t1, t2) and CS(t1, t2), respectively, where CΛ(t1, t2) and CS(t1, t2) are specified in the Appendix.
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DING et al. 901

3.5 Extension to auxiliary information from multiple time points

We have focused on the scenario in which the external information is aggregate survival rates across different subgroups
at a single time point. In practice, inspired by the fact that the survival probabilities of subjects change over time, aggregate
survival information may be available at multiple time points (eg, 1-year and 3-year survival rates). The proposed method
above can be readily generalized to accommodate such information. In this subsection, we formulate the subgroup sur-
vival probabilities at more than one survival time point, which promotes the utilization of the auxiliary time-varying
survival information. More precisely, for the internal data we are interested in, the true underlying survival rates can be
formulated in the form

P(T > t∗j |Z ∈ Ωjk) = 𝜙∗jk, (9)

for j = 1, … ,L and k = 1, … ,Kj, where Ωjk denotes the kth subgroup at the prespecified jth time point t∗j . The observed
auxiliary survival rates from external study are {𝜙jk, j = 1, … ,L and k = 1, … ,Kj}. Similarly, for each of these values,
we should be cautious about whether 𝜙∗jk = 𝜙jk or not.

Denote K =
∑L

j=1Kj and 𝛼j = Λ0(t∗j ) for j = 1, … ,L. After introducing an unknown K-dimensional parameter vector
𝝉 = (𝜏11, … , 𝜏1K1 , … , 𝜏L1 … , 𝜏LKL)

T , we can write equation (9) into P(T > t∗j |Z ∈ Ωjk) = 𝜙jk + 𝜏jk, which immediately
suggest the following estimation equations

Ψ(jk)n (𝝃) = 1
n

n∑

i=1
I(Zi ∈ Ωjk)

{
exp
{
− 𝛼j − 𝜷TZt∗j

}
− (𝜙jk + 𝜏jk)

}
, (10)

for j = 1, … ,L and k = 1, … ,Kj, where 𝝃 = (𝜷T
,𝜶, 𝝉T)T and 𝜶 = (𝛼1, … , 𝛼L)T . Then, we consider the penalized GMM

estimator that minimizes the following loss function

Qn(𝝃) = Un(𝝃)TWnUn(𝝃) + 𝜆n

L∑

j=1

Kj∑

k=1
wjk|𝜏jk|, (11)

where𝚿n(𝝃) = (Ψ(11)
n (𝝃), … ,Ψ(1K1)

n (𝝃), … ,Ψ(L1)
n (𝝃), … ,Ψ(LKL)

n (𝝃))T and Un(𝝃) = (𝚿n(𝝃)T ,𝚽n(𝜷)T)T . The specifications of
Wn, 𝜆n and w = (w11, … ,w1K1 , … ,wL1, … ,wLKL)

T can follow a similar construction as in the preceding subsections.

4 NUMERICAL STUDIES

We next conduct simulation studies to evaluate the finite sample performance of our proposed AGMM estimator. In the
first part, we generate data from a pre-specified distribution for simulation. In the second part, we use a real data set with
moderate scale sample size, and randomly select a small subsample from it as the internal research.

4.1 Simulated data sets

In this subsection, we considered two covariates Z1 and Z2 in our simulation studies, with Z1 generated from a uniform
distribution on [0, 1] and Z2 generated from a Bernoulli distribution with the success probability of 0.5. Given the values
of Z1 = z1 and Z2 = z2, we considered the additive risk model for the potential failure time as 𝜆(t|z1, z2) = 2t + 𝛽1z1 + 𝛽2z2,
where we set the true values of the regression parameters as (𝛽1, 𝛽2) = (0.5, 0.8). The potential censoring time variable C
was generated from a uniform distribution on [0, c]. We set c = 2.2 and 1.3 respectively, and the resulting censoring rates
were approximately 30% and 50%. Sample sizes of 300 and 500 were used, and each scenario had 300 repetitions. We
considered three settings for possible relationships between the internal study and external aggregate information.

Setting 1. We derived the auxiliary survival probabilities at t∗ = 0.5 for 6 subgroups: Ω1 = {(Z1,Z2) ∶ 0.67 ≤ Z1 ≤

1.00,Z2 = 0}, Ω2 = {(Z1,Z2) ∶ 0.33 ≤ Z1 < 0.67,Z2 = 0}, Ω3 = {(Z1,Z2) ∶ 0.00 ≤ Z1 ≤ 0.33,Z2 = 0}, Ω4 = {(Z1,Z2) ∶
0.67 ≤ Z1 ≤ 1.00,Z2 = 1}, Ω5 = {(Z1,Z2) ∶ 0.33 ≤ Z1 < 0.67,Z2 = 1}, and Ω6 = {(Z1,Z2) ∶ 0.00 ≤ Z1 ≤ 0.33,Z2 = 1}.
The true underlying survival information of survival probabilities for these six subgroups were 𝜙

∗
1 = P(T >
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902 DING et al.

t∗|Z ∈ Ω1) = 0.632, 𝜙

∗
2 = P(T > t∗|Z ∈ Ω2) = 0.687, 𝜙

∗
3 = P(T > t∗|Z ∈ Ω3) = 0.747, 𝜙

∗
4 = P(T > t∗|Z ∈ Ω4) = 0.424,

𝜙

∗
5 = P(T > t∗|Z ∈ Ω5) = 0.461, and𝜙∗6 = P(T > t∗|Z ∈ Ω6) = 0.501, respectively. The observed survival rates we obtained

were set to be (𝜙1, 𝜙2, 𝜙3, 𝜙4, 𝜙5, 𝜙6) = (0.482, 0.587, 0.747, 0.424, 0.461, 0.701), indicating that there were 3 undesirable
subgroupsΩ1,Ω2,Ω6 that produce discordant survival probabilities, and thus (𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6) = (0.15, 0.1, 0, 0, 0,−0.2).

Setting 2. We considered the case where there were more auxiliary survival probabilities available from external
studies and more discordant ones, which was obviously much more complicated than the first setting of simula-
tion experiments. We derived the auxiliary survival probabilities at t∗ = 0.5 for 10 subgroups: Ω1 = {(Z1,Z2) ∶ 0.8 ≤
Z1 ≤ 1.0,Z2 = 0}, Ω2 = {(Z1,Z2) ∶ 0.6 ≤ Z1 < 0.8,Z2 = 0}, Ω3 = {(Z1,Z2) ∶ 0.4 ≤ Z1 ≤ 0.6,Z2 = 0}, Ω4 = {(Z1,Z2) ∶
0.2 ≤ Z1 ≤ 0.4,Z2 = 0}, Ω5 = {(Z1,Z2) ∶ 0.0 ≤ Z1 < 0.2,Z2 = 0}, Ω6 = {(Z1,Z2) ∶ 0.8 ≤ Z1 ≤ 1.0,Z2 = 1}, Ω7 =
{(Z1,Z2) ∶ 0.6 ≤ Z1 < 0.8,Z2 = 1},Ω8 = {(Z1,Z2) ∶ 0.4 ≤ Z1 ≤ 0.6,Z2 = 1},Ω9 = {(Z1,Z2) ∶ 0.2 ≤ Z1 ≤ 0.4,Z2 = 1}, and
Ω10 = {(Z1,Z2) ∶ 0.0 ≤ Z1 < 0.2,Z2 = 1}. The true underlying survival information of survival probabilities for these
ten subgroups were 𝜙

∗
1 = P(T > t∗|Z ∈ Ω1) = 0.622, 𝜙∗2 = P(T > t∗|Z ∈ Ω2) = 0.654, 𝜙∗3 = P(T > t∗|Z ∈ Ω3) = 0.688,

𝜙

∗
4 = P(T > t∗|Z ∈ Ω4) = 0.723, 𝜙

∗
5 = P(T > t∗|Z ∈ Ω5) = 0.760, 𝜙

∗
6 = P(T > t∗|Z ∈ Ω6) = 0.417, 𝜙

∗
7 = P(T > t∗|Z ∈

Ω7) = 0.438, 𝜙

∗
8 = P(T > t∗|Z ∈ Ω8) = 0.461, 𝜙

∗
9 = P(T > t∗|Z ∈ Ω9) = 0.484 and 𝜙

∗
10 = P(T > t∗|Z ∈ Ω10) = 0.509,

respectively. The observed survival rates we obtained were set to be (𝜙1, 𝜙2, 𝜙3, 𝜙4, 𝜙5, 𝜙6, 𝜙7, 𝜙8, 𝜙9, 𝜙10) =
(0.422, 0.454, 0.588, 0.723, 0.760, 0.417, 0.438, 0.461, 0.334, 0.659), indicating that there were 5 undesirable sub-
groups Ω1, Ω2, Ω3, Ω9, Ω10 that produce discordant survival probabilities, and (𝜏1, 𝜏2, 𝜏3, 𝜏4, 𝜏5, 𝜏6, 𝜏7, 𝜏8, 𝜏9, 𝜏10) =
(0.2, 0.2, 0.1, 0, 0, 0, 0, 0, 0.15,−0.15).

Setting 3. A case with auxiliary subgroup survival probabilities at 2 time points, that is, t∗1 = 0.5 and t∗2 = 0.7, was
considered. The auxiliary survival probabilities derived at t∗1 = 0.5 were the same as those in setting 1, and we denoted
the corresponding 6 groups as Ω11, Ω12, Ω13, Ω14, Ω15 and Ω16. At t∗2 = 0.7, we derived the auxiliary survival probabilities
for another 4 subgroups: Ω21 = {(Z1,Z2) ∶ Z1 ≥ 0.5,Z2 = 0}, Ω22 = {(Z1,Z2) ∶ Z1 < 0.5,Z2 = 0}, Ω23 = {(Z1,Z2) ∶ Z1 ≥

0.5,Z2 = 1} and Ω24 = {(Z1,Z2) ∶ Z1 < 0.5,Z2 = 1}. The true underlying survival information of survival probabilities
for these subgroups were 𝜙∗11 = P(T > t∗|Z ∈ Ω11) = 0.632, 𝜙∗12 = P(T > t∗|Z ∈ Ω12) = 0.687, 𝜙∗13 = P(T > t∗|Z ∈ Ω13) =
0.747, 𝜙∗14 = P(T > t∗|Z ∈ Ω14) = 0.424, 𝜙∗15 = P(T > t∗|Z ∈ Ω15) = 0.461, 𝜙∗16 = P(T > t∗|Z ∈ Ω16) = 0.501, 𝜙∗21 = P(T >

t∗|Z ∈ Ω21) = 0.472, 𝜙∗22 = P(T > t∗|Z ∈ Ω22) = 0.562, 𝜙∗23 = P(T > t∗|Z ∈ Ω23) = 0.269 and 𝜙

∗
24 = P(T > t∗|Z ∈ Ω24) =

0.321, respectively. The observed survival rates we obtained were set to be (𝜙11, 𝜙12, 𝜙13, 𝜙14, 𝜙15, 𝜙16, 𝜙21, 𝜙22, 𝜙23, 𝜙24) =
(0.482, 0.587, 0.747, 0.424, 0.461, 0.701, 0.472, 0.562, 0.119, 0.171), indicating that there were 5 undesirable subgroups
Ω11, Ω12, Ω16, Ω23, Ω24 that produce discordant survival probabilities, and (𝜏11, 𝜏12, 𝜏13, 𝜏14, 𝜏15, 𝜏16, 𝜏21, 𝜏22, 𝜏23, 𝜏24) =
(0.15, 0.1, 0, 0, 0,−0.2, 0, 0, 0.15, 0.15).

In addition to reporting the performance of our proposed AGMM method, we also considered various competing
methods, including Lin and Ying’s33 estimator, the GMM estimator and the oracle GMM estimator. Note that the oracle
estimator was usually unavailable in a practical setting and was only used in this simulation as a reference. For compar-
ison, we also conducted simulation studies of the estimator derived using the empirical likelihood method15 under the
comparability assumption, referred to as EL. Before examining the estimated regression coefficients 𝜷, we first checked
whether our method can consistently estimate 𝝉 and identified nonzero components correctly. In Table 1, we reported
the frequency with which each 𝜏k was estimated as nonzero, and also the average numbers of correct and incorrect zero
estimates over 300 Monte Carlo replicates. To measure prediction accuracy of 𝝉 , the mean squared errors (𝝉̂ − 𝝉)T(𝝉̂ − 𝝉)
were also summarized. Standard errors were given in parentheses. Overall, we can see from Table 1 that our proposed
AGMM method performed well, being able to correct undesirable auxiliary information from the external study.

Next, we summarized the simulation results of the estimated regression coefficients 𝜷 in Tables 2–4 for the three
settings. The summary statistics were the average biases (Bias), the sample standard deviation (SD), the average estimated
standard errors (SE), the average square root of mean squared errors (RMSE) and the empirical coverage probability
(CP) of 95% confidence intervals. We further calculated the relative efficiency (RE), which was computed as the ratio
of the RMSE from each of the three methods with that from the oracle GMM method. Note that we only presented the
simulation results of the EL estimator under setting 1, which is relatively simple. For setting 2 and 3, subtantial biases
were observed due to much more complicated incomparability settings, and in a large fraction of simulations, the program
fails to converge for the empirical likelihood method. We thus did not present those results.

From Table 2, we can observe a quite large efficiency gain in the standard error estimates for those methods using sub-
group survival rates as auxiliary information under setting 1. By using the correct auxiliary subgroup survival rates only,
the oracle GMM estimator has the smallest SDs and RMSEs, as expected. As we can see, since part of the external survival
probabilities did not match well with that of the internal data, the biases of the GMM and EL estimators were quite sub-
stantial. These approaches may generate misleading inferences with coverage probabilities less than 10%, and it did not
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DING et al. 903

T A B L E 1 Performance of the AGMM method in sparse estimation of 𝝉 under different settings

N CR G1 G2 G3 G4 G5 G6 G7 G8 G9 G10 Corr. Incorr. MSE

Setting 1

300 30% 78 83 13 19 13 98 — — — — 2.55 0.41 0.0125(0.021)

50% 76 81 10 18 19 97 — — — — 2.53 0.46 0.0147(0.023)

500 30% 96 94 6 5 7 100 — — — — 2.81 0.11 0.0038(0.011)

50% 89 90 10 9 8 99 — — — — 2.73 0.22 0.0073(0.016)

Setting 2

300 30% 98 100 90 21 19 18 21 20 100 89 4.01 0.23 0.0164(0.032)

50% 97 100 92 23 18 18 22 24 99 86 3.95 0.26 0.0192(0.035)

500 30% 100 100 94 13 10 7 9 6 100 98 4.56 0.08 0.0048(0.016)

50% 100 100 94 15 11 9 15 13 100 95 4.37 0.11 0.0075(0.020)

Setting 3

300 30% 92 84 14 9 11 100 16 4 100 98 4.46 0.26 0.0139(0.031)

50% 91 85 13 8 12 99 20 2 99 98 4.45 0.28 0.0155(0.037)

500 30% 98 93 7 3 3 100 4 1 100 100 4.83 0.09 0.0034(0.012)

50% 97 92 8 4 4 100 6 1 100 100 4.78 0.11 0.0053(0.017)

Note: Column G1 to Column G10 summarize the frequency of nonzero estimates for the groups. CR, the censoring rates; MSE, mean squared error;
Corr., average number of correct zeros; Incorr., average number of incorrect zeros.

improve with increasing sample sizes and decreasing censoring rates. In contrast, our proposed AGMM method could
adaptively detect discordant survival rates from heterogeneous subgroups and incorporate the external data appropri-
ately, resulting in more reasonable estimators and inference results. Although the AGMM estimation involved additional
parameters 𝝉 to account for the potential disparities, it was still more efficient than the classical LY method, with smaller
SDs and RMSEs. And it is worth noting that our method was only slightly inferior to the oracle estimator, indicating that
it can perform well as if all the incorrect auxiliary survival rates have been excluded from consideration. We could also
find that the SEs and SDs of the AGMM estimator were similar to each other, and the coverage probabilities were close
to the nominal level, which affirmed our theoretical results.

Under setting 2 (Table 3), the proposed AGMM method still performed well in terms of estimating the regression
coefficients 𝜷 and efficiency gain. In contrast, the biases of the GMM estimator which used auxiliary information directly
without considering the potential heterogeneity problem were not ignorable, and even larger than that in setting 1, due
to the larger number of heterogeneous subgroups that provide auxiliary survival rates. Hence, any efficiency gain for the
GMM method was spurious. In comparison, even in this more complicated case, our AGMM estimator could still perform
as well as the oracle procedure, similar to the simulation results in the first setting. Under setting 3 (Table 4), similar
results can be observed as before.

To evaluate the performances of risk predication, we also presented the estimates of the baseline cumulative
hazard function under settings 1-3. We summarized the results for estimating Λ0(t) at four pre-specified points t ∈
{0.3, 0.6, 0.9, 1.2} in Table 5, where 0.6 is roughly the median and 1.2 is the 90th percentile of the survival time. For GMM
and AGMM methods, we calculated the relative efficiency (RE), which was computed as the ratio of the RMSE from
either method over that from the LY method. These results indicated that the AGMM method can further improve the
efficiency for the estimation of the nonparametric component.

In summary, our proposed AGMM maintains a steady performance under all the settings considered in this simulation
study. It is desirable to implement this approach to achieve consistent and efficient estimation.

4.2 Auxiliary information from a moderate scale study: AIDS data

In the second part of our simulation studies, we apply the proposed approach to a data from the AIDS Clinical Trials
Group protocol 175, a study that equally randomized 2139 patients to four antiretroviral regimens.53 We fitted an additive
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904 DING et al.

T A B L E 2 Simulation results for regression coefficients under setting 1

𝜷1 𝜷2

CR Method Bias SD SE RMSE CP RE Bias SD SE RMSE CP RE

Sample Size = 300

30% Oracle 0.002 0.0311 0.0289 0.0311 0.920 — −0.002 0.0173 0.0167 0.0175 0.927 —

LY 0.001 0.3134 0.3304 0.3128 0.970 10.1 0.018 0.1850 0.1997 0.1856 0.963 10.6

EL 0.768 0.3144 0.0348 0.8292 0.023 26.7 −0.414 0.1174 0.0196 0.4302 0.000 24.6

GMM 0.795 0.1061 0.0316 0.8020 0.000 25.8 −0.481 0.0778 0.0187 0.4870 0.000 27.9

AGMM 0.005 0.0320 0.0292 0.0323 0.930 1.0 −0.005 0.0176 0.0168 0.0182 0.940 1.0

50% Oracle 0.002 0.0291 0.0290 0.0292 0.943 — −0.003 0.0161 0.0167 0.0163 0.960 —

LY −0.011 0.3462 0.3461 0.3458 0.947 11.9 0.004 0.2094 0.2071 0.2091 0.973 12.8

EL 0.770 0.2996 0.0354 0.8264 0.003 28.3 −0.419 0.1260 0.0198 0.4371 0.000 26.7

GMM 0.803 0.0745 0.0315 0.8062 0.000 27.6 −0.485 0.0664 0.0189 0.4900 0.000 30.0

AGMM 0.005 0.0320 0.0299 0.0323 0.927 1.1 −0.005 0.0183 0.0179 0.0189 0.940 1.2

Sample Size = 500

30% Oracle 0.000 0.0214 0.0221 0.0214 0.973 — −0.003 0.0119 0.0129 0.0122 0.960 —

LY −0.005 0.2452 0.2555 0.2449 0.960 11.5 −0.016 0.1502 0.1533 0.1508 0.960 12.4

EL 0.714 0.3527 0.0265 0.7963 0.013 37.3 −0.406 0.1269 0.0150 0.4253 0.000 35.0

GMM 0.797 0.0646 0.0244 0.8000 0.000 37.4 −0.479 0.0648 0.0148 0.4835 0.000 39.8

AGMM 0.002 0.0226 0.0222 0.0227 0.960 1.1 −0.004 0.0126 0.0129 0.0132 0.950 1.1

50% Oracle −0.001 0.0230 0.0220 0.0230 0.933 — −0.001 0.0136 0.0128 0.0137 0.943 —

LY −0.008 0.2698 0.2667 0.2695 0.957 11.7 −0.014 0.1601 0.1596 0.1604 0.953 11.7

EL 0.770 0.2806 0.0272 0.8197 0.003 35.6 −0.431 0.1009 0.0151 0.4426 0.000 32.4

GMM 0.795 0.0874 0.0246 0.7999 0.000 34.8 −0.483 0.0683 0.0147 0.4875 0.000 35.7

AGMM 0.002 0.0248 0.0223 0.0248 0.903 1.1 −0.003 0.0145 0.0130 0.0149 0.920 1.1

Note: Oracle, the Oracle GMM estimator which use comparable auxiliary survival rates only; LY, Lin and Ying (1994)’s estimator; GMM, the GMM estimator
which uses available auxiliary survival rates directly; AGMM, our proposed estimator which uses available auxiliary survival rates adaptively by penalization
techniques. CR, the censoring rates; Bias, the average point estimates subtracted by the true values; SD, the sample standard deviation; SE, the average
estimated standard errors; RMSE, the average square root of mean squared errors; CP, 95% level empirical coverage rate; RE, the RMSE from each of the
three methods divided by that of the Oracle GMM method.

risk model to study the effects of two regressors: Z1, the baseline CD4 count (divided by 100) on the first time a patient had
a decline of CD4 T cell to at least 50%, which indicates a progression to AIDS or death; Z2, the treatment (taking a value of
0 if the therapy is the monotherapy and 1 for the other combined therapies). Following Huang et al11 and Han et al,16 we
randomly select a subset of 300 patients from the complete dataset as the internal individual level dataset for our analysis.
For 2139 patients in the complete dataset, the survival time ranges from 0.04 to 3.37 years with median 2.73 years, and
subjects who receive the monotherapy account for 25% of the sample. The minimum, median, and maximum of CD4
T cell count at baseline are 0, 340, and 1199, respectively. For the cases in the individual level dataset, the range of the
survival time in years is [0.12, 3.35], close to that of the complete dataset. The median is 2.73 years and the percentage of
people who receive the monotherapy is 24%. The censoring rates for the complete and individual level datasets are 75.64%
and 75.00%, respectively.

We cross-classified the patients into 4 subgroups according to the value of Z1 dichotomized at 3.4, the median
of the baseline CD4 count and the value of Z2. The four subgroups were given as Ω1 = {(Z1,Z2) ∶ Z1 < 3.4,Z2 = 1},
Ω2 = {(Z1,Z2) ∶ Z1 ≥ 3.4,Z2 = 1}, Ω3 = {(Z1,Z2) ∶ Z1 < 3.4,Z2 = 0} and Ω4 = {(Z1,Z2) ∶ Z1 ≥ 3.4,Z2 = 0}. The result-
ing survival probabilities at the median survival time 2.73-year in the four subgroups, according to the Kaplan-Meier
estimator based on the complete dataset, were 0.6428, 0.8332, 0.4636 and 0.6853, respectively. We treated these probabil-
ities as known auxiliary information for illustrating our method. Table 6 displays the point estimates (Est), the estimated
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DING et al. 905

T A B L E 3 Simulation results for regression coefficients under setting 2

𝜷1 𝜷2

CR Method Bias SD SE RMSE CP RE Bias SD SE RMSE CP RE

Sample size = 300

30% Oracle 0.001 0.0175 0.0166 0.0175 0.937 — 0.000 0.0102 0.0096 0.0102 0.920 —

LY 0.010 0.3420 0.3314 0.3416 0.940 19.5 0.000 0.2058 0.1996 0.2054 0.970 20.1

GMM 0.608 0.3481 0.0339 0.7000 0.060 39.9 −0.346 0.1756 0.0195 0.3882 0.043 38.0

AGMM 0.007 0.0187 0.0168 0.0200 0.907 1.1 −0.003 0.0102 0.0097 0.0107 0.947 1.0

50% Oracle 0.000 0.0162 0.0166 0.0162 0.953 — 0.001 0.0099 0.0096 0.0099 0.920 —

LY 0.062 0.3388 0.3467 0.3439 0.973 21.2 0.005 0.2040 0.2078 0.2038 0.970 20.5

GMM 0.641 0.3415 0.0331 0.7261 0.053 44.9 −0.368 0.1794 0.0190 0.4089 0.033 41.1

AGMM 0.006 0.0187 0.0167 0.0195 0.917 1.2 −0.002 0.0113 0.0097 0.0116 0.910 1.2

Sample size = 500

30% Oracle 0.000 0.0129 0.0128 0.0128 0.957 — 0.001 0.0072 0.0074 0.0072 0.957 —

LY −0.027 0.2440 0.2550 0.2451 0.967 19.1 −0.005 0.1433 0.1535 0.1432 0.977 19.8

GMM 0.494 0.3322 0.0264 0.5947 0.047 46.3 −0.286 0.1696 0.0154 0.3325 0.047 45.9

AGMM 0.004 0.0134 0.0129 0.0140 0.930 1.1 −0.002 0.0078 0.0078 0.0079 0.943 1.1

50% Oracle 0.000 0.0128 0.0128 0.0128 0.950 — 0.001 0.0077 0.0074 0.0077 0.950 —

LY −0.004 0.2612 0.2676 0.2608 0.953 20.4 −0.008 0.1698 0.1602 0.1697 0.937 22.0

GMM 0.553 0.3474 0.0261 0.6529 0.037 51.2 −0.318 0.1813 0.0153 0.3661 0.047 47.6

AGMM 0.003 0.0130 0.0128 0.0133 0.947 1.0 −0.001 0.0073 0.0074 0.0073 0.953 0.9

Note: The interpretations for CR, Bias, SD, SE, RMSE, CP, RE, Orace, LY, GMM and AGMM are the same as for Table 2.

standard errors (SE) and P-values for the fitted additive risk model. The estimation results of the complete dataset using
classical LY estimator were also reported as a reference (oracle). While all procedures produced similar results for the
regression parameter estimates, a large difference was observed in the standard errors. We can see that the LY estimator
was the least efficient since it did not account for information from external data. Furthermore, we find that the esti-
mation results for GMM, EL and AGMM methods are quite similar. The results are reasonable since the comparability
assumption is satisfied for this randomly generated sample.

Our proposed AGMM method detected a 𝜏3 = 0.085 discrepancy for the auxiliary survival probability for the third
group Ω3, leading to a slight efficiency loss. This may be because the external data in this example is only of mod-
erate size, resulting in a noticeable sampling variability.28 Our method seems to be rather sensitive to such sampling
non-comparability. It may be more robust than other methods compared in this section. However, more theoretical studies
on how to account for the external information with uncertainty are needed, but beyond the scope of this work.

For the purpose of illustration, we next changed the observed values of auxiliary information manually to simulate
a heterogeneous situation. Specifically, we also fitted EL, GMM, and AGMM methods when the survival rate 𝜙1 of the
first subgroupΩ1 was intentionally replaced by a different value 0.8428, that is, there was a roughly 0.2 discrepancy from
the true survival rate 𝜙∗1. Table 6 reported our estimated regression results denoted by ELH , GMMH and AGMMH . When
heterogeneous auxiliary information was present, the estimation results from the EL and GMM methods could be quite
inconsistent, for example, the sign for CD40 was even reversed. On the other hand, the AGMM method can correctly
quantify the incomparability of the survival rate for the first subgroup to be 0.14 and lead to satisfactory results.

5 REAL CASE STUDY

Neoplasms of the lungs are the leading cause of cancer incidence and mortality worldwide.54 There are many well
acknowledged risk factors of lung cancer, such as air pollution, personal characteristics and genetics. A leading cause is
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906 DING et al.

T A B L E 4 Simulation results for regression coefficients under setting 3

𝜷1 𝜷2

CR Method Bias SD SE RMSE CP RE Bias SD SE RMSE CP RE

Sample size = 300

30% Oracle 0.000 0.0180 0.0183 0.0179 0.950 — −0.002 0.0106 0.0106 0.0107 0.967 —

LY 0.002 0.3442 0.3318 0.3437 0.937 19.2 0.001 0.2074 0.1996 0.2071 0.967 19.3

GMM −0.344 1.7675 0.2191 1.7978 0.140 100.2 0.217 0.7886 0.0959 0.8166 0.127 76.2

AGMM 0.001 0.0179 0.0183 0.0180 0.963 1.0 −0.003 0.0107 0.0107 0.0110 0.963 1.0

50% Oracle −0.001 0.0186 0.0182 0.0186 0.943 — −0.002 0.0107 0.0106 0.0109 0.940 —

LY 0.056 0.3394 0.3467 0.3435 0.973 18.5 0.008 0.2053 0.2080 0.2051 0.967 18.8

GMM −0.183 1.4399 0.1802 1.4491 0.143 77.9 0.220 0.6153 0.0656 0.6527 0.187 59.9

AGMM 0.002 0.0199 0.0184 0.0199 0.940 1.1 −0.003 0.0120 0.0107 0.0125 0.923 1.1

Sample size = 500

30% Oracle −0.002 0.0146 0.0140 0.0147 0.933 — −0.001 0.0080 0.0082 0.0081 0.963 —

LY −0.033 0.2456 0.2548 0.2474 0.963 16.8 −0.008 0.1453 0.1534 0.1453 0.967 18.0

GMM −0.652 1.9270 0.2161 2.0312 0.090 138.3 0.257 0.8278 0.0739 0.8653 0.137 107.3

AGMM −0.001 0.0149 0.0141 0.0149 0.933 1.0 −0.002 0.0081 0.0082 0.0082 0.953 1.0

50% Oracle −0.001 0.0151 0.0141 0.0151 0.923 — −0.002 0.0081 0.0082 0.0084 0.970 —

LY −0.013 0.2725 0.2654 0.2724 0.923 18.0 0.008 0.1596 0.1605 0.1596 0.963 19.0

GMM −0.393 1.2937 0.1344 1.3498 0.050 89.4 0.248 0.5729 0.0624 0.6234 0.150 74.3

AGMM 0.000 0.0149 0.0142 0.0149 0.933 1.0 −0.003 0.0081 0.0083 0.0086 0.960 1.0

Note: The interpretations for CR, Bias, SD, SE, RMSE, CP, RE, Orace, LY, GMM and AGMM are the same as for Table 2.

tobacco smoking, which accounts for more than 80% of lung cancer death.55,56 We studied the association between a set
of clinical covariates and the survival of a lung adenocarcinoma cohort (LUAD) available on The Cancer Genome Atlas
(TCGA), which is a landmark cancer genomics program offering various kinds of data such as clinical data, mRNA, and
copy numbers.57,58 For the purpose of illustrating our methodology, we only focused on clinical data in this paper, so that
diagnosis age, sex and smoking history were taken into account. We used the TCGA GDC API to download the latest clin-
ical follow-up information. All data were collected on November 8, 2021 from the website of National Cancer Institute
(https://cancergenome.nih.gov/). We focused on patients whose smoking history is clear, that is, we exclude any subject
whose smoking history has not been documented or duration of quitting is unknown. After further removing patients who
had missing information regarding risk factors of interest, the internal data included 484 lung adenocarcinoma patients.

The observed survival time ranged from 0.12 to 18.66 years with mean 1.44, and males account for 45.9%. The mini-
mum, median, and maximum age of patients at initial pathologic diagnosis were 33, 66, and 88, respectively. For smoking,
we categorized patients into two main groups: smoking = 1 represents non-smokers who have never smoked during
lifetime or have reformed for greater than 15 years, and smoking = 0 represents the remaining patients. Non-smokers
accounted for 40.9% of the sample. The censoring rate was approximately 77%.

We analyzed the data using the additive risk model (1) with three covariates age, sex and smoking. Table 7 summarizes
the estimated regression coefficients using classical Lin-Ying estimator.33 It appears that older age, female and smoking
behavior were associated with a higher mortality risk. However, although the signs of these parameter estimates are
consistent with medical literature, none of these risk factors was identified as statistically significant. Such results may
be due to inefficiency since the sample size is only moderate for this study.

To improve efficiency in the estimation of the additive risk model, we sought to borrow information from the National
Cancer Institute’s Surveillance, Epidemiology, and End Results (SEER) program, which collects and publishes cancer
incidence and survival data from population-based cancer registries covering approximately 30% of the US population.
As reported by SEER using patients from 2011-2017 (https://seer.cancer.gov/explorer/): the 5 year survival rates among
lung adenocarcinoma patients were 0.232 for maleΩ1 and 0.332 for femaleΩ2, and were 0.278, 0.289, 0.309, and 0.252 for
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DING et al. 907

T A B L E 5 Simulation results for the baseline distribution function under different settings

LY GMM AGMM

CR 𝚲0(t) Bias SD RMSE Bias SD RMSE RE Bias SD RMSE RE

Setting 1

30% Λ0(0.3) 0.004 0.0538 0.0538 −0.042 0.0312 0.0521 1.0 0.000 0.0310 0.0309 0.6

Λ0(0.6) 0.001 0.1099 0.1097 −0.101 0.0674 0.1214 1.1 −0.013 0.0538 0.0552 0.5

Λ0(0.9) 0.003 0.1724 0.1722 −0.161 0.1165 0.1984 1.2 −0.010 0.1017 0.1020 0.6

Λ0(1.2) 0.017 0.2548 0.2550 −0.215 0.2055 0.2972 1.2 −0.002 0.1923 0.1920 0.8

50% Λ0(0.3) 0.006 0.0581 0.0583 −0.044 0.0307 0.0535 0.9 −0.002 0.0302 0.0302 0.5

Λ0(0.6) 0.004 0.1237 0.1235 −0.105 0.0731 0.1277 1.0 −0.020 0.0602 0.0633 0.5

Λ0(0.9) 0.009 0.1821 0.1820 −0.164 0.1335 0.2115 1.2 −0.011 0.1239 0.1242 0.7

Λ0(1.2) −0.012 0.3459 0.3455 −0.246 0.3025 0.3895 1.1 −0.036 0.2940 0.2958 0.9

Setting 2

30% Λ0(0.3) 0.011 0.0578 0.0589 −0.034 0.0385 0.0510 0.9 −0.001 0.0289 0.0289 0.5

Λ0(0.6) 0.016 0.1157 0.1166 −0.084 0.0790 0.1153 1.0 −0.005 0.0494 0.0495 0.4

Λ0(0.9) 0.032 0.1822 0.1846 −0.127 0.1461 0.1932 1.0 0.001 0.1042 0.1040 0.6

Λ0(1.2) 0.038 0.2864 0.2884 −0.183 0.2498 0.3094 1.1 0.003 0.1963 0.1960 0.7

50% Λ0(0.3) 0.005 0.0607 0.0607 −0.033 0.0409 0.0527 0.9 −0.001 0.0292 0.0292 0.5

Λ0(0.6) −0.007 0.1285 0.1285 −0.094 0.0899 0.1300 1.0 −0.017 0.0521 0.0546 0.4

Λ0(0.9) −0.008 0.1992 0.1990 −0.145 0.1574 0.2139 1.1 −0.017 0.1241 0.1251 0.6

Λ0(1.2) −0.009 0.3879 0.3874 −0.195 0.3623 0.4110 1.1 −0.042 0.3225 0.3247 0.8

Setting 3

30% Λ0(0.3) 0.003 0.0566 0.0566 −0.037 0.0351 0.0511 0.9 −0.007 0.0296 0.0303 0.5

Λ0(0.6) 0.000 0.1158 0.1156 −0.088 0.0801 0.1192 1.0 −0.020 0.0505 0.0543 0.5

Λ0(0.9) 0.017 0.1809 0.1814 −0.122 0.1295 0.1776 1.0 −0.018 0.0943 0.0958 0.5

Λ0(1.2) 0.026 0.2685 0.2693 −0.166 0.2316 0.2848 1.1 −0.018 0.2015 0.2021 0.8

50% Λ0(0.3) 0.002 0.0549 0.0549 −0.036 0.0351 0.0502 0.9 −0.007 0.0301 0.0309 0.6

Λ0(0.6) 0.004 0.1132 0.1131 −0.078 0.0803 0.1120 1.0 −0.020 0.0508 0.0546 0.5

Λ0(0.9) 0.017 0.1917 0.1921 −0.114 0.1418 0.1818 0.9 −0.019 0.1224 0.1237 0.6

Λ0(1.2) 0.027 0.3621 0.3625 −0.147 0.3329 0.3635 1.0 −0.003 0.3218 0.3213 0.9

Note: The interpretations for CR, Bias, SD, RMSE, LY, GMM and AGMM are the same as for Table 2; RE, the RMSE from each of the two methods divided
by that of the LY method

patients aged between <50, 50–64, 65-74 and >74 (Ω3, … , Ω6), respectively. We consider adopting survival information
from these 6 groups. The Sargan-Hansen J-test was used to check the conformity assumption of such external information.
The null hypothesis was rejected at a type I error rate of 5% (p = 1.9 × 10−9), suggesting that part of subgroups where the
auxiliary survival information came from were highly incomparable with the individual level data. The regression results
of EL and GMM methods ignoring the heterogeneity are included in Table 7 too. By incorporating the external infor-
mation, the EL and GMM estimators obtained a substantial efficiency gain in estimating the covariate effects. However,
the estimation results are suggesting quite unreasonable direction for the estimated regression coefficients. For example,
the positive sign of smoking indicated that non-smokers have a higher mortality risk, and similarly, the negative sign of
age indicating that the elders could survival better. These results were misleading and the seemingly gains in efficiency
became rather meaningless.

Finally, we applied the proposed AGMM methods to synthesize the auxiliary subgroup survival information from
heterogeneous subgroups. Specifically, we first identified a possible range for the turning parameter 𝜆n and then used a
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908 DING et al.

T A B L E 6 Estimation results for the AIDS simulated data

cd40 treat

Method Est SE P-value Est SE P-value

Complete −0.0360 0.0039 <0.0001 −0.0759 0.0124 <0.0001

LY −0.0318 0.0088 0.0003 −0.0408 0.0315 0.1953

EL −0.0497 0.0023 <0.0001 −0.0787 0.0060 <0.0001

GMM −0.0480 0.0025 <0.0001 −0.0771 0.0061 <0.0001

AGMM −0.0450 0.0025 <0.0001 −0.0651 0.0064 <0.0001

ELH 0.0020 0.0001 <0.0001 −0.0719 0.0003 <0.0001

GMMH 0.0021 0.0001 <0.0001 −0.0716 0.0003 <0.0001

AGMMH −0.0309 0.0097 0.0014 −0.0682 0.0042 <0.0001

T A B L E 7 Estimation results for the TCGA lung cancer data with auxiliary information from SEER

Age Sex Smoking

Method Est SE P-value Est SE P-value Est SE P-value

LY 0.0029 0.0018 0.1053 −0.0112 0.0324 0.7306 −0.0008 0.0377 0.9823

EL −0.0003 0.0004 0.4739 0.0711 0.0015 <0.0001 0.0200 0.0261 0.4436

GMM −0.0010 0.0005 0.0431 0.0750 0.0041 <0.0001 0.0921 0.0305 0.0025

AGMM 0.0048 0.0008 <0.0001 −0.0228 0.0090 0.0109 −0.0264 0.0371 0.4762

grid search for the minimizer of BIC within the range. Our proposed method identified Ω1, Ω5 and Ω6 as heterogeneous
subgroups, and the other three as heterogeneous ones. The estimated values of 𝜏2, 𝜏3 and 𝜏4 by our proposed method
were 0.13, 0.27, and 0.10, respectively. As shown in Table 7, the estimated covariate effects using AGMM were of the
same direction as the LY method. We can see that age and sex became statistically significant predictors for survival
after applying the proposed estimator, reflecting the efficiency gain clearly in this case. Although smoking was still not
significant, its P-value was relatively smaller than that from LY method. This real case study demonstrated the clinical
value of utilizing auxiliary information to produce more efficient estimation results in cancer survival research.

6 DISCUSSION

The present study combines internal individual-level data with auxiliary subgroup survival probabilities that may be
discordant under the additive risk model. With the addition of nuisance parameters to characterize the potential biases
between subgroups of internal and external studies, we can better synthesize the information in our survival analysis.
The extensive numerical studies in this paper show promising performance of the proposed AGMM estimator. All of the
numerical work in this study was implemented on R, and we have created an R package, ARAuxSP, which is publicly
available (http://github.com/Stat-WangXG/ARAuxSP). We remark here that in addition to the violation of comparability
assumption, another complicated problem is the variability or non-negligible uncertainty in the auxiliary information.26,27

We have assumed external information is obtained without variability in this paper but many medical studies (eg. AIDS
data) may not be large enough in real applications. A possible solution is to consider the joint likelihood approach,28 which
treats the auxiliary information as observed random variable from their asymptotic distribution. We will investigate such
a non-trivial issue in a future project. Instead of utilizing auxiliary statistics in the form of survival probabilities, there
may be other aggregated information such as hazard ratios and correlations, among others. Our methods can be modified
to incorporate such parameters as well. These problems will be addressed in further research.
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APPENDIX . THEORETICAL PROOFS

All the proofs (Theorem) are provided in this section.

The derivation of equation (8). Actually, we only need to do some tedious algebraic operations to prove equation (8).
Using the fact that the matrix Wn is defined as a block diagonal matrix composed of An( ̂𝝃

1)−1 and D−1
n , and further, An( ̂𝝃

1)
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is a diagonal matrix whose diagonal elements are 𝜓̂ (k)
𝜓

, k = 1, … ,K, we have

Qn(𝝃) = Un(𝝃)TWnUn(𝝃) + 𝜆n

K∑

k=1
|𝜏k|∕|𝜏k|

= 𝚽n(𝜷)TD−1
n 𝚽n(𝜷) +𝚿n(𝜷)T𝜓̂

𝜓

( ̂𝝃1)−1𝚿n(𝜷) + 𝜆n

K∑

k=1
|𝜏k|∕|𝜏k|

= 𝚽n(𝜷)TD−1
n 𝚽n(𝜷) +

K∑

k=1

1
𝜓̂

(k)
𝜓

Ψ(k)(𝝃)2 + 𝜆n

K∑

k=1
|𝜏k|∕|𝜏k|

= 𝚽n(𝜷)TD−1
n 𝚽n(𝜷) +

K∑

k=1

{
(ak(𝜷, 𝛼) − bk(𝜷, 𝛼) ⋅ 𝜏k)2 + 𝜆n|𝜏k|∕|𝜏k|

}
,

where ak(𝜷, 𝛼) =
∑n

i=1
[
I(Zi ∈ Ωk) exp{−𝛼 − 𝜷TZit∗} − 𝜙k

]
∕(n2

𝜓̂

(k)
𝜓

)1∕2 and bk(𝜷, 𝛼) =
∑n

i=1I(Zi ∈ Ωk)∕(n2
𝜓̂

(k)
𝜓

)1∕2 for k =
1, … ,K. Thus, the result is proved.

Next, we prove theorems 1 − 3. To complete the proofs, we need the following lemma.

Lemma 1. Under the regularity assumptions (C1)-(C3), the following results hold:

(i)
√

nU(𝝃0)
d
−−→N(0,𝚺) where

𝚺 =
(

A 0
0 D

)

,

A = diag
{

var[𝜓 (1)(Zi; 𝜷0, 𝛼0, 𝝉0)], … , var[𝜓 (K)(Zi; 𝜷0, 𝛼0, 𝝉0)]
}

, D = E
[

1
n

∑n
i=1∫

∞
0 {Zi − Z(t)}⊗2dNi(t)

]

and
the blank part is zero. The matrix 𝚺 is of full rank in probability.

(ii) ̂𝚺( ̂𝝃1) converges in probability to 𝚺, where ̂𝝃1 is a consistent estimator of 𝝃0 specified in Section 3.

Proof of Lemma 1. Denote the filtration as t = 𝜎{Ni(s),Yi(s+),Zi, 0 ≤ s ≤ t, i = 1, … ,n}. Define Mi(t, 𝜷) = Ni(t) −
∫

t
0 Yi(s)(𝜆0(s) + 𝜷TZi)ds for i = 1, … ,n. It is easy to see that {Mi(t, 𝜷0), i = 1, … ,n} are all mean-zero martingales with

respect to t. From the definition of 𝚿n(𝝃), the estimating equations related to auxiliary information, we can ver-
ify straightforwardly that E{𝚿n(𝝃0)} = 0 and cov{n1∕2𝚿n(𝝃0)} = A. Further, by plugging the true value of regression
coefficients 𝜷0 into the classical estimating equations defined in (2), we can obtain the following equivalent reformulation

𝚽n(𝜷0) =
1
n

n∑

i=1
∫

∞

0
{Zi − Z(t)}dMi(t, 𝜷0).

Since Zi − Z(t) is a predictable stochastic process, the stochastic integral I(t) =
∑n

i=1∫
t

0 {Zi − Z(s)}dMi(s, 𝜷0) is also a
mean-zero martingale with respect to t. Hence, we have E{𝚽n(𝜷0)} = 0. The variance-covariance matrix for n1∕2𝚽n(𝜷0)
is nE(𝚽T

n (𝜷0)𝚽n(𝜷0)), and another straightforward calculation shows that

cov
{

n1∕2𝚽n(𝜷0)
}
= nE(𝚽T

n (𝜷0)𝚽n(𝜷0)) = E

[

1
n

n∑

i=1
∫

∞

0
{Zi − Z(t)}⊗2dNi(t)

]

= D.

Since E{𝚿n(𝝃0)} = 0 and E{𝚽n(𝜷0)} = 0, we can see that

cov{𝚿n(𝝃0),𝚽n(𝜷0)} = E
{
𝚿T

n (𝝃0)𝚽n(𝜷0)
}
= E
{
𝚿T

n (𝝃0)E{𝚽n(𝜷0)|0}
}
= 0

where the second equality is due to the fact that the calculation of 𝚿n(𝝃0) defined in (5) only depends on the covariates
{Zi, i = 1, … ,n}. Finally, using the standard counting process arguments and the martingale central limit theorem, we
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912 DING et al.

can show that (i) in Lemma 1 holds. As for (ii), note that ̂𝜷T
LY and 𝛼̂LY = ̂Λ0(t∗, ̂𝜷LY) are classical estimators of 𝜷0 andΛ0(t∗),

respectively, whose consistencies are established by Lin and Ying.33 Also, it can be shown that 𝝉̃ converges in probability
to 𝝉0 by applying the law of large numbers and assumption (C2). Since ̂𝚺(𝝃0)

p
−−→𝚺, we obtain that ̂𝚺( ̂𝝃1)

p
−−→𝚺. ▪

Proof of Theorem 1. Below are the partial derivatives of the estimating functions

𝜕Ψ(k)n (𝝃)
𝜕𝜷

= − t∗
n

n∑

i=1
I(Zi ∈ Ωk) exp{−𝛼 − 𝜷TZit∗}ZT

i , k = 1, … ,K,

𝜕Ψ(k)n (𝝃)
𝜕𝛼

= − 1
n

n∑

i=1
I(Zi ∈ Ωk) exp{−𝛼 − 𝜷TZit∗}, k = 1, … ,K,

𝜕𝚿n(𝝃)
𝜕𝝉

= diag

{

− 1
n

n∑

i=1
I(Zi ∈ Ω1), … ,− 1

n

n∑

i=1
I(Zi ∈ ΩK)

}

,

𝜕𝚽n(𝜷)
𝜕𝝃

=
(
𝜕𝚽n(𝜷)
𝜕𝜷

,

𝜕𝚽n(𝜷)
𝜕𝛼

,

𝜕𝚽n(𝜷)
𝜕𝝉

)

=

(

− 1
n

n∑

i=1
∫

∞

0
Yi(t){Zi − Z(t)}ZT

i dt, 0, 0

)

,

and thus

𝜕Un(𝝃)
𝜕𝝃

=
⎛
⎜
⎜
⎝

𝜕𝚿n(𝝃)
𝜕𝝃

𝜕𝚽n(𝜷)
𝜕𝝃

⎞
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝

𝜕𝚿n(𝝃)
𝜕𝜷

𝜕𝚿n(𝝃)
𝜕𝛼

𝜕𝚿n(𝝃)
𝜕𝝉

𝜕𝚽n(𝜷)
𝜕𝜷

𝜕𝚽n(𝜷)
𝜕𝛼

𝜕𝚽n(𝜷)
𝜕𝝉

⎞
⎟
⎟
⎠

.

Define 𝝍𝜷 = E
{
𝜕𝚿n(𝝃)
𝜕𝜷
|𝝃=𝝃0

}

, 𝝍
𝛼

= E
{
𝜕𝚿n(𝝃)
𝜕𝛼

|𝝃=𝝃0

}

, 𝝍𝝉 = E
{
𝜕𝚿n(𝝃)
𝜕𝝉
|𝝃=𝝃0

}

, B = E
{
𝜕𝚽n(𝝃)
𝜕𝜷
|𝝃=𝝃0

}

and

𝝍𝝃 =

(
𝝍𝜷 𝝍

𝛼

𝝍𝝉

B 0 0

)

.

Then, due to the classical central limit theorem and the martingale central limit theorem, we know that Gn(𝝃0) =
𝜕Un(𝝃)
𝜕𝝃
|𝝃=𝝃0 converges to 𝝍𝝃 in probability and consequently, Gn(𝝃0) = Op(1).

Consider the C-ball Bn(C) = {𝝃 ∶ 𝝃 = 𝝃0 + n−1∕2u, ||u|| ≤ C}, C > 0, and denote its boundary by 𝜕Bn(C). It is sufficient
to show that, for any given 𝜖 > 0, there exists a large constant C so that

P
{

inf
𝝃∈𝜕Bn(C)

Qn(𝝃) > Qn(𝝃0)
}

≥ 1 − 𝜖. (A1)

This implies that, with probability at least 1 − 𝜖, there exists a local minimizer ̂𝝃 of Qn(𝝃) in the ball Bn(C). Hence, there
exists a local miminizer such that || ̂𝝃 − 𝝃0|| = Op(n−1∕2).

Denote Wn = ̂𝚺(̃𝝃)−1 and ln(𝝃) = Un(𝝃)TWnUn(𝝃). By the second-order Taylor expansion, we know that
√

nUn(𝝃0 +
n−1∕2u) =

√
nUn(𝝃0) + Gn(𝝃0)u + op(1). Let u = (u1, … ,uK)T . Hence, for any 𝝃 ∈ 𝜕Bn(C), we have

Rn(u) = n
{

Qn(𝝃0 + n−1∕2u) − Qn(𝝃0)
}

= n
{

ln(𝝃0 + n−1∕2u) − ln(𝝃0)
}
+ n𝜆n

K∑

k=1
(|𝜏k0 + n−1∕2uk| − |𝜏k0|)∕|𝜏k|

≥ n
{

ln(𝝃0 + n−1∕2u) − ln(𝝃0)
}
+ n𝜆n

s∑

k=1
(|𝜏k0 + n−1∕2uk| − |𝜏k0|)∕|𝜏k|

≥ 2
√

nUT
n (𝝃0)WnGn(𝝃0)u + uTGT

n (𝝃0)WnGn(𝝃0)u −
√

n𝜆n

s∑

k=1
|uk|∕|𝜏k| + op(1), (A2)
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DING et al. 913

where s is the number of nonzero components in 𝝉0. Since we have assumed that the estimator 𝝉̃ = (𝜏1, … , 𝜏K)T satisfies
||𝝉̃ − 𝝉0|| = Op(n−1∕2), we have, for 1 ≤ k ≤ s,

1
|𝜏k|

= 1
|𝜏k0|

−
sign(𝜏k0)
𝜏

2
k0

(𝜏k − 𝜏k0) + op(|𝜏k − 𝜏k0|) =
1
|𝜏k0|

+
Op(1)
√

n
.

In addition, since
√

n𝜆n = Op(1), we have

√
n𝜆n

s∑

k=1
|uk|∕|𝜏k| =

√
n𝜆n

s∑

k=1

(
|uk|

|𝜏k0|
+ |uk|
√

n
Op(1)

)

≤ COp(1).

Furthermore, we know that
√

nUn(𝝃0) = Op(1), Wn = Op(1) and Gn(𝝃0) = Op(1). Therefore in (A2), if we choose a suf-
ficiently large C, the first term is of the order COp(1). The second is of the order C2Op(1). The first term and the third
term are all dominated by the second term. Therefore, by choosing a sufficiently large constant C, we have Rn(u) > 0 and
consequently, (A1) holds, which completes the proof. ▪

Proof of Theorem 2. (i) Let 𝝃10 = (𝜷T
0 , 𝛼0, 𝝉

T
10)

T . We show that with probability tending to 1, for any given 𝝃1 = (𝜷T
, 𝛼, 𝝉T

1 )
T

satisfying that ||𝝃1 − 𝝃10|| = Op(n−1∕2) and for any constant C,

Qn((𝝃T
1 , 0)

T) = min
||𝝉2||≤Cn−1∕2

Qn((𝝃T
1 , 𝝉2)T).

It is sufficient to show that with probability tending to 1 as n →∞, for any given 𝝃1 satisfying that ||𝝃1 − 𝝃10|| = Op(n−1∕2),
and ||𝝉2|| ≤ Cn−1∕2, 𝜕Qn(𝝃)∕𝜕𝜏k and 𝜏k have same signs for k = s + 1, … ,K. For each 𝝃 in a neighborhood of 𝝃0 and for
k = s + 1, … ,K, we have

𝜕Qn(𝝃)
𝜕𝜏k

=
𝜕ln(𝝃)
𝜕𝜏k

+ 𝜆n
sign(𝜏k)
|𝜏k|

= 2UT
n (𝝃)Wn

𝜕Un(𝝃)
𝜕𝜏k

+ (n𝜆n)n−1∕2 sign(𝜏k)

|
√

n𝜏k|

= n−1∕2
{

Op(1) + n𝜆n
sign(𝜏k)
|Op(1)|

}

. (A3)

Since n𝜆n → ∞, the sign of 𝜕Qn(𝝃)∕𝜕𝜏k in (A3) is completely determined by the sign of 𝜏k when n is large, and they always
have same signs.

(ii) We show the asymptotic normality of 𝝃1 when there exists at least one k, such that, 𝜏k = 0. Define G1
n(𝝃0) =

𝜕U(𝝃)
𝜕𝝃1
|𝝃=𝝃0 , 𝝍𝝉1

= E
{
𝜕𝚿(𝝃)
𝜕𝝉1
|𝝃=𝝃0

}

and

𝝍𝝃1
=

(
𝝍𝜷 𝝍

𝛼

𝝍𝝉1

B 0 0

)

.

We know that G1
n(𝝃0) converges to 𝝍𝝃1

in probability. And based on the assumption (C3), we also have that 𝜕

2ln(𝝃)
𝜕𝝃1𝜕𝝃

T
1
|𝝃=𝝃0

converges to𝝍T
𝝃1
𝚺−1𝝍𝝃1

in probability by Taylor’s expansion. Before proceeding to the following discussion, we first prove
that the matrix𝝍T

𝝃1
𝚺−1𝝍𝝃1

is invertible in probability, which is equivalent to show that𝝍𝝃1
is a column full rank matrix in

probability. From the assumption (C2), we see that P(Z ∈ Ωk) > 0 for k = 1, … ,K. The survival probability of T given Z
is equal to exp{−𝛼 − 𝜷TZt∗} at t∗, so we have that 0 < exp{−𝛼 − 𝜷TZit∗} < 1 for i = 1, … ,n. Thus the elements of𝝍

𝛼

and
the diagonal elements of 𝝍𝝉 are less than zero in probability. Since we have assume that there exists at least one k, such
that, 𝜏k = 0, (𝝍

𝛼

,𝝍𝝉1
) is of full column rank. Then, together with the fact that B is a nonsingular matrix in probability,

𝝍𝝃1
is of full column rank.

From the proof of Theorem 1 and the statement in (i), it is easy to show that there exists ̂𝝃1 that is a
√

n−consistent
local minimizer of Qn((𝝃T

1 , 0)T) satisfying

0 =
𝜕Qn(𝝃)
𝜕𝝃1

|
|
|
|𝝃=( ̂𝝃T

1 ,0T )T
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914 DING et al.

=
𝜕ln(𝝃)
𝜕𝝃1

|
|
|
|𝝃=( ̂𝝃T

1 ,0T )T
+ 𝜆n

(

0T
,

sign(𝜏1)
|𝜏1|

, … ,

sign(𝜏s)
|𝜏s|

)T

= 2G1T
n (𝝃0)WnUn(𝝃0) +

(
𝜕

2ln(𝝃)
𝜕𝝃1𝜕𝝃

T
1
|𝝃=𝝃0 + Op(1)

)

( ̂𝝃1 − 𝝃10)

+ 𝜆n

(

0T
,

sign(𝜏10)
|𝜏1|

, … ,

sign(𝜏s0)
|𝜏s|

)T

.

The first two parts in the last equation are based on the Taylor’s expansion around 𝝃0 and the third part is implied by
sign(𝜏k) = sign(𝜏k0) when n is large, since 𝜏k is a

√
n−consistent estimator of 𝜏k0. Furthermore, since

√
n𝜆n → 0, Wn

converges in probability to 𝚺−1 and
√

nUn(𝝃)
d
−−→N(0,𝚺), we have the following equation

√
n( ̂𝝃1 − 𝝃10) = (𝝍T

𝝃1
𝚺−1𝝍𝝃1

)−1𝝍T
𝝃1
𝚺−1(

√
nUn(𝝃0)) + op(1),

and as a direct result, we have

√
n( ̂𝝃1 − 𝝃10)

d
−−→N

(
0,
(
𝝍T
𝝃1
𝚺−1𝝍𝝃1

)−1)
.

By the definition of 𝝍𝝃1
and 𝚺, we can express

𝝍T
𝝃1
𝚺−1𝝍𝝃1

=
⎛
⎜
⎜
⎜
⎝

𝝍T
𝜷

BT

𝝍T
𝛼

0T

𝝍T
𝝉1

0T

⎞
⎟
⎟
⎟
⎠

(
A−1 0

0 D−1

)(
𝝍𝜷 𝝍

𝛼

𝝍𝝉1

B 0 0

)

=
⎛
⎜
⎜
⎜
⎝

BTD−1B + 𝝍T
𝜷

A−1𝝍𝜷 𝝍T
𝜷

A−1𝝍
𝛼

𝝍T
𝜷

A−1𝝍𝝉1

𝝍T
𝛼

A−1𝝍𝜷 𝝍T
𝛼

A−1𝝍
𝛼

𝝍T
𝛼

A−1𝝍𝝉1

𝝍T
𝝉1

A−1𝝍𝜷 𝝍T
𝝉1

A−1𝝍
𝛼

𝝍T
𝝉1

A−1𝝍𝝉1

⎞
⎟
⎟
⎟
⎠

.

Since 𝝉̂1 is the third part of ̂𝝃1 = ( ̂𝜷
T
, 𝛼̂, 𝝉̂T

1 )T , we know that

√
n(𝝉̂1 − 𝝉10)

d
−−→N(0, (M22 −M21M−1

11 M12)−1),

where M11 is the 2 × 2 block element in the upper left corner of 𝝍T
𝝃1
𝚺−1𝝍𝝃1

, M12 is the 2 × 1 block element in the upper
right corner, M21 is the 1 × 2 block element in the lower left corner and M22 is the 1 × 1 block element in the lower right
corner. Thus we complete the proof. ▪

Proof of Theorem 3. Since ̂𝜷 is the first part of ̂𝝃1 = ( ̂𝜷
T
, 𝛼̂, 𝝉̂T

1 )T , we can obtain its asymptotic covariance–variance matrix
in a similar way to that of 𝝉̂1. Define J1 = 𝝍T

𝜷
A−1𝝍

𝛼

, J2 = 𝝍T
𝜷

A−1𝝍𝝉1
, J = (J1, J2) and

V =

(
𝝍T
𝛼

A−1𝝍
𝛼

𝝍T
𝛼

A−1𝝍𝝉1

𝝍T
𝝉1

A−1𝝍
𝛼

𝝍T
𝝉1

A−1𝝍𝝉1

)
Δ
=

(
V11 V12

V21 V22

)

.

Then, the asymptotic covariance–variance matrix of ̂𝜷 is actually the upper left corner of (𝝍T
𝝃1
𝚺−1𝝍𝝃1

)−1, which can
be expressed as (𝚺−1

LY + 𝚺0)−1, where 𝚺LY = (BTD−1B)−1 and 𝚺0 = 𝝍T
𝜷

A−1𝝍𝜷 − JV−1JT . It is indeed the asymptotic
covariance–variance matrix of ̂𝜷LY in Lin and Ying.33 Notice that if we define 𝚺1 = 𝝍T

𝜷
A−1𝝍𝜷 − J1V−1

11 JT
1 , the asymptotic

covariance–variance matrix of ̂𝜷GMM is (𝚺−1
LY + 𝚺1)−1, which will be shown to be highly correlated with our proposed

estimator ̂𝜷.
Next, we will show that 𝚺0, 𝚺1 and 𝚺1 − 𝚺0 are all positive semi-definite matrices, and investigate the relationship

between𝚺0 and𝚺1. By using inductive method, we can know that H1 = A−1 − A−1𝝍T
𝛼

V−1
11 𝝍𝛼

A−1 is a positive semi-definite
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DING et al. 915

matrix. Then, since we have 𝚺1 = 𝝍T
𝜷

H1𝝍𝜷 , 𝚺1 is positive semi-definite as well. Our main goal is to prove the following
equation

𝚺0 = 𝝍T
𝜷
{H1 −H1𝝍

T
𝝉1
(𝝍T

𝝉1
H1𝝍𝝉1

)−1𝝍T
𝝉1

H1}𝝍𝜷 . (A4)

Note that

𝚺0 = 𝝍T
𝜷

A−1𝝍𝜷 − JV −1JT

= 𝝍T
𝜷

⎧
⎪
⎨
⎪
⎩

A−1 −
(

A−1𝝍
𝛼

A−1𝝍
𝜏1

)
(

V11 V12

V21 V22

)−1(
𝝍T
𝛼

A−1

𝝍T
𝝉1

A−1

)⎫
⎪
⎬
⎪
⎭

𝝍𝜷

Δ
= 𝝍T

𝜷
H0𝝍𝜷 .

Furthermore, define P = (V21 − V−1
11 V22V12)−1 = (𝝍T

𝝉1
H1𝝍𝝉1

)−1 and C = A−1𝝍
𝛼

V−1
11 𝝍

T
𝛼

A−1, then we have

H0 = A−1 −
(

A−1𝝍
𝛼

A−1𝝍𝝉1

)
(

V−1
11 + V−1

11 V12PV21V−1
11 −V−1

11 V12P
− PV21V−1

11 P

)(
𝝍T
𝛼

A−1

𝝍T
𝝉1

A−1

)

= A−1 − C − C𝝍𝝉1
P𝝍T

𝝉1
C + A−1𝝍𝝉1

P𝝍T
𝝉1

C + C𝝍𝝉1
P𝝍T

𝝉1
A−1 − A−1𝝍𝝉1

P𝝍T
𝝉1

A−1

= H1 +H1𝝍𝝉1
P𝝍T

𝝉1
C −H1𝝍𝝉1

P𝝍𝝉1
A−1

= H1 −H1𝝍𝝉1
P𝝍T

𝝉1
H1

= H1 −H1𝝍𝝉1
(𝝍T

𝝉1
H1𝝍𝝉1

)−1𝝍T
𝝉1

H1,

which confirms that equation (A4) is correct. Since H1 is positive semi-definite, we can decompose it into two equally
positive semi-definite matrices H1 = H

1
2
1 H

1
2
1 and as a result, we have

H0 = H
1
2
1

{

I −H
1
2
1𝝍𝝉1

(𝝍T
𝝉1

H1𝝍𝝉1
)−1𝝍T

𝝉1
H

1
2
1

}

H
1
2
1 .

It is easy to show that the matrix in the brace is idempotent. Hence, H0 is positive semi-definite, and 𝚺0 is also positive
semi-definite. In addition, by H0 −H1 = H1𝝍𝝉1

(𝝍T
𝝉1

H1𝝍𝝉1
)−1𝝍T

𝝉1
H1, we know that𝚺1 − 𝚺0 is also a positive semi-definite

matrix.
In summary, we have shown that 𝚺0, 𝚺1 and 𝚺1 − 𝚺0 are all positive semi-definite matrices and

√
n( ̂𝜷 − 𝜷0)

d
−−→N(0, (𝚺−1

LY + 𝚺0)−1),

and thus, we complete the proof. ▪

Proof of Theorem 4. We can decompose n1∕2( ̂Λ0(t, ̂𝜷) − Λ0(t)) as

n1∕2( ̂Λ0(t, ̂𝜷) − ̂Λ0(t, 𝜷0)) + n1∕2( ̂Λ0(t, 𝜷0) − Λ∗0(t)) + n1∕2(Λ∗0(t) − Λ0(t)), (A5)

where Λ∗0(t) = ∫
t

0 I(
∑n

i=1Yi(s) > 0)𝜆0(s)ds. Following the proof of Theorem 3.1 in Lin and Ying,59 the third term in (A5)
is asymptotically negligible. Furthermore, by using Taylor expansion and the asymptotic expression for n1∕2( ̂𝜷 − 𝜷0),
the first term becomes CT(t)𝚺𝝃1(

√
nUn(𝝃0)) + op(1), where 𝚺𝝃1 = Π(𝝍

T
𝝃1
𝚺−1𝝍𝝃1

)−1𝝍T
𝝃1
𝚺−1, Π is a projection matrix that

extracts the first p rows of (𝝍T
𝝃1
𝚺−1𝝍𝝃1

)−1𝝍T
𝝃1
𝚺−1, and C(t) is the probability limit of−∫ t

0 Z(u)du. Consequently, expression
n1∕2( ̂Λ0(t, ̂𝜷) − Λ0(t)) can be reformulated into

n1∕2( ̂Λ0(t, ̂𝜷) − Λ0(t)) = n1∕2
∫

t

0

∑n
i=1dMi(s, 𝜷0)
∑n

j=1Yj(s)
+ CT(t)𝚺𝝃1 n1∕2Un(𝝃0) + op(1). (A6)
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916 DING et al.

Next, a straightforward covariance calculation leads to

CΛ(t1, t2) = g(min(t1, t2)) + CT(t1)(𝚺−1
LY + 𝚺0)−1C(t2) + CT(t1)𝚺𝝃1

̃Γ(t2) + CT(t2)𝚺𝝃1
̃Γ(t1),

where we denote ̃Γ(t) = (0T
K ,Γ

T(t))T . We can calculate the covariance between ̂S(t1|Z, ̂𝜷) and ̂S(t2|Z, ̂𝜷) to be

cov( ̂S(t1|Z, ̂𝜷), ̂S(t2|Z, ̂𝜷))

= S(t1|Z)S(t2|Z)E[{exp[−( ̂Λ0(t1, ̂𝜷) − Λ0(t1)) − t1( ̂𝜷 − 𝜷0)TZ] − 1}

× {exp[−( ̂Λ0(t2, ̂𝜷) − Λ0(t2)) − t2( ̂𝜷 − 𝜷0)TZ] − 1}]

= S(t1|Z)S(t2|Z)E[{( ̂Λ0(t1, ̂𝜷) − Λ0(t1)) + t1( ̂𝜷 − 𝜷0)TZ}{( ̂Λ0(t2, ̂𝜷) − Λ0(t2)) + t2( ̂𝜷 − 𝜷0)TZ}] + op(1),

where the second equality is due to that fact that ex − 1 and x are equivalent infinitesimal. Then, using (A6) and the
asymptotic expression for n1∕2( ̂𝜷 − 𝜷0), we can obtain the covariance function as

CS(t1, t2) = S(t1|Z)S(t2|Z){g(min(t1, t2)) + DT(t1)(𝚺−1
LY + 𝚺0)−1D(t2) + DT(t1)𝚺𝝃1

̃Γ(t2) + DT(t2)𝚺𝝃1
̃Γ(t1)},

where D(t) = C(t) + tZ. The finite dimensional convergence of n1∕2{ ̂S(t|Z, ̂𝜷) − S(t|Z)} and n1∕2{ ̂Λ0(t, ̂𝜷) − Λ0(t)} to a mul-
tivariate normal with the above covariance functions can be established by applying Theorem 3 and the martingale central
limit theorem. The standard counting process techniques can be employed to prove the tightness of the process. We omit
the lengthy argument in this paper. ▪
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