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S1 Regularity conditions

(C1) The parameter space B is compact and 3, belongs to its interior.

(C2) There exists § > 1 such that

co=sup max FEg |hi(y;)]'™ <oco and ¢; = sup max Fg, |y|°
m21i:1,...,m mz]_i:lp..,m

< 00,

where h;(y;) = supyeg |Vi(yi, )|

(C3) For any bounded sequence {y;} with y; € R™, the functions b — ¥, (y;,b) are equicon-
tinuous and uniformly bounded on B.

(C4) sup;>q | Ep, {Vi(yi, 0)} — Epr {Wi(yi, ") }| S |br — b7| + |[b— b*| for all by, b7, b,b" € B,
where “<” means “smaller than up to a constant”.

(C5) Forall € > 0,inf,,51,1p—go > | fm,0(0)] > 0 = | fm,0(Bo)|, where fr, 0(b) = Eg,{m ™ s,,(b)}.
(C6) ¢i(y,b) = VpW,(y,b) exists for all y € R™, b € B, and its jth row (denoted by ¢;;(y,b)
for later use) satisfies conditions (C1)—(C4) in place of ¥;(y, b), foreach j = 1,... k.

(C7) There exists a neighborhood N of 5y such that sup;~q ;1 [Vi;j(0) = Vi;(Bo)| < [b—Bol
for all b € N, where V;;(b) is the jth column of Var,(¥;(y;, 5o)).

(C8) The elements of - M,,,(8y) and L "7 | Varg, (V;(y;, Bo)) converge to finite limits, where
M (B) = —Eg,{Vasm(B)}.

(C9) M (Bo) = limy, oo {m~*M,,(Bo)} is non-singular.

S2 Detailed formulae under marginal models

To obtain 7y,,, it is straightforward that we only need to give a derivation of (3.4) and (3.5) from
(3.2) and (3.3), for which we need to calculate M,,(8o), Egs,,(sm(Bo)) and varg,, (sm(Bo)),
with each mean and covariance understood to be conditioned on the covariates (which are sup-
pressed in the notation) and cluster size. Under this setting, we have (3, = (¢o, o, k3, w1 )T
and By = (¢, ad, kd,vE)T. As discussed at the end of Section 2.1, a combined estimating
equation can be used to estimate 3 (see Fitzmaurice et al., 2009, Chap 3):
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with UZ and u; defined as follows:

Ui(0,¢) = 1] 1 {:(0) — 1,10}

and

ui(0, 0, ¢) = E] {w;(0, ) — pi(a)},

where W; is the n;-dimensional vector with jth element W;; = (yi; — pij)?/v(pij), B =
0pi()/0a, and p;(«) is the vector [of dimension n;(n; —1)/2] consisting of the upper-triangular
entries of R;(«) in lexicographic order and W; is defined in the same way as p;(«) except from
the matrix with jkth entry
(Yig — 1) (Vi — pik)
o{v(pig)o(pir) 11/
T T

Thus, in the general setting described in Section 2.2, we have ¥, (y;) = (UL, ul', U™, where

U; = DI'Vi(yi— (), D; = i /00, and 6 = (kT,4T)T. It can now be shown that M, (5o)
has the form

Wijk =

aUu; aU;  aU;

m 96 Oda 00 F G
o Ou; Ou; ou; _
M, (Bo) = _ZE,@O 9¢ da 00 | — (O H) ’
i=1

oU; ou;  9U;
96  da 00

where, writing W; = DT Vi_1 and denoting the jth row of W; by W;;,

H o= = B (0000

i=1

= =) Es[0{Wilyi — 1)}/ 90)

i=1
m [ Eo[0{Wir(yi — pai)}/00]

Eg, [a{Wi7p+q (yi — Ni)}/ae]
B {8} 2

‘9W71:.r opi
Eg, {(yi — i) T4 } ~Wiptaog

= > DI'v/'D.

i=1
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The zero submatrix at the bottom left-hand corner of M,,, () is due to the fact that OU; /0¢ and
OU,; /O« are linear functions of y; — 11;(6p), which has zero expectation when 8 = /3. Then

On(e = (5, T

and substituting into (2), we obtain

§7rzz/1 = B{Mm(ﬁO)}ilEBm{Sm(BO)}

~ 1 p—lpopr—1
= Oetmamn B (T TR ) Batona)

BH™! zm: Eg, (U))

- Ba) {;ZD? Vo (i) - /Jz‘(@o))} 7
i=1

where A,, = LS DTV."'D;, B = (0pxq, I,) and we used Eg, (U;) = DTV, (115(0n) —
1i(6p)) in the last step. Here A,,,, D; and V; are evaluated under Hy. Similarly, we have

_ 1 & _
Yow = BAYL =N DTy~lvy iz, x) )V ID; Y A1 BT
P m {m; i Vi arﬂm(y |Z7X) i m

by noticing that varg, (U;) = DIV, 'varg, (yi|zi,x;)V; ' D;. Again, A,,, D; and V; are
evaluated under Hy. Now we replace h in the expressions of &, and X, by /m(a — 1o).
They become

_ 1 & B
Emy = BAml{mZDzTVi l(ﬂi(eA)_Mz‘(HO))}
=1
and
_ 1 & _
Yo = BAZ'{ =Y DIv-t izi, %)V, D; » AZYBT
P m {m; i Vi VarﬁA(y |Z,X)V; m

Then (3.4) and (3.5) are obtained by replacing A,,, and the terms in curly brackets by their
expectations under the joint distribution of the covariates.

S3 Approach of Liu and Liang (1997)

LL’s approach involes a multivariate extension of results of Self and Mauritsen (1988), who de-
rived sample size and power formulae for generalized linear models based on the score statistic.
They developed their results in the marginal model setting (as in Section 2.2), assuming discrete
covariates distributed as

Px;=u,zi=w)=w, l=1,...,L, (S3.1)
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where {(u;,w;), I = 1,..., L} are the L different possible values of covariates. LL also as-
sumed that the structure of the true conditional correlation matrix of the outcome is known. The
quasi-score test statistic 75, is given by

T = I@w(’go»lﬂO)i%lSmw(Ro,wo),

where Smil)(‘%m lﬁo) = E:il(%l:; )TVviil(Yi - Mi)|li:l%0ﬂ/):w0’ 27" = COVHO{Sﬂ’“IJ(‘%m ¢0)}
and K is an estimator of x obtained by solving

O\
Sr (K, o) = Z ( 3,[;) V; 1(yi — i) |p=wo = 0. (S3.2)

=1

Under ¢ = ¥4 and kK = kg, note that < is generally not a consistent estimator of ¢ and it
will converge to some value «§, namely the solution of

hmmﬁoomilE{Smn(ﬁa,wO);"{vaA} =0. (83.3)

LL used standard Taylor series arguments to obtain an approximation to Sy, (Ro, %o). This
approximation is G(k§, 10) = Smy (#§, 0) — I, (Ix.) " Sme (K5, Y0), where

=3 (% o (28, (S3.4)
YK : (‘31/) i Ok K=kK§, =10 .
and
* o \" 1 (O
I'*m = Z < 8I€> Vz ! < Ik |K:H6,¢:d)0~ (S3.5)
Let
iy = g~ (ko + Tija), (S3.6)
pi; = 9 (kg + xijvo), (S3.7)
i = (v s - i) (S3.8)
= (s s - i) (S3.9)
* auz g *  pk—1 alh g
Pi = { (ad}) - Iwml)\n Ok ‘N:NS,w:d)o’ (S310)

and V;* = Vi|x—ws p=uo-
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Notice that G(k§,vo) = >, P;(Vi*) " (yi — p}). Under the allocation scheme specified
in (S3.1), and ¢ = vp4 and k = kg, LL claim that G(kg, 7o) is approximately normal with mean
and variance given by mé and m3, respectively, where

L
Zwle Vi) T g = ) (83.11)
and

2= szPl Vi) teov(ys ko, va) (Vi) TP (83.12)
=1
Here u}, py, P; and V;* are defined as in (S3.8), (S3.9), (S3.10) and V;* with (x;,z;) = (;, wy),
and cov(y;; ko, ¥a) equals cov(y;; ko, ¥a) with (x;,2;) = (u;,w;). So the distribution of
Sy (R0, o) is approximated by N (mé,m3.), which implies that the distribution of T}, is ap-
proximated by a noncentral chi-square distribution with p degrees of freedom since 7}, has p
dimensions. The non-centrality parameter is given by

P = (m&)T (mS) " (mé). (83.13)

The sample size m for achieving nominal power 1 — 7 at significance level ( is obtained by
solving the equation 7,,, = v, which implies that

B v
- gTi—lg'

Under the allocation scheme (S3.1), equation (S3.3) becomes

Zw( l) V)M = i) =0, (S3.15)
oul

where 5L = 8’“ | w=rz.p=vpo> and py is defined to be the mean vector j; with (x;,2;) =
(u;, w;). This equatlon corresponds to equation (12) in LL, which needs to be solved to de-
rive explicit formulae for £ and X.

(S3.14)

Two potential problems of this method were pointed out by Self and Mauritsen (1988):

1. Since kg is not a consistent estimator of « under the alternative hypothesis, % is not the
asymptotic variance of \/»Smw (Ko, o). Thus the condition needed for the distributional
result mentioned above does not hold, even asymptotically.

2. Even though the distribution of rSmw(/@o, o) approaches multivariate normality, the
expected value of S, (Ro, 1) is simultaneously going to infinity. Therefore, the result
relies on the quality of the chi-square approximation at a sequence of points that move
progressively farther out in the tail of the distribution as m becomes large.

The first problem is caused by inconsistency of the estimator under fixed alternatives. The sec-
ond problem is caused by the test statistic converging in probability to a degenerate distribution
(infinity) under fixed alternatives. Our approach using local asymptotic theory succeeds in over-
coming both of these problems.
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S4 Approach of Shih (1997)

Shih considered the case p = 1, with the working covariance identical to the true covariance,
and approximated the distribution of W,,, under the fixed alternative ¢ = 14 by a noncentral
X7 with non-centrality parameter 7, = m)?% /v, where v is the asymptotic variance of 1/3 (cf.
Remark 2 in Section A) when ¢ = 1 4. This is similar to the approach discussed in Remark
4 of Section 3.2, where the asymptotic power function is used, except that the variance now
depends on the value of parameter under a fixed alternative. In this approach, the sample size for
achieving nominal power 1 — 7 at significance level ¢ based on a two-sided test is simply given

by m = v(z1_¢/2 + 21-9)*/(Ya — tho)*.

S5 Two lemmas

The following lemmas are crucial for proving our main results.

Lemma 1 Ler H,,(b) = m™' Y {U;(y;,b) — Egs,, (V;(y;,b))}. Under conditions (C1)-
(C3),

sup |H,n (b)] 25 0.
beB

This lemma is a routine extension of a uniform law of large numbers of Shao (Lemma 5.3)
to a triangular array. The result is similar to a Glivenko—Cantelli theorem in that the convergence
holds uniformly over a class of functions. The relative compactness condition (C3) plays a
crucial role in the proof. The proof is similar to that for Lemma 5.3 in Shao.

Proof. Since we only need to consider components of ¥,’s, without loss of generality we
can assume that ¥,;’s are functions from R™¢ x B to R. For any fixed € > 0 and any fixed subset
O CB,

P, <sup |H,, (b)] > e) < P, (sup H,,(b) > e) + P, (inf H,, () < —6) (S5.1)

beO beO beO
We will show the first term on the right hand side converges to zero; the second term converges
to zero by a similar argument. Clearly,

P, (sup H,,(b) > e) <P,

m~! {su U,(y;,b) — Eg,_ (inf ¥;(y;,b }>e
sup Zl sup Wi (yi,b) — B, (jnf ¥i(y:,b))

=P,

m~1 \IJ(»m) +m71 E {su v, i,b — inf U, i,b } >e€l,
; ;am sup ¥i(yi,b) — inf ¥i(yi,b)

(S85.2)
where U™ = sup,c, ¥;(yi,b) — Eg,, (supyeo Wiy, b)). Since

hi(y:)|' 0 < co,

sup max FEg,
m>1 i=1,....m

sup ¥, (y4,b)|"° < sup max Ep,
beO m>1 i=1,....m
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where h; (y;) is defined in condition (C2), then m~ 3> ¥!™ = o (1) by Lemma 2. If we
show that

-1 . ~
m E sup ¥;(y;,b) — inf ¥,(y;,b < §,
; Bin {beg (vi,b) = jnf Wi(y )}

for all m > 1 where 0 < € <e , then (S5.2) converges to zero. Next we show that the above
equation holds when the subset O is sufficiently small.

Using the Holder and Markov inequalities, and condition (C2), for any ¢ > 0

E/gm {ml Z hi(}’i)l(c,oo) (|YZ|)}

=1
< max Eg, {hi(yi)(c,00)(lyil) }

i=1,

1/(1+6)
h(y)|["F0} {Pu(lyil > o)}/

< max {Fj,

%

5/(1+9)
1/(1+8) [ Eg, |yil®
< max {Hg [hi(y:)|'"} { ’ o

1/(1+5) 5/(148)
=L, B0l o} e B ll) e

=1,

< M/ (59 F/(149) =8/ (145)

for all m > 1. Thus for any € > € > €/2, there exists ¢ > 0 such that

1 m }
Es, {m > hi<yi>f<c,m><|yi|>} <2 e/
i=1

for all m > 1. For this value of ¢,

Eg,, le{ggg\Ifi(yi,b)bigg\h(yi,b)}I(c,oo)(lyil)l
=1
m
< Eg,, |m™! Z {?elg i(yi,b) — li)glg\lfi(yi,b)} Iie,00)(lyil)

< Eg,, {m‘l > sup Wiy, b) .o (¥il) + m=t Y| jof Wilyi, b)lf(cyoo)(lyi)}
i=1 i=1

< Eg,, {ml > hilyi) e ooy (i) +m™ hz‘(yz')f(c,oo)(|yz')}
=1 =1
=2Eg,, {m_l Z hi(Yi)I(c,oo)(lyiD}

i=1

<Eé—¢/2 (S5.3)
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for all m > 1. By the equicontinuity of {¥;(y;, b)} in condition (C3), there exists a . > 0 such
that

-1 Z { sup ¥,(y;,b) — bienof \I!i(yi,b)} Iio.q(lyil) < €/2

beO,

for all m > 1, where O, is any subset of B with diam(O.) < J.. Here diam(O) is defined as
the supremum of the distances between pairs of points in O,. The inequality (S5.3) holds with
O replaced by O, which together with the above inequality implies

-1 ZEB {bsup U, (y:, b) — 1nf v, (yl,b)}

i=1
=E - U, (y;, b) — inf U;(y;,b) ¢ I, .
pe [ 3 {10 = g ) e |>]
m
| 1Xz{z;buop Wilyi b) = inf s <y“b)}l[o,c](|yz‘|)]
S

<E—€/2+€/2=¢E<e

for all m > 1. The right hand side of (S5.2) with O replaced by O, converges to zero since it is
bounded above by

Py <m—1z\1/;” > e—e> -0,
=1

and we conclude that P,,, (supyco. Hpm(b) > €) — 0. By a similar argument,
P, (infpeo, Him(b) < —€) — 0. Thus by (S5.1), we have

P, (sup |Hpn (D)] > e) — 0. (S5.4)

beO.

Due to the compactness of B, there exist finitely many open balls {O?},;_; . withdiam(0O?) <

5. in R¥ to cover B. That implies

{sup ) >} €Uz, sup HA0) > e
beB bcOinB

which together with (S5.4) indicates

P, (sup|H b)| > e) ZP ( sup |Hp(b)| > e) — 0,
beB

,,,,,

beOINB

concluding the proof.

Lemma 2 Let {Xmi}i:L___’m be independent random variables. If there is a constant r > 1
such that
L=sup max FE|X,|" < oo,

m>1 i=1,....,m



Power and Sample Size Calculations for GEE S9

then

1 & P
i 2 = B}

This lemma is a version of the WLLN (see, e.g., Theorem 1.14 (ii) in Shao) in the setting of
a triangular array. The proof is straightforward by Lyapounov’s inequality, Jensen’s inequality
and Theorem 2 of von Bahr and Esseen (1965).

Proof. By Liapounov’s inequality, it suffices to consider r € (1,2]. For any ¢ > 0, by
Markov’s inequality
> e'r]

(S5.5)

By the inequality |a + b|" < 2"~ !(|a|" + |b|") (Jensen’s inequality) and Lyapounov’s inequality,
X BlXp— E(Xu)l” € max 2 HEX ] + [B(X0)]')

P

1
m <

>e]:P

Z{Xmi - E(sz)}

— DX = B(Xmi)}

1
E (
erm” —

Z{Xmi - E(er)}

=1
< max 2" HE| X" + Bl X"}
1=1,..., m
= 2" max E|Xn|"
i=1,....m
< 2"L.

Then, according to Theorem 2 of von Bahr and Esseen (1965), we have

m

E Z{Xmi - E(X'rm)}

] < 2) BlXmi — B(Xm)["
i=1

2"t L.

IA

Combining the above inequality and (S5.5),

concluding the proof.

S6 Proof of Theorem 1

We first show that 12) P 1o under conditions (C1)—(C5) by adapting the proof of Theorem 5.7
of van der Vaart (1998). Let f,,.n(b) = Eg,, {m~1s,,(b)}. By Lemma 1,

M 50 (B) = fonm (B)| < sup |Hom (b)] 23 0.
beB
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Since s, (3) = 0, it follows that f,,, (53 B 0, which together with condition (C4) shows that
there exists L > 0 such that

| frn0B) <| Fin0(B) = frnm(B)| + | frnm (B)] < L|Bm — Bol + op,, (1) = op,, (1), (S6.1)

where fp, o is defined in (C5). According to (C5), which indicates that the solution 3y of
fm(b) = 0 is well-separated from other points in B, for all ¢ > 0 there exists § > 0 such
that

{16 = Bol > €} € {Ifmo(B)] > 6}

for all m > 1, which together with (S6.1) implies that | B— Bol P, Therefore, 3 Py Bo and
05y
0.

Next, assuming conditions (C1)—(C9), we will show /m(1)—),) converges to N,(h, B¥3,BT)
in distribution under P,,. It suffices to consider \/m(3 — ), since v is a subvector of 3. By

the fundamental theorem of calculus, the chain rule, and the fact that s,,,(8) = 0, in terms of
g(t) = sm(Bo +t(B — o)), 0 < t <1, we have

1
Con(Bo) = 5m(B) — smlfo) = g(1) — g(0) = / §(t)dt

0

{/01 Vsm(Bo +t(B — Bo)) dt} (B = Bo). (56.2)

We also have

Hm-1 I s+ (B — fo)dt B (Vo (0] H

1
</
0

where || - || denotes the Frobenius matrix norm, that is ||A]| = 1/tr(AAT) for any matrix A. We
will show that (S6.3) has order op, (1), for which it suffices to show that

dt,  (S6.3)

mt [Vsm(Bo + (5 — Bo)) = Ep,, {Vsm(o)}]

1 m m
/ m~! Z @ij (yis Bo + (B = Bo)) — Z Eg, {pij(yi, Bo)}| dt =op, (1),  (S6.4)
0 i=1 i=1
for j = 1,..., k. The integrand in the above expression is (uniformly) bounded by
supm™t |3 0is(vib) = > By, i (¥ b>}| (S6.5)
€ i=1 i=1

+ sup m~1
0<t<1

Z Eg, {0ij(yi, Bo + (B — o))} — Z Eg, {pij(yi, 50)}‘ -(56.6)

i=1 i=1
Using an argument similar to the proof of Lemma 1, we can show that under conditions (C1)—
(C3) and (C6), (S6.5) = op, (1). By conditions (C4) and (C6), there exists a L > 0 such that

m
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(86.6) < supg<;<; Lt|3 — Bo| = L|B — Bo| = op, (1) by the first part of the proof. Thus
(S6.3) = op,, (1), and since under conditions (C4) and (C6) we have m~(|Eg, {Vsm(Bo)} —
M., (Bo)]| = o(1), it follows that

m*l

1
{ e +t<B—ﬁo>>dt} Mo (Bo)|| = om, (V).

The above display together with (S6.2) and conditions (C8) and (C9) give
VI M (B0)} s (B0) = (14 0p,, (1))vm(B3 — Bo). (56.7)

The result then follows if the left hand side above converges in distribution under P, to N (h*, X3,),
where h* = (Offp7 hT)T and 0y_,, is the (k — p)-dimensional zero vector. We will establish
this using the Lindeberg—Feller theorem and the Cramér—Wold device. Fix a nonzero k-vector [
and e > 0. The Lindeberg condition is checked using condition (C2) and the Holder and Markov
inequalities:

Z Eg, [VmI"{ My, (80)} " Wi(yi, Bo) P H{[V/ml" { My (80)} ' Wi(yi, Bo)| > €}
i=1

<X (B
X [P’m{|\/EZT{Mm(BO)}il\I/i(yi,ﬁ0)| > 6}] %S
< m{Mn(B0)} NP 3 {Eﬁm\‘I’i(Yiaﬂo)|(2+8)}m

VIl (Mo (B0)} Wiy, Bo)|H0)]

i1

x (\/TTLHM’”(BO)}_”DHSEBWL|‘I’i(}’i7ﬁo)\(2+5) 243
€2+5

1+6/2\{M 1”2+6 Z Eg, |V y1760)|2+5

m>+/2 (M, ( o>}-1u2+6co B |{m-1Mm<ﬁo>}-lz|2+5co
= 0 - md/2ed

— 0,

where 1{-} is an indicator function, 6 = 0 — 1 and the last step is from condition (C9). Also
under condition (C7),

> Varg, (vVml"{ M (80)} " Wilyi, Bo))

i=1

Z ml"{ My, (Bo)} ™" Varg,, (¥;(yi, B0) ) { Mim (B0)} "1

= T{m M (o)}~ H{m™ Varg,, (sm(Bo))Hm ™ My (B0)} 1 — 17 Sg, .

Thus /mlT{M,,(Bo)} " {sm(Bo) — Es,, (sm(Bo))} converges to N (0,173 ,1) in distribution
under P,,. Now we show that /mlT{M,,(80)} ' Egs,, (sm(Bo)) — I{Th*. From condition
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(C6),

sup max FEg {sup |Lpij(yi7b)} < 00, (56.8)
beB

m>1 i=1,....m

m~ B, {Z ©ij (Yis Bo +th*/ﬁ)} —m™ Eg, {Z @ij()’ivﬂo)}

i=1

< sup (|Bm — Bo| + |[th*/v/m]) — 0 (S6.9)
0<t<1

sup
0<t<1

i=1

forj=1,...,k Since m™* 37", ©i;(yi,b) is the jth row of V;s(b), by (S6.8) and (S6.9)

' Vm{ My (o)}~ g, (sm(Bo))
= ZT\/E{MHL(/BO)}ilE,Bm(SHL(ﬂO) - Sm(ﬂm))

— (G} B { [ (o + th* /) af

Jm
1

= 1" {Mp(Bo)} / Eg,, {=Vgsm(Bo + th*//m)} dt h* (S6.10)
0

1
:zT{mfle(ﬂo)}*/ m B, {~Vsm(Bo +th*/v/m)} dth*
0
1
—>ZT{M(BO)}‘1/ M(By) dt h* =17 h*, (S6.11)
0

where (S6.10) and (S6.11) use Fubini’s theorem and the dominated convergence theorem, re-
spectively, and Vg5, (8o +th* /v/m) = 05m (b)/Obly— g, 141+ ) /m- Combining the above result
and that /mi™ {M,,(80)} ~{sm(Bo)—Es,, (sm(Bo))} converges in distribution to N (0, 17X 4,1)
under P,,, we have that /mlT{M,,(B0)} *sm(Bo) converges under P,, in distribution to
N(ITh*,1T%4,1) for any non-zero k-vector I. Thus /m{M,,(80)} L5 (B0) converges in dis-
tribution to N (h*, ¥ 4,) under P,,, and from (S6.7) and using Slutsky’s lemma, v/m(3 — o)
converges in distribution under P,,, to N(h*,Xg3,). The proof is completed by noticing that

¥ = BB.

S7 Proof of Theorem 2

Asymptotic distribution of W,

To prove W, converges in distribution under Hy,, to Xf,(l/), the key step is to show that by

converges in probability under Hy,, to X3, which implies that B SBT converges in probability
under Hy,, to BXg B T Note that, under conditions (C7)—(C9),

S0 = {M(B0)} ™" | Tim m~ 3 Vara, {Wi(ye, fo)} | {M(Bo)) "

i=1



Power and Sample Size Calculations for GEE S13

Write
S @) {m—l zwxyiﬁ)wyi,af} [ ()
=1
We will show that
m ™ My, (3) = M(Bo) + op,, (1) (S7.1)

and

m Wiy, B) Wy B)T —m Y Varg, [Wi(yi, Bo)] = op,, (1) (S7.2)

i=1 =1

Thq proof of (S7.1) is straightforward using conditions (C4), (C6) and (C9) and the consistency
of 8 shown in Section B:

[t 80 (B) = M B0} | = ||m M (B) = ™ M (B0)|
+ ||m ™ M (Bo) = M (Bo)|
S 1B = Bol +o(1) = op, (1).
Write the left hand side of (S7.2) as

m Y " Wi(yi, AWy, ) —mT Y Wi (yi, Bo) Ui (yi, Bo)” (87.3)
i=1 i=1
+m”! Z [‘I’z (¥i, Bo) Wi (yi, Bo)" — Eg,, {\Ifz (vi> Bo) Vs (Yiaﬁo)TH (57.4)
i=1
+m > (B, — Eay) { Wi (33, 60) Wi (vis o) } - ($7.5)
=1

Let ¥;;(yi, Bo) be the jth element of the vector ¥; (y;, Bo) for j = 1,..., k. The term (S7.4)
converges to zero in probability under H;,, by Lemma 2; the condition needed to apply that
lemma can be shown to hold using the Cauchy—Schwarz inequality and condition (C2). It can
be shown that (S7.5) = o(1) since under conditions (C2), (C4) and (C7)

|(Es,, — B, ){%ij(yis B0)Vir(yi, o)}
< Jeovg,, (Wi (yi, Bo), Yir(yis Bo)) — covp, (Wij (yis Bo)s Wa(yi, Bo))l
+Es,, (Wi (yi, Bo) L Es,, (Pa(yis Bo)) — Epo (Yur(yi, Bo)) }H
+|Es, (Vi (yis Bo) ) I{Ep,, (Vi (¥i, Bo)) — Epo (Vi (¥i, Bo)) ]
5 |/8m - 50‘ = 0(1)'

Next consider the matrix (S7.3). If each component can be shown to converge in probability
under Hy,,, to zero, then we have completed the proof of (S7.2). Let

9ij1(yi,b) = 0{Wi;(yi, b)Va(yi, b)}/0b
= 0ij(yi,b)Valyi, b) + @iy b)¥i; (yi, b) = gi;u(yi b) + g7 (yi, b).
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Asin (S6.2), but with the role of g(¢) now played by m=* >~ | ¥, (3, ﬁo—i—t(B—BO))\Ifﬂ (vi, Bo+
t(B — o)), 0 <t <1, for any fixed € > 0, the jlth entry of (S7.3) is bounded above by

1 m R .
H/ m™ Y gigi(yi, Bo + (B — fo)) dt} (B — Bo)
0 i=1
mt> " gy, b) ng yirb
1=1

Next we show that the supremum terms above are of order Op, (1). The first of these terms

1 m
m Z; giljl(Yia b)

< sup )op,,(1).  (S7.6)

beB

o pm + sup

sup
beB
<suplm™' ) gin(yi,b) - Ep, {m‘1 > alu(yisb) } ‘ (S7.7)
€ i=1 i=1
+sup | B, {ml > gl b)H : (S7.8)
€ i=1

For 6* = (6 — 1)/2 > 0, we have by the Cauchy—Schwarz inequality
146*
o, {sup gkl }
beB

1+6*
< Eg,, {ilelg |0ij (i, b)] itelg I\I/u(ymb)l}

146 2 146 2
<{Eﬁm{§1€1§|@ij(ybb)|} }{Eam{sblelgl%(yi,b)l} }

so using conditions (C2) and (C6) we have (S7.8) = O(1). The term (S7.7) can be shown to be
of order op,, (1) using Lemma 1 with gilﬂ playing the role of ¥;. To that end we need to check
that condition (C3) holds for giljl, i.e., that for any ¢ > 0 and sequence {y; } satisfying |y;| < ¢,
the sequence of functions {g}jl(yi, b)}i=1,2,... is equicontinuous on B. This follows from (C3)
and (C6) using the inequality

9550 (Wir t) — 9i0(yi» 5))|
< i (Wi, O Wa(yis t) — Yalys, s)| + i (Wi t) — @i (Wi, $)[|Wa (yi, 5)]-

We have now shown that (S7.3) = op, (1), so (S7.2) holds Then using the second part of
condition (C8) combined with (§7.2) and (S7.1), we have )y converges in probability under
Hy,, to Xg,. Thus BYBT converges in probability under Hy,,, to BXg, BT . From Theorem 1,
Vm( — 1) converges in distribution under Hy,, to N (h, BY 3, BT). Therefore, by Slutsky’s
lemma and the continuous mapping theorem, W, converges in distribution under H;,,, to non-
central x3 with non-centrality parameter v = h” (BX 5, BT)~!h. Next we derive the asymptotic
distribution for 7;,,.
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Asymptotic distribution of 7,

An estimate ) of the nuisance parameter vector A under Hy is needed to calculate the quasi-score
statistic. For this purpose it suffices to use the first £ — p estimating equations, so A can be taken
as a solution of C's,, (A, o) = 0, where C = (I(1—p), 0(x—p)xp). Write the quasi-score statistic
as

To = {m 285} (07 Ve) " {m 2B}
where

Vi = {BM,(3)'B"}"!
BMm(B)_l {Z\I!i(yiﬁ)\lfi(yi,B)T} Mm(B)_lBT

X

and = (AT, ¢T)T. We first establish a connection between ) — v and s, (3):

V(i — o) = VmB{Mp(B0)} ' BT Bsiu(B) + op,, (1) (S7.9)
According to (S56.7),

(1+op, (1)Vm(B - o) = \/E{Mm(ﬁo)}flsm(@o)
VM (o)) 5 (P ~
+Vm{ My (B0)} {sm(Bo) — sm(B)}-

Under conditions (C1)—(C9), it can be shown that \/ﬁ(j\ — Xo) = Op,, (1) using a similar proof

as Theorem 1. Following the steps between (S6.2) and (S6.7) with s,, () in place of s,,(f5), we
have

VM (o)} Hsm(Bo) — sm(B)} = (1+o0p,(1)Vm(Bo — B) i
(1+op,, (1))vmCT (Ao — A)
— Op. ()C +o0p. (1).

Combining the results of the above two displays, we have

(1+ op,, (1)) vm(s — o)
= VmB{My(80)} " sm(B) + B{CT Op,, (1) + 0p, (1)}
= VmB{My,(50)} " sm(B) + op,, (1)
= \/EB{M7n(50)}7lBTBS7n(ﬁ~) +op, (1)
= B{mile(ﬂO)}ilBTmil/QBSm(B) +op,, (1).
The above display implies equation (S7.9), which together with Theorem 1 and Slutsky’s lemma

shows that m~'/2Bs,,(/3) converges under P,, in distribution to a normal distribution with
mean { BM (3y)"*B”}~h and variance

{BM(Bo) "' BT}~ (BSs, BT ){BM(8o) "' BT}

S15



S16 Zhigang Li and Ian W. McKeague

We have that (m_l S Wy, B)Walyi, /S’)T) and m ™~ M,,(j3) converge in probability un-
der P, t0 limy, o0 [m™1 31" Varg, {¥;(y;, fo)}] and M(S,) respectively using the same
argument for (S7.1) and (S7.2) in Theorem 2. Therefore, m~1Vr converges in probability under
P,,, to the asymptotic variance of m~'/2Bs,,(3).

By Slutsky’s lemma and the continuous mapping theorem, it follows that T},, converges in
distribution under P, to noncentral chi-squared with non-centrality parameter

—1

[{BM(BU)_lBT}_l h] ' { {1}31\4(50)—IBT}_1 (B, B") {BM(BO)_IBT}_I}

[{BM(BO)_lBT}il h]
=h" (B, B") " 'h,

concluding the proof.

S8 Derivation of (4.1)

In Example 4.1, the matrix B becomes the vector (0,1) since x and ¢ are both univariate,
0a = (ko,%a)", 6o = (Ko, %0)", Ba = (0,08, ko,9a)" and p; = 1, (k + ¢a;), where 1,,
is the n x 1 vector with all elements being 1. Following the sample size calculation procedure
given near the end of Section 3 in the manuscript, we first choose type I error rate (¢) and desired
power (1 — n) in step 1. The cluster sizes are the same (n) and the covariate z;’s could have any
arbitrary distribution in step 2. We give values of ¥, 14, k9, o and o and calculate D, and V;
in step 3. The n x 2 matrix D; = dpu;/06 evaluated under Hy is D; = 1,(1,2;). The n x n
variance matrices evaluated under Hy are V; = 02R, where R is a n X n correlation matrix.
Then we calculate Varg, (y1|z1,x1,n1) in step 4. In this example, that conditional variance is
equal to V; obtained in the previous step. We calculate the following quantities in step 5:

1TR11 1 E(zy)
Ty/—1 n = 2
E(DiVi "D,) = Tz (E(:El) E(ﬁ)) ’

T p—1 _ .
BTV {1 (04) — pn (60)}) = (i Ln) (¥ = ¢o) (E< 1>),

o2 E(x?)
and
E[DYV covg, (y1lz1)Vy 'D1] = E(D{V;'Dy)
R, (1 E(n)
o o2 E(z1) E(23))°

In step 6, we calculate

& = BIEOTV D) BDTV, i (64) — i (60)]}
= s — o,



Power and Sample Size Calculations for GEE S17

Sy = BIE(DTV{ D) E[DV; eovg, (vile) Vi Di][E(DY Vi D) BT

02

(1TR=11,,)var(z1)’

and 7 = (21_¢/2 + 21—y)*. Formula (4.1) is obtained by (3.7).

S9 Derivation of the sample size formula in Example 4.2

In this example, again the matrix B becomes the vector (0, 1) since » and 1) are both univariate,
014 - (’{03 7vZ}A)T’ 00 = (H()a 7/10)T’ BA = (agv Ko, ?/JA)T and Hi = lnexpit(n + 1/}3:1) where 1,
is the n x 1 vector with all elements being 1. As in the previous derivation, we similarly follow
the steps in the sample size calculation procedure . The 2 x n matrix D; = dp; /06 evaluated
under Hy is D; = 1,(1, 2;)vos, where vo,, = pox; (1 — poz,;) and po., = expit(ko + ox;).
The n x n variance matrices evaluated under Hy are V; = vo,, R, where I? is a n X n correlation
matrix. Therefore,

) - E(vos,) E(x1vos,)
E(D{vi'Dy) = (1IRrR™'1, o D)
( 1 Vq 1) ( n ) E(leo:x:l) E(x%v()zl)

BTV, [in(0) = pa60)]) = QLR (o F00e) ~ i) )

and

Ti,—1 -1 _ T p—1 E(Vig,) E(x1vig,)
E[Dy Vi covg, (yilz)Vy Di] = (1,R771,) (E(mvm) E(z2vi))

where vi;, = p1az, (1 — p1a,) and p1,, = expit(kg + ¥ ax1). Then

£ = BIEDTV D)) E{DTV 11 (04) — pa(60)]}
E(voz, ) (E(71p12,) — E(T1P0z,)) — E(@1V0s, ) (E(P12,) — E(poz,))
E(Voml)E(x%Vowl) - [E(mlvoail )]2
and
Sy = BIE(D{Vy'Dy)] ' EIDI Vi teovg, (yila1) Vi D] [E(DT V' D)) BT

E(Wiz,)[E(z1vor,)]* + E(@vie,)[E(Vor,)]* = 2E(21V12,) E(21Voz, ) E(Vos,)
[E(Voz, ) E(23v0,) — (E(21v0,))?]2 (1T R711,) '

By (3.7), we can obtain the formula.
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S10 Derivation of the sample size formula in Example 4.3

In this example, again the matrix B = (0,1), 4 = (ko,%a)T, 0o = (ko0,%0)T and B4 =
(p, ko, a)T, where the correlation p is a scalar since the cluster size is 2. There is only one type
of clusters with cluster sizes being 2. That is, x; = (;1, a:ig)T follows a degenerate distribution
P(x; = (0,1)7) = 1. The corresponding vector mean is y; = (expit(x), expit(x + v))T. As
in the derivation of 4.1, we also follow the steps in the sample size calculation procedure. The
matrix D; = du; /00 evaluated under Hy equals

Di<YO P),
Vo Vo

where Vo = po(1 — Po), Vo = po(1 — po), Po = expit(ro + o) and po = expit(kg). Then the
variance matrix V; evaluated under Hg is

Vi — ( Vo P\/Vo‘70> .
’ PV Vovo Vo

Thus

[E(D{ V' Dy~ = (DY Vi D)™ = Dy va(DY) ™

E{DIV  u(6a) — 1 (60)]} = DIVy ' (6a) — pa(60)]

1 (0 -
D,{‘/l ! (1> (Pl 7;00)7

where p; = expit(kg + ¥ 4). Then
& = BIEMDTV D) E{DIV i (0.4) — 1 (o))}
= BD;! <(1)> (p1 — Do)
1 /v 0 0 .
= VO%B (_30 V0> (1> (p1 — Po)

p1 — Do

Vo

We have

e ) Vo P/ VoVl
COVg, (YZ‘XZ) = (pm vy ) )
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where vi = p1(1 — py). Thus

Sy = BIED{V; 'Dy)] " 'E (DTVy teovg, (yilx1)Vy ' Dy) [E(DT Vi Dy)) ' BT
= BDi'covg, (yi|x1)(Df) ' BT

1 (% 0 Vo pv/Voviy 1 (Yo Vo) sr
= —B ~ —_— B
VoVo —Vo Vo P/ VoVl V1 vovo \ 0 Vo

=2 o =2
_ 1 B VoV PVOV0/VoV1 — VoV§ BT
= =3 . 52 2 . =2
(Vovo)? PVOoVo/VoVi — VoV ViV — 2pvoVo4/VoVi + VoVj

2 < =2
VgV — 2pVoVo+/VoVi + VoVj
(Vo¥o)?

Then the formula is obtained by (3.7).



/***********k************k****************************************,-

SAS code of sample size calculation for the Arsenic study;

alpha: type I error rate;
eta: type II error rate;
lambda: intercept in the logistic regression;
psi: coefficient of the Arsenic exposure in the logistic regression;
rho: correlation in exchangeable correlation structure or correlation
between adjacent measurements in ARl structure;
al: mean of the natural log transformed exposure;
bl: standard deviation of the natural log transformed exposure;
n: number of iterations of Monte Carlo integral;
cluster: cluster size;
****‘k‘k**‘k*******‘k‘k**‘k*******‘k‘k*‘k‘k****k***************‘k‘k*‘k‘k**‘k****/;
g$macro sample (alpha,eta, lambda,psi,rho,al,bl,n,cluster);
proc iml;
*************************************************read the design
parameters from prespecification or pilot data;
lambda=&lambda;psi=é&psi;al=&al;bl=6&bl; rho=&rho; n=&n;
*********************************************create the Correlation
structure;
R=J (&cluster, &cluster, .);
do t=1 to &cluster;
do s=1 to &cluster;

***AR1 structure;

*R[t,s]=rho**abs (t-s);

***Exchangeable structure;

R[t,s]=rho;

if t=s then R[t,s]=1;
end;

end;

FrFxkAxxFAAxx KA *Monte Carlo integration for the expectations in the
sample size formulae in Example 4.2;

seed=100;

numex=0;

denoxpx=0;

mx=al; ***mean value of the log-arsenic;

do i=1 to n;

x=al+bl*rannor (seed) ;

px=exp (lambda+psi*x) / (1l+exp (lambda+psi*x)) ;
vX=px* (1-px) ;
numex=numexX+mx*mx*vx+x*xX*vx—-2*mx*x*vx;
denoxpx=denoxpx+ (x-mx) *px;

end;

mnumex=numex/n;
mdenoxpx=denoxpx/n;

KAKKKRKXIF I I A A kA Ak kxxxxxxxfing]l steps for sample size calculation;
NUTILDE= (probit (1-&alpha/2)+probit (1-&eta)) **2;
numer=NUTILDE*mnumex;

deno=J (1, &cluster,1) *inv (R) *J (&cluster,1, 1) *mdenoxpx*mdenoxpx;
m=numer/deno;



print m;
quit;

$mend;

$sample (alpha=0.05,eta=0.1, lambda=-
2.71662,psi1=0.4055,rho=0.2,a1=0.653,b1=2.00,n=10000000, cluster=4) ;



