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S1. Notation. For convenient reference, below we collect the notation that appears in
the main text and will be frequently used in the upcoming proofs.

e M is the martingale part of the single-jump counting process for a censored observation,
that is, dM (s) = 1(X € ds,d =0) — 1(X > s)dA(s) with respect to the filtration
(SL.1) Fs=o({I(X <,6=0),1(X>5),U:§<seT}),

where A is the cumulative hazard function corresponding to G.

* Based on a fixed and user-defined coarsening ¢ so that ¢(U), U ~ P, is a finitely supported
discrete random variable,
M(u,ds) =1(X €ds,0 =0,c(U) =c(u)) — (X > s,c¢(U) = c(u))dA(s)

is a martingale with respect to the filtration .

'LetN( ,8) =y U(X; <5,8; =0,¢(Us) = c(u)) and Yy (u,s) = >0 1(X; >
,c(U;) =c(u)). The cond1t10nal cumulative hazard function is estlmated by
A - 1(Ya(u,5) > 0)
Aoy = [ Melnd) 20) .
n(-|w) /Oo Yo, s) Ny (u,ds)
With A(s) estimated by Ay (s|u), M(u,ds) = 1(X € ds,6 = 0,¢(U) = c(u)) — 1(X >
s,c(U) = c(u))dA, (s|u).

« M is the martingale part of the counting process for censored observations with the predic-
tor U that is coarsened at ¢(U) = ¢(u); namely, M (u, ds) = Ny (u,ds) — Y, (u, s)dA(s) is
a local square integrable martingale with respect to the aggregated filtration
(51.2) Fs=c({Nn(-,8), Y (-,8), U i=1,...,n,8 <s€T}).
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 Starting from Section 3 in the main text and Section S5 in this supplementary, the
distribution P is characterized by three features, namely P = (Ey,Q,,G). For any
given k, let U = Uj,. Based on observations {O1,...,0;}, Ej(u,s) is an estimator of
Eo(u,s) = E[Y|U = u,X > s], and Q; is the empirical distribution of any given sin-
gle predictor whose distribution is @), for j = gu, ..., n. Therefore Pnj = (Ej, Qj, Gn),
and ]5; = (F;,Q;,G), where G,,(-|u) is the Kaplan-Meier estimator of the censoring
distribution G(-) conditional on ¢(U) = ¢(u). Note that Ej(u) = F;(u,c0) to estimate
E[Y|U = u], and Gy, (-|u) reduces to a standard Kaplan—Meier estimator G, (-) when ¢(U)
is a degenerate random variable.

* For a function h mapping from a realization of O to RY, we use P[h] = P[h(O)] =
[ h(o . The expectation E applies to a function of O and Oy, ...,O,, regarding
O as ﬁxed in contrast to the expectation under P that applies only to O ~ P and not to
any estimator based on Oy, ..., O,. In addition, E denotes the expectation of both O and
01, ...,0y. To simplify the notation, moreover, we sometimes omit the subscript P from
the functions evaluated under P unless otherwise stated, for instance, Varp as Var and
Covp as Cov. Moreover, we use P(A) to denote the probability of event A concerning the
behaviors of the statistics based on O, and P(A,,) to denote the probability of event A,
concerning those of the statistics derived from Oy, ..., O,.

S2. Canonical gradient of the slope parameter. The influence function of the sample
Pearson correlation coefficient was first reported by Devlin, Gnanadesikan and Kettenring
(1975), who attributed the result to C. L. Mallows. This influence function corresponds to
the canonical gradient of the correlation coefficient in a locally nonparametric model. Here
we use similar arguments to find the canonical gradient of the slope parameter I" in this same
model. As in Section 3 in the main text, here we focus on the case that there is only a single
predictor. R R

Define a path {P. = (1 — €)P + €d(, 5, € € [0,1]}, where &, 5 is the Dirac measure
putting unit mass at (u, 7). Then

COVP (U,Y)
- Varp (U)

and
Covp (U,Y) = P[UY] — F[U]E[Y]
=(1-e)PIUY] +e[ug] — (1 = €)*PUIP[Y] — e(1 — ) P[U]§ — e(1 — ) P[Y]u — *ug;
Var, (U) = B[U?] = (P[U])? = (1 - o) P[U*] + eu® — (1 — e)*(P[U])?
— 2¢(1 — €)uP[U] — 2u?,

where §j = 6/G(z). Let D(P) denote the canonical gradient of I" at P in a locally nonpara-
metric model. The evaluation of this function at the chosen (u, %) is equal to %F(R)

2

e=0

and so

D<P><u,g>={ T vazgy (- POV
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Straightforward calculations show that, for distributions Py and P for the random variable
(U,Y), it holds that

Covp (UY) + (Pi[U] = P[U))(P1[Y] - P[Y])
Var(U)

/ D(P)(u, 7) dPy (u, ) =

_Covp(UY) [Var]sl(U) (P U] - P[U])2]> .

Recall that P = Po fa ! for the distribution P that generated each of the variates Oy, ..., O,,.

Suppose also that 151 =P o fél for a distribution P; of the random variable O. The above
then shows that

Rema(Py, P) =T(P) - T(Py) + / D(B)(u,5) dPy (u,)

{COVP(U Y)  Covp (UY) (P[U] - PU)(PY] - PIY))
U)

Varp, (U) Var 5(U)
COV~1(U7}~/) COV~(U’}~/) 5 _
Va];P(U) - Vaf%w [Varp, (U)+(P1[U]—P[U])2]}

Cov(U,Y) B Covﬁ,l(U,f/)
VarZ 5U) Var (U)Varp(U)

(Varp(U) — Varp (U))

|

Note that the remainder term in the linear expansion (S3.3) is equal to —Remg (P,,, P). The
following lemma shows that this term is asymptotically negligible.

_COVP(U,Y)

VarZ (U) (A[U] - PIUN)* +

W(PﬂU] — PU))(PL[Y] _15[}7])}'

LEMMA S2.1.  Under (A.1) (so that Var 5(U) > 0), we have Remg (Py,, P) = 0,(n"'/?),

The proof uses the CLT, the weak law of large numbers and the triangle inequality:
vn|Remg (P, P)|
< [Vary (U) A Varp(U)] { )\/ﬁ(cov@n (U.Y) = Covp(U,Y))| [Varz, (U) — Varp(U)]

+ | Cov p (U, )| V(BalU) — PIU])? + Var 5(U) |Va(BalU] = PIU]) @al¥] - PIV])|} -

S3. Slope estimation with a single predictor. Restricting attention to the case of a sin-
gle predictor Uy, in this section we supplement two other estimators that only works in ad
hoc scenarios stated in Sections S3.1 and S3.2, and delineate the framework that enables the
development of an asymptotically efficient one-step estimator in Appendix A. For notational
simplicity we suppress the subscript &, and just write ¥(P) and U, both here and in the
corresponding proofs in the sequel.

S3.1. Inefficient estimation with known censoring distribution G. Let G(t) =P(C > t)
be the unknown survival function of C', where throughout we assume G(7) > 0. For a given
survival function G, let
COVP(U7 (5X/G1(X))

Varp(U) '

Ve, (P)=

1
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Also let Y = §X/G(X). Noting that E[T] = E[Y] and E[UT] = E[UY], we obtain the
useful identity that U(P) = ¥ (P). This suggests that, if G is known, then it suffices to try to
estimate the value of the inverse-probability-of-censoring weighted parameter ¥ evaluated
at the distribution that generated the observed data.

To study the parameter ¥ g, it will be useful to use existing arguments from the uncensored
case. To do this, we define fz(0) = (u,7), and then let P denote the pushforward measure
P=Po f5', that s, the distribution of f;(O) when O ~ P. Writing

)= T

we then see that the parameter P — I'(P o f5') is the same as the parameter P +— W (P).
Therefore, a first-order expansion of the parameter I will yield a first-order expansion of
the parameter V. Noting that I' is simply the slope parameter in a linear regression in
which both the predictor and the outcome are observed, we can develop an expansion of
this parameter using an existing result in Devlin, Gnanadesikan and Kettenring (1975), who
attributed the result to C. L. Mallows. Let

(u— PUN)(y - P[T])  Covp(U,T)
Varp(U) Var(U)

where we note that 7 is a function of (z,¢) and therefore of o, and the subscript G indicates

the implicit dependence of g on GG. Using P,, to denote the empirical distribution of (U, Y)

when G is known, Mallows’ result implies that, for a term Remg (PP, P) that is defined in
Section S2,

IFEY([P): 0 (u - P[U))?,

(S3.3)
r(P,) —T'(P)

- S| fw-PunNY-PY]) Covp(UY) ~

= (P, - P) { Var (U Vi G ( —P[UD?} + Remg (P, P)
B (U - P[U))(Y — P[T)) Covp(U,T)

= (P, — P) { Varp (0 el (0) (U—P[U])Q} + Remg (P, P)
— (P, — P) :IFg’“’(O|P)} + Remg(Py, P)

_p, [IFgw(O|P)} + Remg (P, P),

where the second equality follows from P[T] = P[Y], Covp(U,T) = Cov (U, Y) and the
fact that U has the same marginal distribution under P and P, and the last equality follows
from P[IF"(O|P)] = 0. For more details of the derivation of IF;", see Section S2. For
concise notations, we hereafter omit the subscript P from the functlons evaluated at P unless
otherwise stated, which simplifies the presentation of the influence function to

(u—PIUN(y = P[T]) _ Cov(U,T)
Var(U) Var?(U)

(S3.4) IF2Y(-|P): 0> (u— P[U))%

Noting that P,=P,o0 fa ! and recalling that the parameter P — L'(Po fo 1) is the same as
the parameter P — W (P), (S3.3) yields that

(S3.5) UG (P,) — Ug(P) =P, [TFEY(O|P)] + Remg(Py, P).
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S3.2. Efficiency gains through estimation of G. We now consider the effect on the
inverse-probability-weighted estimator U (IP,,) of replacing G by its Kaplan—-Meier (K-M)
estimator Gn This involves replacing Y by the estimated (and observed) synthetic response
Y =0X/G,(X), and results in the following estimator of W(P) that now just depends on
the empirical distribution P, of the observed data:

‘IJGA,” (Pn) == COV]}Dn (U, Y)/Val“]p" (U) .

Importantly, unlike for the estimator presented in Section S3.1, constructing this estimator
does not rely on having knowledge of G.

Under the following conditions, Theorem S3.1 below shows that W (P,,) is asymptoti-
cally linear and identifies its influence function. The boundedness part of the first condition
is stronger than we need, but is made to simplify the proof.

(C.1) The predictor U has bounded support and is non-degenerate.

(C.2) The survival function of the censoring, G, is continuous and G(7) > 0.

(C.3) There is a positive probability of a subject still being at risk at the end of follow-

up: P(X >7)>0.
THEOREM S3.1. Given (C.1)—(C.3),
Ve (Pn) = U(P) =P, IF(O|P) + 0,(n~"/?),
where
IF(O|P) = IF%¥(O|P) — IF%(O|P),

the influence function IF?;M( -|P) is given in (S3.4), and
1(z eds,d =0) — 1(x > s)dA(s)

TF (| P): 0 P[(u—P[U])/TE[T\U:u,Xzs]

1
Var(U)

in which A is the cumulative hazard function corresponding to G.

G(s)

Since P[IF(-|P)] = 0, Theorem S3.1 implies that n'/2[¥, (P,) — ¥(P)] ~45 N(0,02),
where o2 = P[IF?(-| P)]. The proof of Theorem S3.1 and the relevant Lemmas S4.1-S4.4 are
deferred to Section S4. In particular, Lemma S4.4 shows that IF " is the projection of IFZ’“’
onto the nuisance tangent space

(S3.6) T"(G) = { /T H(s)dM(s)

where H is any measurable function for which the integral has finite variance, M is the
martingale part of the single-jump counting process for a censored observation: dM (s) =
1(X €ds,d =0) — 1(X > s)dA(s) and the filtration is Fs = o{1(X < s',6 =0),1(X >
), U, s <seT}.

H:T—)R},

REMARK S3.2. Note that IF“"(-|P) in (12) is similar to the earlier definition of
IE™(-|P), but differs in that the marginal expectation over P is removed, which can lead
to an efficiency gain. Indeed, unlike the influence functions for the estimators in the previ-
ous two subsections, the above function applied to an observation O; will make use of the
(always) observed U;, regardless of whether that individual’s event time was right-censored,
both to estimate the U portion of the covariance between U and T' and to evaluate the condi-
tional residual life function on the actually observed U;, rather than on an “average” U. This
can be derived by noting that, under a coarsening at random model, the nuisance tangent
space consists of all functions f € L?(P) satisfying E[f(O)|T,U] = 0 almost surely, where
the expectation is over the full data distribution whose coarsening gave rise to P (Theorem
1.3 in van der Laan and Robins, 2003).



S4. Proof of Theorem S3.1. This theorem gives that ¥, (P,) is asymptotically lin-

ear with its influence function IFg’w(~|P) — IFZ(-|P), where IFg’w(~|P) is the influence
function of an inverse probability weighted estimator in the setting where G is known, and
IF¢" (| P) accounts for the fact that, in truth, G was estimated by the Kaplan-Meier estima-

tor (3,,. Below we follow Lemmas S4.1-S4.3 to validate the substitution of G for (3, in the
asymptotically linear representation of W5 (IP,,) — W(P), while Lemma S4.4 further indi-

cates that I (+| P) is the projection of IFigw(- | P) onto the nuisance tangent space T"*(G).
To obtain the asymptotic linear representation of ¥, (P,,) — ¥(P), we first have that

Vo (Pn) —W(P)=[Vq (Pn) =¥y (P)]+[¥q (P)—¥(P)]
(S4.7) =P, [1ng(0|13)] +[Te (P)— U(P)] - Remg (Py, P)

=P, [IFEY(O|P)] + [¥ (P) = U(P)] = Remg (P, P)+o0p(n~"/?),
where the second equality follows by replacing G by Gy in (S3.5), leading to
Ue (Pn) — Vg (P)
_p H (U = PIUN(Y = P[T))  Cov(U,T)
o Var(U) Var?(U)

=P, [IFZ’:’(O|P)] —Remg, (P,,P),

(U - P[U])Q}] —Remy, (P, P)

and the last equality in (S4.7) holds by the asymptotic equivalence between P, [IFg’w(O|P)]

and P, [IFgw (O|P)] that is a consequence of Lemma 19.24 in van der Vaart (1998) and stated
in Lemma S4.2. Moreover, Remg, (P, P) is shown asymptotically negligible in Lemma
S4.1.

In addition, a first-order Taylor expansion of the middle term on the right-hand side of
(S4.7) around G yields the approximation

(S4.8)
e (P)—0(P)= Va;(lU)P [(U — P[U])Ggii() [Gn(X) — G(X)]| + 0p(n1/?)
i > | Gu(X) _
B Var(U)P (U - PUDY G(X) —1|| +op(n 1/2)7

which can be further expressed in terms of the influence function of Gn. Lemma S4.3 shows
that the influence function of G,,(¢) is —G(¢) IF(O)(t), where

" [1(X €ds,6=0) 1(X>s)dA(s
(S4.9) IFG(O)(t)—/ [ PL(X > s) P1(X > s) } / P1X>s

—00
fort € T; A is the cumulative hazard function of G, and dM (s) = 1(X € ds,0 =0)—1(X >
s)dA(s) is a martingale with respect to the filtration generated by the counting process 1(X <
5,0 = 0). This suggests that G, (t) — G(t) = —G(t)[n~ ' 20 TR (04)(t)] + op(n~1/?),
which further implies that

CZ: Z/ PI(X > s) X > 5 = e Fe(O)(1)

with dM; is the replication of dM based on the observation of the i-th subject. Let L, =
P, IF¢(O) and define ¢: £2° — R by ¢(g) = P[(U — P[U])Y g(X)], where £2° is the space
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of uniformly bounded functions on 7. Then (54.8) can be expressed in terms of L,, and ¢ as
follows:

\I/Gn (P)—¥(P)= Va;(lU)QD (Ln) + 0p(n—1/2) -P, |:\/E;(1U)90(IFG(O))} + Op(n_l/Q),

where the second equality holds by the linearity of ¢(g) in g.
Evaluating ¢ at IF¢(O) in (S4.9), this leads to

ewei0) [y [ ]

_p [(U _ P[U])/TP [ffyU,X > s} P1(X > s)]m] :
in which

~ T
>s| = 1(5=1 >
P[Y;U,X_s} /TG(x)P (6=1,X € dz|U, X > s)

_/ xl(x > s) PL(U,C > x,T € dx) _/ zl(x > s) G(x)P1(U,C > s,T € dx)
+ G(z) PLUC>sT?>s) + G(z) G(s)PL(U,C>s,T>5s)
B v PLUX>sTecdr) E[T|UX?>s|
+G(s) PLUX>s) G(s)
Therefore we have that

pra(0) =P | - PIO) [ Briox =05,

where the expectation with respect to P only applies to (U, X ), not to M, and it implies that
the expression in (S4.7) becomes

(54.10)

Ve, (P,) — U(P) =P, [IFEY(O|P)]

_p [Varl(U)P [(U—p[U})[rEmU,Xzs]df(s)” ~Remg, (Pn, P) + 0p(n"112)

=P, [IFigw(O|P)] -P, [IF’&“(O|P)} —Remg (P, P) + 0p(n_1/2),
LEMMA S4.1. If(C.1) and (C.2) hold, then Remén (P,,P) = Op(nfl/Q)'

PROOF. Similar to Lemma S2.1, by the triangle inequality and the equivalence between
P, and IP,, as they operate on (U, Y") marginally or jointly,

\/ﬁ]RemGn (P, P)| <[Varp, (U)A Varﬁ(U)]_Q{{COVH»n(U,Y) — Covp, (U, }7)‘

+ |Cove, (U, V) — CovP(U,f/)‘}‘\/ﬁ(Var]pn(U) — Varp(U))]
+|Cov (U, V) |Vr{ (P, — P)[U]}"
+ Varp(U)|[Va(Ba = PN {[BalY] = Pal¥]] + | (B — P)[V]]}.

Each term above is now shown to be 0,(1). For the first term, note that Vars(U) > 0,
Varp, (U) & Var(U) > 0, Covp, (U,Y) — Covp, (U, Y) = 0,(1) by (C.2) and the uniform
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consistency of G, to G, the convergence of |Covp, (U,Y) —Cov v (U Y| to zero in probabil-
ity by the weak law of large numbers, and \/n(Varp, (U) — Var5(U)) = O,(1) by the CLT.

The second term is 0, (1) because /n(P,, — P)[U] = O,(1) and (B, — P)[U] % 0. Similarly,
the last term is 0, (1), which is a consequence of v/n(P,, — P)[U] = O,(1), P,[Y] 5 P[Y],
and P,[Y] — P,[Y] = 0,(1) that follows by (C.2) and the uniform consistency of G, as an
estimator of G O

LEMMA S4.2. Suppose (C.1) and (C.2) hold, so U has a finite fourth moment and
Var(U) > 0. Then

Pn[IngU(O\P)] ZPn[IFg’w(qP)] +0p(n_1/2),

PROOF. Following (C.2), fix an € such that 0 < € < G(7). Let G be a collection of mono-
tone nonincreasing cadlag functions G : 7 — [0, 1] such that G(7) > ¢, which is seen to be P-

Donsker (Example 19.11 in van der Vaart, 1998). The influence function ) ( ~) —IF? w( |P),

and it is continuous of G because G/(7) > & > 0. We further have that ||¢)(G)| p2 < oo be-
cause X is bounded by 7; Var(U) > 0 and the finite fourth moment condition of U given in
(C.1) and G(7) > 0, implying that the class 1)(G) is also P-Donsker by the Donsker preserva-
tion properties (Section 9.4 in Kosorok, 2008). Since 1(G) € 1(G), ¥(Gy) € ¥(G) and the
uniform consistency of Kaplan—Meier estimator implies that

/ (6(G) —0(G))2dP 250,

it follows that /n(P,, — P)(¢/(Gp) — ¢(G)) 2 0 by Lemma 19.24 of van der Vaart (1998).
Equivalently we have that

P, [IFE"(O|P)] :Pn[IF’gw(O\P)] +0,y(n"1/?)
because P[i(G)] = P[IFAY(O|P)] = 0 and P [IF”M” O|P)] =0, the latter
implied by the expectation with respect to P not operating on Gn. O

Standard results concerning the Kaplan—Meier estimator give

LEMMA S4.3. Given (C.3) and for t € T, the influence function of Gy (t) is

P T1(X €ds,6=0) 1(X >s)dA(s)
[ PI(X>s)  PL(X>s)

(0l =G |

— 00

b dM(s)
=G /_Oo P1(X >s)

LEMMA S4.4. Given (C.1)—«(C.3), the function IFZ(O|P) is the projection OfIFigw (O|P)
onto the nuisance tangent space T™(Q), where IF %" (O|P) and IF*(O|P) are as defined
in Theorem S3.1, and T™(G) is as defined in (S3.6).

PROOF. The projection onto T™"((@) is given by

H(H'(0)|T"(G /{PH’ )| X =s] — P[H'(0)|X > s]} dM(s)
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for any bounded measurable function H " T x{0,1} x R — R. The projection of
IFEY(O|P) onto T™(QG) is therefore

(S4.11)

T(IFE"(O|P)|T™(G)) = [r {PIFE"(OIP)|X = 5] ~ PIFE"(O|P)| X = 5]} dM (s)

R e

Var( Var(U)
The first term on the right-hand-side of (S4.11) is
1 -
—— | Pl[(U—-PU))Y|X =s]dM(s)=
G L P~ PRDTIX = sla(s) =0,
and it is easy to see that the second term is
1 -
—— | P[(U—-PU)Y|X > s]dM
G [ P~ PRDTIX > sa(s)
1 dM (s)
=—F>=P - P ET|U,X >
Var(U) |:(U [U]) /;_ [ |U7 — S] G(S) )

applying arguments used for deriving IF;(O). Combining these two terms, we can see that
the projection of IF A" (O|P) onto T™(G) is equal to IF{*(O|P) that is defined in (S4.10).
For further details see the proof of Theorem 2.3 of van der Laan and Robins (2003). O

SS. Proof of lemmas for Theorem 3.1. The first two lemmas in this section are given in
order to apply Theorem 2.1 of van der Vaart and Wellner (2007), as done in the third lemma.
For notational simplicity, henceforth we suppress the subscript & that is used in Section 3 in
the main text, and just write ¥(P), U and IF*(-). First of all, we need the following notation.

By (A.2), we can fix an € such that 0 < € < G(7). Let G be the collection of monotone
nonincreasing cadlag functions G': T — [0, 1] such that G(7) > ¢, and define

—1’31}.

Let Q" be the collection of monotone nondecreasing cadlag functions Q: R — [0,1]. Note
that @ could be the c.d.f. of U ~ Q. By (A.1) that U is non-degenerate, there exists v
such that 0 < v < Varg, (U). Define @ ={Q: Q € Q*; |Q[U]| < 00; v < Vars(U) < oo}

Let £ be the collection of functions (u,s) E(u, s) that are uniformly bounded and left-
continuous in s, and H = {(u, s) — (Q(u), E(u,s)) : Q € Q; E € £}. Fix € > 0, and define
Ho = Qo x & C H, where

Qo = {Q1(IQIU] — Qu[U]| < ¢,|Vars(U) — Varg, (U)| <€) : Q € Q}
and & ={E1(|E - E|<¢): E€&}.

0={6-Ge0 s

LEMMA S5.1.  Given (A.1), (A.2), (A.3) and (A.4), let Hy and Gy be defined above, and
let TF* be as defined in the main text. Then

(S5.1.1) P((En,Qy) € Ho) = 1 and P(G, € Go) — 1;
(S5.1.2) {IF*(:|E,Q,G): (E,Q) € Ho; G € Go} is P-Donsker.
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PROOF. First note that Q,,[U] is bounded almost surely, and Varg, (U) is finite and larger
than v almost surely, by the strong law of large numbers and (A.1) that U is bounded and
non-degenerate. In addition, E, (u, s) is uniformly bounded over (u,s) on R x 7 and left-
continuous in s with probability tending to one, by (A.4) that E[|E,, (u, s) — E(u, s)|[2] = 0
uniformly and E as a left-continuous funciton in s. Thus for sufficiently large n,

P((Ep,Qn) ¢ Ho) <P(|Qu[U] = QulU]| > €) + P(|Varg, (U) — Varg, (U)
P(‘En(u,s) — E(u,s)| >€)

> €)

<E[|Qu[U] - Qu[U]|] +E[|Varg, (U) — Varg, (U)|] +E[|En(u,s) — E(u,s)|*] =0

by the strong law of large numbers, (A.4) along with the above arguments. Note also that
P(Gn € Gp) — 1 by the uniform consistency of the Kaplan—-Meier estimator. This gives
(S5.1.1).

Moreover, we see that G and Q* are P-Donsker (Example 19.11 in van der Vaart, 1998),
and so are Gy and Q because Gy C G and Q C Q* (Theorem 2.10.1 in van der Vaart and
Wellner, 1996). Moreover, Hg is P-Donsker because Qg and &, are the classes of indicator
functions multiplied by some uniformly bounded functions and known as P-Donsker (Corol-
lary 9.32 (i) and (v) in Kosorok, 2008).

Now we start to show (S5.1.2). Based on the properties of the above classes, below we
show the class F = {f1 — fo — f3: f1 € F1, fo € Fa, f3 € F3} is a P-Donsker class of
functions on 7 x {0,1} x R, where

flz{(a:,(s,um%;&[l;)])(éﬁ)-@[é( 0): (E, Q)GHO;GEQO};
fQZ{($,5,U)>—> [W]QCOVQ(U,EN'( ) : (E Q)GHO};

F3 {(m,5,u)H(1<7;([]/Eus[(x€d55 0) — 1(z > s)dA(s)] :

[E—

=

(5) = —log(G(s)): (B, Q) € Ho; G € go}.

We can see that IF*(-]E,Q,G‘) e F,so {IF*(-\E,Q,@) : (E,Q) € Ho;G € Go} C F. Note
also that A is a non-decreasing cadlag function on 7', which could be a cumulative hazard
function corresponding to G if G is a survival function. To show (S5.1.2), it suffices to show
JF1, Fo and F3 are P-Donsker. ) }

By Corollary 9.32 (iv) in Kosorok (2008), the class {(z,d,u) — u — QU] : Q € Qp}
is P-Donsker. Together with (A.1) that U is non-degenerate, the class Fy = {(x,6,u) —
[(u—Q[U])/Vars(U)]": Q € Qo, r € {1,2}} is uniformly bounded and P-Donsker (Corol-

lary 9.32 (iii) in Kosorok, 2008). Note also that Q[E(U)] and Cov oW, E(U)) are con-

stant functions of (z,d,u), so the classes F5 = {(z,0,u) — Q[E(U )] :(E,Q) € Ho} and
Fo ={(z,6,u) = Covy (U, E(U)): (FE,Q) € Ho} are uniformly bounded and P-Donsker.
Moreover, because G/(T ) >é>0forall GegGand |X| <7, the aforementioned Donsker
preservation properties imply that the class F7 = {(z,0,u) — dz/G(x),G € Gy} is uni-
formly bounded and P-Donsker. Therefore by Donsker preservation properties, we have the
below classes are P-Donsker:

Fi S{fui- (fiz — fi3) : fi1 € Fu, fi2 € Fr, fiz € Fs 1
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Fo C{for- foz: fo1 € Fu, fo2 € Fe}.

Below we show that F3 is P-Donsker. Let Fg = {(x,0,u) — fTE(u,s)[l(x €ds,d =
0) — 1(z > s)dA(s)] : A(s) = —log(G(s)); G € Go; E € &g C Ho}. Let {t1 <tg <...<
tm} be an arbitrary partition of 7 with uniform increments A; = t;,1 — t; for all j.
Note that E € &o_is uniformly bounded: E| < K for some positive constant K. Let
K' =4K, Z;”zl |A(t; + Ay)|. Following that £ is also left-continuous in s, any function
in Fy is the scalar multiple (by K’) of the uniform limit of the sequence

> E(UKM eyt @)1= 8) = Ati)1e = 1) + A 1@ 2 1)

j=1

=> E(%t[j{/+ = [1[tj,tj+At)(:B)(1 = 0) = Aty + AL > t; + Ar) + A(ty)1(z > tj)}
j=1
m 4

:Zz{E(“ LR 1y A }(1 — )= 2t + Adlre )
j=1r=1

where 337, 377 |ayjr| <1 by

O "o | B( A )
S o < 000 PELER) Ry 4 gt
j=1r=l1 j=1r=1
m E t A 5 4K m B
<22 - + t)A( Q)| < K}Z\A(tﬁAtM:L
j=1

j=1r=1

Then any function in Fg is in a class contained in the scalar-multiplied symmetric convex
hull of the VC-subgraph class {(z,d) — d1(z > s):s € T}, which is a class of indicator
functions. Therefore Fg is P-Donsker (Theorem 2.10.3 in van der Vaart and Wellner, 1996),
and then F3 C {f31 - f32: f31 € Fu, f32 € Fg} is also P-Donsker, (Corollary 9.32 (ii4) in
Kosorok, 2008). Hence, F is P-Donsker by Corollary 9.32 (i) of Kosorok (2008), which
gives (S5.1.2). ]

LEMMA S5.2. Given (A.1), (A.2), (A.3), (A.4), and let Gy be defined above and IF* be
as defined in the main text, supg g PI(IF*(-|Ey, Qp, G) — IF*(-|E,Qu, G))?] 2> 0.

PROOF. To give the proof, we apply Chebyshev’s inequality, so that it suffices to show
the first moments of the relevant mean-squared quantities converge to zero. Recall that P
denotes the expectation of a generic variable, one of the conventional notations for empirical
processes. For any G € G,

(S5.12)

PIF*(:|En, Qn, G) — IF*(:|E, Qu, G))? < (i) + (i) + (i44) + (iv) + (v), where

{2 )
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Varg, (U) Varg, (U)
w=rl{(Sy - Setn) oo} |

(v) EPHW/T (£u(U.5) ~ B(U.)) 31(U. ds)}Q].

Then showing S5.2 is equivalent to showing that the quantities (7)—(v) on the right-hand-side
of (S§5.12) converge to zero in probability. First along with (A.1) that U is non-degenerate,
the strong law of large numbers and the continuous mapping theorem give that

(U-Qu[U])  (U-Qu.UJ)
Varg, (U) Varg, (U)

By (S5.13), together with G(7) > € > 0 for G € Gy and | X | < 7 such that [§X /G(X)| < 7/¢,
we have the quantity (i) converging to zero in probability.
The quantity (ii) of (S5.12) is

(S5.14) SP[{ [(%ars?zgf)]) . ((\]/arizz[UU)D} QU[E(U)]}Q}
2
|

U—-QulU]) 12 >
o |{ Sty @800 - £
(U = Qu[U]) 2o |
+p[{ =Bl (o, - @i} |
The first quantity of (S5.14) converges to zero in probability by (S5.13) and Q,[E(U)] is
bounded. The second quantity of (S5.14) is

. PH [(3;«3’25%” - (%a_ri ?%D] Qu[En(U) - B(U)] }]

wp[{G 2 lq, [6,0) - 5]} |

where by (A.1) that U is bounded and non-degenerate, the dominated convergence theo-
rem implies that the first moment of the first part converges to zero, using (S5.13) and
supyeg | En(u) — E(u)| is bounded in probability implied by (A.4). Therefore applying
Chebyshev’s inequality, the first part converges to zero in probability, and so does the second
part by

E{P[{W@n[ o-ew ]

[(U QulU n2{ZE{E - By}

VarQ

. ZE{ [En(Ui) — E(U)][En(U;) —E(UJ‘)]}H

{i#j:i=1,...,n} j=1

— 0 a.s.

(S5.13) ‘
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{[ By + " Ve (B, E(U)][E4(Us) - E(U2)] }

— 0,

where the penultimate line follows (A.1) that implies that (U — Q,[U])? /Varéu(U) is
bounded almost surely, and the convergence to zero holds by the dominated convergence
theorem, along with (A.4) that implies that sup,, |E (u,s) — E(u,s)| is bounded in prob-
ability and E{|E,(u) — E(u)|} = o(n~'/%) for each u. Therefore the second quantity of
(S5.14) converges to zero in probability. The last quantity of (S5.14) converges to zero in
probability, following (A.1) so that (U — Q,[U])/Varg, (U) is bounded almost surely and
using (Qn — Qu)[E(U)] 5 0.
The quantity (7i) of (S5.12) is

s <rl{[ B - oo ) |

4P [{m Covg, (U, (V) ~ Covg, (U, E(U))] }Z] .

The first quantity of (S5.15) converges to zero in probability by (S5.13) and the fact that
Covg, (U, E(U)) is bounded (implied by (A.1) and (A.4)). The second quantity of (S5.15)
goes to zero in probability, following (A.1) that implies (U — Q,,[U])/Varg, (U) is bounded
almost surely and

|Covg, (U, E,(U)) — Covg, (U, E(U))| < |Covq, (U, E,(U)) — Covg, (U, E(U))|
+ ‘COVQR(U,E(U)) — COVQH(U,E(U))| =0p(1).

The above display results from the first term on the right-hand-side converging to zero in
probability by E{|E,,(u) — E(u)|} = o(n~'/%) for each u in (A.4) along with (A.1), and the
second term converging to zero in probability by the law of large numbers.

The quantity (iv) of (S5.12) is

(S5.16)
SPM%;ST&[JU)D - ([{fa_rci ?E%”) /T (BnU.5) = B(U.5) ) 31(U ds>}2}

(- ) f v ]

To show that the quantity (iv) of (S5.12) converges to zero in probability, it suffices to give
the convergence to zero in probability of this upper bound in (S5.16). Note that M (U, ds) =
(X €ds, 6 =0) — 1(X > s)dA(s|U) and

(S5.17)

‘/T(EH(U,S)—E(U,s))M(U,ds)‘ <o

p | En(u, )—E(u,s)’zslip (1+/~X(T|u))2

< sup | En(u,8) — E(u, )|
(u,3)

so that

)
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S GHE = e DYACTERLCORITI

<ofef (S o ey,

following the dominated convergence theorem, along with (S5.13), (A.1) that U is bounded
and non-degenerate, and (A.4) that sup, |Ey(u,s) — E(u, s)| is bounded in probabil-
ity. Therefore, we show that the first term in (S5.16) converges to zero in probability.
We contmue deahng with the second term in (S5.16). Slmllarly, we first upper-bounds
| [ E( M(U,ds)|* by sup(y \E(u s)|?sup,, (1 + A(7|u))?, which further gives that

E{PH%%“—%arfzi%]))/ s ||
- {r[{(Satty - S ) JEw s )
5P[E{ <<U—@n[m> ~ (U—Qu[U])>QSup !Ews)!?}] 0 as,

Varg, (U) Varg,(U) /) (us)

following the analogous arguments to those for the first term in (S5.16), along with (A.4) that
E is uniformly bounded. Therefore, we show that the quantity (iv) of (S5.12) converges to
zero in probability.

Now we deal with the last quantity (v) of (S5.12). Applying (S5.17) and the above argu-

ments,
{ [{ ({/arfg] /T<E (U,s)—E(U,s))M(U,ds)}Q]}
E

{P[{<(\]/ar5‘£[U)])/T(En(U,s)—E(U,s))M(U,ds)}z]}

P[ <W>ZE{?ES | Ep(u,5) —E(u,s)f}] -0,

where the convergence follows the dominated convergence theorem, (A.1) that U is bounded
and non-degenerate, and (A.4) that sup, \E (u,s) — E(u,s)| is bounded in probability

and E{|E,(u, s) — E(u, s)|} = o(n _1/4) for each (u, s). Hence, we conclude the proof. [

Bn(u,s) — E(U,S)EH —0 as.,

AN

LEMMA S5.3. Suppose that (A.1), (A.2), (A.3) and (A.4) hold. Let Hg be as de-
fined above and 1F* be as defined in the main text, SUD (£ &), P[(IF*(-|E,Q,Gy) —

IF*(|E,Q,G))% 0.
PROOF. For any (E Q)
(S5.18) P[IF*(-|E, Q, é )—IF*( E,
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where M (U, -) is the martingale residual with A, (-|U) corresponding to Gy, (-|U). Apply-
ing Taylor expansion on (1/G, — 1/G), the first term on the right-hand-side of (S5.18) is
dominated by

}{FU%gng(Gim@%““”‘aX0>F}

A — 0 2
< (G —60) P [{ G | | =)

because (U — Q[U])cSX/VarQ(U) = O, (1) that is implied by (A.1) and | X| < 7; G(7) >0
as stated in (A.2) and the uniform convergence of Gn.

Then we show that the second term on the right-hand-side of (S5.18) converges to zero
in probability. As we have seen that (U — Q[U])/ Var(U) = Op(1) by (A.D), it suffices to
show that

(S5.19) P [{ /TE(U,S) <M(U, ds) — M(U, ds)) }2] )

The decomposition M (u,ds) = M (u,ds) + 1(X > s)(dA(s) — dA,(s|u)) further reduces
proving (S5.19) to showing that

(S5.20) P [{ [rE(U, $)1(X > s) (dA(s) - dAn(s|U)> }2] 250.

Following N,,(u,s) and Y;,(u,s) as defined in Section S1, we easily see that M (u,ds) =
Ny (u,ds) — Yy (u, s)dA(s) is a local martingale with respect to the aggregated filtration that
is defined in (S1.2) from Section S1. Note also that

(§5.21)
An(tlu) — A(t) = / 1V (:9) > 0) e sy + / [1(Y, (u, 8) > 0) — 1]dA(s)

oo Yo(u,s) —0
_ ' M VI (u.ds) — ' u,s) = S
_/;) )= i ) /mﬂm(,%ﬂMM)

Inserting the decomposition in (S5.21) back to (S5.20), along with (a + b)? < 2 (a? + b?),
gives that showing (S5.20) is equivalent to showing

: 1(Ya(U,5) >0) - 1
S5.22 P E (X >s)——F—F—F——MU,d ;
(5522) { [ pwnoez 9! 5,401 250
. 2
(8523) P H / B0, $)1(X > $)L(Yo(Uss) = O)dA(s)} } ENY
T
Recall that E denotes the expectation over Oy, . .., Oy, regarding O as fixed, in contrast to the

expectation P that applies to O. Note also that E[(M (u, ds))?| Fs] = Yy (u, s)dA(s). Then for
each u, F(u, s) is left-continuous in s and adapted to the filtration F;, so we have the display
in (S5.22) by

E{P {/TE(U,S>1(XZS)WM(U,CZS)}T}

:E{P[{/TE(U,s)l(XZS)WM(U’CZS)}T}
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:P[E{ [/TE(U,S)l(X > S)WM(U, ds)rH
:P[/TEQ(U,S)l(X>s)E{W}dA(s)] -0,

where the convergence to zero in the last line follows that F € & is uniformly bounded, that
inf(, ) erx7 Yn(u,s) — oo, and the dominated convergence theorem. Similarly, the display
in (S5.23) is an immediate consequence of the uniform boundedness of E, 1(Y;,(u,s) =
0) = 0p(1) for each (u, s) and the dominated convergence theorem. Hence, we conclude this
proof. O

LEMMA S5.4. Given (A.1), (A.2), (A.3), (A.4) and IF* defined in the main text, we have
that

(85.4.1) [P — PIIF* (B, Q0 G) — IF* (B, Quu G)] = 0, (n1/2);
(85.4.2) [P — PIIF* (B, Qu, C) — TF* (- B, @, G)] = 0p(n 1)

PROOF. As the core of this proof relies on applying Theorem 2.1 of van der Vaart and
Wellner (2007), we first relate our notation to theirs. We take the functional IF*(-|F, Q, G)
to be fp,, in their notation, where (#,7) could be either (G, (£,Q)) or ((£,Q),G). Further,
if we take 0 = G and n= (E,Q), which corresponds to the situation in (S5.4.1), we have
in their notation 7, = (F ns Qn) o = (E,Qu), Hy = ’HO, and © = Gj. Alternatively, if we
take 0 = (E Q) and 7 = G, as in (S5.4.2), then 0, = G, no = G, Hy = Gy, and © = H,.
Note that the condition P (7, € Hy) — 1 and the P-Donsker condition of their theorem are
satisfied by our Lemma S5.1. The main step is to check their condition (3), namely that
supgee P(fo.n, — fo.n,)? —p 0, in the instances arising here.

We first show (S5.4.1). For any € > 0,

P( |Vl = PIIE* (B0, Qu, @)~ IF*( B, Qu, G))| > €) <P (B Q) ¢ Ho)
+P(G¢60) +P((B.Qu) ¢ Ho)
+P( sup ’fIP — P|[IF*(-|En, Qn, )IF*(«]E,Qu,G)]‘>e)%O,
G€Go

where the first probability on the right-hand-side goes to zero by (S5.1.1) of Lemma S5.1,

the second and third probability are trivially zero by the definitions of Gy and Hg, and the

last probability converges to zero by checking their condition (3) using Lemma S5.2.
Similarly, (S5.4.2) holds by

P( |VilBa = PIIF*(1B0, Qu,Gu) = IF* (B0, Q0 O] > )
<P((Bn,Qn) £ Ho) +P(Gn ¢ Go) +P(G ¢ o)

+2( s |VAlP, - PP CEQ.G) - I (1B.Q.G)| > ¢) 0,

(E Q)EHO

where the first two probabilities on the right-hand-side converge to zero by (S5.1.1) of Lemma
S5.1, the third probability is obviously zero by the definition of Gy, and the last probability
converges to zero by checking the condition (3) in this instance using Lemma S5.3 O
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Before we proceed with the next lemma, we list some properties that will be repeatedly
used later:

(S5.24)
(U_Qn[U]) _ (U_Qu[U]) _ (Qu_@n)[U] o 1 B 1
Varg, (U) Varg,(U) ~ Varg, (U) + (U= Qu[U]) Varg, (U) Va,rQu(U)]
=op(1);
(S5.25)

Varg, (U) Varg, (U)

\/ﬁ{ U-Qu[U) U-=-@Q [U])}

\/ﬁ(Qu _ Qn) [U] 1 1
~ Varg, (U) +U QU[UD\/H[Var@n(U) VarQu(U)} =0p(1),
which follow empirical process theories along with (A.1) that U is bounded and non-
degenerate. In addition, we observe that Y;,(u,7) ~ Binomial(n,p.) with p, = P(X >
7,¢(U) = c¢(u)) that is positive by (A.3). Along with the monotonicity of Y,,(u,s) in s € T,
Hoeffding’s inequality gives that as n — oo, P(infse7 Y (u,s) < v/n) = P(Y,(u,7) <
V1) <exp(—2(y/nps — 1)?) — 0. Therefore, we have that as n — oo,

(55.26) P(inﬁYn(u, s) > +/n) — 1 for each u;
se

(85.27) /nP(Yn(u,s) =0) < +/nP(Yo(u,7) =0) =v/n(1 — p,)™ — 0, for each (u, s).
LEMMA S5.5. Given (A.1), (A.2), (A.3), (A.4) and IF™ as defined in the main text,
P[IF*(-|En, Qu, Gn) = IF*(-|E, Qu, Gp) + 1F* (| E, Qu, G) = IF*(-| En, @y, G)]
= op(n_l/Q).

PROOF. Observe that

— P[IFCAR(|E,, Q.. Gy));

— PIFCAR(E,,Q,, G)];

PIF* ({5, Qu. 6] _P|U- Qu[\I/JJ]C)C()Y(;)Qu[E(U)D] B CO\/\%T(QU,(EU()U))

— PIFCA(|E, Qu, G)];

P (15,0.,)) =10 = UV QuEWI) _ Covg. V.10

— PIFCAE(|E,Qu, G)),

which implies that
(S5.28) P[IF*(-|Epn, Qn,Grn) — IF* (| E, Qu, Gn) + IF*(-|E, Qu, G) — IF* (| En, Qn, G)]
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A8 Gt

Q) T
P[ Varg, (U) /( w(U,s) — E(U,s)) [M(U,ds) M(le)ﬂ

E
_PH%;"S?EJ)D Z/arg“ ]/E (U, s)[M(U,ds) — (U,ds)}}

_ By the decomposition on the left-hand-side of (S5.24), along with Y = § X/ Gn(X) and
Y =0X/G(X), we have the first quantity on the right-hand-side of (S5.28) as

P i)+ QD | g - VarQluw)] }{aééo ~ 00|

which is 0,(n~/2) by (S5.25) and the uniform consistency of G,
Then we deal with the last two terms on the right-hand-side of (S5.28). By the decompo-
sition M (U,ds) — M(U,ds) = 1(X > s)(dA(s) — dA,(s|U)), the two terms turn into

(S5.29)

-r | g s) = E(U,s s ) — dAn(s

(Eaia SR | [ Buwsnix = s)angs) - aisio)|.

Now we tackle the first term of (S5.29), and apply similar techniques to the second term.
According to the decomposition in (S5.21), the first term of (S5.29) is further expressed as

(S5.30) P[m/T(EH(U,s)—E(U,s))l(XZs)WM(U,ds)]

($531) —P [W /T (Ba(U, s) — B(U,5))1(X > s)L(Y, (U, ) = 0) dA(s)] .

The quantity (S5.30) is op(nfl/ 2) as shown in what follows. First by Jensen’s inequality, the
second moment of the quantity (S5.30) (multiplied by y/n) is bounded by

(S5.32)

E{P[( gfarju /\f (Uas))WM(U,ds)>2]}

- fr{ - E<U78>>2WE[(M<U )" 1]}
=P :W /TnE{(En(U, s) — E(U,S))QW}dA(S)]

<[ U@l [ (b0 B0 JJanco] 0

The second line of (S5.32) holds by the fact that M (u, ds) is a local martingale with respect
to the aggregated filtration F; (defined in (S1.2) from Section S1), and that En and Y,, are
predictable with respect to F, (see in the main text for the details of En). Moreover, the
inequality in (S5.32) holds by infsc7 Yy, (u, s) > /n with probability tending to one for each
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u as given in (S5.26), while the final convergence to zero follows (A.4) that E{|En(u, s) —

E(u,s)|} = o(n=1/4) for each (u, s), along with using the dominated convergence theorem.

Therefore by Chebyshev’s inequality, (S5.32) implies that the quantity (S5.30) is op(nfl/ 9.
The quantity (S5.31) is 0,(n~'/2) because

\/ﬁE‘—P[W/ (B (U,3) — E(U,8))L(X > 5)1(Yn(U,s) =0)dA(s }

\
g\/ﬁE{ [’[{/ari“ |/\E U,s)— E(U,s)|[1(X > s)1(Ya(U,s) = ”

:\/EP[M/ (X > )E{|Eu(U.5) E(U,s)]l(Yn(U,s):O)}dA(s)]

U — QulU I/\/ |E (U, s) — \}E{1 (U, 5) = 0) }dA(s)

Varg, (U

<\/nP — 0,

where the last inequality holds by the fact that A is nondecreasing and 1(X > s) <1, and
the Cauchy-Schwarz inequality. The final convergence to zero follows because (A.4) that
E{|E,(u,s) — E(u,s)|} = o(n~/*) for each (u, s), and by (S5.27) that

VRE{L(Y, (U, 3) = 0)} = VP (Y, (U, 5) = 0) < VP (Y, (U, 7) = 0) = 0,

together with (A.1) that U is bounded and non-degenerate and using the dominated con-
vergence theorem. By Chebyshev’s inequality, along with the above displays, the quantity
(S5.31) is 0, (n"1/2).

Similarly, the second term of (S5.29) is expressed as

(S5.33)

U-QuU) _ U-QuUD] [ 5 vy o o LT85 0)
PH Varg, () Varg, (D) ]/TE”(U’ S A M(U"”]

(§5.34)
UMW) (U-QuU
PH Varg,(U)  Varg,(U

]/E (U, 5)1(X > s)1 (Yn(U,s)zo)dA(s)].

The quantity (S5.33) is op(nfl/ 2), applying similar arguments to those used for (S5.30). It
therefore suffices to show that the second moment of the quantity (S5.33) (multiplied by /n)
converges to zero in probability. As in (S5.32), we see the second moment of the quantity
(S5.33) (multiplied by /) is bounded by

aCl(E e VA (755 i ) ]}

ol [ - Sy ] [ e G )] o

where the convergence to zero follows (S5.25), that En(u, s) is bounded in probability for
each (u, s) (see in the main text for the details of £,,), and inf(y o) e rx7 Yn(u,s) — oc. Thus,
we have that the quantity (S5.33) is op(n_l/ 2), by Chebyshev’s inequality. Analogously, we
see the quantity (S5.34) is op(n_l/ 2) as follows. The expectation of the absolute value of this
quantity (multiplied by y/n) is bounded by

\/HE{PHa{/;ST(LEJ)D (\J/ari" ‘/ |E, (U, 8)[1(Yn (U, s) = )dA(s)]}—w,
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using (S5.25), that En(u,s) is bounded in probability and as implied by (S5.27) that
1(Y;,(u, 8) = 0) = 0,(n~1/?), and the dominated convergence theorem. Along with Cheby-

shev’s inequality, this gives the quantity (S5.34) is op(n_l/ 2). Hence, we complete the
proof. 0

LEMMA S5.6. Let P, = (E,,,Q,,G), IF* and IF' be as respectively defined in the main
text. Given (A.1), (A.2), (A.3) and (A.4),

S(Py, P)) — ¥(P) = [P, — PI{IF*(:|E,Qu,G) + IFT(:|E, P)} + 0,(n~1/?).
PROOF.
S(P,,P}) — W(P)=W(P.) +P,IF*(-|P,) — ¥(P)
= [P — PIF*(P}) + |W(P;) — W(P) + PIF*(| )]
=[P, — P]IF*(:|P)) + [P, — P]IFT(:|E, P) + 0,(n~'/?)
=[P, — P{IF*(-|E,Qu,G) + IF'(-|E, P)} + [B,, — PI[IF*(-| ) — IF*(-|E, Qu, G)]
+ op(n~1/?%)

= [P, — P){IF*(-|E,Qu.G) + IF'(-|E, P)} + 0,(n~'/?),
where the last equality follows by (S5.4.1) of Lemma S5.4. The third equality is shown below.
Recalling the definition in (6) of the main text,
Covg, (U, E.(U)) _ Cove, (U, B[V U))
Varg, (U) Varg, (U)

P(U = Qu[U)) (6X/G(X) — Qu[En(U)])

W(P))—W(P)+ PIF*(:|P)) =
P
Varg, (U)

1
B Var?@n(U)

Inserting Y = 6 X/G(X), Q,[U] =n~' 327, U; and Q,[E,(U)] =n~' 327, E,(U;) back
into the third term of the above display implies that

rl{(-uen) (e 13w LSe(- )]

Recall also that P denotes the expectation that applies only to O ~ P and not to any estimator
composed by {O1,...,0,} and let Y =Y, and U = U; without loss of generality, so we

therefore see that

P [(QU[U] - :LZ”: Ui)ﬂ = QuUIP[Y] - %P[Ulfq] - ianQu[Ui]P[fﬂ

i#1

P(U = Qu[U))*Covg, (U, En(U)) — P {m /T B(U, s)dM(s)] .

= 2Qu[U)PIT) -~ PUT)

n
and

1zn:p[((] _ EZU’) An(Ui)} PlULE, (U ZQU [U1]P[En(Us)]

n
i=1 i=1 A
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1 < . 1 = A
=52 PUEU) = — > D QuUIPE(U)]=0.
i=1 {i:i=1,...,n;i#5} j=1
Hence combining the results in the above three displays, we have that
1 .
WP(U — Qu[U))(6X/G(X) — QulEn(U)])
1 - 1 - 1 -
= W{P[(U — QuU)Y] + ~QulUIPY] - nP[UY]}

_COVQH(U,EDN/’U]) oo (n~1/2
= Varg (U) + 0p( )

following (A.1) and (A.2) so that Q,[U], P[Y] and P[UY] are bounded, and Varg, (U) is
bounded away from zero almost surely.

9

Let
(i) = Covg, (U, E,(U)) (i) = _ Covg, (U,E[Y|U]). (i) = Covq, (U,E[Y|U])
— Varg,(U) 7 B Varg, (U) ’ n Varg, (U) ’
(iv) = _Varg(U)P(U — Qu[U))*Covg, (U, En(U);

(v)=—P [W /T En(U,s)dM(s)]

so we have
(S5.35) U(P) — W(P) + PIF*(-|P!) = (i) + (ii) + (i) + (iv) + (v).
The quantity (iv) could be simplified as
N 1 B _ 2 >
(iv) = Var?@n () P(U = Qu[U] + QulU] — Qy[U])*Covq, (U, En(U))

Varg, (U) + P(QuIU] - Qu[U)? ~ 2Varg, (U)

(U) +op(n~'72),

following the fact that /n(Qu[U] — Q,[U])? = 0,(1), Covg, (U, E‘n(U))A/Varén(U) =
Op(1) and Varg, (U) is bounded, by assumptions (A.1) and the details of E,, in the main
text. Moreover,

o T0=ROD [ oo -
w0 =-p[C=2E [ b wopamew] -

following dM (s) = 1(X € ds,d =0) — 1(X > s)dA(s) and dA(s) =P(C €ds)/P(C > s),
so that P[dM (s)|U] = P[1(T > s)|U|P[1(C € ds) — 1(C > s)dA(s)] = 0, together with the
independent censoring assumption.

Inserting the above results into (S5.35), we have that

(S5.36)

A

U(P)) = U(P)+ PIF*(-|P;)
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Conn(UE(U)) Covg, (U,E[Y|U]) = Covg, (U, E[Y|U))

Varg, (U) B Varg, (U) Varg, (U)
Covg (U, E,(U _
— %aié(U)< ))VarQu (U) + op(n 1/2)
— [Varg, (U) — Varg, ()]« Covo, (U E[Y/|U])[ L ! ]
U @ Narg, (U) 7 @\ Varg, (U) Varg, (U)
1 1
+ [VarQn(U) — VarQu(U)] {Varén(U) — Var2Qu(U) }

X [COVQn(U, En(U)) - COVQ“(U,E[?|U])1|

1

+ [Varg, (U) — Varg, (U)] Vard_(U) [

Covo, (U, E,(U)) — Covg, (U, E[Y|U])

+0p(n_1/2).

Because Varg, (U) is bounded away from zero almost surely by (A.l) that U is non-
degenerate, along with Covg, (U, E[Y'|U]) is bounded by (A.1) and the fact that E[Y|U =
u, X > s| is uniformly bounded over (u,s), the first quantity on the right-hand-side of
(S5.36) is 0,(n~1/2), following \/n[Varg, (U) — Varg, (U)] = Op(1) and 1/Varg, (U) —
1/Varg, (U) = 0,(1).

Note also that using the general properties of E, in (A.4) and the law of large numbers
gives

Covg, (U, E,(U)) — Covg, (U, E[Y|U]) = Covg, (U, E(U) — E[Y|U])
(S5.37) + Covg, (U, E,(U) — E(U)) + [Covq, (U, E(U)) — Covg, (U, E(U))]
= Covq, (U, E(U) — E[Y|U]) + 0p(1).

By the facts that v/n[Varg, (U) — Varg, (U)] = Oy(1) and 1/Varg (U) —1/Varg, (U) =
0p(1), the second quantity on the right-hand-side of (S5.36) is also op(nfl/ 2). In addition, we
observe that Varg, (U) is regular asymptotically linear estimator of Varg, (U) with influence
function o — (u — @Q,[U])?. Combining this fact with \/n[Varg, (U) — Varg, (U)] = O,(1)
and the display in (S5.37), the third quantity on the right-hand-side of (S5.36) turns into

1

[Varg, (U) — Varg, (U)] W

Covo, (U, E(U) — E[Y |U]) + 0p(n~"/?)

_ Covq, (U,E(U) — E[Y|U]) {[Pn _

N P QU oyt

=P, IF (-|E, P) 4 0,(n"'/?).

Referring to (S5.36) and noting that PIFT( ] ,P) =0, we have completed the proof that
U(Fy) = U(P) + PIF*(:|P}) = [Py — PIIF'(|E, P) + 0p(n~'/?). O

S6. Proof of lemmas for Theorem 4.1. For any mg,m; > 0, let BY(7T,mg, m1) be the
collection of functions f: T — [—mg, mg] with total variation bounded by m;. The lemma
below gives preservation properties of these classes.
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LEMMA S6.1.  Fix mg,mg, m1,m1 > 0and € € (0,1). For any f € BV(T,mg, m1) and
g € BY(T,mg,m1), [+ g and f — g are contained in BV(T,mo + mo,m1 + m1); fg
belongs to BV(T , momg, momi + momy); moreover, if g is such that infic7 |g(t)| > €, then
f/g is contained in BV (T, mq/e, (momi + momy)/e2).

PROOF. Let || f||, denote the total variation of s — f(s),s € T, and let ||f| s denote
sup;e7 | f(t)|- As the notation indicates, both || - ||, and || - |- are norms, and therefore
satisfy the triangle inequality.

As f € BY(T,mg,m1) and g € BY(T,mp,m1), we have | flloc < mo, || fll, < mi,
lglloc <170 and [lgll, < 1.

To see that f + g € BV(T,mqo + mg, m1 + m1), note that || f + glleo < || flloo + |9loo <
mo +mo and || f + gl < || fllv + [lgll» < m1 + M. The same argument shows that f — g €
BYV(T,mo + mg,mi + my).

To see that fg € BV(T,momo, mom1 + memi), note that |[fgllec < [|f[locllglloc <
momo, and, for an arbitrary partition {t; <ty <... <ty <tmy1}of T,

DI ) = (Fa) () <D {\g(tj+1)\|f(tj+1) = FNI+1f@E)lg(tj41) — g(tj)!}
p=i =

m m
Z tiv1) = F(t) +mo Y 1g(tir1) = 9(t;) < moll fll +mollgll.

Jj=1
< mgomiy + mom;.

For the ratio of two functions, ||f/¢g||cc < mo/e, and, for an arbitrary partition {t; < to <
oo <ty <tmg1}yof T,

Zl|f<tj+1>/g<tj+l>— Z f; jjj) gﬁiiﬁﬁi
gizz (1) — 9t 1 (1))
< %Z{m (DI (tr) = FE)] + £ lg(ti41) = 9(2)] |

< (moll fllo + maollgllv) /e* < (mormy + moma) /&2,
UJ

Note that the present theorem refers to E, given in Remark 4.2 with n replaced by j for
J=4qn,-..,n—1,and U = Uy, for a given k. That is, with k included and the sample size of
j considered, we are now dealing with

(S6.38)
« Covp, (Upl(X > 5),Y1(X > s))
E; k)=P;[Y1(X > ?

J(uasv ) J[ ( —S)}_‘_ Vaer(Ukl(XZs)) (u
By the weak law of large numbers and the continuous mapping theorem, together with the
uniform consistency of G, on T, F,, is a pointwise consistent estimator of
Cov(Upl(X >s),Y1(X > s))(

U
Var(Up1(X > s))

By [U1(X > 5))).

Eo(u,s,k) = P[Y1(X >s)] + — P[U,1(X > 3))).
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Note that we suppress the argument s if s = —oo. The following lemma shows that all of
E;, j={qn,...,n}, and Ey are asymptotically contained in a class of uniformly bounded
functions with uniformly bounded total variation.

LEMMA S86.2. Under the assumptions (A.1), (A.2) and (A.6), there exist positive con-
stants My and M such that for each k, the function Ey(-,-, k) is contained in the class

{(u,s) = a(s) +b(s)u: a,be BY(T, Mo,Ml)},

and moreover, Ej(-, - k) as defined in (S6.38) is contained in this class with probability
tending to one, for j = qpn,...,n.

PROOF. Let the upper bound of all the |U| be M, € (0,00), which is ensured by the
assumption (A.1). And let a constant M, > 7/G() > 0, following G(7) > 0 in (A.2) such
that M, € (0, 00). For some ¢ € (0, 1), take Mo = M, + 23:1 2¢ ' MM, and M, = M, +
2321 65*2]\;[5]\@. Note that M, and My do not depend on (j,k,n), so My and M, are
independent of (j,k,n).

To have Ey(-, -, k) in the above-defined class, it suffices to have both

Cov(Upl(X >5),Y1(X > 5))
Var(Up1(X > s))

and Cov(Ur1(X > 5),Y1(X > s))/Var(U,1(X > s)) belonging to BV(T, My, M;). We
start by showing that each of the following functions belongs to an appropriate class
of uniformly bounded functions with uniformly bounded total variation: P[Y'1(X > s)],
PlULL(X > 9)], P[(Uy— P[Ux1(X > s)))Y1(X > s)]and 1/P[U;1(X > s) — P[Ug1(X >
s)]]z. Specifically, for each of these functions, we will exhibit an mg, m; such that the func-
tion belongs to BV(T,mg, m1).

We see that s — P[Y1(X > s)] is uniformly bounded by P|Y| = PiX/G(X)| <
T/G(T) < M, and has total variation bounded by M,; therefore s PY1(X = s)] €
BY(T, M, v M,). Similarly, s + P[Uz1(X > s)] is uniformly bounded by M, and has to-
tal Varlatlon bounded by M,,; thus, this function is in BY(T, M, Mu) Moreover, Lemma
$6.1 gives that s+ P[(Uy — P[Ux1(X > s))Y1(X > s)] € BV(T, 20, M,, 3M,M,).
Also, s+ 1/P[Up1(X > s) — P[UL1(X > 5)]]? belonglng to BV(T,1/,3M2 /<), using
Lemma S6.1, that s — P[Uy1(X > s) — P[U,1(X > s)]]? in BV(T,2M?> 3M2) and that
PlURL(X > s) — P[UpL(X > s)]]> = Var(Ux1(X > s)) > ¢ > 0 by (A.6). Provided the suf-
ficiently large My and M7, the above results and Lemma S6.1 implies that

Cov(Upl(X >5),Y1(X > s))

PIY1(X >s)] —

P[U1(X > 3)]

PIY1(X >s)] — PlU1(X >
2M2M, 6M4AM, 5M2M, -
€ By (7’ My, + , My, + ;2 Y4 Z y> C BV(T, My, My);

g2 €

Cov(Upl(X > 5),Y1(X > 5)) 2M,M, 6M3M, 3M,M,
BV (T, : +
Var(Up1(X > s))

C BV(T, My, My).

Fix j € {qn,...,n}. For Ej(~, -, k) to belong to the function class given in the lemma, we
would need

Covp, (Up1(X > 5),Y1(X > 5))
Varp, (Up1(X > s))

BjY1(X > 8)] - Pj[UG1(X > o)
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and Covp, (U 1(X > s),Y1(X >s))/Varg, (Ux1(X > s)) belonging to BV(T, Mo, My). 1t
thus suffices to show that, with probability tending to one, the following functions
Pi[V1(X > 8)], By[(Us — B [Uk1(X 2 ))YI(X > )], BULL(X > )],

and 1/P;[Ux1(X > s) — Pj[Ux1(X > s)])? all belong to BY(T,mg, my), for suitable my
and m; that does not depend on j. This will be done by appealing to Lemma S6.1.
Below we show that |P;[Y1(X > s)]| < M, for any s € T and s — P;[Y1(X > s)] has

total variation bounded by My with probability tending to one.

1 1 0X
P;Y1(X > <PIYL(X >9)|<P;|Y| < —— — — P[0 X |+ Pj| ——
PAYLX 2 )| S BV 2 8)| SBIY] S up | oos = oo POXT+ B )
<su p‘ ‘{ P)|6X| + P|6X|} + (P; — P)|Y|+ P|Y| < M,
teT

with probablhty tendmg to one, using the weak law of large numbers. We also use [0 X | < T,
the uniform consistency of G,,, G(7) > 0 by (A.2) and P|Y| < 7/G(7). Also, for an arbitrary
partition of T, say {t1 <to <...<tm <tmti}s

Z’]P’ Y1(t; < X < tj41)] ‘<]P’ Z‘Ylt <X <tj) ‘_]P’ Y|
7j=1

1 1
<sup ‘A - —
teT | Gin(t) G(t)

P]-|5X+Pj(G(X)\

<su p’ l{ P)|6X|+Pl5X|} + (P; — P)[Y|+ P|Y| < M,
teT

with probability tendlng to one, using the same arguments as the above. Taking a supremum
over all partitions of 7~ shows that the total variation of s — P;[Y'1(X > s)] is bounded by
M, with probability tending to one. Thus P;[Y'1(X > s)] belongs to BV(T, M,, M,) with
probability tending to one.

Lemma S6.1 implies that, with probability tending to one, s — P;[U,1(X > s)] €
BYV(T, My, M,,); s+ P;j[Upl(X > 5) — P;[Up1(X > s)]]? € BV(T,2M2,3M?2), and s
P,[(Ur — Pj[Up1(X > s)))Y L(X > )] € BV(T, 2M,M,, 3N, M,).

Recall that (A.6) assumes Var(Ui1(X > s)) to be uniformly (over k,s) bounded away
from zero, that is, miny, ; Var(U;1(X > s)) > ¢ for some ¢ € (0,1). Then we see that with
high probability, P;[Ux1(X > s) —P;[Ux1(X > s)]]* = Varp, (U, 1(X > s)) is larger than or
equal to € and then bounded away from zero on 7. By Lemma S6.1, we have, with probability
tending to one, 1/P;[Ux1(X > s) — P;[Up1(X > s)]]? € BV(T,1/e,3M?2 /<?).

Together with all the above results, Lemma S6.1 gives that with probability tending to one,
Covp, (Upl(X > 5),Y1(X > 5))
Varp, (Up1(X > s))

2M2M, - 6MZXM, 5MZ2M,

y -
. , My + 2 + - Yy C BV(T, My, My);

Pi[Y1I(X > s)] — P;[UR1L(X > s)]

€ BV(T, M, +

Covp, (Upl(X > 5),Y1(X > s)) 2M, M, 6M32M, 3M,M,
Varp, (Up1(X > s)) € BY(T, e g2 ot € )

C BY(T, My, My).
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_ Let € > 0; define G to be the collection of monotone nonincreasing cadlag functions
G: T — [0,1] such that G(7) > ¢, and let My, M; be the constants shown to exist in
Lemma S6.2. To simplify the notation, we let BV(T) = BV(T, My, M;). Below we use
the notation w = (uy,...,up). For k € N, (¢,v,w) € {0,1,2}3, and r € {0,1,2,3,4}, define
the function classes

(S6.39)
ox

Filk,q,r) = {(:U,(S,u) — u@(é(w))ql(xz s): Geg,s GT};

Elk,w) = {(u,s) — [a(s) + b(s)uk]w L abe BV(T)};

Fo(k,v) = {(3:,5,11,) — [/7_[a(s)—i—b(s)uk]l(x23){1(w€ds,5:0)— (S)}]”:

A
A(s) = —1log(G(s)); GeG;a, be BV(T)};

F(k,q,r,v,w) = [ﬁl(k,q,r)g(k‘,w)] U []j'l(k,q,r)ﬁQ(k,v)},

where for two function classes 1 and Ha, we let HiHo = {h1(-)ha(-) : h1 € H1, ho € Ha}.
Also, for k € N, let F(k) = Uz_y Up_o Ui Up_g F(k,q, 7, 0,w). Let Ky = {1,...,pn}.
Henceforth we consider a large class F,, = Ukelcﬂ,]:— (k). In view of Lemma S6.2, we have
Eqy(-,-, k) € E(k,1) and with probability tending to one, Ej(-, k) e&(k,1), 5 =qn,...,n.

LEMMA S86.3.  Suppose that (A.1) holds and let M, be a finite constant such that for
all k € N, |Uy| < M, with P-probability one. For any k € N and f € £(k,1), we have that
|f| < MO(l + Mu)

PROOF. This is an immediate consequence of the definition of € (k, 1) and BY(T), along
with the assumption (A.1). ]

_ LEMMA S6.4.  Given k € Ky, w € {1,2} and the definition of E(k,w) above, we have
E(k,w) is a Vapnik-Cervonenkis (VC)-hull class for sets.

PROOF. Fix w = 1. We start with showing that BY(T) is a VC-hull class for sets
as follows. For any f € BY(T) with |f| < My, the Jordan decomposition indicates that
f=/fT—f", where (f*, f~) are the positive and negative parts of f, and both of them
are positive, cadlag and monotonic increasing on 7. Therefore, we can see f as the scalar
multiple (by M) of the limit of the sequence

=S (rs i) a5 L)

Then f(-)/ My is in a class contained in the pointwise sequential closure of the symmetric
convex hull of a class of indicator functions {1(f* >m/),m' e RT} U{1(f~ >m/),m’ €
R*}, which is a VC-subgraph class because

{1(fF() >m'),m" eRTFU{L(f()) >m'),m' eRT}
c{1(f()>m'),m eR}U{1(f(-) >m/),m e R}
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and the union of the two classes on the right-hand-side forms a VC-subgraph class. Hence,
BY(T) is (a My-fold rescaling of) a VC-hull class for sets. R

For any given k, Lemma S6.3 indicates that any function f € I3 (k,1) is uniformly
bounded: |f| < My(1 + M,). Following similar arguments to the above implies that
f/(My(1+ M,)) is in a class contained in the pointwise sequential closure of the symmetric
convex hull of

{L(/*() >m'),m" € RYU{L(f~ () >m'),m’ €R},

and therefore £(k,1) is (a Mo( M,,)-fold rescaling of) a VC-hull class for sets. When
=2, £(k,2) is the square of £(k, 1), so it is also a VC-hull class for sets (Lemmas 2.6.20
in van der Vaart and Wellner, 1996). [

As Lemma S6.2 indicates that for all j, Ej (-,- k) € E(k, 1) with probability tending to one
and Ey(-,-,k) € £(k,1), we could include TF{A%(-|P) in Fy(k,1). The following lemma
shows that Fi(k,q,r), and Fa(k,v) are VC-hull classes for sets, for any (k, g, r,v).

LEMMA S6.5. For all k € K, r € {0,1,2,3,4} and (q,v,w) € {0,1,2}3, all of the
following are VC-hull classes for sets:

ﬁl(kaQ7r)a ﬁ2(kvv)a ﬁl(kvqa’r)g(k7w)v J}l(kaQa’r)‘ﬁé(kvv) andﬁ(k‘aQa’r?’an)'
Moreover, F(k) is a VC-hull class for sets.

PROOF. As observed, G is a VC-hull class for sets because any G € G is the pointwise
limit of the sequence G, = m ™! >y 1(G > m~'j), and a bounded VC-major class as
well. By Lemma 2.6.19 of van der Vaart and Wellner (1996), {z — (1/G(z))?: G € G}
is bounded VC-major. This equivalently implies that F11(k,q) = {(z,6,u) — (1/G(z))? :
G € G} is bounded VC-major. Note that Fis(k,q,7) = {(x,0,u) = u}(Jx)9} is bounded
VC-major. Moreover, Lemma 2.6.13 of van der Vaart and Wellner (1996) implies that
Fi1(k,q) and Fia(k,q,r) are VC-hull classes for sets. Let Fi3(k) = {(z,d,u) — 1(xz >
s): s € T}, which is also a VC-hull class for sets. Therefore, we have F(k,q,r) =
.7:"11(/6, q)flg(k, q, r)]:"lg(k) as a VC-hull class for sets (Lemma 2.6.20 in van der Vaart and
Wellner, 1996).

Below we show that Fy(k,v) is a VC-hull class for sets. Let {t] < to < ... < t,,} be
an arbitrary partltlon of 7 with uniform increments A; = tiy1 —tj for all ] By Lemma
S6.3, any function f € £(k, 1) is uniformly bounded: |f| < Mo(1+ M,). Let M = 4My(1 +
M,) Py |A(t; + Ay)|. The integral in F(k, 1) is the scalar multiple (by M) of the limit of
the sequence

[ty (@)(1 = 8) = Rt 1@ = ti50) + A(t)1 (e 2 1)

j=1
m 4 x

:ZZ{JC](\;J)( )T]\(tj—i-At r 3) T>3}<1 (5)1 1(£C>tJ+At 7‘6{23})
j=1r=1
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where 770 57 || <1 by

>3l <3| cayae + ey <03 (A 4 0
j=1r=1 j=1r=1 j=1r=1
_4M0(§\;M );Mt +A)| =1

Then any integral function in Fy(k,1) is in a class contained in the scalar-multiplied
pointwise sequential closure of the symmetric convex hull of the VC-subgraph class
{(2,0) — 61(x >s):s €T}, which is a class of indicator functions. Hence F(k,1) is a
VC-hull class for sets, and so is F(k, 2) because it is the square of Fy(k, 1) (Lemma 2.6.20
in van der Vaart and Wellner, 1996).

Together with the fact that £(k,w) is shown VC-hull for sets as in Lemma S6.4, repet-
itively applying Lemma 2.6.20 of van der Vaart and Wellner (1996) further indicates that
Fi(k,q,7)E(k,w) and Fi (k, q,7)Fa(k,v) are VC-hull classes for sets. Thanks to the preser-
vation properties of VC-hull classes for sets, F(k,q,7,v,w), the union of F (k,q,7)&(k,w)
and Fy(k,q,r)Fa(k,v), is a VC-hull class for sets. Analogously, F (k) is also a VC-hull class
for sets. O

By the assumption (A 1) that the Uy, are uniformly bounded, there exists a uniform upper
bound My > 0 for Zr o |Uk|". As we will now show, the following is an envelope function
for F (k) for all k:

F:(x,6,u) HMQ{ 22: %’5 q}{ 22:(1\”40(1 +Mu))w[1 + 1 —5—log(€)]2] }
q=0 w=0

First we show that F' is an envelope function for F (k,2,4,2,2); similar arguments apply to
the other classes involving different values of (g, 7, v, w). For any function f € F (k,2,4,2,2)
depending on G € G with A = —log(G), we see that, for each (6,x,uy), |f(6,2,uy)| is
bounded by

uéii:i); {[a(.)+b(.)uk]2+ [/T[ a(s) + b(s)u] {1(z € ds, 6 = 0)1(95>s)1~\(5)}r}
< N C(szi {(M0(1+Mu))2[1+ [1—5+[\(T)]2]}
< 3| s+ )R+ 15 o] <

where the first inequality holds by seeing that [a(-) + b(-)ux] € E(k,1) so that |a(-) +
b(ug| < Mo(1 + M,); that [1 — 4§ + A(7)] is the total variation of the signed measure
1(x €ds,6 =0) — 1(x > s)A(ds), and that

‘ [r [a(s) +b(s)ug| {1(z € ds,6 =0) — 1(z > s)]\(s)}‘ < Mo(1+ M,) [1-6+ A(T)]

The second inequality follows by G(7) > & > 0.

_ Because the Uy is uniformly bounded in P-probability, [§X| < 7 P-almost surely and
G(1) > € > 0, F is square-integrable: HFH%22 = [ F2dQ < oo for any probability measure
@ on the sample space X. Therefore, for all £ > 1, Theorem 2.6.9 of van der Vaart and
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Wellner (1996) indicates there exists a universal constant K that does not depend on k£ and
a € (0,2) so that
suplog N(el|Fllgz F(4), 12(Q) < Ke ™

Moreover, the above display implies that
N(elFllgz: Fa, L2(Q) < ) Nl Fllga, F(k), L2(Q)) < pnexp(Ke ),
ke,
giving that
(S6.40) sup log N (€| Fllg.2, Fns L2(Q)) <log(pn) + Ke .

For j =1,...,n, define the empirical process {G( f): f € Fn} pointwise as follows
- 1 - - : .
Gi() =72 [(0) - P())] = /i®; - P)F.
i=1

where IP; denotes the empirical distribution of Oy,...,0;. Let |G| £ =supj 2 |G;( Il
Following (56.40), Theorem 2.14.1 of van der Vaart and Wellner (1996) gives |G,z <
log(py,), so that

sup |(; — P)f| S v/og(pn)/j

fEF.
where < means “bounded above up to a universal multiplicative constant that does not depend
on (j,n).” We also need the following lemmas.

LEMMA S6.6. For any sample size n, the event A, occurs with probability at least
1 —1/n, where Ay = N]_1 Anj, Anj = {sups.z (P; — P)f| S Knj} with Ky; =

log(n V pn)/j and nV p,, = sup(n, pp).

PROOF. Follow the same argument as in the proof of Lemma A.4 of Luedtke and van der
Laan (2018), except based on the class F,. O

Note that Lemma S6.6 reduces in the special case of Ugeic, Uﬁzo .7:"1(k:, 0,r,0,0) € F, t0
IP; and P being replaced by Q; (the empirical distribution of Uy, ...,U) and @, respec-
tively.

Let K,,; = v/log(n V p,)/j, for j = qn,...,n. For K € (0,00), define

~ Gn(t) logn A logn .
BnK:su‘ —1‘3 , sup |An(t) — A(t)| <4/ ——, inf Y, (s) > V/n,
) ={upl Gy | =V gl a0l < R v 2
sSup ‘E](Ukasvk)_EO(Ukatg,k)‘SKKnjyj_QHa7n}7

(k,s)EK, XT

where Y,,(s) = 30, 1(X; > s) and A () = [ [L(Ya(s) > 0)/Yy(s)]dNy(s) is the esti-
mator of A(-). The following lemma concerns the probability of the event A,, N B, (K).

LEMMA S6.7.  Under the conditions of Theorem 4.1, there exists a K e (0,00) such that
P(A, N By(K))— 1.
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PROOF. Fix K. It holds that P <An N BN(K)) =P(A,) - P (An N Bn(K)C). Hence,
by Lemma S6.6, we have that:

(S6.41) P (AnﬂBn(f()) >1-1/n—P (AnﬂBn(f()C).

It therefore remains to show that, for any appropriate choice of K, P (An N B, (K )C) =o(1).
To show this, we use that A,, N Bn(f( )¢ C nganj, where

én(t) logn A logn
Rnl =< su —1| >4/ U < sup |A,(t) — A(t)] > ,
! {te’fp‘ G(t) ‘ n te?‘ Q ()‘ n
Rz = { inf Y,,(s) < ﬁ},

Gt 1
Rnngnﬂ{sup‘ ()—1‘§ ogn}
teT

n

N U { sup ‘Ej(Uk,s,k)—Eo(Uk,s,k:)’ >I~(Knj .
j=q (k,s)EX, xT

By a union bound, this yields that P(A, N B,(K)°) < 33_ P(Ryp). In the remainder of
this proof, we will establish the following three facts

(S6.42) P(Rp1) = 0(1), P(Ru2) = o(1) and P(Ry3) = 0.

Combining these facts with (S6.41) will then yield the result.

We first show that P(R,;) — 0. Observing that {\/n[G,(t)/G(t) — 1] : t € T} con-
verges to a tight Gaussian process, and then the continuous mapping theorem gives that
Vnsup,er |Gn(t)/G(t) — 1| converges to the supremum of the absolute value of this
Gaussian process. Therefore for any sequence &, — 00, P(sup,crv/n|Gn(t)/G(t) —
1] > an) — 0, in particular, €, = y/logn. The identical argument applies to yield that
P(sup;ct v/n|An(t) — A(t)] > en) — 0. Consequently, P(Ry1) = o(1).

To obtain P(R,2) — 0, observe that Y,,(7) ~ Binomial(n, p,) with p, = P(X > 7) and
P(X > 7) > 0 by (A.5). Along with the monotonicity of Y,,(s) in s € T, Hoeffding’s in-
equality gives

P(R2) < P( inf ¥,(5) < Vit ) =P(Yi(r) < Vi1 ) < expl-2(vfip. ~ 1) 0.

In the remainder of the proof, we show that P(R,3) = 0. It suffices to show that

Gn(t) logn
n —1]<
aur{an] G 1] < o2 |
(S6.43) <N sup  |Ej(Uy, s,k) — Eo(Up,s,k)| < KKyj p
j=qn (k,s)eK, xT

giving that R,,3 = () and then in turn P(R,,3) = 0.
For the rest of the proof, suppose that .A,, occurs and sup, |G, (t)/G(t) — 1| < y/log(n)/n.
To simplify notation, let Y* =Y1(X > s); Y* =Y 1(X > s) and U;; = U 1(X > s). Taylor
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expanding Y® with respect to Gy, around G gives

SI;P{P|YS—Y/S|} Ei [Sgp’%—lursup{ﬂ?s‘}

S

< {P) 3 [ 222 ] <pi 3 [ e |
(S6.44) \/@pmz[\/@] e lo;gln7

where the last steps holds by \/logn/n < 1 such that 322 [y/logn/n]"~! < 0o, and |Y| =
|0X/G(X)| is a bounded random variable. Similarly, the triangle inequality gives

sup |Cov (U, Y* — V*)| < sup {P\U,j(Ys —Y¥)| + P|US|P|Y® — ?S\}
(k,5)

(k,s)
1 ]

<s ){P\UkY‘9| + P|UF|P|Y?| }2 [sup)

. [ [logn
< P\UY? +PUSPYS }

o0 r—1
(S645) <L max { P|U,Y| + PIULIPV]} 3 [\/@} < Jlosn.
n k n

r=1

G

<
—_

By the triangle inequality,
sup |Covp, (Ug,Y*) — Cov(Ug,Y?)|
(k,s) '

= sup {[P,{UEY ] = Pi{URIBS Y] = PIURY*] + PURIPLY ]

< (s;){\(Pj = P)[URY*]| + [(®; — P)[UR]]| (B; — P)[Y*]]

+ | PIOI|B; = P)Y*)| + Py | s - P)UZ
and based on the above display, we have
(S6.46) sup |Covp, (Ug,Y*) — Cov(UR,Y?)| < Knj,
(k,s)

when A,, occurs, since the Uy, is assumed to be uniformly bounded by (A.1) and |Y*| is
bounded as implied by (A.2) and | X| < 7, along with log(n V p,)/j <1 so that log(n V
Pn)/J < Kpj, for j=qp,...,n

Regarding the assumption in (A.6) that Var(U}}) is uniformly bounded away from zero,
there exists ¢ € (0,00) so that miny, ;) Var(U;) > ¢ > 0. Meanwhile, let 7} be the small-
est universal positive constant to maintain sup ) |Varp, (Uy) — Var(Uy)| < 7Ky that is

implied by the occurrence of A,,. Let g, > [47%log(n V p,)/¢?] and
Varp, (Uy) = Var(Ug) + Varp, (Ug) — Var(Uy)
> Var(Uy) — sup |Varp, (Uy) — Var(U;)| > Var(Uy) — 1Ky

k,s
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> min Var(Ug) — (/2> (/2, Yk, s.

k,s
This yields
1 1 supx o |Varp, (U;) — Var(U;
(8647) — - —|< : p(k, )| ]P.78( k) ( k)| . SKnJ
(k,s) S(UE)  Var(Ug) !~ [ming, o) Varp, (Ug)][ming, 5 Var(U})]
Using the results in (S6.44)-(S6.47) gives
onp | (U~ By{Uf]) Cove, (U ) = (U = PIUR) Cov(U.7)
<su {‘Ulﬁ — P[U{]||Cov, (U, Y*®) — Cov(Ug, Y®)|
(k,s)
+|(P; — P)[U{]||Cove, (Ug,Y®) — Cov(Ug,Y?)|
+|U; = PIUR]||Cov(UR,Y* = Y*)| + | (P; — P)[UR]||Cov(U;,Y* - Y*)|

+|(P; - P)[U,j]Hcov(U,j,?8)|}

SKlea

following the bounded values of [Y*| and that of |U7| over k, which are implied by (A.1)-

(A.2) and |X| < 7. As stated, suppose that Ej is fitted via the linear regression approach
described in Remark 3.5 and as defined in (S6.38). Applying similar arguments and the above
results yields

sup (U, .4) = EolU 5.4)| < sop {}(Pj _ P)Yi|+ PIY, - Vi
k,s k,s

1

Var T | = Uk, ¥s) = (Vs = POk ne
+Var(Uk’s) (Us,s — P;[Us,s)) Cove, (Uy,s, Ys) — (Ug, [Uk,s]) Cov(Ug,s, Ys)

1 1
T Varp, (Urs) ~ Var(Uny)

‘ (U,s — P;j[Us,s])) Covp, (U5, Ys)

1 1
(Uk,s)  Var(Uys)

— (Ups — P[Uy,s]) Cov(Up s, Ys)
+| (Vs = PO Cov(U,, Vo)

SKnj + V IOgn/j SIN{Knja

for some constant K € (1,00) that does not depend on (j,7), leading to

(S6.48) sup |E;j (U, s, k) — Eo(Uy, s, k)
(k.s)

< KKy

Hence we have shown that (S6.43) holds and conclude the proof. ]

LEMMA S6.8. Let K be given in Lemma S6.7 and T, = {(j,k) : j € {qn,...,n},k €
Ky }. Suppose the conditions of Theorem 4.1 hold, and introduce the event C,, that occurs
when

(56.8.1) maxyei, |Varg, (Ux) — Varg, (Ur)| S Knj,
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(56.8.2) ming; ez, Varg, (Uy) is bounded away from zero,
(86.8.3) maxyex, |(Q; — Qu) [Ur{Eo(Uk, k)}*]| S Knj, 0< r,w <1,
(S6.8.4) maxyex, |1/Varg, (Uy) — 1/Varg, (Uy)| S Knj,

(86.8.5) sup(s sy, «7 | B (Uk, 8, k)| S Konj + 5up (s syexc, 7 | Eo (Uk, 5, k)
(56.8.6) maxyer, |Ux — Q;[Us]| S Kynj + maxpex, |Ur — Qu[Uk]

bl

)

where each of (56.8.1)—(56.8.6) relies on appropriately specified constants that do not depend

on (j,n). Then such constants exist such that P(A,, N B,(K)NC,) — 1.

PROOF. When A, occurs, the triangle inequality gives that

max [Varg, (Uy) — Varq, (Uy)]

= max ’(Qj [Uk]? = QulUk]?) — (Q[Uk] + QulUi])(Q;[Us] — QulUx])

ke,
< max [ QU2 = QulUA?| + maxx [ QU] - QuIUM)| S Koy

Let C,,; correspond to the event (S6.8.1) using the (j, n)-independent constant implied by the
above display, which gives that P(A, N B, (K)NCS;) — 0.

By (A.6), there exists ¢ > 0 such that mingex, Varg, (Ux) > ¢. Moreover, if Cy,; holds,
then there exists 7 > 0 such that for all n € N and (5, k) € Z,,, |Varg, (Uy) — Varg, (Uy)| <

nK ;. This yields, for all n and all (j,k) € Z,,,
Varg, (Uy) = Varq, (Uy) + Varg, (Uy) — Varg, (U)
> Varq, (Ur) — [Varg, (Uy) — Varg, (Ur)| = ¢ — nKn;.

By the conditions of Theorem 4.1, /g, /log(n V p,) — oo and let g, / log(n V p,) > 4n? /(2
for all n sufficiently large. Hence, the above shows that, for all such n, Varg, (Uy) > (/2

when A;, N B,,(K) N Cp1 occurs. Letting Cp,2 denote the event that min; 1ye7, Varg, (Uy) >

¢/2, and we show that P(A,, N B,,(K)NCS,) — 0.

We could regard (S6.8.3) as a consequence of the occurrence of .A;, because the function
u = up{ Eo(ug, k)}" belongs to F,,. Let Cp3 correspond to the event (S6.8.3), and P(A,, N
B,(K)NCS;) — 0. Along with the fact that mingeic, Varg, (Uy) is bounded away from zero
that is implied by (A.6), using (S6.8.1) and (S6.8.2) of Lemma S6.8 gives

1 1 maxyex, |Varg, (Uy) — Varg, (Us)|

max — = — 4 < Ky
kek, | Varg,(Uy)  Varg,(Uy)| [mingex, Varg, (Ug)|[mingex, Varg, (Uy)] J

Let Cy4 correspond to the event (S6.8.4), and C,,1 N Cpa C Cpg, which gives P(A, N Bn(f( )N
cy) — 0.
According to (A.7), sup sy |Eo(Uk,s,k)| is uniformly bounded by some (k,s,n)-

independent constant. Therefore when B,,(K) occurs, we have SUP (1) ‘E’j(Uk,s,k) —
Ey(Uyg, s, k)! < KK, for all j, implying that

sSup |Ej(Uka37k)’ < IN{KTL] =+ sup |E0(U]§,S,k?)‘ 5 Kn] =+ sup ‘Eo(Uk,S,k’){-
(k,s) (k,s) (k,s)

Thus, letting C,,5 denote the event that
sup ‘EJ(UI% S, k)’ 5 Knj =+ sup }EO(U]W S, k)
s (k,s)

)

7j:qn7"'7n7
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we have P(A, N B, (K)NCS5) — 0. Similarly, we have that maxy, |Uy — Q,,[Uy]| is uniformly
bounded by some finite constant that does not depend on (k,n), by (A.1). Therefore when
A, occurs,

max \Up — Q;[Ux]] < maX|( — Qu)[Uy]| +maX|Uk — QulUk]|
S Knj + mkaX|Uk - Qu[Uk”

Let C,,¢ denote the event that for j = gp,...,n, maxy Uk — Q;[Ux]| S Kpj + maxy, |Uy, —
Qu[UkH and P(A, N B,(K)NCS) — 0. Letting Cn = ﬂgzlcnq, we have shown P (A, N
B,(K)NC,)>1 —Z P(A, N B, (K )OCC) O

For some constant K as given in Lemma S6.7,

dn (P, Py) EP[{%%\IFZ(O\H) —IFL(OIP) 1 4, 5, ()rc,,
Recall that Pnj = (Ej, Q;,G,,) and 15]’» = (Ej, Qj,@G) as defined in Section S1.

LEMMA S6.9.  Suppose the conditions of Theorem 4.1 hold. Then with Ke (0,00) gzven
in Lemma S6.7, there exists K' € (1,00) such that P(A, N B, (K) NC, NDy(K')) —
where

= {dn(Ppnj, P}) V dn(P},P) < K'Kyj, j = Gn,-..,n}.
PROOF. Let

(U]
(S6.49) Lnjk:‘W/E Uy, s,k)(dM (s) — dM(s))‘ ABARINC.

The triangle inequality first gives the decomposition
(S6.50)
[IFF (1)~ TELO1P) L s, s, =

S (k)

(U = Qj[Uk]) [ 5. . ~
Vg, (U) ffE“U'“S”“”dM“)—dM<S>>\1Amsn<m

(U — Q;[Ug])oX 1 1
< - % y .
‘ VarQ].(Uk) Gn(X) G(X) 1Antn(K)ﬂCn + Lk

Moreover,

(§6.51)

max (Uk—Qj[Uk])(SX( 1 _ 1 ) 1

kex., Vaer(Uk) G (X) G(X) AnNB, (K)NC
(Ux — Qj[Uk)) ¢ Gn(t) r

<15, (®)nc. Zm WY {Sgp’ Git) ]

Uk~ Q;[U])

Y1
Var@j ( Uk )

/logn logn "
AmB (K)NC, Z[ ] [KJ+1] n SKKnj?

< max
ke,
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where the first inequality holds by Taylor expansion and the triangle inequality, and the sec-
ond inequality results from sup, |G, (t)/G(t) — 1| < \/logn/n when B, (K) occurs. The
last two steps in the above display hold because there exists some (j,n)-independent con-
stant K € (1, 00) such that

(U — Q;[Uk]) ¢
Varg, (Uy)

max
ke,

> logn
n

] < [Knj +1]
r=1

following |Y'| = [0X/G(X)| < oo and max{|U; — Q;[Ux]|/Varg, (Ux)} S Kynj + 1, ac-
cording to (A.1), (56.8.2) and (S6.8.6) of Lemma S6.8 in view of the occurrence of C,,
and > o2 [/logn/n]"~! < cc. In addition, below we show P (max;{ P[maxyecr, Lnj]} >

1/+/1og(n V pn) ) = o(1). By Markov’s inequality and Jensen’s inequality,
(S6.52)

P (max { P s Luge] } > 1080V pn) ) < log(n v pu) B max { P [ max Lo} '}

] 6 n

=log(n \/pn)E{ mjax {P [IICIEI%X Ln]k] } } <log(nV pn)E{P [18%{ Ln]ki }

Recall N, (s) and Y, (s) as defined in Section S1 except for removing u; dM (s) = dNy,(s) —
Y, (s)dA(s) is a local martingale with respect to the aggregated filtration

(56.53) Fl=0({Np(s'), Yp(s), s <seT}H{U;}y).

Applying the decomposition dM (s) — dM(s) = 1(X > s)(dA(s) — dA,(s)) to the expres-
sion of Ly, in (S6.49) and using the inequalities (a—b)% <2(a? +b?) and 14 mB,(R)ne, <
lg (R)ne, further bound E{P [ max ;) Ly, j k] } above by the sum (multiplied by 2) of

Uk — QU]
E{P e { S, ()

X 13n(f<)mcni }
and

(U — Q;[Us)) 2
E{P[T(Ijl?g)({w EO Uk, s, k)1(X > 3){dA (s)— dA(S)}} 1&,([{)0@} )
as respectively given in (S6.54) and (56.55) below.

First note that min; .y Varg, (Uy) is bounded away from zero in view of the occurrence
of C,,, as shown in (S6.8.2) of Lemma S6.8. Along with (A.1) and that the total variation of
A, — A over T is bounded by |A, () + A(7)|, we have that

Uk = QilUk]) [ £ i ?
m {M/T[Ej—EO](Uk,s,k)i(Xzs){dAn(s)—dA(s)}} Lg. (e,

/T [E(U, 5, k) — Eo(Us, 5, k)] 1(X > 8){dAn(s) — dA(s)}}2

(4,k)
< sup | (U, ,k) = Eo(U, 5, k) *[An(7) + AT "L (i0ne,
], »S
N 2 2
< sup |E;(Uy, s,k) — Eo(Ug, s,k) D"+ A2 (M) g, (2)ne

(G:F5)

sr2, [Py )],
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where the last line follows the occurrence of B, (K ) N Cn that implies for each j,

SUP () ‘E] (Uk,8,k) — Eo(Ug, s, k)| < KK,; and sup, |A,,(t (t)] < /log(n)/n, giv-
ing that sup(; 1, ,) ’E’ (Uk,s,k) — Eo(Uyg, s, k:)| < KKpg, because Knj = /log(nVp,)/j
for j > ¢, and maX]{Kn]} Ky, . Therefore, we have that

(S6.54)

Uk = QUKD [ 15 07 s 1) — 5 SIdA () — da(snV
E{P[Igi})({w/r[Ej(Ukv k) = Eo(Up, 5, k)| 1(X > s){dA,(s) — dA( )}}

log(n
x 1Bn,(K)ﬂCn,:| } 5 K’erqn |: 7,5 ) + AQ(T):| .

Moreover, we observe the decomposition of Ap—A analogously to (S5.21) without u:

dAn(t) — dA(t) = L(Y;u(t) > 0) Y () AN (t) — 1(Y;u(t) = 0) dA(t).

Note that the occurrence of B, (K {) N C, eliminates 1(Y,(t) = 0), so using (A.1) and the
occurrence of BB, (K) NC, similarly gives the upper bound:

{(Uk — Q;[Uk])

. 2
> - ~
max { S | U s 1 2 9 fda(e) ~ AN} T, e,

(k)
1(Yn(s)>0) - 2
5m]§x{/TEO(Uk,S,k)1(X > S)WdM(s)} Ls, (e,
Therefore,

(S6.55)

P [ { G S [ s 10 2 )4k (6) = 40} | 1, e, |

1(Y,(s)>0) - 2
< E{P [ml?x{ /rEO(Uk,s, kE)1(X > S)XéL(s)dM(S)} ] 1Bn(l?)mcn}
> B 2
1) = V) o V] AG),
Yn(s) \/ﬁ
where along with (A.1) that Uy, is uniformly bounded on %k and (A.7) that Ej is uniformly

bounded, the last inequality holds by using the quadratic variation with respect to the filtration
F! that is defined in (S6.53):

< P[m’?XE{ /TEO(Uk, s, k)1(X > s)

RACENIYNL
E{/TEU(Uk,s,k‘)l(XZs)Yn(S)dM(s)}

1(Ya(s) = vn)
:/]_E{Eg(Uk,S,k)l(XZS)}/n(S)}dA(S)rS

Collecting the results in (S6.52), (56.54) and (S56.55) leads to

P(maX{P[maanjk]} > 1/\/10g(ni\/pn)>

J k’e’Cn

A7)
3

<log(n V pn) [Kﬁqn [logn(") + AQ(T)} + A\(ﬁﬂ — o(1),

following that A(7) is bounded, K,%qn =log(nVpn)/qn, qu/4/ log(nVp,) — ocoandn/g, =
O(1).
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Taking the maximum over k£ € KC,,, applying the triangle inequality, and then taking the
eprectatAion with respect to P on both sides of (S6.50), we see that (S6.51) implies that
d(Ppj, P}) < K" Kpj + Plmaxger, Ly;i]. Hence, by the above,

P (A N Bu(K)NCo N {d(Prj, P)) < K Kpnj+1/y/10g(nV pp), j = Gns .., n})
>P<.A NB,L(K)NCy, ﬂ{ { [mawak]}Sl/m})

=P (A, NB,(K)NC,)

—P(A NB.(K)NC, m{ a {P[irel%mekH>1/ log(nvm})

P (A, N Bu(K)NCy) —P(maX{P[irel%an]k} } >1/y/log(n \/pn)> S,

leading to

(56.56)
P(A, NB,(K)NC, N {d( Pn],P]’)<K Knj+1/y/log(nVpy,), j =gn,...,n}°) = 0.

In addition for each j, we have that
* D/ *
]Igrel%f ‘ IFI{(O‘PJ) - IFk(O|P) ‘ 1.471,0571,(]2)0(}

{mvarg ) (
AwOB (K)NC. \ miny, Varg, (Uy)

+ m’?X |Uk| m}?X | (Qj — QU)[EJ(Uk’ k)l ‘

<1 ¥ max [(Q; — Qu)[U]|

+ max [Ux|Qu [m]?x |E;(Ur, k) — Eo(U, k)|]
+Qj [max ’Ej(Uk, k)H max ‘(Qj - Qu)[UkH
+maX|Qu[Uk]lmaX\ — Qu)[E;(Uy, k)]

n m’?x|Qu[Uk]|Qu[max |Ej(Uk, k) — Eo(Uy, k)H)

1
T Varg, U) VarQ (Ur) ‘max| Uk = QuU)(Y QulEo(Ui, WD)

N maxy |COVQj(Uk,Ej(Uk7k))‘
ming Var?@j (Uk)
+ max | (Q; — Q)UK [ max (@5 + Qu) U]

maxg (Uy, — Qu[Us])?
miny Varéj (Ug)

1
+ ma, ‘
e Var(Q@j(Uk) VarQ (Uk)

(1+A(7))
min Varg, (Uy,)

(2 ax|Uk|max|( — Qu)[Uk]|

<m]3x |Cov, (Us, E;(Ur, k) — Cove, (Us, Eo(Us, k))])

‘ max |Covq, (U, Bo(Uk, b)) | max(Us — Qu[Ui])?

(m}?x\Uk — QulU]| sup | E;(Uy, 5, k) — Eo(Us, 5, k)|

k,s
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—|—max\( Qu)[Uk]|maX|E0(Uk73 k)|)

1
u S, k)[(T+A
e ~ a0 Ui — QulUil i Eo(Us, 5, D11+ AT

SK Knj

for some (j, k, s,n)-independent constant K € (0, 00) when A,, N B, (K) NC, occurs, by
(A.1)—(A.5) and (A.6)—(A.7). This gives

(S6.57) P(AyNBo(K)NCyN{d(P},P) < K" Kpnj, j =dn,...,n}") =0

Then taking K’ = (K" +1) vV K" and using (S6.56) and (S6.57), we have P(A,, N B, (K)N
Cn N Dy (K')¢) — 0. Hence the result follows by Lemma S6.8. O

In what follows, we let &%j = Var(IF}, (O|P,;)|0y, ..., 05).
LEMMA $6.10. Let K € (0,00) be given in Lemma S6.7. Then, under the conditions of

Theorem 4.1, on the event A, N B, (K) NC,, we have |0 72:,3‘ S K almost surely for
J =qn,-..,n and n sufficiently large.

PROOF. Fix j € {qn,...,n}. We first have that
“ ~ % ~ 2 % ~ 2
162 = 62114 s, (e, < {\Pj[IFkgownj)] — P[IF}, (O1P))°)

n ‘ [P,IF}. (O] Py)]” — [PIF}, (OIPnj)]Z‘ }1Antn(I”<)mcn

< {I?el%): (Pj — P)[IFZ(O|pnj)]2‘
+ max |(B; — P)[TF;(01oy)] (P + P)[TF}(01Py)] ’}UMUWTL'

At the conclusion of this proof, we’ll show that there exists a constant K that does not depend
on n such that

(56.58) r(n%x‘IFk 0l o)1 ALmB,L(k)mcn’ <K
J

for all observations o in the support of P. This will simplify the above display as
(S6.59)

~2 ~2
1655 = Onsl 4,8, ()

< 9 max
ke,

from which we continue showing that |63Lj O |1A B, (K)C, S K.

* ~ 2
(Pj — P)[IF,(O]Puj)]”| + ,ﬁg%j

= PO b o e

The proof below proceeds with assuming (without statement) that the event .A,, N 3, (f( )N
Cp, occurs. Recall that IF; (| E, @, G) denotes the function IF} (-| Pg.g.c), where Pr g ¢ is a
distribution with the conditional residual life function F, the marginal distribution () of any
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given single predictor, and the censoring distribution G. For each (k,7), IF,*;(0|EJ-, Qu,Gn)
belongs to F,, observing that TF; (0| E;, Qu, Gp) is equal to

(uk - Qu[Uk])(dw/Gn( ) Qu[ (Uka )]) COVQu (Uk7 (Uk7 k))
Varg, (U) VarQ (Ug)

(uk - Qu Uk
Varg, (Ug)

(uk — QulUx))?

/E s 5, {1(x € ds,6 = 0) — 1(z > 8)dAn(s)},

in which the first two terms are contained in Uq:0 Ui, Fi(k,q,r)E(k,1), and the last term is
contained in Uffzo]:"l (k,0, r)]:'g(k:, 1). To take advantage of the fact that IF,’;(o]Ej, Qu, @n) €
Fr, we replace IF% (0| P,;) in (S6.59) by TF%(O|Ej, Qu, G, and then (S6.59) turns into

A * A A 2
(S6.60) ‘0’721]- nj‘lAntn( R)ne., < { I?é%x (P; — P) [IFk(O‘EJ‘, Qu. Gn)] ‘
+ ]?el%xn (Pj - P) [IFZ(O|Ej7 Qu, Gn)] ’}Umlsn(f()mcn + Kng,»

following that on the event A, N B, (K)NC,,

(S6.61) max | IF} (0] Prj) — IF; (0| B}, Qu, Gn) | S Kig, s
J7

and that there exists a constant K that does not depend on 7 such that

(86.62) max| I (0] 25, Qu, Gn) L, o, e, | < Ko

for all observations o in the support of P. We show (S6.61) and (S6.62) in the sequel.
For (S6.61), first we have that

(86.63)  |1F} (0] Poj) — IF} (0] Ej, Qu, Gin) |
= | TF} (0] 5, Qj, Gn) — T3 (0] B, Qu, Gin)| S 1(@5 — Qu) (U]l 17/G(7)
+1(Q; - Qu)[Uk” [7/Gul7) = 7/G(7)
+ 1(Q; = Qu)U| [QE;(Us, k]| + [(Q; = Qu)E; (Uk, )| |QulUA]
+ | Cova, (Uk, E;(Ur, k) = Cova, (Ui, By (Ui, k) (. = @y [U])?
+ | (ur — Q;[Uk])* = (wr — QulUi])?||Cova, (U, E;(Ur, k)|
100 = Q| [ By s {1 6 =0) = 1(a > ) ()}

The inequality in (S6.63) holds because for all j, miny, Varg, (Ug) is bounded away from
zero given the occurrence of A, N B, (K) N C, as shown in (S6.8.2) of Lemma S6.8 and
ming, Varg, (Ux) > 0 by (A.6). We continue expanding (S6.61) in what follows. Together
with (A.1) that the support of Uy, is uniformly bounded and (A.2) that G(7) > 0, a Taylor
expansion of G, around G and the occurrence of A, N B, (K ) N C,, imply that

(56.64)
T ’T‘ - [ Gn(t) _1 y< 17| = [ logny< logn
'Gnm n 2 [P Sam2 Vo | SV
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From (A.1) and (A.7), we have that sup ) !EO Uy, s, k)‘ < K; for some positive finite
constant K. Along with (S6.8.5) of Lemma S6.8, it gives that maxy ’QJ Uk,k)]{ <
SUP (1, 5) ‘E Uy, s, k)‘ S Kj + K. Then together with (A.1), these two results lead to

(56.65)
}COVQ Uk, (Uk,k)) —COVQH(Uk, Uk7 ’—‘ QJ Qu [UkE (Uk,k)H
+ |QE; (Uk, k)| |(Q) — Qu)Uk]| + | QulUi]] | (Q) — Qu)[E; (Uk, )]

S Q) = QuULE;(Us, k]| + (Knj + 1) [(Q) = Qu)[Uk]| +[(Q) = Qu)[E;(Us, k]|
and

(S6.66)

(/rEj(uk,s,k){1(xeds,5:())—1(xzs)d[\n(s)})g(s;p)\Ej(uk,s,k) (An(r) +1)

< (An(r) + 1) (Kpj + 1)

Inserting (S6.64)—~(S6.66) back along with using (A.1) and supy 4 ‘Ej(Uk, s, k:)‘ S Ky +
K again, (56.63) turns into

|IFZ(O|PW~) - IFZ(O| Qw ‘ - ’IFk 0|Ejana ) IFZ(O|E]'7QU7@TL)‘

< [P 4 g+ D)+ 1) 1@~ QT + (@, - QI ()]

+[(Q) — Qu)[UrE; (U, k)|
S (An(r) + 1) Ky < (|An(r) = A(T)| +2A(7) + 1) Ky

Observing that sup,c1 |A, (t) — A(t)| < vlogn//n < 1 on the event A, N B,,(K) NC, by
Lemma S6.7, it follows from the above display that

mase | IF (ol Puy) — TP (0] . Qu, )| < 2(A(7) + 1) max{ Ky} S Ko,
s J

yielding (S6.61). The proof of (S6.62) can be handled using similar arguments that are used
to show (S6.58) and will appear later. Then following that IF;(-|E}, Qu, Gp) € Fp, (S6.60)
leads to

) i }
|67 — Jnj“AmBn(K)mcn S Knj.

To complete the proof, we now show that (S6.58), and it suffices to show that

lim sup sup max |IF} (o] P,j)[1 ANB, (R)ne, < O©-
n—o00 o (4,k) e

In what follows, we assume without statement the occurrence of A,, N B, (K ) N Cy,. Note
that, for any o,

m]?x ‘ IFZ(O‘pnj)’

X(Uk_Qj[Uk])( — Qj[Ej(Uy,k)])  Covg, Uk, Bj(Us, k))

ey 2
Varg, (Uk) Vaer (Uy) (e = Qs [UK])

k

(ur, — Q;[Uk])

Varg, (U) /frEj(uk’S’k){l(xedSafs:O)—1(xzs)dAn(5)}
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<max\uk—Qj Uil my y\+|y!+QJ[max\E Uk’k)m

+maX}C0VQ Ug, E (Uk,k:))‘[m’?x’uk—@j[Uk]H

+ max |uj, — Q;[U] | max ‘ / Ej(ug, s,k){1(x € ds,6 = 0) — 1(z > s)dA,(s)
k k T

where the last inequality holds by (56.8.2) of Lemma S6.8 and the triangle inequality. When
A, N B, (K)NC, occurs, similar techniques to the arguments for (S6.64) yields that

ly — 3l <13l Vlogn/(v/n—/logn) < \/logn/(v/n —\/logn),
following that || = [0x/G(z)| is bounded by some nonrandom finite constant that does
not depend on (j,n) due to (A.2). Meanwhile, by (A.7) and (A.1) that the support of Uy
is uniformly bounded, there exist positive finite constants K and K so that maxy |ux —
Q;[Ux]| < KO; maxy, | Eo(Uk, k)| < K1 and supy, o) [Eo(uk, s, k)| < K1. Therefore when

A, N B, (K)NC, occurs, (S6.8.5)—(56.8.6) of Lemma S681mply that

< \/logn/w— Viogn) + K + 1;

max |COVQJ(Uk7 (Uk,kﬁ))} [m]?x ’Uk - @j[Uk]H2

S [ml?x|uk —Q][Uk]HQQ][mkaX}Uk —QJ[UkakaX‘EA](Uk,k)‘] sKnj + 1;
m’?XMk@j[Ukakax‘[rEj(uk,s,k){l(xEds,(?:O) - l(mZS)dAn(s)}‘

< max |ur — Q;[Ux]| ?;111’) | B (ug, 5, k)| (14 A (7))

]
S (Knj + K1) (1+ An(7)) < (Knj + K1) (JAn(7) = A(T)| + A7) + 1)
< (Kpj+ K1) (2+ A(7)) S Knj + 1,
where the last line follows that sup;c7 |Ay (t) — A(t)] < vIogn//n < 1 on the event A,, N
B, (K)NC,, using Lemma S6.7. Therefore, the above results ensure that

supr(?ax}IFZ(0|pnj)‘1Anan(K e, S/ logn/(vn —+/logn) +max{Km} +1,

so that limsup,,_, ., sup, max; y) \IFk(o\Pn])llA B, (K)nc, is bounded by some (4,m)-
independent constant, following that max;{K,;} < K,, — 0 by q}/ 4 /log(n V pp) —
0.

LEMMA S6.11. Suppose the conditions of Theorem 4.1 hold. Then there exists an event

En that corresponds to the intersection of

(S6.11.1) minjcfq, . n) &%j is bounded away from zero by a constant;
(86.11.2) |05 /6nj — 1| S Knj for all j = gp, ..., n, where a7 ; = [TF} (0| P)*dP (o),

where each of (S6.11.1) and (S6.11.2) relies on appropriately speczﬁed (non-random) con-
stants that do not depend on n, such that

P(A, NB.(K)NC,ND,(K)NE,) — 1
with K, K' € (0,00) given in Lemma S6.7 and Lemma S6.9, respectively.
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PROOF. When A, NB,,(K)NC,ND,(K') occurs, to show that c}zj is uniformly bounded
away from zero, it suffices to show that [672; — 072;| < Kpj for j = gy, ...,n on this event,
This gives

6-72L] Z n] Kn] > U \% log(n \/pn)/qn > C/

for some universal constant ¢’ > 0, where the final inequality is a direct consequence of the

conditions for Theorem 4.1: q,l/ 4 /log(n V p,) — oo and aflj is uniformly bounded away
from zero by (A.6).

We now show that |62j < K,,j when A, N B, (K)NC, ND,(K') occurs. Recall
that 5 ; = Var(IF;; (@ |pn_7)|01, ,O;). We first use the triangle inequality to give |57; —
U%j’ < !6,%]- | + ]Un] —a? ;|- Because \0 ij|1AmBn(I~<)mCmDn(K') < K,j is given

by Lemma S6. 10 it suffices to show that
~2 2
1605 = T L4, 08, (R)ne.np. (k) S K-

Recalling that P} = (F;,Q;,G) and noting that PIF}, (O|P)) = 0 and PIF} (O|P) =0,
Jensen’s inequality and the triangle inequality give that

<2 2 i
|07 = Onj HAntn(K)mcmDn(K/)

< {P\ IF} (O|Py) + IFf, (O|P)||IFy, (0| Byy) — IFE, (O| P)|

+ P|TF}, (O1Poy) + 18, (OIB))| P|TF}, (O1Boy) = T8 (O1B)| } 1 s, 0,0, 1)
< {P\ IF}, (O] Pyj) + I (O|P)||IF}, (O] Pyj) — I (O|F))]

+ P|1F}; (O|By;) + IF}, (O|P)||1F}, (O|P)) — 1F} (O|P)]

+ P|TF}; (O|By;) + IF}, (O|P))|P|1F}, (O|Pyj) fIF”,;j(O\PJ’M} AOBo ()N D, (K7)
< P| max| IFR(01Py) ~ IFL(OIP)I Ly, s (e, o, 1)

+ P| max [IF{ (O P)) ~ TF(OIP) Ly s, (i e, (69 |

where the last inequality holds because max, | IF; (-] P)|1 A, (B, (R)ne, 18 uniformly bounded

by some (j,n)-independent constant for Pe {Pnj, ]5]’ , P}, using the arguments for (S6.58)
in Lemma S6.10 together with (A.1)-(A.5) and (A.6)—(A.7). From the above display,
Lemma S6.9 further implies

~2 2 ® D
|07 — Unj|1AHOBH(I~<)HCHO’D,,L(K') SP el [ TF% (O] Pnj) — IFZ(O|PJ()|1AHOBH(I~<)HC,J

+P[£€1%X\IF;;(0\P;)—IF;;(0|P)y B (FC, } < Koj.

This completes the proof of the fact that when A,, N B,,(K) N C, N D, (K') occurs, &flj is
uniformly bounded away from zero by a non-random positive lower bound, for j = gp, ..., n.
When A, N B, (K) NC, ND,(K') occurs, the statement in (S6.11.2) is an immediate

consequence of the already-established (S6.11.1):

2 52 2
O O o o°. |0' . — 02
1< [A”J_l}[m ] Ag]_lz%rg[{w_
Onj Onj Onj nj 00
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Hence, we have shown that A,, N B,,(K) N C, N D, (K’) implies &,, where &, is the event
that (S6.11.1) and (S6.11.2) hold with the constants that were shown to exist earlier in this
proof. As P(A, N B, (K)NC, ND,(K")) — 1 (Lemma S6.9), this implies that

P(A, N B (K)NC,NDy (K'Y NE,) — 1
O

We also need the lemma below that concerns the probability of the event H,, = ﬂ?;qln’]-lnj,

where
G,(t) 1 logn} ,
Hpj = 3 sup |- —1’§ — . =qn,---,n—1
’ {teT G(t) S(r)\ J
with S(7) = P(T' > 7). Note that S(7) > 0, following that G(7) > 0 by (A.2), that

P
P(X > 1) > 0 by (A.5), and the independent censoring assumption that implies P(X >
7) = 5(7)G(7).

LEMMA S6.12.  Under the conditions of Theorem 4.1, P(H,,) — 1.
PROOF. Fix ¢ € (0,1). We will use the exponential bound for the Kaplan—-Meier estimator

that is presented in Theorem 1 of Wellner (2007). For A > 0 and some constant K > 0, this
inequality takes the form

P(VIlIS(G; = G|, > A) <25 exp(~242 + KA).

Noting that
P(VillS(G -6 >2) = P(ﬂing [S()(G5(0) - G1)| > )
> P(\/jS(r)sup|Gi(t) - G(t)] > 2)
teT
and taking A = v/logn, we see that
10gP<sup ‘G](t) - G(t)| > ! logn> <log(2.5) — 2logn + K+/logn.
teT S(7) J

For all n large enough, K < &+/logn. Combining this with the fact that S(7) > 0 shows that

10gP<fé17Q ‘G](t) — G(t)’ > S(lT) \/ 10?”) <log(2.5) — (2 —&)log(n).
Hence,

(U {am| B0 1f> 5t =)

J=Aqn

n—1 A
G(t) 1 logn) 9 1
< ST P( sup| = —1‘> ) <25 S nt 2 <25t 0.
ng:n (tET G(1) S(7) J Z

J=qn
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Let £, = A, N B, (K)NC, N Dy (K') NE, N'H,, and note that, from the above lemmas,
(56.67) P(L,)—1

when the conditions of Theorem 4.1 hold. The upcoming lemmas give the asymptotic negli-
gibility of (I), (II), (III) and (V) in (16). By (S6.67), it suffices to show the asymptotically
negligibility after multiplication by 1., .

To show the lemmas of asymptotic negligibility, we need additional properties that are
given below.

LEMMA S6.13. Let X be the sample space, f,: X — R be a random function that

depends on the n observations with sup,cy |fn(0)lz,| S \/log nvVpp) / qn * with prob-
ability tendmg to one, Ojy1), = (X]+1,5J+1,U]+1k ) and o, = = Var(IF; (O[P)), for
7 =4aqn,-...,n— 1. Under the conditions of Theorem 4.1,

‘ Z m;(Uj1,e, — Q;[Ux,])
m onjVarg, (Ug,)

’ Z m;(Ujg1,k, — QulUs,])
m onjVarg, (U, )

fn(Oj41,)1e,

fn(Oj+1,k5) 1, | + 0p(1).

PROOF. To show the result, we first observe that

‘ Z mj(Ujg1, — Qj[Uk,])
m onjVarg, (Ug,)

(S6.68) Jn(Oj1p,)1c,

‘ Z m;(Ujs1k, — Qj[Us,])
m onjVarg, (Ug,)

Tn(Oj16,)1c,,

’ Z m] ]+1k Q][Ukj]) [Un]
m onjVarg, (Uy,)

The triangle inequality upper—bounds the first term of the right-hand-side in (S6.68) by
(S6.69)

1
Gnj }fn( ]+1,k]) Ly

m;(Ujs1,k, — QulUg,))
‘m Z : UTJL]VarQ (Us,) fo(Oj1k,)1c,

‘ Z m;(Q; — QU)[Uk]
Vi=an = onjVarg, (U, )

fo(Oj11k,) e,

1 1
Vaer (Uk:j ) B VarQu (Ukj )

Ujri,k, — Q;[Us,]) [ fr(Oj+1k;)1c,

| S

fn(Oj11,kj)1c

m] i1k, — QulUk,]) log(n V py)
E ? + VN —qn +0,(1),
’m on;Varg, (U, ) q2/4 p(1)

where the last 1nequa11ty holds because Uy, is uniformly bounded on k by (A.1); that o,,; and
Varq, (Uy) are bounded away from zero uniformly over (j,k) by (A.6), and by the occur-

rence of A, NC, D L,, along with sup, | f,(0)1., | < /log(n \/pn)/q}/4 with probability
tending to one. Note that \/n — ¢, log(n V p,)/ qf’/ Y50 by the conditions of Theorem 4.1.
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The second term of the right-hand-side in (S6.68) is bounded by

Z m;(Uj1,k;, — Qi[Uk,]) [GW
NS = onjVarg, (Ug,)

J=Aqn

1 (01012,

Onj

Onj log(n V pp)
-V o\ T i)

<sup|fn(o)le

=N
< ﬁlog(rg/vzlp”) +0p(1) = 0.

In above display, the first inequality holds because |m;(Uj1.x, — Q;[Ux,])/Varg, (Uy,)| is
uniformly bounded by some constant that does not depend on (j,n) almost surely for j =
Qn, - --,n— 1, which is a consequence of (A.1) and (S6.8.2) of Lemma S6.8. The penultimate
inequality follows (S6.11.2) of Lemmas S6.11. O

For j = qp,...,n — 1, we define random functions €,;,e,; : R x T x KC;, — R by

(S56.70)  éy;(u,s, k) = Eo(u,s,k)1(X;41 > s)1 (iann(s) >+/n), and
(56.71)  enj(u,s, k) =[Eo(u,s, k) — (u 5, k)] 1(Xj41 >s)

X 1( sup [Eo(u,s,k) — Bj(u,5, k)| S Ko, inf V(s )2\/ﬁ>.
(kys,u)

Recall that N,,(s) and Y,,(s) are the aggregated counting process for the censored outcomes
and the size of the risk set at time s, as defined in Section S1 (except for removing ), and also
note that dM (s) = dN,,(s) — Y (s)dA(s) is a local martingale with respect to the simpler
filtration

(S6.72) Fl=c({Np(s), Yp(s'): s <seT}).

Observing the decomposition of A, — A analogously to (S5.21) without u gives that

R 1Y, (s)>0) - t
($673)  An(t)— A(t) = / (Y(‘Z))dM(s) - / 1(Yio(s) = 0) dA(s).
In what follows, we will need an exponential inequality for martingales with bounded
jumps:

LEMMA S6.14. Let W, (t),t € T be a martingale with jumps bounded by a constant
K, > 0, and the quadratic variation (W,,)(t) < b2 for a constant b, > 0 with respect to the
filtration o({Ny,(s), Y (s) : s <t},{U;}), where both K, and b,, go to zero for suffi-
ciently large n. In particular,

Wi (t) = / w(s)WdM(s),

—0oQ
where the function w is uniformly bounded and left-continuous in s, and adapted to the given
filtration. Let €, be any sequence with values in (0,1) and €, — 0; then

€

2
P([Wy(7)] > €n) < 2exp <— m>



46

PROOF. Let AW, (¢) be the jump of W), at time ¢:

AW (1) = Wa(t) — Wi(t—) = w(t) 202D Z V) A )
Yo(t)
where AM (t) = AN, (t) — Y, (t)AA(t) = AN,(t), since (A.2) implies that A is contin-
uous. Note also that |AN,,(t)| < 1 because no two individual counting processes that are
aggregated in {N,,(¢) : t € T} jump at the same time. Therefore, |[AM (t)| = |AN,(t)| < 1;
along with w being uniformly bounded: |w(t)| < K* for all ¢ and a constant K* that could
depend on n,

IAWn(t>|§\w<t)1(Yng(tZ>m <f -

Meanwhile with respect to the given filtration, the predictable quadratic variation of W, ()

is
t s n *\2
0= [ wo = an g < B0 <z,

Obviously, b2 () < b2(7) = b2. By an exponential inequality for martingales with bounded
jumps (cf., Lemma 2.1 of van de Geer, 1995),

K,.

2
P (Wi (t)| = €, and (Wy,)(t) < b2 f teT)<2exp( — =t ).
(|Wh(t)| > €n and (Wy,)(t) < bj, for some ) < exp< enkon 1)
Along with (W,)(t) < b2, the above display gives the same exponential bound on
P(|Wa(7)| = €n ). O

LEMMA S6.15. For Z, ={(j,k,u) :j €{qn,...,n — 1}, k€ Ky,u e [-1,1]}, &,; and
en;j are as defined in (S6.70) and (S6.71). Under the conditions of Theorem 4.1, with proba-
bility tending to one,

(86.15.1) sup(j p.w)ez, ‘fTe”J Uu, 8 k:){dA (s) ‘ \/log(n\/pn)/q}/zl;
(86.15.2) sup(; k. u)ez, ‘fTem w, s, k) {dAp(s) ‘ V/log(n \/pn)/qyl/él, rely-

ing on an appropriately specified (non-random ) constant that does not depend on n.

PROOF. We prove (S6.15.1) and (S6.15.2) sequentially. By the decomposition of Ap— A
in (S6.73), we have that for (j, k,u) € Z,,

/énj(u,s,k){df&n( )—dA(s)} = /enj (u,s,k Mdl\z(s),

T Yn(s)

where dM (s) = dNy(s) — Yn(s)dA(s). Note that by Lemma S6.2 and (S6.70), there exist
functions ay, by, € BV(T, My, M) such that Ey(u, s, k) = ay(s) + by(s)u and

(56.74) (1, 5,1) = [ai(s) + b (a1 (X1 > )1(Ya(s) = V),

where ay, and by, are uniformly bounded by My on (k, s) and left-continuous in s, inheriting
from the properties of Ej that are assumed in (A.7). Moreover, we see that ay(s), bx(s) and
Y,.(s) are predictable with respect to F. defined in (S6.72), because they are left-continuous
in s and adapted to F. Therefore, (A.1) enables us to suppose that U takes values in [—1, 1]
without loss of generality, leading to

(S6.75)

e R o
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= o | / i (5) bl (X 11 2 9)1¥als) 2 Vi) 25 S (s)
- /ak X >;né>( SEXC I
+I(IJI%X‘/ bi(s +1>Snz;)( )>\/ﬁ)d]\_4(s))

So to show the desired result, it suffices to show that each term on the right-hand-side of

(S6.75) is bounded above by +/log(n V p,)/ q,l/ * with probability tending to one. Here we
only tackle the first term on the right-hand-side of (S6.75), and the second term can be han-
dled using nearly identical arguments.

To use Lemma S6.14 for showing the desired result, we define the required notations
as follows, especially here we have the martingale W,, further be indexed by (j, k) (with
n omitted) and the function wg(-) = ax(-), where w now is indexed by k. For (j, k) €
{qny...,n—1} X ICp, let

ij(t) _ /t wk(s) 1(Xj+1 Z;;EZL)(S) > \/ﬁ) dM(S),

— 00

and AWy () be the jump of W, at time ¢:

AW;a(t) = Wi(t) = Wik(t=) = we(t) v AMI(1);
together with |wy,(t)| < My for all ¢,
(X1 > 8, Yalt) > V00) | _ Mo
AW (t <‘ t J ! ’<75Kn.
‘ ]k( )| = wk( ) Yn(t) = \/ﬁ
Meanwhile, the predictable quadratic variation of W;j(t) is
(Xj+1 25, Ya(t) 2 Vn) ‘ MEA(t) _
= dA < ——>=bi(t
]k ’/ wk Yn(S) (S) = \/ﬁ n( )7
and b2 (t) < b2 (1) =b2. Let €, = /log(n V p,, /qn ; then Lemma S6.14 implies that
P(|Wji(T)| =€) < 2ex <—6%)
RN = ) = 2PN 7 5 (enks + 02)
2q71/2 (q;1/4\/log(n\/pn)]\~40 +A(T)M2)

for (j, k) € {qn,...,n — 1} x K, leading to

n—1 pn
P<18%<|ij \>en) ]qup(ywjk |>en)
B R S R B—
- 2(],1/2 (qgl/4 log(n\/pn)MO—i—A(T)M2)

< 2exp (2log(n Vpy))exp ( — n'/*\/log(n Vpn))
exp ([%/log(n Vopn)/ntt = 1] n*\/log(n \/pn)).
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Therefore limsup,, . P(max; ) [Wji(7)| > an) = 0, following n/g, = O(1), log(n V
pn)/q,l/4 — 0 and n'/*,/log(n V p,) — oo. Hence, we complete the proof of (S6.15.1).
Below we present the proof of (S6.15.2). Since the total variation of f\n — A is bounded

by A, (7) + A(7) we have

(S6.76) sup /T enj(u, s, k){dA,(s) — dA(s)}

(4,k,u)EL,

< sup len;(u,s, k) HA )+ A7 )’
(4, k,s,u)

< sup |enj(u, s, k)| [An(T) = A(T)|+2 sup |en;(u,s, k)|A(T).
(4, k,s,u) (4, k,s,u)

Observing that {y/n[A,(t) — A(t)] : t € T} converges to a tight Gaussian process, and
then the continuous mapping theorem gives that v/nsup;cs|A,(t) — A(t)| converges to
the supremum of the absolute value of this Gaussian process. Therefore for any sequence
en — 00, P(supyer v/n|Ay () — A(t)] > &,) — 0, in particular, &, = y/log n. Consequently,
sup;et |An(t) — A(t)| < v/Togn/+/n with probability tending to one. Following from (S6.71)
that Sup; i, s u) [€nj(u, 8, k)| < K, max; Ky for some positive constant K that does not de-
pend on n, we have that with probability tending to one,

. V1
Sup en; (1, ) |An(r) — A(r)| < Ko manc{ Ky} ¥ 25 %8 < K, max{K,;}.
(Jk.s.0) vn j

Hence from (S6.76),

sup / enj(u, 8, k) {dA,(s) — dA(s)}| < K.(1+2A(7)) max{K,;}

(J,k)EL, | JT J
log(n V pr)

< K. (1+ 2A(7’))T

with probability tending to one, which gives (56.15.2). O

In upcoming lemmas, we show that | Z?:_;n D, j4+1| converges to zero in probability as n
goes to infinity, where for j = ¢, + 1,...,n,

1 mj—l(Uj,kj—l - QU[UkJ—l]) / é . (
VTl —dn Unj—lvarQu (Ukj—l) mi

1 mj—l(Uj7kj—1 - QU[Uk]‘—1])
n—qn onj—1Varg, (U,_,)

Dy, = Ujk,_1>8 kj— 1){dA (s) —dA(s)}

~ 1(Yn(s)>0) , -
/Tendl(UJvkijkal) Yn(s) dM(S)a
with €, ;1 as defined in (S6.70) with j replaced by j — 1, where the second equality holds
by the decomposition of A,, — A in (S6.73). Following én,j—1(u,s,k) = Eo(u,s, k)1(X; >
s)1(Y,(s) > y/n), we have a decomposition D,,; = Enj + ﬁnj, where

(86.77)
~ m;1(Ujr,_, — QulUs,_

)
Dn-E E U ) , 7k,_ _E U? . ’k'_
J moﬂj_lvarQu(Ukj_l)/’]-{ 0( Gki—19 Sy Kj 1) 0( G—1k; 295, Kj 2)}
x{dA (s) — dA(s)};
=~ 1 m’_l(U~k, Qu[Uk
e P Q) [
! n—dan O_nj—lvarQu (Uk’J 0\Yj—1,kj—2> S, J— 2) ( 8)
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so that \Z”_l i1 < \E] 4. Dn, Dy ji1| + 12752 An j+1|- To show the desired result,

it therefore suffices to show that both | 7~ ' D, ]+1| and | Z?;ql f)n j+1| converge to zero
in probability, which will be presented in Lemmas S6.16 and S6.17, respectively. Henceforth
we state that (j,s) € {gn,...,n—1} xT; (j',s) €{qn,...,n—1} x T and (k,u) € £, xR
in which the ranges will be omitted for succinct presentation in forthcoming displays.

LEMMA S6.16. Under the conditions of Theorem 4.1, Z” ! 15n ,j+1 converges to zero
in probability as n goes to infinity, where Dn] is as defined in (S6.77)f0rj =q,+1,...,n

_PROOF. Using (A.1), (A.6) and the total variation of A, — A over T is bounded by
|An(T) + A(T)|, we have that

n—1
E Dn,j+1

J=qn

N n_QnmaX

/ {Eo(Ujk, \+8.kj—1) — Eo(Uj—1k, 5,5, kj—2) H{dAn(s) — dA(s)}'

<+\/n — qusup
)

Eo(Ujk;_1» 8, kj—1) = Eo(Uj-1,k; 5,8, kj—2) “A ) +A(7)]

<V

Ra(r) = A()| +24(7)] sup
(J:s)
where the last line holds by the triangle inequality.
Since sup,r |An(t) — A(t)| < v/logn/y/n with probability tending to one, taking the
expectation on the above display gives that

Eo(Ujk,_,»8,kj-1) —Eo(Uj—l,kj,Z,S,kj—ﬂ‘,

n—1 »
| Z o
Jj=q
Vviogn
<vn-— qn[ S +2A(T )] {SUP |Eo(Ujk, .8 kj—1) — Bo(Uj—1k, 5.8, kj—2)|| =0,
Vin (4,)
where the convergence follows (A.7). Hence we complete the proof. O

LEMMA S6.17. Under the conditions of Theorem 4.1, Z" ! ﬁn ,j+1 converges to zero
in probability as n goes to infinity, where Dn] is as defined in (S6.77)f0r i=qn+1,....n

PROOF. First note that, with respect to the filtration O,,; = 0(Ox,...,0;, F.) with F,
defined in (S6.72), we have that Dnj is a martingale difference sequence:

E[Dy, j11|Onj) kj1)

= Eo( s,
vn — qnanJVarQ (Ux,) / 0Wjk, s

% 1(Xj+1 2;;27’)(8) > V) dM(s)}E[Uj-s-ij - QU[UijO"J'] =0

for j =qn,...,n—1.
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We also provide an upper bound on the conditional variance

n—1
1 1
E +1|Onj] E[(Uj—l—l,k Qu Uk ’On]]
qu:n ™ (n—qn) ; aijVaréu(Ukj)

>s,Y,(8)>/n) - 2
/EU ]k?] I’Sk] 1) ( AR Y(S)( )_f)dM(S)}

> _ 2

< K|, sup /Eousk: X125 Yuls) 2 \/ﬁ)dM(s)},

(4:k,u) Yo (s)

where K{) > 0 is a constant such that for all n

{E[(Uj+1,k QulUs,)) ) 2|Ony] } < e {E[(Um,k — QulUk])?|Oy;] }

2 = 2 2 =Ko
anjVarQu(Ukj (3.k) UnjvarQu (Ug)

max
J

almost surely; this constant exists by (A.1) and (A.6). We see that

(X1 >s,Yn(s) >/n) - . 2 log(nVpy)
(381132){/ Eo(u, s, k) Ya(s) dM ( )} Si\/q: .

with probability tending to one, which can be seen from (S6.15.1) of Lemma S6.15. We
therefore find that the conditional variance 7~ ! E[D2 n.j+1/Onj| — 0 in probability.

By the martingale central theorem given 1n Theorem 1.2 of Kundu, Majumdar and
Mukherjee (2000), Z" ! Dn .j+1 converges in probability to zero. Indeed, the conditional
Lindeberg condition holds trivially: for every € > 0,

n—1
ZE[DZ s+l |Dnﬂ+1’>€ |Onj] < ZE ]+1‘On]]i>0‘
J=qn J=qn
This completes the proof. O

Recall that for each (7, k),

enj(u, s, k) =[Eo(u, s, k) — (u 5, k)] 1( X1 > s)l( (:up)]Eo(u s, k) — (u,s,k)]

< KK, inf Y, (s) > \/ﬁ)

LEMMA S6.18. Under the conditions of Theorem 4.1, Z Qn j+1 converges to zero
in probability as n goes to infinity, where for j = q, + 1,.

1 m'—l(U‘,kj,l - Qu[Uk]‘—l])
N janjlearQ (Uk._,) /7’6n7j_1(Uj bom 9 R 1){dA (o) = AR

and ey, j_1 is as defined in (S6.71) with j replaced by j — 1.

an =

PROOF. First using (A.1) and (A.6) to bound the middle part of ,;, together with the
expression of A, — A in (S86.73), it upper bounds ’ E;L:_ql Qn, j+1‘ by (up to a constant that
does not depend on (j,n))

/enj<U 1k 8, )1 (X >S)WdM(s) :

n — g, max
" (4:k)
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Recall that Z,, = {(j, k) : j € {qn,...,n — 1},k € K,} and K4, = +/log(n V py)/¢,. For
each (j, k) € Z,,, Lemma S6.2, along with (A.1) and (A.7), indicates that the integrand in the
above martingale integral, namely

1(X;112>28,Y.(8) >vn
s enj(Ujt1k, 5, k)v/n —qn Ky 2 (s) 2 vn)

Ya(s) ’

belongs to H,,(K) with probability tending to one, where #,(K) is the class of caglad
functions in BV(T, K Ky, , M;). Therefore to show that Z?;qln Qn.i11 > 0, it suffices to

show that for n > 0,
P( sup ' / h(s)dM(s)
heH,(K) /T

under the assumed conditions for Theorem 4.1: n/q, = O(1) and log(n V p,)/ q,ll/ 150

To show the desired result, we use the exponential inequality in Theorem 3.1 of van de
Geer (1995). For fixed n, the aggregated counting process {N,,(t) : t € T} plays the role
of {N(t):t € [0,T]}, the compensator {A,(t):t € T} is {A(t):t € [0,T]}, the integrand
h in the class H,,(K) corresponds to g € 4, 7 is T, 02 is 0%, and d2_(h,0) is d%(g,0).
Then we have the martingale process { M (t) = N, (t) — A,(t) : t € T}. In addition, n is now
added as a subscript to van de Geer’s various constants L, K, €, b and C1,Cs,C3,Cy. The
upper bound H,,(d, b,,, B) on the d-bracketing entropy of H,,(K) is as defined in van de Geer
(1995), where B is a measurable subset of {A,, (1) < o2_}.

The compensator in our case is
t
An(t) = / Y, (s) dA(s)
— o0

so that A, (1) < o2 =nA(7). Note also that for any h € H,,(K),

nr -

>n>—>0

1 /7 2 1 ~

d?_(h,0) = 2/ [exp(h(s)) — exp(0)] “dAn(s) < 5 &XP (4K Kpg, )nA(T) = b2,
— 0o

where we have used the inequality |e* — 1| < |z|el*l < €?l*l. Moreover, we may take

H,,(6,by, B) = co\/n/d for some constant ¢y > 0 (Example 19.11 of van der Vaart, 1998).

We need to check condition (3.2) of van de Geer (1995), namely that
by

=2z / Hy(,b,, B) dx V by,

Cnl " Jenb2 /(Craonr )AL /8

for appropriate choices of the various constants. For now assume &,, € (0, 1], and take C),5 =
8c,by/+/nA(T). Together with the definition of o,,., this leads to

2 v/ nA
€nbn — n (T)b2 1 Z% and

n

Cn20nr 8enby, " TLA(T)
/’bn \/ﬁ 1/4 by 1 1 1/4\/>
H(z,b,, B)dx = \/con / —dr=2 00{1—}n b,
enb? /(Crnaons)A\bn /8 veo bn/8 NG Veo NG

Taking C; = 5nb§/2/{2\/5[1 — 8_1/2]711/4} shows that van de Geer’s condition (3.2) is
satisfied. Then, applying her result with B C {A,,(7) < 2.} having probability one, gives

(S6.78)
P< sup ‘/Th(s)d]\Zf(s)

het . (K)

> 5nbi>
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gP({'[rh(s)d(Nn—An)(S)

2b2
SCn3eXp<_€Cn n)?
n4

where C,3 and C,,4 are specified below.
From the proof of van de Geer’s theorem, we can take Cy,3 =2 and Cyy > 2(e, Ky, + ),
where

> e,b% and d2_(h,0) < b2 for some h € Hn(f()} N B>

. 4{exp(—L,) —1— Ly}
" {exp(=Ln) —1}*

L, = f(ann and K,, = f(ann. Note that ¢,, < 0 since L, > 0, so we can take C,4 =
2¢, K. Finally, specifying &,, = n~5/4, we have

e2p? n~°/22 L exp (4I~(ann)nA(T) B n=3/2 exp (4I~{ann)/\(7')
Cna 2n=51 K, B An=>/K,
_ exp (4K /log(n V pa)an *)A()

4K +/log(n v pn)nl/‘lqgl/2

_exp (4f( log(n \/pn)qgl/z)A(T) q,l/4 Q'rlz/4 e

4K Viog(n V p,) nt/4 ’

under the conditions of our Theorem 4.1: n/g, = O(1) and log(n V p,)/ q}/ * 50, and note
that K > 0. Thus, from (S6.78), we have

limsupP( sup ‘/h(s)dM(s)
n—00 heH, (K) 1 /T

> 5nbi> =0,

and since £,b2 = n~"/*exp (4K \/log(n \/pn)qﬁl/Q)nA(T)/Q — 0, the proof is complete.
O

LEMMA S6.19. Under the conditions of Theorem 4.1, (1)1, is asymptotically negligi-
ble.

PROOF. Recall that

1 n—l &71m]
0= =g 22 \Varg ey s ~ 0
G=qn J J

></T[Eo(Uj+1,k_7~7Svkj)—Ej(Uj+1,k_jaS»kj)]deH(S)}-

Let de+1(3) = lA(Xj'H S d8,5j+1 = 0) —1(Xj+1 > S)dA(S), and de_H(S) —de_H(S) =
—1(Xj41 > s){dAn(s) — dA(s) }, so that

’1&, /7_[E0(Uj+1,k’jvsvkj) — Ej(Ujsk,, 8, k)] {dMj41(s) —deH(S)}‘

_ )1En /T[E()(Ujﬂ,kj,s, ki) — Bj(Ujan,, 9 k)] 1(Xj01 > 8) {dAn(s) — dA(s)}(.
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Along with the triangle inequality, the above results imply that

1
O' mJ

‘ﬁz Varg, (Ur))

D1z, | <

(Ujt1,k; — Qj[Uk;])

x1g, /r [Eo(Ujs1h,,8.k5) — Ej(Ujs1p,, 5, k5)] dMj4(s)
1

‘m Z Var@J J)

(Ujs1,k; — Qi[Uk,])

x 1z, / [Bo(Ujs1,,8,k5) — Ej(Ujs1n,,8,5)] 1(Xj11 = 8){dAn(s) — dA(s)}‘.
T
We further apply Lemma S6.13 to the above display, taking
fa1(Oj11k,) =1z, / [Eo(Ujs1k, 8. k) = Ej (Ui, 5,kj)|dMj 11 (s), with
T

sup ‘fnl(o)‘ < ( sup ) ‘EO(UMSJ{:) - Ej(uasak)‘(l + A(T)) 5 anm
o 7,k,s,u

and

frn2(Oj41k,) =1z, /T [Eo(Ujs1k, 8, k5) = Ej(Uiik,» 5, k)] 1(X 01 > 5){dAn(s) — dA(s) };

sgp‘fng(o)‘ = sup 1£n/7’ [Eo(u, s, k) — Ej(u,s )X > s){df\n(s) —dA(s)}|.

(:ksw)

By the definition of e,,; in (S6.71) that implies
(56.79) enj(u,s,k) =1z, [Eo(u, s, k) — Ej(u,s B 1(Xj1 > ),

so we see from (S6.15.2) of Lemma S6.15 that sup,, | fn2(0)| < /log(n Von) /gt with
probability tending to one. Using Lemma S6.13, it is implied that

-1
O']m]

n—1
1
N ]2 Varg, (Ug,)

D1z, | S

(Ujs1,k, — QulUr,))

X 15"/7- [EO(UjJrl’kj,S,k ) E (UJ+1 k],S,k )]de-I—l(S)

-1
j M

‘ =) z Va0 Ui~ Qullk e,

X /7- [EO(Uj+1,kj>57 k?j) - Ej(Uj_,_ij,S, k‘])] 1(Xj+1 > S){dj\n(s) - dA(S)}‘ + Op(l)
Moreover, note that 1., < 1( SUP(j o s,u) | E0(Us 8, k) — Ei(u,5,k)| < Kng, ), and then define
(56.80) Enj(u, s, k) = [Eo(u, s, k) — Ej(u,5,k)]1(Xj41 > s)

x1( sup |Eo(u,s k)— Eji(u,s k:)} gann)
(J:,8,u)
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Then by (56.79) and (56.80), we have that

1 Z mj(Ujz1,k;, — QulUs,))
vn— onjVarg, (U, )

[E2VHpS

/7_en](U_]+1,k]7S7k])dM]+1(S)

’ Z m] ]+1k Qu[Uk]D
m onjVarg, (U, )

+ 0p(1),

where the middle term converges to zero in probability by Lemma S6.18.
Now we deal with the first term on the right-hand-side of the above inequality. Fix n and

forje{g,+1,...,n},
g = mj—1(Ujk,_, — QulUs,_,])
J mgn7j_1VarQu(Ukj_l
From (S6.80) and by (A.1),

(S6.81) sup € (Ujs1,k;, 8, k5)| < sup | Eo(u, s,k) — Ej(u,s k)| S Kpg, as.
(:9) (J:k,s,u)

[ ensUssns i) - dA(s)}]

) /Tén,j—l(Uj,kj1737 kj—1>de(s)

Along with the uniform boundedness of Uj almost surely in (A.l1) and that o,; and
Varq, (Uy) are uniformly bounded away from zero in (A.6), (S6.81) implies that there exists
abB,= K’\/Iog (nVpp) /\/ — ¢n)qn for some constant K’ > 0 such that max; |H,;| <
B,, almost surely. B

Define the filtration Op; = 0(01,...,0;,Uj11). We know that {(H,;,Onj),j = qn +
1,...,n} is a martingale difference sequence because E|H,,;| < co; Hpj is Op;-measurable,
and for j =¢qy,...,n —1,

E[Hy,j+1|On]
L m(Ujsi e, — QulUs,])

= K j eni(U; s, k) E[dM; O,
n—an onVarq, (Us) [ s s ) ElM 0 4)|0n ]

1 mi(Uj k,—Qu[Uk,])/ ~
= Z] 3 i (U 8,k E[(Ti41 > 9)|U;
Td ogVarg,(Uy)  Jp Uitk s B BT 2 2l

x B [1(Cj+1 € dS) — I(Cj+1 > S)dA(S)]
=0,

where the second equality holds by the independent censoring assumption, and the last step
follows from the definition dA(s) =P(C € ds)/P(C > s). Then for € > 0,

n n—1 2
([ o) seon] (S )
J=qn

Hn,j+1

<Z 2al+2 Y E{fImHlE[fIn’jH’OmH>

J=qn qn§i<j§n71

_QZ g+1 <e%(n—q,)B2 0.
J=n

As|(Dlg, | S1X05S, ! - Hy, j1] + 0p(1), we conclude that (1, = o0,(1). O
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LEMMA S6.20. Under the conditions of Theorem 4.1, (II)1., is asymptotically negligi-
ble.

PROOF. First we have

| Upsrt, ~ QulUs) . L1
“D‘ﬁz am\far@nwk) raXin Gk Xj41) G0)

+ [ B s k)1 > 9){ah(s) = A}

By (A.2), we can fix an € such that 0 < € < G(7). Fix 0 <7 < 1, and let G, be the col-
lection of monotone nonincreasing cadlag functions G': T — [0, 1] such that G(7) > €, and
supse |G(s)/G(s) — 1| < r. Note that G € G, C G that was defined right before (S6.39),

and P(@n € G,) — 1, using the argument involving R,,; in the proof of Lemma S6.7.
We first give an upper-bound of |(IT)1 | by using Lemma S6.13, taking

1 1
fu(Ojirp,) = J‘+1Xj+1(é (Xjm1) G(Xj+1))

/Eo Ujrn, 5, k)1 (Xg11 > 8){dAn(s) — dA(s)),

and showing that sup,, | fn(0)1z, | < v/log(nV py)/ q,{/ * below. First, using a Taylor expan-
sion of z +— dzl,, /z around z = G(x) gives that

(Gnl(q;) B G(lx))lﬁ"

T — [logn\r T logn logn
< = <
~ G(7) TZ: < n ) G(r)yn—+logn ™~V n ’

where the result follows by the occurrence of B, (K) D L,, \/logn/n <1 and G(7) > 0
in (A.2). Along with the above result and (S6.15.1) of Lemma S6.15, the triangle inequality
gives that with probability tending to one,

logn  +/log(nV py) <9 log(n V py)
. ez = A/ :

o
Therefore along with the above results, Lemma S6.13 implies that

TTL] g+1 k; Qu[UkJ]) ) ) 1 . 1
‘ﬁz TagVarg, (U, {%“Xﬂ“%n(xm o)

J

[UNVRES

+ [ B k)1 (X1 2 ){do) - dA(s)}] e, +0p(1).
i

According to the definition of G,., the events contained in £,, and the definition of €,; as
in (S6.70), the above display further leads to

(S6.82)

n—1

1 m;(Ujrk, — QulUk,]) [ . .
Ml | < ks ) ni(Uss i k) {dAn(s) — dA
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S m(Ujgas, — QulUs,])
onjVarq, (Us,)

sup

1
_1_7
VI —ln Geg,

+ 0p(1),

1 1
54 X _ _
AR (G( X1 G(XjH))

J=qn

where the first term converges to zero in probability, applying Lemmas S6.16 and S6.17.
Therefore it remains to show that the middle term on the right-hand-side converges to zero in
probability, using the properties of martingale difference arrays.

Fix n. Define a process {S,,(G) : G € G, } by S,,(G) = D g1V i(G), where

(O — m—1(Uj, -, — QulUk,_.]) e 11
Vo (G) = MUn,j—lvarQu(Ukj1)5JXJ<G(XJ) G(XJ))'

We see that E|V;;( ~)] < oo by (A.l1), (A.2) and (A.6). Define the filtration O,; =
0(01,...,0;4,6;4+1,X;+1) and we have that, for each G, E[V;, j11(G)|Oy;] = 0. Therefore
{(an(G), Opj):j=an+1,...,n, G €G,} is an array of martingale-differences of adapted
processes indexed by G,. Note that the class G, has a finite uniform entropy integral (see
Lemma 2.6.13 in van der Vaart and Wellner, 1996). For all G, G’ € G,.,

2(G,GN = Z [{Vn, i41(G) = Viu, j+1(G") 2| Ony]

1 1 1 2 [(Ujs1k, — QulUx,])? }
_ X2 _ - E J s J OTL
(n—aqn) Eq: AR (G(Xj+1) G/(Xj+1)) [ o2 Varg (Ug,) !
K272
<Y Z {G(Xj41) - G (X1}

](In

where the inequality holds because X < 7; for each j, G(Xj;41) > G(7) > € > 0 by
(A.2); for each j and any G € G, G(X;;1) > G(7) > € >0 and G,G' € G,; for each j,
\Ujs1,k, — QulUr,]|/lonjVarg, (Ug,)] < Ko almost surely by (A.1) and (A.6), for some pos-
itive constant K.
Let yu,, be the empirical distribution of {O,,,, ..., O,—1} normalized by sup .+ ‘G’n(s) -
s) ’ Following the notation of Theorem 1 of Bae, Jun and Levental (2010), it gives that for
any G, G € G,

2
d@)(@7 G')? = Z Xj+1) G/(XJ'H)}

o - (n—gn) supseT‘G G(s)’ .

J=qn
Therefore, checking condition (3) of Theorem 1 of Bae, Jun and Levental (2010) in our case,
we have that for any positive constant L,

~2(FY 52 Sal
P< sup WEL) §P<£n, sup # L>+P<£fl>
a.areg, d (G,G")? a.areg, dp, (G,G")?

1 ~2 !
< E[ sup ()<G’G)15n} +P (E%)
L leces, dp) (GG

2.2 .
<=0 g sup Gn(s)—G(s)‘lgn +P( L
Leét s€T
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~

Gn(s)
G(s)

2,2
K§t

< ———F|sup -1
Leét [SET

te. | +p(z5)

+P<£fl> — 0asn — oo.

<K’g7'2 logn
- L& n

The Lindeberg condition holds trivially in our case: note that |V, j+1(G)| < 1/v/% — gn, 50
for any fixed € > 0 and for all n sufficiently large we have

n—1
LN BV (@)1(Va 51 (G) > ] =0,

J=qn
Now appealing to Theorem 1 of Bae, Jun and Levental (2010), for given v > 0 and € > 0,
there exists an ) > 0 for which

(S6.83) lim SupP< sup 1S,(G)| > 5’y> < 3e.
n—0 Geg, :df;) (G,G)<n

Note by the arguments in the proof of Lemma S6.7, P(G,, € G,) — 1, and

- 1‘}1/2 ot

—~

dui)(én,G) < {sup ‘én(S) - G(s)]}l/2 < {Sup
s€T seT

with probability tending to one. Hence, G,, € {G € G, : dfi)(é, G) < n} with probability
tending to one, and so

hmsupP(]Sn(én)\ > 57) < hmsupP( sup 15,(G)| > 5’y> < 3e.
n—reo n—reo Geg,:d) (G.G)<n
As € > 0 was arbitrary, limsup,,_, P(!S‘n(én)\ > 57) =0 and, as v > 0 was arbitrary,

this shows that S'n(é’n) = 0p(1). The argument following (S6.82) then shows that (I)1,, =
op(1). O

To prove the next lemma, we need to develop a decomposition involving three types of
martingale differences. The filtrations for these martingale differences are

(S6.84) O =0(01,...,0,Ujs1s,);
0, =0(01,., 051, kjymy, BIY Uy, ], Varg, (Uk, ), Uk, )
@nj EO’(Ol,. . .,Oj,Uj+1),

J=4aqn,...,n—1.Define

[w-QUk)  (u - QulU) | |
i) =\ Nro )~ Varg, (T ]1<mf?"‘(QJ—Q“)[U’“”5K’”’

(S6.85) max [Varg (Ur) — Varg! (Us)] < Knj),

L

where in < the implicit constants are independent of (j,n). The martingale differences to be
used in the proof are then defined by
1 mj_l

ﬁgn j—1 hn’j_l(Ujkal){i/j - E[?‘szky‘—l] }7

(56.86) Hf =
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1 mi_1 ~
Hfi=————2—h, ; 1(Ujs, )E[Y|Ujs, d
" VI —Qn On,j—1 " 1( J’k%l) [ } Jv"/’y—l}’ an
e 1 mi—1
Hyj=——=—"—h Eo( Jkj_1)dM;
0= b AU, ) | BoUe s k)M ).
Note that (ij,OJf ), (Hp i, Ors), (Hyj,Onj)s j = qn + 1,...,n, are martingale differ-

ence sequences. In partlcular

(S687) V-, E[H! . |0l ]=E [%hwwﬁl,kﬂ) Vi1 = B[V U] ‘(’)LJ

n,j)
= %hn,j(Uj-O—l,kj) {E [Yi1|Ujsre,] — E[Y/}Uﬁl’kﬂﬂ =0,
nj
and
S688) V=GB [H; i On] = B| T by (U ) B[V U] |0
n,J

E[}}‘Uj+17kj] { E[(Qu - Q])[Uk]”O:j}
Var@j(Ukj)

Onj

. 1 1
+ EUje, =~ QulUs ]| Org] [Vaer Ur,) VarQu(Ukj)} }

=0,
where the first step of (56.88) holds by
(UjJrl,kj - Q] [ng]) (UjJrl,kj - Qu[Uk]D

S6.89 -
( ) Varg, (Uy,) Varg, (Ug,)
(Qu — Q) [Uy,] 1 1
=——"4+(U; = Qu|Uy, - .
Varg, (U, ) * Wi, =l kj])[Var@j(Ukj) VarQu(Ukj)}
In addition,
(S6.90)
- ~ ms ~
VI = nE[Hp, j41|Onj] = (j{hnj(Uj+1,kj)/ Eo(Ujt1k,5 8 k5)E [dMj41(s)| O]
nj

ms
_O,n]jhny( 41,k /Eo Uji,k;5 8, k) E[1(Tjg1 = 8)|U jd]

x B [1(Cj+1 S ds) — 1(Cj+1 > S)dA(S)]
=0,

where the first step holds by the independent censoring assumption, and the second step
follows from the definition dA(s) = P(C € ds)/P(C > s).

LEMMA S6.21. Under the conditions of Theorem 4.1, (IIl)1 . is asymptotically negligi-
ble.

PROOF. Note that dMji1(s) = 1(X;41 € ds,0j41 = 0) — 1(X;41 > s)dA(s); we re-
express (III) (from (16) in the main text) as

1 1 } [(Uj—i-l,kj —Qj[Us])  (Ujt1k, — QulUy,))

1
- mil— - — 4 B
mjg J |:0'nj Onj  Onj Varg, (Us, ) Varg, (Uy,)
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X [}7j+1 _/7—E0(Uj+1,kjaSvkj)deH(s)]'

Along with the fact that U}, is uniformly bounded in (A.1), that o,,; is uniformly bounded
away from zero in (A.6), (56.8.2) and (S6.8.4) of Lemma S6.8, and (S6.11.2) of Lemma
S6.11, the above display further gives that

U1k, = Qi[Uk,])  (Ujsr,h, — QulUsk,))
‘\/n—i Z mj [% ULH U”vff@j(y,;k N UJ%:rQU(?ka[;k }

J=an

X [fg-ﬂ _/TEO(Uj-i-ij?S7kj)de+1(s)i|1£n

T log(n V py) =1
S lag + 0 A0 e B0 ZE2EE 5

J=Aqn

T log(n V py) n
< [G(T) + (1+A(7)) (:};2) {Eo(u,s,k:)’] BV log (q—n> — 0,

where the convergence to zero follows by G(7) > 0 in (A.2), that sup, . ’Eo u, s, k)| is

bounded in (A.7), and the conditions: n/q, = O(1) and q}/ﬂ‘/log(n V pp) — 0.
Combining all the above results, we have that

n—1
1 m; -
5‘/7” — D~ hnj(Ujsg,) [Yj—s—l - [FEO(UHijvSa kj)de+1(S)] l
" i=qn

Therefore, we have that

(S6.91) |1, | < H! i1 it T v,

where H. TTL i ;ij and Hnj are defined in (S56.86). To complete the proof, it suffices to show

that the three terms on the right-hand-side of (S6.91) are o,,(1).
First note that for all n,

Tog(n v pn
(S6.92) max |hn»(Uj+1k.)|<M as

jefan,n—1} 7 ki)l S N
from the decomposition in (S6.89), the definition of h,,; in (S6.85), and (A.1); here the im-

plicit constant in < does not depend on n. Also, note that Y; 1 — E[Y|U j+1,k,] is bounded
almost surely using (A.1) and (A.2). Then, with o,,; uniformly bounded away from zero in
(A.6), (S6.92) further implies that

log(n V pp)
In(n — qn)

where in < the implicit constant is also independent of n. Then for € > 0,

(|5 onfze) <[ (E )

:5—2<ZE[<H;,J-H>2]+2 > elale[nlalod]])

J=qn ¢, <i<j<n—1

max\H]L = B,,
J

n ,j+1
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n—1
_ 2 _
=c’ Z E[(HJL,jJrl) | Se?(n—qn)Bi—0.
J=qn
This shows the first term on the right-hand-side of (S6.91) converges to zero in probability.
The second and the last terms on the right-hand-side of (S6.91) can be handled, using similar
arguments. O

LEMMA S6.22.  Under the conditions of Theorem 4.1, (V)1 is asymptotically negligi-
ble.

PROOF. It is trivial to see that (V)12, = o,(1) under the null. To verify it under the alter-
native, we first have

1 o,
Wi, |=|— L1, [Ug (P) =W (P
Ve, ’m;:q: P12, 1, (P) — 9(P)]
Onij 1 =
< max An] _— — | U (P)—U(P)|1, .
ety g | V= o 7y ) T E P,

Because oy, is assumed to be bounded away from zero in (A.6) and max; |0y 1z, /Gn;| is
bounded above using (S6.11.2) of Lemma S6.11, it suffices to show that

n—1
1
mﬂz}: \‘I’kJ(P) —W(P)1z, = o0p(1).
Recall that
Covp, (Uy,0X/G(X)) Covp, (Uy,0X/Gi(X))
k’ — J d . — J
jT e I?el%}: Varpj (U k) and m; = sei Varpj (U k) ’
and let
Cov (U, T)

ko = arg max
g kElCn

T

Var(Uy) Var(Uy, )
Because mCovp, (U, 6X/G (X))/Varp, (Uy) is maximized at (k;,m;), we observe that

Covp, (U, 0X/G(X)) Covp, (Uy,,6X/Gj(X))
$6.93 0> ! —m; ~
( ) =mo Var]pj (U ko) g Var]pj (U kj)
[ Cov(U,T)  Cov(Uy,T) Covp, (Ug,,6X/G;(X))
M Var(U) " Var(Uy,) ° Varg, (U,)

B COV(UkO,T)] . {covumj(Ukj,CSX/éj(X)) B Cov(Ukj,T)}
Var(Uy,) / Varp, (Uy,) Var(Uy, )

2 W(P) = Wy, (P) — 2max|Vg ; (P;) = Ve r(P),

where W (P) = Vg, (P) = Cov(Uy,0X/G(X))/Var(Uy), according to Cov(Uy,T) =

Cov(Ug,0X/G(X)). Moreover,

(S6.94)

Cove, (Uy,6X/G(X))  Cov(Uy,6X/G(X))
Varp, (Uy) Var(Uy)

Ve, 1 (Pj) = Var(P)|le, = i,
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1 A~
S , X/ (X)) — | XIC(x
Varz, (Ur) Ln‘COVP](Uka(S /G;(X)) — Covp, (Uy, 6 X/G(X))

+ Covp, Uy, 6X/G(X)) — Cov(Uy, 6X/G(X))

1 1
Varp, (Uy)  Var(Uy)

|COVIF’ (Uy, 6X/G5(X) - 6X/G(X))|

+ 1z,

(U 0X/6(X)|

Varp, (Uy)
1 |Covp, (Ug, 0 X/G(X)) — Cov(Uy, 6 X/G(X))|
Varp, (Uy)

1 1
Varpj(Uk) a Var(Uk) ’

(Uk, 6X/G(X))]

where the second equality holds by using the identity a,b, — ab = (a,, — a)b,, + (b, — b)a,
and the ensuing step follows by the triangle inequality.

Below we further tackle each term in the upper bound of [, ; (P;) — ¥k (P)[1z, from
(56.94). To address the first term, ’

|Cove, (Uy, 6X/G;(X) = 6X/G(X))|
Varﬂ’j(Uk’)

(S6.95) 1g,

1 - [logn \"
r=1

<—|P
_Vaer(Uk)[

1 = logn \" . .
< P |UY| + P;|UL|P;|Y
_Varpj(Uk) [;( q > ][ | URY | + P | U | P |]

n

V1
<< ogn ) [IP’ ‘Uk ‘+]P’ |Uk|IP" ” S 0as.,
Van — Vlogn
where the first inequality holds by the triangle inequality and Taylor expansion with respect
to G around G; the second inequality results from sup, |G )/G(t) — 1‘ logn/j given

by the occurrence of £, and Lemma S6.12; the third inequality holds by j > g,; the last
inequality follows from the fact that Varp, (U},) = Varg, (Uy,) that we have showed bounded
away from zero in (56.8.2) of Lemma S6.8, and the final convergence to zero results from the
uniform boundedness of P;|U,0X/G(X)|, P;|Ug| and P;|6.X/G(X)| almost surely, which
is implied by (A.1), X <7, G(7) > 0 in (A.2) and the condition qu/4/log(n V pp) — 00.
This gives the first term on the right-hand-side of (S6.94) is 0,(1) uniformly in (j, k).

To tackle the second term on the right-hand-side of (S6.94), again using the identity a,,b,, —
ab = (a, — a)by, + (by, — b)a and the triangle inequality gives that for some positive finite
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(4, n)-independent constant (],

(S6.96)
. 1Cove, (Ui, 8X/G(X)) — Cov(Us, 3X/G(X))]
Varg, (Uy)
1c,
~ ming; sy Varg, (Uy) max{|( P)UéX/G(X)]| + [(Q; — Qu)[Uk] P[0 X/G(X)]|

+|(B; — P)SX/G(X)|Q; U] \}
C[1+]P§X/G \+max{\<@] Uk]}} = (1 Ky,

where the second inequality holds given the occurrence of A,, D L,, for a sufficiently large
constant ¢ that does not depend on (j,n), and that min; ) Varp, (Ug) = min; ) Varg, (Ug)
is bounded away from zero by (56.8.2) of Lemma S6.8, so that min; ;) Varp, (Uy) > € for
some sufficiently small positive constant € that is independent of (j,n). Similarly for some
positive (j,n)-independent constant (5, the third term on the right-hand-side of (56.94) is

1 1
Varp, (Uy)  Var(Uy)

|Varg, (Ux) — Varg, (Us)|
Varg, (Uy)Varg, (Uy)

maxy, |Varg, (Uy) — Varg, (Uy)|
ming Val"Q“’ (Uk) min(j,k) Vaer (Uk)

(8697) g, |Cov(Uy,6X/G(X))]

:1EH‘COV(UI§)5X/G(X))‘

<lg, max ‘COV(Uk,(;X/G(X))‘

< CéKn] ’
where the last step holds by the presence of 1, in which min; ;) Varg, (Uy) is bounded

away from zero by (S6.8.2) of Lemma S6.8, along with that maxy ‘Cov(Uk,(SX/G(X))}
is assumed to be bounded using (A.1) and (A.2), and miny, Varg, (Uy) is assumed to be
bounded away from zero in (A.6).

Let ¢ = ¢ + (5. Collecting the above results in (S6.94)-(S6.97) gives that |\Ijéj,k (P;) —

V¢ (P)] is bounded above by ('K ,; and then ¢’+/log(n V py) /gy for j > gy. Inserting this
result back into (S6.93) leads to

W, (P) = W(P)[1z, < 2¢ Koy <20 Ky,
Together with W (P) = maxy, |V (P)| in (2), the above display implies that on the event £,,,
(56.98) 0<U(P) — [y, (P)| < [Wy, (P) — ¥ (P)| < eKpg,

where € > 2¢’ is chosen in connection with (A.8). Recall that kg is the label of the predictor
that attains W (P) under the alternatives, so it is easy to see that kg € K, where K, contains
the predictors that have stronger association with 7" than the other predictors in Ky, as in-
dicated in (A.8). Therefore (S6.98) implies that k; € KC;, because W(P) — |Wy (P)] is then
under the threshold specified in (A.8). By (A.8), we conclude that '

Z\‘I’k (P)|1z, = Op(v/n — gn Diam(K2) ) = 0,(1).
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S7. Supplementary results for simulation studies and real data application. In Ta-
bles S.1-S.2 we report the names of the identified features based on the various competing
approaches, separately for the Subtype B and C datasets. For the stabilized one-step estima-
tor, in Subtype B the most correlated binary feature is the interaction of hxb2.677.K.1mer
and hxb2.460.sequon actual.lmer; the most correlated count feature is the interaction of
sequons.total.gp120 and sequons.total.v5. In other words, the presence of specific amino
acid (coded by K) at position 677 and the presence of some enzymatic processes starting at
position 460 are found to have a synergistic influence on ICsy. Similarly, the change in IC5g
appears to be simultaneously affected by the total numbers of observed chemical reactions in
the region of gp120 and of V5.

TABLE S.1
The most correlated features identified by the competing methods, according to data type. The interactions are
coded as in Table S.2, with o X [ denoting the interaction between o and 3.

Method Feature

Binary predictors ~ Count predictors

Bonferroni Cox NA ¥5 X ¢
Subtype B .
Bonferroni One-Step oy X ag Y3 X 6
Stabilized One-Step ag X B2 Y2 X Y4
Bonferroni Cox a1 X ag NA
Subtype C Bonferroni One-Step a9 X ag NA
Stabilized One-Step a7 X B Y1 X €
TABLE S.2
Coding of feature names used in Table S.1 based on source code for Magaret et al. (2019).
ay: hzb2.279.D.1mer ag: hxb2.389.G.1mer
ag: hab2.459.G. 1mer oy hxb2.130.K.1mer
oy hxb2.677.K.1mer og: hxb2.462.N.1mer
oy hab2.363.5.1mer ag: hab2.132.T.1mer
B1: hxb2.142.sequon actual.1lmer  (B9: hxb2.460.sequon actual.lmer
1 : sequons.total.env Yo : sequons.total.gp120
v3: sequons.total.loop.e Y4 : sequons.total.vb
5 sequons.total.vrc0l
d: cysteines.total.gp120 €: length.env
C: length.loop.e
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Fig S.1: Histogram of p-values obtained by applying the stabilized one-step estimator to
1000 random orderings of the Subtype B data for various values of g, separated according

to binary and count predictors.
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Fig S.2: As in Figure S.1, except for the data on virus subtype C.
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S8. R code.

README document

The R scripts below were used in “Efficient Estimation of the Maximal Association between Multiple Predic-
tors and a Survival Outcome” by Tzu-Jung Huang, Alex Luedtke and Tan W. McKeague. The scripts provide
p-values and confidence intervals based on the Stabilized One-Step Estimator (‘SOSE’) and competing meth-
ods (as mentioned in the Competing Methods section of the article). The simulation results can be obtained
by running the main script (displayed in the chunk ezample sim__maxCorrSurv) using auxiliary functions
collected in the chunks data management, code_mazCorrSurv and sim_ data_ acquisition (in order).

To deliver a quick demonstration on a standalone local computer, the number of predictors (p) is set as 1000;
the number of MC simulation runs (num_r) is set as I and the number of random data ordering (num_ rdo)
is set as 1 in the following example simulation. To obtain the simulation results, use p = ¢(100, 1000, 1e4,
le5, 1e6), num_r = 1000, and num_rdo = 1 or 10. The use of parallel computing is recommended.

In what follows, the three chunks data management, code maxCorrSurv and sim__data__acquisition are
displayed; the code of conducting the example simulation is provided, and the confidence intervals and p-
values by method and model are presented in a table. Interested readers can access and download R files at
https://github.com/tzujunghuang/maxCorr SurvivalOutcome.

Required functions

data__management
num_digits = 7

mostfrequent_percent = function(col){
tbl = table(col)
res = cbind(tbl, round(prop.table(tbl),2))
colnames(res) = c('Count','Percentage')
res[which.max(res[,2]), 2]

check_data_type = function(col){
if (length(unique(col)) < 2) { data_type = 'void'
} else if (length(unique(col)) == 2 & mostfrequent_percent(col) >= 0.95) {
data_type = 'void binary'
} else if (length(unique(col)) == 2 & mostfrequent_percent(col) < 0.95) {
data_type = 'binary'
} else if (length(unique(col)) > 2 & all((col == floor(col)) & (col >= 0))) {

data_type = 'count/categorical'
} else if (length(unique(col)) > 2 & all(col > floor(col))) {
data_type = 'continuous'
}
return(data_type)
}
check_void = function(df, TRUE) {

df_info = data.frame(names(df), apply(df, 2, function(x){check_data_type(x)}),
apply(df, 2, function(x){mostfrequent_percent(x)}))

if (maineffect) {
names (df _info) = c('GeneticVariable', 'DataType', 'LargestProb_of_Success')
# 65.587

} else{
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names(df_info) = c('Interaction', 'DataType', 'LargestProb_of_Success')
# 59.94%
}

df_info$Void = 1xgrepl('void', as.vector(df_info$DataType))
n_binary = dim(df_info[grepl('binary', df_info$DataType) |
grepl('void', df_info$DataType),]) [1]
n_void = dim(df_infolgrepl('void', df_info$DataType),]) [1]
return( list( df _info,
round (100*n_void/n_binary, 2)) )

colRound <- function(mat, 7, 1e5) {

num_portions = ceiling(dim(mat) [2]/block_size) - 1

if (num_portions == 0) {
results = round(mat, num_digits)
} else {

results = do.call(cbind, lapply(0:num_portions, function(i) {
if (i < num_portions) {
sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]
} else {
sub_mat = mat[,(1 + i*block_size):dim(mat)[2]] }

round(sub_mat, num_digits) })) }
return(results)
}

colSubtract <- function(mat, colMeans_mat, led) {

num_portions = ceiling(dim(mat) [2]/block_size) - 1

if (num_portions == 0) {
n0 = dim(mat) [1];
results = (mat - matrix(rep(colMeans_mat, n0), TRUE, n0))
} else {
results <- do.call(cbind, lapply(O:num_portions, function(i) {
print (i)

if (i < num_portions) {
n0 = dim(mat) [1];
sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]
sub_mean_mat = matrix(rep(colMeans_mat[(1 + i*block_size):
((i + 1)*block_size)], n0),
TRUE, n0)
result = sub_mat - sub_mean_mat
} else {
n0 = dim(mat) [1];
sub_mat = mat[,(1 + i*block_size):dim(mat) [2]]
sub_mean_mat = matrix(rep(colMeans_mat[(1 + i*block_size):dim(mat) [2]],
no0), TRUE, n0)
result = sub_mat - sub_mean mat }
return( result ) })) }



return( results )

}

colIF_ipw <- function(mat, colMeans_mat, colVars_mat, colCovs_mat, m,

Y_Ghat - mean_YGhat,

num_portions = ceiling(dim(mat) [2]/block_size) - 1

if (num_portions == 0) {
n0 = dim(mat) [1]
mu_selectU_0 = matrix(rep(colMeans_mat, n0), TRUE, n0)
var_selectU_0 = matrix(rep(colVars_mat, n0), TRUE, n0)
cov_selectUO_Y = matrix(rep(colCovs_mat, n0), TRUE,

a
b

(mat - mu_selectU_0)*central Y _Ghat / var_selectU_0
((mat - mu_selectU_0)"2)*cov_selectU0_Y / (var_selectU_0)"2

results = matrix(rep(m,n0), TRUE, n0)*x(a - b)

} else {
results <- do.call(cbind, lapply(0:num_portions, function(i) {
if (i < num_portions) {

n0 = dim(mat) [1]
sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]
sub_mu_selectU_0 = matrix(rep(colMeans_mat[(1 + i*block_size):
((i + 1)*block_size)
TRUE, n0)
sub_var_selectU_0 = matrix(rep(colVars_mat[(1 + i*block_size):
((i + 1)*block_size)
TRUE, n0)
sub_cov_selectU0_Y = matrix(rep(colCovs_mat[(1 + i*block_size):

led) {

n0)

1, n0),

]: no))

((i + 1)*block_size)], n0),

TRUE, n0)

a = (sub_mat - sub_mu_selectU_0)*central Y_Ghat / sub_var_selectU_0

b = (((sub_mat - sub_mu_selectU_0) 2)*sub_cov_selectU0_Y /
(sub_var_selectU_0)"2)
result = matrix(rep(m[(1 + ixblock_size):((i + 1)*block_size)],
TRUE, n0)*(a - b)

else {
n0 = dim(mat) [1]
sub_mat = mat[,(1 + i*block_size):dim(mat) [2]]
sub_mu_selectU_0 = matrix(rep(colMeans_mat[(1 + i*block_size):
dim(mat) [2]], nO),
TRUE, n0)
sub_var_selectU_0 = matrix(rep(colVars_mat[(1 + i*block_size):
dim(mat) [2]], nO),
TRUE, n0)
sub_cov_selectU0_Y = matrix(rep(colCovs_mat[(1 + i*block_size):
dim(mat) [2]], nO),
TRUE, n0)

n0),

a = (sub_mat - sub_mu_selectU_0)*central Y_Ghat / sub_var_selectU_0
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b = (((sub_mat - sub_mu_selectU_0) 2)*sub_cov_selectU0_Y /
(sub_var_selectU_0)"2)
result = matrix(rep(m[(1 + i*block_size):dim(mat) [2]], nO),
TRUE, n0)*(a - b) }

return( result ) })) }

return( results )

}

colIF_CAR <- function(mat, colMeans_mat, colVars_mat, mart_val, m,
led) {

num_portions = ceiling(dim(mat) [2]/block_size) - 1

if (num_portions == 0) {
n0 = dim(mat) [1]
mu_selectU_0 = matrix(rep(colMeans_mat, n0), TRUE, n0)
var_selectU_0 = matrix(rep(colVars_mat, n0), TRUE, n0)
results = ( matrix(rep(m,n0), TRUE, n0)

* (mat - mu_selectU_0)*mart_val / var_selectU_0 )

} else {
results <- do.call(cbind, lapply(O:num_portions, function(i) {
if (i < num_portions) {

n0 = dim(mat) [1]

sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]

sub_mu_selectU_0 = matrix(rep(colMeans_mat[(1 + i*block_size):
((i + 1)*block_size)], n0),

TRUE, n0)

sub_var_selectU_0 = matrix(rep(colVars_mat[(1 + i*block_size):

((i + 1)*block_size)], n0),

TRUE, n0)
result = ( matrix(rep(m[(1 + i*block_size):((i + 1)*block_size)], n0),
TRUE, n0)

* (sub_mat - sub_mu_selectU_0)*mart_val / sub_var_selectU_0 )

} else {

n0 = dim(mat) [1]

sub_mat = mat[,(1 + i*block_size):dim(mat) [2]]

sub_mu_selectU_0 = matrix(rep(colMeans_mat[(1 + i*block_size):
dim(mat) [2]], nO),

TRUE, n0)

sub_var_selectU_0 = matrix(rep(colVars_mat[(1 + i*block_size):

dim(mat) [2]], nO),

TRUE, n0)
result = ( matrix(rep(m[(1 + ixblock_size):dim(mat)[2]], nO),
TRUE, n0) *

(sub_mat - sub_mu_selectU_0)*mart_val / sub_var_selectU_ 0 ) }
return( result ) })) }

return( results )

}



my_colMeans <- function(mat, 1e5) {

num_portions = ceiling(dim(mat) [2]/block_size) - 1

if (num_portions == 0) {
colmean = t(colMeans(mat, TRUE) )
} else {

colmean = do.call(cbind, lapply(0:num_portions, function(i) {
if (i < num_portions) {
sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]
} else {
sub_mat = mat[,(1 + i*block_size):dim(mat)[2]] }

t(colMeans (sub_mat, TRUE)) })) }
return(colmean)
}
colStandardization <- function(mat, colSD, led) {

num_portions = ceiling(dim(mat) [2]/block_size) - 1

if (num_portions == 0) {
n0 = dim(mat) [1]
results = as.matrix((mat - matrix(rep(my_colMeans(mat), n0), no0,
TRUE)) /
matrix(rep(colSD, n0), no0, TRUE) )
} else {
results <- do.call(cbind, lapply(O:num_portions, function(i) {
if (i < num_portions) {
sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]
sub_colSD = colSD[(1 + i*block_size):((i + 1)*block_size)]
} else {
sub_mat = mat[,(1 + ix*block_size):dim(mat) [2]]
sub_colSD = colSD[(1 + i*block_size):dim(mat) [2]] }

nn = dim(sub_mat) [1]
result = (sub_mat - matrix(rep(my_colMeans(sub_mat), nn),

nn, TRUE)) /
matrix(rep(sub_colSD, nn), nn, TRUE)
as.matrix(result) })) }
return(results)
}
colVars <- function(mat, sd_use, le4, TRUE) {

if (is.null(dim(mat))) {
results = t(rep(0, length(mat)))
} else {
if (dim(mat) [1] <= 1) {
results = t(rep(0, length(mat)))
} else {
num_portions = ceiling(dim(mat) [2]/block_size) - 1
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if (num_portions == 0) {
nn = ifelse(na.rm, colSums(!is.na(mat)), nrow(mat))
colVar = ((colMeans((mat) 2, na.rm) -
(colMeans (mat, na.rm))"2) * nn / (on - 1))

if (sd_use) { results = t(sqrt(colVar)) } else { results = t(colVar) }

} else {
results = do.call(cbind, lapply(O:num_portions, function(i) {
if (i < num_portions) {
sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]
} else {
sub_mat = mat[,(1 + i*block_size):dim(mat)[2]] }

nn = ifelse(na.rm, colSums('is.na(sub_mat)),
nrow(sub_mat))
colVar = (colMeans((sub_mat) "2, na.rm) -
(colMeans(sub_mat, na.rm))"2)*nn / (nn - 1)

if (sd_use) { result = sqrt(colVar) } else {
result = colVar }

t(result) })) }

}
}
return(results)
}
colCovs <- function(mat, vy, 1e5, TRUE) {

num_portions = ceiling(dim(mat) [2]/block_size) - 1

if (num_portions == 0) {
colCov = t(cov(mat, y))
} else {

colCov = do.call(cbind, lapply(0:num_portions, function(i) {
if (i < num_portions) {
sub_mat = mat[,(1 + i*block_size):((i + 1)*block_size)]
} else {
sub_mat = mat[,(1 + i*block_size):dim(mat)[2]] }

t(cov(sub_mat, y)) }) ) }
return(colCov)

}

code__maxCorrSurv
num_digits = 7

NumericalStudy <- setRefClass( "NumericalStudy",
list(
"list",
"numeric",
"numeric"



list(
function( dat){
input_data <<- input_data
n <<- dim(input_data$U) [1]
p <<- dim(input_data$u) [2]

}’
function(obs){
# obs is a vector of observation/individual indices
data_km = data.frame( input_data$X [obs], input_data$deltalobs])

data_km = data_km[order(data_km$X),]
prod = c(1, cumprod( sapply(l:(n - 1), function(i){
((n - 1)/( - i + 1)) (data_km$deltalil) }) ) )
kmwts = sapply(l:n, function(i){ data_km$delta[il*prod[il/(n - 1 + 1) } )
return( kmwts )

}’

function(t, obs){
# t is a scalar; obs is a vector of observation/individual indices
data_km = data.frame( input_data$X [obs], input_data$deltalobs])
km = survfit(Surv(X, 1-delta)~1, data_km)
rm(data_km)

survest = cbind(km$time, km$surv)
if ( length(which(survest[, 1] <=t)) > 0 ) {
return( survest[max(which(survest[, 1] <= t)), 2] )
} else { return( 1) }
Yo

function(obs, quar_trunc){
# obs is a vector of observation/individual indices
data_km = data.frame( input_data$X[obs], input_data$deltalobs])
tau = quantile(data_km$X, quar_trunc)
tau_surv = KM_SurF(tau, obs)

km = survfit(Surv(X, 1-delta)~1, data_km)
rm(data_km)

km$surv [km$time > tau] = tau_surv
survest = cbind(km$time, km$surv)
return( survest )

}’
function(x0, delta0, obsO, quar_trunc, err_msg){
tau = quantile(x0, quar_trunc)
tau_surv = KM_SurF(tau, obs0)

if (length(x0) == 1) {

inverse_weight = ifelse(x0 < tau, KM_SurF(x0, obs0), tau_surv)
} else {
if (length(unique(x0)) == length(x0)) {
KM_table = KM_SurF_self( obs0, quar_trunc)

} else {
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KM_table0 = data.frame(KM_SurF_self( obs0, quar_trunc))

names (KM_table0) = c("time", "surv_prob")

n_occur = data.frame(table(x0)); names(n_occur) = c("time", "freq")
n_freq = n_occur$freq; nl = n_freq[n_freq > 1];

ni[is.nan(nl) | is.na(nl) | is.null(nl)] =0

tryCatch({ temp = data.frame(cbind(
rep(KM_tableO[KM_tableO$time %in), n_occur$time[n_freq > 1],]$time,
ni),
rep(KM_tableO[KM_tableO$time %in), n_occur$time[n_freq > 1],]$surv_prob,
ni1))) 1,
function(err_msg) {
message("Original error message:");

message (paste(err_msg,"\n", ')
save( list( x0, delta0),
paste('errordata_', cr, '_', r, '.Rdata', )

stop(err_msg) })
names (temp) = names(KM_table0)
# times_once = as.numeric( as.character(n_occur$time([n_freq == 1]) )
KM_table = as.matrix(rbind(temp,

KM_tableO[KM_tableO$time %inj% n_occur$time[n_freq == 1],]1)) }

diff = setdiff(x0, KM_table[,1])
if (length(diff) > 0) {
for (item in diff) { KM_table = rbind(XM_table,
c(item, KM_table[max(which(item >= KM_table[,1]1)), 2]1)) } }
KM_table[KM_table[,1] > tau, 2] = tau_surv
inverse_weight = as.vector(KM_table[order (KM_table[,1]1),]1[,2]) }

if (length(inverse_weight) != length(x0)) {
save( list( x0, delta0),
paste('errordata_', cr, '_', r, '.Rdata', )
stop('Dimension Problem!')
} else { return( inverse_weight ) }

}7

function(U_index, obs, quar_trunc){
# U_index 1is a scalar or a vector of predictor indices;
# obs is a vector of observation/individual indices
data0 = cbind(input_data$X[obs], input_data$deltalobs],
input_data$U[obs, U_index])
data0 = data0[order(data0[,1]),]

x_0 = dataO[,1]; delta_0 = dataO[,2]
selectU_0 = dataO[,3:dim(data0) [2]]
rm(data0)

inverse_weight = Inverse_weight_func( x_0, delta_O, obs,
quar_trunc,
'Error in Est_PsiO_d Inverse_weight KM_table')
Y_Ghat = (x_O*delta_0) / inverse_weight;
Y Ghat[is.nan(Y_Ghat) | is.na(Y_Ghat)] = 0
cov_Y_selectU = colCovs(selectU_0, Y_Ghat);



}’

var_selectU = colVars(selectU_0, FALSE)
est = cov_Y_selectU / var_selectU
return( est )

function(m, U_index, obs, quar_trunc){
# m 1s a scalar; U index 15 a scalar or a vector of predictor indices;
# obs is the vector of old/whole individuals indices
data0 = cbind(input_data$X[obs], input_data$deltalobs],
input_data$U[obs, U_index])
data0 = dataO[order(dataO[,1]),]
X = dataO[,1]; delta = dataO[,2]; selectU_0 = dataO[,3:dim(data0) [2]]
rm(data0)
tau = quantile(X, quar_trunc)
inverse_weight = Inverse_weight_func( X, delta, obs,
quar_trunc,
'Error in IF_star_self Inverse_weight KM_table')

if ( is.matrix(selectU_0) ) {
mu_selectU_0 = matrix(rep(my_colMeans(selectU_0), length(obs)),
TRUE, length(obs))
selectU_0_colVars = colVars(selectU_0, FALSE)
} else { mu_selectU_0 = mean(selectU_0)
selectU_0_colVars = var(selectU_0) }

var_selectU_0 = matrix(rep(selectU_0_colVars, length(obs)), TRUE,
length(obs))
gcO)

Y_Ghat = (X*delta) / inverse_weight;
Y _Ghat[is.nan(Y_Ghat) | is.na(Y_Ghat)] = 0
mean_YGhat = mean(Y_Ghat);

if ( is.matrix(selectU_0) ) { cov_mat = colCovs(selectU_0, Y_Ghat)
} else { cov_mat = cov(selectU_0, Y_Ghat) }

a = ((selectU_0 - mu_selectU_0)*(Y_Ghat - mean_YGhat)) / var_selectU_0

b = ((selectU_0 - mu_selectU_0)"2)#*matrix(rep(cov_mat, length(obs)),
length(obs),
TRUE) / (var_selectU_0)"2

IF_ipw = matrix(rep(m,length(obs)), length(obs),

TRUE)*(a - b)
gc); rm(a); rm(b)
time_comparisonl = outer(X, X, '=='); time_comparison2 = outer(X, X, '>=')

event_nums = colSums(time_comparisonl*(1 - delta));

risk_set = colSums(time_comparison2)

Y _Ghat_mat = ( time_comparison2 * (Xxdelta) / inverse_weight )
Y _Ghat_mat[is.nan(Y_Ghat_mat) | is.na(Y_Ghat _mat)] = 0
mean_YGhat_mat = colMeans(Y_Ghat_mat)

### Slow when obs is large
if ( is.matrix(selectU_0) ) {
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Ehat_pointwise_val = sapply( 1:length(obs), function(i){
a = mean_YGhat_mat[i]; n_s = length(obs) - (i - 1);
p_s = length(U_index)
if (i == length(obs)) {

selectU = t(as.matrix(selectU_O[length(obs),]))
} else{ selectU = selectU_0[i:length(obs),] }

tryCatch({ mean_selectU = my_colMeans(selectU);

var_selectU = colVars(selectU, FALSE) },
function( 'Error in IF_star_self Ehat_pointwise_val') {
message("Original error message:");
message (paste(msg,"\n", )
save( input_data, paste('errordata_in_selectU_for', i, '_in',
r, '.Rdata', 00% 9

stop(msg) })

cov_Y_selectU = my_colMeans( (selectU - matrix(rep(mean_selectU, n_s),

TRUE, p_s))
* matrix(rep(Y_Ghat_mat[i:length(obs),i],
p_s), p_s) )

b = cov_Y_selectU / var_selectU; b[is.nan(b) | is.na(b)] = 0
¢ = selectU_0[i,] - mean_selectU
rm(selectU); rm(mean_selectU); rm(var_selectU); rm(cov_Y_selectU)
return( a + cxb ) } )
Ehat_pointwise_val[is.nan(Ehat_pointwise_val) |
is.na(Ehat_pointwise_val)] = 0

} else {

Ehat_pointwise_val = sapply( 1:length(obs), function(i){
a = mean_YGhat_mat[i]; n_s = length(obs) - (i - 1);
p_s = length(U_index)
if (i == length(obs)) {

selectU = selectU_0[length(obs)]
} else{ selectU = selectU_O[i:length(obs)] }

mean_selectU = mean(selectU);
if (length(selectU) > 1) { var_selectU = var(selectU);
cov_Y_selectU = mean( (selectU - matrix(rep(mean_selectU, n_s),

TRUE, p_s))
* matrix(rep(Y_Ghat_mat[i:length(obs),i],
p_s), p_s) )

b = cov_Y_selectU / var_selectU
blis.nan(b) | is.na(b)] = 0
} else { var_selectU = 'NA'; cov_Y_selectU = 0; b =0 }

¢ = selectU_0[i] - mean_selectU
rm(selectU); rm(mean_selectU); rm(var_selectU); rm(cov_Y_selectU)
return( a + c¥b ) } )
Ehat_pointwise_val[is.nan(Ehat_pointwise_val) |
is.na(Ehat_pointwise_val)] = 0



}}

hazard = event_nums/risk_set; hazard[is.nan(hazard) | is
mart_X = (X <= tau & delta == 0) - (X <= tau)*hazard
val_1 = ( matrix(t(Ehat_pointwise_val), length(ob
IF_CAR = ( matrix(rep(m,length(obs)), length(obs)

* (selectU_0 - mu_selectU_0) * val_1 / var_se
return( round((IF_ipw - IF_CAR), 3) )

function(m, U_index, obs_all, obsO, obsl, quar_t
#m is a scalar; U_index is a scalar or a vector of pred
# (obs_all, 0bs0, obsl) are the vectors of
# whole, old and new individual indices
data_all = cbind(input_data$X[obs_all]l, input_data$delta
data_all = data_all[order(data_all[,1]),]
x_all = data_all[,1]; delta_all = data_alll[,2]
rm(data_all)

data0 = cbind(input_data$X[obs0], input_data$deltal[obs0]
input_data$U[obsO, U_index])
data0 = dataO[order(dataO[,1]),]
x_0 = dataO[,1]; delta_0 = data0l[,2]
selectU_0 = matrix(dataO[,3:dim(data0) [2]], lengt
length(U_index))
rm(data0)

dup_vals_xall = x_all[duplicated(x_all)]; dup_vals_x0 =
extra_dup_vals = setdiff(dup_vals_xall, dup_vals_x0)
if (length(dup_vals_xall) > length(dup_vals_x0) &
length(dup_vals_x0) == 0) {
indices = order(x_all) [!duplicated(x_all) & x_all %inj
} else if (length(dup_vals_xzall) > length(dup_vals_x0) &
length(dup_vals_x0) > 0) {
indices_to_drop = order(x_all) [duplicated(x_all) &
x_all %inj, extra_dup_va
indices = setdiff (order(x_all)[x_all %in}% x_0], indice
} else if (length(dup_vals_xall) == length(dup_vals_x0))
indices = order(x_all) [x_all %in% x_0] }

tau = quantile(x_all, quar_trunc)
tau_surv = KM_SurF(tau, obs_all)
datal = list( input_data$X[obsi], input_data$

input_data$U[obsl, U_index])
X = datal$X; delta = datai$delta;
selectU_1 = matrix(datal$U, length(obsi),
rm(datal)

if (length(obs1) == 1) {

KM_SurF_terms = ifelse(X < tau, KM_SurF(X, obs
} else {
KM_SurF_terms = sapply(X, KM_SurF, obs_all)

KM_SurF_terms[X >= tau] = tau_surv }

.na(hazard)] = 0

s))#*mart_X )
s TRUE)
lectU_0 )

runc){

ictor indices;

[obs_alll)

>

h(obs0),

x_0[duplicated(x_0)]

x_0]

1s]
s_to_drop)
{

deltalobsi],

length(U_index))

_all), tau_surv)
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mu_selectU_0 = matrix(rep(my_colMeans(selectU_0), length(obsl)),

length(obsl), TRUE)
selectU_0_colVars = colVars(selectU_O0, FALSE)
var_selectU_0 = matrix(rep(selectU_0_colVars, length(obsl)),
length(obsl), TRUE)
inverse_weight = Inverse_weight_func( x_all, delta_all,

obs_all, quar_trunc,
'Error in IF_star Inverse_weight KM_table')
Y_Ghat_0 = (x_all*delta_all) / inverse_weight;
Y Ghat_O[is.nan(Y_Ghat_0) | is.na(Y_Ghat_0)] = 0
Y_Ghat_O = Y_Ghat_O[indices]
mean_YGhat_0 = mean(Y_Ghat_0)

time_comparisonl = outer(x_all, X, '==')

delta_matrix = 1 - delta_all

time_comparison2 = outer(x_all, X, '>=')

tryCatch({
event_nums = colSums(time_comparisoni*delta_matrix);
risk_set = colSums(time_comparison2)
inv_weight_mat = inverse_weight
Y_Ghat_mat = time_comparison2*x_allxdelta_all / inv_weight_mat
Y_Ghat_mat[is.nan(Y_Ghat_mat) | is.na(Y_Ghat_mat)] = 0
Y_Ghat_mat = Y_Ghat_mat[indices,]
mean_YGhat_mat = colMeans(Y_Ghat_mat)

cov_mat_0 = colCovs(selectU_0, Y_Ghat_0)
Y_Ghat_1 = delta*xX/KM_SurF_terms;
Y _Ghat_1[is.nan(Y_Ghat_1) | is.na(Y_Ghat_1)] =0

}’
function( 'Error in IF_star time_comparison dimension') {
message("Original error message:"); message(paste(msg,"\n", "))
save( input_data, paste('errdata_', r, '.Rdata', )

stop(msg) })

a = (((selectU_1 - mu_selectU_0) * (Y_Ghat_1 - mean_YGhat_0)) /
var_selectU_0)
b = ((((selectU_1 - mu_selectU_0)"2) *

matrix(rep(cov_mat_0, length(obsl)), length(obsl),
TRUE)) / (var_selectU_0)"2)
IF_ipw = matrix(rep(m,length(obsl)), length(obsl),

TRUE)*(a - b)
rm(a); rm(b)

### Slow when obsl is large;
Ehat_pointwise_val = sapply(l:length(obsl), function(i){
a = mean_YGhat_mat [i]
selectU = matrix(selectU_0[time_comparison2[indices,i],],
length(U_index))
n_s = dim(selectU) [1]; p_s = dim(selectU) [2]

if (n_s == 0) { NaN
} else {



mean_selectU = my_colMeans(selectU);

var_selectU = colVars(selectU, FALSE)
cov_Y_selectU = my_colMeans((selectU - matrix(rep(mean_selectU, n_s),
TRUE, p_s))
* matrix(rep(Y_Ghat_mat [time_comparison2[indices,i],i], p_s),
p_s))

b = cov_Y_selectU / var_selectU; b[is.nan(b) | is.na(b)] = 0
u = matrix(selectU_1[i,], TRUE, length(U_index))

= u - matrix(rep(mean_selectU, dim(u)[1]), TRUE,

dim(uw) [2])

rm(u)

return( a + c*b ) }})

Ehat_pointwise_val[is.nan(Ehat_pointwise_val) |

is.na(Ehat_pointwise_val)] = 0

rm(selectU_0)

hazard = event_nums/risk_set; hazard[is.nan(hazard) | is.na(hazard)] = 0
mart_X = (X <= tau & delta == 0) - (X <= tau)*hazard
val_1 = ( matrix(t(Ehat_pointwise_val), length(obs1),
length(U_index))
* matrix(rep(mart_X, length(U_index)), length(obsl),
length(U_index)) )
IF_CAR = ( matrix(rep(m,length(obsl)), length(obsl), TRUE)

* (selectU_1 - mu_selectU_0) * val_1 / var_selectU_0 )

rm(selectU_1)
return( round((IF_ipw - IF_CAR), 3) )

}’

function(all_obs, chunk_size, elln, est_index, alpha,
1, quar_trunc){

# chunk_size, elln, alpha are scalars.

mt = rowMeans( sapply(0:(ceiling((n - elln)/chunk_size) - 1), function(i){

0ld_obs = all_obs[1:(elln + i*chunk_size)]
if (i < ceiling((n - elln)/chunk_size) - 1) {
new_obs = all obs[(elln + i*chunk_size + 1):
(elln + (i + 1)*chunk_size)]
} else {
new_obs = all_obs[(elln + i*chunk_size + 1):n] }

cors0 = Est_Psi0_d( 1:p, old_obs, quar_trunc);

sgn0 = rep(1, p)

### EXPENSIVE!!!
if (p <= led) {
IF_star_mat = IF_star_self( sgno, 1:p,
0ld_obs, quar_trunc)
utility = (corsO + my_colMeans(IF_star_mat))
} else { utility = corsO }

if (num_top < p) {

kO = order(abs(utility), TRUE) [seq(num_top)]

} else { k0 = seq(p) }
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cor_k0 = cors0[k0]
sgn_kO = 2+ (utility[k0] >= 0) - 1

UkO = input_data$U[old_obs, kO, drop = FALSE]

mu_UkO = colMeans (UkO)

sd_UkO = apply(Uk0, 2, sd)

if (est_index == 'subsamples') {
obs_all_val = old_obs; obsO_val = old_obs

} else if (est_index == 'partial subsamples') {
obs_all_val = all_obs; obsO_val = old_obs

} else if (est_index == 'whole samples') {

obs_all_val = all obs; obsO_val = all_obs }

curr_sigma_inv0 = 1/sd(rowMeans(IF_star( sgn_kO, kO,
obs_all _val,
obs0_val,
old_obs, quar_trunc)))
est0 = mean( (mean(sgn_kO*cor_k0)
+ rowMeans (IF_star( sgn_koO, k0,
obs_all_val,
obs0_val,
new_obs, quar_trunc)))
* curr_sigma_inv0 )
return( c(est0, curr_sigma_inv0) ) 1} ) )
est = mt[1]/mt[2]
se = 1/(mt[2] * sqrt(n - elln))
ci = c( est - gqnorm(l - alpha/2)/(mt[2] * sqrt(n - elln)),
est + gnorm(1 - alpha/2)/(mt[2] * sqrt(n - elln)) )
rej = 1x( ci[1] > 0 | cif2] < 0)
p_val = 2xpnorm(abs(est/se), 0, 1, FALSE,
FALSE)

k_est = sapply(n:n, function(i){
0ld_obs = all_obs[1:n]

#corsO = Est_Psi0_d(U_indez=1:p, obs=old_obs, quar_trunc)
cors0 = .self$Est_PsiO_d( 1:p, old_obs, quar_trunc)
sgn0 = rep(l, p)

### EXPENSIVE!!!

if (p <= led) {
# IF_star_mat = IF star_self(m = sgn0, U_indez = 1:p,
# obs = old_obs, quar_trunc)
IF_star_mat = .self$IF_star_self( sgn0, 1:p,

old_obs, quar_trunc)

utility = (corsO + my_colMeans(IF_star_mat))

} else { utility = cors0 }

if (num_top < p) {
k0 = order(abs(utility), TRUE) [seq(num_top)]



} else { k0 = seq(p) }
return( k0 ) } )

if (is.na(mt[2])) {
save(input_data, file = paste('NAdata_stabOSE_model', model, ' n', n,
' elln', elln, ' r', r, '.Rdata',
sep="'"))

return( list(rej = rej, Sn = abs(est/se), est = est, se = se, ci = ci,
p_val = p_val, k_est = k_est) )
})

Oracle_onestep_est = function(alpha, quar_trunc, idx_taken=1){

# Using 1:2 here 1s to compile the vectorized syntaz in codes,

# even if we only need the results of the first predictor

corsO = Est_PsiO_d(U_index = 1:2, obs = 1:n, quar_trunc)

IF_star_mat = IF_star_self(m = rep(1,2), U index = 1:2, obs = 1:n,

quar_trunc)

sigma_IF_star = colVars(IF_star_mat, sd_use = TRUE) [idx_taken]

est = (cors0 + my_colMeans(IF_star_mat)) [idx_taken]

rej = 1x( sqrt(n)*abs(est/sigma_IF_star) > gnorm(l - alpha/2, 0, 1,
lower.tail = TRUE,
log.p = FALSE) )

p_val = 2xpnorm( sqrt(n)*abs(est/sigma_IF_star), mean = 0, sd = 1,

lower.tail = FALSE, log.p = FALSE )

if (is.nan(est) | is.na(sigma_IF_star)) {
save(input_data, file = paste('NAdata_singleOSE_model', model, ' n', n,
'r', r, '.Rdata', sep = '') )
}
return( list( rej = rej, Sn = sqrt(n)*abs(est/sigma_IF_star), est = est,
se = sigma_IF_star, p_val = p_val, k est = 1) )
Ty

Naive_onestep_est = function(alpha, quar_trunc, num_top=1){
cors0 = Est_PsiO_d(U_index = 1:p, obs = 1:n, quar_trunc); sgn0 = rep(l, p)

### EXPENSIVE!!!
if (p <= led) {
IF_star_mat0 = IF_star_self(m = sgnO, U_index = 1:p, obs = 1:n,
quar_trunc)
utility = (corsO + my_colMeans(IF_star_mat0))
} else { utility = cors0 }

if (num_top < p) {
k0 = order(abs(utility), decreasing = TRUE) [seq(num_top)]
} else { k0 = seq(p) }

cor_kO = cors0[k0]
sgn_k0 = 2% (utility[k0] >= 0) - 1



IF_star_mat = IF_star_self( sgn_kO0, k0, 1:n, quar_trunc)
est = (cor_kO + mean(IF_star_mat))

sigma_IF_star = sd(IF_star_mat)

rej = 1%( sqrt(n)*abs(est/sigma_IF_star)

> gnorm(1 - alpha/2, 0, 1, TRUE, FALSE) )

abs_test_stat_val = sqrt(n)*abs(est/sigma_IF_star)
p_val = min(1, 2*pnorm(abs_test_stat_val, 0, 1,

FALSE, FALSE))
return( list( rej, abs_test_stat_val,

est, sigma_IF_star, p_val, k0 ) )
Ty
function(alpha, quar_trunc){

corsO = Est_Psi0_d( 1:p, 1:n, quar_trunc)
IF_star_mat = IF_star_self( rep(1,p), 1:p, 1:n,

quar_trunc)
est = (cors0 + my_colMeans(IF_star_mat))
sigma_IF_star = colVars(IF_star_mat, TRUE)
rej = 1%( sqrt(n)*max(abs(est/sigma_IF_star))
> gnorm(1l - alpha/(2*p), 0, 1,
TRUE, FALSE) )
abs_test_stat_vals = sqrt(n)*abs(est/sigma_IF_star)
p_vals = 2*pnorm(abs_test_stat_vals, 0, 1,
FALSE, FALSE)
p_val = min(1, p*2*pnorm(max(abs_test_stat_vals), 0, 1,
FALSE, FALSE))

return( list( rej, sqrt(n)*max (abs(est/sigma_IF_star)),
est[which.max(abs_test_stat_vals)],
sigma_IF_star[which.max(abs_test_stat_vals)],
p_val, which.max(abs_test_stat_vals),
which(p_vals <= alpha/p) ) )

function(alpha){ # alpha is a scalar
data_est = cbind(input_data$X, input_data$delta, input_data$U)
data_est = data_est[order(data_est[,1]),] %>% as.data.frame()
colnames(data_est) = c('X', 'delta', paste('V', 1:p, b))

result = do.call(rbind, lapply(l:p, function(idx){
cox_fit = coxph(Surv(X, delta) ~ data_est[,paste('V',idx, 1o 5
data_est, coxph.control ( 1e-05))
pval = summary(cox_fit)$coefficients[,5]
return( c(idx, pval) ) }))

return( list( 1*(min(result[,2]) <= alpha/p),
min(1, p*min(result[,2])),
result [which.min(result[,2]), 1],
result[result[,2] <= alpha/p, 1] ) )



sim__data_ acquisition
num_digits = 7

# Simulate data, according to the distributions described in the article
Simulate_data = function(n, p, model, censoring_rate, rho,
censoring dist_par = ¢(0.07, 0.15, 0.28, 0.43),
just.first100 = FALSE, mc_true_par = FALSE,
block_size = le4){

if (rho == 0) {
U = matrix(rnorm(n*p), ncol = p)
} else {
a = uniroot( function(x){ 1 - rho - (x - sqrt((1 - x72)/(p - 1)))"2 },
c(0,1), tol = .Machine$double.eps )$root
b = sqrt((1 - a"2)/(p - 1))
p0 = ifelse(just.first100, 100, p)
tmp = matrix(rnorm(n*p0), ncol = p0)
U = matrix( rep(rowSums(tmp), p0), ncol = p0 )*b + tmp[,1:p0]*(a - b)
rm(tmp) }

p0 = dim(V) [2]

# Simulate data of error structure
if (grepl('IE', model, fixed = TRUE)) {
error_IE = rnorm(n, 0, 1)
} else {
error DE = rnorm(n, 0, 0.7*(abs(U[,1]) + 0.7)) }

# Simulate data of survival time based on the specified AFT model
if (model == 'N.IE') {
log T = error_IE
} else if (model == 'A1.IE") {
log_T = 0.25%U[,1] + error_IE;
} else if (model == 'A2.IE") {
log_T = c( as.matrix(U[,1:10]) %*% matrix(c(rep(0.15,5),rep(-0.1,5)),
ncol = 1) ) + error_IE
} else if (model == 'N.DE') {
log T = error_DE
} else if (model == 'A1.DE') {
log T = 0.25%U[,1] + error_DE
} else if (model == 'A2.DE') {
log T = c( as.matrix(U[,1:10]) %*% matrix(c(rep(0.15,5),rep(-0.1,5)),
ncol = 1) ) + error_DE
} else stop('Invalid model choice.')

if (!(mc_true_par)) {
# Simulate data of censoring time
if (censoring_rate == '0%') {
C = 1eb
}
elseq{
for (i in 1:length(censoring_dist_par)) {
assign( paste('par', i, sep = ''), censoring_dist_par[i] ) }
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cr_par = parl*(censoring rate == '10%') + par2*(censoring_rate == '20%') +

par3x(censoring_rate == '30%') + parédx(censoring_rate '40%")

C = log(rexp(n, cr_par)) }

X = round(pmin(log_T, C), num_digits);
delta = 1*(log_T <= C);

U_colSDs = colVars(U, sd _use = TRUE, na.rm = TRUE)
U = colStandardization(U, U_colSDs)
input_data = list(X = X, delta = delta, U = U)
} else {
U_colSDs = colVars(U, sd _use = TRUE, na.rm = TRUE)
U = colStandardization(U, U_colSDs)
log_T = round(log_T, num_digits)
input_data = list(timeT = log_ T, U = U)
}
return( input_data )

b

Simulation example
example_sim_ maxCorrSurv
##### Configuration

num_r = 1; num_rdo = 1
# Estimation Index

est_index_val = 'whole samples'
# Censoring rate: '10%' or '307'
cr = '10%"

# Methods to run

meths_vec = c('BONF_COX', 'Naive_OSE', 'BONF_OSE', 'O0SE', 'SOSE')
# List of (n,p) values to rTun simulation

np_list = 1ist(c(500, 1000))

# List of correlation values between predictors

rho_val = 0.75

# Tau

quar = 0.9

# Significance level

alpha_val = 0.05

# elln

elln_part = c(2); dim_elln = length(elln_part)

# List of data gemerating distributions to use when running simulations
model_list = c('N.IE','A1.IE','A2.IE','N.DE', 'A1.DE','A2.DE")

# Number of digits used here
num_digits = 7; options(digits = num_digits)

# Make sure we have every package needed
package_list = c('survival', 'MASS', 'Matrix', 'mvtnorm', 'dplyr', 'here')
for (package in package_list) {

require(package, character.only = TRUE);

library(package, character.only = TRUE) }



sim = data.frame( NA, NA,
NA, NA,
NA, NA,

set.seed(2023)
np = np_list[[1]]
n = np[1]; p = np[2]; rho = rho_val

for (r in 1:num_r) {
for (model in model list) {

dat = Simulate_data(n, p, model,
0bjO <- NumericalStudy$new(
out = list()

for (meth in meths_vec) {
if (meth == 'SOSE') {

SOSE_est = do.call(rbind, lapply(seq(num_rdo), function(rdo_idx){

inds = sample(1:n)
dat0 = list(

dat$X[1:n] [inds],

NA, NA, NA,
NA, NA,
NA)
cr, rho,

c(0.07, 0.15, 0.28, 0.43))
dat)

dat$deltall:n] [inds],

dat$U[1:n,1:p] [inds,])

objl <- NumericalStudy$new(

dat0)

do.call(rbind, lapply(l:length(elln_part), function(d_idx){

d = elln_part[d_idx]; elln =

ceiling(n/d)

chunk_size = ceiling((n - elln)/10)

SOSE_estl = obj1$Stab_onestep_est (

1:n, chunk_size,

elln,
alpha_val,
quar)

return( t( c( SOSE_est1$ci, SOSE_esti$est, SOSE_esti$se,
SOSE_est1$p_val, elln ) ) ) } ) )

)
out$SOSE = SOSE_est

} else if (meth == '00SE') {

00SE_est = obj0$0racle_onestep_est(

out$00SE

} else if (meth == 'Naive_0SE') {

Naive_OSE_est = objO$Naive_onestep_est(

alpha_val,
quar,

c( OOSE_est$est, O0SE_est$se, O0SE_est$p_val )

alpha_val,
quar,

out$Naive _OSE = c( Naive_OSE_est$est, Naive_OSE_est$se,
Naive_OSE_est$p_val )

} else if (meth == 'BONF_COX') {

est_index_val,

1,

1)

1)
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BONF_COX_est
out$BONF_COX

= objO$Bonf_Cox_ests(alpha = alpha_val)
c( BONF_COX_est$p_val )

} else if (meth == 'BONF_OSE') {

BONF_OSE_est

out$BONF_OSE

= objO0$Bonf_onestep_ests(alpha = alpha_val,
quar_trunc = quar)
c( BONF_OSE_est$est, BONF_OSE_est$se,
BONF_OSE_est$p_val )

} else stop('Invalid method.') }

sim = rbind(sim, do.call(rbind,lapply(meths_vec, function(meth) {
if ( meth == 'SOSE' ) {
result = data.frame( method = rep(meth, dim_elln),

model = rep(model, dim_elln),

n = rep(n, dim_elln), p = rep(p, dim_elln),

rho = rep(rho, dim_elln),

quar = rep(quar, dim_elln),

elln = out[[meth]][,6],

est = out[[meth]][,3], se = out[[meth]l][,4],

1b ci = out[[meth]][,1], ub ci = out[[meth]][,2],
p_val = out[[meth]][,5] )

} else if ( meth == 'BONF_COX' ) {
result = data.frame( method = meth, model = model, n = n, p = p,

} else {

rho = rho, quar = quar, elln = NA,
est = NA, se = NA, 1b_ci = NA, ub_ci = NA,
p_val = out[[meth]][1] )

result = data.frame( method = meth, model = model, n = n, p = p,

}

rho = rho, quar = quar, elln = NA,

est = out[[meth]][1], se = out[[meth]][2],
1b_ci = NA, ub_ci = NA,

p_val = out[[meth]][3] )

return( result ) })))

sim = sim[-1,]
rownames (sim) = 1:nrow(sim)

##### sim contains the simulation output. Each row contains:
# method: Method run
# model: Data generating distributions
# n: Sample size

# p: Covariate dimension

#

#
#
#
#

rho: Designed correlation of covariates

quar: The quantile of outcomes used for truncation
elln: Value of elln used by our method

est: Estimate of the parameter

se: Standard error of the statistic



# lb_ct: Lower bound of the confidence interval of the parameter
# ub_ct: Upper bound of the confidence interval of the parameter
# p-value: P-value of rejecting the null of no correlation

Results

TABLE S.3 Confidence intervals (C.I.) and p-values by method and model in the example simulation

Method Model n p C.L P-value
BONF_COX N.IE 500 1000 NA 1.000
Naive_ OSE ~ N.IE 500 1000 NA 0.001
BONF_OSE NJIE 500 1000 NA 1.000

OOSE N.IE 500 1000 NA 0.168

SOSE N.IE 500 1000 (-0.025,0.231) 0.114
BONF_COX ALIE 500 1000 NA 0.000
Naive. OSE ~ ALIE 500 1000 NA 0.000
BONF_OSE ALIE 500 1000 NA 0.006

OOSE ALIE 500 1000 NA 0.000

SOSE ALIE 500 1000 (0.084,0.344)  0.001
BONF_COX A2IE 500 1000 NA 0.001
Naive_ OSE ~ A2.IE 500 1000 NA 0.000
BONF_OSE A2IE 500 1000 NA 0.017

OOSE A2IE 500 1000 NA 0.004

SOSE A2IE 500 1000 (0.064,0.309)  0.003
BONF_COX N.DE 500 1000 NA 1.000
Naive_ OSE ~ N.DE 500 1000 NA 0.078
BONF_OSE N.DE 500 1000 NA 1.000

OOSE N.DE 500 1000 NA 0.641

SOSE N.DE 500 1000 (-0.057,0.279) 0.194
BONF_COX ALDE 500 1000 NA 0.000
Naive. OSE  A1.DE 500 1000 NA 0.000
BONF_OSE A1.DE 500 1000 NA 0.003

OOSE A1LDE 500 1000 NA 0.000

SOSE A1LDE 500 1000  (0.035,0.3) 0.014
BONF_COX A2DE 500 1000 NA 0.002
Naive_ OSE  A2.DE 500 1000 NA 0.001
BONF_OSE A2.DE 500 1000 NA 0.860

OOSE A2DE 500 1000 NA 0.018

SOSE A2.DE 500 1000 (-0.028,0.319)  0.099
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