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S.1  Proof of Theorem 1 (continued from Appendix B)

S.1.1 Proof of Lemma 3

Firstly, —2log R(t) can be written as

—22 Z {dz] 10g < —i—jAj) + (Tij - dij) log (1 - ri +]Aj>}

J=14i<N;( i

d;; d;j
dz'j log ( J_ ) -+ (Tij — dl‘j) log <1 J > }
§=: <Zt) { rij + B rij + 4

where we suppress the dependence of Aj and Aj on t. The j-th term in (S.1) can be

(S.1)

organized into

Aj — Aj
Z { -2 (T’LJ + A dl]) log (1 + M) (SZa)

i<N; (1) J
i A — A,
+2 (7 +Aj ) log | 14+ ——2
(o) g( Tij+Aj)
- A — A - A — A
+2A log | 1+ —2—L— | —2A;log |1+ —L—2 | . (S.2b)
Tij‘l'Aj_dij T‘ij—FAj

We deal with (S.2a) first. Since r;; = Oy(n), dij = Op(1) and A;,A; = O,(v/n)
(by Supplement Section S.2), we have that (A; — A;)/(rij + A; — dij) = Op(1/y/n)
and (A; — Aj)/(rij + A;) = Op(1/4/n). Then by the Taylor expansion log(1 + z) =
v —22/2 +23/3 — 2 /44 O(2%) as z — 0, and rearranging the terms, (S.2a) can be

written as
INEY O ( . - ) (S.3a)
<N (1) ri; + Aj — dl'j rij + Aj

2 ~ 1 1

“S(A; A ( . - ) (S.3b)
3 ig%t) (Tij +A; - dij)Q (rij + Aj)2
1, ~ 1 1

+- (A — Ay ( - - . ) (S.3¢)
2 ig%(t) (rij + 85 —di)*  (rij + 4)°

+0p(1/V/n)

To analyze (S.3), we write the summation in (S.3a) as

52
rij — dij Tij dij a;5(t)
- _ - 1-0,(1/vn)], S.4
rij + Aj — dij rij + Aj Tz'j(Tij — dij) n; [ p( / )] ( )

i<N;(t)



dij)/(rij+ Ay —dij) = 1= A;/(rij — Aj — dij) = 1— Op(1//n)
Op(1/+/n). Thus the full expression of

where we have used (7
and rij/(rij + AJ) =1- Aj/("”ij + A]) =1

a3 (1)
==+ 01/,

(S.3a) is
5073 (1) .
[1-0,(1/vm)] = (&, - B2

(A; - 4y)
j
by (A; — Aj)? = Op(n) (see Supplement Section S.2) and 6?(16) = Op(1) (see Section
2.1). Next, the summation in (S.3b) can be written as
5 < 1 1 ) ( 1 L1 )
i<N;(t) \Ti +Aj—dij it A rij +Aj —dij  Tij+ A
1 1 1
=0p <n> Z ( LA —des s A)
i<N, 0 \Tid T 85 = dij - Tij T8
1 67(t)
=0, (1) 7 1= 0,07V,

where the last equality follows by (S.4). This and the fact that (A; — A;)? = O,(n?/?)

imply the full expression of (S.3b) is
2 x4 (1) 07() 1\] _ 1
S(A] A;)°0, (n> " 1-0, i)l Oy 7))

Lastly, the summation in (S.3¢) equals

1 1
= — = X
i<%(t) (”i TR —diy Tyt Aj)
1 . 1 PR
- 2 X X < \2
(rl-j +A; - dl-j) (w +4; - dz’j) (Tij + Aa) <7"ij + Aj)
1 1 1
P\ n2 ig%;(t) Tij + Aj — dij rij + Aj
1 63(t)
=0, <n2> Jnj [1-0,(1/vn)],

where the last equality again follows by (S.4). This and the fact that (A; — Aj;)* =

Op(n?) imply the full expression of (S.3c) is
L/ <4 1 63(t) 1\] 1
s (3-a) 0 () 57 o (F)] -0 ()




Combining the above results for (S.3a), (S.3b) and (S.3¢), we have
(S.5)

(5.20) = (& - &))" &iit) L0, (;ﬁ) .

Now we deal with (S.2b). Again by a Taylor expansion and rearranging the terms,

(S.2b) can be written as
2785 - Ay Y ( ! ! ) (S.6a)
VA ] A - A :
0 rij +Aj —dij 1+ A
A (A, - A ( ! ! ) (S.6D)
B AN A A o A )
<N (1) (7“2] + A d’LJ) (7“7;]' + Aj)Q
2+ = ~ 1 1
+2A(A; - Aj)? ( ~ — ~ ) (S.6¢)
3 <N (t) (rij + 85 = di)*  (rij + 4)°

+0p(1/v/n).

Utilizing our earlier results concerning the summations in (S.3a), (S.3b) and (S.3c),

(S.6a) =24, (Aj - Aj> Ui(f) +0, <\}ﬁ> :
72(t)
= [1-0,(1/vn)] =0, -

(S.2b) = 2A, (Aj — Aj) &iit) + 0, (\}ﬁ) . (S.7)
By (S.2), (.5), and (S.7),
k ~ ~
—2log R (%) :; {(Aj - Aj)2 Uiit) +24; (4, - 4)) Ui(f) +0, (\/15) }
- (3-8) 500 ().
j=1

which completes the proof.



S.1.2 Proof of (B.5)

For simplicity here we suppress dependence on t. The matrix T in (B.3) is specified as

i él + ég —ég 0 i
—ég 92 + ég —ég 0
0 —é3 é3 + é4 —é4 0

N
Il
—~~
A
Qo
SN—

0
O Opot+O O
0 —Or—1 Or—1+ 0k |

From (B.3), we can solve for A by inverting T' using readily available recursive formulas
for the inverse of tridiagonal matrices (Usmani, 1994). Specifically, for a general (k —

1) x (k — 1) tridiagonal matrix

o b i,
c
! , (S.9)
br—2
i Ck—2 Q-1 |
the (7, j)-th element of its inverse is given by
(—1)9b; b G S=t, i <,

Tij = Cj+1%v if i = j, (5.10)

(—1)Hi¢;-- sz1Ci+1%, if i > 7,

where ¢; satisfies the recurrence relation ¢; = a;¢;_1 —cj_1bj_1¢j_o for j =1,..., k-1,
¢o =1, p_1 =0, ¢1 = a1, (; satisfies the recurrence relation ¢; = a;(j+1 — bjc;(j42 for
j=k—=2,..,1, (=1, and {31 = ax_1. In our case we can take advantage of the more
specific structure of T' to obtain explicit expressions for ¢; and (;, and hence for T

Indeed, it can be shown by induction that

J
¢ii=>_ 11 % (S.11)



for j > 2, where ElZJ ={i,...,j} \{l} for i < j, and similarly

k
Gy= 2. 11

I=k—j ge pFi

(S.12)

forj=1,--- /k—1and k > 2. Next, multiplying both sides of (B.3) by the k x (k—1)

matrix
My

— M,
0

0
My
—M;

0
0
M3

o

0
0

— My
0

0
My

—M;j, |

(S.13)

and noting that ¢ = DT, A under Hy, we get (B.4). It remains to find an explicit

expression for DMTle]{[ =

S
I

M[DT'DT)M7, where D); = M D,

kx(k—1)



and M = diag(Mi, ..., My). Using the notation 7;; given in (S.10),

(Tij— Ty —Tija Ty A LE j#ELE
—Tl1,j—1+ T1,j 1 =1 ]751,]{?
T11 =1 j=1

[DT”DT} L= e i=1 =k

Th—1,j—1 — Th—1,j i=k J#Lk
—Tk-1,1 1=k j=1
Th—1k—1 i=k Jj=k

(1 A . .

?Z H ng t=1
Y 14 geE

=, 7ok - (S.14)
A H egv ? 75]7
¥ geE;

where the second equality will be shown in the next paragraph.

We just consider the case ¢ # 1,k and j # 1, k, the remaining cases being similar.
We split the argument into three parts: i = j, i < j, and i > j. Since DT'DT
is symmetric, it suffices to examine i < j and ¢ = j. For ¢ < j, using (S.10) and

rearranging terms, we get

Tic1jo1— Tic1,j — Tij—1 +Tij = B(=1) (bi—1¢i—2 + di—1)(( +bj—1Cj41)/ k-1, (S.15)

where 5 = bz‘"'bj_Q = (—1)j7i71éi+1~-'éj_1 fOl”j > 4+ 2 and ,3 =1 fOl“j =1+
1. Surprisingly, the middle two terms of (S.15) reduce to the elegant and tractable

expressions
= ) i A A )
bi—10i—2 + ¢i—1 = (—0;) 04 + Og=01---0; 1 (S.16)
=1 gep)it =1 gep)?
for i > 2, where we define ngEi,i ég =1foralli=1,...,k, and
l
k A A k ) ) A
GAbiaGr=> ] 0o+ (=0) > T 0a="0541-0n (S.17)
t=j geg)* t=j+1 gepithk

for j < k — 1. Plugging in (S.16) and (S.17) into (S.15), we get the second part of
(S.14). For i = j, using (S.10) and rearranging the terms, we have

o o N N Gitl (1 o .
Ti—1,j—1— Ti—1,5 — Ti,j—1 + Ti,j = @ (Cz +bz—1<z+1> + @ <bz—1¢z—2 +¢z—1)- (818)

Noting that (S.16) and (S.17) hold for i = j as well, and plugging (S.11), (S.12), (S.16),



and (S.17) into (S.18) lead to the first part of (S.14).
Finally we pre- and post-multiply (S.14) by the diagonal matrix M to arrive at

(B.5).

S.1.3 Proofs of Lemmas 4 and 5

As in the previous section, we suppress dependence on t. The asymptotic equivalence

assertion in Lemmas 4 is obtained by combining the terms in (B.7) and (B.9) for j =

1,...,k:

k ~2 52
A2 A2) %P A2) 70
jzz:l (AJ AJ) nj ggj;g( A]> n;
A 2 ~ 2
_ Zzwj{UB—U}2+op(1). (8.19)
BeBjeB

The weak convergence part of Lemma 4 will follow from the discussion in Section
4.2, along with Lemma 5.
Proof of Lemma 5. For given j and block C' (of sample indices) containing j, we denote
Sc(t) = HigNj(t)(l — hi;)Mi | where hy; is given in (2.8) for B = C. Note that h;; takes
the same form as (2.3), as explained in Section 2.3. Parallel to our previous notation
Aj, specify Aj to satisfy Bij = di;/(rij + Aj). Then, using a similar Taylor expansion

as in (B.1), we have

Z(C) = \/ﬁ{logS’c — Mj logSj}
= \/E{M] log S’j + MjAj&]z/nj — Mjlog Sj} + 0,(1/+/n)

:ﬁ{MjlogSj—Mjlogsj}+ 0, T Z 11 HUZ\/T +0,(1)

IC ge BC
= /O;w,;Uc + o,(1), (S.20)

where the second and the third equalities can be shown similarly to (B.8) and (B.9),
except without squaring Aj. We view Z(C') as a function of C, with its dependence
on the data and ¢ being suppressed. In what follows we are going to apply (S.20) to
C =B(j)eBor B'(j) e B.

We proceed with proving Lemma 5 by induction on j. For j = 1, define the event



Ay ={B(1) € B'(1)}, and write

Upay — Upry = {@3(1) - ﬁB’(l)} I(Ay) + {ﬁB(l) - UB/(l)} I(A7), (5.21)

where I(+) is the indicator function. On A;, Lemmas S.1 and S.3 below imply 53(1)(15) >
Spr(1)(t). This can be seen by the decomposition B'(1) = U?ZlB(j) Ub(y+ 1) for some
7 = 1, where b(y + 1) € B(y + 1) and noting that Sy,41) < Sp(;4+1) by Lemma S.1;
further, by taking L = 3+ 1, C; = B(j) for j <3, Cp, =b(y3+ 1), and [ = 1 in Lemma
S.3. Then we have Z(B(1)) > Z(B'(1)) by the definition of Z(-). This and (S.20) then

give
{Us) = Opiy } (A1) = {Z(B(1) = Z(B'(1)) + 0,(1)} I(A1)/v/B1w1 > 0,(1

where the inequality also uses the fact that #; and w; are bounded away from 0 on [t1, t2].
Furthermore, we have {03(1) - UB/(l)}I(Al) < 0 by Lemma S.2. These results lead to
{UB(l) — ﬁB/(l)}I(Al) = 0p(1). On Af, we have 5'3(1) > 53/(1) by Lemma S.1. Then as
with A;, we have {UB(l)—UB'(l)}I(Ai) > 0p(1). Furthermore, {UB(I)—UB/(D}I(A@ <0
by Lemma S.2 and Lemma S.4 (by a similar decomposition argument as above), so
{UB(I) — UB/(I)}I(Af) = 0p(1). Then by (5.21), we get UB(I) — UB’(l) = 0p(1), and the
conclusion of the lemma holds for j = 1.

Now suppose the conclusion of the lemma holds for j = [. Write

4
Ua+1) — Uprs1) = Z {UB(Z—H) - UB’(H—I)} I(Arg1,), (5.22)
i=1
where we define the events 4,111 = {B'(l) = B'(1+1),B(l) = Bl + 1)}, Ajy12 =
{B'(1) precedes B'(I4+1), B(l) = B(l+1)}, Aj413 = {B'(l) = B'(I+1), B(l) precedes B(l+
1)} and A;114 = {B'(l) precedes B'(l + 1), B(l) precedes B(l 4+ 1)}. To complete the
proof it suffices to show that each term in (S.22) is 0,(1).

Al+1,1: By step j = l, {0B(l+1) _UB’(l-i—l)}I(AlJrl,l) = {UB(Z) —UB/(l)}I(AlJrLl) = Op(l).

A1t By Upiy(t) > Upiny(t) and step j = 1, {Upusr) — Upeny H(Ai2) >
{UB(I) — UBI(Z)}I(AH_LQ) = Op(l). Next we show that {UB(Z+1) — UB/(lJrl)}I(Al_;,_LQ)
< 0p(1). The idea is to partition A;y; 2 into

Apy12 = Aipa2 N {min(B'(1)) < min(B(1))}

and its relative complement A7, | o = Aj412\ A4, 5. Here we illustrate the proof of
{Ups1) —Up e (A} ) < 0p(1); the proof of {Up i1y —Uprany H (AL, 5) <
op(1) is similar. On Aj ,, partition B(l) = J U K U L, where J = B'(l) N B(l),
K =DB'(l+1)NnB(l), and L = B(l) \ (JUK). Note that L = () when max(B’(l +



1)) = max(B(l+1)), 80 3 ;cp wj = > ;cpw; = 0 in the following display. Then
{ TB(+1) — 0B’(l+l)} I(Aj12) = {UB(Z) — UB/(1+1)} I(Ajy1 )
B() — UK} I(Al419)

{
(A . > jer Wi {ffBa) —UJ} +2jer wj{f]BU) _ﬁL}
B — |Uw) +

N ZjEK wj )
I(Al412)
%jes 0 Z0) = 2(BW) + 0,1} e w3 {Ue = U + 0]
\/MZ]@( wj Djek Wi
I(Aj10)

<0+ 0p(1) + 0+ 0p(1) = 0y(1),

where the first inequality follows from Lemma S.2, the second equality from re-
arranging Upqy = (3 ey wiUs + e wiUk + 2 5e, wiUL)/ 20 je pay wy» the
third equality from (S.20), [ € J and step j = [, and the last inequality from
Sy(t) < Spq(t) due to Lemma S.1 and Uy < UB/(Z) due to Lemmas S.2 and S.4

(by a similar decomposition argument as above).

Aj413: The proof can be done by following a similar argument as in A;4 2, but with
the role of B’(l) and B’(l + 1) switched with B(l) and B(l + 1), and by using the
fact that Up(jy — Upr(j) = 0p(1) if and only if Z(B(j)) — Z(B'(j)) = o0,(1) for
j=U0L1+1

Ajt1.4: The proof is similar to the j = 1 case, but with B(1) and B’(1) replaced by
B(l+1) and B’(l + 1), respectively.

S.1.4 Properties of PAVA

This section collects some finite sample properties of PAVA that we appealed to in

Supplement Section S.1.3. As in the previous section, we suppress dependence on t.

Lemma S.1. Given a block B € B, where B is determined by PAVA, any non-trivial
partition B = C1 U Cy such that C1 precedes Coy satisfies 501 < Sp < 5'02.

Proof. We use a similar argument as in proving that Sp is strictly sandwiched between
Sp, and Sp, for B € B@ and B;, By € B@Y in Appendix A, except that here B
belongs to the final set of blocks B, and C7, (5 are not necessarily generated in any
PAVA step. We will show that Sc, < Sp; a similar argument can be used to show
Sp < Sc,. From the definitions of Sc, and Sp, we have the following two strings of

10



equalities:
gCl = (Mz)\z) = Qy+1 (Mz—i—l()\z—i—l - )\z)) = =0y (_Mj)\]—l) 5

and
S =a, (MZ)‘;) = Outl (MZ+1(>‘;+1 - )\;)) =Ty (MJ()‘; - ;—1)) )

where )\; and )\} are the Lagrange multipliers associated with S¢, and Sp for j € Cy,
respectively, and j denotes the maximal element of C; (A, = 0). We prove 5'01 < Sp
by contradiction. Suppose S¢; > Sp. Then because a;(-) is strictly increasing, a

comparison between the two strings of equalities above leads to

A< A, (S.23)
;'+1_A;'§)\j+1_)‘j7 .j:zv"'aj_27 (824)
A= XN < =X\ (S.25)

By (S.23) and (S.24), ) < Aj for j =+ 1,...,5 — 1. This and (8.25) imply \) <0,
which contradicts )\3 > 0 shown in Appendix A. Thus we have Sp, < Sp instead. [

Lemma S.2. Given a block B € B', where B’ is determined by E.(Uyw(t)|Z), any
non-trivial partition B = Cq U Cy such that Cy precedes Cy satisfies Ucl < UB < UCZ-

Proof. We use a similar argument to Lemma S.1. Recall that, by definition, the weighted

least square projection Ey,(Uy|Z) minimizes

k ~ 2
Uj
ij' —_— = l’j
=1 VWi

over (z1,...,x;) € R¥ subject to the constraints Tjy1—2; <0,5=1,...,k—1. By
a similar argument as in Section 4.1, the optimal solution (Zi,...,Zx) to the above
minimization problem is unique and satisfies the KKT conditions. In particular, from
the stationarity condition we have Z; = ﬁj/\/@ + (5\; - X;fl)/wj for j = 1,...,k,
where A},...,\,_, are the Lagrange multipliers and A\ = A, = 0. Then by a sim-
ilar argument as in Section 2.3 and Appendix A, the solution can be obtained by
a PAVA, where the pooling between adjacent blocks B; and Bs involves minimiz-
ing ZjeBluBz w; (U]/\/@ — mj)2 subject to the equality constraints x; = x; for all
4,1 € B1UDB5y. This version of PAVA results in UB = Ij, where j is the minimal element
of the block B € B’. It can also be shown that 5\; >0,j=1,...,k—1. The result then
follows by replacing Sg, Sc,, Sc, and a;(A) in the proof of Lemma S.1 by Ug, Ug,,
Uc, and (A]]/\/uTJ + A/wj, respectively.

O
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Lemma S.3. Let C4,...,CL be adjacent blocks that are arranged in increasing order
(i.e., Cy precedes Ciy1) and satisfying Sc, > Sc, > ... > Sc, , where L > 2. Then

Scyu..uc, = Scyu..ue, = Scu.uc, L=1,..., L —1.

Proof. To be clear, note that C1,...,Cr need not be blocks resulting from PAVA. For
future use, let 5; be the maximal element of Cj, and let A\; be the Lagrange multipliers
associated with Sclu...uCL as j ranges over C1U...UCL\ {y}. We use induction on the
number of blocks L > 2. When L = 2, the result will follow by similar reasoning as in
Lemma S.1 and Appendix A. Again we compare the strings of equalities satisfied by S¢,,
5'02 and 5’01U02 in terms of a;(-). We first show 5’01 > gcluc2, arguing by contradiction.
Suppose S¢, < Scyuc,- Then, as aj(+) is strictly increasing, a comparison of S¢, and
SclLJCQ leads to A, > 0. Also, 5’(;1 < 5'01UC2 and the condition that S’CI > 5’(;2 lead
to 5@2 < 501UC2, so that a comparison of the strings of equalities satisfied by 5’02 and
Scyuc, leads to A, < 0. This contradicts A;, > 0 obtained from S¢;, < S¢yuc,. Thus
we have S¢, > Sc,uc,, which gives A, < 0 by comparing the strings of equalities again.
Then another contradiction would occur if S¢yue, < Sc,, because it implies A,, > 0.
Therefore, we have that 5'01U02 > 5'02. So we have shown that the result for L = 2.
Now suppose the result holds for any number of blocks up to L — 1. We argue by
contradiction. Suppose golu...ucl < gclu...uCL for some [ = 1,...,L — 1. Then by the
induction assumption, Sc,u..ue, > Sciu..ue, = Sciu.uc, = Scp ., > Se, ey >
Sc,. We can then use similar arguments as in the case L = 2 to show Sc,u..uc, >
gclu...uCL,l, which leads to A;, , > 0, and also to show that SC&U...UCL > SCL, which

contradicts A > (. This proves gclu...ucl > Solu...uCL- As for the second inequal-

JL—1
ity, suppose Sclu...ucL < SCZ +1u..uc,- Then by the induction assumption, we have
gclu...uCL < gCZ+IU-~-UCL < S'CQU,._UCL < 5’02 < SC1UCQ < 5'01. We can then use similar
arguments as in the case L = 2 to show Sclu...ucL < Sczu..,uC’L, which leads to A, >0,
and also to show that gclu...uCL < 5'01, which contradicts A, > 0. This establishes the

second inequality and completes the proof. O

The next lemma is parallel to Lemma S.3 with S¢ replaced by Uc. The proof is
much simpler, however, because an explicit expression is available for Uc as a weighted

average.

Lemma S.4. Let C4,...,Cr be adjacent blocks that are arranged in increasing order
(i.e., Cy precedes Cpy1) and satisfying ﬁcl > U02 >...> U(;L, where L > 2. Then

Uclu...uCl Z Uclu...UCL 2 UC[+1U...UCL7 l= ]-a cee 7L - L

12



Proof. This is a consequence of convexity and noting that

UCIU...UCZ = Ucl Z w; + UCZ+1 Z Wi+ ...+ UCg Z () / Z w;
Jjea, jecz+1 JEC, jeC,U...UC,

is a convex combination of the Uc]., where 1 << /¢ < L. O

S.2 Bounds on A; and Aj

In this section we give bounds on Aj uniformly over ¢ € [t1, 2], under the conditions
of Theorem 1, using the equality constraints (2.4). It can be shown using a similar
argument that bounds of the same order hold for Aj, since in our PAVA (see Section
2.3 and Appendix A), Aj also satisfies equality constraints, but instead within the PAVA
block containing j. Again for simplicity we suppress the dependence on t.

The proof depends on the following two inequalities. When Aj < 0, we have

d;; di; dij  Tij
_ log (1 — ”) > —— = P
i<%‘(t) rij + A i<%‘(t) rig+ Ay Zt rij rij = | Ay
di; n;j ; j
i<Ny () T 4] " ng = 14

where the first inequality follows from 0 < d;;/(ri; + Aj) < 1 for all i < N;(t) and
the fact that log(1 — x) + 2 < 0 for 2 € [0,1]. Here A;(t) = ZigNj(t) d;j/ri;j is the
Nelson—Aalen estimator of the cumulative hazard function. Similarly, when Aj >0, we

have

1 1— ) s Gy 1 1 % ij
2 Og( T'ij+Aj> 2 [ Tij+Aj+Og< Tz‘j)JrTz‘J

i<N; (1) i<N; (1)
_ = izm]ﬁAj! +log S;(t) + A; (1)
> 2 i:jnjj:m +log 5;(t) + A;(t)
- —Aj(t)njfw +1og 8;(t) + A (1), (S.27)

where the first inequality follows from the fact that log (1 —x) + x is decreasing in
S [O, 1}, 0< dij/(Tij + A]) < dij/rij <1lfori< Nj(t), and

d;; di; dij\ | di
log<1— J>+ I zlog<1—3)+ﬂ
Tz'j+Aj i Tij Tij

13



for all i < N;(t).

We now show A; = O,(y/n). The key is to obtain bounds based on (S.26), (S.27)
and the estimating equations in (2.4), and to utilize well-known asymptotic properties
of A;j(t) and S;(t). First note that if M;logS;(t) = M log S’j/(t) for all j, 5, then
A; =0 for all i = 1,...,k, which is trivially O,(y/n). On the complementary event,
for a fixed j there exists j/ # j such that M;log Sj(t) # Mj log S*j, (t). Then by the
fact that a;(A) and aj(A) are increasing in A, A; and Aj must have different signs.
This can be understood as follows: since r;; and r;; are numbers of subjects at risk
and 7;; + Aj and 75 + Aj/ are adjustments to those numbers, our method essentially
fine-tunes the at-risk sets to ensure the equality constraints, so there must be a gain in
the size of the risk set in one sample and a loss in another. Without loss of generality
suppose Aj > O,Aj/ < 0.

Applying (S.27) to loga;(A;) and (S.26) to loga;(A;/), we have

0 =loga;(A;) —logaj(Aj)

it A TL N
ZMj/Aj/(t) J - MjAj(t)m + M; logS (t) + M;A;(t),

nj/ — Aj/

where the first equality comes from (2.4). Note that njy — [Aj| = njy + Ay > ryj +

A > 0 because ITLM/ > 0. Thus we can multiply both sides of the above display by

(ny — Ay [)(n; + ‘Aj‘) > 0 without changing direction of the inequality to get

0> My Aj(t)n; (nﬁ\A ) = M;A;(tns (nye = [Ax])
+ M; [log ;¢ t)} 7 = [B5]) (nj +|45])
= &1 |Ag] [-M;108 55(t) - }+ Aj | (=M;log S (t)n; ) + 71 [y + 72,

(S.28)

where v, = Mjmj Ay (t)+Mnj (log S;(t)+A;(t)) and yo = njm;j[Mj A (t)+M; log S;(t)).
Note that —log S;(t) — A;(t) > 0 because

dyj dyj
- > log (1—7]>> > T—J (S.29)
i<N;(t) Y i<N;(t) Y

by log(1 —z) 42 < 0 for all 2 € (0,1]. This, M; > 0, —log S;(t)n; > 0 and (S.28) imply
Y1 ‘Aj‘ + 72 < 0. So the desired bound on Aj can be obtained from bounds on ; and
Yo. As M;log S;(t) = M log Sy (t) under Hf, we get that for any e > 0,

= ny { My [ Ay (8) +10g Sj:(8)] + M; [log (1) — log (1) | + M, A;(1)}

M ast0) (S.30)
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with probability at least 1 — ¢ and n sufficiently large, and that

—’YQ/nj/ =n; (Mj/Aj/ (t) + Mj/ log Sj/ (t) — Mj/ log Sj/(t) + Mj log S](t)>
= 0,(n)0y(1/Vn) = Op(n?), (8.31)

by the fact that log S; — log S; = O,(1/v/n), Ajs +log Sy = O,(1/y/n) and A; — A; =
Op(1/+/n) using classical results on KM and Nelson-Aalen estimators (cf. Li, 1995).
Since A;(t1) > 0 by the Sp(t1) < 1 condition assumed in Theorem 1, (S.30) implies

nj/Mj

0< A1) D] < m|BAj] € =
with probability at least 1 — ¢ and n sufficiently large, and thus by (S.31),
|8;] < Op(n2). (8.32)

As for asymptotic order of A/, again by (S.29), we have —M; log S’j (t)n; ‘Aj/

+M ‘A”—i—
v2 < 0. Since logS; — logS; = O,(1/y/n) and the conditions in Theorem 1 imply
—log S’j (t) > —1/2log S;(t1) > 0 with probability at least 1 — ¢ and n sufficiently large,
(S.30), (S.31) and (S.32) then imply |Aj/ < Op(n'/?). This completes the proof.

S.3 Remarks on Theorem 1 continued

Often likelihood ratio statistics are distribution-free. Here we explain what makes this
problem different from the classical setting and why we cannot obtain an asymptotically
distribution-free form. The short answer is that we have k > 2 groups, censoring and
M; # 1. To be more specific, we will constrast the derivations of a distribution-free
form in the k& = 2 case with k = 3, along with the censored and M; # 1 case with the
uncensored and M; = 1 case. For simplicity, we will illustrate using the omnibus test
(i.e., without order restrictions) in Section 3.4, and suppress dependence on t. When
k =2, SSB? in Theorem 2 can be written as

1
{\/wQUl + \/’UJ1U2}2 = 7U122,
0L +60,

where
oUi My 02U Mo
Ui = — .
VP1 VP2
It can be shown that the covariance function of Uy 2/+/61 + 6 is the standardized form
(i.e., it reduces to 1 for U; at a fixed t)

(01 + 02)(min(s,t))/\/ (01 + 02)(s)(01 + 62).
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Such a standardized form enables us to find a suitable transformation in the time
scale so that SSB? becomes a functional of a standard Brownian bridge (see, e.g.
Chang and McKeague, 2016, p.22 for the M; = My = 1 case), which can lead to a
distribution-free statistic.

On the other hand, when k& = 3, SSB° can be written as

{VwaUr + iUz} + {y/wsUy + vwiUs}?

+ {\/ngQ + \/’U)QUg}Q
0102 + 60105 + 0203 Uia ® 0102 + 0103 + 0203 Uis
01 2

+ U s,
0102 + 0103 + 0203 >

where Uy 3 and Us 3 are defined similarly as U 2. Since we have shown in & = 2 that
Ui2/v/01 + 02 has the standardized form, the processes at hand

\/971Ui,j/\/9192 + 0103 + 02053
—1/01(0; +60,)// 0102 + 0105 + 0203 x Uy ; /\/0; + 6;

for distinct 4, j,1 € {1,2,3} are clearly not in the standardized form in general, due to
the fact that \/ 0,(0; + 0;)/\/0102 + 0103 + 6203 may not be distribution-free. However,

when M; = 1 and there is no censoring, it can be shown that

0:1(0: 1 6;)
V0102 + 0105 + 6203
_ V1/pi(1/pi +1/p;)
V1/(p1p2) + 1/ (p2ps) + 1/ (p1ps)’

which is distribution-free, as required.

S.4  Retention-of-effect approach

As in Section 3.3, it suffices to consider the local NPLR with equality constraint in the

numerator:

sup {L(Sl, Sa,53): Sao(t)/S1(t) = {Ss5(t)/ 51 (t)}M}
sup {L(S1, 52, 83): Sa(t)/S1(t) > {Ss(t)/S1(t)}M}

RY(t) = (S.33)

To avoid excessive notation, in what follows we use the same notation h;; and h;; as

in Section 2.2. By the method of Lagrange multipliers, the numerator of (S.33) is the
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constrained maximum H] A d]” (1- hil] ), where

_ d; _ dip -
hit = —————— hip = hiz =
rit + A(M —1) rio + A

diz
T3 —M)\’

for i < N;(t), hiyj = dij/ri; for i > N;(t), and the multipler A satisfies the equality
constraint
M

~hi2) [ IT (1-ha) = his) | T«

1< Na(t) 1<Ni(t) Z<N3( ) i<N1(t

On the other hand, by the KKT method, the denominator of (S.33) is H?Zl | J A iL?;j (1-
hi ), where
~ di1 ~ di2

. d;
hit = —————, hio = , hig = —2—,
T'il—i-)\(M—l) 7”124—)\ rig — MMA

for i < Nj(t), hij = dij/rij for i > N;(t), and the multiplier \ satisfies the conditions

L)/ I 0= 1 (-5)/ I 1 il
I G/ TG0 e/ 1 eem) [

As in Section 2.2, the Lagrange multipliers adjust the size of the risk set in order
to satisfy the equality and inequality constraints. However, now the problem becomes
more complicated because each multiplier governs the adjustment between the risk
sets of all the samples, whereas previously, each multiplier only governs the adjustment
between the risk sets of two adjacent samples. This leads to a slightly more complicated
integrated local NPLR. statistic: it takes the same form as (3.1), but with Sy(t) as a
consistent estimate of the survival function Sp(t) = vy (t)SM(t) + va(t)SM1(t)Sa(t)
instead. The limiting distribution now involves a projection onto Z = {z € R3 : z; =

z9 > z3} and a more complicated form of the weight functions:

01(1)05(t) 02(t)03(t) 01(t) + 0a(1)
P()(01(t) +02(t))" G(1)(01(2) + 02(8))"  o(t)

respectively, where 6;(t) = szo*]z(t)/pj, My =M —1,My = 1,M3 = M, and ¢(t) =
Z?:l 6;(t). With the above changes, the conclusion of Theorem 1 holds under the
assumptions SM(t) = 51 ()M 1S, (t) for t € [t1,ta], So(t1) < 1 and Sp(t2)Gj(t2) > 0. A
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similar bootstrap method as Section 3.1 can be used to calibrate this test.

S.5 Additional simulation results

S.5.1 Accuracy and power

Here we report results for censoring rate 50%, and unequal group sample sizes n; = 135,
ng = 270, ng = 260 that roughly match the real data example. Furthermore, we
consider an additional Scenario A’ under the overall null H{ (see Figure S.1), where the
standard treatment is superior to the placebo and the experimental treatment is inferior
to reference, with the largest difference occurring at the margin (i.e., when Sé\b = SéWS).
The conclusions for Scenarios A, B and C are similar to those of Sections 6.1 and 6.2,
see Table S.1. As for Scenario A’, the empirical rejection rates are close to their nominal
levels, except for the cases of H ig A oand H 11 where the rejection rates represent empirical

power because the standard treatment is superior to the placebo.

1.0

Sijo.s

0.0

Figure S.1: Survival functions S (left) and S; (middle and right) for Scenario A’
i J

representing an example of Hf. Each Sj\/[j is specified as Weibull: placebo (solid),
standard therapy (dashed), experimental therapy (two-dashed). The S; are defined

from the S}, and (Mi, M, Mz) = (1,1,10/8) (middle) or (My, M, Mz) = (1,1,10/7)
(right).

S.5.2 Power/sample size calculations and optimal allocation

It is often of interest to carry out power calculations, determine sample sizes and find
optimal allocation ratios prior to a clinical trial. Since our method is a two-step non-
parametric testing procedure with bootstrap calibration, analytical formulas for asymp-
totic power would be very challenging to develop. Instead, we suggest a Monte Carlo
simulation-based approach, as is often recommended (see, e.g., Landau and Stahl, 2013).
Here we provide an example of such an analysis. Power versus total sample size n given

a specific allocation ratio is plotted in Figure S.2. From the figure, we can see that for
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Table S.1: Empirical significance levels and powers, at « = 0.05 for the first set of H;
columns (as in Tables 1 and 3) and at v = 0.025 for all the other columns (as in Tables 2
and 4). Results based on 1000 replications, censoring rate 50%, and unequal allocation
ni = 135, ng = 270, ng = 260. Scenario A’ is indicated in Figure S.1.

(My, My, Ms) H, HY®  HY HN HZ HYPY H
K, I, Cox PW Cox PW Cox PW Cox PW
(1,1,10/8) 0.066 0.053 0 0 0.025 0.031 0.023 0.026 0 0
A (1,1,10/7) 00720054 0 0 0.027 0.032 0.022 0.028 0 0
(1, 1,10/8) 0.040 0.040 0.055 0.068 1 1 0026 0032 0.026 0.032
A’ (1,1,10/7) 0.053 0.053 0.052 0.059 1 1 0.026 0.028 0.026 0.028
(1,1,10/8) 0.909 0.929 0.363 0.334 0.392 0.370 0.710 0.656 0.222 0.192
B (1,1,10/7) 0.886 0.919 0.360 0.325 0.390 0.364 0.697 0.642 0.218 0.187
(1,1,10/8) 0.988 0.988 0.492 0.808 0.450 0.762 0.819 0.954 0.319 0.719
C (1,1,10/7) 0.989 0.990 0.476 0.802 0.454 0.756 0.778 0.934  0.301  0.695

equal allocation p; = ps = p3, the required total sample size to achieve 80% power is

n = 120. Also, in Table S.2 we tabulate power for various allocation ratios (for n = 120).

Over the grid of (p1, p2) values in the table (note p3 = 1—p; —p2), the optimal allocation

s (p1,p2,p3) =

(0.4,0.1,0.5). A finer grid would sometimes be more appropriate. We

have provided the R code (see Supplement Section S.6) for these power calculations.

Figure S.2:

on 1000 replications, censoring rate 10%, (Mi, My, M3) =

1.0

60 90 120

150
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180 210

Power versus total sample size (n) given equal allocation. Results based
(1,1,10/7) in Scenario C.
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Table S.2: Empirical powers at a = 0.05 for different allocation ratios p; and pa (ps =
1 —p1 — p2). Results based on 1000 replications, censoring rate 10%, (Mi, M, M3) =
(1,1,10/7) and n = 120 in Scenario C.

P2
P1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.1 0.700 0.720 0.709 0.700 0.651 0.605 0.496 0.395
0.2 0.856 0.830 0.809 0.755 0.698 0.595 0.496
0.3 0.897 0.873 0.817 0.760 0.684 0.564
0.4 0.901 0.864 0.814 0.740 0.632
0.5 0.896 0.836 0.780 0.653
0.6 0.848 0.778 0.664
0.7 0.765 0.682
0.8 0.637

S.6 R code

: : required packages
library (survival)
library (nloptr)
library (plyr) #array to list
library (Iso)

;|# for cluster computing:

library (parallel)
library (foreach)
library (doParallel)

: - : END required packages

/] / - n 1
/ H £ user Input

# where R code containing the functions is
dir _path = paste(”C:\\ Users\\”, Sys.getenv (?USERNAME”), ”\\Dropbox\\papers
_mine\\ paper _ELSOc_k\\AOS1686” , sep = 77)

5|# where the results will be saved

i| dir _path2 = paste (”C:\\ Users\\”, Sys.getenv ("USERNAME” ), ”\\Dropbox\\

computing \\R_program\\out_test _20171106\\new” , sep = "")

7|# source R code containing the functions

setwd (dir _path)
source (” functions _to_be_sourced .R")

# set parameters for generating data:

n = 120
2lpl = 0.4
3lp2 = 0.1
parameters = list () # a list for storing parameter values below

5|# calculate the number of cores for parallel computing

no_cores = detectCores()/2 — 1

7|# number of parallel tasks for computing nrep (see below) results

parameters$nsplit = no_cores
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61

62

63

64

67

# number of datasets to be generated; should be a factor of nsplit above
parameters$nrep = 40 * no_cores

# number of datasets to be generated per parallel task
parameters$nrep_sub = ceiling (parameters$nrep / parameters$nsplit)

# number of bootstrap samples

parameters$nboot = 1000

# first entry is overall alpha level; second entry is alpha level after
Bonferroni adjustment

parameters$alpha_vec = ¢(0.05, 0.025)

# the vector of margins M_1, M_2, M_3

parameters$M_vec = ¢(1, 1, 1 / 0.7)

# administrative censoring

parameters$adminC = 10

# ajbj_result: c(shape,scale) of Weibull for S_j "{M-j}, j=1,2,3

parameters$albl _result = c¢(2, 6)
parameters$a2b2_result = c (1.6, 5.2)
parameters$a3b3_result = c¢(1.2, 4.1)
5|# censoring rates
parameters$pct _censor = 0.10
# c(taul ,tau2): follow—up period [taul, tau2] specified in study protocol,
if any
;| parameters$taul = 0
parameters$tau2 = Inf
# starting seed for each replication of data generation
parameters$seedstart = 0
# specifying which test to perform power calculations on; current choices:
c(’two_step_sup’, ’two_step_dF’)
parameters$option_test = 'two_step _dF’

# specified _power: for computing power given sample sizes , set to 0. For
computing optimal
# sample sizes given power, set this to the desired power.

parameters$specified _power = 0.2

HHHHH i END user input

HHEHE other parameter calculations based on user input

albl = c(parameters$albl_result [1], parameters$albl_result[2] = (
parameters$M_vec[1] ~ (1 / parameters$albl_result[1])))

a2b2 = c(parameters$a2b2_result [1], parameters$a2b2_result [2] = (
parameters$M_vec[2] ~ (1 / parameters$a2b2_result[1])))

a3b3 = c(parameters$a3b3_result [1], parameters$a3b3_result[2] = (
parameters$M_vec [3] ~ (1 / parameters$a3b3_result[1])))

M_ret = parameters$M_vec[3]

M_ret _vec = ¢(M_ret — 1, 1, M_ret)

# find censoring parameters based on parameters$pct_censor given above (in

user input)

prob_censor = function(c, ab, perc_censor) {
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68

69

70

71

78

79

80

81

88

89

90

91

92

93

99

100

# Computes censoring probability — perc_censor for a given number perc._
censor

# Args:

# c¢: parameter for U(0O,c) which generates the censoring random variable
with administrative censoring at time parameters$adminC

# ab: parameters for Weibull(ab[1], ab[2]) which generates the lifetime

random variables

# perc _censor: the given number perc_censor

3|# Returns:

# the censoring probability — perc_censor for the given number perc._
censor

x = seq(0, ¢ , by = 0.0001)

q = (1 — pweibull(x, shape = ab[1l], scale = ab[2])) * (x < min(c,
parameters$adminC)) % 0.0001 / ¢ + (1 — pweibull(x, shape = ab[1],
scale = ab[2])) * (x <= ¢ & x = parameters$adminC) * (1 — min(c,
parameters$adminC) / c¢)

return (sum(q) — perc_censor)

} # END prob_censor

parameters$c = uniroot (prob_censor, interval = c(1.1, 700), ab = albl,
perc _censor = parameters$pct_censor)$root

FHHHH A END other parameter calculations based on user input

HHHHH HHHHE producing p—value and decision results, given a specific

dataset

###+ making an artificial dataset:

| Yd = matrix(c(1, 2, 3, 4, 5, 6, 1.1, 2, 2.5, 5, 6, 7, 0.9, 1.5, 2.7, 4.1,

5.2, 6.5,
1,0,1,1,1,0, 1,0, 1, 1,1, 1, 1,0, 1, 0, 0, 1), ncol = 2)

5| group = c(rep(1, 3), rep(2, 3), rep(3, 3))

data = cbind (Yd, group)
dat = Surv(data[, 1], data[, 2])
fit = survfit(dat ~ 1)

fitl = survfit (dat[data[, 3] = 1] ~ 1)
fit2 = survfit(dat[data], 3] = 2] ~ 1)
fit3 = survfit (dat[data], 3] = 3] 1)
### implement the function computing p—values and decision results

teststatfn = teststat (parameters$taul , parameters$tau2, fit, fitl , fit2 ,
fit3 , parameters$M_vec, M_ret , data, parameters$alpha_vec, parameters$
nboot)

5| ###H# outputs from the function:

teststatfn$out _dF_pval # p—value for I_n

teststatfn$out_sup_pval # p—value for K_.n

teststatfn$out dF_12_pval # p—value for the pairwise NPLR test comparing
group 1 and 2

teststatfn$out dF_23_pval # p—value for the pairwise NPLR test comparing
group 2 and 3

teststatfn$out _dF_ret _pval # p—value for the pairwise NPLR test comparing

group 2 and 3 using retention—of—effect formulation
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teststatfn$test _nocross # decision on whether H_{01} ¢ should be rejected
(1) or mnot (0)
teststatfn$test # K.n
teststatfn$EL_SOcrit # critical value for K_.n (corresponding to alpha_vec
levels)
teststatfn$inttest .dF # I_n
teststatfn$int dFEL_SOcrit # critical value for I_.n (corresponding to
alpha_vec levels)
### use outputs from the function to implement the proposed two—step
procedure :
test _SO_sup = 0
test _SO_dF = 0
if (teststatfn$test_nocross = 1) {
if (teststatfn$test > teststatfn$EL_SOcrit[1]) {
test _SO_sup = 1
} #END if
if (teststatfn$inttest dF > teststatfn$int dFEL_SOcrit[1]) {
test .SO_dF =1
} # END if
} else {
test _SO_sup = —1
test -SO_dF = —1
} # END if/else
### results of the proposed two—step procedure
test _SO_sup
test _.SO_dF
based on K_n:
test _SO_sup = —1: H_.{01} "¢ not rejected
test -SO_sup = 0: H_{01}"c rejected, H_0 not rejected
test _SO_sup = 1: H_{01} "¢ rejected, H_0 rejected (i.e. supporting H_1)
based on I_n:
test -SO_dF —1: H.{01} "¢ not rejected
test _SO_dF 0: H.{01}"c rejected, H_0 not rejected
test .SO_dF = 1: H_ {01} ¢ rejected, H_0 rejected (i.e. supporting H_1)
HHHHHEHEAEAEAEAEAAE END producing p—value and decision results, given a
specific dataset

HoFH W

T IIIRIRTIR TR . :
HHHH I POWET function

powerfn = function (n, parameters, pl, p2, split) {

# Computes the empirical rejection rate of our composite procedure

# Args:

# n: total sample size

# parameters: the parameters input/calculated in the codes above (up to
# END other parameter calculations based on user input)

pl: proportion of data for the first group

p2: proportion of data for the second group

H* FH W

split: number of parallel tasks for computing nrep (see parameters$

nrep above) results
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142|# Returns:

143| # the empirical rejection rate of our composite procedure
144 ##HF parameter organization
145 ¢ = rep(parameters$c, 3)

146/ nl = ceiling(n * pl)
147 n2 = ceiling(n * p2)

148 n3 = n — nl — n2

149 nrep _sub = parameters$nrep _sub

150| ### define output

151 test _nocross = l:nrep_sub x 0

152 test = l:nrep_sub * 0

153 crit _boot = matrix (0, nrow = nrep_sub, ncol = length (parameters$alpha_
vec))

154 inttest .dF = 1l:nrep_sub x 0

155 crit _boot_int _dF = matrix (0, nrow = nrep_sub, ncol = length(parameters$

alpha_vec))

156 test _SO_sup = l:nrep_sub x 0

157 test _SO_dF = 1l:nrep_sub * 0

158| ### for loop generating nrep_sub number of datasets and computing
statistics accordingly

159 for (i in l:nrep-sub) {

160 set .seed (parameters$seedstart + nrep_sub x (split — 1) + 1)

161 print (parameters$seedstart + nrep_sub * (split — 1) + i)

162 ## data generation

163 X1 = rweibull(n = nl, shape = albl[1l], scale = albl[2])

164 X2 = rweibull(n = n2, shape = a2b2[1], scale = a2b2[2])

165 X3 = rweibull(n = n3, shape = a3b3[1l], scale = a3b3[2])

166 Cl = pmin(runif(nl, min = 0, max = c¢[1]), parameters$adminC)

167 C2 = pmin(runif(n2, min = 0, max = c¢[2]), parameters$adminC)

168 C3 = pmin(runif(n3, min = 0, max = ¢[3]), parameters$adminC)

169 ## make censoring data:

170 Y1l = apply(cbind (X1, C1), 1, min)

171 Y2 = apply(cbind (X2, C2), 1, min)

172 Y3 = apply (cbind (X3, C3), 1, min)

173 deltal = (X1 <= C1)

174 delta2 = (X2 <= C2)

175 delta3 = (X3 <= C3)

176 sortl = sort (Y1, index.return = TRUE)S$ix

177 sort2 = sort (Y2, index.return = TRUE)$ix

178 sort3 = sort (Y3, index.return = TRUE)$ix

179 data = matrix(c(Y1l[sortl], Y2[sort2], Y3[sort3], deltal[sortl], delta2
[sort2], delta3[sort3], rep(l, times = nl), rep(2, times = n2), rep
(3, times = n3)), ncol = 3)

180 dat = Surv(data[, 1], data[, 2])

181 ## survival analysis

182 fit = survfit(dat ~ 1)

183 fitl = survfit (dat[data], 3] = 1] ~ 1)

184 fit2 = survfit (dat[data], 3] = 2] ~ 1)
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fit3 = survfit (dat[data], 3] = 3] ~ 1)
## test stat fn apply
print (Sys.time())
teststatfn = teststat (parameters$taul , parameters$tau2, fit , fitl,
fit2 , fit3 , parameters$M_vec, M_ret, data, parameters$alpha_vec,
parameters$nboot)
print (Sys.time())
## the proposed two—step procedure
test —nocross[i] = teststatfn$test_nocross
test [i] = teststatfnS$test
crit _boot[i, | = teststatfn$EL_SOcrit # [, j| corresponds to j—th
element of alpha_vec
inttest .dF[i] = teststatfn$inttest _dF
crit _boot_int _dF[i, | = teststatfn$int_dFEL_SOcrit # [, j]|
corresponds to j—th element of alpha_vec
if (test_nocross[i] = 1) {
if (test[i] > crit_boot[i, 1]) {
test SO_sup[i] =1
} # END if
if (inttest_dF[i] > crit_boot_int_dF[i, 1]) {
test .SO_dF[i] =1

} #END if
} else {
test _SO_sup[i] = -1
test SO_dF[i] = -1
} # END if/else
} # END for
# finally get rej rate
if (parameters$option_test = ’'two_step_sup’) {
rp = sum(test _SO_sup|[test _nocross = 1] = 1) / nrep_sub
} else if (parameters$option_test = ’two_step_dF’) {
rp = sum(test _SO_dF[test _nocross = 1] = 1) / nrep_sub

} #END if/else if
return (rp)
} # END powerfn

: - : END power function

: HHHHHAE calculating power given n, pl, p2 (utilizing R parallel

computing)
# initiate cluster

cl = makeCluster (no_cores)

2| registerDoParallel (cl)

223 | ##H+ compute the results:

timel = Sys.time ()
parameters$nrep
i| foreach (split = l:parameters$nsplit ,
.combine = c,
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.packages = c¢(”survival”, 7nloptr”, 7plyr”, 7Iso”)
) %dopar% {
out = powerfn(n = n, parameters, pl = pl, p2 = p2, split)
setwd (dir _path2)
save(out, file = paste(”n.”, n, ”7_split_”, split, ’_nrep.’, parameters$
nrep, "_pl_”, pl, 7_p2_.”7, p2, ”.Rdata”, sep = "7))
} # END foreach
time2 = Sys.time ()
time2—timel
stopCluster (cl)
##H+ read the results:
rp-vec = l:parameters$nsplit * 0
setwd (dir _path2)
for (split in 1:parameters$nsplit) {
load (paste (”"n_”, n, 7 _split_”, split, ’'_nrep.’, parameters$nrep, 7 _pl_7,
pl, 7_p2.7, p2, ”.Rdata”, sep=""))
rp_vec[split] = out
} # END for
mean (rp-vec) # the desired power

NN / IR «

HHHHHHHHHHEND calculating power given n, pl, p2

power_calculations.R

HHHHHHH A preliminary functions

division00 = function(x, y) {

# Computes the fraction of two vectors following the 0 / 0 = 1 convention.
(can’t deal with Inf / Inf though)

# Args:

# X: numerator

| # y: denominator

# x, y should be vectors of the same length

# Returns:

# out: x / y; when x[i] =0 and y[i] = 0, out[i] =1
out = x /vy
out[as.logical ((x = 0) *x (x =1y))] =1
return (out)

} # END division00

product = function(x, y) {

# Computes the product of two vectors following the 0 * Inf = 0 convention
# Args:

# x, y are vectors of the same length

# Returns:

# out: x % y; when x[i] =0 or y[i] = 0, out[i] =0

out = x *x y

out[(x =0 | y=10)] =0
return (out)

} # END product

product _mat = function(x, y) {
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# Computes the product of two matrices following the 0 % Inf = 0

convention .
Args:
x, y are matrices of the same dimensions

Returns:

F* F % F

out: x * y; when x[i, | =0 or y[i, | = 0, out[i, | =0
out = x *x y
for (i in 1:dim(x)[1]) {
out[i, (x[i, | =0 | y[i, ] = 0)] =0
}
return (out)
}  # END product _mat

ITINTINTeIN eIy L]

A HHE END preliminary functions

JIRIRININININIRIRIRTN NI 9 3 4
AL B test related functions

neg_log _likelihood _le _t _.eq_h = function(t, fitl, fit2, fit3 , M_vec,

lambdas = ¢(0,0), maxeval = 10000) {

# Computes the negative log likelihood at a given time t

init _

# when subject to equality constraint S_1 °~ {M_1} \succ S_-2 ~ {M_2} \succ

S_3 ~ {M_3}.

calculations.R)

# (\succ is the latex notation we used to denote pointwise greater than)
# Args:

# t: the given t>=0 in localized EL statistic

# fitl: survfit applied to data from the 1st treatment group (see power._

# fit2: survfit applied to data from the 2nd treatment group
# fit3: survfit applied to data from the 3rd treatment group
# M_vec: the vector of margins M_1, M_2, M_3
# init _lambdas: the vector of initial values for the Lagrange
multipliers
# maxeval: maximum number of function evaluations
# Returns:
# the negative log likelihood at a given time ¢t
#  when subject to equality constraint S_1 °~ {M_1} \succ S_2 ~ {M_2} \
succ S_3 ~ {M_3}
dl = fitl8n.event[fitl$time <= t & fit1$n.event != 0]
rl = fitl$n.risk[fitl$time <= t & fitl$n.event != 0]
d2 = fit29%n.event [fit2$time <= t & fit2%n.event != 0]
r2 = fit2%n.risk [fit2%time <= t & fit23%n.event != 0]
d3 = fit3%n.event [fit3$time <= t & fit3$n.event != 0]
r3 = fit3%n.risk [fit38time <= t & fit3%n.event != 0]

Al =rl1 — d1
A2 = r2 — d2
A3 =13 — d3
D1 = max(dl — rl1) / M_vec[1l] + 0.0001
D2 = max(d2 — r2) / M_vec[2] + 0.0001
D3 = max(d3 — r3) / M_vec[3] + 0.0001
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init _weights = ¢(dl / (rl + M_vec[1l] x init_lambdas[1]), d2 / (r2 + M.
vec[2] * (init_lambdas[2] — init_lambdas[1])), d3 / (r3 — M_vec[3] =x
init _lambdas [2]))

fnc_objective _h = function (h) {

# Computes the negative log likelihood at a given time t for a given
vector of h

# Args:

# h: the vector of hazard probabilities. At init_lambdas, h = c¢(d1l/rl

d2/r2, d3/r3)

# Returns:

# the negative log likelihood at a given time t

hl = h[l:length(dl)]
h2 = h[(length(dl) + 1):(length(dl) + length(d2))]
h3 = h[(length(dl) + length(d2) + 1):(length(dl) + length(d2) + length
(43))]
= sum(dl * log(hl)) 4 sum(d2 * log(h2)) + sum(d3 x log(h3)) + sum(
product (Al, log(l — hl))) 4 sum(product (A2, log(l — h2))) + sum(
product (A3, log(l — h3)))
return (—out)
} # END fnc_objective_h
gnc_objective _h = function (h) {

out

# Computes the gradient of the negative log likelihood at a given time t
for a given vector of h
# Args:
# h: the vector of hazard probabilities. At init_lambdas, h = c¢(dl/rl
d2/r2, d3/r3)
# Returns:
# the gradient of the negative log likelihood at a given time ¢t
hl = h[l:length(dl)]
h2 = h[(length(dl) + 1):(length(dl) + length(d2))]

h3 = h{(length(dl) + length(d2) + 1):(length(dl) + length(d2) + length
d3))]
out = c¢(division00(dl, hl) — division00(rl — d1, 1 — hl), division00(

d2, h2) — division00(r2 — d2, 1 — h2), division00(d3, h3) —
division00(r3 — d3, 1 — h3))
return(—out)
} # END gnc_objective_h

constraints _h = function (h) {

# Computes the equality constraints in the form of a vector that is = 0
# Args:

# h: the vector of hazard probabilities. At init_lambdas, h = c¢(d1/rl

d2/r2, d3/r3)
# Returns:
# the vector that is = 0
hl = h[l:length(dl)]

h2 = h[(length(dl) + 1):(length(dl) + length(d2))]
h3 = h{(length(dl) + length(d2) + 1):(length(dl) + length(d2) + length
(d3))]
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101 return(c(log(division00 (prod ((1 — h2) ~ M_vec[2]), prod((1 — hl) "~ M.
vec[1]))), log(division00 (prod((1 — h3) "~ M_vec[3]), prod((1 — h2)
" Movec[2])))))

12| } # END constraints _h

103|  jac_constraints_h = function(h) {

104 # Computes the Jacobian of the output of constraints_h above as a
function of h

105 # Args:

06| # h: the vector of hazard probabilities. At init_-lambdas, h = c(dl/rl
d2/r2, d3/r3)

107 # Returns:

108  # the Jacobian of the output of constraints_h above as a function of h

109 hl = h[l:length(dl)]

110 h2 = h[(length(dl) + 1):(length(dl) + length(d2))]

111 h3 = h[(length(dl) + length(d2) + 1):(length(dl) + length(d2) + length
(d3))]

112 outl = c(division00(M.vec[1], 1 — hl), division00(—M.vec[2], 1 — h2),
rep (0, length = length(d3)))

113 out2 = c(rep(0, length = length(dl)), division00 (M-vec[2], 1 — h2),
division00(—M_vec[3], 1 — h3))

114 return (rbind (outl, out2))

115 } # END jac_constraints_h
116 local _opts = list ("algorithm” = "NLOPT_LD MMA” , ”xtol_rel” = 1.0e—10)
117 opts_used = list (7algorithm” = "NLOPT_LD_AUGLAG”, ”xtol_rel” = 1.0e—10,

"maxeval” = maxeval, "local _opts” = local_opts)
118 nlopt = nloptr(x0 = init_weights, eval_f = fnc_objective_h, eval_grad_f
= gnc_objective_h,
119 Ib = rep (0.0, times = length(dl) + length(d2) + length (d3
)
120 ub = rep (1.0, times = length(dl) + length(d2) + length (d3
)
121 eval_g_eq = constraints_h, eval_jac_-g_-eq = jac_
constraints _h, opts = opts_used)

122|  nlopt$Ds = ¢(D1,D2,D3)

123  nlopt$resultEEs = constraints_h(nlopt$solution)

124  nlopt$lambdas = ¢ ((d1[1] / nlopt$solution[1] — r1[1]) / M_vec[1l], (r3][1]
— d3[1] / nlopt$solution[(length(dl) + length(d2) + 1)]) / M_vec[3])
125  return (nlopt)

126 }  # END neg_log_likelihood _-le_t_eq_h

128 neg _log _likelihood _le _t _ineq_-h = function(t, fitl, fit2, fit3 , M_vec, init
_lambdas=c (0,0), maxeval = 10000) {

129|# Computes the negative log likelihood at a given time t

130|# when subject to inequality constraint S_1 ~ {M_.1} \succ S_-2 =~ {M_2} \
succ S-3 ~ {M_3}.

131|# (\succ is the latex notation we used to denote pointwise greater than)
132|# Args:

133| # t: the given t>=0 in localized EL statistic
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fitl: survfit applied to data from the 1st treatment group (see power._
calculations.R)
fit2: survfit applied to data from the 2nd treatment group
fit3: survfit applied to data from the 3rd treatment group
M_vec: the vector of margins M_1, M_2, M_3
init _lambdas: the vector of initial values for the Lagrange
multipliers
maxeval: maximum number of function evaluations
Returns:
the negative log likelihood at a given time t
when subject to inequality constraint S_1 °~ {M_1} \succ S_2 ~ {M_2} \
succ S_3 ~ {M_3}

dl = fitl$n.event[fitl$time <= t & fit1l$n.event != 0]
rl = fitl$n.risk[fitl$time <=t & fitl%n.event != 0]
d2 = fit2%n.event[fit28time <= t & fit28n.event != 0]
r2 = fit2%n.risk [fit28time <= t & fit2%n.event != 0]
d3 = fit3%n.event [fit3$time <= t & fit3$n.event != 0]
r3 = fit3%n.risk [fit38time <= t & fit3%n.event != 0]

Al =rl1 — d1
A2 = r2 — d2
A3 =13 — d3

D1 = max(dl — rl1) / M_vec[1l] + 0.0001
D2 = max(d2 — r2) / M_vec|2] + 0.0001
D3 = max(d3 — r3) / M_vec[3] + 0.0001
init _weights = ¢(dl / (rl + M_vec[1l] x init_lambdas[1]), d2 / (r2 + M.

vec[2] x (init_lambdas[2] — init_lambdas[1])), d3 / (r3 — M_vec[3] =x
init _lambdas[2]))

fnc_objective_h = function(h) {

# Computes the negative log likelihood at a given time t for a given

vector of h

# Args:

# h: the vector of hazard probabilities. At init_-lambdas, h = c(dl/rl
d2/r2, d3/r3)

# Returns:

# the negative log likelihood at a given time ¢t
hl = h[l:length(dl)]
h2 = h{(length(dl) 4+ 1):(length(dl) + length(d2))]

h3 = h[(length(dl) + length(d2) + 1):(length(dl) 4+ length(d2) + length
(d3))]
out = sum(dl * log(hl)) + sum(d2 * log(h2)) + sum(d3 * log(h3)) + sum(

product (Al, log(l — hl))) + sum(product (A2, log(l — h2))) + sum(
product (A3, log(l — h3)))
return (—out)
} # END fnc_objective_h
gnc_objective_h = function(h) {
# Computes the gradient of the negative log likelihood at a given time t
for a given vector of h

# Args:
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h: the vector of hazard probabilities. At init_-lambdas, h = c(dl/rl
d2/r2, d3/r3)
Returns:
the gradient of the negative log likelihood at a given time t
hl = h[l:length(dl)]

h2 = h{(length(dl) 4+ 1):(length(dl) + length(d2))]

h3 = h[(length(dl) + length(d2) + 1):(length(dl) 4 length(d2) + length
d3))]

out = c(division00(dl, hl) — division00(rl — dl1, 1 — hl), division00 (

d2, h2) — division00(r2 — d2, 1 — h2), division00(d3, h3) —
division00(r3 — d3, 1 — h3))

return (—out)

# END gnc_objective_h

constraints _h = function(h) {
# Computes the inequality constraints in the form of a vector that is <=
0
# Args:
# h: the vector of hazard probabilities. At init_lambdas, h = c¢(d1/rl
d2/r2, d3/r3)
# Returns:
# the vector that is <= 0
hl = h[l:length(dl)]
h2 = h[(length(dl) + 1):(length(dl) + length(d2))]

}

h3 = h{(length(dl) + length(d2) + 1):(length(dl) + length(d2) + length
(d3))]

return(c(log(division00 (prod ((1 — h2) ~ M.vec[2]), prod((1 — hl) "~ M.
vec[1]))), log(division00 (prod((1 — h3) ~ M_vec[3]), prod((l1 — h2)
" Movec(2])))))

# END constraints_h

jac_constraints _h = function (h) {

# Computes the Jacobian of the output of constraints_h above as a
function of h

# Args:

# h: the vector of hazard probabilities. At init_lambdas, h = c¢(d1l/rl

d2/r2, d3/r3)
# Returns:
# the Jacobian of the output of constraints_h above as a function of h

}

hl = h{l:length(dl)]

h2 = h[(length(dl) + 1):(length(dl) + length(d2))]

h3 = h[(length(dl) + length(d2) + 1):(length(dl) + length(d2) + length
(43))]

outl = c¢(division00 (M_-vec[1], 1 — hl),division00(-M_vec[2], 1 — h2),
rep (0, length = length(d3)))

out2 = c(rep(0, length = length(dl)), division00 (M-vec[2], 1 — h2),
division00(—M-_vec[3], 1 — h3))

return (rbind (outl, out2))

# END jac_constraints_h

local _opts = list (7algorithm” = "NLOPT_LD MMA” , ”xtol_rel” = 1.0e—10)
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205 opts_used = list (7algorithm” = "NLOPT_LD_AUGLAG”, ”xtol_rel” = 1.0e—10,
"maxeval” = maxeval, "local _opts” = local_opts)

206 nlopt = nloptr(x0 = init_weights, eval_f = fnc_objective_h, eval_grad_f
= gnc_objective _h,

207 Ib = rep (0.0, times = length(dl) + length(d2) + length (d3
)), ub = rep (1.0, times = length(dl) + length(d2) +
length (d3)),

208 eval _g_ineq = constraints_h, eval_jac_g_ineq = jac_
constraints_h, opts = opts_used)
200 nlopt$Ds = ¢(D1, D2, D3)
210 nlopt$resultEEs = constraints_h(nlopt$solution) # all elements need to
be <=0

211 nlopt$lambdas = ¢((d1[1] / nlopt$solution[1] — r1[1]) / M_vec[1l], (r3[1]
— d3[1] / nlopt$solution[(length(dl) + length(d2) + 1)]) / M_vec[3])
212 return (nlopt)

213 }  # END neg_log_likelihood _le_t_ineq_h

214

215

216/a-1 = function (lambda, fitl , fit2, t, tilde_theta = 1, M_vec2) {

217|# Computes a_j (lambda) — tilde _theta, where a_j(lambda) corresponds to

equation (3.4) in the paper, for a given number tilde_theta

218|# This is to solve for lambda0 later , for the pairwise NPLR tests, for a
given number t >= 0

219|# Args:

220 | # lambda: the Lagrange multiplier in the numerator of equation (3.4) in
the paper

221 | # fitl: survfit applied to data from the j—th treatment group in
equation (3.4) in the paper

222 | # fit2: survfit applied on data from the (j+1)—th treatment group in

equation (3.4) in the paper

223 | # t: the given t >= 0 in localized EL statistic

224 | # tilde _theta: the given number tilde_theta

225|# M_vec2: the vector of margins M_j, M_{j+1}

226|# Returns:

227 | # a_j(lambda)—tilde _theta, where a_j(lambda) corresponds to equation
(3.4) in the paper, for the given number tilde _theta

208  if (sum(fitl1$n.risk = fit1l$n.event) = 0) {

229 hl = division00 (fit1%n.event, (fitl$n.risk + M_vec2[1] * lambda))

230/} else {

231 hl = division00 (fit1%n.event, (fitl$n.risk + M_vec2[1l] % lambda)) * as

.numeric(fit1$n.risk != fitl1$n.event) + division00(fitl%n.event, (
fitl1%n.event + M_vec2[1] % lambda)) * as.numeric(fitl$n.risk =
fit1$n.event)

232 } # END if/else

233 if (sum(fit2%n.risk = fit2%n.event) = 0) {

234 h2 = division00 (fit2%n.event, (fit2$n.risk — M_vec2[2] * lambda))
235} else {
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h2 = division00 (fit2%n.event, (fit2%n.risk — M_vec2[2] % lambda)) = as

.numeric(fit2%n.risk != fit2%n.event) + division00 (fit2%n.event, (
fit29%n.event — M_vec2[2] % lambda)) * as.numeric(fit2%n.risk =
fit2%n.event)

} # END if/else

num = ((1 — hl) "~ M_vec2[1]) [fitlS$time <= t]

denom = ((1 — h2) "~ M_vec2[2]) [fit2$time <= t]

return(division00 (prod (num), prod(denom)) — tilde _theta)

# END a_1

123_ret = function (lambda, fitl , fit2, fit3 , t, tilde_theta = 1, M_ret)
{
Computes a(lambda) — tilde_theta, where a(lambda) = the RHS / LHS of the
2nd display in p. 17 of the supplementary material
for a given number tilde _theta
This is to solve for lambdaO_ret later , for the retention—of—effect
approach , for a given number t >= 0
Args:
lambda: the Lagrange multiplier in the first display in p. 17 of the
supplementary material
fitl: survfit applied to data from the 1st treatment group (see power._
calculations.R)
fit2: survfit applied to data from the 2nd treatment group
fit3: survfit applied to data from the 3rd treatment group
t: the given t >= 0 in localized EL statistic
tilde _theta: the given number tilde_theta
M_ret: the margin M in (5.1) of the paper
Returns:
a(lambda) — tilde _theta, where a(lambda) = the RHS / LHS of the 2nd
display in p. 17 of the supplementary material ,
for the given number tilde _theta
if (sum(fitl$n.risk = fitl$n.event) = 0) {
hl = division00 (fit1%n.event, (fit1%n.risk + (M_ret — 1) * lambda))
1 else {
hl = division00 (fit1%n.event, (fitl$n.risk + (M_.ret — 1) * lambda)) =
as.numeric (fit1$n.risk != fitl1$n.event) + division00 (fit1l$n.event,
(fitl1$n.event + (M_ret — 1) x lambda)) * as.numeric(fitldn.risk =
fit18n.event)
} # END if/else
if (sum(fit2%n.risk = fit2%n.event) = 0) {
h2 = division00 (fit2%n.event, (fit2$n.risk + lambda))
} else {
h2 = division00 (fit2%n.event, (fit2$n.risk + lambda)) * as.numeric(
fit29%n.risk != fit2%n.event) + division00(fit2%n.event, (fit29$n.

event + lambda)) x as.numeric(fit2%n.risk = fit2%n.event)
} # END if/else
if (sum(fit3%n.risk = fit39%n.event) = 0) {

h3 = division00 (fit3%n.event, (fit3%n.risk — M_ret * lambda))
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270} else {

271 h3 = division00 (fit3%n.event, (fit3%n.risk — M_ret * lambda)) x as.
numeric(fit3%n.risk != fit3%n.event) + division00 (fit3%n.event, (
fit3%n.event — M_ret = lambda)) % as.numeric(fit38n.risk = fit3$n.
event )

or2| }  # END if/else

273 num = ((1 — h3) ~ M.ret)[fit3$time <= t]

274  denoml = ((1 — hl) ~ (M.ret — 1))[fitl$time <= t]

275  denom2 = (1 — h2)[fit28time <= t]

276|  return (division00 (prod (num), prod(denoml) * prod(denom2)) — tilde_theta)
2771} # END a_123_ret

278
279| lambda0_ret = function (t, fitl, fit2, fit3, tilde_theta = 1, M_ret) {
280|# Computes the root of a(lambda) — tilde_theta = 0 (see a_-123_ret above),

for the retention—of—effect approach, for a given number t >= 0

281|# where a(lambda) = the RHS / LHS of the 2nd display in p. 17 of the
supplementary material , for a given number tilde _theta

# Args:

283 | # t: the given t >= 0 in localized EL statistic
# fitl: survfit applied to data from the 1st treatment group (see power._

calculations .R)

285 | # fit2: survfit applied to data from the 2nd treatment group

286 | # fit3: survfit applied to data from the 3rd treatment group

287 | # tilde _theta: the given number tilde_theta

288|# M_ret: the margin M in (5.1) of the paper

289|# Returns:

290 | # the root of a(lambda) — tilde_theta = 0 for the retention—of—effect
approach

201 | # for the given number tilde_theta and the given number t >= 0

202|  out = l:length(t) x 0

293 for (i in 1l:length(t)) {

294 if (sum(fitl$time[fitl$n.event != 0] <= t[i]) = 0 | sum(fit2$time]
fit29%n.event != 0] <= t[i]) = 0 | sum(fit3$time[fit3%n.event != 0]
<= t[i]) = 0) {

295 out[i] = NA

296 } else {

207 dl = fitl%n.event[fitl$time <= t[i] & fitl%n.event != 0]

298 rl = fitl1%n.risk [fitl$time <= t[i] & fit1$n.event != 0]

299 d2 = fit2%n.event[fit2$time <= t[i] & fit2%n.event != 0]

300 r2 = fit2%n.risk [fit2$time <= t[i] & fit2%n.event != 0]

301 d3 = fit3%n.event[fit3$time <= t[i] & fit3%n.event != 0]

302 r3 = fit39%n.risk [fit3$time <= t[i] & fit3$n.event != 0]

303 D1 = max(dl — r1) / (M.ret — 1) + 0.0001

304 D2 = max(d2 — r2) + 0.0001

305 D3 = max(d3 — r3) / M_ret + 0.0001

306 if (max(D1,D2) != (-D3)) {

307 out[i] = uniroot(a-123_ret, interval = c¢(max(D1l, D2), -D3), tol =

0.0001, fitl = fitl, fit2 = fit2, fit3 = fit3, t = t[i], tilde_

34




theta = tilde _theta, M_ret = M_ret)$root

308 } else {

309 out[i] = max(D1, D2)
310 } # END if/else

311 } # END if/else

312/ } # END for

313|  return (out)

314| }  # END lambdaO_ret
315
316| lambda0 = function (t, fitl, fit2, tilde_theta = 1, M_vec2) {

317|# Computes the root of a_j(lambda) — tilde_theta = 0 (see a_1 above), for
the pairwise NPLR tests, for a given number t >= 0

318|# where a_j(lambda) corresponds to equation (3.4) in the paper, for a
given number tilde_theta

319|# Args:

320| # t: the given t >= 0 in localized EL statistic

321 | # fitl: survfit applied to data from the j—th treatment group in
equation (3.4) in the paper

322 | # fit2: survfit applied on data from the (j+1)-th treatment group in
equation (3.4) in the paper

323 | # tilde _theta: the given number tilde_theta

324|# M_vec2: the vector of margins M_j, M_{j+1}

325|# Returns:

326|#  the root of a_j(lambda) — tilde_theta = 0, where a_j(lambda)
corresponds to equation (3.4) in the paper

327 | # for the given number tilde _theta and the given number t >= 0

328)  out = l:length(t) x 0

3201 for (i in 1l:length(t)) {
330 if (sum(fitl$time[fitl¥n.event!=0] <= t[i]) = 0 | sum(fit2$time[fit2$
n.event != 0] <= t[i]) == 0) {

331 out[i] = NA

332 } else {

333 D1 = max((fit1%n.event — fit1$n.risk)[fitl$time <= t[i] & fit1$n.
event != 0]) / M_vec2][1]

334 D2 = max((fit2%n.event — fit28%n.risk)[fit2%time <= t[i] & fit2$n.
event != 0]) / M_vec2][2]

335 if (D1 != (-D2)) {

336 out[i] = uniroot(a_1, interval = ¢(D1 + 0.0001, —D2 — 0.0001), tol

= 0.0001, fitl = fitl, fit2 = fit2, t = t[i], tilde_theta =
tilde _theta, M_vec2 = M_vec2)$root

337 } else {

338 out[i] = D1
339 } # END if/else
340 } # END if/else
3a1| } # END for

312|  return (out)

343| }  # END lambda0

344
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345 sigma2 _hat _overpj = function (t, fit, fitl, fit2, fit3, M_vec) {
346|# Computes the vector of \hat{\sigma}_j "~ 2(t) / (n-j / n), j
347|# as in Section 2.1 of the paper for a given number t >= 0
348|# Args:

349 | # t: the given t >= 0 in localized EL statistic

350 | # fit: survfit applied to the pooled data from all groups (see power_
calculations .R)

351 | # fitl: survfit applied to data from the 1st treatment group

352 | # fit2: survfit applied to data from the 2nd treatment group

353 | # fit3: survfit applied to data from the 3rd treatment group

354|#  M_vec: the vector of margins M_1, M_2, M_3

355|# Returns:

356|#  the \hat{\sigma}_j ~ 2(t) / (n-j / n) vector (j =1, 2, 3) as in

Section 2.1 of the paper for a given number t >= 0

3571 n = fit$%n

358]  out = matrix (0, nrow = length(t), ncol = 3)

359 for (i in 1l:length(t)) {

360 dl = fitl8n.event[fitl$time <= t[i] & fitl1$n.event != 0]
361 rl = fit1$n.risk [fitl$time <= t[i] & fit1$n.event != 0]
362 d2 = fit2%n.event [fit2$8time <= t[i] & fit2%n.event != 0]
363 r2 = fit2%n.risk [fit28time <= t[i] & fit2%n.event != 0]
364 d3 = fit3%n.event [fit3$time <= t[i] & fit3$n.event != 0]
365 r3 = fit3%n.risk [fit3$time <= t[i] & fit3%n.event != 0]
366 out[i,1] = n % sum(division00(dl, rl % (rl — dl1)))

367 out[i,2] = n * sum(division00(d2, r2 x (r2 — d2)))

368 out[i,3] = n % sum(division00(d3, r3 x (r3 — d3)))

369| } # END for

370/  return (out)

371| }  # END sigma2_hat _overp]
372
373| theta_hat_j = function (t, fit, fitl, fit2, fit3, M_vec) {

374|# Computes the vector of \hat{\theta}_j(t), j =1, 2, 3, as in Section 2.1
of the paper for a given number t >= 0

375|# Args:

376 | # t: the given t >= 0 in localized EL statistic

377 | # fit: survfit applied to the pooled data from all groups (see power_
calculations.R)

378 | # fitl: survfit applied to data from the 1st treatment group

379| # fit2: survfit applied to data from the 2nd treatment group

380 | #£ fit3: survfit applied to data from the 3rd treatment group

381|# M_vec: the vector of margins M_1, M_2, M_3

382|# Returns:

383|#  the \hat{\theta}_j(t) vector (j = 1, 2, 3) as in Section 2.1 of the

paper for a given number t >= 0

384/ n = fit$n

385/  out = matrix (0, nrow = length(t), ncol = 3)

ss6/  for (i in 1l:length(t)) {

387 dl = fitl$n.event[fitl$time <= t[i] & fitl$n.event != 0]
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388 rl = fit1$n.risk [fitl8time <= t[i] & fit1$n.event != 0]

389 d2 = fit2%n.event[fit2%time <= t[i] & fit2%n.event != 0]

390 r2 = fit2%n.risk [fit28time <= t[i] & fit2%n.event != 0]

391 d3 = fit39%n.event [fit3$time <= t[i] & fit3$n.event != 0]

392 r3 = fit3$n.risk [fit3$time <= t[i] & fit3%n.event != 0]

393 out[i, 1] = M_vec[l] ~ 2) % n x sum(division00(dl, r1 * (rl — dl1)))

394 out[i, 2] = (M_vec[2] " 2) * n x sum(division00(d2, r2 % (r2 — d2)))

395 out[i, 3] = M_vec[3] " 2) x n x sum(division00(d3, r3 * (r3 — d3)))

396 } # END for

3071 return (out)

308| }  # END theta_hat_j

399

a00| psi-hat_j = function(t, fit, fitl, fit2, fit3 , M_vec) {

s01|# Computes the vector of the asymptotic standard deviation of \hat{S}_-j ~
{M_j}(t) for a given number t >= 0,

102|# as in line 8 of p. 9 in the paper

103|# Args:

104 | # t: the given t >= 0 in localized EL statistic

405 | # fit: survfit applied to the pooled data from all groups (see power_
calculations.R)

406 | # fitl: survfit applied to data from the 1st treatment group

407 | # fit2: survfit applied to data from the 2nd treatment group

108|# fit3: survfit applied to data from the 3rd treatment group

409|# M_vec: the vector of margins M_1, M_2, M_3

1410|# Returns:

411|# the vector of the asymptotic standard deviation of \hat{S}_j =~ {M_j}(t
) for a given number t >= 0

412/ n = fit$n

1413|  out = matrix (0, nrow = length(t), ncol = 3)

414 for (i in 1l:length(t)) {

415 dl = fitl$n.event[fitlS$time <= t[i] & fitl$n.event != 0]

416 rl = fitl1$n.risk[fitl$time <= t[i] & fit1%n.event != 0]

a7 d2 = fit2%n.event [fit2%time <= t[i] & fit2%n.event != 0]

418 r2 = fit2%n.risk [fit28time <= t[i] & fit2%n.event != 0]

419 d3 = fit3%n.event [fit3$time <= t[i] & fit3$n.event != 0]

420 r3 = fit3%n.risk [fit3$time <= t[i] & fit3$n.event != 0]

421 tcalcl = t[i] — fitl$time

422 tcalcl [tcalcl < 0] = Inf

423 tcalc2 = t[i] — fit2%time

424 tcalc2 [tcalc2 < 0] = Inf

425 tcale3 = t[i] — fit3$time

426 tcalc3 [tcalc3 < 0] = Inf

427 S1 = fitl$surv[which.min(tcalcl)]

428 S2 = fit2$surv[which.min(tcalc2)]

429 S3 = fit3$surv [which.min(tcalc3)]

430 if(t[i] < min(fitl$time)){

431 S1 =1

432 } # END if
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433 if (t[i] < min(fit2$time)){

434 S2 =1

435 } # END if

436 if(t[i] < min(fit3$time)){

437 S3 =1

438 } # END if

439 out[i, 1] = product(S1 ~ M_vec[1l], M_vec[l] % sqrt(n * sum(division00 (
dl, r1 = (r1 — d1)))))

440 out[i, 2] = product(S2 "~ M_vec[2], M_vec[2] % sqrt(n % sum(division00 (
d2, r2 * (r2 — d2)))))

441 out[i, 3] = product(S3 ~ M_vec[3], M_vec[3] * sqrt(n * sum(division00 (

d3, r3 * (r3 — d3)))))
442 } # END for

143|  return (out)
444|}  # END psi_hat_j
445

146| psi_hat _ret = function(t, fit, fitl, fit2, M_ret_vec) {
447|# Computes the asymptotic standard deviation of \hat{S}_-1 = {M—1}(t) \hat{
S}-2(t) for a given number t >= 0,

448|# as in p. 17 of the supplementary material

449|# Args:

450 | # t: the given t >= 0 in localized EL statistic

451 | # fit: survfit applied to the pooled data from all groups (see power_

calculations .R)

452 | # fitl: survfit applied to data from the 1st treatment group
453| # fit2: survfit applied to data from the 2nd treatment group
454|#  M_ret _vec: the vector of margins c(M_ret — 1, 1, M_ret), where M_ret

is the margin M in (5.1) of the paper

455|# Returns:

456|#  the asymptotic standard deviation of \hat{S}_1 ~ {M—1}(t) \hat{S}_2(t)
for a given number t >= 0

4570 n = fit¥n

458 out = 1l:length(t) * 0

450 for (i in l:length(t)) {

460 dl = fitl%n.event [fitl$time <= t[i] & fitl$n.event != 0]
461 rl = fit18n.risk [fitl$time <= t[i] & fit1$n.event != 0]
162 d2 = fit2%n.event[fit2$time <= t[i] & fit2%n.event != 0]
463 r2 = fit2%n. risk [fit2$time <= t[i] & fit2%n.event != 0]
464 tcalcl = t[i] — fitl$time

465 tcalcl [tcalcl <0] = Inf

466 tcalc2 = t[i] — fit2$time

467 tcalc2 [tcalc2 < 0] = Inf

468 S1 = fitl$surv[which.min(tcalcl)]

469 S2 = fit2$surv|[which.min(tcalc2)]

470 if(t[i] < min(fitl$time)){

471 S1=1

472 } # END if

473 if(t[i] < min(fit2$time)){
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S2=1
} # END if
out2l = (M_ret_vec[l] " 2) % n x sum(division00(dl, rl * (rl — d1)))
out22 = (M_ret_vec[2] ~ 2) % n % sum(division00(d2, r2 * (r2 — d2)))
out[i] = product ((S1 *~ M_ret_vec[1l]) % (S2 "~ M._ret_vec[2]), sqrt(out2l
+ out22))
} # END for
return (out)
} # END psi_hat_ret

teststat = function (taul, tau2, fit, fitl, fit2 , fit3 , M_vec, M_ret, data,
alpha_vec, nboot) {

# Computes p—values, test statistics , critical values and decisions for I._
n, K.n and pairwise NPLR tests

# Args:

# taul , tau2: follow—up period [taul,tau2] specified in study protocol,

if any

# fit: survfit applied to the pooled data from all groups (see power_
calculations.R)

# fitl: survfit applied to data from the 1st treatment group

# fit2: survfit applied to data from the 2nd treatment group

# fit3: survfit applied to data from the 3rd treatment group

# M_vec: the vector of margins M_1, M_2, M_3

# M_ret: the margin M in (5.1) of the paper

# data: an n x 3 matrix with the first column being X_{ij}, i =1, ...,
n_j, j=1, 2, 3,

# the second column being the corresponding censoring indicators ,

# and the third column being the corresponding group number (j for
the j—th treatment group)

# alpha_vec: c(overall alpha level, alpha level after Bonferroni

adjustment)

# nboot: number of bootstrap samples

# Returns:

#  test_nocross: decision on whether H_.{01} ¢ should be rejected (1) or
not (0), in first step of our composite procedure

# test: Kon in (3.1) of the paper

# EL_SOcrit: critical value for K.n (corresponding to alpha_vec levels)

# out _sup_pval: p—value for K_.n

# inttest .dF: I_.n in (3.1) of the paper

# int .dFEL_SOcrit: critical value for I_n (corresponding to alpha_vec
levels)

# out _dF _pval: p—value for I_n

# inttest .dF_12: I_{In} in Section 3.3 of the paper

# inttest .dF_23: I_{2n} in Section 3.3 of the paper

# int .dFEL_SOcrit_12: quantiles based on bootstrapped values of pairwise
NPLR test comparing group 1 and 2

# int .dFEL_SOcrit_-23: quantiles based on bootstrapped values of pairwise

NPLR test comparing group 1 and 2
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510 | # out _dF_12_pval: p—value for the pairwise NPLR test comparing group 1
and 2

511|F# out _.dF_23_pval: p—value for the pairwise NPLR test comparing group 2
and 3

512 | inttest .dF_ret: the pairwise NPLR statistic comparing group 2 and 3

using retention—of—effect formulation

513 | # int .dFEL_SOcrit _ret: critical value for pairwise NPLR test comparing
group 2 and 3 using retention—of—effect approach

514 | out _dF_ret _pval: p—value for the pairwise NPLR test comparing group 2
and 3 using retention—of—effect formulation

515/ nn = c(fit1%n, fit2%n, fit39%n)

s16|##E finding t \in [t_-1, t_-2] that are ordered observed uncensored times
517/ T_-11 = min(fit1l$time[fitl1$n.event != 0])
s8] T-21 = min(fit2$time[fit2%n.event != 0])
519/ T_.31 = min(fit3$time[fit3%n.event != 0])

5200 T-ms = 1:3 % 0

5211 T_ms_all = 1:3 * 0
522 T.ms[1] = max(fitl$time[fitl$n.event != 0])
5230 T_ms_all[1

] = max(fitl$time)
524  T_.ms[2] = max(fit28$time[fit2%n.event != 0])
525/  T-ms_all [2] = max(fit2$time)
526 T.ms[3] = max(fit3$time[fit3%n.event != 0])
5271  T_ms_all [3] = max(fit3$time)
528 fit _time_restrict _boot = (fit$n.event != 0 & fit$time <= tau2 & fitS$time

>= taul) # ordered observed uncensored times
520 mm = length (fit$time[fit _time_restrict _boot])
530 lowerb = max(T_11, T_-21, T_-31) # data driven t_1, as in Remark 3 of

Theorem 1

531 upperb = min(T_ms) # data driven t_2, as in Remark 3 of Theorem 1

532|  upperb_which = which.min(T_ms)

533 lowerbindx _boot = which.min(abs(fit$time[fit _time_restrict _boot] —
lowerb))

534| upperbindx_boot = which.min(abs(fit$time[fit _time_restrict _boot] —
upperb))

535 if (T_ms[upperb_which] = T_ms_all [upperb_which]) {

536 upperbindx _boot = upperbindx_boot — 1

s37|  }  # END if

538  Td_sort _boot = (fit$time[fit _time_restrict _boot]) [lowerbindx _boot:
upperbindx_boot] # t \in [t_-1, t_-2] that are ordered observed
uncensored times

539| ### Kaplan—Meier estimates for each treatment group and related
quantities for the first step of our composite procedure:

540/  Sl_hat = (((c(1, fitl$surv)[cumsum(c (0, fit$time) %in% c(0, fitl$time))
])[—1])[fit _time_restrict _boot]) [lowerbindx _boot:upperbindx_boot]
sa1|  S2_hat = (((c(1, fit28surv) [cumsum(c (0, fit$time) %in% c(0, fit2$time))
]1)[—1]) [fit _time_restrict _boot]) [lowerbindx _boot: upperbindx_boot]
52| S3_hat = (((c(1, fit3$surv)|[cumsum(c (0, fit$time) %in% c(0, fit3$time))
])[—1])[fit -time_restrict ~boot]) [lowerbindx _boot:upperbindx_boot]
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543 diff 12 =M_vec[1l] * log(Sl_-hat) — M_vec[2] x* log(S2_hat)
544 diff 23 =M_vec[2] * log(S2_hat) — M_vec[3] x* log(S3_hat)

545| ### computing bootstrap related quantities for the first treatment group:
546 mnobdl = length (rep(fitl$time, times = fitl$n.event))
547  datal_big = matrix(rep(rep(fitl$time, times = fitl%n.event), times = mm)

, byrow = TRUE, nrow = mm)

548 fit _time_1_big = matrix(rep(fit$time[fit _time_restrict _boot], times =
nobdl), byrow = FALSE, ncol = nobdl)

549 Ind1t_big = (datal_big <= fit _time_1_big)

550 Indlx = rep(fit1%n.risk, times = fit13%n.event)

551 Indlx_big = matrix(rep(Indlx, times = mm), byrow = TRUE, nrow = mm)

552|  Gs_1 = matrix (rnorm (nobdl % nboot), nrow = nboot, ncol = nobdl)
553  Imuw_BIG_1 = array (rep(Indlt_big / Indlx_big, each = nboot), c(nboot, mm
, nobdl))

554  Gs_1_BIG = array (matrix(rep(t(Gs-1), each = mm), byrow = TRUE, nrow =
nboot), c(nboot, mm, nobdl))

555 sum _DWknGlmuw_1_big = sqrt (sum(nn)) * apply (Imuw_BIG_1 * Gs_1_BIG, c¢(1,
2), sum)

556 Imuw_centered -BIG_1 = sqrt (sum(nn)) * Imuw_BIG_1 % Gs_1_BIG — array (rep(
sum _DWknGImuw_1_big / nn[1l], times = nobdl), c(nboot, mm, nobdl))

557 sum_Wknlmuw2_1_big = apply (Imuw_centered -BIG_1 "~ 2, ¢(1, 2), sum)

558| ### computing bootstrap related quantities for the second treatment group:
550/ mnobd2 = length (rep(fit2$time, times = fit2%n.event))

560 data2_big = matrix(rep(rep(fit23%time, times = fit2%n.event), times = mm)
, byrow = TRUE, nrow = mm)

561 fit _time_2_big = matrix(rep (fit$time[fit _time_restrict _boot], times =
nobd2), byrow = FALSE, ncol = nobd2)

562 Ind2t _big = (data2_big <= fit _time_2_big)

563 Ind2x = rep(fit29%n.risk, times = fit2$n.event)

564 Ind2x_big = matrix(rep(Ind2x, times = mm), byrow = TRUE, nrow = mm)

565  Gs_2 = matrix(rnorm(nobd2 x nboot), nrow = nboot, ncol = nobd2)
566/ Imuw_BIG_2 = array (rep(Ind2t_big / Ind2x_big, each = nboot), c(nboot, mm
, nobd2))

567  Gs_2_BIG = array (matrix(rep(t(Gs-2), each = mm), byrow = TRUE, nrow =
nboot), c(nboot, mm, nobd2))

568 sum_DWknGlmuw_2 _big = sqrt (sum(nn)) * apply (Imuw_BIG_2 * Gs_2_BIG, c¢(1,
2), sum)

560/ Imuw_centered BIG_2 = sqrt (sum(nn)) * Imuw_BIG_2 x Gs_2_BIG — array (rep(
sum _DWknGImuw_2_big / nn[2], times = nobd2), c(nboot, mm, nobd2))

570/ sum_Wknlmuw2_2 _big = apply (Imuw_centered -BIG_2 "~ 2, c¢(1, 2), sum)

571| mnobd3 = length (rep (fit3$time, times = fit3%$n.event))

572|###H# computing bootstrap related quantities for the third treatment group:
573 data3_big = matrix(rep(rep(fit3$time, times = fit3%n.event), times = mm)
, byrow = TRUE, nrow = mm)

574 fit _time_3_big = matrix(rep(fit$time[fit _time_restrict _boot], times =
nobd3), byrow = FALSE, ncol = nobd3)

575 Ind3t _big = (data3_big <= fit _time_3_big)

576  Ind3x = rep(fit39%n.risk, times = fit39%n.event)
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Ind3x_big = matrix(rep(Ind3x, times = mm), byrow = TRUE, nrow = mm)

Gs_3 = matrix (rnorm (nobd3 * nboot), nrow = nboot, ncol = nobd3)
Imuw_BIG_3 = array (rep(Ind3t_big / Ind3x_big, each = nboot), c(nboot, mm
, nobd3))

Gs_3_BIG = array(matrix(rep(t(Gs_3), each = mm), byrow = TRUE, nrow =
nboot), c(nboot, mm, nobd3))

sum _DWknGIlmuw_3 _big = sqrt (sum(nn)) * apply (Imuw_BIG_3 * Gs_3_BIG, c¢(1,
2), sum)

Imuw_centered -BIG_3 = sqrt(sum(nn)) % Imuw_BIG_3 % Gs_3_BIG — array (rep(
sum _DWknGImuw_3 _big / nn[3], times = nobd3), c(nboot, mm, nobd3))

sum -Wknlmuw2_3 _big = apply (Imuw_centered -BIG_3 = 2, c(1, 2), sum)
##+# bootstrap components in the limiting distribution in Theorem 1:
theta_hat_js = theta_hat_j(Td_sort_boot, fit, fitl 6 fit2, fit3 , M_vec)
sigma2_hat _overpjs = sigma2_hat_overpj(Td_sort_boot, fit , fitl ,6 fit2
fit3 , M_vec)

Dsqthetal _big = matrix(rep(1 / sqrt(theta_hat_js[, 1]), times = nboot),
byrow = TRUE, nrow = nboot)

Dsgsigmadpl _big = matrix(rep (1l / sqrt(sigma2_hat_overpjs[, 1]), times =
nboot), byrow = TRUE, nrow = nboot)

Ujps = array (0, c¢(3, nboot, upperbindx_boot — lowerbindx_boot + 1))

Ujps[l, , ] = product_mat(as.matrix(—sum _DWknGImuw_1_big[, lowerbindx_
boot:upperbindx_boot]) , Dsgsigmadpl_big)

Dsqtheta2_big = matrix(rep (1 / sqrt(theta_hat_js[, 2]), times = nboot),
byrow = TRUE, nrow = nboot)

Dsgsigmadp2 _big = matrix(rep (1 / sqrt(sigma2_hat_overpjs|[, 2]), times =
nboot), byrow = TRUE, nrow = nboot)

Ujps[2,,] = product_mat(as.matrix(—sum_DWknGImuw_2_big[, lowerbindx_boot
:upperbindx _boot]), Dsgsigmadp2_big)

Dsqtheta3 _big = matrix(rep (1 / sqrt(theta_hat_js[, 3]), times = nboot),
byrow = TRUE, nrow = nboot)

Dsgsigmadp3 _big = matrix(rep (1 / sqrt(sigma2_hat_overpjs[, 3]), times =
nboot), byrow = TRUE, nrow = nboot)

Ujps[3, , | = product_mat(as.matrix(—sum_DWknGImuw_3 _big[, lowerbindx _
boot : upperbindx _boot]) , Dsgsigmadp3_big)

wjs = array (0, c¢(3, nboot, upperbindx_boot — lowerbindx_boot + 1))

wjs_denom = theta_hat_js[, 1] % theta_hat_js[, 2] + theta_hat_js[, 1] =
theta_hat_js[, 3] + theta_hat_js[, 2] % theta_hat_js[, 3]

wjs[l, , ] = matrix(rep(division00 (theta_hat_js[, 2] * theta_hat_js|[,
3], wjs_denom), times = nboot), byrow = TRUE, nrow = nboot)

wjs[2, , | = matrix(rep(division00 (theta_hat_js[, 1] * theta_hat_js[,
3], wjs_denom), times = nboot), byrow = TRUE, nrow = nboot)

wjs[3, , | = matrix(rep(division00 (theta_hat_js[, 1] * theta_hat_js]|,
2], wjs_denom), times = nboot), byrow = TRUE, nrow = nboot)

pava_timel = Sys.time ()

pava_result = array(unlist (mapply(pava, alply(division00 (Ujps, sqrt(wjs)
), ¢(2, 3)), alply(wjs, c(2, 3)), decreasing = TRUE)), c¢(3, nboot,
upperbindx _boot — lowerbindx_boot + 1))

pava_time2 = Sys.time ()
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605 avg _Ujps = apply (sqrt(wjs) * Ujps, c(2, 3), sum)

606 avg _Ujps_karray = array (rep(avg_Ujps, each = 3), c¢(3, nboot, upperbindx_
boot — lowerbindx _boot + 1))
607| Up2_boot_Hl_lsided = apply(wjs * (pava_result — avg_Ujps_karray) =~ 2, c

(2, 3), sum) # bootstrap SSB(t) in Theorem 1

608| ### bootstrap sup-{t \in [t-1, t_-2]} SSB(t) in Theorem 1:

609 sup _boot _Hl = apply(as.matrix (Up2_boot _Hl_lsided), 1, max) # bootstrap

sup-{t \in [t_-1, t_-2]} SSB(t) in Theorem 1

610/ EL_SOcrit = as.vector(quantile(sup-boot_Hl, probs = 1 — alpha_vec)) #
quantiles based on bootstrapped values of sup_{t \in [t_1, t_2]} SSB(

t)

611|### quantities related to bootstrap \int_{t_1}"{t_-2} SSB(t) dF_0(t) in

Theorem 1:

612  Sl_hat_Wei = ((c(1, fitl$surv)[cumsum(c(0, fitS$time) %in% c(0, fitl$time

))])[—1])[fit _time_restrict _boot]

613  S2_hat_Wei = ((c(1, fit28$surv) [cumsum(c(0, fit$time) %in% c (0, fit2$time
))])[—1])[fit _time_restrict _boot]

614 S3_hat _Wei = ((c(1, fit3$surv) [cumsum(c (0, fit$time) %in% c(0, fit3$time
))])[—1])[fit -time_restrict -boot |

615/ Sl_hat Ml = S1_hat_Wei ~ M_vec|[1]

616| S2_hat _M2 = S2_hat _Wei "~ M_vec[2]

617  S3_hat _M3 = S3_hat _Wei ~ M_vec[3]

618 S1_hat _Ml_big = matrix(rep(S1_hat_Ml, time = nboot), byrow = TRUE, nrow
= nboot)

619 S2_hat _M2_big = matrix(rep(S2_hat_M2, time = nboot), byrow = TRUE, nrow
= nboot)

620 S3_hat _M3_big = matrix(rep(S3_-hat_M3, time = nboot), byrow = TRUE, nrow
= nboot)

621 psi-hat_js = psi_hat_j(fit$time[fit _time_restrict_boot], fit, fitl 6 fit2
, fit3 , M_vec)

622 vjs = array (0, c(3, nboot, mm))

623 vjs_denom = psi_hat_js[, 1] % psi_-hat_js[, 2] + psi-hat_js[, 1] * psi-
hat _js[, 3] 4+ psi_hat_js[, 2] % psi_hat_js[, 3]

624 vjs[l, , ] = matrix(rep(division00(psi_hat_js[, 2] % psi_hat_js[, 3],
vjs _denom), times = nboot), byrow = TRUE, nrow = nboot)

625 vjs[2, , ] = matrix(rep(division00(psi_hat_js[, 1] % psi_hat_js[, 3],
vjs _denom), times = nboot), byrow = TRUE, nrow = nboot)

626 vjs[3, , | = matrix(rep(division00(psi_hat_js[, 1] % psi_hat_js[, 2],
vjs _denom), times = nboot), byrow = TRUE, nrow = nboot)

627 F_123_big =1 — (vjs[l, , | * Sl_hat_Ml_big + vjs[2, , ] * S2_hat_M2_big
+ vjs[3, , ] * S3_hat_M3_big)

628 Up2_boot_Hl_lsided _times_-dF = Up2_boot_Hl_lsided * t(apply(cbind (0, F_
123 _big), 1, diff))[, lowerbindx_boot:upperbindx_boot]

629 int .dF _boot _H1 = apply (as.matrix (Up2_boot_Hl_1lsided _times_dF), 1, sum)
# bootstrap \int_{t_-1}"{t-2} SSB(t) dF_-0(t) in Theorem 1

630 int _dFEL_SOcrit = as.vector (quantile (int _.dF_boot _Hl, probs = 1 — alpha_
vec)) # quantiles based on bootstrapped values of \int_{t_-1}"{t_2}
SSB(t) dF_0(t) in Theorem 1
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### quantities related to bootstrap \int_{t-1}"{t_-2} SSB(t) dF_0(t) in

Theorem 1 using retention—of—effect approach in supplementary material
Section S.4:
M_ret _vec = ¢(M_ret — 1, 1, M_ret)
S1_hat Ml_ret = S1_hat_Wei "~ M_ret _vec[1]
S2_hat _M2_ret = S2_hat_Wei "~ M_ret _vec[2]
S3_hat _M3_ret = S3_hat_Wei ~ M_ret _vec[3]
S1_hat _Ml_ret _big = matrix(rep(Sl_hat_Ml_ret, time = nboot), byrow =
TRUE, nrow = mnboot)
S2_hat _M2_ret _big = matrix(rep(S2_hat _M2_ret, time = nboot), byrow =
TRUE, nrow = nboot)
S3_hat _M3_ret _big = matrix(rep(S3_hat_M3_ret, time = nboot), byrow =
TRUE, nrow = nboot)
psi_-hat_12 = psi_hat_ret (fitS$time[fit _time_restrict_boot], fit, fitl ,
fit2 , M_ret _vec)
vjs_ret = array (0, c(2, nboot, mm))

vjs_ret _denom = psi_hat_12 + psi_hat_js[, 3]

vjs_ret[1l, , ] = matrix(rep(division00(psi_hat_js[, 3], vjs_ret_denom),
times = nboot), byrow = TRUE, nrow = nboot)

vijs_ret[2, , ] = matrix(rep(division00(psi_hat_12, vjs_ret_denom), times
= nboot), byrow = TRUE, nrow = nboot)

F_123_ret_big =1 — (vjs_ret[l, , ] % Sl_hat_-Ml_ret_big % S2_hat_M2_ret_
big 4+ vjs_ret[2, , ] * S3_hat_M3_ret_big)

theta_hat_js_ret = theta_hat_j(Td_sort_boot, fit, fitl , fit2, fit3 , M.
ret _vec)

thetal _big = matrix(rep(theta_hat_js_ret[, 1], times = nboot), byrow =
TRUE, nrow = mnboot)

theta2 _big = matrix(rep(theta_hat_js_ret[, 2], times = nboot), byrow =
TRUE, nrow = nboot)

theta3 _big = matrix(rep(theta_hat_js_ret[, 3], times = nboot), byrow =
TRUE, nrow = nboot)

phi_big = thetal_big + theta2_big + theta3d_big

localstat _limit _1_ret = ((thetal_big * Ujps[l, , ] + sqrt(thetal _big =
theta2 _big) * Ujps[2, , ] — sqrt(thetal_big = theta3_big) x Ujps[3,
1) © 2) / (phi_big ~ 2)

localstat _limit -2_ret = ((sqrt(thetal_big = theta2_big) * Ujps[l, , ] +
theta2 _big % Ujps[2, , | — sqrt(theta2_big * thetad3_big) x Ujps[3, ,
1) © 2) / (phi_big ~ 2)

localstat _limit -3_ret = ((sqrt(thetal_big * theta3_big) * Ujps[l, , ] +
sqrt (theta2 _big * theta3_big) * Ujps[2, , ] — theta3_big *x Ujps[3, ,
1) © 2) / (phi_big ° 2)

localstat _limit _2_ret _unsq = —sqrt (sum(nn)) * (M_-ret_vec[2] ~ 2) * (sqrt
(thetal _big) = Ujps[l, , ] + sqrt(theta2_big) * Ujps[2, , | — sqrt(
theta3 _big) * Ujps[3, , ]) / phi_big

localstat _limit _ret _times_dF = (localstat_limit_2_ret_unsq <= 0) * (
localstat _limit_1_ret + localstat _limit_2_ret + localstat _limit_3_ret

) * t(apply(cbind (0, F_123_ret_big), 1, diff))[, lowerbindx_boot:
upperbindx _boot |
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int _dF_boot_ret = apply(as.matrix(localstat_limit_ret_times_dF), 1, sum)
# bootstrap \int_{t_-1}"{t-2} SSB(t) dF_0(t) in Theorem 1 using
retention —of—effect approach
int _dFEL_SOcrit _ret = as.vector(quantile(int _dF_boot_ret, probs=1l —
alpha_vec)) # quantiles based on bootstrapped values of \int_{t_1}"{

t_-2} SSB(t) dF_0(t) in Theorem 1 using retention—of—effect approach

##H+ quantities related to bootstrap combined pairwise NPLR test in Section

3.3 of the paper

thetal2 _big = matrix(rep(theta_hat_js[, 1] 4+ theta_hat_js[, 2], times =
nboot), byrow = TRUE, nrow = nboot)

theta23 _big = matrix(rep(theta_hat_js[, 2] + theta_hat_js[, 3], times =
nboot), byrow = TRUE, nrow = nboot)

thetal3 _big = matrix(rep(theta_hat_js[, 1] + theta_hat_js[, 3], times =
nboot), byrow = TRUE, nrow = nboot)

localstat _limit -12 = as.matrix ((pmax(M_vec[1] * sum_DWknGImuw_1_big — M.
vec[2] * sum_DWknGImuw_2_big, 0) ~ 2)[, lowerbindx_boot:upperbindx_
boot]) / thetal2_big

localstat _limit 23 = as.matrix ((pmax(M_vec [2] * sum_DWknGmuw_2_big — M.
vec [3] x sum_DWknGImuw-3_big, 0) ~ 2)[, lowerbindx_boot:upperbindx_
boot]) / theta23_big

localstat _limit 13 = as.matrix ((pmax(M_vec[1] * sum_DWknGImuw_1_big — M.
vec [3] * sum_DWknGImuw_3_big, 0) "~ 2)[, lowerbindx_boot:upperbindx._
boot]) / thetal3_big

localstat _limit _12_times_dF = localstat_limit_12 % t(apply(cbind (0, F_
123 _big), 1, diff))[, lowerbindx_boot:upperbindx_boot]

localstat _limit -23 _times .dF = localstat _limit_23 * t(apply(cbind (0, F_
123_big), 1, diff))[, lowerbindx_boot:upperbindx_boot]

localstat _limit _13 _times .dF = localstat _limit_13 * t(apply(cbind (0, F_
123 _big), 1, diff))[, lowerbindx_boot:upperbindx_boot]

int _dF _boot_12 = apply(as.matrix(localstat _limit_12_times_dF), 1, sum)
int _.dF_boot_23 = apply(as.matrix(localstat_limit_23_times_dF), 1, sum)
int _.dF_boot_13 = apply(as.matrix(localstat_limit_13_times_dF), 1, sum)

int _dFEL_SOcrit _12 = as.vector(quantile(int _dF_boot_12, probs = 1 —
alpha_vec)) # quantiles based on bootstrapped values of pairwise
NPLR test comparing group 1 and 2

int _dFEL_SOcrit _23 = as.vector(quantile(int _dF_boot_23, probs = 1 —
alpha_vec)) # quantiles based on bootstrapped values of pairwise
NPLR test comparing group 2 and 3

int . dFEL_SOcrit_-13 = as.vector(quantile(int _dF_boot_13, probs =1 —
alpha_vec)) # quantiles based on bootstrapped values of pairwise
NPLR test comparing group 1 and 3

int _.dFEL_SOcrit_infadj = as.vector(quantile (pmin(int_dF_boot_12, int_dF._
boot_23), probs = 1 — alpha_vec))

#+H+ functions related to the nonparametric likelihood ratio statistics:

5| 7

#

neg2logR = function(t, fitl , fit2, fit3 , M_vec, EL_CBcrit = 0) {
Computes negative two log nonparametric likelihood ratio (in Section
2.2 of the paper)

— EL_CBecrit, for a given number EL_CBcrit at a given time ¢t
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Args:
t: the given t >= 0 in localized EL statistic
fitl: survfit applied to data from the 1st treatment group (see
power_calculations.R)
fit2: survfit applied to data from the 2nd treatment group
fit3: survfit applied to data from the 3rd treatment group
M_vec: the vector of margins M_1, M_2, M_3
EL_CBecrit: the given number EL_CBcrit (default is 0)
Returns:
the negative two log nonparametric likelihood ratio (in Section 2.2
of the paper)

— EL_CBecrit, for a given number EL_CBcrit at a given time ¢t

dl = fit1$n.event|[fitl$time <= t & fit1$n.event != 0]
rl = fitl$n.risk[fitl$time <= t & fitl$n.event != 0]
d2 = fit2%n.event[fit2%time <= t & fit29%n.event != 0]
r2 = fit2%n.risk [fit28time <= t & fit2%n.event != 0]
d3 = fit33%n.event [fit3$time <= t & fit3$n.event != 0]
r3 = fit39%n.risk [fit3$time <= t & fit3%n.event != 0]

Al = rl1 — d1l

A2 = r2 — d2

A3 = 13 — d3

D1 = max(dl — rl) / M_vec[1l] + 0.0001

D2 = max(d2 — r2) / M_vec[2] + 0.0001

D3 = max(d3 — r3) / M_vec[3] + 0.0001

init _lambdal = median(c (D1, —D2 — D3))

init -lambda2 = median(c(D2 + init_lambdal, —D3))

num_neg_loglik = neg_log_likelihood_le_t_eq_-h(t, fitl,6 fit2, fit3 , M.
vec, init_lambdas = c(init _lambdal, init _lambda2))

denom _neg_loglik = neg_log_likelihood_le_t_ineq_-h(t, fitl ,6 fit2, fit3,
M_vec, init_lambdas = c(init _lambdal, init _lambda2))

num_warn <— tryCatch (neg_log_likelihood _le_t_eq_h(t, fitl ,6 fit2, fit3,
M_vec, init_lambdas = c(init_lambdal, init_lambda2)), error =
function(e) e, warning = function (w) w)

denom _warn <— tryCatch(neg_log_likelihood _le_t_ineq_-h(t, fitl, fit2 ,
fit3 , M_vec, init _lambdas = c(init_lambdal, init_lambda2)), error =
function(e) e, warning = function (w) w)

init _-lambdal_grid = seq(D1 4+ 0.0001, —-D2 — D3 — 0.0001, length = 100)

init _dirl =1

init —widl = ((-D2 — D3 — 0.0001) — (D1 + 0.0001)) / 10

while (sum(abs(num_neg_loglik$resultEEs) >= 0.0001) != 0 | sum(denom._
neg_loglik$resultEEs >= 10 ~ —8) !=0 | is(num_warn, ”warning”) = is
(denom_warn, ”warning”) != 0) {
init _lambdal = init _lambdal + init_widl % init_dirl % ((—=1) " init_
dirl)
if (init_lambdal > —D2 — D3 — 0.0001 | init_lambdal < D1 + 0.0001)
break

init -lambda2 = median(c(D2 4+ init _lambdal, —D3))
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713 num_neg_loglik = neg_log_likelihood_le_t_eq-h(t, fitl, fit2, fit3 , M
_vec, init_lambdas = c(init_lambdal, init_lambda2))

714 denom _neg_loglik = neg_log_likelihood_le_t_ineq_-h(t, fitl,6 fit2,

fit3 , M_vec, init_lambdas = c(init _lambdal, init _lambda2))

715 num_warn <— tryCatch (neg_log_likelihood _le_t_eq_h(t, fitl 6 fit2,
fit3 , M_vec, init_lambdas = c(init_lambdal, init_lambda2)), error
= function(e) e, warning = function(w) w)
716 denom _warn <— tryCatch(neg_log_likelihood _le_t_ineq_-h(t, fitl, fit2 ,
fit3 , M_vec, init_lambdas = c(init_lambdal, init_lambda2)),
error = function(e) e, warning = function (w) w)
717 init _dirl = init_dirl 4+ 1
718 }  # END while
719 still _error = (sum(abs(num_neg_loglik$resultEEs) >= 0.0001) != 0 | sum
(denom_neg_loglik$resultEEs >= 10"—8) != 0 | is(num_warn, ”warning”
) * is(denom_warn, ”"warning”) != 0)
720 testlt = 2 x num_neg_loglik$objective — 2 * denom_neg_loglik$objective
721 return(list (out = testlt — EL_CBecrit,
722 still _error = still _error ,
723 num_lambdas = num_neg_loglik $lambdas,
724 denom _lambdas = denom _neg_loglik $lambdas

725 ))

726 }  # END neg2logR

727 neg2logR _adjpair = function (lambdaO_hat, t, fitl, fit2 , EL_CBcrit, M.
vec2) {

728 | # Computes negative two log nonparametric likelihood ratio (in Section
3.3 of the paper)

729|# — EL_CBecrit, for the j—th and (j+1)—th treatment groups,

730 | # for a given number EL_CBcrit at a given time t

731 | # Args:

732 | # lambda0 _hat: the Lagrange multiplier in the numerator of equation
(3.4) in the paper

733 | # t: the given t >= 0 in localized EL statistic

734 | # fitl: survfit applied to data from the j—th treatment group in
equation (3.4) in the paper

735 | # fit2: survfit applied on data from the (j+1)-th treatment group in
equation (3.4) in the paper

736 | # EL_CBcrit: the given number EL_CBcrit (default is 0)

737 | # M_vec2: the vector of margins M_j, M_{j+1}

738 | # Returns:

739 | # the negative two log nonparametric likelihood ratio (in Section 3.3
of the paper)

740 | #£ — EL_CBecrit, for the j—th and (j+1)-th treatment groups,

741 | # for a given number EL_CBcrit at a given time ¢t

742 dl = fit1$n.event|[fitl$time <= t & fit1$n.event != 0]

743 rl = fit1$n.risk[fitl$time <=t & fit1$n.event != 0]

744 d2 = fit2%n.event|[fit28time <= t & fit2%n.event != 0]

745 r2 = fit2%n.risk [fit28time <= t & fit2%n.event != 0]

746 Al =rl1 — d1
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}

A2 = 1r2 — d2
Bl =dl / (rl + M.vec2[1] * lambdaO_hat) % as.numeric(rl !=dl) + d1 /
(dl + M_vec2[1] * lambda0_hat) * as.numeric(rl = d1)
B2 =d2 / (r2 — M.vec2[2] * lambdaO_hat) % as.numeric(r2 != d2) + d2 /
(d2 — M_vec2[2] % lambdaO_hat) % as.numeric(r2 = d2)
testlt = —2 % sum(dl % log(Bl)) — 2 * sum(product(Al, log(l — Bl))) —
2 % sum(d2 % log(B2)) — 2 % sum(product (A2, log(l — B2))) + 2 % sum
(d1 * log(dl / rl)) 4+ 2 % sum(d2 x log(d2 / r2)) + 2 % sum(product(
Al, log(l — dl / rl))) + 2 % sum(product (A2, log(l — d2 / r2)))
return(testlt — EL_CBecrit)
# END neg2logR _adjpair

neg2logR _ret = function (lambda0_hat, t, fitl , fit2, fit3 , EL_CBecrit, M.

ret) {
Computes negative two log nonparametric likelihood ratio (in Section S
.4 of
the supplementary material) — EL_CBcrit, for a given number EL_CBecrit
at a given time t
Args:

lambdaO_hat: the Lagrange multiplier in the first display in p. 17
of the supplementary material

t: the given t >= 0 in localized EL statistic

fitl: survfit applied to data from the 1st treatment group (see
power_calculations .R)

fit2: survfit applied to data from the 2nd treatment group

fit3: survfit applied to data from the 3rd treatment group

EL_CBcrit: the given number EL_CBcrit (default is 0)

M_ret: the margin M in (5.1) of the paper
Returns:

the negative two log nonparametric likelihood ratio (in Section S.4
of

the supplementary material) — EL_CBcrit, for a given number EL_

CBecrit at a given time t

dl = fitl$n.event|[fitl$time <= t & fitl$n.event != 0]
rl = fitl1%n.risk [fitl$time <= t & fitl$n.event != 0]
d2 = fit23%n.event [fit2%time <= t & fit2%n.event != 0]
r2 = fit29%n.risk [fit2%time <= t & fit2%n.event != 0]
d3 = fit3%n.event[fit3$time <= t & fit3%n.event != 0]
r3 = fit3$n.risk [fit3$time <= t & fit3%n.event != 0]

Al =rl1 — d1

A2 = r2 — d2

A3 = r3 — d3

Bl =dl1 / (r1 + (M-ret — 1) % lambdaO_hat) % as.numeric(rl != dl) + dl
/ (dl1 + (M_ret — 1) = lambdaO_hat) % as.numeric(rl = dIl)

B2 = d2 / (r2 4 lambda0_hat) x as.numeric(r2 !=d2) + d2 / (d2 +
lambda0_hat) = as.numeric(r2 = d2)

B3 =d3 / (r3 — M_ret * lambda0_hat) x as.numeric(r3 != d3) + d3 / (d3
— M_ret * lambdaO_hat) % as.numeric(r3 = d3)
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testlt = —2 % sum(dl % log(Bl)) — 2 * sum(product(Al, log(l — Bl))) —
2 % sum(d2 % log(B2)) — 2 % sum(product (A2, log(l — B2))) — 2 % sum
(d3 x log(B3)) — 2 x sum(product (A3, log(l — B3))) + 2 * sum(dl x
log(dl / r1l)) + 2 % sum(d2 % log(d2 / r2)) + 2 % sum(d3 * log(d3 /
r3)) + 2 x sum(product(Al, log(l — dl / rl))) + 2 * sum(product (A2,
log(1 —d2 / r2))) + 2 * sum(product (A3, log(l — d3 / r3)))

return(testlt — EL_CBecrit)

}  # END neg2logR _ret

2| ### computing quantities related to the NPLR statistics:

teststat _pre = l:length(Td_sort _boot) * 0
error _vec = l:length(Td_sort_boot) * 0
teststat _pre_12 = 1l:length (Td_sort _boot) * 0
teststat _pre_23 = l:length(Td_sort_boot) * 0
teststat _pre_13 = l:length(Td_-sort_boot) * 0
teststat _pre_ret = 1l:length(Td_sort_boot) x 0
for (j in 1:(upperbindx_boot — lowerbindx_boot + 1)) {
t = Td_sort _boot[j] # the given t >= 0 in localized EL statistic
neg2logRt = neg2logR(t, fitl, fit2, fit3 , M_vec, EL_CBcrit = 0)
error _vec[j] = neg2logRt$still _error
if (error_vec[j] == 1) next
j] = neg2logRt%out # the —2 log NPLR statistic in
Section 2.2 of the paper at the given t >=0 specified above
lambda0_hat 12 = lambdaO(t, fitl , fit2, tilde_theta = 1, M_vec[1:2])
lambda0_hat_23 = lambda0O(t, fit2, fit3, tilde_theta = 1, M_vec[2:3])
lambda0 _hat _13 = lambdaO(t, fitl, fit3 , tilde_theta = 1, M_vec[c(1l, 3)
1)
lambda0_hat_ret = lambdaO_ret (t, fitl , fit2, fit3, tilde_theta = 1, M.
ret)
if (lambdaO_hat_ret < 0) { # else teststat_pre_ret|[j] is 0
the —2 log NPLR statistic in Section S.4 of the supplementary material

teststat _pre|

at the given t >=0 specified above
teststat _pre_ret[j] = neg2logR_ret (lambda0_hat_ret, t, fitl , fit2
fit3 , EL_CBcrit = 0, M_ret)
} # END if
if (lambdaO_hat_12 < 0) { # eclse teststat_pre_12[j] is 0
the —2 log NPLR statistic for j=1 vs 2 in Section 3.3 of the paper at
the given t >=0 specified above
teststat _pre_12[j] = neg2logR_adjpair (lambda0_hat_12, t, fitl 6 fit2
EL_CBecrit = 0, M_vec[1:2])
} # END if
if (lambdaO_hat_23 < 0) { # else teststat_pre_23[j] is 0
the —2 log NPLR statistic for j=2 vs 3 in Section 3.3 of the paper at
the given t >=0 specified above
teststat _pre_23[j] = neg2logR_adjpair (lambda0_hat_23, t, fit2, fit3
EL_CBcrit = 0, M_vec[2:3])
} # END if
if (lambdaO_hat_13<0) { # else teststat_pre_13[j] is 0
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820
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826

# the —2 log NPLR statistic for j=3 vs 1 in Section 3.3 of the paper at
the given t >=0 specified above
teststat _pre_13[j]=neg2logR_adjpair (lambda0_hat_13,t,fitl ,fit3 JEL_
CBcerit=0M_vec[c(1,3)])
} #END if

} # END for

F_123 =1 — (vjs[l, 1, ] % Sl_hat Ml + vjs[2, 1, ] * S2_hat_M2 4+ vjs|[3,
1, ] * S3_hat_M3)

inttest —pre_dF = teststat_pre = diff(c(0, F_123))[lowerbindx_boot:
upperbindx _boot] # —2logR(t) d\hat{F}_0(t) in (3.1) of the paper

inttest —pre_dF_12 = teststat_pre_12 * diff(c(0, F_-123))[lowerbindx_boot:
upperbindx _boot |

inttest _pre_dF_23 = teststat_pre_23 x diff(c(0, F_123))[lowerbindx_boot:
upperbindx _boot |

inttest .dF_12 = sum(inttest _pre_.dF_12) #I_{In} in Section 3.3 of the
paper

inttest .dF_23 = sum(inttest _pre_dF_23) #I_{2n} in Section 3.3 of the
paper

inttest .dF_infadj = min(sum(inttest _pre_dF_12), sum(inttest_pre_dF_23))

F_123_ret =1 — (vjs_ret[1l, 1, ] % Sl_hat_Ml_ret * S2_hat_M2_ret + vjs_
ret[2, 1, | % S3_hat_M3_ret)

inttest _pre_dF_ret = teststat_pre_ret % diff(c(0, F_123_ret))[lowerbindx
_boot :upperbindx _boot ]

inttest .dF_ret = sum(inttest_pre_dF_ret) #[_n, retention of effect
version , as in Section S.4 of the supplementary material

inttest .dF_ret_infadj = min(sum(inttest_pre_dF_12), sum(inttest_pre_dF_
ret))

827 |###H# computing quantities related to the first step of our composite

828

829

830

832

833

834

835

836

837

procedure :

test _nocross = 0

HW_CBdistr = pmax(apply (abs(M_vec[2] * sum_DWknGImuw_2_big — M_vec[1] =*
sum _DWknGImuw_1_big), 1, max), apply(abs(M_vec[3] * sum_DWknGImuw_3_
big — M_vec[2] * sum_DWknGlmuw_2_big), 1, max))

HW_CBcrit = as.vector(quantile (HW_CBdistr, 0.95))

HW_CB_ubs_12 = diff_12 + HW_CBecrit / sqrt(sum(nn))

HW_CB_ubs_23 diff _23 + HW_CBecrit / sqrt (sum(nn))

HW_CB_1bs _12 diff 12 — HW_CBecrit / sqrt (sum(nn))

HW_CB_1bs _23 = diff_23 — HW_CBecrit / sqrt (sum(nn))

S1gS2eqS3 = (sum(HW.CB_lbs 12 <= 0) != (upperbindx_boot — lowerbindx_

boot + 1) & sum(HW_-CB_1bs_23 <= 0) = (upperbindx_boot — lowerbindx._
boot + 1) & sum(HW_CB_ubs_23 >= 0) =— (upperbindx_boot — lowerbindx _
boot + 1))

S1leqS2gS3 = (sum (HW_CB_lbs _23 <= 0) != (upperbindx_boot — lowerbindx _
boot + 1) & sum(HW.CB_lbs 12 <= 0) =— (upperbindx_boot — lowerbindx_
boot + 1) & sum(HW_.CB_ubs_12 >= 0) = (upperbindx_boot — lowerbindx_
boot + 1))

SlgeS2geS3 = (sum(HW_CB_ubs_12 >= 0) = (upperbindx_boot — lowerbindx_

boot + 1) & sum(HW_CB_ubs_23 >= 0) (upperbindx _boot — lowerbindx -
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839

840

842

843

844

845

846

847

848

849

850

856

860

861

boot + 1))

S1gS2gS3 = (sum(HW_.CB_ubs_12 >= 0) = (upperbindx_boot — lowerbindx _boot
+ 1) & sum(HW_.CB_ubs_23 >= 0) == (upperbindx_boot — lowerbindx_boot
+ 1) & sum(HW_CB_1bs _12 <= 0) != (upperbindx_boot — lowerbindx_boot
+ 1) & sum(HW_CB_1bs _23 <= 0) != (upperbindx_boot — lowerbindx_boot +

1)

SleqS2eqS3 = (sum(HW_.CB_1lbs_12 <= 0) = (upperbindx_boot — lowerbindx
boot + 1) & sum(HW_.CB_ubs_12 >= 0) = (upperbindx_boot — lowerbindx_
boot + 1) & sum(HW_.CB_1bs_23 <= 0) = (upperbindx_boot — lowerbindx_
boot + 1) & sum(HW_CB_ubs_23 >= 0) =— (upperbindx_boot — lowerbindx _
boot + 1))

if (S1gS2gS3 | SleqS2eqS3) {

test _nocross = 1

}

return (list (

test _nocross = test _nocross,

test = max(teststat _pre), # K.n in (3.1) of the paper

EL_SOcrit = EL_SOcrit ,

out _sup_pval = mean(sup_boot_Hl >= max(teststat_pre)), # p—value for
the NPLR test based on K_n in (3.1) of the paper

inttest .dF = sum(inttest _pre_dF), # I_{n} in (3.1) of the paper

int .dFEL_SOcrit = int .dFEL_SOcrit,

out _dF_pval = mean(int _dF_boot_Hl >= sum(inttest _pre_dF)), # p—value
for the NPLR test based on I_n in (3.1) of the paper

inttest _.dF_12 = inttest _dF_12,

inttest . dF_23 = inttest _dF_23,

int .dFEL_SOcrit-12 = int _dFEL_SOcrit_12,

int _dFEL_SOcrit_23 = int _.dFEL_SOcrit_23,

out .dF_12_pval = mean(int _dF_boot_12 >= inttest _dF_12), # p—value for
the pairwise NPLR test comparing group 1 and 2

out _dF_23 _pval = mean(int _dF_boot_23 >= inttest _dF_23), # p—value for
the pairwise NPLR test comparing group 2 and 3

inttest _dF_ret = inttest _dF_ret,

int . dFEL_SOcrit _ret = int _dFEL_SOcrit_ret ,

out _dF_ret _pval = mean(int _dF_boot_ret >= inttest _dF_ret) # p—value
for the pairwise NPLR test comparing group 2 and 3 using retention—
of—effect formulation

)) # END return
} # END teststat

functions_to_be_sourced.R
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