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S.1 Proof of Theorem 1 (continued from Appendix B)

S.1.1 Proof of Lemma 3

Firstly, −2 logR(t) can be written as

−2

k∑
j=1

∑
i≤Nj(t)

{
dij log

(
dij

rij + ∆̄j

)
+ (rij − dij) log

(
1− dij

rij + ∆̄j

)}

+2

k∑
j=1

∑
i≤Nj(t)

{
dij log

(
dij

rij + ∆̃j

)
+ (rij − dij) log

(
1− dij

rij + ∆̃j

)}
,

(S.1)

where we suppress the dependence of ∆̄j and ∆̃j on t. The j-th term in (S.1) can be

organized into

∑
i≤Nj(t)

{
−2
(
rij + ∆̃j − dij

)
log

(
1 +

∆̄j − ∆̃j

rij + ∆̃j − dij

)
(S.2a)

+2
(
rij + ∆̃j

)
log

(
1 +

∆̄j − ∆̃j

rij + ∆̃j

)

+2∆̃j log

(
1 +

∆̄j − ∆̃j

rij + ∆̃j − dij

)
− 2∆̃j log

(
1 +

∆̄j − ∆̃j

rij + ∆̃j

)}
. (S.2b)

We deal with (S.2a) first. Since rij = Op(n), dij = Op(1) and ∆̄j , ∆̃j = Op(
√
n)

(by Supplement Section S.2), we have that (∆̄j − ∆̃j)/(rij + ∆̃j − dij) = Op(1/
√
n)

and (∆̄j − ∆̃j)/(rij + ∆̃j) = Op(1/
√
n). Then by the Taylor expansion log(1 + x) =

x − x2/2 + x3/3 − x4/4 + O(x5) as x → 0, and rearranging the terms, (S.2a) can be

written as

(∆̄j − ∆̃j)
2
∑

i≤Nj(t)

(
1

rij + ∆̃j − dij
− 1

rij + ∆̃j

)
(S.3a)

−2

3
(∆̄j − ∆̃j)

3
∑

i≤Nj(t)

(
1

(rij + ∆̃j − dij)2
− 1

(rij + ∆̃j)2

)
(S.3b)

+
1

2
(∆̄j − ∆̃j)

4
∑

i≤Nj(t)

(
1

(rij + ∆̃j − dij)3
− 1

(rij + ∆̃j)3

)
(S.3c)

+Op(1/
√
n).

To analyze (S.3), we write the summation in (S.3a) as

∑
i≤Nj(t)

rij − dij

rij + ∆̃j − dij

rij

rij + ∆̃j

dij
rij(rij − dij)

=
σ̂2
j (t)

nj

[
1−Op(1/

√
n)
]
, (S.4)
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where we have used (rij−dij)/(rij+∆̃j−dij) = 1−∆̃j/(rij−∆̃j−dij) = 1−Op(1/
√
n)

and rij/(rij + ∆̃j) = 1 − ∆̃j/(rij + ∆̃j) = 1 − Op(1/
√
n). Thus the full expression of

(S.3a) is

(∆̄j − ∆̃j)
2
σ̂2
j (t)

nj

[
1−Op(1/

√
n)
]
= (∆̄j − ∆̃j)

2
σ̂2
j (t)

nj
+Op(1/

√
n),

by (∆̄j − ∆̃j)
2 = Op(n) (see Supplement Section S.2) and σ̂2

j (t) = Op(1) (see Section

2.1). Next, the summation in (S.3b) can be written as

∑
i≤Nj(t)

(
1

rij + ∆̃j − dij
− 1

rij + ∆̃j

)(
1

rij + ∆̃j − dij
+

1

rij + ∆̃j

)

=Op

(
1

n

) ∑
i≤Nj(t)

(
1

rij + ∆̃j − dij
− 1

rij + ∆̃j

)

=Op

(
1

n

)
σ̂2
j (t)

nj

[
1−Op(1/

√
n)
]
,

where the last equality follows by (S.4). This and the fact that (∆̄j − ∆̃j)
3 = Op(n

3/2)

imply the full expression of (S.3b) is

−2

3
(∆̄j − ∆̃j)

3Op

(
1

n

)
σ̂2
j (t)

nj

[
1−Op

(
1√
n

)]
= Op

(
1√
n

)
.

Lastly, the summation in (S.3c) equals

∑
i≤Nj(t)

(
1

rij + ∆̃j − dij
− 1

rij + ∆̃j

)
×

 1(
rij + ∆̃j − dij

)2 +
1(

rij + ∆̃j − dij

)(
rij + ∆̃j

) +
1(

rij + ∆̃j

)2


=Op

(
1

n2

) ∑
i≤Nj(t)

(
1

rij + ∆̃j − dij
− 1

rij + ∆̃j

)

=Op

(
1

n2

)
σ̂2
j (t)

nj

[
1−Op(1/

√
n)
]
,

where the last equality again follows by (S.4). This and the fact that (∆̄j − ∆̃j)
4 =

Op(n
2) imply the full expression of (S.3c) is

1

2

(
∆̄j − ∆̃j

)4
Op

(
1

n2

)
σ̂2
j (t)

nj

[
1−Op

(
1√
n

)]
= Op

(
1

n

)
.
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Combining the above results for (S.3a), (S.3b) and (S.3c), we have

(S.2a) =
(
∆̄j − ∆̃j

)2 σ̂2
j (t)

nj
+Op

(
1√
n

)
. (S.5)

Now we deal with (S.2b). Again by a Taylor expansion and rearranging the terms,

(S.2b) can be written as

2∆̃j(∆̄j − ∆̃j)
∑

i≤Nj(t)

(
1

rij + ∆̃j − dij
− 1

rij + ∆̃j

)
(S.6a)

−∆̃j(∆̄j − ∆̃j)
2
∑

i≤Nj(t)

(
1

(rij + ∆̃j − dij)2
− 1

(rij + ∆̃j)2

)
(S.6b)

+
2

3
∆̃j(∆̄j − ∆̃j)

3
∑

i≤Nj(t)

(
1

(rij + ∆̃j − dij)3
− 1

(rij + ∆̃j)3

)
(S.6c)

+Op(1/
√
n).

Utilizing our earlier results concerning the summations in (S.3a), (S.3b) and (S.3c),

(S.6a) = 2∆̃j

(
∆̄j − ∆̃j

) σ̂2
j (t)

nj
+Op

(
1√
n

)
,

(S.6b) =− ∆̃j(∆̄j − ∆̃j)
2Op

(
1

n

)
σ̂2
j (t)

nj

[
1−Op(1/

√
n)
]
= Op

(
1√
n

)
,

(S.6c) =
2

3
∆̃j(∆̄j − ∆̃j)

3Op

(
1

n2

)
σ̂2
j (t)

nj

[
1−Op(1/

√
n)
]
= Op

(
1

n

)
,

so

(S.2b) = 2∆̃j

(
∆̄j − ∆̃j

) σ̂2
j (t)

nj
+Op

(
1√
n

)
. (S.7)

By (S.2), (S.5), and (S.7),

−2 logR(t) =

k∑
j=1

{(
∆̄j − ∆̃j

)2 σ̂2
j (t)

nj
+ 2∆̃j

(
∆̄j − ∆̃j

) σ̂2
j (t)

nj
+Op

(
1√
n

)}

=
k∑

j=1

(
∆̄2

j − ∆̃2
j

) σ̂2
j (t)

nj
+Op

(
1√
n

)
,

which completes the proof.
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S.1.2 Proof of (B.5)

For simplicity here we suppress dependence on t. The matrix T in (B.3) is specified as

T ≡



θ̂1 + θ̂2 −θ̂2 0 · · · 0

−θ̂2 θ̂2 + θ̂3 −θ̂3 0 · · · 0

0 −θ̂3 θ̂3 + θ̂4 −θ̂4 0 · · · 0

. . .
. . .

. . .
. . .

. . .

... 0

0 · · · −θ̂k−2 θ̂k−2 + θ̂k−1 −θ̂k−1

0 · · · 0 −θ̂k−1 θ̂k−1 + θ̂k



. (S.8)

From (B.3), we can solve for λ̄ by inverting T using readily available recursive formulas

for the inverse of tridiagonal matrices (Usmani, 1994). Specifically, for a general (k −
1)× (k − 1) tridiagonal matrix

a1 b1

c1
. . .

. . .

. . .
. . . bk−2

ck−2 ak−1

 , (S.9)

the (i, j)-th element of its inverse is given by

τij ≡


(−1)i+jbi · · · bj−1ζj+1

ϕi−1

ϕk−1
, if i < j,

ζj+1
ϕi−1

ϕk−1
, if i = j,

(−1)i+jcj · · · ci−1ζi+1
ϕj−1

ϕk−1
, if i > j,

(S.10)

where ϕj satisfies the recurrence relation ϕj = ajϕj−1−cj−1bj−1ϕj−2 for j = 1, ..., k−1,

ϕ0 = 1, ϕ−1 = 0, ϕ1 = a1, ζj satisfies the recurrence relation ζj = ajζj+1 − bjcjζj+2 for

j = k−2, ..., 1, ζk = 1, and ζk−1 = ak−1. In our case we can take advantage of the more

specific structure of T to obtain explicit expressions for ϕj and ζj , and hence for T−1.

Indeed, it can be shown by induction that

ϕj−1 =

j∑
l=1

∏
g∈E1,j

l

θ̂g (S.11)
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for j ≥ 2, where Ei,j
l = {i, . . . , j} \ {l} for i < j, and similarly

ζk−j =
k∑

l=k−j

∏
g∈Ek−j,k

l

θ̂g (S.12)

for j = 1, · · · , k− 1 and k ≥ 2. Next, multiplying both sides of (B.3) by the k× (k− 1)

matrix

DM ≡



M1 0 0 · · · 0

−M2 M2 0 0 · · · 0

0 −M3 M3 0 0 · · · 0

. . .
. . .

. . .
. . .

... 0

0 · · · 0 −Mk−1 Mk−1

0 · · · 0 0 −Mk



(S.13)

and noting that ψ̂ = DT
MA under H0, we get (B.4). It remains to find an explicit

expression for DMT
−1DT

M =M [D̃T−1D̃T ]MT , where DM =MD̃,

D̃ ≡



1 0 0 · · · 0

−1 1 0 0 · · · 0

0 −1 1 0 0 · · · 0

. . .
. . .

. . .
. . .

... 0

0 · · · 0 −1 1

0 · · · 0 0 −1


k×(k−1)
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and M = diag(M1, . . . ,Mk). Using the notation τij given in (S.10),

[
D̃T−1D̃T

]
ij
=



τi−1,j−1 − τi−1,j − τi,j−1 + τij i ̸= 1, k j ̸= 1, k

−τ1,j−1 + τ1,j i = 1 j ̸= 1, k

τ11 i = 1 j = 1

−τ1,k−1 i = 1 j = k

τk−1,j−1 − τk−1,j i = k j ̸= 1, k

−τk−1,1 i = k j = 1

τk−1,k−1 i = k j = k.

=


1

θ̂iϕ̂

∑
l ̸=i

∏
g∈El

θ̂g, i = j,

− 1

θ̂iϕ̂

∏
g∈Ej

θ̂g, i ̸= j,
(S.14)

where the second equality will be shown in the next paragraph.

We just consider the case i ̸= 1, k and j ̸= 1, k, the remaining cases being similar.

We split the argument into three parts: i = j, i < j, and i > j. Since D̃T−1D̃T

is symmetric, it suffices to examine i < j and i = j. For i < j, using (S.10) and

rearranging terms, we get

τi−1,j−1− τi−1,j − τi,j−1+ τij = β(−1)i+j(bi−1ϕi−2+ϕi−1)(ζj + bj−1ζj+1)/ϕk−1, (S.15)

where β = bi · · · bj−2 = (−1)j−i−1θ̂i+1 · · · θ̂j−1 for j ≥ i + 2 and β = 1 for j = i +

1. Surprisingly, the middle two terms of (S.15) reduce to the elegant and tractable

expressions

bi−1ϕi−2 + ϕi−1 = (−θ̂i)

i−1∑
ℓ=1

∏
g∈E1,i−1

l

θ̂g +

i∑
ℓ=1

∏
g∈E1,i

l

θ̂g = θ̂1 · · · θ̂i−1 (S.16)

for i ≥ 2, where we define
∏

g∈Ei,i
l
θ̂g ≡ 1 for all i = 1, . . . , k, and

ζj + bj−1ζj+1 =

k∑
ℓ=j

∏
g∈Ej,k

l

θ̂g + (−θ̂j)

k∑
ℓ=j+1

∏
g∈Ej+1,k

l

θ̂g = θ̂j+1 · · · θ̂k (S.17)

for j ≤ k − 1. Plugging in (S.16) and (S.17) into (S.15), we get the second part of

(S.14). For i = j, using (S.10) and rearranging the terms, we have

τi−1,j−1 − τi−1,j − τi,j−1 + τi,j =
ϕi−2

ϕk−1

(
ζi + bi−1ζi+1

)
+

ζi+1

ϕk−1

(
bi−1ϕi−2 +ϕi−1

)
. (S.18)

Noting that (S.16) and (S.17) hold for i = j as well, and plugging (S.11), (S.12), (S.16),
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and (S.17) into (S.18) lead to the first part of (S.14).

Finally we pre- and post-multiply (S.14) by the diagonal matrix M to arrive at

(B.5).

S.1.3 Proofs of Lemmas 4 and 5

As in the previous section, we suppress dependence on t. The asymptotic equivalence

assertion in Lemmas 4 is obtained by combining the terms in (B.7) and (B.9) for j =

1, . . . , k:

k∑
j=1

(
∆̄2

j − ∆̃2
j

) σ̂2
j

nj
=
∑
B∈B

∑
j∈B

(
∆̄2

j − ∆̃2
j

) σ̂2
j

nj

=
∑
B∈B

∑
j∈B

wj

(
Ûj√
wj

− Ǔ

)2

− wj

(
Ûj√
wj

− ÛB

)2
+ op(1)

=
∑
B∈B

∑
j∈B

wj

{
ÛB − Ǔ

}2
+ op(1). (S.19)

The weak convergence part of Lemma 4 will follow from the discussion in Section

4.2, along with Lemma 5.

Proof of Lemma 5. For given j and block C (of sample indices) containing j, we denote

S̄C(t) =
∏

i≤Nj(t)
(1− ȟij)

Mj , where ȟij is given in (2.8) for B = C. Note that ȟij takes

the same form as (2.3), as explained in Section 2.3. Parallel to our previous notation

∆̄j , specify ∆̌j to satisfy ȟij = dij/(rij + ∆̌j). Then, using a similar Taylor expansion

as in (B.1), we have

Z(C) ≡
√
n
{
log S̄C −Mj logSj

}
=

√
n
{
Mj log Ŝj +Mj∆̌j σ̂

2
j /nj −Mj logSj

}
+Op(1/

√
n)

=
√
n
{
Mj log Ŝj −Mj logSj

}
+
√
θj

−Ûj +
1

ϕC

∑
l∈C

∏
g∈EC

l

θgÛl

√
θl
θj

+ op(1)

=
√

θjwjÛC + op(1), (S.20)

where the second and the third equalities can be shown similarly to (B.8) and (B.9),

except without squaring ∆̌j . We view Z(C) as a function of C, with its dependence

on the data and t being suppressed. In what follows we are going to apply (S.20) to

C = B(j) ∈ B or B′(j) ∈ B′.

We proceed with proving Lemma 5 by induction on j. For j = 1, define the event

8



A1 = {B(1) ⊆ B′(1)}, and write

ÛB(1) − ÛB′(1) =
{
ÛB(1) − ÛB′(1)

}
I(A1) +

{
ÛB(1) − ÛB′(1)

}
I(Ac

1), (S.21)

where I(·) is the indicator function. On A1, Lemmas S.1 and S.3 below imply S̄B(1)(t) ≥
S̄B′(1)(t). This can be seen by the decomposition B′(1) = ∪ȷ

j=1B(j) ∪ b(ȷ+ 1) for some

ȷ ≥ 1, where b(ȷ + 1) ⊆ B(ȷ + 1) and noting that S̄b(ȷ+1) < S̄B(ȷ+1) by Lemma S.1;

further, by taking L = ȷ+ 1, Cj = B(j) for j ≤ ȷ, CL = b(ȷ + 1), and l = 1 in Lemma

S.3. Then we have Z(B(1)) ≥ Z(B′(1)) by the definition of Z(·). This and (S.20) then

give{
ÛB(1) − ÛB′(1)

}
I(A1) =

{
Z(B(1))− Z(B′(1)) + op(1)

}
I(A1)/

√
θ1w1 ≥ op(1),

where the inequality also uses the fact that θ1 and w1 are bounded away from 0 on [t1, t2].

Furthermore, we have {ÛB(1) − ÛB′(1)}I(A1) ≤ 0 by Lemma S.2. These results lead to

{ÛB(1) − ÛB′(1)}I(A1) = op(1). On Ac
1, we have S̄B(1) > S̄B′(1) by Lemma S.1. Then as

with A1, we have {ÛB(1)−ÛB′(1)}I(Ac
1) ≥ op(1). Furthermore, {ÛB(1)−ÛB′(1)}I(Ac

1) < 0

by Lemma S.2 and Lemma S.4 (by a similar decomposition argument as above), so

{ÛB(1) − ÛB′(1)}I(Ac
1) = op(1). Then by (S.21), we get ÛB(1) − ÛB′(1) = op(1), and the

conclusion of the lemma holds for j = 1.

Now suppose the conclusion of the lemma holds for j = l. Write

ÛB(l+1) − ÛB′(l+1) =

4∑
i=1

{
ÛB(l+1) − ÛB′(l+1)

}
I(Al+1,i), (S.22)

where we define the events Al+1,1 = {B′(l) = B′(l + 1), B(l) = B(l + 1)}, Al+1,2 =

{B′(l) precedes B′(l+1), B(l) = B(l+1)}, Al+1,3 = {B′(l) = B′(l+1), B(l) precedes B(l+

1)} and Al+1,4 = {B′(l) precedes B′(l + 1), B(l) precedes B(l + 1)}. To complete the

proof it suffices to show that each term in (S.22) is op(1).

Al+1,1: By step j = l, {ÛB(l+1)−ÛB′(l+1)}I(Al+1,1) = {ÛB(l)−ÛB′(l)}I(Al+1,1) = op(1).

Al+1,2: By ÛB′(l)(t) ≥ ÛB′(l+1)(t) and step j = l, {ÛB(l+1) − ÛB′(l+1)}I(Al+1,2) ≥
{ÛB(l)−ÛB′(l)}I(Al+1,2) = op(1). Next we show that {ÛB(l+1)−ÛB′(l+1)}I(Al+1,2)

≤ op(1). The idea is to partition Al+1,2 into

A′
l+1,2 = Al+1,2 ∩ {min(B′(l)) ≤ min(B(l))}

and its relative complement A′′
l+1,2 = Al+1,2\A′

l+1,2. Here we illustrate the proof of

{ÛB(l+1)−ÛB′(l+1)}I(A′
l+1,2) ≤ op(1); the proof of {ÛB(l+1)−ÛB′(l+1)}I(A′′

l+1,2) ≤
op(1) is similar. On A′

l+1,2, partition B(l) = J ∪K ∪ L, where J = B′(l) ∩ B(l),

K = B′(l+1)∩B(l), and L = B(l) \ (J ∪K). Note that L = ∅ when max(B′(l+

9



1)) ≥ max(B(l + 1)), so
∑

j∈Lwj =
∑

j∈∅wj ≡ 0 in the following display. Then{
ÛB(l+1) − ÛB′(l+1)

}
I(A′

l+1,2) =
{
ÛB(l) − ÛB′(l+1)

}
I(A′

l+1,2)

≤
{
ÛB(l) − ÛK

}
I(A′

l+1,2)

=

ÛB(l) −

ÛB(l) +

∑
j∈J wj

{
ÛB(l) − ÛJ

}
+
∑

j∈Lwj

{
ÛB(l) − ÛL

}
∑

j∈K wj

×

I(A′
l+1,2)

=

∑j∈J wj {Z(J)− Z(B(l)) + op(1)}√
θlwl

∑
j∈K wj

+

∑
j∈Lwj

{
ÛL − ÛB′(l) + op(1)

}
∑

j∈K wj

×

I(A′
l+1,2)

≤ 0 + op(1) + 0 + op(1) = op(1),

where the first inequality follows from Lemma S.2, the second equality from re-

arranging ÛB(l) = (
∑

j∈J wjÛJ +
∑

j∈K wjÛK +
∑

j∈LwjÛL)/
∑

j∈B(l)wj , the

third equality from (S.20), l ∈ J and step j = l, and the last inequality from

S̄J(t) < S̄B(l)(t) due to Lemma S.1 and ÛL < ÛB′(l) due to Lemmas S.2 and S.4

(by a similar decomposition argument as above).

Al+1,3: The proof can be done by following a similar argument as in Al+1,2, but with

the role of B′(l) and B′(l+ 1) switched with B(l) and B(l+ 1), and by using the

fact that ÛB(j) − ÛB′(j) = op(1) if and only if Z(B(j)) − Z(B′(j)) = op(1) for

j = l, l + 1.

Al+1,4: The proof is similar to the j = 1 case, but with B(1) and B′(1) replaced by

B(l + 1) and B′(l + 1), respectively.

S.1.4 Properties of PAVA

This section collects some finite sample properties of PAVA that we appealed to in

Supplement Section S.1.3. As in the previous section, we suppress dependence on t.

Lemma S.1. Given a block B ∈ B, where B is determined by PAVA, any non-trivial

partition B = C1 ∪ C2 such that C1 precedes C2 satisfies S̄C1 < S̄B < S̄C2.

Proof. We use a similar argument as in proving that S̄B is strictly sandwiched between

S̄B1 and S̄B2 for B ∈ B(q) and B1, B2 ∈ B(q−1) in Appendix A, except that here B

belongs to the final set of blocks B, and C1, C2 are not necessarily generated in any

PAVA step. We will show that S̄C1 < S̄B; a similar argument can be used to show

S̄B < S̄C2 . From the definitions of S̄C1 and S̄B, we have the following two strings of

10



equalities:

S̄C1 = aı (Mıλı) = aı+1 (Mı+1(λı+1 − λı)) = · · · = aȷ (−Mȷλȷ−1) ,

and

S̄B = aı
(
Mıλ

′
ı

)
= aı+1

(
Mı+1(λ

′
ı+1 − λ′

ı)
)
= · · · = aȷ

(
Mȷ(λ

′
ȷ − λ′

ȷ−1)
)
,

where λj and λ′
j are the Lagrange multipliers associated with S̄C1 and S̄B for j ∈ C1,

respectively, and ȷ denotes the maximal element of C1 (λȷ ≡ 0). We prove S̄C1 < S̄B

by contradiction. Suppose S̄C1 ≥ S̄B. Then because aj(·) is strictly increasing, a

comparison between the two strings of equalities above leads to

λ′
ı ≤ λı, (S.23)

λ′
j+1 − λ′

j ≤ λj+1 − λj , j = ı, . . . , ȷ− 2, (S.24)

λ′
ȷ − λ′

ȷ−1 ≤ −λȷ−1. (S.25)

By (S.23) and (S.24), λ′
j ≤ λj for j = ı + 1, . . . , ȷ − 1. This and (S.25) imply λ′

ȷ ≤ 0,

which contradicts λ′
ȷ > 0 shown in Appendix A. Thus we have S̄B1 < S̄B instead.

Lemma S.2. Given a block B ∈ B′, where B′ is determined by Ew(Ûw(t)|I), any

non-trivial partition B = C1 ∪ C2 such that C1 precedes C2 satisfies ÛC1 < ÛB < ÛC2.

Proof. We use a similar argument to Lemma S.1. Recall that, by definition, the weighted

least square projection Ew(Ûw|I) minimizes

k∑
j=1

wj

(
Ûj√
wj

− xj

)2

over (x1, . . . , xk) ∈ Rk, subject to the constraints xj+1 − xj ≤ 0, j = 1, . . . , k − 1. By

a similar argument as in Section 4.1, the optimal solution (x̃1, . . . , x̃k) to the above

minimization problem is unique and satisfies the KKT conditions. In particular, from

the stationarity condition we have x̃j = Ûj/
√
wj + (λ̃′

j − λ̃′
j−1)/wj for j = 1, . . . , k,

where λ̃′
1, . . . , λ̃

′
k−1 are the Lagrange multipliers and λ̃′

0 ≡ λ̃′
k ≡ 0. Then by a sim-

ilar argument as in Section 2.3 and Appendix A, the solution can be obtained by

a PAVA, where the pooling between adjacent blocks B1 and B2 involves minimiz-

ing
∑

j∈B1∪B2
wj

(
Ûj/

√
wj − xj

)2
subject to the equality constraints xj = xl for all

j, l ∈ B1∪B2. This version of PAVA results in ÛB = x̃j , where j is the minimal element

of the block B ∈ B′. It can also be shown that λ̃′
j > 0, j = 1, . . . , k− 1. The result then

follows by replacing S̄B, S̄C1 , S̄C2 and aj(∆) in the proof of Lemma S.1 by ÛB, ÛC1 ,

ÛC2 and Ûj/
√
wj +∆/wj , respectively.

11



Lemma S.3. Let C1, . . . , CL be adjacent blocks that are arranged in increasing order

(i.e., Cl precedes Cl+1) and satisfying S̄C1 ≥ S̄C2 ≥ . . . ≥ S̄CL
, where L ≥ 2. Then

S̄C1∪...∪Cl
≥ S̄C1∪...∪CL

≥ S̄Cl+1∪...∪CL
, l = 1, . . . , L− 1.

Proof. To be clear, note that C1, . . . , CL need not be blocks resulting from PAVA. For

future use, let ȷi be the maximal element of Ci, and let λj be the Lagrange multipliers

associated with S̄C1∪...∪CL
as j ranges over C1∪ . . .∪CL \{ȷL}. We use induction on the

number of blocks L ≥ 2. When L = 2, the result will follow by similar reasoning as in

Lemma S.1 and Appendix A. Again we compare the strings of equalities satisfied by S̄C1 ,

S̄C2 and S̄C1∪C2 in terms of aj(·). We first show S̄C1 ≥ S̄C1∪C2 , arguing by contradiction.

Suppose S̄C1 < S̄C1∪C2 . Then, as aj(·) is strictly increasing, a comparison of S̄C1 and

S̄C1∪C2 leads to λȷ1 > 0. Also, S̄C1 < S̄C1∪C2 and the condition that S̄C1 ≥ S̄C2 lead

to S̄C2 < S̄C1∪C2 , so that a comparison of the strings of equalities satisfied by S̄C2 and

S̄C1∪C2 leads to λȷ1 < 0. This contradicts λȷ1 > 0 obtained from S̄C1 < S̄C1∪C2 . Thus

we have S̄C1 ≥ S̄C1∪C2 , which gives λȷ1 ≤ 0 by comparing the strings of equalities again.

Then another contradiction would occur if S̄C1∪C2 < S̄C2 , because it implies λȷ1 > 0.

Therefore, we have that S̄C1∪C2 ≥ S̄C2 . So we have shown that the result for L = 2.

Now suppose the result holds for any number of blocks up to L − 1. We argue by

contradiction. Suppose S̄C1∪...∪Cl
< S̄C1∪...∪CL

for some l = 1, . . . , L − 1. Then by the

induction assumption, S̄C1∪...∪CL
> S̄C1∪...∪Cl

≥ S̄C1∪...∪CL−1
≥ S̄CL−l

≥ S̄CL−l∪CL
≥

S̄CL
. We can then use similar arguments as in the case L = 2 to show S̄C1∪...∪CL

>

S̄C1∪...∪CL−1
, which leads to λȷL−1 > 0, and also to show that S̄C1∪...∪CL

> S̄CL
, which

contradicts λȷL−1 > 0. This proves S̄C1∪...∪Cl
≥ S̄C1∪...∪CL

. As for the second inequal-

ity, suppose S̄C1∪...∪CL
< S̄Cl+1∪...∪CL

. Then by the induction assumption, we have

S̄C1∪...∪CL
< S̄Cl+1∪...∪CL

≤ S̄C2∪...∪CL
≤ S̄C2 ≤ S̄C1∪C2 ≤ S̄C1 . We can then use similar

arguments as in the case L = 2 to show S̄C1∪...∪CL
< S̄C2∪...∪CL

, which leads to λȷ1 > 0,

and also to show that S̄C1∪...∪CL
< S̄C1 , which contradicts λȷ1 > 0. This establishes the

second inequality and completes the proof.

The next lemma is parallel to Lemma S.3 with S̄C replaced by ÛC . The proof is

much simpler, however, because an explicit expression is available for ÛC as a weighted

average.

Lemma S.4. Let C1, . . . , CL be adjacent blocks that are arranged in increasing order

(i.e., Cl precedes Cl+1) and satisfying ÛC1 ≥ ÛC2 ≥ . . . ≥ ÛCL
, where L ≥ 2. Then

ÛC1∪...∪Cl
≥ ÛC1∪...∪CL

≥ ÛCl+1∪...∪CL
, l = 1, . . . , L− 1.

12



Proof. This is a consequence of convexity and noting that

ÛCı∪...∪Cℓ
=

ÛCı

∑
j∈Cı

wj + ÛCı+1

∑
j∈Cı+1

wj + . . .+ ÛCℓ

∑
j∈Cℓ

wj

/ ∑
j∈Cı∪...∪Cℓ

wj

is a convex combination of the ÛCj , where 1 ≤ ı ≤ ℓ ≤ L.

S.2 Bounds on ∆̄j and ∆̃j

In this section we give bounds on ∆̄j uniformly over t ∈ [t1, t2], under the conditions

of Theorem 1, using the equality constraints (2.4). It can be shown using a similar

argument that bounds of the same order hold for ∆̃j , since in our PAVA (see Section

2.3 and Appendix A), ∆̃j also satisfies equality constraints, but instead within the PAVA

block containing j. Again for simplicity we suppress the dependence on t.

The proof depends on the following two inequalities. When ∆̄j < 0, we have

−
∑

i≤Nj(t)

log

(
1− dij

rij + ∆̄j

)
≥

∑
i≤Nj(t)

dij
rij + ∆̄j

=
∑

i≤Nj(t)

dij
rij

rij

rij −
∣∣∆̄j

∣∣
≥

∑
i≤Nj(t)

dij
rij

nj

nj −
∣∣∆̄j

∣∣ = Âj(t)
nj

nj −
∣∣∆̄j

∣∣ , (S.26)

where the first inequality follows from 0 ≤ dij/(rij + ∆̄j) < 1 for all i ≤ Nj(t) and

the fact that log(1 − x) + x ≤ 0 for x ∈ [0, 1]. Here Âj(t) ≡
∑

i≤Nj(t)
dij/rij is the

Nelson–Aalen estimator of the cumulative hazard function. Similarly, when ∆̄j ≥ 0, we

have ∑
i≤Nj(t)

log

(
1− dij

rij + ∆̄j

)
≥

∑
i≤Nj(t)

[
− dij
rij + ∆̄j

+ log

(
1− dij

rij

)
+

dij
rij

]

= −
∑

i≤Nj(t)

dij
rij

rij

rij +
∣∣∆̄j

∣∣ + log Ŝj(t) + Âj(t)

≥ −
∑

i≤Nj(t)

dij
rij

nj

nj +
∣∣∆̄j

∣∣ + log Ŝj(t) + Âj(t)

= −Âj(t)
nj

nj +
∣∣∆̄j

∣∣ + log Ŝj(t) + Âj(t), (S.27)

where the first inequality follows from the fact that log (1− x) + x is decreasing in

x ∈ [0, 1], 0 ≤ dij/(rij + ∆̄j) ≤ dij/rij ≤ 1 for i ≤ Nj(t), and

log

(
1− dij

rij + ∆̄j

)
+

dij
rij + ∆̄j

≥ log

(
1− dij

rij

)
+

dij
rij
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for all i ≤ Nj(t).

We now show ∆̄j = Op(
√
n). The key is to obtain bounds based on (S.26), (S.27)

and the estimating equations in (2.4), and to utilize well-known asymptotic properties

of Âj(t) and Ŝj(t). First note that if Mj log Ŝj(t) = Mj′ log Ŝj′(t) for all j, j′, then

∆̄i = 0 for all i = 1, . . . , k, which is trivially Op(
√
n). On the complementary event,

for a fixed j there exists j′ ̸= j such that Mj log Ŝj(t) ̸= Mj′ log Ŝj′(t). Then by the

fact that aj(∆) and aj′(∆) are increasing in ∆, ∆̄j and ∆̄j′ must have different signs.

This can be understood as follows: since rij and rij′ are numbers of subjects at risk

and rij + ∆̄j and rij′ + ∆̄j′ are adjustments to those numbers, our method essentially

fine-tunes the at-risk sets to ensure the equality constraints, so there must be a gain in

the size of the risk set in one sample and a loss in another. Without loss of generality

suppose ∆̄j ≥ 0, ∆̄j′ < 0.

Applying (S.27) to log aj(∆̄j) and (S.26) to log aj′(∆̄j′), we have

0 = log aj(∆̄j)− log aj′(∆̄j′)

≥Mj′Âj′(t)
nj′

nj′ −
∣∣∆̄j′

∣∣ −MjÂj(t)
nj

nj +
∣∣∆̄j

∣∣ +Mj log Ŝj(t) +MjÂj(t),

where the first equality comes from (2.4). Note that nj′ −
∣∣∆̄j′

∣∣ = nj′ + ∆̄j′ ≥ rij′ +

∆̄j′ ≥ 0 because h̄i,j′ ≥ 0. Thus we can multiply both sides of the above display by

(nj′ −
∣∣∆̄j′

∣∣)(nj +
∣∣∆̄j

∣∣) ≥ 0 without changing direction of the inequality to get

0 ≥Mj′Âj′(t)nj′
(
nj +

∣∣∆̄j

∣∣)−MjÂj(t)nj

(
nj′ −

∣∣∆̄j′
∣∣)

+Mj

[
log Ŝj(t) + Âj(t)

] (
nj′ −

∣∣∆̄j′
∣∣) (nj +

∣∣∆̄j

∣∣)
=
∣∣∆̄j

∣∣ ∣∣∆̄j′
∣∣ [−Mj log Ŝj(t)−MjÂj(t)

]
+
∣∣∆̄j′

∣∣ (−Mj log Ŝj(t)nj

)
+ γ1

∣∣∆̄j

∣∣+ γ2,

(S.28)

where γ1 = Mj′nj′Âj′(t)+Mjnj′(log Ŝj(t)+Âj(t)) and γ2 = nj′nj [Mj′Âj′(t)+Mj log Ŝj(t)].

Note that − log Ŝj(t)− Âj(t) > 0 because

−
∑

i≤Nj(t)

log

(
1− dij

rij

)
>

∑
i≤Nj(t)

dij
rij

(S.29)

by log(1−x)+x < 0 for all x ∈ (0, 1]. This, Mj > 0, − log Ŝj(t)nj ≥ 0 and (S.28) imply

γ1
∣∣∆̄j

∣∣+ γ2 ≤ 0. So the desired bound on ∆̄j can be obtained from bounds on γ1 and

γ2. As Mj logSj(t) = Mj′ logSj′(t) under H
t
0, we get that for any ε > 0,

γ1 = nj′

{
Mj′

[
Âj′(t) + logSj′(t)

]
+Mj

[
log Ŝj(t)− logSj(t)

]
+MjÂj(t)

}
≥

nj′Mj

4
Aj(t1) (S.30)
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with probability at least 1− ε and n sufficiently large, and that

−γ2/nj′ = nj

(
Mj′Âj′(t) +Mj′ log Ŝj′(t)−Mj′ logSj′(t) +Mj logSj(t)

)
= Op(n)Op(1/

√
n) = Op(n

1
2 ), (S.31)

by the fact that log Ŝj − logSj = Op(1/
√
n), Âj′ + logSj′ = Op(1/

√
n) and Âj − Aj =

Op(1/
√
n) using classical results on KM and Nelson–Aalen estimators (cf. Li, 1995).

Since Aj(t1) > 0 by the S0(t1) < 1 condition assumed in Theorem 1, (S.30) implies

0 <
nj′Mj

4
Aj(t1)

∣∣∆̄j

∣∣ ≤ γ1
∣∣∆̄j

∣∣ ≤ −γ2

with probability at least 1− ε and n sufficiently large, and thus by (S.31),

∣∣∆̄j

∣∣ ≤ Op(n
1
2 ). (S.32)

As for asymptotic order of ∆̄j′ , again by (S.29), we have −Mj log Ŝj(t)nj

∣∣∆̄j′
∣∣+γ1

∣∣∆̄j

∣∣+
γ2 ≤ 0. Since log Ŝj − logSj = Op(1/

√
n) and the conditions in Theorem 1 imply

− log Ŝj(t) ≥ −1/2 logSj(t1) > 0 with probability at least 1− ε and n sufficiently large,

(S.30), (S.31) and (S.32) then imply
∣∣∆̄j′

∣∣ ≤ Op(n
1/2). This completes the proof.

S.3 Remarks on Theorem 1 continued

Often likelihood ratio statistics are distribution-free. Here we explain what makes this

problem different from the classical setting and why we cannot obtain an asymptotically

distribution-free form. The short answer is that we have k > 2 groups, censoring and

Mj ̸= 1. To be more specific, we will constrast the derivations of a distribution-free

form in the k = 2 case with k = 3, along with the censored and Mj ̸= 1 case with the

uncensored and Mj = 1 case. For simplicity, we will illustrate using the omnibus test

(i.e., without order restrictions) in Section 3.4, and suppress dependence on t. When

k = 2, SSBo in Theorem 2 can be written as

{
√
w2U1 +

√
w1U2}2 =

1

θ1 + θ2
U2
1,2,

where

U1,2 =
σ1U1M1√

p1
− σ2U2M2√

p2
.

It can be shown that the covariance function of U1,2/
√
θ1 + θ2 is the standardized form

(i.e., it reduces to 1 for Uj at a fixed t)

(θ1 + θ2)(min(s, t))/
√

(θ1 + θ2)(s)(θ1 + θ2).
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Such a standardized form enables us to find a suitable transformation in the time

scale so that SSBo becomes a functional of a standard Brownian bridge (see, e.g.

Chang and McKeague, 2016, p.22 for the M1 = M2 = 1 case), which can lead to a

distribution-free statistic.

On the other hand, when k = 3, SSBo can be written as

{
√
w2U1 +

√
w1U2}2 + {

√
w3U1 +

√
w1U3}2

+ {
√
w3U2 +

√
w2U3}2

=
θ3

θ1θ2 + θ1θ3 + θ2θ3
U2
1,2 +

θ2
θ1θ2 + θ1θ3 + θ2θ3

U2
1,3

+
θ1

θ1θ2 + θ1θ3 + θ2θ3
U2
2,3,

where U1,3 and U2,3 are defined similarly as U1,2. Since we have shown in k = 2 that

U1,2/
√
θ1 + θ2 has the standardized form, the processes at hand√

θlUi,j/
√

θ1θ2 + θ1θ3 + θ2θ3

=
√

θl(θi + θj)/
√

θ1θ2 + θ1θ3 + θ2θ3 × Ui,j/
√

θi + θj

for distinct i, j, l ∈ {1, 2, 3} are clearly not in the standardized form in general, due to

the fact that
√

θl(θi + θj)/
√
θ1θ2 + θ1θ3 + θ2θ3 may not be distribution-free. However,

when Mj = 1 and there is no censoring, it can be shown that√
θl(θi + θj)√

θ1θ2 + θ1θ3 + θ2θ3

=

√
1/pl(1/pi + 1/pj)√

1/(p1p2) + 1/(p2p3) + 1/(p1p3)
,

which is distribution-free, as required.

S.4 Retention-of-effect approach

As in Section 3.3, it suffices to consider the local NPLR with equality constraint in the

numerator:

Rr(t) =
sup

{
L(S1, S2, S3) : S2(t)/S1(t) = {S3(t)/S1(t)}M

}
sup {L(S1, S2, S3) : S2(t)/S1(t) ≥ {S3(t)/S1(t)}M}

. (S.33)

To avoid excessive notation, in what follows we use the same notation h̄ij and h̃ij as

in Section 2.2. By the method of Lagrange multipliers, the numerator of (S.33) is the
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constrained maximum
∏3

j=1

∏mj

i=1 h̄
dij
ij (1− h̄

dij
ij ), where

h̄i1 =
di1

ri1 + λ̄(M − 1)
, h̄i2 =

di2
ri2 + λ̄

, h̄i3 =
di3

ri3 −Mλ̄
,

for i ≤ Nj(t), h̄ij = dij/rij for i > Nj(t), and the multipler λ̄ satisfies the equality

constraint

∏
i≤N2(t)

(
1− h̄i,2

)/ ∏
i≤N1(t)

(
1− h̄i1

)
=

 ∏
i≤N3(t)

(
1− h̄i,3

)/ ∏
i≤N1(t)

(
1− h̄i1

)
M

.

On the other hand, by the KKTmethod, the denominator of (S.33) is
∏k

j=1

∏mj

i=1 h̃
dij
ij (1−

h̃
dij
ij ), where

h̃i1 =
di1

ri1 + λ̃(M − 1)
, h̃i2 =

di2

ri2 + λ̃
, h̃i3 =

di3

ri3 −Mλ̃
,

for i ≤ Nj(t), h̃ij = dij/rij for i > Nj(t), and the multiplier λ̃ satisfies the conditions

∏
i≤N2(t)

(
1− h̃i,2

)/ ∏
i≤N1(t)

(
1− h̃i1

)
≤

 ∏
i≤N3(t)

(
1− h̃i,3

)/ ∏
i≤N1(t)

(
1− h̃i1

)
M

,

λ̃ ≥ 0,

λ̃

 ∏
i≤N2(t)

(
1− h̃i,2

)/ ∏
i≤N1(t)

(
1− h̃i1

)
−

 ∏
i≤N3(t)

(
1− h̃i,3

)/ ∏
i≤N1(t)

(
1− h̃i1

)
M
 = 0.

As in Section 2.2, the Lagrange multipliers adjust the size of the risk set in order

to satisfy the equality and inequality constraints. However, now the problem becomes

more complicated because each multiplier governs the adjustment between the risk

sets of all the samples, whereas previously, each multiplier only governs the adjustment

between the risk sets of two adjacent samples. This leads to a slightly more complicated

integrated local NPLR statistic: it takes the same form as (3.1), but with Ŝ0(t) as a

consistent estimate of the survival function S0(t) = v1(t)S
M
3 (t) + v2(t)S

M−1
1 (t)S2(t)

instead. The limiting distribution now involves a projection onto I = {z ∈ R3 : z1 =

z2 ≥ z3} and a more complicated form of the weight functions:

θ1(t)θ3(t)

ϕ(t)(θ1(t) + θ2(t))
,

θ2(t)θ3(t)

ϕ(t)(θ1(t) + θ2(t))
,
θ1(t) + θ2(t)

ϕ(t)
,

respectively, where θj(t) = M2
j σ

2
j (t)/pj , M1 = M − 1,M2 = 1,M3 = M , and ϕ(t) =∑3

j=1 θj(t). With the above changes, the conclusion of Theorem 1 holds under the

assumptions SM
3 (t) = S1(t)

M−1S2(t) for t ∈ [t1, t2], S0(t1) < 1 and S0(t2)Gj(t2) > 0. A
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similar bootstrap method as Section 3.1 can be used to calibrate this test.

S.5 Additional simulation results

S.5.1 Accuracy and power

Here we report results for censoring rate 50%, and unequal group sample sizes n1 = 135,

n2 = 270, n3 = 260 that roughly match the real data example. Furthermore, we

consider an additional Scenario A′ under the overall null Hc
1 (see Figure S.1), where the

standard treatment is superior to the placebo and the experimental treatment is inferior

to reference, with the largest difference occurring at the margin (i.e., when SM2
2 = SM3

3 ).

The conclusions for Scenarios A, B and C are similar to those of Sections 6.1 and 6.2,

see Table S.1. As for Scenario A′, the empirical rejection rates are close to their nominal

levels, except for the cases of HS,R
1 and H1

1 where the rejection rates represent empirical

power because the standard treatment is superior to the placebo.
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Figure S.1: Survival functions S
Mj

j (left) and Sj (middle and right) for Scenario A′

representing an example of Hc
1. Each S

Mj

j is specified as Weibull: placebo (solid),
standard therapy (dashed), experimental therapy (two-dashed). The Sj are defined

from the S
Mj

j , and (M1,M2,M3) = (1, 1, 10/8) (middle) or (M1,M2,M3) = (1, 1, 10/7)
(right).

S.5.2 Power/sample size calculations and optimal allocation

It is often of interest to carry out power calculations, determine sample sizes and find

optimal allocation ratios prior to a clinical trial. Since our method is a two-step non-

parametric testing procedure with bootstrap calibration, analytical formulas for asymp-

totic power would be very challenging to develop. Instead, we suggest a Monte Carlo

simulation-based approach, as is often recommended (see, e.g., Landau and Stahl, 2013).

Here we provide an example of such an analysis. Power versus total sample size n given

a specific allocation ratio is plotted in Figure S.2. From the figure, we can see that for
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Table S.1: Empirical significance levels and powers, at α = 0.05 for the first set of H1

columns (as in Tables 1 and 3) and at α = 0.025 for all the other columns (as in Tables 2
and 4). Results based on 1000 replications, censoring rate 50%, and unequal allocation
n1 = 135, n2 = 270, n3 = 260. Scenario A′ is indicated in Figure S.1.

(M1,M2,M3) H1 HS,R
1 H1

1 HN
1 H2

1 HS,R,N
1 H1

Kn In Cox PW Cox PW Cox PW Cox PW

A
(1, 1, 10/8) 0.066 0.053 0 0 0.025 0.031 0.023 0.026 0 0
(1, 1, 10/7) 0.072 0.054 0 0 0.027 0.032 0.022 0.028 0 0

A′
(1, 1, 10/8) 0.040 0.040 0.055 0.068 1 1 0.026 0.032 0.026 0.032
(1, 1, 10/7) 0.053 0.053 0.052 0.059 1 1 0.026 0.028 0.026 0.028

B
(1, 1, 10/8) 0.909 0.929 0.363 0.334 0.392 0.370 0.710 0.656 0.222 0.192
(1, 1, 10/7) 0.886 0.919 0.360 0.325 0.390 0.364 0.697 0.642 0.218 0.187

C
(1, 1, 10/8) 0.988 0.988 0.492 0.808 0.450 0.762 0.819 0.954 0.319 0.719
(1, 1, 10/7) 0.989 0.990 0.476 0.802 0.454 0.756 0.778 0.934 0.301 0.695

equal allocation p1 = p2 = p3, the required total sample size to achieve 80% power is

n = 120. Also, in Table S.2 we tabulate power for various allocation ratios (for n = 120).

Over the grid of (p1, p2) values in the table (note p3 = 1−p1−p2), the optimal allocation

is (p1, p2, p3) = (0.4, 0.1, 0.5). A finer grid would sometimes be more appropriate. We

have provided the R code (see Supplement Section S.6) for these power calculations.
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Figure S.2: Power versus total sample size (n) given equal allocation. Results based
on 1000 replications, censoring rate 10%, (M1,M2,M3) = (1, 1, 10/7) in Scenario C.
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Table S.2: Empirical powers at α = 0.05 for different allocation ratios p1 and p2 (p3 =
1 − p1 − p2). Results based on 1000 replications, censoring rate 10%, (M1,M2,M3) =
(1, 1, 10/7) and n = 120 in Scenario C.

p2
p1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

0.1 0.700 0.720 0.709 0.700 0.651 0.605 0.496 0.395
0.2 0.856 0.830 0.809 0.755 0.698 0.595 0.496
0.3 0.897 0.873 0.817 0.760 0.684 0.564
0.4 0.901 0.864 0.814 0.740 0.632
0.5 0.896 0.836 0.780 0.653
0.6 0.848 0.778 0.664
0.7 0.765 0.682
0.8 0.637

S.6 R code

1 ############# requ i r ed packages

2 l i b r a r y ( s u r v i v a l )

3 l i b r a r y ( n l op t r )

4 l i b r a r y ( p ly r ) #array to l i s t

5 l i b r a r y ( I s o )

6 # fo r c l u s t e r computing :

7 l i b r a r y ( p a r a l l e l )

8 l i b r a r y ( f o r each )

9 l i b r a r y ( doPa ra l l e l )

10 ############# END requ i r ed packages

11

12 ############# user input

13 # where R code conta in ing the f unc t i on s i s

14 d i r path = paste ( ”C:\\ Users \\” , Sys . getenv ( ”USERNAME” ) , ”\\Dropbox\\ papers
mine\\paper ELSOc k\\AOS1686” , sep = ”” )

15 # where the r e s u l t s w i l l be saved

16 d i r path2 = paste ( ”C:\\ Users \\” , Sys . getenv ( ”USERNAME” ) , ”\\Dropbox\\
computing\\R program\\ out t e s t 20171106\\new” , sep = ”” )

17 # source R code conta in ing the f unc t i on s

18 setwd ( d i r path )

19 source ( ” f unc t i on s to be sourced .R” )

20 # se t parameters f o r gene ra t ing data :

21 n = 120

22 p1 = 0 .4

23 p2 = 0 .1

24 parameters = l i s t ( ) # a l i s t f o r s t o r i n g parameter va lue s below

25 # ca l c u l a t e the number o f co r e s f o r p a r a l l e l computing

26 no co r e s = detectCores ( ) /2 − 1

27 # number o f p a r a l l e l t a sk s f o r computing nrep ( see below ) r e s u l t s

28 parameters $ n s p l i t = no co r e s
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29 # number o f da ta s e t s to be generated ; should be a f a c t o r o f n s p l i t above

30 parameters $nrep = 40 ∗ no co r e s

31 # number o f da ta s e t s to be generated per p a r a l l e l task

32 parameters $nrep sub = c e i l i n g ( parameters $nrep / parameters $ n s p l i t )

33 # number o f boots t rap samples

34 parameters $nboot = 1000

35 # f i r s t entry i s o v e r a l l alpha l e v e l ; second entry i s alpha l e v e l a f t e r

Bonfe r ron i adjustment

36 parameters $ alpha vec = c (0 . 0 5 , 0 . 025 )

37 # the vec to r o f margins M 1 , M 2 , M 3

38 parameters $M vec = c (1 , 1 , 1 / 0 . 7 )

39 # admin i s t r a t i v e c en so r ing

40 parameters $adminC = 10

41 # a jb j r e s u l t : c ( shape , s c a l e ) o f Weibull f o r S j ˆ{M j } , j =1 ,2 ,3

42 parameters $a1b1 r e s u l t = c (2 , 6)

43 parameters $a2b2 r e s u l t = c ( 1 . 6 , 5 . 2 )

44 parameters $a3b3 r e s u l t = c ( 1 . 2 , 4 . 1 )

45 # censo r ing r a t e s

46 parameters $ pct censor = 0.10

47 # c ( tau1 , tau2 ) : f o l l ow−up per iod [ tau1 , tau2 ] s p e c i f i e d in study protoco l ,

i f any

48 parameters $ tau1 = 0

49 parameters $ tau2 = In f

50 # s t a r t i n g seed f o r each r e p l i c a t i o n o f data gene ra t i on

51 parameters $ s e e d s t a r t = 0

52 # sp e c i f y i n g which t e s t to perform power c a l c u l a t i o n s on ; cur r ent cho i c e s :

c ( ’ two step sup ’ , ’ two step dF ’ )

53 parameters $ opt ion t e s t = ’ two step dF ’

54 # sp e c i f i e d power : f o r computing power g iven sample s i z e s , s e t to 0 . For

computing optimal

55 # sample s i z e s g iven power , s e t t h i s to the de s i r ed power .

56 parameters $ s p e c i f i e d power = 0 .2

57 ############## END user input

58

59 ############# other parameter c a l c u l a t i o n s based on user input

60 a1b1 = c ( parameters $a1b1 r e s u l t [ 1 ] , parameters $a1b1 r e s u l t [ 2 ] ∗ (

parameters $M vec [ 1 ] ˆ (1 / parameters $a1b1 r e s u l t [ 1 ] ) ) )

61 a2b2 = c ( parameters $a2b2 r e s u l t [ 1 ] , parameters $a2b2 r e s u l t [ 2 ] ∗ (

parameters $M vec [ 2 ] ˆ (1 / parameters $a2b2 r e s u l t [ 1 ] ) ) )

62 a3b3 = c ( parameters $a3b3 r e s u l t [ 1 ] , parameters $a3b3 r e s u l t [ 2 ] ∗ (

parameters $M vec [ 3 ] ˆ (1 / parameters $a3b3 r e s u l t [ 1 ] ) ) )

63 M re t = parameters $M vec [ 3 ]

64 M re t vec = c (M re t − 1 , 1 , M re t )

65

66 # f ind censo r ing parameters based on parameters $ pct censor g iven above ( in

user input )

67 prob censor = func t i on ( c , ab , perc censor ) {
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68 # Computes censo r ing p r obab i l i t y − perc censor f o r a g iven number perc

censor

69 # Args :

70 # c : parameter f o r U(0 , c ) which gene ra t e s the censo r ing random va r i ab l e

with admin i s t r a t i v e censo r ing at time parameters $adminC

71 # ab : parameters f o r Weibull ( ab [ 1 ] , ab [ 2 ] ) which gene ra t e s the l i f e t im e

random va r i a b l e s

72 # perc censor : the g iven number perc censor

73 # Returns :

74 # the censo r ing p r obab i l i t y − perc censor f o r the g iven number perc

censor

75 x = seq (0 , c , by = 0 .0001)

76 q = (1 − pwe ibu l l (x , shape = ab [ 1 ] , s c a l e = ab [ 2 ] ) ) ∗ ( x < min( c ,

parameters $adminC) ) ∗ 0 .0001 / c + (1 − pwe ibu l l (x , shape = ab [ 1 ] ,

s c a l e = ab [ 2 ] ) ) ∗ ( x <= c & x == parameters $adminC) ∗ (1 − min( c ,

parameters $adminC) / c )

77 re turn (sum(q ) − perc censor )

78 } # END prob censor

79 parameters $c = un i root ( prob censor , i n t e r v a l = c ( 1 . 1 , 700) , ab = a1b1 ,

perc censor = parameters $ pct censor ) $ root

80 ############# END other parameter c a l c u l a t i o n s based on user input

81

82 ############# producing p−value and d e c i s i o n r e s u l t s , g iven a s p e c i f i c

datase t

83 ### making an a r t i f i c i a l datase t :

84 Yd = matrix ( c (1 , 2 , 3 , 4 , 5 , 6 , 1 . 1 , 2 , 2 . 5 , 5 , 6 , 7 , 0 . 9 , 1 . 5 , 2 . 7 , 4 . 1 ,

5 . 2 , 6 . 5 ,

85 1 , 0 , 1 , 1 , 1 , 0 , 1 , 0 , 1 , 1 , 1 , 1 , 1 , 0 , 1 , 0 , 0 , 1) , nco l = 2)

86 group = c ( rep (1 , 3) , rep (2 , 3) , rep (3 , 3) )

87 data = cbind (Yd, group )

88 dat = Surv ( data [ , 1 ] , data [ , 2 ] )

89 f i t = s u r v f i t ( dat ˜ 1)

90 f i t 1 = s u r v f i t ( dat [ data [ , 3 ] == 1 ] ˜ 1)

91 f i t 2 = s u r v f i t ( dat [ data [ , 3 ] == 2 ] ˜ 1)

92 f i t 3 = s u r v f i t ( dat [ data [ , 3 ] == 3 ] ˜ 1)

93 ### implement the func t i on computing p−va lue s and d e c i s i o n r e s u l t s

94 t e s t s t a t f n = t e s t s t a t ( parameters $tau1 , parameters $tau2 , f i t , f i t 1 , f i t 2 ,

f i t 3 , parameters $M vec , M ret , data , parameters $ alpha vec , parameters $

nboot )

95 ### outputs from the func t i on :

96 t e s t s t a t f n $out dF pval # p−value f o r I n

97 t e s t s t a t f n $out sup pval # p−value f o r K n

98 t e s t s t a t f n $out dF 12 pval # p−value f o r the pa i rw i s e NPLR t e s t comparing

group 1 and 2

99 t e s t s t a t f n $out dF 23 pval # p−value f o r the pa i rw i s e NPLR t e s t comparing

group 2 and 3

100 t e s t s t a t f n $out dF r e t pval # p−value f o r the pa i rw i s e NPLR t e s t comparing

group 2 and 3 us ing re t en t i on−of−e f f e c t fo rmulat ion
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101 t e s t s t a t f n $ t e s t nocros s # de c i s i o n on whether H {01}ˆ c should be r e j e c t e d

(1 ) or not (0 )

102 t e s t s t a t f n $ t e s t # K n

103 t e s t s t a t f n $EL SOcrit # c r i t i c a l va lue f o r K n ( corre spond ing to alpha vec

l e v e l s )

104 t e s t s t a t f n $ i n t t e s t dF # I n

105 t e s t s t a t f n $ i n t dFEL SOcrit # c r i t i c a l va lue f o r I n ( cor re spond ing to

alpha vec l e v e l s )

106 ### use outputs from the func t i on to implement the proposed two−s tep

procedure :

107 t e s t SO sup = 0

108 t e s t SO dF = 0

109 i f ( t e s t s t a t f n $ t e s t nocros s == 1) {
110 i f ( t e s t s t a t f n $ t e s t > t e s t s t a t f n $EL SOcrit [ 1 ] ) {
111 t e s t SO sup = 1

112 } # END i f

113 i f ( t e s t s t a t f n $ i n t t e s t dF > t e s t s t a t f n $ i n t dFEL SOcrit [ 1 ] ) {
114 t e s t SO dF = 1

115 } # END i f

116 } e l s e {
117 t e s t SO sup = −1

118 t e s t SO dF = −1

119 } # END i f / e l s e

120 ### r e s u l t s o f the proposed two−s tep procedure

121 t e s t SO sup

122 t e s t SO dF

123 # based on K n :

124 # te s t SO sup == −1: H {01}ˆ c not r e j e c t e d

125 # te s t SO sup == 0 : H {01}ˆ c r e j e c t ed , H 0 not r e j e c t e d

126 # te s t SO sup == 1 : H {01}ˆ c r e j e c t ed , H 0 r e j e c t e d ( i . e . support ing H 1)

127 # based on I n :

128 # te s t SO dF == −1: H {01}ˆ c not r e j e c t e d

129 # te s t SO dF == 0 : H {01}ˆ c r e j e c t ed , H 0 not r e j e c t e d

130 # te s t SO dF == 1 : H {01}ˆ c r e j e c t ed , H 0 r e j e c t e d ( i . e . support ing H 1)

131 ############# END producing p−value and d e c i s i o n r e s u l t s , g iven a

s p e c i f i c datase t

132

133 ############# power func t i on

134 powerfn = func t i on (n , parameters , p1 , p2 , s p l i t ) {
135 # Computes the emp i r i c a l r e j e c t i o n ra t e o f our composite procedure

136 # Args :

137 # n : t o t a l sample s i z e

138 # parameters : the parameters input / c a l c u l a t ed in the codes above (up to

# END other parameter c a l c u l a t i o n s based on user input )

139 # p1 : proport ion o f data f o r the f i r s t group

140 # p2 : proport ion o f data f o r the second group

141 # s p l i t : number o f p a r a l l e l t a sk s f o r computing nrep ( see parameters $

nrep above ) r e s u l t s
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142 # Returns :

143 # the emp i r i c a l r e j e c t i o n ra t e o f our composite procedure

144 ### parameter o r gan i z a t i on

145 c = rep ( parameters $c , 3)

146 n1 = c e i l i n g (n ∗ p1 )

147 n2 = c e i l i n g (n ∗ p2 )

148 n3 = n − n1 − n2

149 nrep sub = parameters $nrep sub

150 ### de f i n e output

151 t e s t nocros s = 1 : nrep sub ∗ 0

152 t e s t = 1 : nrep sub ∗ 0

153 c r i t boot = matrix (0 , nrow = nrep sub , nco l = length ( parameters $ alpha

vec ) )

154 i n t t e s t dF = 1 : nrep sub ∗ 0

155 c r i t boot i n t dF = matrix (0 , nrow = nrep sub , nco l = length ( parameters $

alpha vec ) )

156 t e s t SO sup = 1 : nrep sub ∗ 0

157 t e s t SO dF = 1 : nrep sub ∗ 0

158 ### fo r loop genera t ing nrep sub number o f da ta s e t s and computing

s t a t i s t i c s a c co rd ing ly

159 f o r ( i in 1 : nrep sub ) {
160 s e t . seed ( parameters $ s e e d s t a r t + nrep sub ∗ ( s p l i t − 1) + i )

161 pr in t ( parameters $ s e e d s t a r t + nrep sub ∗ ( s p l i t − 1) + i )

162 ## data genera t i on

163 X1 = rwe ibu l l (n = n1 , shape = a1b1 [ 1 ] , s c a l e = a1b1 [ 2 ] )

164 X2 = rwe ibu l l (n = n2 , shape = a2b2 [ 1 ] , s c a l e = a2b2 [ 2 ] )

165 X3 = rwe ibu l l (n = n3 , shape = a3b3 [ 1 ] , s c a l e = a3b3 [ 2 ] )

166 C1 = pmin ( r un i f ( n1 , min = 0 , max = c [ 1 ] ) , parameters $adminC)

167 C2 = pmin ( r un i f ( n2 , min = 0 , max = c [ 2 ] ) , parameters $adminC)

168 C3 = pmin ( r un i f ( n3 , min = 0 , max = c [ 3 ] ) , parameters $adminC)

169 ## make censo r ing data :

170 Y1 = apply ( cbind (X1 , C1) , 1 , min )

171 Y2 = apply ( cbind (X2 , C2) , 1 , min )

172 Y3 = apply ( cbind (X3 , C3) , 1 , min )

173 de l ta1 = (X1 <= C1)

174 de l ta2 = (X2 <= C2)

175 de l ta3 = (X3 <= C3)

176 s o r t 1 = so r t (Y1 , index . re turn = TRUE)$ ix

177 s o r t 2 = so r t (Y2 , index . re turn = TRUE)$ ix

178 s o r t 3 = so r t (Y3 , index . re turn = TRUE)$ ix

179 data = matrix ( c (Y1 [ s o r t 1 ] , Y2 [ s o r t 2 ] , Y3 [ s o r t 3 ] , d e l t a1 [ s o r t 1 ] , d e l t a2

[ s o r t 2 ] , d e l t a3 [ s o r t 3 ] , rep (1 , t imes = n1 ) , rep (2 , t imes = n2 ) , rep

(3 , t imes = n3 ) ) , nco l = 3)

180 dat = Surv ( data [ , 1 ] , data [ , 2 ] )

181 ## su rv i v a l a n a l y s i s

182 f i t = s u r v f i t ( dat ˜ 1)

183 f i t 1 = s u r v f i t ( dat [ data [ , 3 ] == 1 ] ˜ 1)

184 f i t 2 = s u r v f i t ( dat [ data [ , 3 ] == 2 ] ˜ 1)
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185 f i t 3 = s u r v f i t ( dat [ data [ , 3 ] == 3 ] ˜ 1)

186 ## te s t s t a t fn apply

187 pr in t ( Sys . time ( ) )

188 t e s t s t a t f n = t e s t s t a t ( parameters $tau1 , parameters $tau2 , f i t , f i t 1 ,

f i t 2 , f i t 3 , parameters $M vec , M ret , data , parameters $ alpha vec ,

parameters $nboot )

189 pr in t ( Sys . time ( ) )

190 ## the proposed two−s tep procedure

191 t e s t nocros s [ i ] = t e s t s t a t f n $ t e s t nocros s

192 t e s t [ i ] = t e s t s t a t f n $ t e s t

193 c r i t boot [ i , ] = t e s t s t a t f n $EL SOcrit # [ , j ] cor responds to j−th

element o f alpha vec

194 i n t t e s t dF [ i ] = t e s t s t a t f n $ i n t t e s t dF

195 c r i t boot i n t dF [ i , ] = t e s t s t a t f n $ i n t dFEL SOcrit # [ , j ]

cor responds to j−th element o f alpha vec

196 i f ( t e s t nocros s [ i ] == 1) {
197 i f ( t e s t [ i ] > c r i t boot [ i , 1 ] ) {
198 t e s t SO sup [ i ] = 1

199 } # END i f

200 i f ( i n t t e s t dF [ i ] > c r i t boot i n t dF [ i , 1 ] ) {
201 t e s t SO dF [ i ] = 1

202 } # END i f

203 } e l s e {
204 t e s t SO sup [ i ] = −1

205 t e s t SO dF [ i ] = −1

206 } # END i f / e l s e

207 } # END fo r

208

209 # f i n a l l y get r e j r a t e

210 i f ( parameters $ opt ion t e s t == ’ two step sup ’ ) {
211 rp = sum( t e s t SO sup [ t e s t nocros s == 1 ] == 1) / nrep sub

212 } e l s e i f ( parameters $ opt ion t e s t == ’ two step dF ’ ) {
213 rp = sum( t e s t SO dF [ t e s t nocros s == 1 ] == 1) / nrep sub

214 } #END i f / e l s e i f

215 re turn ( rp )

216 } # END powerfn

217 ############# END power func t i on

218

219 ############# ca l c u l a t i n g power g iven n , p1 , p2 ( u t i l i z i n g R p a r a l l e l

computing )

220 # i n i t i a t e c l u s t e r

221 c l = makeCluster ( no co r e s )

222 r e g i s t e rDoPa r a l l e l ( c l )

223 ### compute the r e s u l t s :

224 time1 = Sys . time ( )

225 parameters $nrep

226 f o r each ( s p l i t = 1 : parameters $ n sp l i t ,

227 . combine = c ,
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228 . packages = c ( ” s u r v i v a l ” , ” n l op t r ” , ” p ly r ” , ” I s o ” )

229 ) %dopar% {
230 out = powerfn (n = n , parameters , p1 = p1 , p2 = p2 , s p l i t )

231 setwd ( d i r path2 )

232 save ( out , f i l e = paste ( ”n ” , n , ” s p l i t ” , s p l i t , ’ nrep ’ , parameters $

nrep , ” p1 ” , p1 , ” p2 ” , p2 , ” . Rdata” , sep = ”” ) )

233 } # END foreach

234 time2 = Sys . time ( )

235 time2−time1

236 s topClus t e r ( c l )

237 ### read the r e s u l t s :

238 rp vec = 1 : parameters $ n s p l i t ∗ 0

239 setwd ( d i r path2 )

240 f o r ( s p l i t in 1 : parameters $ n s p l i t ) {
241 load ( paste ( ”n ” , n , ” s p l i t ” , s p l i t , ’ nrep ’ , parameters $nrep , ” p1 ” ,

p1 , ” p2 ” , p2 , ” . Rdata” , sep=”” ) )

242 rp vec [ s p l i t ] = out

243 } # END fo r

244 mean( rp vec ) # the de s i r ed power

245 #############END ca l c u l a t i n g power g iven n , p1 , p2

power calculations.R

1 ############# pre l im inary func t i on s

2 d i v i s i o n 00 = func t i on (x , y ) {
3 # Computes the f r a c t i o n o f two vec t o r s f o l l ow i ng the 0 / 0 = 1 convent ion .

( can ’ t dea l with In f / In f though )

4 # Args :

5 # x : numerator

6 # y : denominator

7 # x , y should be ve c t o r s o f the same length

8 # Returns :

9 # out : x / y ; when x [ i ] = 0 and y [ i ] = 0 , out [ i ] = 1

10 out = x / y

11 out [ as . l o g i c a l ( ( x == 0) ∗ ( x == y) ) ] = 1

12 re turn ( out )

13 } # END d iv i s i o n 00

14 product = func t i on (x , y ) {
15 # Computes the product o f two vec to r s f o l l ow i ng the 0 ∗ I n f = 0 convent ion

.

16 # Args :

17 # x , y are ve c to r s o f the same length

18 # Returns :

19 # out : x ∗ y ; when x [ i ] = 0 or y [ i ] = 0 , out [ i ] = 0

20 out = x ∗ y

21 out [ ( x == 0 | y == 0) ] = 0

22 re turn ( out )

23 } # END product

24 product mat = func t i on (x , y ) {
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25 # Computes the product o f two matr i ce s f o l l ow i ng the 0 ∗ I n f = 0

convent ion .

26 # Args :

27 # x , y are matr i ce s o f the same dimensions

28 # Returns :

29 # out : x ∗ y ; when x [ i , ] = 0 or y [ i , ] = 0 , out [ i , ] = 0

30 out = x ∗ y

31 f o r ( i in 1 : dim(x ) [ 1 ] ) {
32 out [ i , ( x [ i , ] == 0 | y [ i , ] == 0) ] = 0

33 }
34 re turn ( out )

35 } # END product mat

36 ############# END pre l im inary func t i on s

37

38

39 ############# EL t e s t r e l a t e d func t i on s

40 neg log l i k e l i h o o d l e t eq h = func t i on ( t , f i t 1 , f i t 2 , f i t 3 , M vec , i n i t

lambdas = c (0 , 0 ) , maxeval = 10000) {
41 # Computes the negat ive l og l i k e l i h o o d at a g iven time t

42 # when sub j e c t to equa l i t y c on s t r a i n t S 1 ˆ {M 1} \ succ S 2 ˆ {M 2} \ succ
S 3 ˆ {M 3} .

43 # (\ succ i s the l a t e x notat ion we used to denote po intw i se g r e a t e r than )

44 # Args :

45 # t : the g iven t>=0 in l o c a l i z e d EL s t a t i s t i c

46 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group ( see power

c a l c u l a t i o n s .R)

47 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

48 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

49 # M vec : the vec to r o f margins M 1 , M 2 , M 3

50 # i n i t lambdas : the vec to r o f i n i t i a l va lue s f o r the Lagrange

mu l t i p l i e r s

51 # maxeval : maximum number o f func t i on eva lua t i on s

52 # Returns :

53 # the negat ive l og l i k e l i h o o d at a g iven time t

54 # when sub j e c t to equa l i t y c on s t r a i n t S 1 ˆ {M 1} \ succ S 2 ˆ {M 2} \
succ S 3 ˆ {M 3}

55 d1 = f i t 1 $n . event [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

56 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

57 d2 = f i t 2 $n . event [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

58 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

59 d3 = f i t 3 $n . event [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

60 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

61 A1 = r1 − d1

62 A2 = r2 − d2

63 A3 = r3 − d3

64 D1 = max(d1 − r1 ) / M vec [ 1 ] + 0.0001

65 D2 = max(d2 − r2 ) / M vec [ 2 ] + 0.0001

66 D3 = max(d3 − r3 ) / M vec [ 3 ] + 0.0001
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67 i n i t weights = c ( d1 / ( r1 + M vec [ 1 ] ∗ i n i t lambdas [ 1 ] ) , d2 / ( r2 + M

vec [ 2 ] ∗ ( i n i t lambdas [ 2 ] − i n i t lambdas [ 1 ] ) ) , d3 / ( r3 − M vec [ 3 ] ∗
i n i t lambdas [ 2 ] ) )

68 fnc ob j e c t i v e h = func t i on (h) {
69 # Computes the negat ive l og l i k e l i h o o d at a g iven time t f o r a g iven

vec to r o f h

70 # Args :

71 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

72 # Returns :

73 # the negat ive l og l i k e l i h o o d at a g iven time t

74 h1 = h [ 1 : l ength ( d1 ) ]

75 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

76 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]

77 out = sum(d1 ∗ l og ( h1 ) ) + sum(d2 ∗ l og ( h2 ) ) + sum(d3 ∗ l og ( h3 ) ) + sum(

product (A1 , l og (1 − h1 ) ) ) + sum( product (A2 , l og (1 − h2 ) ) ) + sum(

product (A3 , l og (1 − h3 ) ) )

78 re turn (−out )

79 } # END fnc ob j e c t i v e h

80 gnc ob j e c t i v e h = func t i on (h) {
81 # Computes the grad i ent o f the negat ive l og l i k e l i h o o d at a g iven time t

f o r a g iven vec to r o f h

82 # Args :

83 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

84 # Returns :

85 # the grad i en t o f the negat ive l og l i k e l i h o o d at a g iven time t

86 h1 = h [ 1 : l ength ( d1 ) ]

87 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

88 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]

89 out = c ( d i v i s i o n 00 (d1 , h1 ) − d i v i s i o n 00 ( r1 − d1 , 1 − h1 ) , d i v i s i o n 00 (

d2 , h2 ) − d i v i s i o n 00 ( r2 − d2 , 1 − h2 ) , d i v i s i o n 00 (d3 , h3 ) −
d i v i s i o n 00 ( r3 − d3 , 1 − h3 ) )

90 re turn (−out )

91 } # END gnc ob j e c t i v e h

92 c on s t r a i n t s h = func t i on (h) {
93 # Computes the equa l i t y c on s t r a i n t s in the form o f a vec to r that i s == 0

94 # Args :

95 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

96 # Returns :

97 # the vec to r that i s == 0

98 h1 = h [ 1 : l ength ( d1 ) ]

99 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

100 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]
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101 re turn ( c ( l og ( d i v i s i o n 00 ( prod ( (1 − h2 ) ˆ M vec [ 2 ] ) , prod ( (1 − h1 ) ˆ M

vec [ 1 ] ) ) ) , l og ( d i v i s i o n 00 ( prod ( (1 − h3 ) ˆ M vec [ 3 ] ) , prod ( (1 − h2 )

ˆ M vec [ 2 ] ) ) ) ) )

102 } # END con s t r a i n t s h

103 j a c c on s t r a i n t s h = func t i on (h) {
104 # Computes the Jacobian o f the output o f c on s t r a i n t s h above as a

func t i on o f h

105 # Args :

106 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

107 # Returns :

108 # the Jacobian o f the output o f c on s t r a i n t s h above as a func t i on o f h

109 h1 = h [ 1 : l ength ( d1 ) ]

110 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

111 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]

112 out1 = c ( d i v i s i o n 00 (M vec [ 1 ] , 1 − h1 ) , d i v i s i o n 00 (−M vec [ 2 ] , 1 − h2 ) ,

rep (0 , l ength = length ( d3 ) ) )

113 out2 = c ( rep (0 , l ength = length ( d1 ) ) , d i v i s i o n 00 (M vec [ 2 ] , 1 − h2 ) ,

d i v i s i o n 00 (−M vec [ 3 ] , 1 − h3 ) )

114 re turn ( rbind ( out1 , out2 ) )

115 } # END jac c on s t r a i n t s h

116 l o c a l opts = l i s t ( ” a lgor i thm” = ”NLOPT LD MMA” , ” x to l r e l ” = 1 .0 e−10)

117 opts used = l i s t ( ” a lgor i thm” = ”NLOPT LD AUGLAG” , ” x to l r e l ” = 1 .0 e−10,

”maxeval” = maxeval , ” l o c a l opts ” = l o c a l opts )

118 nlopt = n lopt r ( x0 = i n i t weights , eva l f = fnc ob j e c t i v e h , eva l grad f

= gnc ob j e c t i v e h ,

119 lb = rep ( 0 . 0 , t imes = length ( d1 ) + length ( d2 ) + length ( d3

) ) ,

120 ub = rep ( 1 . 0 , t imes = length ( d1 ) + length ( d2 ) + length ( d3

) ) ,

121 eva l g eq = con s t r a i n t s h , eva l j a c g eq = jac

c on s t r a i n t s h , opts = opts used )

122 nlopt $Ds = c (D1 ,D2 ,D3)

123 nlopt $ resu l tEEs = con s t r a i n t s h( n lopt $ s o l u t i o n )

124 nlopt $ lambdas = c ( ( d1 [ 1 ] / n lopt $ s o l u t i o n [ 1 ] − r1 [ 1 ] ) / M vec [ 1 ] , ( r3 [ 1 ]

− d3 [ 1 ] / n lopt $ s o l u t i o n [ ( l ength ( d1 ) + length ( d2 ) + 1) ] ) / M vec [ 3 ] )

125 re turn ( n lopt )

126 } # END neg log l i k e l i h o o d l e t eq h

127

128 neg log l i k e l i h o o d l e t ineq h = func t i on ( t , f i t 1 , f i t 2 , f i t 3 , M vec , i n i t

lambdas=c (0 , 0 ) , maxeval = 10000) {
129 # Computes the negat ive l og l i k e l i h o o d at a g iven time t

130 # when sub j e c t to i n e qua l i t y c on s t r a i n t S 1 ˆ {M 1} \ succ S 2 ˆ {M 2} \
succ S 3 ˆ {M 3} .

131 # (\ succ i s the l a t e x notat ion we used to denote po intw i se g r e a t e r than )

132 # Args :

133 # t : the g iven t>=0 in l o c a l i z e d EL s t a t i s t i c
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134 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group ( see power

c a l c u l a t i o n s .R)

135 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

136 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

137 # M vec : the vec to r o f margins M 1 , M 2 , M 3

138 # i n i t lambdas : the vec to r o f i n i t i a l va lue s f o r the Lagrange

mu l t i p l i e r s

139 # maxeval : maximum number o f func t i on eva lua t i on s

140 # Returns :

141 # the negat ive l og l i k e l i h o o d at a g iven time t

142 # when sub j e c t to i n e qua l i t y c on s t r a i n t S 1 ˆ {M 1} \ succ S 2 ˆ {M 2} \
succ S 3 ˆ {M 3}

143 d1 = f i t 1 $n . event [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

144 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

145 d2 = f i t 2 $n . event [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

146 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

147 d3 = f i t 3 $n . event [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

148 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

149 A1 = r1 − d1

150 A2 = r2 − d2

151 A3 = r3 − d3

152 D1 = max(d1 − r1 ) / M vec [ 1 ] + 0.0001

153 D2 = max(d2 − r2 ) / M vec [ 2 ] + 0.0001

154 D3 = max(d3 − r3 ) / M vec [ 3 ] + 0.0001

155 i n i t weights = c ( d1 / ( r1 + M vec [ 1 ] ∗ i n i t lambdas [ 1 ] ) , d2 / ( r2 + M

vec [ 2 ] ∗ ( i n i t lambdas [ 2 ] − i n i t lambdas [ 1 ] ) ) , d3 / ( r3 − M vec [ 3 ] ∗
i n i t lambdas [ 2 ] ) )

156 fnc ob j e c t i v e h = func t i on (h) {
157 # Computes the negat ive l og l i k e l i h o o d at a g iven time t f o r a g iven

vec to r o f h

158 # Args :

159 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

160 # Returns :

161 # the negat ive l og l i k e l i h o o d at a g iven time t

162 h1 = h [ 1 : l ength ( d1 ) ]

163 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

164 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]

165 out = sum(d1 ∗ l og ( h1 ) ) + sum(d2 ∗ l og ( h2 ) ) + sum(d3 ∗ l og ( h3 ) ) + sum(

product (A1 , l og (1 − h1 ) ) ) + sum( product (A2 , l og (1 − h2 ) ) ) + sum(

product (A3 , l og (1 − h3 ) ) )

166 re turn (−out )

167 } # END fnc ob j e c t i v e h

168 gnc ob j e c t i v e h = func t i on (h) {
169 # Computes the grad i ent o f the negat ive l og l i k e l i h o o d at a g iven time t

f o r a g iven vec to r o f h

170 # Args :
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171 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

172 # Returns :

173 # the grad i en t o f the negat ive l og l i k e l i h o o d at a g iven time t

174 h1 = h [ 1 : l ength ( d1 ) ]

175 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

176 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]

177 out = c ( d i v i s i o n 00 (d1 , h1 ) − d i v i s i o n 00 ( r1 − d1 , 1 − h1 ) , d i v i s i o n 00 (

d2 , h2 ) − d i v i s i o n 00 ( r2 − d2 , 1 − h2 ) , d i v i s i o n 00 (d3 , h3 ) −
d i v i s i o n 00 ( r3 − d3 , 1 − h3 ) )

178 re turn (−out )

179 } # END gnc ob j e c t i v e h

180 c on s t r a i n t s h = func t i on (h) {
181 # Computes the i n e qua l i t y c on s t r a i n t s in the form o f a vec to r that i s <=

0

182 # Args :

183 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

184 # Returns :

185 # the vec to r that i s <= 0

186 h1 = h [ 1 : l ength ( d1 ) ]

187 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

188 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]

189 re turn ( c ( l og ( d i v i s i o n 00 ( prod ( (1 − h2 ) ˆ M vec [ 2 ] ) , prod ( (1 − h1 ) ˆ M

vec [ 1 ] ) ) ) , l og ( d i v i s i o n 00 ( prod ( (1 − h3 ) ˆ M vec [ 3 ] ) , prod ( (1 − h2 )

ˆ M vec [ 2 ] ) ) ) ) )

190 } # END con s t r a i n t s h

191 j a c c on s t r a i n t s h = func t i on (h) {
192 # Computes the Jacobian o f the output o f c on s t r a i n t s h above as a

func t i on o f h

193 # Args :

194 # h : the vec to r o f hazard p r o b a b i l i t i e s . At i n i t lambdas , h == c (d1/r1

, d2/r2 , d3/ r3 )

195 # Returns :

196 # the Jacobian o f the output o f c on s t r a i n t s h above as a func t i on o f h

197 h1 = h [ 1 : l ength ( d1 ) ]

198 h2 = h [ ( l ength ( d1 ) + 1) : ( l ength ( d1 ) + length ( d2 ) ) ]

199 h3 = h [ ( l ength ( d1 ) + length ( d2 ) + 1) : ( l ength ( d1 ) + length ( d2 ) + length

( d3 ) ) ]

200 out1 = c ( d i v i s i o n 00 (M vec [ 1 ] , 1 − h1 ) , d i v i s i o n 00 (−M vec [ 2 ] , 1 − h2 ) ,

rep (0 , l ength = length ( d3 ) ) )

201 out2 = c ( rep (0 , l ength = length ( d1 ) ) , d i v i s i o n 00 (M vec [ 2 ] , 1 − h2 ) ,

d i v i s i o n 00 (−M vec [ 3 ] , 1 − h3 ) )

202 re turn ( rbind ( out1 , out2 ) )

203 } # END jac c on s t r a i n t s h

204 l o c a l opts = l i s t ( ” a lgor i thm” = ”NLOPT LD MMA” , ” x to l r e l ” = 1 .0 e−10)
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205 opts used = l i s t ( ” a lgor i thm” = ”NLOPT LD AUGLAG” , ” x to l r e l ” = 1 .0 e−10,

”maxeval” = maxeval , ” l o c a l opts ” = l o c a l opts )

206 nlopt = n lopt r ( x0 = i n i t weights , eva l f = fnc ob j e c t i v e h , eva l grad f

= gnc ob j e c t i v e h ,

207 lb = rep ( 0 . 0 , t imes = length ( d1 ) + length ( d2 ) + length ( d3

) ) , ub = rep ( 1 . 0 , t imes = length ( d1 ) + length ( d2 ) +

length ( d3 ) ) ,

208 eva l g ineq = con s t r a i n t s h , eva l j a c g ineq = jac

c on s t r a i n t s h , opts = opts used )

209 nlopt $Ds = c (D1 , D2 , D3)

210 nlopt $ resu l tEEs = con s t r a i n t s h( n lopt $ s o l u t i o n ) # a l l e lements need to

be <=0

211 nlopt $ lambdas = c ( ( d1 [ 1 ] / n lopt $ s o l u t i o n [ 1 ] − r1 [ 1 ] ) / M vec [ 1 ] , ( r3 [ 1 ]

− d3 [ 1 ] / n lopt $ s o l u t i o n [ ( l ength ( d1 ) + length ( d2 ) + 1) ] ) / M vec [ 3 ] )

212 re turn ( n lopt )

213 } # END neg log l i k e l i h o o d l e t ineq h

214

215

216 a 1 = func t i on ( lambda , f i t 1 , f i t 2 , t , t i l d e theta = 1 , M vec2 ) {
217 # Computes a j ( lambda ) − t i l d e theta , where a j ( lambda ) corresponds to

equat ion ( 3 . 4 ) in the paper , f o r a g iven number t i l d e theta

218 # This i s to s o l v e f o r lambda0 l a t e r , f o r the pa i rw i s e NPLR te s t s , f o r a

g iven number t >= 0

219 # Args :

220 # lambda : the Lagrange mu l t i p l i e r in the numerator o f equat ion ( 3 . 4 ) in

the paper

221 # f i t 1 : s u r v f i t app l i ed to data from the j−th treatment group in

equat ion ( 3 . 4 ) in the paper

222 # f i t 2 : s u r v f i t app l i ed on data from the ( j +1)−th treatment group in

equat ion ( 3 . 4 ) in the paper

223 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

224 # t i l d e theta : the g iven number t i l d e theta

225 # M vec2 : the vec to r o f margins M j , M { j+1}
226 # Returns :

227 # a j ( lambda )−t i l d e theta , where a j ( lambda ) corresponds to equat ion

( 3 . 4 ) in the paper , f o r the g iven number t i l d e theta

228 i f ( sum( f i t 1 $n . r i s k == f i t 1 $n . event ) == 0) {
229 h1 = d i v i s i o n 00 ( f i t 1 $n . event , ( f i t 1 $n . r i s k + M vec2 [ 1 ] ∗ lambda ) )

230 } e l s e {
231 h1 = d i v i s i o n 00 ( f i t 1 $n . event , ( f i t 1 $n . r i s k + M vec2 [ 1 ] ∗ lambda ) ) ∗ as

. numeric ( f i t 1 $n . r i s k != f i t 1 $n . event ) + d i v i s i o n 00 ( f i t 1 $n . event , (

f i t 1 $n . event + M vec2 [ 1 ] ∗ lambda ) ) ∗ as . numeric ( f i t 1 $n . r i s k ==

f i t 1 $n . event )

232 } # END i f / e l s e

233 i f ( sum( f i t 2 $n . r i s k == f i t 2 $n . event ) == 0) {
234 h2 = d i v i s i o n 00 ( f i t 2 $n . event , ( f i t 2 $n . r i s k − M vec2 [ 2 ] ∗ lambda ) )

235 } e l s e {
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236 h2 = d i v i s i o n 00 ( f i t 2 $n . event , ( f i t 2 $n . r i s k − M vec2 [ 2 ] ∗ lambda ) ) ∗ as

. numeric ( f i t 2 $n . r i s k != f i t 2 $n . event ) + d i v i s i o n 00 ( f i t 2 $n . event , (

f i t 2 $n . event − M vec2 [ 2 ] ∗ lambda ) ) ∗ as . numeric ( f i t 2 $n . r i s k ==

f i t 2 $n . event )

237 } # END i f / e l s e

238 num = ((1 − h1 ) ˆ M vec2 [ 1 ] ) [ f i t 1 $ time <= t ]

239 denom = ((1 − h2 ) ˆ M vec2 [ 2 ] ) [ f i t 2 $ time <= t ]

240 re turn ( d i v i s i o n 00 ( prod (num) , prod (denom) ) − t i l d e theta )

241 } # END a 1

242

243 a 123 r e t = func t i on ( lambda , f i t 1 , f i t 2 , f i t 3 , t , t i l d e theta = 1 , M re t )

{
244 # Computes a ( lambda ) − t i l d e theta , where a ( lambda ) = the RHS / LHS o f the

2nd d i sp l ay in p . 17 o f the supplementary mater ia l ,

245 # fo r a g iven number t i l d e theta

246 # This i s to s o l v e f o r lambda0 r e t l a t e r , f o r the r e t en t i on−of−e f f e c t

approach , f o r a g iven number t >= 0

247 # Args :

248 # lambda : the Lagrange mu l t i p l i e r in the f i r s t d i sp l ay in p . 17 o f the

supplementary mate r i a l

249 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group ( see power

c a l c u l a t i o n s .R)

250 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

251 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

252 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

253 # t i l d e theta : the g iven number t i l d e theta

254 # M re t : the margin M in ( 5 . 1 ) o f the paper

255 # Returns :

256 # a( lambda ) − t i l d e theta , where a ( lambda ) = the RHS / LHS o f the 2nd

d i sp l ay in p . 17 o f the supplementary mater ia l ,

257 # fo r the g iven number t i l d e theta

258 i f ( sum( f i t 1 $n . r i s k == f i t 1 $n . event ) == 0) {
259 h1 = d i v i s i o n 00 ( f i t 1 $n . event , ( f i t 1 $n . r i s k + (M re t − 1) ∗ lambda ) )

260 } e l s e {
261 h1 = d i v i s i o n 00 ( f i t 1 $n . event , ( f i t 1 $n . r i s k + (M re t − 1) ∗ lambda ) ) ∗

as . numeric ( f i t 1 $n . r i s k != f i t 1 $n . event ) + d i v i s i o n 00 ( f i t 1 $n . event ,

( f i t 1 $n . event + (M re t − 1) ∗ lambda ) ) ∗ as . numeric ( f i t 1 $n . r i s k ==

f i t 1 $n . event )

262 } # END i f / e l s e

263 i f ( sum( f i t 2 $n . r i s k == f i t 2 $n . event ) == 0) {
264 h2 = d i v i s i o n 00 ( f i t 2 $n . event , ( f i t 2 $n . r i s k + lambda ) )

265 } e l s e {
266 h2 = d i v i s i o n 00 ( f i t 2 $n . event , ( f i t 2 $n . r i s k + lambda ) ) ∗ as . numeric (

f i t 2 $n . r i s k != f i t 2 $n . event ) + d i v i s i o n 00 ( f i t 2 $n . event , ( f i t 2 $n .

event + lambda ) ) ∗ as . numeric ( f i t 2 $n . r i s k == f i t 2 $n . event )

267 } # END i f / e l s e

268 i f ( sum( f i t 3 $n . r i s k == f i t 3 $n . event ) == 0) {
269 h3 = d i v i s i o n 00 ( f i t 3 $n . event , ( f i t 3 $n . r i s k − M re t ∗ lambda ) )
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270 } e l s e {
271 h3 = d i v i s i o n 00 ( f i t 3 $n . event , ( f i t 3 $n . r i s k − M re t ∗ lambda ) ) ∗ as .

numeric ( f i t 3 $n . r i s k != f i t 3 $n . event ) + d i v i s i o n 00 ( f i t 3 $n . event , (

f i t 3 $n . event − M re t ∗ lambda ) ) ∗ as . numeric ( f i t 3 $n . r i s k == f i t 3 $n .

event )

272 } # END i f / e l s e

273 num = ((1 − h3 ) ˆ M re t ) [ f i t 3 $ time <= t ]

274 denom1 = ((1 − h1 ) ˆ (M re t − 1) ) [ f i t 1 $ time <= t ]

275 denom2 = (1 − h2 ) [ f i t 2 $ time <= t ]

276 re turn ( d i v i s i o n 00 ( prod (num) , prod (denom1) ∗ prod (denom2) ) − t i l d e theta )

277 } # END a 123 r e t

278

279 lambda0 r e t = func t i on ( t , f i t 1 , f i t 2 , f i t 3 , t i l d e theta = 1 , M re t ) {
280 # Computes the root o f a ( lambda ) − t i l d e theta = 0 ( see a 123 r e t above ) ,

f o r the r e t en t i on−of−e f f e c t approach , f o r a g iven number t >= 0

281 # where a ( lambda ) = the RHS / LHS o f the 2nd d i sp l ay in p . 17 o f the

supplementary mater ia l , f o r a g iven number t i l d e theta

282 # Args :

283 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

284 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group ( see power

c a l c u l a t i o n s .R)

285 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

286 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

287 # t i l d e theta : the g iven number t i l d e theta

288 # M re t : the margin M in ( 5 . 1 ) o f the paper

289 # Returns :

290 # the root o f a ( lambda ) − t i l d e theta = 0 f o r the r e t ent i on−of−e f f e c t

approach

291 # fo r the g iven number t i l d e theta and the given number t >= 0

292 out = 1 : l ength ( t ) ∗ 0

293 f o r ( i in 1 : l ength ( t ) ) {
294 i f ( sum( f i t 1 $ time [ f i t 1 $n . event != 0 ] <= t [ i ] ) == 0 | sum( f i t 2 $ time [

f i t 2 $n . event != 0 ] <= t [ i ] ) == 0 | sum( f i t 3 $ time [ f i t 3 $n . event != 0 ]

<= t [ i ] ) == 0) {
295 out [ i ] = NA

296 } e l s e {
297 d1 = f i t 1 $n . event [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

298 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

299 d2 = f i t 2 $n . event [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

300 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

301 d3 = f i t 3 $n . event [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

302 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

303 D1 = max(d1 − r1 ) / (M re t − 1) + 0.0001

304 D2 = max(d2 − r2 ) + 0.0001

305 D3 = max(d3 − r3 ) / M re t + 0.0001

306 i f (max(D1 ,D2) != (−D3) ) {
307 out [ i ] = un i root ( a 123 ret , i n t e r v a l = c (max(D1 , D2) , −D3) , t o l =

0 .0001 , f i t 1 = f i t 1 , f i t 2 = f i t 2 , f i t 3 = f i t 3 , t = t [ i ] , t i l d e
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theta = t i l d e theta , M re t = M re t ) $ root

308 } e l s e {
309 out [ i ] = max(D1 , D2)

310 } # END i f / e l s e

311 } # END i f / e l s e

312 } # END fo r

313 re turn ( out )

314 } # END lambda0 r e t

315

316 lambda0 = func t i on ( t , f i t 1 , f i t 2 , t i l d e theta = 1 , M vec2 ) {
317 # Computes the root o f a j ( lambda ) − t i l d e theta = 0 ( see a 1 above ) , f o r

the pa i rw i s e NPLR te s t s , f o r a g iven number t >= 0

318 # where a j ( lambda ) corresponds to equat ion ( 3 . 4 ) in the paper , f o r a

g iven number t i l d e theta

319 # Args :

320 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

321 # f i t 1 : s u r v f i t app l i ed to data from the j−th treatment group in

equat ion ( 3 . 4 ) in the paper

322 # f i t 2 : s u r v f i t app l i ed on data from the ( j +1)−th treatment group in

equat ion ( 3 . 4 ) in the paper

323 # t i l d e theta : the g iven number t i l d e theta

324 # M vec2 : the vec to r o f margins M j , M { j+1}
325 # Returns :

326 # the root o f a j ( lambda ) − t i l d e theta = 0 , where a j ( lambda )

corresponds to equat ion ( 3 . 4 ) in the paper

327 # fo r the g iven number t i l d e theta and the given number t >= 0

328 out = 1 : l ength ( t ) ∗ 0

329 f o r ( i in 1 : l ength ( t ) ) {
330 i f ( sum( f i t 1 $ time [ f i t 1 $n . event !=0 ] <= t [ i ] ) == 0 | sum( f i t 2 $ time [ f i t 2 $

n . event != 0 ] <= t [ i ] ) == 0) {
331 out [ i ] = NA

332 } e l s e {
333 D1 = max( ( f i t 1 $n . event − f i t 1 $n . r i s k ) [ f i t 1 $ time <= t [ i ] & f i t 1 $n .

event != 0 ] ) / M vec2 [ 1 ]

334 D2 = max( ( f i t 2 $n . event − f i t 2 $n . r i s k ) [ f i t 2 $ time <= t [ i ] & f i t 2 $n .

event != 0 ] ) / M vec2 [ 2 ]

335 i f (D1 != (−D2) ) {
336 out [ i ] = un i root ( a 1 , i n t e r v a l = c (D1 + 0.0001 , −D2 − 0 .0001) , t o l

= 0 .0001 , f i t 1 = f i t 1 , f i t 2 = f i t 2 , t = t [ i ] , t i l d e theta =

t i l d e theta , M vec2 = M vec2 ) $ root

337 } e l s e {
338 out [ i ] = D1

339 } # END i f / e l s e

340 } # END i f / e l s e

341 } # END fo r

342 re turn ( out )

343 } # END lambda0

344
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345 sigma2 hat overp j = func t i on ( t , f i t , f i t 1 , f i t 2 , f i t 3 , M vec ) {
346 # Computes the vec to r o f \hat {\ sigma} j ˆ 2( t ) / (n j / n) , j = 1 , 2 , 3 ,

347 # as in Sec t i on 2 .1 o f the paper f o r a g iven number t >= 0

348 # Args :

349 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

350 # f i t : s u r v f i t app l i ed to the pooled data from a l l groups ( s ee power

c a l c u l a t i o n s .R)

351 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group

352 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

353 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

354 # M vec : the vec to r o f margins M 1 , M 2 , M 3

355 # Returns :

356 # the \hat {\ sigma} j ˆ 2( t ) / (n j / n) vec to r ( j = 1 , 2 , 3) as in

Sec t i on 2 .1 o f the paper f o r a g iven number t >= 0

357 n = f i t $n

358 out = matrix (0 , nrow = length ( t ) , nco l = 3)

359 f o r ( i in 1 : l ength ( t ) ) {
360 d1 = f i t 1 $n . event [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

361 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

362 d2 = f i t 2 $n . event [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

363 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

364 d3 = f i t 3 $n . event [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

365 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

366 out [ i , 1 ] = n ∗ sum( d i v i s i o n 00 (d1 , r1 ∗ ( r1 − d1 ) ) )

367 out [ i , 2 ] = n ∗ sum( d i v i s i o n 00 (d2 , r2 ∗ ( r2 − d2 ) ) )

368 out [ i , 3 ] = n ∗ sum( d i v i s i o n 00 (d3 , r3 ∗ ( r3 − d3 ) ) )

369 } # END fo r

370 re turn ( out )

371 } # END sigma2 hat overp j

372

373 theta hat j = func t i on ( t , f i t , f i t 1 , f i t 2 , f i t 3 , M vec ) {
374 # Computes the vec to r o f \hat {\ theta } j ( t ) , j = 1 , 2 , 3 , as in Sec t i on 2 .1

o f the paper f o r a g iven number t >= 0

375 # Args :

376 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

377 # f i t : s u r v f i t app l i ed to the pooled data from a l l groups ( s ee power

c a l c u l a t i o n s .R)

378 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group

379 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

380 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

381 # M vec : the vec to r o f margins M 1 , M 2 , M 3

382 # Returns :

383 # the \hat {\ theta } j ( t ) vec to r ( j = 1 , 2 , 3) as in Sec t i on 2 .1 o f the

paper f o r a g iven number t >= 0

384 n = f i t $n

385 out = matrix (0 , nrow = length ( t ) , nco l = 3)

386 f o r ( i in 1 : l ength ( t ) ) {
387 d1 = f i t 1 $n . event [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]
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388 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

389 d2 = f i t 2 $n . event [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

390 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

391 d3 = f i t 3 $n . event [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

392 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

393 out [ i , 1 ] = (M vec [ 1 ] ˆ 2) ∗ n ∗ sum( d i v i s i o n 00 (d1 , r1 ∗ ( r1 − d1 ) ) )

394 out [ i , 2 ] = (M vec [ 2 ] ˆ 2) ∗ n ∗ sum( d i v i s i o n 00 (d2 , r2 ∗ ( r2 − d2 ) ) )

395 out [ i , 3 ] = (M vec [ 3 ] ˆ 2) ∗ n ∗ sum( d i v i s i o n 00 (d3 , r3 ∗ ( r3 − d3 ) ) )

396 } # END fo r

397 re turn ( out )

398 } # END theta hat j

399

400 p s i hat j = func t i on ( t , f i t , f i t 1 , f i t 2 , f i t 3 , M vec ) {
401 # Computes the vec to r o f the asymptotic standard dev i a t i on o f \hat{S} j ˆ

{M j }( t ) f o r a g iven number t >= 0 ,

402 # as in l i n e 8 o f p . 9 in the paper

403 # Args :

404 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

405 # f i t : s u r v f i t app l i ed to the pooled data from a l l groups ( s ee power

c a l c u l a t i o n s .R)

406 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group

407 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

408 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

409 # M vec : the vec to r o f margins M 1 , M 2 , M 3

410 # Returns :

411 # the vec to r o f the asymptot ic standard dev i a t i on o f \hat{S} j ˆ {M j }( t
) f o r a g iven number t >= 0

412 n = f i t $n

413 out = matrix (0 , nrow = length ( t ) , nco l = 3)

414 f o r ( i in 1 : l ength ( t ) ) {
415 d1 = f i t 1 $n . event [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

416 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

417 d2 = f i t 2 $n . event [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

418 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

419 d3 = f i t 3 $n . event [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

420 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t [ i ] & f i t 3 $n . event != 0 ]

421 t c a l c 1 = t [ i ] − f i t 1 $ time

422 t c a l c 1 [ t c a l c 1 < 0 ] = In f

423 t c a l c 2 = t [ i ] − f i t 2 $ time

424 t c a l c 2 [ t c a l c 2 < 0 ] = In f

425 t c a l c 3 = t [ i ] − f i t 3 $ time

426 t c a l c 3 [ t c a l c 3 < 0 ] = In f

427 S1 = f i t 1 $ surv [ which . min ( t c a l c 1 ) ]

428 S2 = f i t 2 $ surv [ which . min ( t c a l c 2 ) ]

429 S3 = f i t 3 $ surv [ which . min ( t c a l c 3 ) ]

430 i f ( t [ i ] < min( f i t 1 $ time ) ) {
431 S1 = 1

432 } # END i f
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433 i f ( t [ i ] < min( f i t 2 $ time ) ) {
434 S2 = 1

435 } # END i f

436 i f ( t [ i ] < min( f i t 3 $ time ) ) {
437 S3 = 1

438 } # END i f

439 out [ i , 1 ] = product ( S1 ˆ M vec [ 1 ] , M vec [ 1 ] ∗ s q r t (n ∗ sum( d i v i s i o n 00 (

d1 , r1 ∗ ( r1 − d1 ) ) ) ) )

440 out [ i , 2 ] = product ( S2 ˆ M vec [ 2 ] , M vec [ 2 ] ∗ s q r t (n ∗ sum( d i v i s i o n 00 (

d2 , r2 ∗ ( r2 − d2 ) ) ) ) )

441 out [ i , 3 ] = product ( S3 ˆ M vec [ 3 ] , M vec [ 3 ] ∗ s q r t (n ∗ sum( d i v i s i o n 00 (

d3 , r3 ∗ ( r3 − d3 ) ) ) ) )

442 } # END fo r

443 re turn ( out )

444 } # END ps i hat j

445

446 p s i hat r e t = func t i on ( t , f i t , f i t 1 , f i t 2 , M re t vec ) {
447 # Computes the asymptotic standard dev i a t i on o f \hat{S} 1 ˆ {M−1}( t ) \hat{

S} 2( t ) f o r a g iven number t >= 0 ,

448 # as in p . 17 o f the supplementary mate r i a l

449 # Args :

450 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

451 # f i t : s u r v f i t app l i ed to the pooled data from a l l groups ( s ee power

c a l c u l a t i o n s .R)

452 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group

453 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

454 # M re t vec : the vec to r o f margins c (M re t − 1 , 1 , M re t ) , where M re t

i s the margin M in ( 5 . 1 ) o f the paper

455 # Returns :

456 # the asymptot ic standard dev i a t i on o f \hat{S} 1 ˆ {M−1}( t ) \hat{S} 2( t )

f o r a g iven number t >= 0

457 n = f i t $n

458 out = 1 : l ength ( t ) ∗ 0

459 f o r ( i in 1 : l ength ( t ) ) {
460 d1 = f i t 1 $n . event [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

461 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t [ i ] & f i t 1 $n . event != 0 ]

462 d2 = f i t 2 $n . event [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

463 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t [ i ] & f i t 2 $n . event != 0 ]

464 t c a l c 1 = t [ i ] − f i t 1 $ time

465 t c a l c 1 [ t ca l c1 <0] = In f

466 t c a l c 2 = t [ i ] − f i t 2 $ time

467 t c a l c 2 [ t c a l c 2 < 0 ] = In f

468 S1 = f i t 1 $ surv [ which . min ( t c a l c 1 ) ]

469 S2 = f i t 2 $ surv [ which . min ( t c a l c 2 ) ]

470 i f ( t [ i ] < min( f i t 1 $ time ) ) {
471 S1=1

472 } # END i f

473 i f ( t [ i ] < min( f i t 2 $ time ) ) {
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474 S2=1

475 } # END i f

476 out21 = (M re t vec [ 1 ] ˆ 2) ∗ n ∗ sum( d i v i s i o n 00 (d1 , r1 ∗ ( r1 − d1 ) ) )

477 out22 = (M re t vec [ 2 ] ˆ 2) ∗ n ∗ sum( d i v i s i o n 00 (d2 , r2 ∗ ( r2 − d2 ) ) )

478 out [ i ] = product ( ( S1 ˆ M re t vec [ 1 ] ) ∗ ( S2 ˆ M re t vec [ 2 ] ) , s q r t ( out21

+ out22 ) )

479 } # END fo r

480 re turn ( out )

481 } # END ps i hat r e t

482

483 t e s t s t a t = func t i on ( tau1 , tau2 , f i t , f i t 1 , f i t 2 , f i t 3 , M vec , M ret , data ,

alpha vec , nboot ) {
484 # Computes p−values , t e s t s t a t i s t i c s , c r i t i c a l va lue s and d e c i s i o n s f o r I

n , K n and pa i rw i s e NPLR t e s t s

485 # Args :

486 # tau1 , tau2 : fo l l ow−up per iod [ tau1 , tau2 ] s p e c i f i e d in study protoco l ,

i f any

487 # f i t : s u r v f i t app l i ed to the pooled data from a l l groups ( s ee power

c a l c u l a t i o n s .R)

488 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group

489 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

490 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

491 # M vec : the vec to r o f margins M 1 , M 2 , M 3

492 # M re t : the margin M in ( 5 . 1 ) o f the paper

493 # data : an n x 3 matrix with the f i r s t column being X { i j } , i = 1 , . . . ,

n j , j = 1 , 2 , 3 ,

494 # the second column being the corre spond ing censo r ing i nd i c a t o r s ,

495 # and the th i rd column being the corre spond ing group number ( j f o r

the j−th treatment group )

496 # alpha vec : c ( o v e r a l l alpha l e v e l , alpha l e v e l a f t e r Bonfe r ron i

adjustment )

497 # nboot : number o f boots t rap samples

498 # Returns :

499 # te s t nocros s : d e c i s i o n on whether H {01}ˆ c should be r e j e c t e d (1 ) or

not (0 ) , in f i r s t s tep o f our composite procedure

500 # te s t : K n in ( 3 . 1 ) o f the paper

501 # EL SOcrit : c r i t i c a l va lue f o r K n ( corre spond ing to alpha vec l e v e l s )

502 # out sup pval : p−value f o r K n

503 # i n t t e s t dF : I n in ( 3 . 1 ) o f the paper

504 # in t dFEL SOcrit : c r i t i c a l va lue f o r I n ( cor re spond ing to alpha vec

l e v e l s )

505 # out dF pval : p−value f o r I n

506 # i n t t e s t dF 12 : I {1n} in Sec t i on 3 .3 o f the paper

507 # i n t t e s t dF 23 : I {2n} in Sec t i on 3 .3 o f the paper

508 # in t dFEL SOcrit 12 : quan t i l e s based on bootstrapped va lue s o f pa i rw i s e

NPLR t e s t comparing group 1 and 2

509 # in t dFEL SOcrit 23 : quan t i l e s based on bootstrapped va lue s o f pa i rw i s e

NPLR t e s t comparing group 1 and 2
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510 # out dF 12 pval : p−value f o r the pa i rw i s e NPLR t e s t comparing group 1

and 2

511 # out dF 23 pval : p−value f o r the pa i rw i s e NPLR t e s t comparing group 2

and 3

512 # i n t t e s t dF r e t : the pa i rw i s e NPLR s t a t i s t i c comparing group 2 and 3

us ing re t en t i on−of−e f f e c t fo rmulat ion

513 # in t dFEL SOcrit r e t : c r i t i c a l va lue f o r pa i rw i s e NPLR t e s t comparing

group 2 and 3 us ing re t en t i on−of−e f f e c t approach

514 # out dF r e t pval : p−value f o r the pa i rw i s e NPLR t e s t comparing group 2

and 3 us ing re t en t i on−of−e f f e c t fo rmulat ion

515 nn = c ( f i t 1 $n , f i t 2 $n , f i t 3 $n)

516 ### f i nd i ng t \ in [ t 1 , t 2 ] that are ordered observed uncensored t imes

517 T 11 = min ( f i t 1 $ time [ f i t 1 $n . event != 0 ] )

518 T 21 = min ( f i t 2 $ time [ f i t 2 $n . event != 0 ] )

519 T 31 = min ( f i t 3 $ time [ f i t 3 $n . event != 0 ] )

520 T ms = 1 :3 ∗ 0

521 T ms a l l = 1 :3 ∗ 0

522 T ms [ 1 ] = max( f i t 1 $ time [ f i t 1 $n . event != 0 ] )

523 T ms a l l [ 1 ] = max( f i t 1 $ time )

524 T ms [ 2 ] = max( f i t 2 $ time [ f i t 2 $n . event != 0 ] )

525 T ms a l l [ 2 ] = max( f i t 2 $ time )

526 T ms [ 3 ] = max( f i t 3 $ time [ f i t 3 $n . event != 0 ] )

527 T ms a l l [ 3 ] = max( f i t 3 $ time )

528 f i t time r e s t r i c t boot = ( f i t $n . event != 0 & f i t $ time <= tau2 & f i t $ time

>= tau1 ) # ordered observed uncensored t imes

529 mm = length ( f i t $ time [ f i t time r e s t r i c t boot ] )

530 lowerb = max(T 11 , T 21 , T 31) # data dr iven t 1 , as in Remark 3 o f

Theorem 1

531 upperb = min (T ms) # data dr iven t 2 , as in Remark 3 o f Theorem 1

532 upperb which = which . min (T ms)

533 lowerbindx boot = which . min ( abs ( f i t $ time [ f i t time r e s t r i c t boot ] −
lowerb ) )

534 upperbindx boot = which . min ( abs ( f i t $ time [ f i t time r e s t r i c t boot ] −
upperb ) )

535 i f (T ms [ upperb which ] == T ms a l l [ upperb which ] ) {
536 upperbindx boot = upperbindx boot − 1

537 } # END i f

538 Td so r t boot = ( f i t $ time [ f i t time r e s t r i c t boot ] ) [ lowerbindx boot :

upperbindx boot ] # t \ in [ t 1 , t 2 ] that are ordered observed

uncensored t imes

539 ### Kaplan−−Meier e s t imate s f o r each treatment group and r e l a t e d

quan t i t i e s f o r the f i r s t s tep o f our composite procedure :

540 S1 hat = ( ( ( c (1 , f i t 1 $ surv ) [ cumsum( c (0 , f i t $ time ) %in% c (0 , f i t 1 $ time ) )

] ) [−1]) [ f i t time r e s t r i c t boot ] ) [ lowerbindx boot : upperbindx boot ]

541 S2 hat = ( ( ( c (1 , f i t 2 $ surv ) [ cumsum( c (0 , f i t $ time ) %in% c (0 , f i t 2 $ time ) )

] ) [−1]) [ f i t time r e s t r i c t boot ] ) [ lowerbindx boot : upperbindx boot ]

542 S3 hat = ( ( ( c (1 , f i t 3 $ surv ) [ cumsum( c (0 , f i t $ time ) %in% c (0 , f i t 3 $ time ) )

] ) [−1]) [ f i t time r e s t r i c t boot ] ) [ lowerbindx boot : upperbindx boot ]
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543 d i f f 12 = M vec [ 1 ] ∗ l og ( S1 hat ) − M vec [ 2 ] ∗ l og ( S2 hat )

544 d i f f 23 = M vec [ 2 ] ∗ l og ( S2 hat ) − M vec [ 3 ] ∗ l og ( S3 hat )

545 ### computing boots t rap r e l a t e d quan t i t i e s f o r the f i r s t treatment group :

546 nobd1 = length ( rep ( f i t 1 $time , t imes = f i t 1 $n . event ) )

547 data1 big = matrix ( rep ( rep ( f i t 1 $time , t imes = f i t 1 $n . event ) , t imes = mm)

, byrow = TRUE, nrow = mm)

548 f i t time 1 big = matrix ( rep ( f i t $ time [ f i t time r e s t r i c t boot ] , t imes =

nobd1 ) , byrow = FALSE, nco l = nobd1 )

549 Ind1t big = ( data1 big <= f i t time 1 big )

550 Ind1x = rep ( f i t 1 $n . r i s k , t imes = f i t 1 $n . event )

551 Ind1x big = matrix ( rep ( Ind1x , t imes = mm) , byrow = TRUE, nrow = mm)

552 Gs 1 = matrix ( rnorm ( nobd1 ∗ nboot ) , nrow = nboot , nco l = nobd1 )

553 Imuw BIG 1 = array ( rep ( Ind1t big / Ind1x big , each = nboot ) , c ( nboot , mm

, nobd1 ) )

554 Gs 1 BIG = array ( matrix ( rep ( t (Gs 1) , each = mm) , byrow = TRUE, nrow =

nboot ) , c ( nboot , mm, nobd1 ) )

555 sum DWknGImuw 1 big = sq r t (sum(nn) ) ∗ apply (Imuw BIG 1 ∗ Gs 1 BIG , c (1 ,

2) , sum)

556 Imuw centered BIG 1 = sq r t (sum(nn) ) ∗ Imuw BIG 1 ∗ Gs 1 BIG − array ( rep (

sum DWknGImuw 1 big / nn [ 1 ] , t imes = nobd1 ) , c ( nboot , mm, nobd1 ) )

557 sum WknImuw2 1 big = apply (Imuw centered BIG 1 ˆ 2 , c (1 , 2) , sum)

558 ### computing boots t rap r e l a t e d quan t i t i e s f o r the second treatment group :

559 nobd2 = length ( rep ( f i t 2 $time , t imes = f i t 2 $n . event ) )

560 data2 big = matrix ( rep ( rep ( f i t 2 $time , t imes = f i t 2 $n . event ) , t imes = mm)

, byrow = TRUE, nrow = mm)

561 f i t time 2 big = matrix ( rep ( f i t $ time [ f i t time r e s t r i c t boot ] , t imes =

nobd2 ) , byrow = FALSE, nco l = nobd2 )

562 Ind2t big = ( data2 big <= f i t time 2 big )

563 Ind2x = rep ( f i t 2 $n . r i s k , t imes = f i t 2 $n . event )

564 Ind2x big = matrix ( rep ( Ind2x , t imes = mm) , byrow = TRUE, nrow = mm)

565 Gs 2 = matrix ( rnorm ( nobd2 ∗ nboot ) , nrow = nboot , nco l = nobd2 )

566 Imuw BIG 2 = array ( rep ( Ind2t big / Ind2x big , each = nboot ) , c ( nboot , mm

, nobd2 ) )

567 Gs 2 BIG = array ( matrix ( rep ( t (Gs 2) , each = mm) , byrow = TRUE, nrow =

nboot ) , c ( nboot , mm, nobd2 ) )

568 sum DWknGImuw 2 big = sq r t (sum(nn) ) ∗ apply (Imuw BIG 2 ∗ Gs 2 BIG , c (1 ,

2) , sum)

569 Imuw centered BIG 2 = sq r t (sum(nn) ) ∗ Imuw BIG 2 ∗ Gs 2 BIG − array ( rep (

sum DWknGImuw 2 big / nn [ 2 ] , t imes = nobd2 ) , c ( nboot , mm, nobd2 ) )

570 sum WknImuw2 2 big = apply (Imuw centered BIG 2 ˆ 2 , c (1 , 2) , sum)

571 nobd3 = length ( rep ( f i t 3 $time , t imes = f i t 3 $n . event ) )

572 ### computing boots t rap r e l a t e d quan t i t i e s f o r the th i rd treatment group :

573 data3 big = matrix ( rep ( rep ( f i t 3 $time , t imes = f i t 3 $n . event ) , t imes = mm)

, byrow = TRUE, nrow = mm)

574 f i t time 3 big = matrix ( rep ( f i t $ time [ f i t time r e s t r i c t boot ] , t imes =

nobd3 ) , byrow = FALSE, nco l = nobd3 )

575 Ind3t big = ( data3 big <= f i t time 3 big )

576 Ind3x = rep ( f i t 3 $n . r i s k , t imes = f i t 3 $n . event )
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577 Ind3x big = matrix ( rep ( Ind3x , t imes = mm) , byrow = TRUE, nrow = mm)

578 Gs 3 = matrix ( rnorm ( nobd3 ∗ nboot ) , nrow = nboot , nco l = nobd3 )

579 Imuw BIG 3 = array ( rep ( Ind3t big / Ind3x big , each = nboot ) , c ( nboot , mm

, nobd3 ) )

580 Gs 3 BIG = array ( matrix ( rep ( t (Gs 3) , each = mm) , byrow = TRUE, nrow =

nboot ) , c ( nboot , mm, nobd3 ) )

581 sum DWknGImuw 3 big = sq r t (sum(nn) ) ∗ apply (Imuw BIG 3 ∗ Gs 3 BIG , c (1 ,

2) , sum)

582 Imuw centered BIG 3 = sq r t (sum(nn) ) ∗ Imuw BIG 3 ∗ Gs 3 BIG − array ( rep (

sum DWknGImuw 3 big / nn [ 3 ] , t imes = nobd3 ) , c ( nboot , mm, nobd3 ) )

583 sum WknImuw2 3 big = apply (Imuw centered BIG 3 ˆ 2 , c (1 , 2) , sum)

584 ### bootst rap components in the l im i t i n g d i s t r i b u t i o n in Theorem 1 :

585 theta hat j s = theta hat j (Td so r t boot , f i t , f i t 1 , f i t 2 , f i t 3 , M vec )

586 sigma2 hat ove rp j s = sigma2 hat overp j (Td so r t boot , f i t , f i t 1 , f i t 2 ,

f i t 3 , M vec )

587 Dsqtheta1 big = matrix ( rep (1 / sq r t ( theta hat j s [ , 1 ] ) , t imes = nboot ) ,

byrow = TRUE, nrow = nboot )

588 Dsqsigmadp1 big = matrix ( rep (1 / sq r t ( sigma2 hat ove rp j s [ , 1 ] ) , t imes =

nboot ) , byrow = TRUE, nrow = nboot )

589 Ujps = array (0 , c (3 , nboot , upperbindx boot − lowerbindx boot + 1) )

590 Ujps [ 1 , , ] = product mat( as . matrix(−sum DWknGImuw 1 big [ , lowerbindx

boot : upperbindx boot ] ) , Dsqsigmadp1 big )

591 Dsqtheta2 big = matrix ( rep (1 / sq r t ( theta hat j s [ , 2 ] ) , t imes = nboot ) ,

byrow = TRUE, nrow = nboot )

592 Dsqsigmadp2 big = matrix ( rep (1 / sq r t ( sigma2 hat ove rp j s [ , 2 ] ) , t imes =

nboot ) , byrow = TRUE, nrow = nboot )

593 Ujps [ 2 , , ] = product mat( as . matrix(−sum DWknGImuw 2 big [ , lowerbindx boot

: upperbindx boot ] ) , Dsqsigmadp2 big )

594 Dsqtheta3 big = matrix ( rep (1 / sq r t ( theta hat j s [ , 3 ] ) , t imes = nboot ) ,

byrow = TRUE, nrow = nboot )

595 Dsqsigmadp3 big = matrix ( rep (1 / sq r t ( sigma2 hat ove rp j s [ , 3 ] ) , t imes =

nboot ) , byrow = TRUE, nrow = nboot )

596 Ujps [ 3 , , ] = product mat( as . matrix(−sum DWknGImuw 3 big [ , lowerbindx

boot : upperbindx boot ] ) , Dsqsigmadp3 big )

597 wjs = array (0 , c (3 , nboot , upperbindx boot − lowerbindx boot + 1) )

598 wjs denom = theta hat j s [ , 1 ] ∗ theta hat j s [ , 2 ] + theta hat j s [ , 1 ] ∗
theta hat j s [ , 3 ] + theta hat j s [ , 2 ] ∗ theta hat j s [ , 3 ]

599 wjs [ 1 , , ] = matrix ( rep ( d i v i s i o n 00 ( theta hat j s [ , 2 ] ∗ theta hat j s [ ,

3 ] , wjs denom) , t imes = nboot ) , byrow = TRUE, nrow = nboot )

600 wjs [ 2 , , ] = matrix ( rep ( d i v i s i o n 00 ( theta hat j s [ , 1 ] ∗ theta hat j s [ ,

3 ] , wjs denom) , t imes = nboot ) , byrow = TRUE, nrow = nboot )

601 wjs [ 3 , , ] = matrix ( rep ( d i v i s i o n 00 ( theta hat j s [ , 1 ] ∗ theta hat j s [ ,

2 ] , wjs denom) , t imes = nboot ) , byrow = TRUE, nrow = nboot )

602 pava time1 = Sys . time ( )

603 pava r e s u l t = array ( u n l i s t (mapply ( pava , a l p l y ( d i v i s i o n 00 (Ujps , s q r t ( wjs )

) , c (2 , 3) ) , a l p l y ( wjs , c (2 , 3) ) , d e c r ea s ing = TRUE) ) , c (3 , nboot ,

upperbindx boot − lowerbindx boot + 1) )

604 pava time2 = Sys . time ( )
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605 avg Ujps = apply ( sq r t ( wjs ) ∗ Ujps , c (2 , 3) , sum)

606 avg Ujps karray = array ( rep ( avg Ujps , each = 3) , c (3 , nboot , upperbindx

boot − lowerbindx boot + 1) )

607 Up2 boot H1 1 s ided = apply ( wjs ∗ ( pava r e s u l t − avg Ujps karray ) ˆ 2 , c

(2 , 3) , sum) # boots t rap SSB( t ) in Theorem 1

608 ### bootst rap sup { t \ in [ t 1 , t 2 ]} SSB( t ) in Theorem 1 :

609 sup boot H1 = apply ( as . matrix (Up2 boot H1 1 s ided ) , 1 , max) # boots t rap

sup { t \ in [ t 1 , t 2 ]} SSB( t ) in Theorem 1

610 EL SOcrit = as . vec to r ( quan t i l e ( sup boot H1 , probs = 1 − alpha vec ) ) #

quan t i l e s based on bootstrapped va lue s o f sup { t \ in [ t 1 , t 2 ]} SSB(

t )

611 ### quan t i t i e s r e l a t e d to boots t rap \ i n t { t 1}ˆ{ t 2} SSB( t ) dF 0( t ) in

Theorem 1 :

612 S1 hat Wei = ( ( c (1 , f i t 1 $ surv ) [ cumsum( c (0 , f i t $ time ) %in% c (0 , f i t 1 $ time

) ) ] ) [−1]) [ f i t time r e s t r i c t boot ]

613 S2 hat Wei = ( ( c (1 , f i t 2 $ surv ) [ cumsum( c (0 , f i t $ time ) %in% c (0 , f i t 2 $ time

) ) ] ) [−1]) [ f i t time r e s t r i c t boot ]

614 S3 hat Wei = ( ( c (1 , f i t 3 $ surv ) [ cumsum( c (0 , f i t $ time ) %in% c (0 , f i t 3 $ time

) ) ] ) [−1]) [ f i t time r e s t r i c t boot ]

615 S1 hat M1 = S1 hat Wei ˆ M vec [ 1 ]

616 S2 hat M2 = S2 hat Wei ˆ M vec [ 2 ]

617 S3 hat M3 = S3 hat Wei ˆ M vec [ 3 ]

618 S1 hat M1 big = matrix ( rep ( S1 hat M1, time = nboot ) , byrow = TRUE, nrow

= nboot )

619 S2 hat M2 big = matrix ( rep ( S2 hat M2, time = nboot ) , byrow = TRUE, nrow

= nboot )

620 S3 hat M3 big = matrix ( rep ( S3 hat M3, time = nboot ) , byrow = TRUE, nrow

= nboot )

621 ps i hat j s = ps i hat j ( f i t $ time [ f i t time r e s t r i c t boot ] , f i t , f i t 1 , f i t 2

, f i t 3 , M vec )

622 v j s = array (0 , c (3 , nboot , mm) )

623 v j s denom = ps i hat j s [ , 1 ] ∗ ps i hat j s [ , 2 ] + p s i hat j s [ , 1 ] ∗ p s i

hat j s [ , 3 ] + p s i hat j s [ , 2 ] ∗ p s i hat j s [ , 3 ]

624 v j s [ 1 , , ] = matrix ( rep ( d i v i s i o n 00 ( p s i hat j s [ , 2 ] ∗ p s i hat j s [ , 3 ] ,

v j s denom) , t imes = nboot ) , byrow = TRUE, nrow = nboot )

625 v j s [ 2 , , ] = matrix ( rep ( d i v i s i o n 00 ( p s i hat j s [ , 1 ] ∗ p s i hat j s [ , 3 ] ,

v j s denom) , t imes = nboot ) , byrow = TRUE, nrow = nboot )

626 v j s [ 3 , , ] = matrix ( rep ( d i v i s i o n 00 ( p s i hat j s [ , 1 ] ∗ p s i hat j s [ , 2 ] ,

v j s denom) , t imes = nboot ) , byrow = TRUE, nrow = nboot )

627 F 123 big = 1 − ( v j s [ 1 , , ] ∗ S1 hat M1 big + v j s [ 2 , , ] ∗ S2 hat M2 big

+ v j s [ 3 , , ] ∗ S3 hat M3 big )

628 Up2 boot H1 1 s ided t imes dF = Up2 boot H1 1 s ided ∗ t ( apply ( cbind (0 , F

123 big ) , 1 , d i f f ) ) [ , lowerbindx boot : upperbindx boot ]

629 i n t dF boot H1 = apply ( as . matrix (Up2 boot H1 1 s ided t imes dF) , 1 , sum)

# boots t rap \ i n t { t 1}ˆ{ t 2} SSB( t ) dF 0( t ) in Theorem 1

630 i n t dFEL SOcrit = as . vec to r ( quan t i l e ( i n t dF boot H1 , probs = 1 − alpha

vec ) ) # quan t i l e s based on bootstrapped va lue s o f \ i n t { t 1}ˆ{ t 2}
SSB( t ) dF 0( t ) in Theorem 1
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631 ### quan t i t i e s r e l a t e d to boots t rap \ i n t { t 1}ˆ{ t 2} SSB( t ) dF 0( t ) in

Theorem 1 us ing r e t ent i on−of−e f f e c t approach in supplementary mate r i a l

Sec t i on S . 4 :

632 M re t vec = c (M re t − 1 , 1 , M r e t )

633 S1 hat M1 r e t = S1 hat Wei ˆ M re t vec [ 1 ]

634 S2 hat M2 r e t = S2 hat Wei ˆ M re t vec [ 2 ]

635 S3 hat M3 r e t = S3 hat Wei ˆ M re t vec [ 3 ]

636 S1 hat M1 r e t b ig = matrix ( rep ( S1 hat M1 ret , time = nboot ) , byrow =

TRUE, nrow = nboot )

637 S2 hat M2 r e t b ig = matrix ( rep ( S2 hat M2 ret , time = nboot ) , byrow =

TRUE, nrow = nboot )

638 S3 hat M3 r e t b ig = matrix ( rep ( S3 hat M3 ret , time = nboot ) , byrow =

TRUE, nrow = nboot )

639 ps i hat 12 = ps i hat r e t ( f i t $ time [ f i t time r e s t r i c t boot ] , f i t , f i t 1 ,

f i t 2 , M re t vec )

640 v j s r e t = array (0 , c (2 , nboot , mm) )

641 v j s r e t denom = ps i hat 12 + ps i hat j s [ , 3 ]

642 v j s r e t [ 1 , , ] = matrix ( rep ( d i v i s i o n 00 ( p s i hat j s [ , 3 ] , v j s r e t denom) ,

t imes = nboot ) , byrow = TRUE, nrow = nboot )

643 v j s r e t [ 2 , , ] = matrix ( rep ( d i v i s i o n 00 ( p s i hat 12 , v j s r e t denom) , t imes

= nboot ) , byrow = TRUE, nrow = nboot )

644 F 123 r e t b ig = 1 − ( v j s r e t [ 1 , , ] ∗ S1 hat M1 r e t b ig ∗ S2 hat M2 r e t

b ig + v j s r e t [ 2 , , ] ∗ S3 hat M3 r e t b ig )

645 theta hat j s r e t = theta hat j (Td so r t boot , f i t , f i t 1 , f i t 2 , f i t 3 , M

re t vec )

646 theta1 big = matrix ( rep ( theta hat j s r e t [ , 1 ] , t imes = nboot ) , byrow =

TRUE, nrow = nboot )

647 theta2 big = matrix ( rep ( theta hat j s r e t [ , 2 ] , t imes = nboot ) , byrow =

TRUE, nrow = nboot )

648 theta3 big = matrix ( rep ( theta hat j s r e t [ , 3 ] , t imes = nboot ) , byrow =

TRUE, nrow = nboot )

649 phi b ig = theta1 big + theta2 big + theta3 big

650 l o c a l s t a t l im i t 1 r e t = ( ( theta1 big ∗ Ujps [ 1 , , ] + sq r t ( theta1 big ∗
theta2 big ) ∗ Ujps [ 2 , , ] − s q r t ( theta1 big ∗ theta3 big ) ∗ Ujps [ 3 , ,

] ) ˆ 2) / ( phi b ig ˆ 2)

651 l o c a l s t a t l im i t 2 r e t = ( ( sq r t ( theta1 big ∗ theta2 big ) ∗ Ujps [ 1 , , ] +

theta2 big ∗ Ujps [ 2 , , ] − s q r t ( theta2 big ∗ theta3 big ) ∗ Ujps [ 3 , ,

] ) ˆ 2) / ( phi b ig ˆ 2)

652 l o c a l s t a t l im i t 3 r e t = ( ( sq r t ( theta1 big ∗ theta3 big ) ∗ Ujps [ 1 , , ] +

sq r t ( theta2 big ∗ theta3 big ) ∗ Ujps [ 2 , , ] − theta3 big ∗ Ujps [ 3 , ,

] ) ˆ 2) / ( phi b ig ˆ 2)

653 l o c a l s t a t l im i t 2 r e t unsq = −sq r t (sum(nn) ) ∗ (M re t vec [ 2 ] ˆ 2) ∗ ( s q r t

( theta1 big ) ∗ Ujps [ 1 , , ] + sq r t ( theta2 big ) ∗ Ujps [ 2 , , ] − s q r t (

theta3 big ) ∗ Ujps [ 3 , , ] ) / phi b ig

654 l o c a l s t a t l im i t r e t t imes dF = ( l o c a l s t a t l im i t 2 r e t unsq <= 0) ∗ (

l o c a l s t a t l im i t 1 r e t + l o c a l s t a t l im i t 2 r e t + l o c a l s t a t l im i t 3 r e t

) ∗ t ( apply ( cbind (0 , F 123 r e t b ig ) , 1 , d i f f ) ) [ , lowerbindx boot :

upperbindx boot ]
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655 i n t dF boot r e t = apply ( as . matrix ( l o c a l s t a t l im i t r e t t imes dF) , 1 , sum)

# boots t rap \ i n t { t 1}ˆ{ t 2} SSB( t ) dF 0( t ) in Theorem 1 us ing

r e t ent i on−of−e f f e c t approach

656 i n t dFEL SOcrit r e t = as . vec to r ( quan t i l e ( i n t dF boot ret , probs=1 −
alpha vec ) ) # quan t i l e s based on bootstrapped va lue s o f \ i n t { t 1}ˆ{
t 2} SSB( t ) dF 0( t ) in Theorem 1 us ing re t en t i on−of−e f f e c t approach

657 ### quan t i t i e s r e l a t e d to boots t rap combined pa i rw i s e NPLR t e s t in Sec t i on

3 .3 o f the paper

658 theta12 big = matrix ( rep ( theta hat j s [ , 1 ] + theta hat j s [ , 2 ] , t imes =

nboot ) , byrow = TRUE, nrow = nboot )

659 theta23 big = matrix ( rep ( theta hat j s [ , 2 ] + theta hat j s [ , 3 ] , t imes =

nboot ) , byrow = TRUE, nrow = nboot )

660 theta13 big = matrix ( rep ( theta hat j s [ , 1 ] + theta hat j s [ , 3 ] , t imes =

nboot ) , byrow = TRUE, nrow = nboot )

661 l o c a l s t a t l im i t 12 = as . matrix ( (pmax(M vec [ 1 ] ∗ sum DWknGImuw 1 big − M

vec [ 2 ] ∗ sum DWknGImuw 2 big , 0) ˆ 2) [ , lowerbindx boot : upperbindx

boot ] ) / theta12 big

662 l o c a l s t a t l im i t 23 = as . matrix ( (pmax(M vec [ 2 ] ∗ sum DWknGImuw 2 big − M

vec [ 3 ] ∗ sum DWknGImuw 3 big , 0) ˆ 2) [ , lowerbindx boot : upperbindx

boot ] ) / theta23 big

663 l o c a l s t a t l im i t 13 = as . matrix ( (pmax(M vec [ 1 ] ∗ sum DWknGImuw 1 big − M

vec [ 3 ] ∗ sum DWknGImuw 3 big , 0) ˆ 2) [ , lowerbindx boot : upperbindx

boot ] ) / theta13 big

664 l o c a l s t a t l im i t 12 t imes dF = l o c a l s t a t l im i t 12 ∗ t ( apply ( cbind (0 , F

123 big ) , 1 , d i f f ) ) [ , lowerbindx boot : upperbindx boot ]

665 l o c a l s t a t l im i t 23 t imes dF = l o c a l s t a t l im i t 23 ∗ t ( apply ( cbind (0 , F

123 big ) , 1 , d i f f ) ) [ , lowerbindx boot : upperbindx boot ]

666 l o c a l s t a t l im i t 13 t imes dF = l o c a l s t a t l im i t 13 ∗ t ( apply ( cbind (0 , F

123 big ) , 1 , d i f f ) ) [ , lowerbindx boot : upperbindx boot ]

667 i n t dF boot 12 = apply ( as . matrix ( l o c a l s t a t l im i t 12 t imes dF) , 1 , sum)

668 i n t dF boot 23 = apply ( as . matrix ( l o c a l s t a t l im i t 23 t imes dF) , 1 , sum)

669 i n t dF boot 13 = apply ( as . matrix ( l o c a l s t a t l im i t 13 t imes dF) , 1 , sum)

670 i n t dFEL SOcrit 12 = as . vec to r ( quan t i l e ( i n t dF boot 12 , probs = 1 −
alpha vec ) ) # quan t i l e s based on bootstrapped va lue s o f pa i rw i s e

NPLR t e s t comparing group 1 and 2

671 i n t dFEL SOcrit 23 = as . vec to r ( quan t i l e ( i n t dF boot 23 , probs = 1 −
alpha vec ) ) # quan t i l e s based on bootstrapped va lue s o f pa i rw i s e

NPLR t e s t comparing group 2 and 3

672 i n t dFEL SOcrit 13 = as . vec to r ( quan t i l e ( i n t dF boot 13 , probs = 1 −
alpha vec ) ) # quan t i l e s based on bootstrapped va lue s o f pa i rw i s e

NPLR t e s t comparing group 1 and 3

673 i n t dFEL SOcrit i n f a d j = as . vec to r ( quan t i l e ( pmin ( i n t dF boot 12 , i n t dF

boot 23) , probs = 1 − alpha vec ) )

674 ### func t i on s r e l a t e d to the nonparametric l i k e l i h o o d r a t i o s t a t i s t i c s :

675 neg2logR = func t i on ( t , f i t 1 , f i t 2 , f i t 3 , M vec , EL CBcrit = 0) {
676 # Computes negat ive two log nonparametric l i k e l i h o o d r a t i o ( in Sec t i on

2 .2 o f the paper )

677 # − EL CBcrit , f o r a g iven number EL CBcrit at a g iven time t
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678 # Args :

679 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

680 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group ( see

power c a l c u l a t i o n s .R)

681 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

682 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

683 # M vec : the vec to r o f margins M 1 , M 2 , M 3

684 # EL CBcrit : the g iven number EL CBcrit ( d e f au l t i s 0)

685 # Returns :

686 # the negat ive two log nonparametric l i k e l i h o o d r a t i o ( in Sec t i on 2 .2

o f the paper )

687 # − EL CBcrit , f o r a g iven number EL CBcrit at a g iven time t

688 d1 = f i t 1 $n . event [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

689 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

690 d2 = f i t 2 $n . event [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

691 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

692 d3 = f i t 3 $n . event [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

693 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

694 A1 = r1 − d1

695 A2 = r2 − d2

696 A3 = r3 − d3

697 D1 = max(d1 − r1 ) / M vec [ 1 ] + 0.0001

698 D2 = max(d2 − r2 ) / M vec [ 2 ] + 0.0001

699 D3 = max(d3 − r3 ) / M vec [ 3 ] + 0.0001

700 i n i t lambda1 = median ( c (D1 , −D2 − D3) )

701 i n i t lambda2 = median ( c (D2 + i n i t lambda1 , −D3) )

702 num neg l o g l i k = neg log l i k e l i h o o d l e t eq h( t , f i t 1 , f i t 2 , f i t 3 , M

vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) )

703 denom neg l o g l i k = neg log l i k e l i h o o d l e t ineq h( t , f i t 1 , f i t 2 , f i t 3 ,

M vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) )

704 num warn <− tryCatch ( neg log l i k e l i h o o d l e t eq h( t , f i t 1 , f i t 2 , f i t 3 ,

M vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) ) , e r r o r =

func t i on ( e ) e , warning = func t i on (w) w)

705 denom warn <− tryCatch ( neg log l i k e l i h o o d l e t ineq h( t , f i t 1 , f i t 2 ,

f i t 3 , M vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) ) , e r r o r =

func t i on ( e ) e , warning = func t i on (w) w)

706 i n i t lambda1 gr id = seq (D1 + 0.0001 , −D2 − D3 − 0 .0001 , l ength = 100)

707 i n i t d i r 1 = 1

708 i n i t wid1 = ((−D2 − D3 − 0 .0001) − (D1 + 0.0001) ) / 10

709 whi le (sum( abs (num neg l o g l i k $ resu l tEEs ) >= 0.0001) != 0 | sum(denom

neg l o g l i k $ resu l tEEs >= 10 ˆ −8) !=0 | i s (num warn , ”warning” ) ∗ i s

(denom warn , ”warning” ) != 0) {
710 i n i t lambda1 = i n i t lambda1 + i n i t wid1 ∗ i n i t d i r 1 ∗ ((−1) ˆ i n i t

d i r 1 )

711 i f ( i n i t lambda1 > −D2 − D3 − 0 .0001 | i n i t lambda1 < D1 + 0.0001)

break

712 i n i t lambda2 = median ( c (D2 + i n i t lambda1 , −D3) )
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713 num neg l o g l i k = neg log l i k e l i h o o d l e t eq h( t , f i t 1 , f i t 2 , f i t 3 , M

vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) )

714 denom neg l o g l i k = neg log l i k e l i h o o d l e t ineq h( t , f i t 1 , f i t 2 ,

f i t 3 , M vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) )

715 num warn <− tryCatch ( neg log l i k e l i h o o d l e t eq h( t , f i t 1 , f i t 2 ,

f i t 3 , M vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) ) , e r r o r

= func t i on ( e ) e , warning = func t i on (w) w)

716 denom warn <− tryCatch ( neg log l i k e l i h o o d l e t ineq h( t , f i t 1 , f i t 2 ,

f i t 3 , M vec , i n i t lambdas = c ( i n i t lambda1 , i n i t lambda2 ) ) ,

e r r o r = func t i on ( e ) e , warning = func t i on (w) w)

717 i n i t d i r 1 = i n i t d i r 1 + 1

718 } # END whi le

719 s t i l l e r r o r = (sum( abs (num neg l o g l i k $ resu l tEEs ) >= 0.0001) != 0 | sum

(denom neg l o g l i k $ resu l tEEs >= 10ˆ−8) != 0 | i s (num warn , ”warning”

) ∗ i s (denom warn , ”warning” ) != 0)

720 t e s t 1 t = 2 ∗ num neg l o g l i k $ ob j e c t i v e − 2 ∗ denom neg l o g l i k $ ob j e c t i v e

721 re turn ( l i s t ( out = t e s t 1 t − EL CBcrit ,

722 s t i l l e r r o r = s t i l l e r ro r ,

723 num lambdas = num neg l o g l i k $ lambdas ,

724 denom lambdas = denom neg l o g l i k $ lambdas

725 ) )

726 } # END neg2logR

727 neg2logR ad jpa i r = func t i on ( lambda0 hat , t , f i t 1 , f i t 2 , EL CBcrit , M

vec2 ) {
728 # Computes negat ive two log nonparametric l i k e l i h o o d r a t i o ( in Sec t i on

3 .3 o f the paper )

729 # − EL CBcrit , f o r the j−th and ( j +1)−th treatment groups ,

730 # fo r a g iven number EL CBcrit at a g iven time t

731 # Args :

732 # lambda0 hat : the Lagrange mu l t i p l i e r in the numerator o f equat ion

( 3 . 4 ) in the paper

733 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

734 # f i t 1 : s u r v f i t app l i ed to data from the j−th treatment group in

equat ion ( 3 . 4 ) in the paper

735 # f i t 2 : s u r v f i t app l i ed on data from the ( j +1)−th treatment group in

equat ion ( 3 . 4 ) in the paper

736 # EL CBcrit : the g iven number EL CBcrit ( d e f au l t i s 0)

737 # M vec2 : the vec to r o f margins M j , M { j+1}
738 # Returns :

739 # the negat ive two log nonparametric l i k e l i h o o d r a t i o ( in Sec t i on 3 .3

o f the paper )

740 # − EL CBcrit , f o r the j−th and ( j +1)−th treatment groups ,

741 # fo r a g iven number EL CBcrit at a g iven time t

742 d1 = f i t 1 $n . event [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

743 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

744 d2 = f i t 2 $n . event [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

745 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

746 A1 = r1 − d1
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747 A2 = r2 − d2

748 B1 = d1 / ( r1 + M vec2 [ 1 ] ∗ lambda0 hat ) ∗ as . numeric ( r1 != d1 ) + d1 /

( d1 + M vec2 [ 1 ] ∗ lambda0 hat ) ∗ as . numeric ( r1 == d1 )

749 B2 = d2 / ( r2 − M vec2 [ 2 ] ∗ lambda0 hat ) ∗ as . numeric ( r2 != d2 ) + d2 /

( d2 − M vec2 [ 2 ] ∗ lambda0 hat ) ∗ as . numeric ( r2 == d2 )

750 t e s t 1 t = −2 ∗ sum(d1 ∗ l og (B1) ) − 2 ∗ sum( product (A1 , l og (1 − B1) ) ) −
2 ∗ sum(d2 ∗ l og (B2) ) − 2 ∗ sum( product (A2 , l og (1 − B2) ) ) + 2 ∗ sum

(d1 ∗ l og ( d1 / r1 ) ) + 2 ∗ sum(d2 ∗ l og ( d2 / r2 ) ) + 2 ∗ sum( product (

A1 , l og (1 − d1 / r1 ) ) ) + 2 ∗ sum( product (A2 , l og (1 − d2 / r2 ) ) )

751 re turn ( t e s t 1 t − EL CBcrit )

752 } # END neg2logR ad jpa i r

753 neg2logR r e t = func t i on ( lambda0 hat , t , f i t 1 , f i t 2 , f i t 3 , EL CBcrit , M

r e t ) {
754 # Computes negat ive two log nonparametric l i k e l i h o o d r a t i o ( in Sec t i on S

. 4 o f

755 # the supplementary mate r i a l ) − EL CBcrit , f o r a g iven number EL CBcrit

at a g iven time t

756 # Args :

757 # lambda0 hat : the Lagrange mu l t i p l i e r in the f i r s t d i sp l ay in p . 17

o f the supplementary mate r i a l

758 # t : the g iven t >= 0 in l o c a l i z e d EL s t a t i s t i c

759 # f i t 1 : s u r v f i t app l i ed to data from the 1 s t treatment group ( see

power c a l c u l a t i o n s .R)

760 # f i t 2 : s u r v f i t app l i ed to data from the 2nd treatment group

761 # f i t 3 : s u r v f i t app l i ed to data from the 3 rd treatment group

762 # EL CBcrit : the g iven number EL CBcrit ( d e f au l t i s 0)

763 # M re t : the margin M in ( 5 . 1 ) o f the paper

764 # Returns :

765 # the negat ive two log nonparametric l i k e l i h o o d r a t i o ( in Sec t i on S . 4

o f

766 # the supplementary mate r i a l ) − EL CBcrit , f o r a g iven number EL

CBcrit at a g iven time t

767 d1 = f i t 1 $n . event [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

768 r1 = f i t 1 $n . r i s k [ f i t 1 $ time <= t & f i t 1 $n . event != 0 ]

769 d2 = f i t 2 $n . event [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

770 r2 = f i t 2 $n . r i s k [ f i t 2 $ time <= t & f i t 2 $n . event != 0 ]

771 d3 = f i t 3 $n . event [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

772 r3 = f i t 3 $n . r i s k [ f i t 3 $ time <= t & f i t 3 $n . event != 0 ]

773 A1 = r1 − d1

774 A2 = r2 − d2

775 A3 = r3 − d3

776 B1 = d1 / ( r1 + (M re t − 1) ∗ lambda0 hat ) ∗ as . numeric ( r1 != d1 ) + d1

/ ( d1 + (M re t − 1) ∗ lambda0 hat ) ∗ as . numeric ( r1 == d1 )

777 B2 = d2 / ( r2 + lambda0 hat ) ∗ as . numeric ( r2 != d2 ) + d2 / ( d2 +

lambda0 hat ) ∗ as . numeric ( r2 == d2 )

778 B3 = d3 / ( r3 − M re t ∗ lambda0 hat ) ∗ as . numeric ( r3 != d3 ) + d3 / ( d3

− M re t ∗ lambda0 hat ) ∗ as . numeric ( r3 == d3 )
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779 t e s t 1 t = −2 ∗ sum(d1 ∗ l og (B1) ) − 2 ∗ sum( product (A1 , l og (1 − B1) ) ) −
2 ∗ sum(d2 ∗ l og (B2) ) − 2 ∗ sum( product (A2 , l og (1 − B2) ) ) − 2 ∗ sum

(d3 ∗ l og (B3) ) − 2 ∗ sum( product (A3 , l og (1 − B3) ) ) + 2 ∗ sum(d1 ∗
l og ( d1 / r1 ) ) + 2 ∗ sum(d2 ∗ l og ( d2 / r2 ) ) + 2 ∗ sum(d3 ∗ l og ( d3 /

r3 ) ) + 2 ∗ sum( product (A1 , l og (1 − d1 / r1 ) ) ) + 2 ∗ sum( product (A2 ,

l og (1 − d2 / r2 ) ) ) + 2 ∗ sum( product (A3 , l og (1 − d3 / r3 ) ) )

780 re turn ( t e s t 1 t − EL CBcrit )

781 } # END neg2logR r e t

782 ### computing quan t i t i e s r e l a t e d to the NPLR s t a t i s t i c s :

783 t e s t s t a t pre = 1 : l ength (Td so r t boot ) ∗ 0

784 e r r o r vec = 1 : l ength (Td so r t boot ) ∗ 0

785 t e s t s t a t pre 12 = 1 : l ength (Td so r t boot ) ∗ 0

786 t e s t s t a t pre 23 = 1 : l ength (Td so r t boot ) ∗ 0

787 t e s t s t a t pre 13 = 1 : l ength (Td so r t boot ) ∗ 0

788 t e s t s t a t pre r e t = 1 : l ength (Td so r t boot ) ∗ 0

789 f o r ( j in 1 : ( upperbindx boot − lowerbindx boot + 1) ) {
790 t = Td so r t boot [ j ] # the given t >= 0 in l o c a l i z e d EL s t a t i s t i c

791 neg2logRt = neg2logR ( t , f i t 1 , f i t 2 , f i t 3 , M vec , EL CBcrit = 0)

792 e r r o r vec [ j ] = neg2logRt $ s t i l l e r r o r

793 i f ( e r r o r vec [ j ] == 1) next

794 t e s t s t a t pre [ j ] = neg2logRt $out # the −2 log NPLR s t a t i s t i c in

Sec t i on 2 .2 o f the paper at the g iven t >=0 s p e c i f i e d above

795 lambda0 hat 12 = lambda0 ( t , f i t 1 , f i t 2 , t i l d e theta = 1 , M vec [ 1 : 2 ] )

796 lambda0 hat 23 = lambda0 ( t , f i t 2 , f i t 3 , t i l d e theta = 1 , M vec [ 2 : 3 ] )

797 lambda0 hat 13 = lambda0 ( t , f i t 1 , f i t 3 , t i l d e theta = 1 , M vec [ c (1 , 3)

] )

798 lambda0 hat r e t = lambda0 r e t ( t , f i t 1 , f i t 2 , f i t 3 , t i l d e theta = 1 , M

re t )

799 i f ( lambda0 hat r e t < 0) { # e l s e t e s t s t a t pre r e t [ j ] i s 0

800 # the −2 log NPLR s t a t i s t i c in Sec t i on S . 4 o f the supplementary mate r i a l

at the g iven t >=0 s p e c i f i e d above

801 t e s t s t a t pre r e t [ j ] = neg2logR r e t ( lambda0 hat ret , t , f i t 1 , f i t 2 ,

f i t 3 , EL CBcrit = 0 , M re t )

802 } # END i f

803 i f ( lambda0 hat 12 < 0) { # e l s e t e s t s t a t pre 12 [ j ] i s 0

804 # the −2 log NPLR s t a t i s t i c f o r j=1 vs 2 in Sec t i on 3 .3 o f the paper at

the g iven t >=0 s p e c i f i e d above

805 t e s t s t a t pre 12 [ j ] = neg2logR ad jpa i r ( lambda0 hat 12 , t , f i t 1 , f i t 2 ,

EL CBcrit = 0 , M vec [ 1 : 2 ] )

806 } # END i f

807 i f ( lambda0 hat 23 < 0) { # e l s e t e s t s t a t pre 23 [ j ] i s 0

808 # the −2 log NPLR s t a t i s t i c f o r j=2 vs 3 in Sec t i on 3 .3 o f the paper at

the g iven t >=0 s p e c i f i e d above

809 t e s t s t a t pre 23 [ j ] = neg2logR ad jpa i r ( lambda0 hat 23 , t , f i t 2 , f i t 3 ,

EL CBcrit = 0 , M vec [ 2 : 3 ] )

810 } # END i f

811 i f ( lambda0 hat 13<0) { # e l s e t e s t s t a t pre 13 [ j ] i s 0
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812 # the −2 log NPLR s t a t i s t i c f o r j=3 vs 1 in Sec t i on 3 .3 o f the paper at

the g iven t >=0 s p e c i f i e d above

813 t e s t s t a t pre 13 [ j ]=neg2logR ad jpa i r ( lambda0 hat 13 , t , f i t 1 , f i t 3 ,EL

CBcrit=0,M vec [ c (1 , 3 ) ] )

814 } # END i f

815 } # END fo r

816 F 123 = 1 − ( v j s [ 1 , 1 , ] ∗ S1 hat M1 + v j s [ 2 , 1 , ] ∗ S2 hat M2 + v j s [ 3 ,

1 , ] ∗ S3 hat M3)

817 i n t t e s t pre dF = t e s t s t a t pre ∗ d i f f ( c (0 , F 123) ) [ lowerbindx boot :

upperbindx boot ] # −2logR ( t ) d\hat{F} 0( t ) in ( 3 . 1 ) o f the paper

818 i n t t e s t pre dF 12 = t e s t s t a t pre 12 ∗ d i f f ( c (0 , F 123) ) [ lowerbindx boot :

upperbindx boot ]

819 i n t t e s t pre dF 23 = t e s t s t a t pre 23 ∗ d i f f ( c (0 , F 123) ) [ lowerbindx boot :

upperbindx boot ]

820 i n t t e s t dF 12 = sum( i n t t e s t pre dF 12) #I {1n} in Sec t i on 3 .3 o f the

paper

821 i n t t e s t dF 23 = sum( i n t t e s t pre dF 23) #I {2n} in Sec t i on 3 .3 o f the

paper

822 i n t t e s t dF i n f a d j = min (sum( i n t t e s t pre dF 12) , sum( i n t t e s t pre dF 23) )

823 F 123 r e t = 1 − ( v j s r e t [ 1 , 1 , ] ∗ S1 hat M1 r e t ∗ S2 hat M2 r e t + v j s

r e t [ 2 , 1 , ] ∗ S3 hat M3 r e t )

824 i n t t e s t pre dF r e t = t e s t s t a t pre r e t ∗ d i f f ( c (0 , F 123 r e t ) ) [ lowerbindx

boot : upperbindx boot ]

825 i n t t e s t dF r e t = sum( i n t t e s t pre dF r e t ) #I n , r e t en t i on o f e f f e c t

vers ion , as in Sec t i on S . 4 o f the supplementary mate r i a l

826 i n t t e s t dF r e t i n f a d j = min (sum( i n t t e s t pre dF 12) , sum( i n t t e s t pre dF

r e t ) )

827 ### computing quan t i t i e s r e l a t e d to the f i r s t s tep o f our composite

procedure :

828 t e s t nocros s = 0

829 HW CBdistr = pmax( apply ( abs (M vec [ 2 ] ∗ sum DWknGImuw 2 big − M vec [ 1 ] ∗
sum DWknGImuw 1 big ) , 1 , max) , apply ( abs (M vec [ 3 ] ∗ sum DWknGImuw 3

big − M vec [ 2 ] ∗ sum DWknGImuw 2 big ) , 1 , max) )

830 HW CBcrit = as . vec to r ( quan t i l e (HW CBdistr , 0 . 9 5 ) )

831 HW CB ubs 12 = d i f f 12 + HW CBcrit / sq r t (sum(nn) )

832 HW CB ubs 23 = d i f f 23 + HW CBcrit / sq r t (sum(nn) )

833 HW CB lb s 12 = d i f f 12 − HW CBcrit / sq r t (sum(nn) )

834 HW CB lb s 23 = d i f f 23 − HW CBcrit / sq r t (sum(nn) )

835 S1gS2eqS3 = (sum(HW CB lb s 12 <= 0) != ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB lb s 23 <= 0) == ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB ubs 23 >= 0) == ( upperbindx boot − lowerbindx

boot + 1) )

836 S1eqS2gS3 = (sum(HW CB lb s 23 <= 0) != ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB lb s 12 <= 0) == ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB ubs 12 >= 0) == ( upperbindx boot − lowerbindx

boot + 1) )

837 S1geS2geS3 = (sum(HW CB ubs 12 >= 0) == ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB ubs 23 >= 0) == ( upperbindx boot − lowerbindx

50



boot + 1) )

838 S1gS2gS3 = (sum(HW CB ubs 12 >= 0) == ( upperbindx boot − lowerbindx boot

+ 1) & sum(HW CB ubs 23 >= 0) == ( upperbindx boot − lowerbindx boot

+ 1) & sum(HW CB lb s 12 <= 0) != ( upperbindx boot − lowerbindx boot

+ 1) & sum(HW CB lb s 23 <= 0) != ( upperbindx boot − lowerbindx boot +

1) )

839 S1eqS2eqS3 = (sum(HW CB lb s 12 <= 0) == ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB ubs 12 >= 0) == ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB lb s 23 <= 0) == ( upperbindx boot − lowerbindx

boot + 1) & sum(HW CB ubs 23 >= 0) == ( upperbindx boot − lowerbindx

boot + 1) )

840 i f ( S1gS2gS3 | S1eqS2eqS3 ) {
841 t e s t nocros s = 1

842 }
843 re turn ( l i s t (

844 t e s t nocros s = t e s t nocross ,

845 t e s t = max( t e s t s t a t pre ) , # K n in ( 3 . 1 ) o f the paper

846 EL SOcrit = EL SOcrit ,

847 out sup pval = mean( sup boot H1 >= max( t e s t s t a t pre ) ) , # p−value f o r

the NPLR t e s t based on K n in ( 3 . 1 ) o f the paper

848 i n t t e s t dF = sum( i n t t e s t pre dF) , # I {n} in ( 3 . 1 ) o f the paper

849 i n t dFEL SOcrit = in t dFEL SOcrit ,

850 out dF pval = mean( i n t dF boot H1 >= sum( i n t t e s t pre dF) ) , # p−value

f o r the NPLR t e s t based on I n in ( 3 . 1 ) o f the paper

851 i n t t e s t dF 12 = i n t t e s t dF 12 ,

852 i n t t e s t dF 23 = i n t t e s t dF 23 ,

853 i n t dFEL SOcrit 12 = in t dFEL SOcrit 12 ,

854 i n t dFEL SOcrit 23 = in t dFEL SOcrit 23 ,

855 out dF 12 pval = mean( i n t dF boot 12 >= i n t t e s t dF 12) , # p−value f o r

the pa i rw i s e NPLR t e s t comparing group 1 and 2

856 out dF 23 pval = mean( i n t dF boot 23 >= i n t t e s t dF 23) , # p−value f o r

the pa i rw i s e NPLR t e s t comparing group 2 and 3

857 i n t t e s t dF r e t = i n t t e s t dF ret ,

858 i n t dFEL SOcrit r e t = in t dFEL SOcrit ret ,

859 out dF r e t pval = mean( i n t dF boot r e t >= i n t t e s t dF r e t ) # p−value

f o r the pa i rw i s e NPLR t e s t comparing group 2 and 3 us ing re t ent i on−
of−e f f e c t fo rmulat ion

860 ) ) # END return

861 } # END t e s t s t a t

functions to be sourced.R
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