Supplementary Material for
“Testing for Marginal Linear Effects in Quantile Regression”
by Huixia Judy Wang, lan W. McKeague and Min Qian

This supplement contains the proofs of Lemmas 1-4, Corollary 1 and Lemmas 5-6 in
the main paper, and some additional simulation results.

For any vector v € R?, let v, denote its kth element, and v(_) denotes its subset exclud-
ing the kth element, for any k = 1, ..., p. For notational simplicity, we write k, {7, bo(7)}
as k, (7), and omit the argument 7 in various expressions such as My (7, ), (7, ), Vi(7, ),
Ji(7, ) and etc. when necessary. We note that even though 7 is assumed to be a set con-
sisting of L prespecified quantile levels in the main paper, the results in Theorem 1 and

Lemmas 1-4 in fact hold uniformly over 7 € T for any 7 C (0, 1).
S.1. Proofs of Lemmas 1-4

LEMMA 1 Suppose that assumptions AI-A5 hold. For all T’s in T for which 5y(1) # 0
and ko(7) is unique, we have k, (1) =3 ko(7) and

n'/2{0,, ( ) = 0n(1)} & Mpsko) {Bo(T)}Tho(1Bo(T)} — Mitg() 180 (7)} ke 1Bo(7)}
on(T) Vio(m){Bo(T) }Oho(r) (T)

Proof: By the proof of the consistency part of Theorem 3 of Angrist et al. (2006), (¢, ék) —
(g, 0;) = 0p+(1) uniformly in 7 € 7. Under assumptions A1-A3, and the uniqueness
condition of ky(7), by the Lipschitz property of p,, we have E{p.(Y — ay — 0xX})} —
E{p-(e + ap + XTB, — . — 0, Xx)} — 0 uniformly over k and 7. Therefore, k,(7) =
argmin, min, g E{p, (Y — a — 6X})}= argmin, E[p,{Y — ap(7) — 0x(7) Xx}] — ko(7)
uniformly in 7 € 7. Note that the empirical process (7, 3) — P, [p,(Y —X*3)] is stochas-
tically equicontinuous over 7 X B, where B is any compact set. This together with the
Lipschitz and convexity properties of p, and the strong law of large numbers leads to the

following uniform convergence result:
]P)n[pT{Y — dk(T) — ék(T)Xk}] — E[pT{Y — Oék(T) — Qk(T)Xk}] a;sf 0. (Sl)

Thus we have k, (1) — k,(7) =3 0 and k, (1) “3 ko(7) uniformly in 7 € T, where k, (1) =
argmin, P, [p,{Y — éx(7) — 0,(7)X1,}]. By the proof of the asymptotic normality part of
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Theorem 3 in Angrist et al. (2006), we have the following uniform asymptotic representation

ﬁ{ <(;‘:((;)> - (‘;‘:((:_))) } = ()G [Kato Y = an(r) = ()X} + 0 (1), (52)

provided that J,(7) = E [fy{()ék(T) + Qk(T)Xk|X})~(k}~(£] is positive definite for all 7 €
T, where fy (:|X) is the conditional density of Y given X, G,, = v/n(P,, — P) is the empir-
ical process and 1, (u) = 7 — I(u < 0). It is easy to see that under the local model, J(7) =
E [ Fum{on(T) + 06(7) Xk — ap(r) — XTﬁn(T)\X}XkXﬂ s Ju{7, By()}, which s pos-
itive definite by condition AS. In addition, by using similar arguments as in the Appendix
A.1.4 of Angrist et al. (2006), we can show that 6 (7) — 04 (7) uniformly in 7 € 7. Then,
since P{0, (1) = éko(T) (1)} — 1, we have

W46, (r) 0,0} _ 12 (1)~ O ()}
R R Grom(7) o (1)

d Myrro{Bo(T)} Tho(m{1Bo(T)} — Mig(r){Bo(7) }ttko(r) {B0(7) }
Vo 180(T) }Oro(r) (T)

(S.3)

uniformly in 7 € T, where the last step comes from extracting the second element of the
vector on the right side of (S.2) with k& = k(7).

LEMMA 2 [f assumptions AI1-AS hold, we have

<Z:((Z>)) ) (ﬁ%:(TT)>> S OIAL B () ol ™F) (54

uniformly over T for which By(7) = 0, where Ay (1) = (E{ f) (0]1X)X (k) }, E{ fe(r) (0| X) X X (1) }).-

Proof: When 3,(7) = 0, we have Q, (Y |X) = ao(7)+n"2XTby (7). Under assumptions
Al, A3 and A4, we can show that Q. (Y'|X) — ao(7) uniformly in 7 € 7. In addition,
recall that (o (7), Ok (7)) is the population quantile coefficient vector obtained by regressing
Y on Xy, 50 Q- (Y| Xk) = ax(7)+ X0k (7). Therefore, Q. (Y| X)) — ao(7), which implies
that (ax(7),0k(7)) — (ap(7),0) uniformly in 7 € 7.

We next establish the approximate representation of (o (7), 05 (7)) under the local model
with B,,(T) = n~/?by(7). Under this model, (ag(7), B,,(7)) = (2o (T), Bui(7), By (1 (7))
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= argmin F { pr(Y —a— X5 — X(Tfk) B k))} is the population quantile coefficient
(@,Brk:B(—k))
vector obtained by including both X}, and X _j, as predictors, while (o (7), 0x(7)) are ob-

tained by including only X, in the regression. By applying the last formula in Section 2.3
of Angrist et al. (2006), we get

(Z:((:D = (;ﬁ%) + [E{WkT(X)XkﬁH—lE [WkT(X)XkRT(X)] , (S.5)

where X, = (1, Xp)T, R(X) = Q,(Y|X) —(ao(7), 5n,k)T(7')Xk = (ao(7)+X"B, (1)) —
(a0(7) 4Bk (1) Xk) = X7 B (7), Wier(X) = 1/2 [ feir) {ulier(X)|X} dt, Agr(X) =
{ag(T) + 0p(7) X1} — {ao(7) + XT3, (7)}. The first expectation in the right side of (S.5)

can be expressed as
1/23(7,0) — E {{1/2f€(7)(0|X) — Wi (X) } XkXZ’] : (S.6)

and below we show that the second term above tends to the zero matrix uniformly in 7 € 7.

In a similar fashion, the second expectation in (S.5) can be expressed as
1/2A7(7)B,, (1) — E |:{1/2f6(T)(0|X) - Wi (X)} XkX{_k)} B —i(T),  (8.7)

the second term of which has order o(1)3,,(7) = o(n~'/?). The result then follows easily
from (S.5) by retaining the leading terms in (S.6) and (S.7), and noting that the remainder
term is of order o(n~1/2).

It remains to show that the second term in (S.6) tends to the zero matrix. Recall that in
the first paragraph of the proof we showed that (o (7),0x(7)) — (ao(7),0) uniformly in
7 € T. It follows that Ay, (X) — 0, so, by assumptions Al and A4 (using the continuity
of fe-y(y|X) at y = 0 in this case) and the dominated convergence theorem, Wj,-(X) —
1/2f¢)(0|X) uniformly in 7 € 7. Applying the dominated convergence theorem to the
expectations in (S.6) and (S.7), using condition A3 and the second part of A4 to check that

the integrands are dominated, completes the proof.



LEMMA 3 If assumptions AI-AS hold, we have

o (@@ =™\ 4 [ Mi(r,0) . ’
<”/ ( Oulr) — Bnalr >>> - (J’“ i °>{(Mp+k<ﬂ 0>) it ’“”})k:l

uniformly in 7 € T for which 3,(7) = 0.

Proof: From (S.2),

Bl { (j?;) - (‘;‘(()))} = Gy [Retde(r) = A (X0}] + 0, (1),

Air(X) = {an(7) + (1) X} — {ao(r) + X7 B, (7)}
(T 0) AL (T)B iy (7) + o(n™1?) | = X B (1) (S8)

uniformly in 7 € 7. By Lemma 2, when 3,(7) = 0, it is easy to show that J,(1) =
Ji(7,0) + O(n~'/?) uniformly for all k& = 1,..., p under assumptions Al, A3 and A4.
Writing

Gy [Xewrr{e(r) = Ar (X)}] = G [Ruto{em)} 4G (Rl {e(r) = Aur(X)} = {el(r)}])

we can show that the second term above converges to zero uniformly in 7 € 7. This
follows by applying Lemma 19.24 of van der Vaart (2000), and the fact that (1,3) —
G,[¢, (Y — XT3)X] is stochastically equicontinuous over 7~ x B, where B is any compact
set. To check the conditions of that lemma, first note that the class of functions F = {y +—
U (y — ) — ¢, (y): § € R} is P-Donsker (for any distribution P on the real line). Also
note that the function g: 6 — E[,{e(1) — 6} — 1, {e(7)}]? is continuous (by A4) and
vanishes at § = 0, and A, (X) — 0, so g{Ax-(X)} — 0, and therefore g{A;,(X)} — 0
uniformly in 7 € 7. This shows that G,, [t {e(T) — Ar-(X)} — ¥ {€e(7)}] tends to zero in
probability. A similar argument applies to G,, [ X (¢, {e(7) — Ap-(X)} — - {e(7)})], the
second component of G,, [Xk(wf{e(T) — Ay (X))} — wf{e(T)})] :



Therefore, we have

/2 { (é‘k(T)) B (%(T)) } = 3. 1(7,0)G [Xitb, {e()}] + 0p(1). 5.9)

(}W)_CMﬂ)+MpK%@>_<%W>]
Or(7) Ox(7) Or(T) Bk (T)
= 3.1(7,0) (GalXw{e(r)}] + AL (7)o, (7)) + 0pe(1). (S.10)

Lemma 3 thus follows by the Slutsky’s theorem and a multivariate central limit theorem.

LEMMA 4 Under assumptions AI-AS, we have

P00 (1) = 0n(1)} o My (7, 07 (7, 0) = Micir) (7. O)paser) (7, 0)
Ga(7) ‘%mﬁoﬁmdﬂ

+{ Crn(1)  Curgbo(r(7) }T bo(7)
‘G(ﬁﬂ(770) L%r{boﬁﬁ}<770) OkKT)CT)

uniformly over T € T for which By(7) = 0, where

K(r) = argmax {My(r) + B (7 } 3717, 0){ My () + BL(T)bo(7) }

k=1

.....

with My, (1) = (Mg(7,0), My ,(7,0))7.

Proof: Note that

~

kin(7) = argminP,, [ p{Y — ay.(7) — 0u(7) X1} — pr{e()}] . (S.1D)

1<k<p



Denote

1 a(r) —ao(r)) () — (1)
Zi,=| Xp. | ,0k(T) = n'/? 0r(T) ,05,(7) =n'/? ék(T) :
X —B,,(7) —B,(7)

Then P, [0 {Y — ai(7) — Ok(7) Xy} — pr{e(m)}] = P [p{e(7) — nPZE81(7)} — pr{e(7)}]
is minimized at &, (7) for each 7 € 7. By Knight's identity (1998)

pr(u—v) — = - (u / {I(u <s)—1I(u<0)}ds,
we get
P [pr{e(r) — 0 PZi81()} — pr{e(r)}]
= Gy [Z;0k(T)¢r{e(T)}] + 0P [U{0k(7), Z1}], (S.12)
where

1/2z1s,
U (6, Z) — /0 [{e(r) < s} — I{e(r) < 0}] ds

Now write the second term of (S.12) as
nPL[U{6k(7), Zt}) = nE [U{dx(T), Zr)] + nP, [U{0k(7), Z} — E (U{dx(7),Zs})] .

By assumptions A3 and A4, we have that uniformly in 7 € T,

n’1/2Z£5k(7)
/ (Fuo (1) = Fi (010} s
0

= 81D +o(1), (5.13)

nE[U{8k(r), Zs}] = nE

where

Dy(7) = E [ fe(r) (01X) Z,Z)] = (J’“(T’ 0) B (T>> |

Bi(r)  C(7)



By (r) = E{ fun (01X)XX} } and C(7) = E { /(5 (0]X)XX"}. Thus the bound

Var {nP,[U{dx(7), Z}]

TL_I/2Z£5]€(T) 2
nE| /0 [1{e(r) < 5}~ I{elr) < 0] — { Fur)(s1X) — Fo (01%) } ds]

IN

n’1/2Z£6k(7)
ni| /0 [I{e(r) < 5}~ I{e(r) < 0] — { Fun (1K) — Fury(O1X) } ds|
<2l 12218, (r)
< AnE [U{k(7), Zi}] In P26k (7)),

IN

since U{dx(7),Zr} > 0. By (S.13) and assumption A3, Var {nP,[U{d(7),Zs}] — 0
uniformly in 7 € 7 for any §;(7) = O(1). Therefore, for any d,(7) = O(1),

Py [pr{e(r) = n"PZL8k(1)} — pr{e(r)}]
= =G, [Z} k(7)) {e(T)}] + %5?(7)Dk(7)5k(7) + 0p+(1).

Under the local model with 3,,(7) = n~"/2by(7), Lemma 2 suggests that 8 (7) = O,(1).
Thus by the convexity lemma in Pollard (1991) and the stochastic equicontinuity of (7, (o, 3)) —
Polor(Y — a — XTB) — p{Y — ag(r) — XTBy(r)}], we have

nBy [p Y = aulr) = by(1) X} = po{e(r)}]
= 1P, [poAe(r) = PZLS(7)} — prle(r)}]
— G, {zg&k(f)m{em}] +1/28, (DW(7)84(7) + 0, (1), (S.14)

By (S.10), it is easy to show that

2 (ewg - aom) e <§vk<r> — ao(7) ) . ( 0 )
Or(7) Ok(7) — By o(T) b 1 (7)

Gn[XWT{E(T)}]+Ak(T)Tb0,(—k)(T)+Jk(770)( ! )>

0,k\T

= J.'(7,0)

+ 0,+(1)

= 3:(r,0) (GulXete{e(r)}] + BL(1)bo(r)] + 0, (1).
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Thus

o (&k(TngOéo(T)) ) <J,€1(T, 0) (Gu[Xptor{e()}] +Bg(r)b0(7))> o)

Plugging &, (7) in (S.14), we get

[pT{y ln(r) ék( )Xk} — pefe(m)}]

= [Xf%{e HIx G [Xitor{e(7)}] = G [vr {e(r)} X] T (7,0)B bo(7)
+Gn, [?/17{5 T}bo + G [Xglﬁr{f‘?( )}} 1( ,0)G n[XMPT{E(T)H
—1/2b7 (7) {Bu(r)I; (. 0B (7) - (1)} bo(7) + 0,(1)

= —1/2G,[X{ ¢ {e(r )}} (,0)G [kaT{E( )}
—1/2bg (1) {Bk(7)J; (1, 0)B} (1) — C(7) } bo(7)

— (G [grfe(r) XT}J (7, 0)BL (7) = Gu{ () X"]) bo(7) + 0,(1)
= —1/2M; (1) T (7, 0)My(7) — {M (7)J; (7, 0) By (1) — My (7) }bo ()
—1/2b{ (T){B1J; ' (1,0)B} (1) — C(7)}bo(7) + 0,(1), (S.15)

where My, (1) = (Mj(7,0), Mpix(7,0))", and Mo (7) = (Mp41(7,0),. .., My,(7,0))".
It is easy to see that the minimizer of the summation term on the right hand side of (S.15)
with respect to k& is equivalent to K (7).

In addition, forall j # k, (M, (7)+BT(r, O)bO(T))TJj_l(T, 0)(M,(0)+B;(0) by (7)) #
(M (7) +Bk(T)Tb0(T))TJ,;1 (7,0) (My,(7) + By (7)"by (7)) almost surely. Then it follows
by Lemma 3 of McKeague and Qian (2015) that K (7) is unique, a.s.. The lemma is thus
proven by combining Lemma 3, (S.15), the uniform consistency of 6, (7) and the continuity

mapping theorem as used in the proof of Lemma 2 in McKeague and Qian (2015).

S.2. Proof of Corollary 1

For the homogenous case with constant error density, we have f.(;)(0|X) = fc-)(0). Then

1B o ! BX5)  —B(Xy)
J5(7,0) = fe(r)(0) (E(Xk) E(X,g)) , I (7,0) = fe()(0)Var(Xy) (—E(Xk) 1 > 7
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and By, (7) = f.(»(0)E(XX}). Therefore,

(M () + By (7)bo(7))" 3 (7, 0) (Mi(7) + Bi (7)bo(7))
- f6(7)<0)i/ar(Xk) [{M,?(T)E(X,f) — 2M(7) My (7) E (X)) + M2, (7) }

+2fe(r) (0)bg () { My () (E(X) E(X}) — E(X3X)E(Xy)) + Mpop(7)Cov (X, X) }
+f3(7)(0)bg(7){E(X)E(X1§) - E(XkX)E(Xk)}E(XT)
+Cov( Xy, X) E(XXT) }bo(r)} ,

where M;(r) = M;(7,0), j = 1,...,2p. Note that E(X)E(X2) — E(X;X)E(X) =
E(X)Var(Xy) — E(Xx)Cov(Xy, X), and when B(7) = 0, My(7) = - -- = M,(7). Then

(My.(7 )+Bk( )bo(7))" T3 (7, 0)(Mik(7) + By (7)bo(7))
= {Mysr(r) = Mi(T)E(Xi)}* + M7 (7) Var(Xy)

(0) Var(Xy)
+2f 7(0)bg (7)Cov( Xy, X){My4k(7) — Mi (1) E(X})}
+2f6 () (0)byg (1) My (1) E(X) Var(Xj)
2 ()b (M){EX)E(X")Var(X,) + Cov(X}, X)Cov(Xk,XT)}bo(T)}

1
fetry(0)Var(Xy,) { My (7)
FME(T)/ for (0) + 257 () ECOM(7) + .02 (0)B5 (7) E(X)E(X o (7),

2

— Mi(T)E(Xy) + fer)(0)bg (1) Cov (X}, X) }

where f.(-)(0) and the last three terms do not depend on k. Thus

K (1) = argmax { M, (1) — M1 E(Xy) + fo(r)(0)bg (7)Cov(Xy, X } /Var(Xy).

k=1,....p

The limiting distribution of n'/2{0,, (1) — 0, }/&,,(7) when 8,(7) = 0 can be simplified with

some basic algebra. 0



S.3. Proof of Lemmas 5 and 6

LEMMA 5 Suppose the assumptions in Theorem I hold. Then k (7) Py ko(T) conditionally
(on the data) a.s. and

n2(0%(7) — 0,(7)) 4, AMpko(0) (Bo(T)) ko) (Bo (7)) — Miso(r) (Bo (7)) o(r) (Bo (7)) }
s (T) Vio(r) (Bo(T)) ko) (T)

for all T € T for which By(t) # O, conditionally (on the data) in probability, where
Mi{Bo(7)} = Mi{7, By(7)}.

Proof: When 3,(7) # 0, the local parameter by(7) in 3,,(7) is negligible. For simplifi-
cation, we prove the lemma under model (1). First note that by equation (13) in the main

paper, (& (7),0; (7)) converges to (ax(7),0(7)) conditionally in probability. Thus, for
k=1,...,p,

IP7{p- (Y — &4(r) = 65(r) Xi)} = P{pr(Y — awl7) = 0i(1) X))
<I(B;, = P {pr(Y = Gi(7) = (1) Xi)H + (B — P){pr (Y — G5 (7) = 0i(1) Xi)}|
+ [Plor (Y = &4(r) = 05(1)X) = pr(Y = an(7) = 04(7) X )]

< sup (P = Pu){p (Y — o — 6X)}
(a,0)€E(T)

+ WO [P = P){p- (Y — o = 0X) }| + op,, (1)
a,0)e=(T

+ [Plpr(Y = Gi(7) = (1) Xi) = pr(Y — ai(r) = 04(7) X

=[Plor(Y = &4 (7) = Op(1) Xx) = pr (Y — aw(7) = Ox(7) Xp)]| + op,, (1)
:OPM(l)

conditionally in probability, where =(7) € R? is a closed ball around (ay(7),05(7)), the
second to last equality follows by the P-GC property of the function class {p, (Y —a—0X}) :
(a,0) € Z(7)}. The last equality follows by applying the bootstrap continuous mapping
theorem to the function g(a, 0) = P[p.(Y — a — 6X})]. Since the bootstrap estimate of
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ko(7) satisfies k* (1) = argmin P*{p, (Y — a5 (1) — 0;(7) X))}, we have
k

P (ks (7) # ko(7))

P By = i) = GirIXD} < Bpr (Y — (1) = (1) X))}
k:k#ko(T)

< Y PY(Bipe(Y = 6i(r) = 0i(7)Xe) = Ppr(Y — an(r) = O4(r) X0
k:k#ko(T)
+ Ppr (Y — o (7) — Op(7) X)) — Ppr(Y — ao(7) — 00(7) Xiy)

< PopolY =, (7) = 03, (1) X)) = Ppr(Y = colr) = 00(7) Xi))

— Z pM (P{pT(Y —ap(7) = Ok(7) X))} — P{p-(Y — ao(7) — 0o(7) X, ) } < OPM(1)>
k:k#ko(T)

which tends to zero in probability for all 7 € 7T for which B,(7) # 0, by the condi-
tion that ko(7) is unique. This together with the fact that 6y, (7) <> oy, (-)(7) implies that
O (T) Py 0ko(+)(T) conditionally in probability. Using equation (14) in the main paper and

by bootstrap consistency of the sample mean, we have

O (T)
_\/ﬁ(é}:;(ﬂ (T) - ézo(f) (T)) + \/ﬁ(ézo(r) (T) - éko(T) (T)) + ﬁ(éko(T) (7—) - én(T))
B G (7)
_leol(r) (7, Bo(T)GE[r (Y = g (r) (T) = O (1) (T) X (1)) Koo ()]

- a_n*(,]_) +0PX4(1> +Op(1)

4, AMptko(0) (Bo(T)) Tk (1) (Bo(T)) — Mio(r) (Bo (7)) o) (Bo (7)) }
Vio(r) (Bo(T)) ko () (T)

for all 7 € T for which 3,(7) # 0 conditionally in probability.

LEMMA 6 Suppose all assumptions in Theorem 1 hold. Then V', (1, by (7)) converges to the
same limiting distribution as \/n(0,(7) — 0,(7))/6n(7) for all T € T for which By(t) = 0
conditionally (on the data) in probability.
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Proof: For any b € R?, define

kn(T,b) = argmin migl ElpA{e(r) 4 ap(1) + XT(By(7) + n71?b) — a — X }]. (S.16)
k=1 Q,

Let U, (7, b) and L, (7, b) be p-vectors, with the k-th components given by

~

Uni(r.b) = (Gl Ko (e(r)} + BEEI) 33 (7) (CufKetio(e()} + BE(r)b)
and L, (7, b) :rg}Qn ElpA{e(t) + ao(1) + XT(By(1) + n?b) — a — 0X;}],

respectively. Then k, (7, b) = arg min,, L, ;(1,b). Let W,,(7,b) be a p x p matrix with the
(4, k)-th element given by

~ ~ ~ T
(=i (7), T(7) Gt Xitpr (e(T))} | [ Cr(m) _ Ci(7) b
Vi(1)(7) Vi(r) V() ) ow(7)
Also let D, (7, b) be a p-vector of zeros, apart from a 1 in the entry that maximizes U, (7, b),

and D,,(7,b) be a p-vector of zeros, apart from a 1 in the k, (7, b)-th entry (i.e. the entry
that minimizes L,,(7, b)). Then

V. (7,b) = D, (7, b)"W, (7,b)D, (7, b).

Similarly, define U(7, b), W(7,b), D(7,b) and D(7, b) as processes of the same forms
as U,(7,b), W, (7,b), D,(7,b) and D, (7, b), except with G,,{X;t),(¢(7))} replaced by

My (7), kn (7, b) replaced by its limit «.(b), and the sample variances/covariances replaced

by their population versions. Lemma 4 implies that

"2 (0 (r) = 6.(7))

On(T

& D(7,bo (1)) "W (7, bo(7))D(7, by(7)) (S.17)

for all 7 € T for which 8,(7) = 0.

Let D (7, b) be a p-vector of zeros, apart from a 1 in the entry that maximizes U (7, b),
and D} (7,b) be a p-vector of zeros, apart from a 1 in the entry that minimizes L, (7, b),
where U? (7, b) and L, (7, b) are defined at the beginning of the proof of Theorem 2. Let
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W*(7,b) be a p x p matrix with the (7, k)-th element given by

(—finlr). 7)) G Ko (7))}, (fzm) 6j<f>>T b
Vi(7)on(7) ‘

Then V= (7, bo(7)) = Dz (7, bo(7))TW* (7, bo (7)) D% (7, bo(7)).
Note that G* {X ), (¢,(7))} can be decomposed as

G {Xithr (€a(7))} = G Xyt (e(7)} + GrfX[vrr (€n(7)) — Ur(e(T)]}, (S.18)

and é,(7) =Y — G (7) = 0,(7) X, () = €(7) + (0(7) = (7)) + XTB,,(7) = 0 (7) X, -
By bootstrap consistency of the sample mean,

GZ{¢T(6<7))7 X1¢T(€(T))7 Tt 7XP¢T<€(T))}T i (Ml(Ta 160)7 MP-H(T? 180)7 Tt >M2p(7_7 BO))T

conditionally in probability. To deal with the second term on the RHS of (S.18), define
F=A{fX,6a,B,0,k)=1(<0)—I{e+ (ap—a)+XTB - 0X), < 0}: (o, 3,6, k)
€ R>? x {1,...,p}}. Then F is P-Donsker and G*{XZ [t (é,(7)) — ¥r(e(T))]} =
G [XT £ (X, €(1); én(7), B(T), 0 (7), kn(7))]. Note that &, (1) = ag(7), B,(7) = o(1),
and 0, (7) = 0,(1). By Assumption A4, {g : (o, 3,0,k) — E[XTf(X, ¢, 8,0, k)]?} is
continuous. Since f(X,€; ap,0,0,k) = 0forany k € {1,...,p}, we have

A

E[XEf(X, ¢(7); &n(7), Bo(7), (7). k(7)) = 0,(1)

by the continuous mapping theorem. Using similar arguments as in the proof of van der
Vaart (2000), we can show that G* { X, [0+ (¢,(7)) — ¥ (e(7))]} = op,, (1) for all 7 € T for
which 3,(7) = 0, conditionally in probability.

By Slusky’s Lemma and the continuous mapping Theorem,
(W (7, bo (7)), U (7, bo (7)) 5 (W(r, bo (7)), U(7, bo(7)))

conditionally in probability. Using similar arguments to those at the end of the proof of

Lemma 2 in McKeague and Qian (2015), along with the continuous mapping theorem, we

13



have D (7, by (7)) A D(7, by(7)), Dk (7,bo(7))—D(7,bo(7)) and
Vi (7, bo(r)) = D} (7, bo (7)) "W (7, bo (7)) (7, bo (7)) % D(7, (7)) W(r, bo(7))D(T, by (7))

for all 7 € T for which B,(7) = 0 conditionally in probability, This together with (S.17)

implies the result.

S.4. Additional Simulation Results

Our proposed test statistic can be viewed as a maximum-type test statistic across p co-
variates. Similar to the discussion as in Chatterjee and Lahiri (2015) for mean regres-
sion, we may also consider an alternative statistic based on the sum of squared ¢-statistics,

- 02(7)/62 (7). We conduct an additional simulation study to compare the performance
of the bootstrap tests based on the maximum-type and the sum-type test statistics. The data
are generated from the model: Y = X”3 + ¢, where 3 = (4,...,0,), ¢ ~ N(0,1), and
the covariate vector X = (X1,..., X,)” is from the multivariate normal distribution with
mean zero, variance one and an exchangeable correlation of 0.5, truncated at -2 and 2. For
power analysis, we set 3 in two different ways corresponding to sparse and dense signals

respectively:
e (sparse): 5y =b,and B8; = 0forj =2,...,p;

e (dense): 5; =b/p,j=1,...,p.

Figure 1 plots the power curves of the bootstrap tests based on the maximum-type and
sum-type test statistics for p = 10 and p = 100 in models with sparse and dense signals
separately. We set the sample size as n = 200, and the nominal level as 0.05. The Type I er-
rors from the bootstrap method for the sum-type statistic tend to be smaller than the nominal
level. For fair comparison, we choose ), in the bootstrap procedure for the maximum-type
statistic such that the resulting Type 1 errors are comparable to those of the sum-type test.
The results in Figure 1 suggest that the maximum-type test is more powerful for detecting
sparse signals, and the sum-type test has more power for detecting dense alternatives. This
observation agrees with the findings in mean regression (Cai et al., 2014; Gregory et al.,
2015; Chen and Qin, 2010; Fan et al., 2015).
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Figure 1: Power curves of the maximum-type and sum-type tests in models with sparse and

dense signals.
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