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Abstract

A popular simultaneous confidence band for survival functions is the equal precision band of Nair [1984.
Confidence bands for survival functions with censored data: a comparative study. Technometrics 26,
265–275] This band is found by adjusting the level of Wald-type pointwise confidence intervals centered on
the Kaplan–Meier estimator. The present paper develops a complementary method of adjusting pointwise
confidence intervals to produce a simultaneous band. Our approach is to scale the width, rather than the
level, of the pointwise confidence intervals. The resulting adjustment of the pointwise band, called a width-
scaled band, provides an attractive alternative to the equal precision band. Empirical likelihood-based
width-scaled bands are studied in the one- and two-sample censored data settings. An example with real
data is included.
r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Simultaneous confidence bands for survival functions play an important role in clinical studies
and medical decision making. For example, they are useful in quantifying a patient’s prognosis at
stages of a disease or under various prospective treatments, and provide simultaneous coverage
see front matter r 2005 Elsevier B.V. All rights reserved.
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throughout the follow-up period. Wald-type bands centered on the Kaplan–Meier estimator were
originally developed by Hall and Wellner (1980). An alternative Wald-type band, known as the
equal precision band, was formulated by Nair (1984). More recently, Hollander et al. (1997)
derived a band based on the empirical likelihood (EL) approach.
In the present paper, we introduce a new type of simultaneous confidence band for survival

functions and ratios of survival functions. Our approach is related to the equal precision band,
which adjusts the level of pointwise confidence intervals to furnish a simultaneous band. Instead
of adjusting the level, however, we propose to adjust the width of the pointwise confidence
intervals. The resulting band, called a width-scaled band, is visually consistent with the pointwise
band and is more stable in the tails than the band derived using the standard maximal deviation
statistic approach.
We focus on EL width-scaled bands for right censored data. EL arose in the classical survival

analysis setting in the work of Thomas and Grunkemeier (1975), and was generalized by Owen
(1988, 1990) to a variety of statistical problems. Other background references on EL relevant for
the present paper are Li (1995), Einmahl and McKeague (1999), Li and Van Keilegom (2002), and
McKeague and Zhao (2002).
The general idea behind the construction of width-scaled EL bands for an arbitrary

target function is presented in Section 2. The band is studied in detail in the two sample
setting for ratios of survival functions and it is shown how the band can be adjusted
for a covariate effect. In Section 3, we give an illustrative example. The proposed band is found to
be effective for reducing instability in the tails, especially when estimating ratios of survival
functions or ratios of cumulative hazard functions. The main step in the construction (placed
in Appendix A) involves a weak limit of the EL statistic evaluated at a re-centered target
function.
2. Proposed width-scaled bands

We introduce the main idea in terms of a generic EL LðZÞ, where Z represents a model specific
distribution that is identifiable from the available data (n i.i.d. observations) and from which some
target function of interest, yðtÞ ¼ yðtjZÞ, is specified. Here, t is restricted to a given interval ½t1; t2�.
The EL ratio for yðtÞ is

Rð~yðtÞ; tÞ ¼
supfLðZÞ: yðtjZÞ ¼ ~yðtÞg

supfLðZÞg
,

where the suprema range over all distributions Z. The pointwise EL confidence interval for yðtÞ is
based on a version of Wilks’s theorem for the EL statistic:

�2 logRðyðtÞ; tÞ �!
D

w21 (2.1)

as n!1, for each fixed t 2 ½t1; t2�. We impose (2.1) as a condition and also assume that the EL
statistic is convex as a function of yðtÞ; these assumptions hold in the models considered below.
Let yLðtÞ and yUðtÞ denote the lower/upper bounds of the 100ð1� aÞ% EL-based pointwise
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confidence interval for yðtÞ:

fyðtÞ : �2 logRðyðtÞ; tÞpw21;ag ¼ ½yLðtÞ; yUðtÞ�,

where w21;a is the upper a-quantile of the chi-square distribution with 1 degree of freedom.
The idea behind the new simultaneous confidence band is to re-scale the pointwise EL band

about an estimator ynðtÞ of yðtÞ, the nonparametric maximum likelihood estimator being the usual
choice for ynðtÞ. The lower and upper bounds of the proposed band are given by

yWS
L ðtÞ ¼ ynðtÞ þ ĝðyLðtÞ � ynðtÞÞ,

yWS
U ðtÞ ¼ ynðtÞ þ ĝðyUðtÞ � ynðtÞÞ, ð2:2Þ

respectively, where ĝX1 is a data-driven ‘‘inflation’’ factor that is specified below. Let
~yðtÞ ¼ ðyðtÞ � ð1� gÞynðtÞÞ=g, where gX1. In addition to the above conditions, assume
that

�2 logRð~yðtÞ; tÞ �!
D

U2ðtÞ=ðg2s2ðtÞÞ (2.3)

in D½t1; t2�, where UðtÞ is a continuous Gaussian martingale with mean zero and variance function
s2ðtÞ that can be uniformly consistently estimated by ŝ2ðtÞ. Here, the process UðtÞ can be replaced
by Bðs2ðtÞÞ, where BðtÞ is a standard Wiener process. This condition is seen to be stronger than
(2.1) by setting g ¼ 1. Let ĉðaÞ be the estimate of the upper a-quantile cðaÞ of

sup
t2½t1;t2�

B2ðs2ðtÞÞ=s2ðtÞ ¼ sup
s2½s2ðt1Þ;s2ðt2Þ�

B2ðsÞ=s (2.4)

obtained by plugging-in ŝ2ðtÞ in place of s2ðtÞ. These quantiles can be readily computed via
simulation.
In order to specify a 100ð1� aÞ% width-scaled confidence band we set ĝ ¼

ffiffiffiffiffiffiffiffi
ĉðaÞ

p
=za=2, where

za=2 is the upper a-quantile of standard normal. To see that this choice of ĝ gives the desired
simultaneous coverage probability, note that by (2.2)

PðyWS
L ðtÞpyðtÞpyWS

U ðtÞ; t 2 ½t1; t2�Þ ¼ PðynðtÞ þ ĝðyLðtÞ � ynðtÞÞpyðtÞpynðtÞ

þ ĝðyUðtÞ � ynðtÞÞ; t 2 ½t1; t2�Þ

¼ PðyLðtÞp~yðtÞpyUðtÞ; t 2 ½t1; t2�Þ

¼ Pð�2 logRð~yðtÞ; tÞpw21;a; t 2 ½t1; t2�Þ

¼ P sup
t2½t1;t2�

�2 logRð~yðtÞ; tÞpĉðaÞ=ĝ2
 !

�!P sup
t2½t1;t2�

U2ðtÞ=s2ðtÞpcðaÞ

 !
¼ 1� a,

where in the last three steps we used the specified form of ĝ, the consistency of ĉðaÞ, and condition
(2.3) with g ¼

ffiffiffiffiffiffiffiffi
cðaÞ

p
=za=2: This completes the construction of the proposed width-scaled

simultaneous confidence band

fðt; yðtÞÞ : yWS
L ðtÞpyðtÞpyWS

U ðtÞ; t 2 ½t1; t2�g.
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We now specialize to the standard one-sample framework with independent right censoring and
consider the problem of finding a confidence band for the survival function yðtÞ ¼ SðtÞ. The
observations are i.i.d. of the form ðZi; diÞ, i ¼ 1; . . . ; n, where Zi ¼ X i ^ Y i, di ¼ 1fX ipY ig, and the
X i, Y i are independent and nonnegative. The distribution functions of X i and Y i are denoted F

and G, respectively. The survival function S ¼ 1� F is assumed to be continuous. Let
HðsÞ ¼ SðsÞð1� GðsÞÞ, and assume Sðt1Þo1, Hðt2Þ40.
The EL for S is given by

LðSÞ ¼
Yn

i¼1

fSðZi�Þ � SðZiÞg
di SðZiÞ

1�di , (2.5)

the nonparametric maximum likelihood estimator is the Kaplan–Meier estimator SnðtÞ, and the
EL ratio for SðtÞ is

Rð ~SðtÞ; tÞ ¼
supfLðSÞ : ~SðtÞ ¼ SðtÞg

supfLðSÞg
, (2.6)

where the suprema range over all survival functions. Next,

s2ðtÞ ¼
Z t

0

dFðsÞ

SðsÞHðs�Þ
; t 2 ½t1; t2�,

and, by Andersen et al. (1993, IV.1.3),

ŝ2ðtÞ ¼ n
X

i:Tipt

di

riðri � diÞ

is a uniformly consistent estimator of s2ðtÞ; t 2 ½t1; t2�, where di and ri are defined in Appendix A.
Results of Thomas and Grunkemeier (1975) and Li (1995) imply that condition (2.1) is satisfied.
Condition (2.3) is checked in Appendix A.
It is natural to ask what happens when we width-scale the Wald-type pointwise confidence

interval SnðtÞ � za=2SnðtÞŝðtÞn�1=2 about SnðtÞ. In this case, the width-scale band reduces to Nair’s
(1984) equal precision band

fðt;SðtÞÞ : jSðtÞ � SnðtÞjpĝza=2SnðtÞŝðtÞn�1=2; t 2 ½t1; t2�g.

For two independent samples of right-censored data, the above assumptions are duplicated for
the second sample, and the notation is supplied with a further subscript j ¼ 1; 2 to identify sample
membership. Assume that nj=n! pj40 as n ¼ n1 þ n2!1. The EL LðS1;S2Þ for the two
survival functions is given by the product of the two (marginal) ELs, and the EL ratio of a
functional yðtÞ ¼ yðtjS1ðtÞ;S2ðtÞÞ for a given tX0 is defined by

Rð~yðtÞ; tÞ ¼
supfLðS1;S2Þ : yðtÞ ¼ ~yðtÞg

supfLðS1;S2Þg
, (2.7)

where the suprema range over all pairs of survival functions. A width-scaled EL confidence band
for the ratio of the two survival functions yðtÞ ¼ S1ðtÞ=S2ðtÞ can be derived using results of
McKeague and Zhao (2002). Let Sjnj

ðtÞ be the Kaplan–Meier estimator of SjðtÞ, and yLðtÞ and
yUðtÞ denote the lower/upper bounds of McKeague and Zhao’s 100ð1� aÞ% EL pointwise
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confidence band for yðtÞ. The simultaneous confidence band re-scales the pointwise band about
ynðtÞ ¼ S1n1ðtÞ=S2n2ðtÞ, and has bounds given by (2.2) with ĝ specified as before, except ŝ2ðtÞ ¼
n½ŝ21ðtÞ=n1 þ ŝ22ðtÞ=n2� replaces the previous ŝ

2
ðtÞ. Condition (2.3) can be checked in a similar way

to the one-sample case.
We next show how the width-scaled confidence band for the ratio of the two survival functions

can be adjusted for covariate effects. We adopt the approach of Li and Van Keilegom (2002),
henceforth LV, who developed an EL confidence band for a single conditional survival function.
Now define yðtÞ ¼ S1ðtjvÞ=S2ðtjvÞ, where SjðtjvÞ ¼ PðX ji4tjVji ¼ vÞ is the conditional survival
function of X ji given a fixed level v of a one-dimensional covariate Vji. The level v can be allowed
to depend on j, but for simplicity we take it to be the same for both samples. We assume that the
observations ðZji; dji;VjiÞ are i.i.d. for i ¼ 1; . . . ; nj, independent for j ¼ 1; 2, and X ji is
conditionally independent of Y ji given Vji.
The EL ratio is defined as in (2.7), except that Sj is replaced by Sjð�jvÞ and the two marginal ELs

are now replaced by LV’s local EL for each sample. The Nadaraya–Watson weights needed for
this local EL are defined (see the Appendix A) in terms of a (user-specified) bounded density
function K, which is assumed to be symmetric about zero, and bandwidths hj40. The covariate
Vji is assumed to have a density f j, and we denote by

f̂ jðvÞ ¼ ðnjhjÞ
�1
Xnj

i¼1

K
v� Vji

hj

� �
(2.8)

the corresponding kernel estimator.
The idea is to re-scale the pointwise EL interval about ynðtÞ ¼ S1n1ðtjvÞ=S2n2ðtjvÞ, where Sjnj

ðtjvÞ
is Beran’s estimator of SjðtjvÞ based on the same Nadaraya–Watson weights used in the local EL
(see LV for the precise definition of Beran’s estimator). Let the endpoints t1 and t2 of the time
interval for simultaneous coverage satisfy the same conditions as before, except in terms of the
conditional distribution functions of X ji and Y ji given Vji ¼ v. Also assume that each conditional
survival function SjðtjvÞ is continuous in t 2 ½t1; t2�.
The following theorem justifies our procedure for constructing a width-scaled band for yðtÞ by

verifying that we have a limit of the same form as (2.3) for a normalized version of the local EL
statistic; this is done through multiplication by

QnðtÞ ¼
f̂ 1ðvÞŝ

2
1ðtjvÞ þ f̂ 2ðvÞŝ

2
2ðtjvÞR

K2ðuÞdu ½ŝ21ðtjvÞ=ðn1h1Þ þ ŝ22ðtjvÞ=ðn2h2Þ�
,

where ŝ2j ðtjvÞ is a uniformly consistent estimator for the asymptotic variance s2j ðtjvÞ of Beran’s
estimator Sjnj

ðtjvÞ over t 2 ½t1; t2�, see Li and Doss (1995).

Theorem 2.1. Assume njh
5
j ! 0, njhj !1 and njhj=ðn1h1 þ n2h2Þ ! pj40 as nj !1, and that

the regularity conditions (R1)–(R3) of Li and Doss (1995, Section 4) hold for each sample. Let
~yðtÞ ¼ ðyðtÞ � ð1� gÞynðtÞÞ=g for some gX1. Then

�2QnðtÞ logRð~yðtÞ; tÞ�!
D

U2ðtjvÞ=ðg2s2ðtjvÞÞ

in D½t1; t2�, where UðtjvÞ is a continuous Gaussian martingale (in t) with mean zero and variance

function s2ðtjvÞ ¼ s21ðtjvÞ=p1 þ s22ðtjvÞ=p2.
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Note that

ŝ2ðtjvÞ ¼ ðn1h1 þ n2h2Þ½ŝ
2
1ðtjvÞ=ðn1h1Þ þ ŝ22ðtjvÞ=ðn2h2Þ�

consistently estimates s2ðtjvÞ. Thus, we can set the inflation factor ĝ ¼
ffiffiffiffiffiffiffiffi
ĉðaÞ

p
=za=2 as before,

except that ŝ2ðtÞ is now replaced by ŝ2ðtjvÞ in the definition of ĉðaÞ.
3. Example

In this section, we consider an example involving the comparison of a treatment group with a
placebo group. The data come from a Mayo Clinic trial of a treatment for primary biliary
cirrhosis of the liver (Fleming and Harrington, 1991). A total of n ¼ 312 patients participated in
the randomized clinical trial, 158 receiving the treatment (D-penicillamine) and 154 receiving a
placebo. Censoring is heavy (187 of the 312 observations are censored). For each patient, the date
of randomization, the disease and survival status as of July 1986, and a large number of risk
factors such as serum bilirubin and age were recorded. Fleming and Harrington’s Cox model
analysis of these data found no detectable difference between treatment and placebo. They also
found that the covariate serum bilirubin is the strongest univariate predictor of survival.
First, we ignore all covariates. Confidence bands for the ratio yðtÞ ¼ SplaceboðtÞ=StreatmentðtÞ are

plotted in Fig. 1. The width-scaled EL band (first panel) is seen to be narrower in the right tail
than the standard (McKeague and Zhao, 2002) EL band (second panel). The data-driven
‘‘inflation’’ factor ĝ ¼ 1:51:
The first panel of Fig. 2 displays the 90% EL width-scaled confidence band for the ratio bðtÞ of

the cumulative hazard function for placebo over that for treatment. The corresponding ratio of
the Nelson–Aalen curves is also displayed. The width-scaled band is narrower than the standard
EL band over the first 1000 days. The data-driven ‘‘inflation’’ factor ĝ ¼ 1:65:
Next, we consider adjustment for the covariate effect of serum bilirubin, with its level set at

2mg/dl. The kernel-weighted EL approach of Li and Van Keilegom (2002) is used with bandwidth
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Fig. 1. Mayo Clinic trial, 95% confidence bands for the ratio of the survival functions (placebo/treatment): (a) width-

scaled EL confidence band; (b) standard EL confidence band.
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Fig. 2. Mayo Clinic trial, 90% confidence bands for the ratio bðtÞ of the cumulative hazard functions: (a) width-scaled

EL confidence band for bðtÞ; (b) standard EL confidence band for bðtÞ.
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Fig. 3. Mayo Clinic trial, 95% confidence bands for the ratio of the conditional survival functions (placebo/treatment)

at the 2mg/dl serum bilirubin level: (a) width-scaled EL confidence band; (b) standard EL confidence band.
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h ¼ 2 and the biquadratic kernel function KðxÞ ¼ ð15
16
Þð1� x2Þ

2Iðjxjp1Þ. The first panel of Fig. 3

displays the 95% width-scaled EL confidence band for the ratio of the conditional survival
function for placebo over that for treatment. The corresponding ratio of the Beran estimators is
also displayed. Note that the variance blows up in the right tail. Comparing the two panels in Fig.
3, the width-scaled band is seen to be narrower than the standard EL band, especially in the right
tail. The data-driven ‘‘inflation’’ factor ĝ ¼ 1:46:
The first panel of Fig. 4 displays the 90% width-scaled EL confidence band for the ratio of the

conditional cumulative hazard function for placebo over that for treatment at the 2mg/dl serum
bilirubin level. The data-driven ‘‘inflation’’ factor ĝ ¼ 1:60: The width-scaled EL confidence band
is narrower than the standard band (second panel) in the left tail.
In summary, the width-scaled bands we have examined provide greater stability in the tails

compared with standard EL bands.
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Fig. 4. Mayo Clinic trial, 90% confidence bands for the ratio of the conditional cumulative hazard functions (placebo/

treatment) at 2mg/dl serum bilirubin level: (a) width-scaled EL confidence band; (b) standard EL confidence band.
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Appendix A

First, we show how condition (2.3) is checked in the one-sample case discussed in Section 2.
The ordered uncensored survival times, i.e., the X i with corresponding di ¼ 1, are written

0pT1p � � �pTNo1, and ri ¼
Pn

k¼1 1fZkXTig denotes the size of the risk set at Ti�, di ¼Pn
k¼1 1fZk¼Ti ;dk¼1g denotes the number of ‘‘deaths’’ occurring at time Ti. Define KðtÞ ¼ #fi : Tiptg

and D ¼ maxi:Tiptðdi � riÞ. It can be shown using Lagrange’s method (cf. Thomas and
Grunkemeier, 1975 or Li, 1995) that

�2 logRð ~SðtÞ; tÞ ¼ � 2
XKðtÞ
i¼1

ðri � diÞ log 1þ
lnðtÞ

ri � di

� �
� ri log 1þ

lnðtÞ

ri

� �� �
, ðA:1Þ

where the Lagrange multiplier DolnðtÞo1 satisfies the equation

YKðtÞ
i¼1

1�
di

ri þ lnðtÞ

� �
¼ ~SðtÞ. (A.2)

Setting ~SðtÞ ¼ ðSðtÞ � ð1� gÞSnðtÞÞ=g in what follows, the corresponding Lagrange multiplier
satisfies

jlnðtÞjpmax
nðlog ~SðtÞ � logSnðtÞÞ

AnðtÞ þ logSnðtÞ � log ~SðtÞ
;
nð� log ~SðtÞ � AnðtÞÞ

� log ~SðtÞ

� �
,

by Li (1995, (2.12) and (2.14)), where AnðtÞ ¼
PKðtÞ

i¼1 di=ri is the Nelson–Aalen estimator of the
cumulative hazard function of S. Noting that

ffiffiffi
n
p
ðlog ~SðtÞ � logSnðtÞÞ has a martingale
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approximation, cf. (A.9), it can be shown that lnðtÞ ¼ OPðn
1=2Þ uniformly over t 2 ½t1; t2�. Then,

again along the lines of Li (1995),

lnðtÞ ¼
nðlog ~SðtÞ � logSnðtÞÞ

ŝ2ðtÞ
þOPð1Þ (A.3)

uniformly over t 2 ½t1; t2�, leading to

�2 logRð ~SðtÞ; tÞ ¼
ŝ2ðtÞl2nðtÞ

n
þ oPð1Þ

¼
nðlog ~SðtÞ � logSnðtÞÞ

2

ŝ2ðtÞ
þ oPð1Þ ðA:4Þ

uniformly over t 2 ½t1; t2�.
Recall that

ffiffiffi
n
p
ðSn � SÞ!

D
�SU in D½t1; t2�, where U is the Gaussian martingale defined in

Section 2, see Andersen et al. (1993, p. 262). Define the functional h7!f1ðhÞ from D½t1; t2� into
itself by

f1ðhÞ ¼ logððS � ð1� gÞhÞ=gÞ � log h,

where S is the (true) survival function of X i. Using the chain rule, f1 can be shown to be
compactly differentiable with derivative at S given by

df1ðSÞh ¼ �
h

gS
,

for h 2 D½t1; t2�. Applying the functional delta method (Andersen et al., 1993, p. 111), we then
obtain

ffiffiffi
n
p
ðf1ðSnÞ � f1ðSÞÞ�!

D
U=g

in D½t1; t2�, which can be re-expressed as

ffiffiffi
n
p
ðlog ~SðtÞ � logSnðtÞÞ�!

D
UðtÞ=g. (A.5)

We conclude from (A.9), (A.4), and the uniform consistency of ŝ2ðtÞ, that

�2 logRð ~SðtÞ; tÞ�!
D U2ðtÞ

g2s2ðtÞ

in D½t1; t2�, as required. &

Proof of Theorem 2.1. The ordered uncensored survival times, i.e., the X ji with corresponding
dji ¼ 1, are written 0pTj1p � � �pTjNj

o1. Also, let Rji ¼
Pnj

k¼1 W jk1fZjkXTjig and
dji ¼

Pnj

k¼1 W jk1fZjk¼Tji ;djk¼1g, where

W ji ¼W jiðv; hjÞ ¼
Kðv� Vji=hjÞPnj

k¼1 Kðv� Vjk=hjÞ
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are the Nadaraya–Watson weights. Define KjðtÞ ¼ #fi : Tjiptg and Dj ¼ maxi:Tjipt ðdji � RjiÞ. As
in McKeague and Zhao (2002) we have

�2 logRð~yðtÞ; tÞ ¼ � 2
XK1ðtÞ

i¼1

ðR1i � d1iÞ log 1þ
ln

R1i � d1i

� �
� R1i log 1þ

ln

R1i

� �� �

� 2
XK2ðtÞ

i¼1

ðR2i � d2iÞ log 1�
ln

R2i � d2i

� �
� R2i log 1�

ln

R2i

� �� �
,

where the Lagrange multiplier D1olno�D2 satisfies the equation

log
YK1ðtÞ

i¼1

1�
d1i

R1i þ ln

� �
� log

YK2ðtÞ

i¼1

1�
d2i

R2i � ln

� �
¼ logð~yðtÞÞ. (A.6)

Eq. (A.6) has a unique solution ln provided Djo0, j ¼ 1; 2.
First, assume lnðtÞo0. Then by LV,

� log
YK1ðtÞ

i¼1

1�
d1i

R1i þ lnðtÞ

� �
XÂ1ðtjvÞ

1

1� jlnðtÞj

� �
,

log
YK2ðtÞ

i¼1

1�
d2i

R2i � lnðtÞ

� �
X� Â2ðtjvÞ

1

1þ jlnðtÞj

� �
þ logS2n2ðtjvÞ þ Â2ðtjvÞ,

where ÂjðtjvÞ ¼
PKjðtÞ

i¼1 dji=Rji is Beran’s estimator of the cumulative hazard function AjðtjvÞ.
Combining the above two inequalities and (A.6), we get

� log ~yðtÞXÂ1ðtjvÞ
1

1� jlnj

� �
� Â2ðtjvÞ

1

1þ jlnj

� �
þ logS2n2ðtjvÞ þ Â2ðtjvÞ.

Then, using 1=ð1� xÞ41þ x for 0pxo1,

� log ~yðtÞ � Â1ðtjvÞ � logS2n2ðtjvÞXÂ1ðtjvÞjlnj. (A.7)

If lnðtÞX0, a similar argument leads to

log ~yðtÞ � logS1n1ðtjvÞ � Â2ðtjvÞXÂ2ðtjvÞjlnj. (A.8)

Next, since

ffiffiffiffiffiffiffiffi
njhj

p
ðSjnj
� SjÞ!

D
�SjUj,

where UjðtjvÞ is a Gaussian martingale with mean zero and varðUjðsjvÞÞ ¼ s2j ðsjvÞ (cf. Li and Doss,
1995, p. 796), and the two samples are independent, by njhj=ðn1h1 þ n2h2Þ ! pj40, it follows that

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1h1 þ n2h2

p S1n1

S2n2

 !
�

S1

S2

 ! !
!
D

U�,
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where

U� ¼

U1S1ffiffiffiffiffi
p1
p

U2S2ffiffiffiffiffi
p2
p

0
BBB@

1
CCCA.

Define the functional h7!f2ðhÞ from D½t1; t2� �D½t1; t2� into D½t1; t2� by f2ðS1;S2ÞðtÞ ¼
S1ðtÞ=S2ðtÞ. By the functional delta method, as before, we haveffiffiffi

n
p
ðf2ðS1n1 ;S2n2Þ � f2ðS1;S2ÞÞ!

D
df2ðS1;S2ÞU

�,

where

df2ðS1;S2ÞU
� ¼

U1ffiffiffiffiffi
p1
p �

U2ffiffiffiffiffi
p2
p

� �
S1

S2
¼ Uð�jvÞy.

Also, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1h1 þ n2h2

p
ðf1ðynÞ � f1ðyÞÞ�!

D Uð�jvÞ

g

in D½t1; t2�, which can be re-expressed asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1h1 þ n2h2

p
ðlog ~yðtÞ � log ynðtÞÞ�!

D UðtjvÞ

g
. (A.9)

From j logð1� xÞ þ xjpx2 for 0pxo1, we have

ffiffiffiffiffiffiffiffi
njhj

p XKjðtÞ

i¼1

log 1�
dji

Rji

� �
þ
XKjðtÞ

i¼1

dji

Rji

�����
�����p max

ipKjðtÞ

ffiffiffiffiffiffiffiffi
njhj

p
dji

Rji

 !XKjðtÞ

i¼1

dji

Rji

¼ max
ipKjðtÞ

ffiffiffiffiffiffiffiffi
njhj

p
dji

Rji

 !
ÂjðtjvÞ

p max
ipKjðtÞ

1

Rji

� �
MÂjðtjvÞffiffiffiffiffiffiffiffi

njhj

p
f̂ jðvÞ

¼
1

minipKjðtÞRji

MÂjðtjvÞffiffiffiffiffiffiffiffi
njhj

p
f̂ jðvÞ

, ðA:10Þ

where in the third line we use (2.8) and dji ¼W ji a.s., since a.s. there are no ties among the
X jn1 ; . . . ;X jnj

due to the continuity of the survival function of X jn1 . Here, M is an upper bound on
the kernel K.
From Beran (1981) (see also Dabrowska, 1987, p. 188),

ĤjðtjvÞ ¼
Xnj

i¼1

W jiðv; hjÞ1fZjiXtg
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converges uniformly in t 2 ½t1; t2� to HjðtjvÞ ¼ PðZj1XtjvÞ a.s. for almost every v. Thus, for any
�40 and n sufficiently large, inf t2½t1;t2� ĤjðtjvÞ4Hjðt2jvÞ=240 with probability at least 1� �.
Recalling that Rji ¼

Pnj

k¼1 W jk1fZjkXTjig, for n sufficiently large minipKjðtÞRjiXinf t2½t1;t2� ĤjðtjvÞ4
Hjðt2jvÞ=2 for all t 2 ½t1; t2� with probability at least 1� �. Thus, combining the uniform
consistency (in t) of ÂjðtjvÞ (cf. Proposition 2.2 of Dabrowska (1987)), and the weak consistency of
f̂ jðvÞ (cf. Theorem 3.1.2 of Prakasa Rao (1983)), we conclude that (A.10) converges uniformly
(over t 2 ½t1; t2�) in probability to zero.
Combining (A.9) and (A.10), we obtain

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1h1 þ n2h2

p
ðlog ~yðtÞ þ Â1ðtjvÞ þ logS2n2ðtjvÞÞ�!

D
�

UðtjvÞ

g
, (A.11)

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1h1 þ n2h2

p
ðlog ~yðtÞ � logS1n1ðtjvÞ � Â2ðtjvÞÞ�!

D
�

UðtjvÞ

g
. (A.12)

Thus, the l.h.s. of (A.7) and (A.8) are OPððn1h1n1 þ n2h2n2Þ
�1=2
Þ uniformly in t 2 ½t1; t2� from (A.11)

and (A.12). Combining (A.7), (A.8), and the uniform consistency (in t) of ÂjðtjvÞ, we have ln ¼

OPð1=ðn1h1n1 þ n2h2n2Þ
1=2
Þ uniformly for t 2 ½t1; t2�.

Along the same lines as LV,

log
YK1ðtÞ

i¼1

1�
d1i

R1i þ lnðtÞ

� �
¼ logS1n1ðtjvÞ þ

lnf̂ 1ðvÞŝ
2
1ðtjvÞR

K2ðuÞdu
þOPððn1h1Þ

�1
Þ,

log
YK2ðtÞ

i¼1

1�
d2i

R2i � lnðtÞ

� �
¼ logS2n2ðtjvÞ �

lnf̂ 2ðvÞŝ
2
2ðtjvÞR

K2ðuÞdu
þOPððn2h2Þ

�1
Þ.

Combining this with (A.6),

ln ¼

R
K2 duðlog ~yðtÞ � log ynðtÞÞ

f̂ 1ðvÞŝ
2
1ðtjvÞ þ f̂ 2ðvÞŝ

2
2ðtjvÞ

þOPððn1h1Þ
�1
þ ðn2h2Þ

�1
Þ.

A Taylor expansion then gives

�2QnðtÞ logRð~yðtÞ; tÞ ¼ QnðtÞl
2
n

f̂ 1ðvÞŝ
2
1ðtjv1ÞR

K2ðuÞdu
þ

f̂ 2ðvÞŝ
2
2ðtjvÞR

K2ðuÞdu

 !
þOPððn1h1 þ n2h2Þ

�1
Þ

¼
ðn1h1 þ n2h2Þðlog ~yðtÞ � log ynðtÞÞ

2

ŝ2ðtjvÞ
þOPððn1h1 þ n2h2Þ

�1
Þ, ðA:13Þ

and we conclude from (A.9), (A.13), and the uniform consistency of ŝ2ðtjvÞ, that

�2QnðtÞ logRð~yðtÞ; tÞ�!
D UðtjvÞ

gsðtjvÞ

� �2

in D½t1; t2�. &
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