Available online at www.sciencedirect.com

SGIENCE@DIRECT’ sTATIs“cs&
PROBABILITY
LETTERS

Statistics & Probability Letters 76 (2006) 327-339

www.elsevier.com/locate/stapro

Width-scaled confidence bands for survival functions

Ian W. McKeague®!, Yichuan Zhao®*

#Department of Biostatistics, Columbia University, New York, NY 10032, USA
bDepartment of Mathematics and Statistics, Georgia State University, Atlanta, GA 30303, USA

Received 11 August 2003; received in revised form 30 September 2004
Available online 24 August 2005

Abstract

A popular simultaneous confidence band for survival functions is the equal precision band of Nair [1984.
Confidence bands for survival functions with censored data: a comparative study. Technometrics 26,
265-275] This band is found by adjusting the level of Wald-type pointwise confidence intervals centered on
the Kaplan—Meier estimator. The present paper develops a complementary method of adjusting pointwise
confidence intervals to produce a simultaneous band. Our approach is to scale the width, rather than the
level, of the pointwise confidence intervals. The resulting adjustment of the pointwise band, called a width-
scaled band, provides an attractive alternative to the equal precision band. Empirical likelihood-based
width-scaled bands are studied in the one- and two-sample censored data settings. An example with real
data is included.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Simultaneous confidence bands for survival functions play an important role in clinical studies
and medical decision making. For example, they are useful in quantifying a patient’s prognosis at
stages of a disease or under various prospective treatments, and provide simultaneous coverage
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throughout the follow-up period. Wald-type bands centered on the Kaplan—Meier estimator were
originally developed by Hall and Wellner (1980). An alternative Wald-type band, known as the
equal precision band, was formulated by Nair (1984). More recently, Hollander et al. (1997)
derived a band based on the empirical likelihood (EL) approach.

In the present paper, we introduce a new type of simultaneous confidence band for survival
functions and ratios of survival functions. Our approach is related to the equal precision band,
which adjusts the level of pointwise confidence intervals to furnish a simultaneous band. Instead
of adjusting the level, however, we propose to adjust the width of the pointwise confidence
intervals. The resulting band, called a width-scaled band, is visually consistent with the pointwise
band and is more stable in the tails than the band derived using the standard maximal deviation
statistic approach.

We focus on EL width-scaled bands for right censored data. EL arose in the classical survival
analysis setting in the work of Thomas and Grunkemeier (1975), and was generalized by Owen
(1988, 1990) to a variety of statistical problems. Other background references on EL relevant for
the present paper are Li (1995), Einmahl and McKeague (1999), Li and Van Keilegom (2002), and
McKeague and Zhao (2002).

The general idea behind the construction of width-scaled EL bands for an arbitrary
target function is presented in Section 2. The band is studied in detail in the two sample
setting for ratios of survival functions and it is shown how the band can be adjusted
for a covariate effect. In Section 3, we give an illustrative example. The proposed band is found to
be effective for reducing instability in the tails, especially when estimating ratios of survival
functions or ratios of cumulative hazard functions. The main step in the construction (placed
in Appendix A) involves a weak limit of the EL statistic evaluated at a re-centered target
function.

2. Proposed width-scaled bands

We introduce the main idea in terms of a generic EL L(#), where 5 represents a model specific
distribution that is identifiable from the available data (7 i.i.d. observations) and from which some
target function of interest, 0(¢) = 0(¢|n), is specified. Here, ¢ is restricted to a given interval [t(, T2].
The EL ratio for 0(¢) is

sup{L(n): 01) = ()}
sup{L(p)}

where the suprema range over all distributions #. The pointwise EL confidence interval for 6(z) is
based on a version of Wilks’s theorem for the EL statistic:

R(O(1), 1) =

~2log R(O(1), 1) = 1 2.1)

as n — oo, for each fixed ¢ € [r1, 72]. We impose (2.1) as a condition and also assume that the EL
statistic is convex as a function of 0(¢); these assumptions hold in the models considered below.
Let 0.(¢) and Oy(z) denote the lower/upper bounds of the 100(1 — «)% EL-based pointwise
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confidence interval for 6(z):
{0(0) : =2log R(O(1), <11 ,} = [0L(0), Oy (0],

where X%,oc is the upper a-quantile of the chi-square distribution with 1 degree of freedom.

The idea behind the new simultaneous confidence band is to re-scale the pointwise EL band
about an estimator 60,(¢) of 0(¢), the nonparametric maximum likelihood estimator being the usual
choice for 0,(¢). The lower and upper bounds of the proposed band are given by

O (1) = 0,(2) + H(OL() — 0,(D)).
OV (1) = 0,(0) + H(Ou(0) — 0u(2)), 2.2)

respectively, where $>1 is a data-driven “inflation” factor that is specified below. Let
0(t) = (0(t) — (1 — 9)0,(¢))/y, where y>1. In addition to the above conditions, assume
that

~2log RO, 1) —=> U*(1)/(*6*(1) (2.3)

in D[z, 12], where U() is a continuous Gaussian martingale with mean zero and variance function
() that can be uniformly consistently estimated by 62(¢). Here, the process U(f) can be replaced
by B(a°(1)), where B(f) is a standard Wiener process. This condition is seen to be stronger than
(2.1) by setting y = 1. Let ¢(«) be the estimate of the upper a-quantile c¢(«) of

sup BX(a*(1)/d*(t) = sup B*(s)/s (2.4)

tefr1,1] se[o?(t1),0%(12)]

obtained by plugging-in 62(¢) in place of ¢2(f). These quantiles can be readily computed via
simulation.

In order to specify a 100(1 — 2)% width-scaled confidence band we set § = /¢(2)/z,/>, where
Zy/2 18 the upper a-quantile of standard normal. To see that this choice of ) gives the desired
simultaneous coverage probability, note that by (2.2)

POYS(0<O0)<O5°(0), 1 € [11,12]) = PO+ H(O0L(1) — 0,(1) <O <O,(1)
+ 7(0u(?) — 0u(0)), 1 € [t1,72])
= POL()<0(1)<Ou(1), 1 € [11,12])
= P(—2log R(O(1), )<y}, t € [11.72])
=P ( sup —2log R(0(1), )< 5(0‘)/?2>

ZE[‘EI,’EQ]
—>P< sup U2(t)/02(t)<c(o¢)) =1—uo,
tefry,12]

where in the last three steps we used the specified form of §, the consistency of ¢(«), and condition
(2.3) with y = \/c(®)/z,/5. This completes the construction of the proposed width-scaled
simultaneous confidence band

{(1,0(D) : 0)5() <0< 0Y3(0), t € [11,12]).
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We now specialize to the standard one-sample framework with independent right censoring and
consider the problem of finding a confidence band for the survival function 0(¢) = S(¢). The
observations are i.i.d. of the form (Z;,6,), i =1,...,n, where Z; = X; A Y}, ; = l(x,<v,, and the
X;, Y; are independent and nonnegative. The distribution functions of X; and Y; are denoted F
and G, respectively. The survival function S =1—F is assumed to be continuous. Let
H(s) = S(s)(1 — G(s)), and assume S(r1)<1, H(t)>0.

The EL for S is given by

L(S) = [[(8Zi—) = Sz S(Z)' ™, (2.5)
i=1
the nonparametric maximum likelihood estimator is the Kaplan—Meier estimator S,(¢), and the
EL ratio for S(7) is
sup{L(S) : S(¢) = S(¢)}
sup{L(S)} ’

where the suprema range over all survival functions. Next,
T dF(s)
2
= | ——, t

o°(1) /0 SwHG-) '€ [t1,72],

and, by Andersen et al. (1993, IV.1.3),
d:
A2 _ 1
FO=n 2, ri(ri — d;)

T, <t

R(S(1),1) =

(2.6)

is a uniformly consistent estimator of ¢*(¢), t € [t1, 12], where d; and r; are defined in Appendix A.
Results of Thomas and Grunkemeier (1975) and Li (1995) imply that condition (2.1) is satisfied.
Condition (2.3) is checked in Appendix A.

It is natural to ask what happens when we width-scale the Wald-type pointwise confidence
interval S,(¢) £ z, /2Sn(t)6(t)n_l/ 2 about S,(¢). In this case, the width-scale band reduces to Nair’s
(1984) equal precision band

{(t,S(0)) 1 1S(t) — Su(D) Iz Su()e ()2, 1 € [11, 2]}

For two independent samples of right-censored data, the above assumptions are duplicated for
the second sample, and the notation is supplied with a further subscript j = 1,2 to identify sample
membership. Assume that n;/n — p;>0 as n=n; +n, - o0. The EL L(S;,S,) for the two
survival functions is given by the product of the two (marginal) ELs, and the EL ratio of a
functional 6(7) = 0(¢S1(z), S2(¢)) for a given >0 is defined by

sup{L(S1,55) : 0(1) = 0(1)}
sup{L(S1, $2)} ’

where the suprema range over all pairs of survival functions. A width-scaled EL confidence band

for the ratio of the two survival functions 6(¢) = S;(¢)/S2(¢) can be derived using results of

McKeague and Zhao (2002). Let Sj, (¢) be the Kaplan—Meier estimator of S;(7), and 0.(¢) and
Ou(?) denote the lower/upper bounds of McKeague and Zhao’s 100(1 — a)% EL pointwise

R(O(), 1) =

2.7)
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confidence band for 6(¢). The simultaneous confidence band re-scales the pointwise band about
0,1(l) = Slnl(l)é Son,(2), and has bounds given by (2.2) with % specified as before, except ¢2(¢) =

al(t) /m + 65(t)/ny] replaces the previous & 2(7). Condition (2.3) can be checked in a similar way
to the one-sample case.

We next show how the width-scaled confidence band for the ratio of the two survival functions
can be adjusted for covariate effects. We adopt the approach of Li and Van Keilegom (2002),
henceforth LV, who developed an EL confidence band for a single conditional survival function.
Now define 0(r) = Si(t|v)/S2(t|v), where Sj(t|v) = P(X;;>1t|V; = v) is the conditional survival
function of X; given a fixed level v of a one-dimensional covariate V;. The level v can be allowed
to depend on j, but for simplicity we take it to be the same for both samples. We assume that the
observations (Zj;, d;, Vj;) are iid.for i=1,...,n;, independent for j=1,2, and X is
conditionally independent of Y; given V.

The EL ratio is defined as in (2.7), except that S; is replaced by S;(:|v) and the two marginal ELs
are now replaced by LV’s local EL for each sample. The Nadaraya—Watson weights needed for
this local EL are defined (see the Appendix A) in terms of a (user-specified) bounded density
function K, which is assumed to be symmetric about zero, and bandwidths /;>0. The covariate
Vi is assumed to have a density f;, and we denote by

fio =y > & () @8)
i=1 J

the corresponding kernel estimator.

The idea is to re-scale the pointwise EL interval about 0,(f) = Si,,(¢|v)/S2,(f|v), where S jn (1])
is Beran’s estimator of S;(¢|v) based on the same Nadaraya—Watson weights used in the local EL
(see LV for the precise definition of Beran’s estimator). Let the endpoints 7; and 7, of the time
interval for simultaneous coverage satisfy the same conditions as before, except in terms of the
conditional distribution functions of X; and Y; given Vj; = v. Also assume that each conditional
survival function S;(#|v) is continuous in ¢ € [y, T2].

The following theorem justifies our procedure for constructing a width-scaled band for 0(¢) by
verifying that we have a limit of the same form as (2.3) for a normalized version of the local EL
statistic; this is done through multiplication by

J1)51(11v) +£5(0)83(tlv)
sz(u) du [67(¢|v)/(m ) + 65(t|v) /(n2ha)]”

where 02(t|v) is a uniformly consistent estimator for the asymptotic variance 02(t|v) of Beran’s
estlmator Sjn (t|v) over ¢ € [11,712], see Li and Doss (1995).

0,(1) =

Theorem 2.1. Assume njh — 0, njhj — oo and n;h;/(n1hi + nahy) — p;>0 as nj — oo, and that
the regularity conditions (R1)—(R3) of Li and Doss (1995, Section 4) hold for each sample. Let
() = (0(¢) — (1 — 7)6, (1)) /7y for some y=1. Then

~ D

—20,(1)log R(0(1), 1) — U*(tl0) /(y*a*(1]v)
in D[ty, 73], where U(t|v) is a continuous Gaussian martingale (in t) with mean zero and variance
function o*(1]v) = 6}(t[v)/py + 03(110)/py-
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Note that
G2 (t1v) = (mhy + naho)[61(t10) /(1) + 65(¢|v) [ (m2h2)]

consistently estimates o2(¢[v). Thus, we can set the inflation factor § = V&(®)/z,2 as before,
except that 62(¢) is now replaced by 6%(7|v) in the definition of é(a).

3. Example

In this section, we consider an example involving the comparison of a treatment group with a
placebo group. The data come from a Mayo Clinic trial of a treatment for primary biliary
cirrhosis of the liver (Fleming and Harrington, 1991). A total of n = 312 patients participated in
the randomized clinical trial, 158 receiving the treatment (D-penicillamine) and 154 receiving a
placebo. Censoring is heavy (187 of the 312 observations are censored). For each patient, the date
of randomization, the disease and survival status as of July 1986, and a large number of risk
factors such as serum bilirubin and age were recorded. Fleming and Harrington’s Cox model
analysis of these data found no detectable difference between treatment and placebo. They also
found that the covariate serum bilirubin is the strongest univariate predictor of survival.

First, we ignore all covariates. Confidence bands for the ratio 0(f) = Splacebo(?)/ Streatment(?) are
plotted in Fig. 1. The width-scaled EL band (first panel) is seen to be narrower in the right tail
than the standard (McKeague and Zhao, 2002) EL band (second panel). The data-driven
“inflation” factor j = 1.51.

The first panel of Fig. 2 displays the 90% EL width-scaled confidence band for the ratio (¢) of
the cumulative hazard function for placebo over that for treatment. The corresponding ratio of
the Nelson—Aalen curves is also displayed. The width-scaled band is narrower than the standard
EL band over the first 1000 days. The data-driven “inflation” factor 9 = 1.65.

Next, we consider adjustment for the covariate effect of serum bilirubin, with its level set at
2 mg/dl. The kernel-weighted EL approach of Li and Van Keilegom (2002) is used with bandwidth

N
L
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—— Empirical likelihood confidence band
Estimated ratio of survival functions

—— Empirical likelihood width-scaled confidence band
Estimated ratio of survival functions

w
1

Ratio of two survival functions

Ratio of two survival functions
n
1

0 1000 2000 3000 4000 0 1000 2000 3000 4000
(a) Days after start of treatment (b) Days after start of treatment

Fig. 1. Mayo Clinic trial, 95% confidence bands for the ratio of the survival functions (placebo/treatment): (a) width-
scaled EL confidence band; (b) standard EL confidence band.
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Fig. 2. Mayo Clinic trial, 90% confidence bands for the ratio f(¢) of the cumulative hazard functions: (a) width-scaled
EL confidence band for f(¢); (b) standard EL confidence band for f(z).
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Fig. 3. Mayo Clinic trial, 95% confidence bands for the ratio of the conditional survival functions (placebo/treatment)
at the 2mg/dl serum bilirubin level: (a) width-scaled EL confidence band; (b) standard EL confidence band.

h = 2 and the biquadratic kernel function K(x) = (%—g)(l — x2)’I(|x|<1). The first panel of Fig. 3
displays the 95% width-scaled EL confidence band for the ratio of the conditional survival
function for placebo over that for treatment. The corresponding ratio of the Beran estimators is
also displayed. Note that the variance blows up in the right tail. Comparing the two panels in Fig.
3, the width-scaled band is seen to be narrower than the standard EL band, especially in the right
tail. The data-driven “inflation” factor $ = 1.46.

The first panel of Fig. 4 displays the 90% width-scaled EL confidence band for the ratio of the
conditional cumulative hazard function for placebo over that for treatment at the 2 mg/dl serum
bilirubin level. The data-driven “inflation” factor 9 = 1.60. The width-scaled EL confidence band
is narrower than the standard band (second panel) in the left tail.

In summary, the width-scaled bands we have examined provide greater stability in the tails
compared with standard EL bands.
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Fig. 4. Mayo Clinic trial, 90% confidence bands for the ratio of the conditional cumulative hazard functions (placebo/
treatment) at 2mg/dl serum bilirubin level: (a) width-scaled EL confidence band; (b) standard EL confidence band.
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Appendix A

First, we show how condition (2.3) is checked in the one-sample case discussed in Section 2.

The ordered uncensored survival times, i.e., the X; with corresponding J; = 1, are written
0<T <---<Ty<oo, and r; =) ;_, liz,>1, denotes the size of the risk set at 7,—, d; =
> i1 lizi=T..0,=1; denotes the number of “deaths” occurring at time 7';. Define K(7) = #{i : T;<1}
and D = max;r,<,d; —r;). It can be shown using Lagrange’s method (cf. Thomas and
Grunkemeier, 1975 or Li, 1995) that

K(0)

—2log RS, = 2 <(r,~ —d)) log<1 + M’;) — 10g<1 + Mt))), (A.1)

i=1 Ti

i i

where the Lagrange multiplier D < ,(f) < oo satisfies the equation

K@) d: N
H(l — m) = S(1). (A.2)

i=1

Setting S(7) = (S(7) — (1 — 7)S,(2))/y in what follows, the corresponding Lagrange multiplier
satisfies

n(log S(t) — log Su(1))  n(—log S(1) — An(t))}
Au(t) + log S,(1) — log S(1)’ —log S(1)

by Li (1995, (2.12) and (2.14)), where 4,(¢) = Z,K:(? d;/r; is the Nelson—Aalen estimator of the
cumulative hazard function of S. Noting that ./n(logS(7) —logS,(r)) has a martingale

(D)l < max{
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approximation, cf. (A.9), it can be shown that 4,(¢) = Op(f’ll/ 2) uniformly over ¢ € [t1, 12]. Then,
again along the lines of Li (199)),

n(log S(f) — log S,(1))

() = 6'2(l)

+ Op(1) (A.3)

uniformly over ¢ € [1y, 73], leading to

AN A2
—2log R(S(1), 1) = w + op(1)

_ n(log 8(7) — log S,,(1))? N
a (1)

op(1) (A4)

uniformly over ¢ € [ty, 12].

Recall that \/n(S, — S)— —SU in D[t},1;], where U is the Gaussian martingale defined in
Section 2, see Andersen et al. (1993, p. 262). Define the functional ¢, (h) from D[z}, 1,] into
itself by

¢1(h) = log((S — (1 —p)h)/y) — logh,

where S is the (true) survival function of X;. Using the chain rule, ¢, can be shown to be
compactly differentiable with derivative at S given by

h
dy(S)h = s

for h € D[ty,13]. Applying the functional delta method (Andersen et al., 1993, p. 111), we then
obtain

JAG1(S) = $,(S) —> Uy

in D[z, 12], which can be re-expressed as

N D
Vn(log S(t) — log Su(1)) — U(0) /. (A.5)
We conclude from (A.9), (A.4), and the uniform consistency of 6°(¢), that

2
—2log R(3(1), 1) —> 7)2]7(8)

in D[ty,12], as required. [J

Proof of Theorem 2.1. The ordered uncensored survival times, i.e., the X; with corresponding
0 =1, are written 0<T7;<--- <Tjy,<oo. Also, let R;= ZZ":l Wiliz,>1, and
dji = 323y Wikl (z,=T,.5,=1), Where

K —Viji/hj)

it K@ — Vi /hy)

Wi = Wi(v,hj) =
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are the Nadaraya-Watson weights. Define K;(1) = #{i : T;<t} and D; = max;r,<,(d;i — R;;). As
in McKeague and Zhao (2002) we have

Ki(@® A
~ /Ln in
—2log RO, )= =2y <(R“ —du) 10g<1 * m> A 10g<1 " R_u>>

i=1

X ) )
—2 Roj — do)log 1 ——2") — Ryjlog(1=22) ),
izzl (( 2i — dai) og< RZi_d2i) 2 og( R2i>>

where the Lagrange multiplier D </, < — D, satisfies the equation

Ki(2) K>(1)
logH< R11+}> logH<

Eq. (A.6) has a unique solution 4, provided D;<0, j = 1,2.
First, assume 4,(¢)<0. Then by LV,

—lo Iﬁ) I—L >4 (t]v) ;
¢L Ri+ )~ O\ o))

K (1) dy; 1 n
log H (1 - 7@)) Az(f| )<m> + log 8o, (2]v) + Ax(t]v),

i=1

) log(B(1). (A6)

where /ij(tlv) = Zg(lt) dji/R;; is Beran’s estimator of the cumulative hazard function A;(t|v).
Combining the above two inequalities and (A.6), we get

~ A 1 A

_10g6(t)>A1(t|v)<1 Y |> Ax(1) )( v |> + log So, (1]v) 4 Aa(tv).
Then, using 1/(1 —x)>1+ x for 0<x<1,

—1og 0(1) — Ai(1]0) — 10g S2, (t]0) > A1 (1]0)] 2. (A7)
If 2,(t)=0, a similar argument leads to

log (1) — log Sin, (t]v) — Ax(tv) > Ax(1]v)|An]. (A.8)

Next, since
D
njhj(Sjnj — Sj) — —Sj Uj,

where Uj(t|v) is a Gaussian martingale with mean zero and var(U,(s[v)) = af(slv) (cf. Li and Doss,
1995, p. 796), and the two samples are independent, by n;h;/(n1hy + nahy) — p;>0, it follows that

Stin S1 D
v hy + nhy S, — S, — U,
)
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where
U1 S1

N/
U,S»

VP2

Define the functional A+ ¢,(h) from D[ty,12] X D[t1,72] into D[t1,72] by ¢,(S1,S2)(?) =
S1(7)/S2(2). By the functional delta method, as before, we have

(DSt Samy) — B2(S1, S2)) > depy(S1, S2) U,

where

U* =

(U U\
dp,(S1,S)U" = (\/_ \/_) S, = U(-|v)0.

Also,

i+ 1l (10,) — §y(0) > U(y'”)

in D[z, 2], which can be re-expressed as

Vi + min(log 0(t) — log 0,(£) —> U(; o) (A.9)

From |log(1 — x) 4+ x| <x? for 0<x<1, we have

Ki(1) Ki(t) K;(®)
J d'i J d n dl J d'i
See(-) S <o R %

Vnjh max
i1 i<Kin  Rj —~' Rji
Snihd\
= | max il A;(1]v)
i<K;(1) le'

<< 1) M A(t|v)
SUERD R; \/nj—f(v)

min; <k Rji /njh; Aj(v) '
where in the third line we use (2.8) and dj; = Wj; a.s., since a.s. there are no ties among the
Xjnseoos Xjn, due to the continuity of the survival function of X, . Here, M is an upper bound on
the kernel K.
From Beran (1981) (see also Dabrowska, 1987, p. 188),

n
H(tlo) = Wit i)z,
l'_
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converges uniformly in 7 € [ty,72] to H;(7Jv) = P(Z;; = t|v) a.s. for almost every v. Thus, for any
e>0 and n sufﬁc1ently large, inf e, 1] H (tlv)> Hj(t2|v)/2>0 with probability at least 1 —e.
Recalling that R;; = Zk  Wiklizy=1 for n sufficiently large mln,<K(,) Rji = 1nf e[, 1,1 H; i(tv) >
Hj(talv)/2 for all t € [t1,72] with probability at least 1 —e¢. Thus, combining the umform
consistency (in 7) of A (t|v) (cf. Proposition 2.2 of Dabrowska (1987)), and the weak consistency of
f (v) (cf. Theorem 3. 1 2 of Prakasa Rao (1983)), we conclude that (A.10) converges uniformly
(over t € [11,72]) in probability to zero.
Combining (A.9) and (A.10), we obtain

D Ul(t|v)

Vnihy + nyhy(log (1) + A (1]v) + log Sa, (1v)) — — . (A.11)
Vit + mis(log 0(6) — log Sy, (£l0) — As(t]v)) —> — U(y"”). (A.12)

Thus, the Lh.s. of (A.7) and (A.8) are Op((n /11, + mah,,) ") uniformly in € [t1, 7] from (A. 11)
and (A.12). Comblnmg (A.7), (A.8), and the uniform consistency (in ) of A; (f]v), we have 4, =
Op(1/(nihin, + nahay,) /2) uniformly for 7 € 11, 12].

Along the same lines as LV,

I ! BN ]
log H ( R _|_1;n( )> = log S1,,(t|v) + % + Op((n1h7) 1)’

K20 do; Iuf 5 (0)E(2]V) _
log H (1 — m> = log 82, (t|v) — W + Op((mhy) ™).

Combining this with (A.6),

[ K*du(log 0(1) — log 0,(1))
161 (tI) + f(0)63(t])

A Taylor expansion then gives

+ Op((mh1) ™" + (mho) ™).

2 (f1(©)G7(t|vr) fz(U)a'z(”U)
—20,(1)log R(O(t), 1) = 0, (1) ( [Kwdu T [ K w)du

mm+mmm%m01%mmf

) + Op((m1 /1y + mahy)™h)

+ Op((n1hy + nahy)™h), (A.13)

&°(t]v)
and we conclude from (A.9), (A.13), and the uniform consistency of 62(¢|v), that
2
~ t
—20,(1)log RO(), 1) —> (U( '“)>
yo(t|v)

in D[‘C],’L'z]. ]
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