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Abstract

This paper proposes a nonparametric test for parametric conditional distributions of dynamic
models. The test is of the Kolmogorov type coupled with Khmaladze’s martingale transforma-
tion. The proposed test is asymptotically distribution free and has non-trivial power against
root-n local alternatives. The method is applicable for various dynamic models, including
autoregressive and moving average models (ARMA), generalized autoregressive conditional
heteroskedasticity (GARCH), integrated GARCH (IGARCH), and general nonlinear time se-
ries regressions. The method is also applicable for cross sectional models. Finally, we apply
the procedure to testing conditional normality and conditional t-distribution in a GARCH

model for the NYSE equal-weighted returns.
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1 Introduction

The study of probability distributions of economic variables is an important subject and has a
long history, for example, the study of income distribution by Pareto (1897) and that of wealth
distribution by Sargan (1957). In financial economics, the distributions of assets’ returns
have been extensively examined, e.g., Fama (1967). In risk management, the distribution of
a portfolio’s value is closely monitored by asset managers. Often undertaken in econometrics
is testing distributional assumptions, with a usual focus on normality, as in Bera and Jarque
(1982). This paper studies the problem of testing conditional distributions of dynamic models,
where distributions evolve over time. Though not a focus of this paper, dynamic conditional
distributions is related to density forecasting, which is a major concern in risk management.
For further elaboration on this topic, see Diebold, Gunther and Tay (1998).

A conventional procedure for testing distributional assumptions is that of the Kolmogorov
test. However the test is designed for independent and identically distributed (iid) obser-
vations with a completely specified null distribution. In the present context, the data are
dependent and the null hypothesis does not completely specify the distribution of the data
because of the presence of unknown parameters and unspecified distributions for the condi-
tioning variables. As a result, the joint distribution of observations is not uniquely determined
under the null. Furthermore, it is well known that when parameters are estimated, the Kol-
mogorov test is not asymptotically distribution free, see Durbin (1973a). This means that
different critical values are needed for different distributions and for different parameter val-
ues. These problems are further compounded by the fact that the critical values are difficult
to compute because the limiting distribution of the Kolmogorov test is a complicated function
of the underlying true distribution and the true parameter. The objective of this paper is to
develop test statistics that can overcome all these difficulties.

Suppose that a sequence of observations (Y7, X1), (Y2, X3), ..., (Y, X,,) is given. Let Q, =
{Xy, Xi—1,..,; Y1, Yi_o, ...} represent the information set at time ¢ (not including Y;). We
are interested in the conditional distribution of Y; conditional on the information set €2,. More
specifically, of central interest is the following null hypothesis:

Hy : The conditional distribution of Y; conditional on €2; is in the parametric family
Fi(y|€, 0) for some 0 € O, where O is the parameter space.

Note that the conditional distribution under the null hypothesis allows for an infinite past

history of information. For example, consider an MA(1) process: Y; = &, + 0g,_1 with |0] < 1,



where the &, are iid with cumulative distribution function (cdf) F.. Then the conditional
cdf of Y;|Q is given by F.(y — 52, (=1)*0%Y,_}), with Q; = {Y;_1,Y;_o,...}. Moreover, the
conditional distribution not only varies with the information set but also evolves over time.
This possible evolution is highlighted by the subscript ¢ in Fi(y|Q, ). The objective is to
formulate test statistics for Hy under this general setup.

The proposed test is of the Kolmogorov type, coupled with a martingale transformation
of Khmaladze (1981). It will be shown that the proposed test has non-trivial local power
against root-n local alternatives. In addition, the test is asymptotically distribution free and
critical values are easy to obtain. Therefore, no simulation or bootstrap will be required to
perform the test procedure. We apply the method to the NYSE equal-weighted real returns
modelled as a GARCH process. While conditional normality is strongly rejected, conditional
t-distribution cannot be rejected. One implication of this result is that the observed “heavy-
tailedness” is not entirely induced by the conditional heteroskedasticity, but the conditional
distribution itself has heavy tails relative to the normal distribution.

The rest of this paper is organized as follows. Section 2 provides a literature review
and states our contributions. Test statistics are described in Section 3 along with martin-
gale transformation for several concrete examples. An empirical application is also given in
this section. Section 4 establishes the weak convergence results that are prerequisite for the
martingale transformations. Also considered in this section are the estimation of unknown
transforming functions, analysis of local power, and consistency of the test. Some limited
Monte Carlo simulations are also presented in Section 4. The conclusion is provided in the
last section. An introduction to martingale transformation, its computational issue, and the

theoretical proofs are given in the appendix.

2 Related literature and contributions of this paper

The Kolmogorov test is formulated for iid observations and for a simple hypothesis (i.e., a
completely specified distribution). In an influential paper, Durbin (1973a) considers testing
for a composite hypothesis, where the distribution function depends on an unknown vector
of parameters. One unpleasant feature of the K-test is that when parameters are estimated,
it is no longer asymptotically distribution free. As a result, critical values change from one
null hypothesis to another. Different parameter values also need different critical values, even

within the same parametric family of distributions. Several approaches have been suggested in



the literature to circumvent this problem. One is the half-sample method, where parameters
are estimated with a randomly chosen half sample, see Durbin (1973b). Another approach
is to randomize the estimated parameters, see Loynes (1980). These approaches do not work
satisfactorily. In addition, these methods do not apply to time series data.

Recently, Andrews (1997) proposes a conditional Kolmogorov test. Andrews proves the
consistency of his test and justifies the use of the bootstrap method to obtain critical values.
The conditional Kolmogorov test overcomes a number of difficulties associated with the Kol-
mogorov test. However, Andrews’ test is not designed for dynamic models. In addition, the
dimension of the conditioning variables is fixed and finite.

Zheng (2000) provides a test based on Kullback-Leibler information criterion together
with kernel estimation of the underlying distributions. Zheng’s tests are consistent against
all departures from the null. The test has local power against alternatives that converge to
zero slower than root-n. Fan (1994) provides a test for parametric density function using
the kernel method. Stinchcombe and White (1998) also provide nonparametric tests for
conditional distributions and established consistency of their test. All these papers deal with
iid observations.

Inoue (1997) proposes a test statistic for testing a number of econometric problems related
to conditional distributions in time series. He suggests to use an upper bound derived from
the law of the iterated logarithms to obtain critical values. Diebold, Gunther, and Tay
(1998) propose a framework for evaluating density forecasts, and discuss the Kolmogorov test
for conditional distributions in time series, among other issues. They do not consider the
effect of parameter estimation. Linton and Gozalo (1996) use the Kolmogorov type test for
conditional independence of iid observations.

In this paper, we use Khmaladze’s transformation approach to derive an asymptoticlly
distribution-free test. In doing so, this transformation itself is also extended in some important
ways.

Khmaladze’s transformation has proven useful for various problems. Koul and Stute (1999)
apply the transformation to marked empirical processes for AR (1) models, either linear or non-
linear. Their focus is the specification of the conditional mean, rather than the conditional
distribution. Incidentally, extension of the transformation to AR(2) or multiple-regressor
marked-empirical processes is non-trivial because, among other technical difficulties, Khmal-
adze’s transformation is not unique for multivariate empirical processes, see Khmaladze (1988,

1993). A marked empirical process for high dimensional models is a multivariate process (in-



dexed by a vector). Khmaladze’s approach is also used for hazard function specification test,
e.g., Andersen et al. (1993). Bai and Ng (1998) construct a consistent test for conditional
symmetry with the transformation method.

We make several contributions in this paper. First, we consider conditional distributions
of dynamic models which, of course, include iid observations as special cases. For dynamic
models, the conditioning event may depend on the entire history of the data (generally unob-
servable). Information truncation is required for these situations. Second, we obtain various
weak convergence results for empirical processes of dynamic models under parameter esti-
mation and information truncation. The weak convergence result for GARCH and IGARCH
is particularly interesting. We also obtain weak convergence for the transformed process
under the supremum norm, which forms the basis for asymptotically distribution-free tests.
Third, Khmaladze’s transformation requires the knowledge of a set of transforming functions
(denoted by g, see Section 3). We extend this transformation to the estimated g, and un-
der very general conditions we prove weak convergence. In particular, we do not need any
rate of convergence for the estimated g. Fourth, we find that the dimension of transforming
functions is not necessarily equal to the number of freely varying parameters. For example,
dimension reduction can be achieved in location-scaled models (e.g., GARCH), resulting in a
very simple transformation. Fifth, we explore the consistency of the test resulting from the
transformation in general, and we further establish the consistency of the test for GARCH or
any location-scale model in particular. Finally, an empirical application further demonstrates
the usefulness of the proposed method.

For some problems, the conditional distribution Fj(:|€2, ), is not specified and instead
a data generating process (DGP) is given, e.g., continuous-time finance models. Often, the
implied conditional distribution is difficult to derive from the DGP. Given a set of data,
one can test whether the data come from the hypothesized data generating process using the
procedure of this paper. This is because one can simulate a large number of observations from
the given DGP so that the underlying distribution implied by the DGP can be estimated up to
any precision. The estimated distribution can be used to construct test statistics. Thompson

(2000) applies a similar method to continuous-time finance models.

3 Test statistics

3.1 Description of the method. Assuming that the null hypothesis is true and that the



true parameter value 6y is known, then, using integral transformation, we can transform the
dependent data into an iid sequence of uniformly-distributed random variables. That is,
U, = F, (Y|4, 0y) are iid and uniform random variables.

The random variables U, are unobservable since 6y is unknown. When an estimator 0 of
0y is available, we may use U, = Ft(Yt\Qt,é) as an estimate for U,. The random variables
U, are neither independent nor identically distributed. Furthermore, the unavailability of
an infinite history of observations necessitates a truncation of the information sets. Let
Q, = {X4, X4-1,...,X1,0,0, ..., Y1, ..., Y1,0,0, ...} represent a truncated (observable) version
of €. Define

U, = F(Yi|Q, 0).

For example, in the case of an MA(1) process, Y; = &, + 0g,_1 with &, being iid F, Ut =
F.(Y; — S (=0)FY,_y,), whereas Uy = F.(Y; — 50 (—0)FY,_y).
Let Vn(r) be the empirical process based on Uy, ..., U,. That is,

i) = = ST <) — 1], 0

Under some regularity conditions to be introduced later, it can be shown that Vn(r) has the

following asymptotic representation

Vulr) = Va(r) = 50 Vi(0 — ) + o, (1) 2

where -
Vilr) = 2= ST < ) =] (3
alr) = plim, > S0, ()

Due to the presence of the second term in the right-hand-side of (2), the limiting process of
Vn(r) generally depends on F} as well as on #y.! As a result, the Kolmogorov test based on
f/n(r) will not be asymptotically distribution free and critical values are difficult to obtain.
However, applying the martingale transformation discussed in Appendix A, we can remove

the term g(r)"\/n(6 — 6y). The transformed process will have a Brownian motion as its limit.

'The exact limiting process will also depend on how the parameter 6y is estimated. If én is asymptotically
normal then V,, will generally have a limiting Gaussian process. In this paper, we only need root-n consistency
of én



Specifically, let g(r) = (r,g(r)") and g(r) = (1,g(r)")’ so that ¢ is the derivative of g. Let
C(r) = [' g(m)g(r)dr. Consider the transformation

. . r 1
W, (r) = V,(r) — /0 [g(s)’Cfl(s) / g(T)dvn(T)}ds. (5)
It can be shown that Wn(r) converges weakly to a standard Brownian motion. Define the
test statistic as

T, = sup |Wn(7“)|

0<r<1
then by the continuous mapping theorem,

T, % max |W (r)]

0<t<1

where W is a standard Brownian motion process. It is easy to simulate the distributions of
the right hand side variable. This only needs to be done once. The critical values at 10%, 5%,
and 1% are found to be 1.94, 2.22, and 2.80, respectively, and are obtained via simulation.
Each sample path of W (r) is approximated by normalized partial sums of 1,000 iid N(0,1)
variables. Then 100,000 sample paths are simulated and the maximum values are obtained
for each path. These extreme values are ordered to obtain the quantiles.

The test statistic T, can be easily computed, see Appendix B for details.

Martingale transformation is in effect a continuous-time detrending operation, where the

trend function is g(r) = (r,g(r)’)". To see this, write (2) in the differentiation form
V(1) = dVu(r) = §(r)'drv/n(8 — 6) + 0,(1)

Consider regressing dV,,(r) on ¢(r) over the interval (s,1]. Then the least square estimator
is given by ([} gg'dr)~' [} gdV,, = C(s)~' [} §(7)dV, (7). Multiplying this estimator by ¢(s)ds
gives the predicted value of dV,(s). Thus the residual (detrended value) is given by

V() = [§(C7s) [ gtr)avi(r))ds. ©)
Then integrating from 0 to r gives rise to Wn(r) The above is a recursive residual. This is
so because at each point s, a least squares is performed. The procedure is analogous to the
discrete time recursive residuals of Brown, Durbin, and Evans (1975). As in the discrete time
framework, recursive residuals are non-correlated (martingale differences) and a cumulative
sum of recursive residuals leads to a Brownian motion. Here a cumulative sum of (6) (i.e.,

integration from [0, r|) yields a Brownian motion process.
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3.2 Examples. In the following we give several concrete examples on testing distributional

assumptions and on the construction of martingale transformation.

Example 1: GARCH(1, 1). A GARCH(1,1) takes the form, see Bollerslev (1986),
Y, = X0 + &0,

Uwa =a+ 603—1 + (Yo — X£—15)2a

where ¢, is iid with zero mean and unit variance. The parameters are assumed to satisfy
a>0,0>0,vy>0, and B+v < 1.

For IGARCH models, i.e., f+v =1, we assume 0 < 3 < 1, as in Lee and Hansen (1994). The
objective is to test the null hypothesis that the distribution function of ¢; is /. Commonly
considered cases are the normal and ¢-distributions. Under the null hypothesis, the conditional

distribution of Y; conditional on ) is
Y| ~ F((y - X];(S)/gt),
Compute the conditional variance via the recursion (starting with a given initial value 63):
&tQ =a+ Bﬁ?—l + (Y — X£_15)2
and define
&= (Y, —X/0)/6,, and U, = F(&).

Let Vn(r) be the empirical process based on Uy. It is shown in Section 4 that

Va(r) = Va(r) + F(FH ) po+ F(EH () F () g + 0p(1), (7)
where f is the density and F~! is the inverse of F, p, and ¢, are complicated functions of
data and parameters. Therefore, the limiting process of V,, is rather complicated and a direct
Kolmogorov test is difficult to implement. However, martingale transformation is easy to

construct. Let
9(r) = (g1, 92,93) = (r; F(F7H(r)), F(FH(r)F~H(r)) (8)

Therefore, g3 = 1, go = f(F_l(r))/f(F_l(r)) and g3 = 14+ go(r)F~1(r). For testing normality,
then



where ®(r) is the cdf a standard normal random variable. Given ¢, the transformation of V,
is performed using formula (5).

Remark 1: For general GARCH(p,q) processes, the transformation is identical to that of
GARCH(1,1) because the g function is identical. This is because the corresponding empiri-
cal process V., has the same asymptotic representation except that p, and ¢, have different
expressions. But p,, and ¢, are not functions of r and thus will not affect the transformation.

Example 2: ARMA (p,q) process. Consider a stationary and invertible ARMA(p,q)

process such that
Yi=p+pYia+--ppYip+e+ e+ 045

Consider testing the hypothesis that ¢; are iid F'(-/o). Let 6 = (i, p1, ..., pp, 01, ..., 04, 0) and
0 be root-n consistent estimator of . Given n + p observations Y_p 11, Y_pi0,..., Y0, Y1, .., Y,

the residuals can be computed via the recursion

G=Yi—fi—p Y — =Yy —é g — =0, (t=1,2,..n)
the initial value of (&, ...,é1_,) is set to zero. Define U; = F(&,/6) and V,, as in (1). Then
it can be shown that representation (7) is still valid but with different expressions for p,, and
¢n- Thus the transformation takes exactly the same form as in GARCH(1,1).
Example 3: nonlinear time series regression. Consider the general nonlinear time
series regressions:

Y, = h(Qt,ﬁ) + &t (9)

where Q; = (X, Xi1,...;Y;-1,Y;_9,...). For linear regressions, Bera and Jarque (1982) con-
sider testing normality of €; based on skewness and kurtosis coefficients. It is assumed that
g, are iid with zero mean and is independent of €);. Consider testing the hypothesis that ¢,
has a cdf F(z,\) with density function f(x,\), and A € R? is vector of unknown parameters.
Then the conditional cdf of Y; is F'(y — h(€2, ), A). Define

U, = F(Y; — (4, 5), A).

The estimated residuals are computed from the truncated information set. Again, let V., be
as defined in (1) with the new U;. Write f(z) for f(z, \o) and F(x) for F(z, \o), where ), is

the true parameter. Theorem 2 of Section 4 shows that

OF (F~(r))’

Valr) = Va(r) = F(F7H(r))an + ——5¢

by, + 0,(1) (10)



where a,, and b, are random variables not depending on r. Thus the g function in this case is

3F(F_1(’f’))/),
O

and g = (1, f(F~1(r))/f(F~\(r)), mFa;;(r))//f(Ffl(T)))'. When A is a scale parameter such

that F'(z,\) = F(xz/\) (here A > 0), simplification can be achieved. Comments concerning

g(r) = (r, f(F7(r)),

this are given following Theorem 2 in Section4.

Remark 2: It can be shown that the method is applicable for threshold autoregressive
models (TAR) or self-exciting TAR. Consider, for example, YV; = £Y;1 + & if ;1 < ¢
and Y; = (Y, 1 + & if Y;_1 > ¢. The model can be rewritten as Y, = 1Y, 11(Yi1 <
¢) + BoY;1I(Yi1 > ¢) + . If ¢ is known, the TAR model is linear in 5 = (i, 52), thus
covered by our theory. For unknown ¢, the conditional mean is not a smooth function of c.
However, ¢ can be estimated with a convergence rate n, see Chan (1993). The implication is
that ¢ can be treated as known. This is because n-consistency implies that only a bounded
number (with large probability) of observations are misclassified from one regime to another
and the rest are correctly classified (i.e., ¢ known). A fixed number of misclassifications does
not affect the limiting results. Finally, ¢; can also be regime-dependent.

3.3 An empirical application. In this section, we apply the test procedure of the
previous section to the monthly NYSE equal-weighted returns fitted to a GARCH(1,1) process.
The range of the data spans from January, 1926 to December, 1999, as shown in Figure 1.

Testing conditional normality. We estimate the following GARCH (1,1) process to the
data

Y;f :M+Ut€t,

with 07 = a + o2, +v(Y,_1 — u)?. The Gaussian maximum likelihood method is used to
estimate the parameters. After obtaining the parameters, we compute the residuals according
to & = (Y; — f1)/6; with 62 = & + 562, + 4(Yi_y — f1)2. We then compute U, = ®(&,)
(t =1,...,n) and V,,(r). The function § is given by

g(r) = (1, =27 (r), 1 = 27 (r)?)".

The transformation Wn(r) and the test statistic T;, are computed according to Appendix B.

Both the transformed process W, (r) and untransformed process V, (r) are plotted in Fig-
ure 2. The two horizontal lines give the 95% confidence band for a standard Brownian motion
process on [0,1]. Since the process W, (r) stays out of the confidence band, conditional normal-

ity is rejected. In fact, the critical values of the test procedure at significance levels 10%, 5%,

9



and 1% are 1.94, 2.22, and 2.80, respectively, and the value of the test statistic is T}, = 4.08.
Thus conditional normality is rejected even at the 1% significance level.

Testing conditional t-distribution. With the same data set, we test the hypothesis that <,
has a student-t distribution with df = 5, normalized to have a variance of 1. This number
of degrees of freedom is close to the values usually found for asset returns fitted to GARCH
models. Note that there is no need to re-estimate the model. Assuming that ¢, has a student-t
distribution, quasi-Gaussian likelihood estimation still provides root-n consistent estimation
for the parameters. See, for example, Lee and Hansen (1994), Lumsdaine (1996) and Newey
and Steigerwald (1997).

Let t, be a student-t random variable with df=v and let ¢,(z) and Q,(x) be the density
and cdf of t,,, respectively. Because ¢; is normalized to have a variance of 1, we have g, ~ ¢t
with ¢ = [v/(v — 2)]"/2. Thus, the cdf of &, under the null hypothesis is F(z) = Q,(cz) with
f(x) = go(cx)e. Thus we should define U, as U, = Q,(c&,) (t = 1,...,n) and V, be the
empirical process based on U, ..., U,. Using (8) for the given f and F, we obtain g(r) =
(r, q(Q; (r))e, q,(Q,(r))Q, (r)) with a constant ¢ in the second component. Since a
constant factor will not affect the transformation (or alternatively, p, is replaced by cp, in

Theorem 3 of Section 4), we can use the following g¢:

g(r) = (r, &.(Q,' (1), &(Q,' ()R, (r)) (11)

This function again has the format of (8). It is easy to derive ¢. In fact, denote ¢ = (1, g2, §3).
Then g3 = 1+ 2@, (r). From dg,(z)/dz = —2q,.2((%2)"/?z) we have
o~ Ol + 2/ ()
0(Q;1(r))
Given g, the process W, (r) and the test T,, can be easily obtained.
Figure 3 shows both V() and W, (r). The process W, (r) stays well within the 95%

confidence band. In fact, the maximum value of |Wn(r)| is equal to 1.605, whereas the critical

value is 2.22 at the 95% significance level. Therefore, we do not reject the hypothesis that

innovations to the GARCH process have a conditional t-distribution.

4 Theoretical results

This section provides the theoretical basis for the validity of the results in Section 3. In

particular, we focus on the asymptotic representations of the empirical processes of conditional
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distributions. Throughout, we use “ = " to denote the weak convergence in D[0,b] (b > 0),
the space of cadlag functions endowed with the Skorohod metric, see Pollard (1984).

We start with a lemma given in Diebold, Gunther, and Tay (1998), who noted a similar
idea can be traced back to Rosenblatt (1952). We provide a much simpler proof. Let F; be a
sequence of increasing o-fields such that Y; is F; measurable. (Alternatively, think about F;

as the information set at time ¢, and Y; is included in this information set.)

Lemma 1 If the conditional distribution of Y; conditional on F;_1 has a continuous cdf
Fi(y|Fi-1). Then the random variables Uy = Fy(Y:|Fi—1) are i.i.d. U(0,1).

Proof: Since the conditional cdf of Y; is Fi(y|F;—1), the conditional distribution of U; =
F,(Y3|Fi—1) (conditional on F;_1) is U(0,1). Because the conditional distribution of U; does
not depend on F;_i, U; is independent of F;_;. It follows that U; is independent of U;_;
because U;_; is F;_1 measurable (i.e., U;_; is a part of F;,_1). The latter is true because
U1 = F(Yi_1|Fi—a), Y1 is Fi—q1 measurable and F;_o C F;_;. This implies that U; is
independent of (U;_1,U;_g, ...) for all . This further implies joint independence because the
joint density can be written as product of marginal and conditional densities. a.

4.1 General conditional distributions. Let ; = {X;, X, 1,...,;Y; 1, Y, o,...} repre-
sent the information set at time ¢ (not including Y;). The hypothesis of interest is that the
conditional distribution of Y; conditional on €, is in the parametric family F;(y|€,6y) for
some 6 in the parameter space. By Lemma 1, U; = F;(Y;|€, 00) is a sequence of iid random
variables. Let (), = {X¢, Xi—1, ., X1,0,0, ..., Y, 1,...,Y1,0,0, ...} represent a truncated version

of Q, and 6 be a root-n consistent estimator of 8. Define U, = F(K[Qt, é) and

Vi =n V2310, <) — 1]

t=1
To obtain the limiting process of Vn(r), we need to state the underlying assumptions. As a
matter of notation, F;(y|€,6) and Fi(y|f) will be used interchangeably when no information
truncation is present. Throughout, let N (6o, M) = {0;]0 — 6;| < Mn~'/?}. We assume:

A1: The cdf F,(y|€,0) and its density function f,(y|€2,#) are continuously differentiable
with respect to 0; Fy(y|€2,0) is continuous and strictly increasing in y, so that the inverse
function F; ! is well defined; E sup, sup,, f;(z|Q, u) < M; and E sup, sup, | @( |, w)||* <
M, for all t and for some M; < oo, where the supremum with respect to u is taken in N (6o, M).

A2: There exists a continuously differentiable function g(r) such that for every M > 0

ap | z O (P (rfu) | o) — 5(0)| = o,(1),

u,vEN (60,M)

11



where 0,(1) is uniform in r € [0,1]. In addition, [y ||g]|?dr < oo and C(s) = [} gg'dr is
invertible for every s € [0, 1), where g = (r,¢')".

A3: The estimator 6 satisfies \/n(6 — 6y) = O,(1).

A4: The effect of information truncation satisfies:

sup 02N | F(F (| u) | Q4 00) — Fi(F (719, w) | 4, 0)] = 0,(1)
ueN (60,M) =1

Assumption A1 is concerned with the behavior of the conditional density function and the
cumulative distribution function. In the iid setting, g(r) in A2 is equal to dF(x, 0y)/00, eval-
uated at 2 = F~1(r,0). The term §(r)'\/n(0 — 6y) reflects the effect of parameter estimation.
It is equal to (up to an 0,(1)) the difference F(x,0) — F(x,6,) via the Taylor expansion. A2
also assumes that C(s) is a full rank matrix, which may not always be satisfied. However,
all needed is that §(r)'\/n(f — ) can be written as g*(r)a,, where a, does not depend on
r and C*(r) = [! g*¢"*dr is invertible. This situation rises in location-scale models, such as
GARCH models. In fact, this makes the transformation simpler because the dimension of g
can be much smaller than the number of parameters. A3 is a standard assumption. A4 is
unique to dynamic models and is associated with incomplete information sets. It says that
past information becomes less relevant as time progresses. A4 is satisfied for GARCH and
stationary and invertible ARMA processes. It is noted that even though the aggregation of
truncation errors (the sum) is small, each summand in A4 may not be small. For example, in

MA(1) process with |6y < 1, it can be shown that

|F(F ([, ) | 0, 00) — Fo(F (1|0, w) | 4, 600)| < B Y (—u)Yi |
j=t

for some constant B < oo and |u| < 1. For each fixed ¢, the above is O,(1). But the sum of

these terms is still O,(1) and becomes O,(n~'/2) upon dividing by n~1/2.

Theorem 1 Under assumptions A1-A4, the asymptotic representations (2), (3) and (4) hold.

This result provides the basis for the martingale transformation. Let g(r) = (r, g(r)’)’ and ¢

be the derivative of g. The martingale transformation is given by

~ r 1 ~

Walr) = Vo) = [ [a(syC7(s) [ g(r)dVa(m)]ds, (12)
and the test statistic

T, = sup |Wn(r)|

0<r<1

The test statistic T}, can be easily computed, see Appendix B for details. We have
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Corollary 1 Under the assumptions of Theorem 1,
W (r) = W (r)
T, % sup |W(r)],

0<r<1

where W (r) is a standard Brownian motion.

4.2 Nonlinear time series regressions. This section considers an application of the

general framework to nonlinear time series regressions of the form:
Yy = h(Q, B) + & (13)

where Q, = (X, Xy_1,...;Yi-1,Yi_2,...). For linear regressions, Bera and Jarque (1982) con-
sider testing normality of £; based on skewness and kurtosis. In what follows, let (3, and
Ao denote the true parameters. We write h.(f3) for hy(Q, 3), f(z) for f(x, \g) and F(z) for
F(z,Xo). We assume:

B1: & are iid with mean zero, density function f(x,\), and cdf F(z, \), where A € R? are
unknown parameters. The cdf F is strictly increasing and is continuously differentiable with
respect to A. Also, f(x,\) and OF/O(\)(z, A) are bounded for A in a neighborhood of Ay and
for all . Furthermore, ¢, is independent of €);.

B2: hy(() is continuously differential in 4 and EHah’éi(go)H2 < M for some M < oc.

B3: The estimators satisfy /n(5 — o) = Op(1), and v/n(A — Xg) = O,(1).

B4: The effect of information truncation satisfies:
w23 (1, Bo) = B, Bo)| = 0(1),
t=1

For linear regressions: Y; = X, + &;, assumptions B2 is satisfied if F||X;||> < M for all
t. B3 can be satisfied by least squares method or by some robust estimation methods. B4 is

also trivially satisfied because of no information truncation.
Under assumption B1, the conditional cdf of Y; is F(y — h(£, 5), ). Define

Ut = F(}/;f - h(QtaB)a 5\)
and let V,,(r) be defined as in (1).

Theorem 2 Under assumptions B1-B4, (10) hold. That is,

OF (F~!(r))’

Valr) = Va(r) = F(F7H(r))an + ——55

by, + 0,(1) (14)

13



where a, = 37 aht \/_(ﬁ Bo), bn = V(A = Xo), and aFT(”) is equal to 7‘9ng’\0)
evaluated at © = F~ (7“, o).

When A\ is a scale parameter such that F(z, \) = F°(z/\) for some cdf F°, then® f(F~!(r)) =
FO(FOH(r)A 7! and %;1(7)) = —fO(FO 1 (r))F=1(r)A~'. Absorbing A~! into a,, and —A~!
into b,, we obtain the following representation:

Va(r) = V() + fO(FO7 (1)) an + fO(FOH () FO )by + 0p(1).

This is true for all location-scale models. For this class of models the dimension of g is at
most three. When no conditional mean parameter is estimated, then a,, = 0 so that g has
two components g = (r, fO(F*(r))F°~!(r)). When no scale parameter is estimated, that is,
the distribution of ¢ is completely specified (b, = 0), then g = (r, fO(F°~!(r)). The GARCH
to be considered below is a location-scale model but has a time-varying scale parameter. The

corresponding V,,(r) process has a similar representation as above.

4.3 GARCH models. We consider GARCH(1,1) introduced in Section 3.2. The as-
sumptions needed for representation (7) are the following:

C1: The ¢; are iid random variables with zero mean and unit variance. The density of
e is f(x) and the cdf is F(x). The latter is continuous and strictly increasing. In addition,
Ele;|*™™ < oo for some 7 > 0, and &, is independent of X, for s < ¢.

C2: % » 1 XiX| converges to a non-random and positive definite matrix.

C3: \/n(6 —0) = 0,(1), where § = (&', a, 5, 7).

We also assume the parameters satisfy the assumptions in Example 1. In particular, it is
assumed that 0 < g < 1. For g = 0, it reduces to autoregressive conditional heteroskedasticity
(ARCH). For IGARCH, ie., 8+ v = 1, it is assumed that 5,7 € (0,1). Under C1, the
conditional distribution of Y; conditional on €, is Y;|Q; ~ F ((y — X]0)/ at). Compute 6; and
U; as in Example 1 and defined V,, as in (1).

Theorem 3 Under assumptions C1-C3,

~

Va(r) = Va(r) + f(F7H 1) pa + F(ETH () F7Hr) gu + 0y(1),

where p, and q, are stochastically bounded and are given by

ZXt 5 (5 /O't,

2This follows from f(z) = fO(xz/A)/A and F~1(r,\) = FO~1(r)A.
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| A b R .
Gn=5-> = |Vnla—a)Y # + (o — op)
2n i o} =0

A til A . til A . A
V(B = B) Y Faty s+ V(i =) 3 F (Vie — X007,
j=0 Jj=0

For ARCH models (6 = 0), there is no need to estimate (3, and ¢, becomes (deduced from
the above with 3 =3 = 0 and 0° = 1),

= -3 L [VAa — 0) + VAl =)V~ X8,

n;5 0

It is noted that the dimension of g is at most three, regardless of the number of parameters in
the conditional mean and conditional variance. As a consequence, martingale transformations

for these models are straightforward.

4.4 Estimating the function §. The martingale transformation requires the function g,
the derivative of g. For certain problems, ¢(r) is completely known. An example is testing con-
ditional distributions in GARCH models (see Section 8 below). In this case, the construction
of W, is straightforward. In general, the function ¢(r) depends on the unknown parameter
0 so that g(r) = ¢(r,6p). A natural solution is to replace §y by a root-n consistent estimator
0,. Assume g is continuously differentiable with respect to 6, we will have a pointwise root-n

consistent estimate of § because

Vi) — itr. ) = 2200 i gy, (15)

where 6* is between 6 and 6, We can proceed to construct W, (r) using §(r, 8) in place of §(r).
)

,
In veiw of (4), we can also estimate g by ¢,(r) such that ¢,(r) = (1,g,(r)")’, where

1 n Bft(xmh )
ni3 ft(x’Qt; )

evaluated at © = F;'(r|Q,0). The above is equal to the derivative (with respect to r) of

the right-hand side of (4) with Q, replaced by Q, and 6, replaced by 0. The estimator is, in

Gn(r) =

general, root-n consistent for g.

Here we shall consider a more general framework, which allows for nonparametric esti-
mation of ¢g. In this case, the estimated ¢ may not be root-n consistent. For example, in
testing symmetry, the functions g, F;, and f; are all unknown and the above estimators will

not be feasible. As alluded to in the introduction, when a data generating process rather than
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a conditional distribution is specified, nonparametric estimation is required. We show that
root-n consistency is not necessary for the procedure to work.

D1: Let g,(r) be an estimator of §(r), either parametric or nonparametric, such that
1
| lgar) = 90)11Pdr = o,(1)  and (16)
1

[ 1u(0) = §()]aVa(r) = 0,(1) (17)

uniformly in s € [0, 1].

Under D1, we show that ¢ can be replaced by ¢, without affecting the asymptotic results.
Note that condition (16) is much weaker than supg<,<; [|gn(7) — g(7)[| = 0,(1) because the
left side of (16) is bounded by the squared value of supy<,<; ||gn(r) — g(r)||. Consider the

transformed process based on g,

~ ~

W) = Valr) = [ 3/ € 6) [ ()]s, (18)

where C,,(s) = [ gng,dr. The test statistic is defined as

T,.= sup |Wn(7")|,

0<r<l—e

where € > 0 is a small number.

Theorem 4 Under assumptions A1-A4 and D1, we have for every e € (0,1), in the space
D[0,1 —¢€],
W, (r) = W(r)

T & sup [W().

0<r<l—e
It is conjectured that the theorem also holds for ¢ = 0. However, the proof of Theorem 4 for
e = 0 is extremely subtle and technically demanding. This extension will not be considered.
We note that
T = \/11—_€Tn6 E Sup W)l
because (1 — €)™"/?supy<,<1_. [W(s)| and supg<,<; |W(s)| have the same distribution. Hence
the same set of critical values for T}, are applicable for T},. after a simple rescaling.
Discussion. We now consider how to verify D1 in practice. First of all, assumption
D1 does not require root-n consistency of g, as in (15). Suppose ¢,(r) has the following

representation,

gn(r) = g(r) = n(r)an
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where k,(r) is a matrix of (random) functions and a,, = 0,(1). For example, in (15), K, (r) =
dg(r,0:)/00 and a, = (0 — 6;). In this case, a, = O,(n~1/2), which is more than necessary.
If we assume [j ||k, (r)||?dr = O,(1), then (16) holds because a, = o0,(1). Furthermore, if
[} K (r)dV,(r) is stochastically bounded, i.e.
1 n 1
[ ar)avi(r) =n 2y [[(Ut > s)nlU) — [ mn(r)dr] —0,(1) (19)
s =1 s
then (17) holds. Equation (19) is generally a consequence of the uniform central limit theorem.

For example, with x,(r) = k(r, %) = 0g(r, 0%) /00, the left side of (19) is bounded by

n

o Aes}vl(% ) Hi [I(Ui > s)k(Ui, A) — E{I(U; > s)k(Us, /\)}] H (20)

where N(6p) is a (shrinking) neighborhood of 6y. The above is O,(1) by the uniform central
limit theorem. When a, = O,(1)n"'/2  assumption (17) can also be verified using some
uniform strong law of large numbers (USLLN). In this case, we can replace n=*/2 by n=! in (19)
and conclude it is 0,(1) by the USLLN. Then a,, [ £, (r)dV,(r) = O,(1)n=Y2 [k, (r)dV,(r) =
0,(1)op(1) = 0y(1).

4.5 Local Power Analysis. We shall show that the test based on martingale transfor-

mation has non-trivial power against root-n local alternatives. Consider the following local
alternatives: for § > 0 and 1 > §//n,

Gt (€2, 00) = (1 — 6/\/_)Ft(y|9ta90> (5/\/E)Ht(y|9t790) (21)

where both F; and H; are conditional distribution functions. The null hypothesis states
that the conditional distribution of Y; is given by Fi(y|Q, ), whereas, under the alternative
hypothesis the conditional distribution is G (y|€,0). We assume F; and H; are different
such that

k(r) = pliml zn:Ht(Ft_l(HQt, 00)|,00) —r £ 0 (22)

If H, = F}, then G, is identical to F}, and moreover, H,(F, *(r)) = r and k(r) = 0. Under the
alternative hypothesis, the random variables U; = Fy(Y;|€, 00) are no longer uniform random

variables and not necessarily independent. Rather,
Ut* :Gm(YHQt,QO) (t: ].,2,...,TL)

are i.i.d. uniformly distributed random variables.
Again let U, = F,(Y;|,0) and let V,(r) denote the empirical process constructed from
Uy, ...,U,. Under the local alternative, we can still assume v/n(f — 6;) = Op(1).
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Theorem 5 Under the local alternative hypothesis, we have
Vo (r) = VX (r) — G(r)'v/n(0 — 6p) + 0k(r) + 0,(1)

Where k(r) is defined in (22), g is given in (4), and
* 1 - *
Vor)=—=>_[I(U; <) —7].
t=1

n

In addition,

A

Wi (r) = W(r) + 0k(r) — ¢, (k)(r),
where ¢y(k)(r) = Jg[g(s)C(s)™" [ gdk]ds.

An interesting question is what kind of function k satisfies k(r) — ¢4(k)(r) = 0. For such a
function, the test will have no local power against the corresponding departure from the null.

The following lemma provides a solution to the integral equation:

k(r) = dg(K)(r) = 0. (23)

Lemma 2 A function k(r) satisfies the integral equation (23) if and only if k(r) = a’g(r) for

some constant vector a.

It is easy to verify that a’g(r) satisfies (23). The “only if” part is proved in Appendix C.
The lemma implies that there may exist one but only one direction (along the function g(r))
over which the test possibly lacks power. However, the equation k(r) = a’g(r) imposes strong
restrictions on possible departures from the null hypothesis. Whether there exists a genuine
alternative hypothesis such that k(r) = da’g(r) (for some a # 0) is an open question. For
concrete problems, e.g., the distributional problem in GARCH models, it is shown below that
k = d'g if and only if the null hypothesis is true (a = 0), which implies the test has local power
against all departures from the null. It should be pointed out, however, root-n consistent tests
are not necessarily more powerful than those that are not root-n consistent but can adapt to
unknown smoothness of the alternatives, as showed by Horowitz and Spokoiny (2001).

As an application of Lemma 2, consider the local power of the test for GARCH models.
Let ¢; be iid with cdf

Gn(y) = (1 —on Y F(z) + on~Y2H(x),

where F' and H are distribution functions. Because k(r) = H(F~'(r)) — r, the integral

equation (23) is equivalent to, by Lemma 2,
H(F7(r)) = r =air +as f(F7H(r)) + agf(F~H(r)) F~(r)

18



for some a = (ay, as, az)’ # 0. With a change in variable such that z = F~!(r), we can rewrite

the above equation as
H(z)— F(x) = a1 F(x) + asf(z) + az f(x)x. (24)

Under the assumption that 23 f(z) — 0 for |z| — oo, we shall show that the only distribution
function H(x) satisfying (24) is F'(z) itself, and in this case, a; = 0. To see this, let z — 400,
we have a; = 0 because H(z) — F(z) — 0. GARCH models require the distribution function
G, (y) to have zero mean and unit variance for all n. Because F' is assumed to have zero
mean and unit variance under the null hypothesis, this implies H has zero mean and unit
variance. That is, [xdH(z) = [xdF = 0 and [2?dH(z) = [2?dF = 1. Using zero mean
restriction, we have 0 = [axdH — [xdF = ay [df(x) + a3 [d(f(z)xr) = —ay because the
second integration is equal to zero. Thus a; = 0. Using unit variance restriction, we have
0= [2?dH — [22%dF = a3 [ 2%d(f(z)z) = —2a3 [ 2> f(x)dx = —2a3. Thus a3 = 0. We have
used the assumption that 3 f(z) — 0 as |z| — oo. In summary, we have H(x) = F(z). That
is, G, = F'. This shows the test has local power for any H(z) # F(x). This consistency result
holds for any location-scale model.

4.6 Simulations. To assess the size and power of the test statistics, we report some
limited simulation results. For assessing size, random variables x; are generated from normal

2 are, respectively, the mean and

and t distributions. Let &; = (2; — p)/o, where p and o
variance of the underlying distribution. Since the distribution of ¢, is invariant with g and
o under normality, N(0,1) will be used when x; is normal. We first estimate the mean and
variance parameters and then compute the residuals as é; = (z; — 1) /6, where x; is either iid
standard normal or ¢,, with v = 5, and i and ¢ are the sample mean and sample variance,
respectively. For x; being normal, we test ¢; as having a standard normal distribution based

on residuals ;. For z; being t,, we test e,(v/(v — 2))'/?

as having a t, distribution. Because
the transforming functions are known, the statistic 7, not 7}, is used. The results are obtained

from 1000 repetitions and are reported in Table 1.

Table 1. Size of the Test

Normal distribution t-distribution

n 10% 5% 1% | 10% 5% 1%

100 0.103 0.056 0.025 | 0.075 0.044 0.018
200 0.104 0.058 0.027 | 0.065 0.041 0.012
500 0.103 0.056 0.016 | 0.081 0.042 0.009
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For normal distribution, the test tends to be oversized, and for ¢ distribution, the test tends
to be undersized except at the 1% level. Overall, the size appears to be acceptable.

For power, we generate data z; from ¢, and x? distributions (with v = 5). The residuals &,
are calculated as before. We then test e, = (x; — i) /o to have a standard normal distribution
based on the residuals ;. Note that, when the number of degrees of freedom v is large, the
standardized t or x* random variable (g;) is approximately normal N(0,1). Thus the power
of the test should decrease as v increases. Here we only report the results for v = 5. All

results are obtained from 1000 simulations.

Table 2. Power of the Test

t-distribution x2-distribution
n 10% 5% 1% [10% 5% 1%
100 0.53 047 041 ]091 085 0.81
200 0.79 0.73 0.62 | 1.00 0.97 0.93
500 0.96 0.93 091 ] 1.00 1.00 1.00

The test has better power under chi-square distribution than under t-distribution. This is

expected because the former has a skewed distribution. Overall, the power is satisfactory.

5 Conclusion

This paper proposes a nonparametric test for conditional distributions of dynamic models.
With Khmaladze’s transformation, the test overcomes many difficulties associated with the
classical Kolmogorov test. On the technical aspects, we establish some weak convergence
results for empirical distribution functions under parameter estimation and information trun-
cation. We extend Khmaladze’s transformation to allow estimated transforming functions
under very weak and general conditions. We also show that dimension reduction in the
transformation can be achieved in conditional mean and conditional variance models. The
consistency property of the test is also explored. An empirical study demonstrates the use-
fulness of the test procedure. It is also seen that the method is easy to implement. The
result has many potential applications. For example, it is possible to test the specification of

continuous-time finance models based on the framework of this paper.
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Appendix A: Martingale transformation

A technique used in this paper is the martingale approach of Khmaladze (1981), which ef-
fectively transforms a non-martingale process to a martingale one. Let V(r) be a standard

Brownian bridge on [0,1]. Then

(A.1)

is a standard Brownian motion on [0,1]. Here W (r) is a martingale transformation of the
Brownian bridge. Let g(r) = (r, g1(r), ..., gp())" be a vector of real-valued functions on [0, 1]
such that C(s) = [} g(v)g(v)'dv is invertible for each s € [0, 1), where ¢(r) is the derivative
of g. Define

T 1
W) =vi) = [ [asrcs) [ gmavm)]ds (A-2)
It can be shown that W (r) is also a standard Brownian motion. Equation (A.1) is a special
case of (A.2) with g(r) =r.

Now suppose that V,(r) is a sequence of stochastic processes on [0,1] such that V,(r) =
V(r), a Brownian bridge. Define

W) = Valr) = [ 31O ) [ atr)avi ()]s (A3)

where [ gdV,, is defined via the integration parts assuming ¢ has a bounded variation. Then
W, (r) = W (r), a standard Brownian motion. The advantages of this transformation will be
seen below.

Which g to choose?

Let V, (r) be an empirical process of observations with estimated parameters. As in The-

orem 1, the following asymptotic representation holds:
Va(r) = Va(r) = g(r)'v/n( — 6o) + 0,(1) (A.4)

where 0,(1) is uniform over [0,1] and V,,(r) = V/(r), a Brownian bridge. Let g(r) = (r, ¢’)’, and
C'(s) is defined earlier. We assume C'(s) is invertible for s € [0, 1). Consider the transformation
based on V,,(r) :

~ ~

W) =700~ [ sy (o) | ' 4(r)av(r)]ds. (A.5)

Furthermore, define the mapping ¢, : D[0, 1] — D]0, 1] such that
T 1
oy (M)r) = [ [3(sYC(s) [ a(r)di(r)]ds. (A.6)
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Then W, = V, — ¢,(V,). We note that ¢, is a linear mapping and ¢,(cg) = cg for a
constant or random variable c. For g(r) = (r,g’)’, then ¢4(cg) = cg, which also holds for
¢ = /n(0 — 0). Using (A.4), ¢,(V,) = ¢4(V,)) — §'y/n(0 — 6) + 0,(1). Using (A.4) again,
we have W, = V,, — ¢,(V,)) = Vi — ¢,(Vi) + 0,(1), cancelling out /n(d — 6;). Thus the
transformation based on V, is asymptotically equivalent to the transformation based on V.
That is,

Wa(r) = Va(r) = 6 (Vi) (1) + 0p(1) = Wa(r) + 0(1).

This implies that W, () = W (r) because W, = W. Thus the transformation removes the
effect of parameter estimation on the limiting process.

To further appreciate this transformation, we apply it to discrete-time processes (r takes
on discrete values). In this case, we use summation in place of integration. When applied to
regression residuals of linear models, the transformation will transform the ordinary residuals
into recursive residuals, which are white noise. Consider y; = 23 +¢; (i = 1,2,...,n), with ¢;
being iid and x; being non-random. The residuals ¢; = e; —xz(B —3) are dependent through B .
However, the process éq, és, ..., €, can be transformed into a martingale-difference sequence.

First note that the transformation (A.5) in its differential form is

~

AW, (1) = dV, (1) — g(r)'C~1(r) / ' G(T)dV,, (7)dr. (A7)

If we identify dV,,(r) with é&;, ¢(r)dr with z;, C(r) with X, _,X,,_; = S iq Ty, and [ gdV,
with D70, Tpép = XT’HEn_i, where En_i is a vector of the last n — residuals, then the right
hand side of (A.7) is

€ — x;<X7,z—an—i)_1X7,z—iEAn—i-

The above can be rewritten as y;—x; Bn,i, where ani is the least squares estimator based on the
last 7 — i observations (follows from FE,_; = Y,_; — X’._.(3). Thus we obtain the ith backward
recursive residual (up to the normalizing constant 1 + z4(X/,_, X, ;) 'z;). Similarly, if we
use an alternative transformation formula (given in Khmaladze), we will obtain the forward
recursive residuals of Brown, Durbin, and Evans (1975). It is well known that partial sum of
recursive residuals leads to a Brownian motion process.

We can interpret the martingale transformation as employing a continuous-time recursive
least squares method to obtain continuous-time recursive residuals. The integration of recur-

sive residuals leads to a Brownian motion process. In the context of GMM estimation and

hypothesis testing, Wooldridge (1990) proposed a transformation that can purge the effect of
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parameter estimation. In the sense of projecting relevant variables on to their score functions
to obtain projection residuals, Wooldridge’s correction is similar in spirit to the martingale
transformation. But the former is a finite dimensional correction and the latter can be viewed

as an infinite dimensional correction.

Appendix B: Computing the Test Statistics

The martingale transformation involves integration. We discuss a numerical method for com-
puting the integral.

An alternative expression for W,. Introduce J,(r) = Ly I(U; < r). Then V,,(r) =
V(J,(r) = gi(r)), where g;(rr) = r, the first component of g. Recall that W, = V,, — ¢,(V;,),
and ¢, is a linear mapping. So ¢4(V,) = v/nd4(J,) — v/ndy(g1). Moreover, from ¢,(g) = g,
we have ¢4(g1) = g1. Thus W, = \/n[J, — ¢,4(J,)]. That is,

W) = Va(dalr) = [ 907 [ o), (r)ds).

This leads to a simpler computation.

Deriving a computable formula. Denote by 1, s, ..., U, the realized values of Ul, UQ, e U,.
Let ¢y < ) < -+- < 1) denote the ordered version of iy, ..., 4,. In addition, 4y = 0,
and 4,41y = 1. For notational succinctness, let v; = 4y (¢ = 0,1,...,n + 1). The numbers
Vo, V1, ---, Ups1 form a natural partition of [0, 1]. Suppose ¢ is also given. Using

[ imiim =1 % gl

B:U; > S

and evaluating the above integral at s = 1), we have fﬁl(k) gdJ, = L3 e 9(h)). That is,

Lo 1 &
| addn == g(w) (B.1)
k (L
We next approximate the following integral by
1
/ gg'dr = Z Q(Ui)g(vi)/(viﬂ — ;)

10> 8

w_»

where represents an approximate equality. Evaluating the above integration at s = v

gives

[ gdtdr =300 (v — v 52)

i=k
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We denote the right-hand-side of (B.1) by + Dy, and the right-hand-side of (B.2) by Cj. Then
Vi [ 1. .
| asyC) ™ [ amddamlds = 3 9w G Dilwy = v

k=1

Computing the test statistic. Summarizing the above derivation and noting that

~

Jn(vj) = j/n (for all j), we compute T,, with

: . 14 _
sup [Wo(v)|= max vl — — 37 g(0n)/ G Dilvr = i)
k=1

1<j<n lsjsn

where Dy = >0, g(v;) and C, = X0, §(v;)g(v;) (vis1 — v;), and where vy, ..., v, are ordered
values of Ul, e U,.
When g is estimated by ¢,,, simply replace ¢ by ¢, and calculate T},. with the same formula

except that the supremum with respect to j is taken in the range 1 < j < ne.

Appendix C: Proofs

In the absence of information truncation, Fi(y|€2, §) and F;(y|f) will be used interchangeably.

Lemma C.1 Under the assumptions of Theorem 1,

max sup  sup |F(F,(rlu) | 60) — v = 0,(1)
I<t<n e N(6o,M) 0<r<1

Proof: Let 2 = F, '(r|u) or r = Fy(x|u). Then
Sup | Fi(Fy” () | 0o) — 7] = sup [ Fi(elfo) — Falu)].
= sup [0F;/06(x(0")' (6o — u)|
< n”'%sup |0F, /00(x|6") | M

where 6* is between ¢° and u. By assumption A1, E(sup, supg.cng,.ar) |0F:/00(x]0%)[*) <
M, this implies that n='/2sup, |0F,/00(z|0*)| = o0,(1) uniformly in ¢ € [1,n] and 6* €
N6y, M). O

Lemma C.2 For every ¢ > 0, there exists 6 > 0 such that for u,v € N(6y, M) and for all

large n,

P ( sup sup n_1/2’ > F(F7(r|u)|6o) — Ft(Ft_l(r|v)|90)’ > e) < e.
|

lu—v||<dn—1/2 0<r<1 t=1

24



Proof: Let x = F, ' (r|u) and y = F, ' (r|v). Then r = F;(z|u) = Fy(y|v). Thus,

Fy(F7 (rw)lbo) — Fu(Fy " (r|v)|0o) = Fy([60) — Fi(yloo)
= Fi(z|0) — Fi(zlu) — [Fi(y|0o) — Fi(y|v)]
= OF,/00(x|0") (0 — u) — OF,/00(y|0") (6 — v)
= 0F,/00(x|07) (v — u) + [aﬂ/ae(xye*) — aFt/ae(yW)]’(eo — )

where 6* is between 6° and u, and 6' is between #° and v. From ||u — v|| < 0n~'/? and
69— of) < Mn12

swnmﬁy‘ “(rfu)lfo) = Fi(F (rl0)160)]| (C1)
< swp S T )3+ sup S [ i) = S o]

The first expression is O,(1)d by Al (or A2). The second expression is 0,(1) because the limit
is ||g(r)—g(r)||M = 0 by A2. Thus (C.1) is bounded by O,(1)d+ 0,(1), which implies Lemma
C2. O

Lemma C.3 For every € > 0, there exists § > 0 such that for all large n,

|r1—r2|<dn—1/2 ueN(0o,M)

P( sup sup  n 1/2‘23 Yri|u)|6o) — Fy(F (r2|u)|(90)‘ 6) < e.
Proof. By Talyor expansion, there exists 8* in between 6, and u such that

OF,
Fy(w(60) = Fy(xlu) + —(]07) (60 — u).
Evaluate the above at = F~'(r;|u) and note F,(F, *(ry|u)|u) = 71 for all rq,

Fy(Fy ™ (r1]u)|fo) = 1 + 88;( ;H(ra]w)|07) (B0 — u).

A similar identity holds for r5. Thus,

*WZB L(ra]u)lfo) — Fu(Fy (ralu)|60)]

oF;

1 ”aFt
56 G

< Vil =l + I g (B () 9) - rafu)|6%)] | M
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The above is bounded by § + 0,(1), which implies Lemma C.3. To see this, \/n|r; — | < 0
by assumption and the second expression converges to ||g(r1) — g(re)||M = o(1) by A2 and
T — T — 0. O

Clearly from the above proof, if r; and 7y are such that |r; — ro| < n~/27¢ (d > 0), then
n2| ZFt (r[u)]00) — F(F7 (r2]u)60)| < n + 0,(1) = 0,(1) (C.2)

Equation (C.2) is analogous to Lemma A.3 of Bai (1996).

Proof of Theorem 1. We first consider the case of no information truncation. This
occurs if the dynamic model depends only on a finite number of lagged Y;. From U, = F,(Y;|6y)
and U, = F,(Y}|,0) = F,(Y;]0), we have Y; = F; Y (U|6y) and Y; = F;1(U,]6). Thus

;7 (Uil6o) = FH(U16)
and

U = F(FH(U0) | 60). (C.3)
This implies that U, < r if and only if U, < F,(F,*(r|d) | 6y). Therefore,

Vn<r>=jﬁiluwt<m< r(6) | 60)) — 7).

Now define
In particular,

We have

Adding and subtracting terms, we have

~

V _n_l/QZ Ut<’l“ —T]+d()+Rn(r>é)7

where .
dn(r> = n_1/2 Z[gt(ru év 00) - T’]
t=1
and .
Ry(r,0) =n"2Y" [I(Ut < &(r,0,00) — &(r,0,00) — I(U, < 1) + r}. (C.4)

t=1
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Because &(r, 0, é) =r, by A2 and Taylor expansion, for some ¢* between 6 and 6,

1 < O0F; A .

() = 32 G (FT010) 10Vl =) = —g(r) V(0 — ) + 0,(1). ()

It remains to show that R, (r, ) = 0,(1) uniformly in 7; the proofs involves three steps. Let
K =[0,1] x [#p — Mn=%2 6y + Mn~'/?]. The three steps are: (i) show R, (r,u) = o,(1) for
each (r,u) € K; (ii) show sup, |R,(r,u1) — R(r,us)| is small when ||u; — uq|| is small; (iii)
show sup,, | R, (71, u) — R, (2, w)| is small when |r; — 75| is small. These can be proved using
the argument of Bai (1994, 1996). In particular, Lemma C.1 is needed in each step; Lemma
C.2 is needed in proving (ii) and Lemma C.3 is needed in proving (iii). The readers are also
referred to Loynes (1980) and Koul (1996). The details are omitted to save space.

Next we consider the case of information truncation. Equation (C.3) is now changed to
Uy = F(F; (Ui, 0) | €4, 60) (C.6)

Again, the above expression is understood as the function Fi(y|€),0y) evaluated at y =
~L(Y;|, 0). From (C.6), we have U; < r if and only if

Uy )

)| 4, 60)+

E7Hr|Q, 0) | Q,60) — F(F7H(r(Qe,0) | Q4. 6p)
(

where
(1) = Fy(F7H(r|0,0) | @4, 00) — FL(F(r|0,0) | Q. 60).
Thus V,,(r) = n=2 50, [I(U; < &(r,0,60) + mu(r)) — 7]

Adding and subtracting terms, we have

n
A~

Vo(r) = n~1/? Z[I(Ut <r)—r|+d;(r)+ R (r)

t=1
where . .
di(r) = n" Y2316 (r, 0, 00) — 1]+ V23 nu(r) (C.7)
t=1 t=1

Ri(r)=n"'/? E": [1(Ur < &(r,6,00) +mi(r)) = &(r,0,60) — me(r) — I(U; < 1) + 7] (C8)

=1
The second term of the right hand side (r.h.s.) of (C.7) is 0,(1) by A4. Similar to (C.5),
dx(r) = —g(r)y/n(6 — 6y) + 0,(1). Tt remains to show R*(r) = 0,(1). Note that the term 7,
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does not satisfy maxi<;<7 |1:] = 0,(1). But it does satisfy, by Ad, n=2 3" |n:(r)| = 0,(1)
uniformly in 7. Thus this term must be given special treatment when analyzing R*(r). But
this can be proved using the argument of Bai (1994). The details are omitted. O

Proof of Corollary 1. Because U; are iid U(0,1), V,(r) = V(r), where V(r) is a
standard Brownian bridge. Furthermore, because ¢,(g) = g, we have W, (r) = W, (r) + o0,(1),
here W, (r) has the form of (A.3) and W, (r) = W (r). Thus by the continuous mapping
theorem, T}, = sup |W,,(r)] < sup |W (r)]. O

Proof of Theorem 2. Since Assumptions B1-B4 imply A1-A4, Theorem 2 is a conse-
quence of Theorem 1. Note that neither Theorem 1 nor Theorem 2 requires the invertibility
of C(s), although the martingale transformation itself does. O

Proof of Theorem 3. Given the model’s concrete structure, it is easier to derive a direct

proof. We use the identity
& =e(67/o7) P = X[(0 = 6)6, " = (1 4+ mu(0) 72 = X[(0 — 6)5; !

where
R 1
Nt (0) = 7(03 - U?)-
0%

Define

K,(z) = n‘lmi[l(st <z)—F(z)], and K,(z)=n"1/? i[[(ét <zx)— F(x)].

t=1 t=1
Then from the relationship between é; and &,
Kp(z) =n~2 Y (e < a(1 4 nu(0) + X1(0 = 6)5; ) = F(x)).
t=1

It is easy to argue that P(inf;6; > a/2) — 1 (« is a parameter in the conditional variance).
So we have sup, | X/(6 — 8)/6:| < /n|d — 8)|n~V2 maxy <<, || X¢||/(inf, &) = 0,(1) because
Assumption C2 implies that n~ /% max; <<, || Xy|| = 0,(1). We next argue that 7,;(6) is also
uniformly small over ¢. Notice that

~

of —op = (& —a) + B(67, — o) + (B —B)oi + (7 =) (Vi1 — X£715A)2‘ (C.9)

The above has a recursive relationship in terms of 67 ; — o7 ; [analogous to an AR(1) process

for 62 | — o7 ;]. By repeated substitution, we can write

t—1 t—1 -1
&7:2 _‘7t2 = ﬂt@g _‘7(2)) +(@—a) Z B+ (B—-05) Z 6J0-t2717j +(& =) Zﬁj (Y;s—l—j —Xéqué)z-
j=0 j=0 j=0
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Dividing the above by o2, we have

R . 6'2—0'2 & — -1 R t_lA.a'2__. - .
ml0) = O O o T e O S i
o T 30 =0 Ot =0
(C.10)
Each of the last three terms on the r.h.s. of (C.10) is 0,(1) uniformly in ¢. For example,
consider the last term. From (V; — X/6)2 = (0,6, — X}(6 — 0))? and (a — b)? < 2(a2 + b?), the
last term of (C.10) is bounded by

2/(7 =) maXZ|ﬁ| [Ut 1 jgt 1— ]/Ut +||5 5” | X1l /O-t}

1<t<n

< Co(n ™/ max |e] )(maxzwm 1-3/07) + D™ [V(§ = 8)]* max (| X1 /n),

0<t<n 1<t<n 0<t<n

where C,, = 2|\/n(5 — )| = O,(1) and D,, = C (7, |3)7) = O,(1) because P(|3] < 1) — 1.
Assumption C2 implies that maxo<;<n (|| X¢||*/n) = 0,(1) and thus the second term above is
0,(n"Y%). From E|e;|*™ < 0o, we have n™Y/2 maxo<i<, 2 = 0,(1). To show the first term
above is 0,(1), it suffices to argue max, <<, Y024 |30 ;. /0? = O,(1). Now, choose 3 < 1
such that P(|3| < 3) — 1, then

n t—1 n t—1
E&XZWP% 1 g/Ut <ZZ’/6’jUt 1— j/Ut < ZZﬁJUt 1 g/Ut + 0y(1). (C.11)
t=1 j=0 t=1 j=0

For 3 = 0 (implying an ARCH model), it is assumed that v < 1. Noting that 02 > a > 0,
E(0?_,/0?) is bounded uniformly in ¢ and k, see Engle (1982). It follows that (C.11) is O,(1).
Now consider 1 > > 0 (including IGARCH). From Lee and Hansen (1994), E(o7 ,_;/07) <
M(R/(3)? for each j, where M is bounded and 0 < R < 1. Because R < 1, we can choose
B > f such that SR/B < 1. Thus EY}, Y24 flof /o < M2, YZ0(BR/B) <
M, for some finite M;. Thus (C.11) is Opy(1). Summarizing these results, the last term of
(C.10) is 0,(1). Similarly, the second and third terms of (C.10) are also 0,(1). This implies
that 7,,(8) = o,(1) + 3462 — 02)/02, where 0p(1) is uniform in ¢. Although for each ¢,
3462 — 02)/0? is not 0,(1), the sum of these terms divided by root-n is 0,(1). That is,
n20 | 5162 — 02) /02 = 0,(1). Thus these terms will not affect the limiting process of
K,(z) and can be ignored (see the proof of Theorem 1). The conditions of Theorems A.2
and A.3 of Bai (1996) are satisfied. Apply Theorems A.2 and A.3 of Bai (1996), applied with
s=1,¢=1,a; = 1\/nnu(8), b, = X/(5—5) /6, in the notation of Bai (note that (1+7,(0))"/?
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is equal to 1 + %nnt(é) plus a higher order term of 7,,(f), which is negligible), we have

. 1
K,(x) = K,( —

3

n , 1
)X 8) /5 [ gn™ S al0) + 0,(1).
t=1

t=1

But 1n~Y2 0" m,4(0) is equal to g, defined in Theorem 3. Note that g, = O,(1). This is true
even if the initial estimator 63 is not consistent for o2. In fact, 62 can be an arbitrary random
variable so that \/n(63 — 03) = O,(y/n). The contribution of this term to g, is negligible.
This follows from the fact that P(|3| <1 —€) > 1 — ¢ for large n and

3 VG — R 0 (6 - oD S 1B = 0,1 = 0,(1).

N =1 0t Q=
All other terms in g, are Op(1). Thus ¢, = O,(1).

Finally, notice that K,(z) = V,(F(z)). If we let F(z) = r, then the representation of
V,,(r) follows readily. 0.

Remark 3. For GARCH models (or location-scale models) martingale transformations can
be performed directly on K, (). It is well known that K, (2) converges weakly to a Brownian
bridge K (z) on the real line with covariance function EK (z)K(y) = F(z)(1—F(y)) for z < y.
Because the limit of K,,(x) is a time-stretched Brownian bridge, the martingale transformation
of K, (z) takes a new form. Let h(z) = (1, f/f, 1+z(f/f))" (a vector with three components)
and Cy(z) = [ h(y)l' (y) f (y)dy. Define
B(z) = K,(z) — / " [y Co)™! /°° h(r)d K (1) f(v)do

—00 v
A

and the test statistic T, = sup__, .. |Bn(z)|. It can be shown that B,(z) = W,(F(x)).

Thus the two transformations are equivalent. It follows that

A

Bu(z) = W(F(z)), and T,-% sup [W(s)|.

0<s<1

The transformation based on K, (z) does not involve the quantile function F~'(r).
Proof of Theorem 4. It suffices to show that W, = W in the space D[0, 1 —¢] under the

sup norm. By assumption D1, [|ga(r) = g(r)|| < [ 19a(s) = g(s)llds < Jy |9u(r) = g(r)|*ds =
0,(1). From V,,(r) = V,,(r) — §(r)y/n(6 — 6y) + 0,(1) and g, = g + 0,(1), we can write

Va(r) = Va(r) = a(r)' V(8 = 6) + 0,(1).

Because ¢y, (¢n) = gn, the transformation W, (r) in (18) can be written as
~ r 1
Wi(r) = Vi(r) — /0 [Gu(s)C(5) / Gu(T) AV, (7)]ds + 0,(1). (C.12)
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That is, we can replace v, by V,.. By comparing W, above with W,, in (A.3), we only need
to show that, uniformly in r € [0,1 — €],

T

[ i€ 6) [ ganava)as = [ [y ) [ gmaviin)]ds = o,(1).  (C.13)

Let by (s) = gn(5)'Co(s) 1 [} GndV;, and b(s) = g(s)C(s)~" [ ¢dV,,. Then (C.13) is equivalent
to [o[bn(s) — b(s)]ds = 0,(1) uniformly in r € [0,1 — €]. Now
bu(s) = b(s) = g,[C M (s) = CTM(s)] )y 9V

+ (g = 9)C7H(s) [ gaVa (C.14)

+ 9hCit(5) £y (gn — §)dV,.
We show each of the three terms on r.h.s. of (C.14) is small. Denote h,, = ¢/, — ¢’. We have
I3 gndn = 1S 99" + 3 gl + IS g’ + J; Bl Furthermore, || [$ huhiy| < fy [I7a]l® = 0p(1)
and || [; ghall* < (o 19*)(Jg 17a]l?) = 0,(1). From the matrix algebra A™' — (A + B)~" =
A™'B(A + B)™!, applied with A = [ ¢¢’ and B = [ ghl, + [ h,¢' + [ hnh), and noticing that

|B|| = 0,(1), we have

/gngndr /ggdr < op(1 II/gngndT )7 - /ggdr ). (C.15)

For s <1 — ¢, we have

1

1 1 1
[ andtdr = [ ggar and [ Cggar= [ giar
s 1—e s 1—e¢
where R > () means that R — () is positive semi-definite. Using the fact that if R > @), then
Q7| < [|[R7Y|], we can rewrite (C.15) as, for all s <1 —¢,

ICa(s)™" = C(s) [l = 0,(1)

because [|(fi_ gngh) |l = Op(1) and (1. ')~ = O(1).
Next, because [ gdV,, = n"Y2 " (U, > 5)§(U;) — E{(U; > 8)g(Uy)}] is O,(1) uniformly

in s by the functional central limit theorem, we have

g [Cn(s)™" = C(s)™'] /51 9aAVall = 11gnllop(1)Op(1) = [|gnllop(1); (C.16)

1
1(gn — Q)’C(S)*l/s 9dVall < N1gn = gll - 1C(1 = ) 0p(1) = 19w — gllOp(1).  (C.17)
Finally, by condition (17),

15,Col)™ [ o = DVl < 13al1Ca 0= 7 [ G = Vil = lalop(D). (C18)
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From (C.14), and combining (C.16)-(C.18), we see that for s < 1 — ¢, ||b,(s) — b(s)|| =
gnllop(1) + ||gn — 9]|Op(1). Together with (16), it follows that, for r < 1 —¢,

I [ o) = b(sNdsl < [ lonls) = b(5) s < o, (1) [ Ngnll%dr)>

1
+ Op(1)</0 g = gl17dr)" = 0,(1) O, (1) + Op(1)0,(1) = 0,(1).
The proof of Theorem 4 is complete. O

Proof of Theorem 5. Assuming no information truncation for simplicity, we suppress

Q) in the conditional distribution. We have the identity,
U = Gu(F(Ui]0) | o).

Thus U, < r if and only if

Uy < Gi(F7M(r|0) | 6o)
= F(F7'(r]0) | o) + ex(r)
= &(r,0,00) + e,(r)

where e,(r) = on Y2[H,(F7 ' (r|0) | 6o) — Fi(F;*(r|0)|6y)]. Thus, adding and subtracting

terms, we have

n
A~

Va(r) =n" 231U <) — o]+ df(r) + Ri(r)

t=1
where . .
di(r) =n"2 3" [6(r,0,00) —r] + 02D ey(r) (C.19)
t=1 t=1

R (r) = n_l/QZ[ (U7 < &(r,0,00) + ex(r)) — &(r,0,00) — e,(r) = I(U; < 1) +7|. (C.20)

The first term on the r.h.s. of (C.19) is —g(r)'/n(6 — 6y) 4 0,(1), and the second term is

n 1 n "
n2Y e(r) = 6= ST[H(FN(r(0) | 60) — Fi(F;(r|0) | 65)]
=1 ni4
12 12
= 6= Y _[H,(F,(r]0)|00) — 7] + 6= Y _[F.(F, " (r]0)]6) — 7]-
ni3 N4

The first term converges to dk(r) in probability, and the second term is O,(n~%/2) by the

Taylor expansion, assumptions A2 and A3. Thus
di(r) = —g(r)'V/n(0 — 6o) + 6k(r) + 0,(1).
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Finally, the proof of R} (r) = 0,(1) is similar to that of R(r) = 0,(1). Next,

A ~ ~

Wn == n ¢g(Vn)
= Vi = &y(Viy) + 0k — 64(k) + 0p(1).
Note that V,* — ¢4(V,¥) = W, a Brownian motion. The desired result follows. O
Proof of Lemma 2.

The proof is easy once the right approach is discovered. Differentiate the identity (23) on

both sides we have )
k(r) = g(rYC(r)™ / G(v)k(v)dv. (C.21)

Let a(x) be the vector function

we have

We next show a(r) is a constant vector by showing d ( ) =
inverse matrix C(r)~! is given by C(r)"'C(r)C(r)~! = C(r

(1) 95/ C )" [ §(0)k(0)do
- o)

(")) by (C21)

(1) (r)k(r)

0. Note that the derivative of the
)"tgg'C(r)~t. Thus

a(r)y = C

r

I
o

Thus a(r) = 0 and a(r) is a constant vector and is denoted by a. It follows that k(r) = ¢(r)a
Integrating this new identity on both sides we obtain k(r) = g(r)'a+ ¢, where ¢ is a constant.

But for ¢ # 0, k(r) does not satisfy the integral equation. So k(r) = a’g(r) is the only solution.
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