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Abstract

This paper studies large-dimension factor models with nonstationary dynamic factors, also
referred to as cross-section common stochastic trends. We consider the problem of estimating
the dimension of the common stochastic trends and the stochastic trends themselves. We derive
the rates of convergence and the limiting distributions for the estimated common trends and for
the estimated loading coefficients. Generalized dynamic factor models with nonstationary factors
are also considered. Cointegration among the factors is permitted. The method is applied to the
study of employment fluctuations across 60 industries for the U.S. We examine the hypothesis
that these fluctuations can be explained by a small number of aggregate factors. We also test
whether some observable macroeconomic variables are the underlying factors.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

Factor models provide an effective way of synthesizing information contained in large
data sets. The latter are increasingly available due to the advancement in data gathering
technologies and the natural expansion of data sets over time. In this paper, we examine
large-dimension factor models with nonstationary dynamic factors. We consider the
problem of estimating the dimension of the factors and deriving the distribution theory
of the estimated factors and of the factor loadings.
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Dynamic factor models are useful in at least five areas of economic analysis. The
first is index modelling and extraction. Factors are regarded as unobservable economic
indices that capture the co-movement of many variables; see Quah and Sargent (1993),
Forni and Reichlin (1998) and Stock and Watson (1999a). The second is information
synthesizing. Based on large-dimension factor models, Bernanke and Boivin (2000)
examine, among other inquiries, the state of an economy when an expert artificial intel-
ligence system instead of the Fed sets the monetary policy. Their analysis demonstrates
the usefulness of factor models as a way of aggregating information from thousands of
economic indicators. The third is forecasting. Stock and Watson (1999b) and Favero
and Marcellino (2001), and Artis et al. (2001) show how dynamic factor models can
be used to improve forecasting accuracy. The fourth is modelling cross-section correla-
tions. One major source of cross-section correlation in macroeconomic data is common
shocks, e.g., oil price shocks and international financial crises. Cross-section correla-
tion of this nature may well be characterized by common factor models. Consequently,
factor models are used in studying world business cycles as in Gregory and Head
(1999), and area-wide business cycles as in Forni and Reichlin (1998) and Forni
et al. (2000b). Cross-section correlation exists even in micro-level data (e.g., house-
hold data) because of herd behavior, fashions or fads. The general state of an economy,
such as recessions or booms, also affects household decision making. Factor models
allow for heterogeneous responses to common shocks through heterogeneous factor
loadings.

Finally, factor models can be used to study cross-section cointegration in nonsta-
tionary panel data. In testing the PPP hypothesis, for example, Banerjee et al. (2001)
argued that exchange rate series for the European countries share a common trend,
which implies strong cross-section correlation. Therefore, the standard assumption of
cross-section independence is violated, rendering many panel unit root tests invalid. Hall
et al. (1999) considered the problem of determining the number of common trends,
but not how to estimate the common factors.

In all the above applications, an often-asked question is how well the factors (or
unobservable economic indices) are estimated. Are the estimated factors a transforma-
tion of the underlying factors? Can confidence intervals be constructed to assess the
accuracy of the estimates? What are the convergence rates of the estimates? Are the
estimated factors uniformly consistent for the underlying factors? Under what condi-
tions can the estimated factors be treated as known or the sampling errors be ignored?
How important is the common component relative to the idiosyncratic component? This
paper provides answers to these questions.

The contributions of this paper include (i) determining the number of nonstationary
factors; (ii) deriving the limiting distributions for the estimated factors, factor loadings,
and common components; (iii) construction of confidence intervals; (iv) empirical ap-
plication of the technique. Consistent estimation of the number of factors is important
because it enables us to disentangle the common and idiosyncratic components, thereby
allowing us to measure the relative importance of each component. The rates of con-
vergence and the limiting distributions allow us to assess the accuracy of the estimates
and to construct confidence intervals. The results are useful in testing whether an ob-
servable series is one of the underlying factors. Although not a focus of this paper,
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our results have implications for unit root and cointegration analysis for nonstationary
panel data. This topic was recently explored by Bai and Ng (2001) and Moon and
Perron (2001) based on factor models. For a recent survey on panel unit roots and
cointegration, the readers are referred to Baltagi and Kao (2000). The present paper
builds on the work of Bai and Ng (2002) and Bai (2003), where large-dimension factor
models of 1(0) variables were analyzed. This paper makes a contribution to statistical
inference for large-dimension factor models of nonstationary variables. In addition, we
derive some inferential theory for generalized dynamic factor models most recently
studied by Forni et al. (2000a).

The rest of the paper is organized as follows. Section 2 introduces the model and
states the underlying assumptions. We also discuss the estimation procedure and derive
some useful properties for the estimated common stochastic trends. Section 3 focuses
on determining the number of common trends. Section 4 develops the asymptotic dis-
tribution theory for the estimated common trends and the estimated factor loadings. The
construction of confidence intervals is also examined. Section 5 analyzes generalized
dynamic factor models. Section 6 reports simulation results. In Section 7, we apply our
technique to sectoral employment. Section 8 provides concluding remarks. All proofs
are provided in the appendix.

2. Model, assumptions, and estimation
We first consider a restricted dynamic factor model in which the factors are dynamic
but the relation between the dynamic factors and the observable variable is static.

Generalized dynamic models as in Forni et al. (2000a) will be considered later. The
analysis of this simpler model gives insight into the general model.

2.1. Model and assumptions

Consider:
)(vit:Z;Liijt+eit:il{Ft+eit (D
j=1
(i=1.2,...,N;t=1,2,...,T), where ¢; is an 1(0) error process which can be serially
correlated for each i, 2;=(4;,..., ), and F,=(Fy,,...,F,) is a vector of integrated

processes such that
Fi=F_1+u,

and u; is a vector (» x 1) of zero-mean I(0) processes (not necessarily i.i.d.) that drive
the stochastic trends F;. For each given i, the process Xj is I(1) unless 4; = 0. It is
clear that X, and F, are cointegrated for each i. We assume no cointegration among
F,. The case in which F; is cointegrated is discussed in Section 5.

The right-hand side variables are not observable and only Xj, is observable. Note
that X;; and X, are correlated because they share the same F;. While having a similar
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format, model (1) is different from the common trend representation of Stock and
Watson (1988) in which the errors driving the common trends and the idiosyncratic
errors are the same. The latter property may not be suitable for panel data. In addition,
the number of series N is fixed in Stock and Watson (1988). In this paper, we consider
the case in which N goes to infinity.

The current set up differs from the classical factor analysis in a number of ways.
The size of cross-section units N (or the number of variables) goes to infinity rather
than a fixed number; the factors F; are integrated processes rather than i.i.d. variables;
the errors ¢;; are allowed to be correlated in both dimensions rather than i.i.d. in the
time dimension and independent in the cross-section dimension. For classical factor
analysis, see Lawley and Maxwell (1971) and Anderson (1984).

In classical factor analysis, with N fixed and with T being allowed to grow, an un-
restricted variance—covariance matrix E(e;e;) will render the factor model completely
unidentifiable, where e; = (e1;, ey, ...,ey;). But this is no longer true if N also tends
to infinity; see Chamberlain and Rothschild (1983), who introduced the notion of ap-
proximate factor models to allow for cross-section correlation in e;;.

In what follows, we use F' ,0, /11-0 and r to denote the true common trends, the true
factor loading coefficient, and the true number of trends, respectively. At a given 7, we
have

X, = AF) + e, (2)

_ I 40 _ (30 30 0y _ /
where X; = (X1, Xor, ..., X)), A° =(47,75,...,4y), and e; = (eis, ex, ..., ent) .
Let X; be a T x 1 vector of time series observations for the ith cross-section unit.
For a given i, we have

X =F% +e, (3)

where X; = (Xi1, Xin, ..., Xir)s FO=(F),F),...,F), and e; = (ei1,en,...,eir).

Our objective is to estimate r, F, and A°. Clearly, F* and A° are not separately
identifiable. But they are identifiable up to a transformation. We shall state the assump-
tions needed for consistent estimation. Throughout, the norm of a matrix 4 is defined as
14|l = [tr(4'4)]"*. The notation M stands for a finite positive constant, not depending
on N and T; B(-) stands for a Brownian motion process on [0,1]. In addition, [ BB’

means fol B(1)B(z) dr, etc.

Assumption A (Common stochastic trends). (1) E||u,||**® < M for some § > 0 and for
all t < T.

(2) As T — oo, T-23"  F°F"% [B,B,, where B, is a vector of Brownian
motions with covariance Q,, = limy_, o, 1/T ZSTZI Z;T:1 E(u;ul); the r x r matrix Q,,
is positive definite.

(3) (iterated logarithm) liminf7_, ., loglog(7T)T 2 ZtT:1 FFY =D, where D is a
nonrandom positive definite matrix.

(4) (initial value) E||FJ||* < M.
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Assumption B (Heterogeneous factor loadings). The loading /; is either determinis-
tic such that ||2?]] <M or it is stochastic such that E||A°||* < M. In either case,

AYAYNL 3 as N — oo for some r x r positive definite non-random matrix X 4.
Assumption C (Time and cross-section dependence and heteroskedasticity). (1) E(e;;)=0,
Eley|® < M;

(2) E(ele;/N)y=EN"! Zf\/:l eiseir) = yn(s,t) with |yn(s,s)| < M for all s, and

T T
DI

s=1 t=1

(2) E(eirej) = 13,0 with |1;;,| < |1;;] for some 7;; and for all ¢. In addition,

N N
NS eyl <M

i=1 j=1

(3) E(eueyy) =ty and (NT)™' S0 SO0 S50, 00 [nij] < M
(4) For every (4,s5), E[N~'? Zfil leisen — E(exen)][* <M.

yN(Sat)| <M,

Assumption D. {/;},{u}, and {e;} are three groups of mutually independent stochas-
tic variables.

Sufficient conditions for A2 can be found in Hansen (1992). The assumption that Q,,
is positive definite rules out cointegration among the components of F;. Cointegration
for F; is equivalent to the presence of both I(1) and I(0) common factors. This case is
considered in Section 5. There, it is shown that the number of I(1) and I(0) common
factors can be separately identified, and that the cointegrating rank can be consistently
estimated.

Assumption A3 is implied by the law of the iterated logarithm; see Lai and Wei
(1983). The limiting matrix being positive definite follows from the Cramer-Wold
device and the law of the iterated logarithm. Assumption B is standard. Assump-
tion C allows for limited time series and cross-section dependence in the idiosyn-
cratic component. Heteroskedasticity in both the time and cross-section dimensions is
also allowed. Under stationarity in the time dimension, yy(s,7) = yn(s — ¢). Given
Assumption C1, the remaining assumptions in C are easily satisfied if the e¢; are in-
dependent for all i and ¢. The allowance for weak cross-section correlation in the
idiosyncratic components leads to the approximate factor structure of Chamberlain
and Rothschild (1983). It is more general than a strict factor model which assumes
e; is uncorrelated across i, a framework underpinning classical factor analysis.

In terms of estimating the dimension of I(1) common factors, Assumption C is more
than necessary. For example, we can assume e;; =71, +¢&;, where 7, are I(0) series and
&; satisfies Assumption C. This implies strong cross-section correlations for e;; because
n, are common I(0) factors. Again this is related to cointegration, and the number of
I(1) common trends can be consistently determined. In a special case that 7, is equal
to u,, the model implies dynamic factor structure to be explained below. Assumption C
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is used when deriving the limiting distributions of the estimated common factors and
factor loadings.

Assumption D rules out correlation between e; and u;. Suppose e; and u; are
correlated and consider projecting e; on u, such that e, = tju, + ¢, with ¢, be-
ing uncorrelated with u,. From u, = F;, — F,_, we can rewrite the factor model as
Xy = (4 + 1) F, — tiF,_1 + &, giving rise to a dynamic factor model. As shown in
Section 5, the dimension of F, can still be consistently estimated.

2.2. Estimating common stochastic trends

In this section we first outline the procedure for estimating common stochastic trends
and then derive some preliminary convergence results for the estimated common trends.
These results are required for analyzing the properties of the dimension estimator.

Because the true dimension r is unknown, we start with an arbitrary number &
(k < min{N, T}). The superscript in A and F¥ highlights the allowance for k stochas-
tic trends in the estimation. Estimates of A and F* are obtained by solving the opti-
mization problem

N T
V()= min (NT)™' > > (X = 2'F()? (4)

i=1 t=1

subject to the normalization of either F¥'F¥/T? = I or A¥ A¥/N = I, where T? and
N correspond to the rates in Assumptions A2 and B, respectively. If we concen-
trate out A% and use the normalization that F¥'F*/T? = I, the optimization problem
is identical to maximizing tr(F*'(XX')F*), where X = (Xy,...,Xy) is T x N. The
estimated common-trend matrix, denoted by F*, is T times the eigenvectors corre-
sponding to the & largest eigenvalues of the 7' x T matrix XX'. Given F*, we have
AR = (FFFRY=1Fk X — FR X)T? which is the corresponding matrix of the estimated
factor loadings. Clearly, this is the method of principal components and is used by
many researchers, e.g., Connor and Korajczyk (1986) for large N but fixed 7 and
Stock and Watson (1999a) for large N and large 7.

The solution to the above minimization problem is not unique, even though the sum
of squared residuals ¥ (k) is unique. Another useful solution is (F*, A¥), where A* is
constructed as /N times the eigenvectors corresponding to the k largest eigenvalues
of the N x N matrix X'X and F¥ =X A¥/N. The second solution is easier to compute
when N < T and the first is easier when 7' < N.

Define

ﬁk :ka(FkIFk/T2)l/2 and /'ik —_ Ak(ﬁvk/Fk/TZ)flﬂ (5)

a rescaled version of (F*, A*). The following lemma provides a preliminary but useful
property for the estimated common stochastic trends:

Lemma 1. Assume Assumptions A-D hold. For each fixed k=1, there
exists an (r x k) matrix H* with rank(H*) = min{k,r}, and Syr = min {/N,T},
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such that

T
1 A
O (T D IIFE - H"’F,“> = Op(1). (6)

t=1

This lemma is crucial for analyzing the estimated dimension. It is also used when
developing the limiting distributions for the various estimators. Because the trends (F°)
can only be identified up to transformation, the principal components method is estimat-
ing a rotation of F'. The lemma says that the time average of the squared deviations
between the estimated trends and a transformation of the true trends converges to zero
as N, T — oo. The rate of convergence is the minimum of N and 72.

Stock and Watson (1999a) considered uniform consistency of ¥, when N> T2 and
for stationary F?. Using different arguments, stronger uniform result can be obtained:

Proposition 1. Under assumptions A-D and E1 (below),

max_||F¥ — HYFO| = 0,(T~") + 0, (\/T/ ) .

1<t<T

This bound is not the sharpest possible. The term O, (\/T /N ) can be replaced by

Op (log T/v/N ) if enough moment conditions (e.g., normality assumption) are imposed
on the idiosyncratic errors of e;. This lemma implies that when N is sufficiently large
relative to T, the estimated common stochastic trends are uniformly consistent. This
result is of independent interest.

3. The number of common stochastic trends
3.1. Using data in differences

A useful observation is that the differenced data satisfy all assumptions of Bai and
Ng (2002). Thus their information criterion approach is directly applicable to the dif-
ferenced data. Model (1) under first differencing takes the form

Mt = j.llut + Aeit.

Note that the idiosyncratic errors are over-differenced. But over-differencing does not
violate any conditions of Bai and Ng. Let

N T
V (k) = min (NT)~" le 2 (AXy = Afuf)?, (7)
i=1 t=
where U* = (u’f,u’z‘,...,u’})’ . Consider the criterion of the form:

PC(k)y=V(k)+kg(N,T),
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where g(N, T') is a penalty function. Let kmax be a positive integer such that » < kmax
and let
k= argmin PC(k). (8)

0 <k <kmax

Denote Cyy = min [\/]v , \/ﬂ Theorem 2 of Bai and Ng (2002) implies that

Proposition 2. Under assumptions of A-D, if (i) g(N,T) — 0 and (ii) C37g(N,T) —
0o, then limy 7_, o P(l€ =r)=1.

Let 62 be a consistent estimate of (NT)"' SV 2 E(Aey )2, say 6 = V(kmax).
The criteria in (12) (see below) with a7 =1 satisfy the conditions of this proposition. !
They are derived by Bai and Ng (2002) from the properties of V(k) as a function
of k.

3.2. New criteria for data in levels

It is not always desirable to difference the data. For example, for the generalized
dynamic factor models of Section 5, differencing the data will not yield consistent es-
timates for the number of I(1) trends. By introducing new criteria to reflect integrated
common trends, we show that the dimension of stochastic trends can be consistently es-
timated without the need of differencing. This also allows us to simultaneously estimate
the stochastic trends themselves and the dimension. Let

| T
V)=V F ) =min 23 > (X — 2Ff)? 9)
i=1 =1
denote the sum of squared residuals (divided by NT) when k trends are estimated.?
The objective is to find penalty functions, g(N, T'), such that criteria of the form

IPC(k) =V (k) + kg(N, T) (10)

can consistently estimate », where the label “IPC” refers to “Integrated Panel Criterion.”
Again, assume r < kmax and let

k= argmin IPC(k). (11)

0<k <kmax
Theorem 1. Assume Assumptions A-D hold. As N,T — oo, if

(i) gV, 7)== — 0,
(ii) g(N.T) = oo,

then limy, 7, Prob(k =r)=1.

"For the third criterion, condition (ii) will be violated if N is excessively large relative to T (say
N =exp(T)) and vice versa.

2 This sum of squared residuals does not depend on which estimate of FO is used. That is, V(k) =
V(k,F*) = V(k, F¥) = V(k,F*), where the three different estimates for ° are defined in Section 2.
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Note that g(N,T) diverges to infinity, rather than converging to zero as in
Proposition 2. While a formal proof of Theorem 1 is provided in the appendix, its
rationale is this. When k& < r, the normalized sum of squared residuals, V' (k), is such
that V' (k) = O(T/loglog(T)), and when k > r, V(k)=0O,(1). Thus a penalty function
diverging at a slower rate than 7/loglog(7) will pick up at least » trends. But it will
not pick up more than r trends because the reduction in sum of squared residuals is
only Op(1), whereas the cost (penalty) for estimating one more dimension is a larger
magnitude. Thus, the criterion function is minimized at » with probability tending to
one.

Let ar = T/[4loglog(T)], which relates to the law of the iterated logarithm. Let 6°
be an estimate of (NT)~! va:] Zthl E(ey)*. In practice, 62 = V(kmax). Consider the
following criteria:

N+T NT
P = Por | ——— | log( ——= ) ;
Ci(k)=V(k)+ ké“ar ( T > og(N+ T) ;

N4+ T
IPCs(k) = V (k) + k6%az (N+T> log C2:;

IPC3(k) = V(k) + ké*or ( ) log(NT). (12)
The first two criteria satisfy the requirements of Theorem 1. That is, % gN,T) —
0 and g(N, T) — oo. This is also true for the last criterion unless N is too large relative
to T such as N = O(e”) (it is still valid when T is large relative to N).3

Remark 1. The conditions of Theorem 1 actually imply strong consistency, that is,
P(th,HOO/é =r)= 1. Many of the existing results on dimension selection, e.g.,
Geweke and Meese (1981), although stated in terms of consistency, imply strong con-
sistency. Others such as Hannan and Quinn (1979) are explicit about strong consistency.
In our present situation, strong consistency is more desirable than mere consistency.
Although it is nontrivial to see why, the underlying reason is related to the limiting
behavior of 7-23"" | FOFY. While this matrix converges in distribution to a (stochas-
tic) positive-definite matrix, its infimum limit (i.e., “liminf”) is zero by the law of
the iterated logarithm. The implication is that some consistency criteria do not imply
strong consistency. For example, replacing condition (i) with g(N,T)/T — 0 implies
consistency, but cannot guarantee strong consistency.

Remark 2. A penalty function satisfying conditions of Theorem 1 is able to pick up
I(2) nonstationary factors (it can also pick up linear or polynomial trends). However,
to separately identify the number of I(1) and the number of I(2) common trends, a
heavier penalty function that can pick up I(2) but not I(1) trends is also required. Such
a criterion is not considered in this paper.

31t is also possible to consider criteria based on log-valued sum of squared residuals such that log V'(k) +
kg(N, T). In this case, the scaling factor 62 is not necessary. It can be shown that if (i) g(N, T)/log(T) — 0
and (ii) g(N,T) — oo, then k is consistent for ». The details are omitted.
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4. Distribution theory

In this section we investigate the limiting distribution of the estimated common
stochastic trends, the estimated loading coefficients, and the estimated common com-
ponents. The number of common stochastic trends (r) is assumed to be known in this
section and k is taken to be r. The limiting distribution is not affected when r is
estimated because of consistent estimation and the discreteness of ». We shall simply
write the estimated common trends and the estimated loading coefficients as F . and /;
without the superscript k. See Section 2.2 for the definition of these estimators. We
shall write H* as H;, which is a r x r matrix with full rank. In matrix notation, ¥ is
estimating FOH,. We will also show that £ is estimating F°H, for some » x r matrix
H, of full rank. In addition, we show A is an estimator for A°(H])~! and A is an
estimator for A°(FH;)~'. While F° and A° are not separately identifiable, they can be

estimated up to a transformation. It is clear that ¥ A" =F A is an estimator of F 049,
the common components. That is, the common components are directly identifiable. For
many purposes, knowing F°H; is as good as knowing F°. For example, in regression
analysis, using F° as the regressor will give the same predicted value of a left-hand
side variable as using F'H, as the regressor. Because F’ and F°H, span the same
space, testing the significance of F” in a regression model containing F° as regressors
is the same as testing the significance of FOH,.
Additional assumptions are needed to derive the limiting distributions.

Assumption E (Weak dependence of idiosyncratic errors). For all T and N,

1. For each ¢, ZSTZI (s, 1) < M, and
2. For each i, Zivzl || < M.

where yy(s,¢) and 14; are defined in Assumption C.

This assumption strengthens C2 and C3, respectively, and is still reasonable. For
example, in the case of independence over time, yy(s,¢) =0 for s # ¢. Then Assump-
tion El is equivalent to (1/N) vazl E(e2) <M for all t and N. Under cross-section
independence, E2 is equivalent to E(e;)* < M, which is implied by Assumption C1.

Lemma 2. Under Assumptions A-E, we have, for each t

min {\/JV T3/2} (£, — HIF®) = 0,(1).

The convergence rate is min{\/lv, T 3/2}. When the loading coefficients A? (i =
1,2,...,N) are all known, F IO can be estimated by the least-squares method using the
cross-section data at period ¢, and the rate of convergence will be v/N. The current rate
of convergence applies because the coefficients A9 are unknown and are also estimated.

The rate of convergence implied by Lemma 2 is useful in regression analysis or in
a forecasting equation involving estimated regressors such as

Yt+1:a/on+ﬁ/VVI+’1t+la t:1:29"'9T
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where Y, is scalar, and Y, and W, are observable. The integrated process F,0 1S not
observable but can be replaced by F,. Let & denote the least-squares estimator with F
as the regressor. The limiting distribution of the estimated coefficients is the same as
if FOH, were used as long as N is large relative to 7. Note that 4 is estimating Hl_loc
rather than o.

Assumption F. The eigenvalues of the » xr random matrix 211/2( Ik BL,B{,)ZX2 are distinct
with probability 1.

The matrices | B,B, and X, are defined in Assumptions A and B. Assumption F

guarantees a well-defined limiting random variable for (F 'F 0/72), which appears in the
limiting distributions of F,. A similar condition is imposed in classical factor analysis,
see Anderson (1963). Note that this assumption is not needed for determining the
number of common trends. This is because the number of trends is estimated using
the sum of squared residuals V' (r), which is well defined (unique) regardless of the
distinctness of the said eigenvalues. Also, Assumption F is not required for studying
the limiting distribution of the estimated common components. The underlying reason
is that the common components are identifiable. In the following analysis, we will use
the fact that for positive-definite matrices 4 and B, the eigenvalues of 4B, BA and
A'2BA'2 etc., are the same.

Proposition 3. Under Assumptions A-F, as N,T — oo,

~/
FFO 4
2 — 0.

The random matrix Q has full rank, is thus invertible, and is given by Q=V"? T’Z;]/z,
1/2
A

where V = diag(vy,vs,...,0,) and vy > vy > --- > v, > 0 are the eigenvalues of X
(f B,,B,’I)Zz/z, and T is the corresponding eigenvector matrix such that 7' 1 =1,.

The proof is provided in the appendix. The random matrix Q appears in the limiting
distributions of F; and /.

4.1. Limiting distribution of estimated common trends

Assumptions B and C imply that N="2 5N 29, = O,(1) for each ¢ It is now
strengthened to have a normal limiting distribution as N tends to infinity.

Assumption G (Central limit theorem). For each ¢, as N — oo,

N

1
N Z )v?eniﬂ\’((), Iy)
i=1

where I', = limy_, oo (1/N) 3N, Zjil E(21Y eyejy).
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Theorem 2. Under Assumptions A-G, as N,T — oo with N/T? — 0, we have, for
each t

Froy 1
VN(F, — H[F®) = ( - )NZi?eit‘FOp(l)
i=1

% ON(O,T,),

where Q is defined in Proposition 3 and I, is defined in Assumption G. In addition,
0 is independent of N(0,T).

Corollary 1. Under Assumptions A-G and N/T® — 0, then /N(F,—HiF®) 5 V10N
(0,1), where Hy is a r xr matrix of rank r, and Q and V are defined in Proposition 3.
In addition, Q and V are independent of N(0,I).

While restrictions on N and 7 are needed, the theorem is not a sequential limiting
result but a simultaneous one. In addition, the theorem holds not only for a particular
relationship between N and T, but also for many combinations of N and 7. The
restriction that N/T3 — 0 is a weak one and is easily satisfied.

4.2. Limiting distribution of estimated factor loadings

The previous subsection shows that F' is estimating FH,. Now we show that A is
estimating A°(H{)~!. That is, 4; is estimating H, ' for every i. First, we state the
rate of convergence.

Lemma 3. Under Assumptions A-E, we have, for each i,
T(J — H7'9) = 0,(1).

It is worth noting that the rate of convergence depends only on Assumptions A-E.
This rate is the same as if Fto (t=1,2,...,T) were known. But if F,0 were observable

for each ¢, then we could directly estimate 1, as opposed to a matrix transformation
of 29.
To obtain the limiting distribution of 4;, we need an additional assumption.

Assumption H. For each i, as T — oo,
1 7
d .
? ZFtOeit — /Bu ngl),
=1

where B, is a r x 1 vector of Brownian motions defined earlier; and Bg) is scalar
Brownian motion process with variance Q) = lim(1/T )Ztrzl ZSTZIE(ei,e,-S). B, and
BY are independent.
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Theorem 3. Suppose that Assumptions A—F and H hold. Then for each i, as N,T —
oo, we have

R FO/FO _11 r
T(i = H 7)) = Hy! (T2> 7D Flew+op(1)
t=1

—1
40! ( / BMB;) / B, dBY,

where X 4 is given in Assumption B, and Q is given in Proposition 3.

The limiting distribution is conditionally normal. Similar to Corollary 1, Theorem 3
implies the following limiting distribution for A:

Corollary 2. Under the assumptions of Theorem 3, we have
T — Hy 2OS v (240! ( / Bu3;> / B, dB{"

where V and Q are defined in Proposition 3.

4.3. Limiting distribution of estimated common components

The limit theory of estimated common components can be derived from the previous
two theorems. Let C) = FY/? and C;, = Fli; = FlA;.

Theorem 4. Suppose that Assumptions A—H hold. As N,T — oo, we have
(i) If N/T — 0, then for each (i,t)

VN(Ciy = CHSN(O, Vi),

where Vi, = )v?’ZXIF,ZXIA?, and X 4 and I'; are as defined earlier.
(it) If TIN — 0, then for each (i,t) such that t = [T7],
—1

VT(Cy — C) S B, (z) ( / BMB;) / B, dBY.

(iii) If N/T — m, then for each (i,t) with t = [Tx],

.
VNG — €9 S N, V) + v/aBu(c) ( / BuB;) / B, dBY.

In practice, (iii) is the most useful case because we can simply replace © by its
estimate N/T. The two limiting random variables in (iii) are independent. The rate
of convergence for the estimated common components is min {v/N,v/T}, which is
the best possible rate. When F 0 is observable, the best rate for ):,» is 7. When A° is
observable, the best rate for F . is V/N. Tt follows that when both are estimated, the
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best rate for ffﬁ , does not exceed the minimum of /N and 7. Because the magnitude
of F, is large such that 7, =0, (v/T), the best rate for the product is min {/N,V/T}.

4.4. Confidence intervals

After obtaining the estimated factors, it is of interest to examine the relationship
between some observable economic variables and the estimated statistical factors. The
distribution theory derived in the previous section allows us to evaluate whether a
given economic series is one of (or a linear combination) the underlying factors.

Suppose R; (t=1,2...,T) is a scalar observable series and we are to test if R, is
one of the underlying factors (or any linear combination of the underlying factors),
ie., R, = 5’Ft0 for all . Many observable economic variables are indices, and their
levels and scales may be arbitrarily set. Therefore, it may be more reasonable to test
whether R, = o + §'F to for all #, where o can capture the arbitrariness in levels and
0 can capture the arbitrariness in scales. Consider a rotation of F, toward R, via the
regression

R,:oc—i—ﬁ’;é—i—error. (13)

Let (4, 5) be the least-squares estimator, and define R,=d+F ;5 We have the following:

Proposition 4. Under the assumptions of Theorem 2 and cross-section uncorrelation
for the idiosyncratic errors, as N,T — oo with N/T? — 0, we have

VN(R; — o — §'F?)
N - _a712
{5 VNT1 (% vazl ef,i,-if) VNTl 5}

SN, 1),

where ¢; = X;; — /Tl’]:" . and Vyr is a diagonal matrix consisting of the first » largest
eigenvalues of XX'/(T*N ). From this, the 95% confidence interval for R,=o+&'F (t=
1,2,...,T) is

(R, — 1.96S,N~2 R, + 1.965,N /%), (14)

where S; is the denominator expression given in Proposition 4. The test procedure does
not require the knowledge of the remaining (» — 1) underlying factors. The confidence
intervals can be easily plotted along with the true observable series, as illustrated in our
simulation and in our empirical application. When the R, series is a linear combination
of the true factors F?, we expect 95% of the T observations on R, fall into the
confidence band.

For the null hypothesis R, = &'F? for all ¢, the constant regressor in (13) can be
suppressed, and Proposition 4 is still valid.

Testing statistics concerning factor loading can be constructed using Theorem 3. A
useful test is whether a given cross-section (i) is affected by the common trends. This
is equivalent to testing if the factor loading (/;) is zero or any sub-vector of 4; is
zero. Because of the conditional normality, the chi-square distribution is applicable
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for testing 4; = 0 and the normal distribution is applicable for testing A; = 0 for
component k.

5. Generalized dynamic factor models

Consider the following dynamic factor models:

AXit:/li(L)/Ft+eiz, (15)

Fr=F_1+u,

where 4;(L) is a vector of polynomials of the lag operator. The relation between X;, and
F, is now dynamic, whereas in (1), the relation is static even though the factor F; itself
is dynamic. The above model was considered by Quah and Sargent (1993) and Forni
and Reichlin (1998). A dynamic model is more flexible than a static one for empirical
applications. For example, it allows shocks to affect different sectors or regions of an
economy at different times and also allows for transmission effects. Following Forni
et al. (2000a), we assume

)L,(L) = Z a,»ij
i=0

with 377% jlay| < oo. Tt is noted that 4(LYF; is well defined because we assume
F, =0 for t <0, which is a standard assumption for integrated processes. Forni and
Reichlin (1998) and Forni et al. (2000a) proposed some informal methods to estimate
the number of common trends. Here, we show that the dimension of F; can be con-
sistently estimated for the dynamic models. It is important to note that the differenced
data method considered in Section 3.1 does not work for dynamic models. To see
this, consider the case in which F, is a scalar such that X;, = A F, + ApF,—1 + e;.
From a dynamic point of view, there is only one factor. With differencing, we have
AXy = aus + Apu,—1 + Aeyy, which satisfies the conditions of Bai and Ng (2002) with
two factors. Thus the differenced data method will identify two factors. With data in
levels, however, we can consistently estimate the true number of factors.

Assumption L. Let /;=2,(1)=37%) ay, E|[4|* <M < co and (YUNYSSY 2 2y,
a positive-definite matrix. In addition, let 47 (L)=>_7" a;L/ with af;=>7" . | ax. We
assume E||A*(L)u||* < M < oo for all i and t.

Theorem 5. Assume Assumptions A, C-D and 1 hold. If g(N,T) satisfies conditions
(i) and (1) of Theorem 1, then limy 7o P(k=7r)=1.

Thus the dimension of the common factors can be consistently estimated for the
generalized dynamic factor models (the proof is provided in Appendix C). Much more
challenging is the limiting distribution of the estimated factors for the generalized
dynamic factor models. If 4;(L) is a finite order polynomial in L, however, then limiting
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distributions are not difficult to obtain. Thus for deriving the limiting distribution, we
restrict 4;(L) to be a finite order polynomial. To fix ideas, consider

Xio = hioFi 4+ Mg Fio 4 -+ + A, F—p + e (16)
This can be rewritten as

Xie = VioFy = VaAF—y — - = 71,AF,_ + e, (17)
where Vi = i + A1 + - -+ + Aip. Denoting

7= Wlos—Vises—Vip) and  F,=(F,AF/_y,...,AF_ )

Eq. (17) can be rewritten as

)(it:"/;Et"_eit (18)
= VioFi + vio— G + eir, (19)
where G, = (AFt’_l,...,AFt’_p)’, and y;0_ is a sub-vector of y; other than 7;. This

reparametrization implies that F; is a vector of I(1) factors and G, is a vector of 1(0)
factors.

For model (16), or equivalently (19), to have » of I(1) factors, the limiting matrix
of (1/N )Z?[:l YioYi, must be an r x r positive-definite matrix. This is, Assumption I
holds. The total number of I(1) and I(0) factors is equal to the rank of the limiting
matrix of (1/N) Zi\/:l Vivi, where y; = (v}, 75— ). Because the vector y; is an invertible
transformation of /;, where 4 = (4o, 4j;,- .., 4;,) (the coefficients of model (16)), the
rank of the matrix (1/N) YV, 7,7/ is equal to the rank of (1/N)S Y, 4. In (16),
some lag of F;, say F;_; (k < p) may not enter into the equation, i.e., the vector
Aix 18 zero, or some components of A; can be zero. Consider, for example, X;, =
2ioF'y + 2pF;_y + e, where F, is a scalar and 4;; = 0. This model can be rewritten as
Xt = (Lio + An)F, — An(AF,_1 + AF;_5) + e;;. In this case, we shall define G, to be
(AF,_1 + AF,_;). By combining the columns of (AF,_y,...,AF,_,) when necessary,
we shall assume that the loading matrix of G, has a full column rank. More specifically,
we assume the loading coefficients of model (19) satisfy

Assumption J. E||y;||* < M and plim]\Hoo(l/N)Zﬁ\/:1 vyt =2, where X is an (r 4+
q) X (r + q) positive-definite matrix.

Because there are r of I(1) factors, the above assumption implies the existence of g of
I(0) factors. According to Theorem 5, the » I(1) factors can be consistently estimated
by the data in levels. In addition, the differenced data approach leads to consistent
estimation of the total number of factors (» + ¢). Thus, g can also be consistently
estimated. We state this result in the following corollary.

Corollary 3. Under Assumptions of A-D, and 1-], the number of 1(1) and 1(0) factors
can be consistently estimated.
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General 1(0) factors. 1t is noted that G, does not have to be the lags of AF,, it
can be a vector of general I(0) variables. This is because our proof does not depend
on G, to be the lags of AF;, but only on G, being 1(0). For general G,, we naturally
assume E||G,||* < M for all ¢, and

T T
T3 FF T FG
=1 t=1

T T
TN GIE, TNy GG
t=1 =1

where 2 is a (r + g) X (r + gq) positive-definite (random) matrix with probability 1.
When G, is the lags of AF;, this assumption holds, given the assumptions on u,. It is
pointed out that G, does not have to be mean zero. When a component of G, is the
constant 1 (for all 7), the true model has an intercept. The theoretical results of this
section holds for general 1(0) G,.

Cointegrated non-stationary factors. The presence of 1(0) factors can accommodate
cointegration. More specifically, let F, be a vector of cointegrated I(1) factors. Then
there exists an invertible matrix P such that PF; = (&), 1)), where ¢, is a vector of
non-cointegrated I(1) factors, and #, is a vector of 1(0) factors that are linear combi-
nations of F;. With some abuse of notation, denote &, by Fy, 1, by G, and p, P! by
y; so that cointegrated I(1) factors can be expressed as (19). Corollary 3 implies that
the dimension of non-cointegrated I(1) factors and the dimension of I(0) factors can
be identified.

We next consider the limiting distributions of the estimated factors and of the factor
loadings. In deriving the limiting distributions below, both » and ¢ are assumed to be
known. Let F be the » eigenvectors of XX’ corresponding to the first 7 largest eigen-
values normalized such that #'F /T2 =1 and let G be the q eigenvectors corresponding

to the next ¢ largest eigenvalues, normalized such that G/G/T =1. Denote

d
—2,

F=(F,G).

Let Vi be the diagonal matrix of the first  eigenvalues of the matrix XX'/(T*N)
and Vi, be the diagonal matrix of the (r+ 1)th to (r + ¢)th largest eigenvalues of the
matrix XX'/(TN). Denote Vnr =diag(Viy, Vir). We use superscript 0 to represent the
true quantities so that FO= (EO,Eg,...,E(})’ is the T x (r 4+ g) true factor matrix and
r'=%99,...,9%) is the N x (r + ¢) true factor loading matrix. We estimate F° by
F and estimate I'° by

F=XFT7,
where 17 = diag (TI,,v/T1,). We have the following results:
Theorem 6. Under Assumptions A, C-J, as N,T — oo,

(1) T{zﬁlﬂogg Jor some invertible but random matrix Q.
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(i) KNT£>Z, where V is a full-rank diagonal random matrix.
(iii) There exists an invertible matrix H, such that if N,T — oo with N/T* — 0 and

if (1/\/]V) Zf\,:] y?e,—,gN(O, Q,), then

N
- -~ o~ 1
VN(E, — H'F) = V(172 E'F) (W) > i +op(1)
i=1

Lr-1oN (0, Q).

where V and Q are independent of N(0,€;).

av) If Ty ! ZLI F ?e,',i Wy (a conditionally normal vector), then

Tr(5i — H W)= VarH (Y EYFO 1!

T
< T Fley + 0p(1) 5 AW,
=1
where A:K(ng’)_llgl and Xr is a block diagonal matrix with the first block
being [ B,B, and the second block being plim (1/T) ZZT:1 G,G).

Both the estimated factors and factor loadings are conditionally normal. This im-
plies an easy construction of confidence intervals. Suppose we are interested in testing
the hypothesis that an observable sequence R, is one of (or a linear combination)
the underlying factors. The test can be constructed similar to the method given in
Section 4.4. Consider rotating the estimated factors toward R; by running the
regression:

Ri=a+0FE, +error (t=12,...,T).
Let (02,5) be the least-squares estimator and define R, = 4 + 3/E

Corollary 4. Under the assumptions of Theorem 6 and cross-section independence of
the idiosyncratic errors, as N,T — oo with N/T* — 0, we have

VN@R — 0~ §F)

d
vt (amy s, &g vidd] B

From this, the 95% confidence interval for R, (t=1,2,...,T) is
(R, — 1.96S,N~'2 R, 4+ 1.965,N~"?), (20)

where S, is the denominator expression of this corollary. If we test R, = §'F ? (i.e.,

o=0), the constant in the regression should be suppressed and the corollary continues
to hold.
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6. Simulation results

The dimension of common trends. We first consider standard dynamic factor models
(no lags of F; entering into Xj,). Data are generated according to

Xy = Z 2iiF i + ei, (21)
Jj=1

Fje = Fj—1 + ujr, (22)

ey = pej—1 + vy + O0vy—1, (23)

where /;;, uj, and v;, are i.i.d. N(0,1) for all (i, /,¢) and are independent of each other.
The parameter values are r =2, p=0.5, and 0 =0.5. Thirteen combinations of N and
T of various sizes are considered. In all cases, kmax = 8. Both the differenced data
and level data methods are used and evaluated. Table 1 reports the average k over
1000 simulations. The differenced and level methods are both estimating r = 2. All
criteria perform reasonably well, except the first two criteria for the differenced data
with 7 =40 and with T =N = 50.
We next consider generalized dynamic factor models. Eq. (21) is replaced by

r P
Xy = Z Z /liijjtfk + eir, (24)

j=1 k=0

where the Z;; are ii.d. N(0,1). Egs. (22) and (23) follow the same specification as
in the previous case. Only the configuration of »=2 and p=1 is reported to conserve
space. Given » =2, (24) can be rewritten as

Xit = 2itoF1e + AniFu—1 + AinoFa + Ao Fa—1 + eqr. (25)

According to Theorem 5, with data in levels, two factors should be identified. By
Proposition 2, with data in differences, four factors should be identified. The results
are reported in Table 2, with each entry representing the average of k over 1000
repetitions. The simulation results are consistent with the theory that the number of
factors in a generalized dynamic factor model can be identified.

Estimating common trends. We shall use graphs to present the factor estimates
and the true factors. Both the standard and generalized dynamic factor models are
considered. For the former, data are generated according to Eqgs. (21)—(23) with r=2,
p=0.5, 0=0.5. The true factors are denoted by F* (T x 2). We fix T at T =30. A
larger T yields more precise factor estimates but produces a crowded graphic display.
We examine the behavior of the factor estimates as N varies from N =25 to 50 and
then to 100. For each (7,N), we simulate a sample of observations, denoted by X, a
T x N matrix. We use the estimator 7 (T x 2), which is equal to the eigenvectors
of the first two largest eigenvalues of XX’ multiplied by T (see Section 2.2). To see
that £ is estimating a transformation of F, we rotate ' toward each of the true factor
process via the following regression

FY = 6,F; + error (26)
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Table 1
Estimated number of factors (k) averaged over 1000 repetitions
N T Differenced data Level data
PCy PC, PCs IPC, IPCy IPC;
100 40 3.73 2.77 2.00 2.00 2.00 1.92
100 60 2.13 2.00 2.00 2.00 2.00 1.92
200 60 2.00 2.00 2.00 2.00 2.00 1.92
500 60 2.00 2.00 2.00 2.00 2.00 1.93
1000 60 2.00 2.00 2.00 2.00 2.00 1.92
40 100 2.33 2.04 2.00 1.99 1.98 1.84
60 100 2.00 2.00 2.00 1.99 1.99 1.88
60 200 2.00 2.00 2.00 2.00 1.99 1.86
60 500 2.00 2.00 2.00 2.00 2.00 1.87
60 1000 2.00 2.00 2.00 2.00 2.00 1.88
50 50 4.26 2.59 2.00 2.00 1.99 1.91
100 100 2.00 2.00 2.00 2.00 2.00 1.92
200 200 2.00 2.00 2.00 2.00 2.00 1.98

,
DGP : X;; = Z ;h[/F/t + e
J=1

Fjy=Fj—1 + uji
eir = pej—1 + vir + 0y
r=2, p=05 60=05

Note: The true number of I(1) factors is » =2. When the average of £ is an integer, the corresponding
standard error is exactly zero. In the few cases when the averaged k over replications is not an integer, the
standard errors are small. In view of the precision of the estimates in the majority of cases, the standard
errors in the simulations are not reported.

for k =1,2. Let 5k be the least-squares estimate of J;. Then S;j ¢ 1s the predicted
value of F{, using the predictor F,. The precision of the factor estimates increases as
N becomes larger. For example, the sample correlation coeflicient between the two
sequences {F} and {0\F,} is 0.9964 for N =25, 0.9973 for N = 50, and 0.9998
for N =100. The sample correlation coefficient between {F3} and {8LF,} is 0.9934,
0.9945, and 0.9987, respectively, for N =25,50 and 100. A plot of 5,’(171 along with F,?t
would show that they track each other extremely well, but instead, we have plotted the
confidence intervals. Confidence intervals for 7. are computed according to Proposition
4 and Eq. (14). These intervals together with the true factor process are plotted in
Fig. 1. The left panels are for the first factor and the right panels for the second factor.
The true factor processes are indeed located inside the confidence intervals with the
exception of a small number of data points.

Next, we examine the corresponding results for generalized dynamic factor models.
The data are generated according to Egs. (24), (22), and (23) with r=2, p=1, p=0.5,
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Table 2
Estimated number of factors (k) averaged over 1000 repititions (Generalized dynamic factor model)
Differenced data Level data
N T PC, PC, PC; IPC, IPC, IPC;3
100 40 4.70 4.17 4.00 2.06 2.02 1.97
100 60 4.01 4.00 4.00 2.00 2.00 1.98
200 60 4.00 4.00 4.00 2.00 2.00 1.98
500 60 4.00 4.00 4.00 2.00 2.00 1.98
1000 60 4.00 4.00 4.00 2.00 2.00 1.98
40 100 4.04 4.00 4.00 2.00 2.00 1.96
60 100 4.00 4.00 4.00 2.00 2.00 1.98
60 200 4.00 4.00 4.00 2.00 2.00 1.98
60 500 4.00 4.00 4.00 2.00 2.00 1.99
60 1000 4.00 4.00 4.00 2.00 2.00 1.98
50 50 5.08 4.08 4.00 2.00 2.00 1.97
100 100 4.00 4.00 4.00 2.00 2.00 1.99
200 200 4.00 4.00 4.00 2.00 2.00 2.00

r P
DGP: Xy = > AiuFu—i + e
j=1 k=0
Fjy=Fj—1 + uj
eir = pejr—1 + vir + Ovy—
r=2, p=1, p=05, 0=05

Note: The level-data method gives an estimate of » (true value »=2) and the differenced-data method gives
an estimate of r(p + 1) (true value is 4).

and 0 =0.5. Again 7T is fixed at 30 and N takes on the values 25, 50, and 100. The
same F° generated earlier is used here for comparison purpose. But now the lag F°_,
also enters into the X, equation. In this case, four factors need to be estimated, with
two being I(1) and two being I(0). Let F be the T x 4 factor estimate described in
Section 5. For £k = 1,2, we consider the rotation

F) = 6,.F, + error.

Now the sample correlation coefficient between {F)} and {8/F,} is 0.9966, 0.9934,
and 0.9995, respectively, for N = 25,50 and 100. The correlation coefficient between
{FY} and {SQE} is 0.9956, 0.9967, and 0.9989, respectively, as N takes on the three
values. Again, SchN, tracks F, ,g extremely well.

Confidence intervals for F,?, are constructed according to Corollary 4 and Eq. (20).
These intervals along with the true factor process {F /?z} are plotted in Fig. 2. The left
panels are for factor {F{} and the right ones for factor {F)}. With the exception of a
small number of data points, the true factor process lies within the confidence intervals.
The distribution theory appears to be adequate.
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T=30, N=100 T=30, N=100

Fig. 1. Confidence intervals for the true factor process. Data are generated according to the model specified
in Table 1. The left three panels are the confidence intervals (dashed line) for the first true factor and the
intervals are estimated from N = 25, 50 and 100 cross-sections, respectively. The true factor process F' ?,
(solid line) is also plotted. The right three panels are the confidence intervals for the second factor process
along with the true factor process th.

7. Application: sectoral employment

In this section we study fluctuations in employment across 60 industries for the
U.S. We examine the hypothesis that these fluctuations can be explained by a small
number of aggregate factors. Quah and Sargent (1993) also studied sectoral employ-
ment fluctuations. However, they did not estimate the number of factors. Neither
did they conduct hypothesis testings in the absence of an inferential theory. This
point was emphasized by Geweke (1993) in his comment on Quah and Sargent’s
work. With the theory developed in this paper, we are able to address a number
of issues raised in Geweke’s comments. In addition, interesting insight is gained by
examining the relationship between the estimated factors and observable macroeco-
nomic factors. Our empirical analysis also illustrates the techniques proposed in this
paper.

The Bureau of Economic Analysis (BEA) reports the number of full-time equivalent
(FTE) workers across various industries (NIPA, Tables 6.5b and 6.5c). There are a
total of sixty private sector industries. A list of them is provided in Appendix D.
The data are annual frequency, ranging from 1948 to 2000. Our analysis is based on
the log-valued data. For graphical display, the series are ordered cross-sectionally to
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T=30, N=100 T=30, N=100

Fig. 2. Confidence intervals for the true factor process. Data are generated according to the model specified
in Table 2 (generalized dynamic factor models). The left three panels are the confidence intervals (dashed
lines) for the first factor and the intervals are estimated from N =25,50 and 100 cross-sections, respectively.
The true factor process F' ?t is also plotted (solid line). The right three panels are the confidence intervals
for the second factor process along with the true factor process Fg,.

have a better view of the data. Two plots are given according to different methods
of ordering. In Fig. 3, we order the cross-sections according to their 1948 values in
ascending order. In Fig. 4, the cross-sections are ordered according to their 2000 values
also in ascending order. The vertical axis represents the log-valued employment in each
sector. The statistical analysis below does not depend on the ordering of cross-sections,
and any permutation will give the same results.

The number of factors. For data in levels, we estimate the number of factors using
the three criteria in Eq. (12). With kmax = 6, the first two criteria suggest four factors
and the last criterion gives two factors. If we set kmax =4, all three criteria yield two
factors. If we choose kmax to 2, all criteria still give two factors. These results provide
evidence in support of two nonstationary common factors.

For data in differences, we start with kmax = 6, and then set kmax at the estimated
value in the first around as in the previous paragraph. All criteria indicate three factors.
This suggests an additional I(0) factor in the system. The estimated residuals resulting
from a three-factor model is plotted in Fig. 5. No discernable pattern is found in the
residuals, indicating a reasonable fit.

Macroeconomic factors. Quah and Sargent (1993) examined an observable factor
model with total employment and total output (with leads and lags) as potential factors.
They found that future GNP has better explaining power than past GNP. In terms of
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Fig. 3. The number of full-time equivalent employees across 60 sectors. The sectors are arranged in ascending
order according to their 1948 values.

the number of factors, our result is consistent with the following empirical model for
sectoral employment:

Sit = 2 Ey + AnY 4+ AizYi1 + e, (27)

where S;; is the log-valued employment (multiplied by 10) of sector 7; E, is total
employment, defined as the log-valued total employment of the 60 industries; and Y,
is the log-valued real GNP at year ¢. Eq (27) can be rewritten as S; = A4 E; + (4p +

A3)Y, + AisAY, .y + ey, where AY, =Y, — Y, is the growth rate of real GNP. This
model postulates that disaggregated employment is explained by total employment, total
output, and changes in total output. If this specification is correct, we should identify
two factors with data in levels, and three factors with data in differences.

Our next inquiry is whether the unobservable factor model is consistent with the em-
pirical model of (27). That is, whether or not total employment and total output are the
underlying factors. If correctly specified, model (27) leads to a simpler representation,
more efficient estimation, and a direct economic interpretation. But if total employ-
ment and GNP are not the underlying factors, model (27) would be misspecified. The
advantage of the unobservable factor model is that we can consistently estimate the
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underlying factors. Once these factors are estimated, the inferential theory allows us to
test if the observable variables are the factors.

To test whether total employment is a true underlying factor, we rotate the three
statistical factors toward E, by running the regression E, = 8'F, + error, as explained
in Section 5 (including an intercept in the regression does not alter the conclusion).
We then compute and plot the confidence intervals for the true underlying factor. Also
plotted is the observable total employment. It is seen that total employment lies inside
the confidence intervals throughout the whole period 1948-2000, see Fig. 6. This sug-
gests that we can accept the hypothesis that total employment is one of the underlying
factors.

To test whether GNP is one of the true factors, we rotate the three statistical factors
toward Y, by running the regression Y, = &'F, + error. Since there are many periods
for which GNP stays outside the confidence intervals, the evidence in supporting GNP
as a factor is dubious, see Fig. 7. It remains an open question as to which economic
variable constitutes the second nonstationary factor.

Overall, there is strong evidence that employment fluctuations across industries can
be well explained by two nonstationary dynamic factors. The evidence is also consistent
with the hypothesis that total employment is one of the underlying factors. But the
evidence for GNP as a factor is not strong.
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8. Conclusion

This paper studies the estimation and inference of cross-section common stochastic
trends in nonstationary panel data. We show that the dimension and the common
trends themselves can be consistently estimated. When estimating the dimension, no
restriction is imposed on the relationship between N and 7. We also derive the rates
of convergence and the limiting distributions for the estimated common trends and the
estimated loading coefficients. Corresponding results for a class of generalized dynamic
factor models are also obtained. The method is applied to the study of employment
fluctuations across 60 U.S. industries. It is found that two nonstationary dynamic factors
can explain much of the fluctuations in the sectoral employment. The statistical evidence
is consistent with the hypothesis that aggregate employment is one of the underlying
factors.

High-dimension data analysis that takes into account cross-section correlation and
co-movement should become an important framework of econometric analysis, in view
of the increasing availability of high-dimensional data sets and the increasing inter-
connectedness of the world economy. This paper may be considered a step in this
direction.
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Appendix A. The number of common trends

The proofs of Lemma 1, Proposition 1, and Lemmas A.1 and A.2 below are similar
to those of Bai and Ng (2002) and thus are omitted. Detailed proofs are available from
the author.

Lemma A.1. Under Assumptions A-C, we have for some M < oo, and for all N
and T,

T T N
(i) E (T—l > ||N‘”2e;A°|2> =E (T‘l > ||N—”22e,-ti?||2> <M,
=1 =1 i=1

T

N 2
) E[774)) (NIZX,-,X,-S> <M,
i=1

t=1 s=1

<M.

N T
(NTYT2D S e

i=1 t=1

(i) E

We use the identity F¥ =N~"1X A% and A*=T-2X'F*. That is, F¥ =(1/T>N)XX'F*.
From the normalization F*'F*/T2 = I, we also have T-23", [[F¥||> = O,(1). For
H* = (AY A°/N)(FYF*/T?), upon expanding XX’, we have

T T T
FY—HYF) =T72> Flyn(s.0) + T2 Fi + 172 Fhyg,
s=1

s=1 s=1

T
+T72Y Fie, (A1)
s=1

where

e.e

/
(o= SWf — n(s, ),

Mst = F?lAO/et/Ns

&y = FY' A%e,)N.
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Lemma A.2. For each k, 1 <k <r, and let H* be the matrix defined earlier, then
V(k,F*Y — V(k FOHY) = O)(T"283}),
where V(k,E*) is defined in (9) and V (k,F*H*) is defined by replacing F* with FH*.

Lemma A.3. For the matrix H* defined in Lemma 1, and for each k with k < r, we
have

loglog T
lim inf ﬂ(wk FOHYY — V(1 F)) =1 > 0.
N.T— o0

Proof. For a matrix 4, let Py = A(A’A)~'4’ and M, =1 — P,. Then

N
V(i FOHY) = V(r, FO) =N"'T7' Y " X{(Ppo — Progp)X;

N
=NT'T7S X FY(Pro — Prog )P

i=1

N
+2NTITTNY "l (Pro — Progs )FO
i=1

N
+NTITTS " el(Pro — Progp e =1+ 1+ 111
i=1

First, note that Pro — Progx = 0. Hence, III > 0. Consider term I:

I=tr | T 'F"(Ppo — Proy )JFON~ IZMO’}
i=1
FOIFO FO/FOHk Hk/FO/FOHk HkIFO/FO . )0 O/
=T 72 T2 T2 Z ¢ ’
Thus,
loglog T ko prkr kN—1ryk? —1 0407
— I =u | [Br = BrH" (1" BrH") " M By Z/U

where Br=(loglog T)(F”F°/T?). The matrix in the square brackets is positive semidef-
inite. Furthermore, because rank(H")=k < r, the matrix is not identically zero in view
of rank(F"F°/T?) = r. In addition, N~! vazl 2979 is positive definite by Assump-
tion B. These imply that the trace is positive and the trace does not converge to zero
because lim inf By is a positive-definite matrix by Assumption A(iii). This implies that
lim infy, 7o (loglog T)I/T > 0.
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Now 11 =2N"'7"" SN & ProF0)9 —2N~'T=' SN &/ Ppoye FO0. But

N
NT'T™'S " eiPpoF2)
i=1

N T
— |N1T1 SO e A

i=1 t=1

/

o 12

T 12 1 T
<72 (72 FO|I2 L
;II ol T ;

=0,((T/N)"?).

1 N
72@[12?
‘\/N L

i=

The last equality follows from Lemma A.1(i). The second term of II is also
O,((T/N)'?), and hence (loglog T)II/T = O,(loglog T/(TN)"?)20. This proves
Lemma A.3. [J

Lemma A.4. For each fixed k with k = r, V(k,E*) —V(r,F")=0,(1).

Proof. This follows easily from V(k,EF*¥) = O,(1) for each k > r because

N T
. R 1
V(k,F*)y < V(r,F") < V(r,F°) < o > > et =0y(1).
i=1 t=1

The first inequality follows from & > r. The second is a defining property of minimiza-
tion (the sum of squared residuals is no larger than the case of known F° and thus
not minimized with respect to F°). The third inequality says that the sum of squared
residuals V(r,F%) is no larger than the sum of squared residuals evaluated at A° and
F° (without minimizing with respect to A° and F°). The last equality follows from
the assumptions on e;. [J

Proof of Theorem 1. Consider £ < r. We have the identity:

V(k, F*Y — V(r, F") = [V(k, F*) — V(k, F°H")]

+[V(k,F°H*Y — V(r, F°H")] + [V(r, F°H") — V (1, F")].

Lemma A.2 implies that the first and the third terms are both O,(T 1/ 251§Tl ). Next, con-
sider the second term. Because F°H" and F° span the same column space, V (r, FOH" )=
V(r,F°). Thus the second term can be rewritten as V(k, F°H*) — V(r,F"), which is
Op(T/loglogT) [but not op(7/loglog7) and is positive] by Lemma A.3.
Hence, V(k,F*) — V(r,F") = Oy(T/loglog T). Using PC(k) — PC(r) = V(k,F*) —
V(r,F") — (r — k)g(N, T), it follows that if g(N, T)(loglog T)/T — 0, then P[PC(k) <
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PC(r)] — 0. Next for k > r,
P[PC(k) — PC(r) < 0] =P[V(r,F") — V(k,F*) > (k — r)g(N, T)].

By Lemma A4, V(r,F")—V (k, F*)=0,(1). For k > r, (k—r)g(N,T) = g(N,T) — oc.
Thus for k > r, P[PC(k) < PC(r)] -0 as N,T - oco. [J

Appendix B. Distribution theory

Lemma B.1. Under Assumptions A-D, we have for k =r (omitting superscript k)
| Z
Fir (T > IF, —H5F3||2) = 0y(D),
=1

where H, = H, V];Tl has full rank and Vr is an r X r diagonal matrix consisting of
the first v largest eigenvalues of (1/NT*)XX' in decreasing order.

Proof. From the identity F = (1/NT?)XX'F and the definition of eigenvectors and
eigenvalues, (1/72N)XX'F = FVyr. The left-hand side is simply £. Thus, we obtain
immediately another identity linking F and F. That s, F=F Vnr, or F .= VyrF, and
F,=Vy'F, (t=12,...,T). Thus F, — H}F? = Vy;'(F, — H{F"). The lemma follows
from Lemma 1 and ||V, || = Op(1) (see Lemma B.3 below). [J

Note that both H, and H, are full rank matrices, and ||[H;||=0,(1) and ||H,||=0,(1).

Proof of Lemma 2. By taking £ =r, we can rewrite (A.1) as

T T T
ﬁt _HllFtO:TizzﬁsVN(SJ)"‘Tﬁzzﬁs&t + Tﬁzzﬁs’?sz

s=1 s=1 s=1
T
+T_ZZstst' (Bl)
s=1

The desired result follows from Lemma B.2 below. O

Lemma B.2. Under Assumptions A—E, we have, for each t,
(@) 772350, Fow(s,0) = 0p(T732);

(6) 720, Al =0y ()

() T Foy =0
(d) 77250 Féy=0

N———

p(f§
NES)

1N
)
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Proof. Consider part (a). By adding and subtracting terms, we have

T T T
T2 Fan(s.)=T72Y (Fy— HjF)yyn(s.t) + )T Flyy(s.1). (B.2)

s=1 s=1 s=1

Now 77257 FOyy(s,6)=0,(T~3?) since E| 3.1, FOyy(s,1)| < (max, E||F0|) XL,
lyv(s, 1) < T'2M by E||F?|| =O(VT) and Assumption E(1). Consider the first term:

11 v
S T (T Z 15 = H2/F30|2>
s=1

T 1/2
X (Z |vN<s,t)|2> :
s=1

which is 77320,(8y;) by Lemma B.1 and Assumption E(1). Consider part (b).

- Z<F — HyF{)yn (s, 1)

s=1

T T T
Y FLa =T (Fo— HiFD) o + HiT Y Fy=1+1L
s=1

s=1 s=1

T . | r 1/2 . T 1/2
I:|T—ZZ<FS—H5F§’>CS,||<T(TZHR—Hz’FSHz) (TZci) :
s=1 s=1

s=1

Furthermore,
T L1 Z N 2 1
-1 2 —1/2
T ;Cst = N ?; lN 1/ g(eiseit — E(eiei))| = Op (N) .

Thus term I is 30,(5-)0p ( ) Consider 1I,

a (A s 1L\ 1
,zz 0r || < Z 0)12 72 2 _
T - Fc CS[ o= \/T <T2 g ||FY || > <T g Cst) OP (\/ﬁ) '
Thus (1) is dominated by (II) and hence (b) is O, (1/v/NT). Consider part (c).

T
T2y Fay=T 2Z(F — HjF)ng + HyT ZZF"%
s=1

s=1

Now 7250 Fony = (1T SS1, FOFO)Y(1N) 3, Axew = Op (1/V/N). The first
term above is

T
T2 Z (Fv - HZ/E?)ﬂst

s=1

1 1/2 L 1/2
<777 <TZ||FS—H2’E?||2> (TZZ@ :
s=1 s=1
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But
T T T 1
T ;nft =7 ;(FS’AO’et/N)Z <[4%e/N|P? (T‘zzleFSIz) =0, (N) ,

for || 4%e,/v/N|[>=0,(1). Thus, || T2 3" (Fy— H3FO)ny||=0p((TN )~ "25y}). There-
fore, (c) is O, (ﬁ) Finally for part (d),

T T T
T2 Flu=T72) FFAeN=T2% (FielA’/N)F]
s=1 s=1 s=1
T

1
Z (Fy — HyF)el A°FO +

= w2 Z HyF2% A°F?.

NT2

Consider the first term

T 12
1 1 .
H( T2Z(F — HyF)e ’A°>F° < 7w TZFS—HZ’FW)
s=1

(
%

12
e/’ [l
VN VT~
which is O, (1/v/TNCyr). For the second term of (d),
e ZF° AR = (rf Sy "4) (FONVT) =0y ),
1 k=1

Thus, (d) is O, (1/\/NT). The proof of Lemma B.2 is complete. [

Lemma B.3. Assume Assumptions A-D hold. Let Vyr be the diagonal matrix con-
sisting of the first r largest eigenvalues of (1/T>N)XX' and let VAT,T be counterpart
of the matrix (1/T?>N)F°(AY A°)F". As, T,N — oo,

() T2F (1T>N)XX')E = Vyr 37,
(i) Vi =Vr + op(1),
(iii) F'FO/T2(AY A /NYFOF /T2 S 1

where V is a diagonal matrix (random) consisting of the eigenvalues of X, [ B,B,,.

Proof. By the definition of eigenvalues and eigenvectors, we have (1/T2N)XX'F =
FVyr. From F'F/T? =1, we further have T—2F (1/T2N)XX'F = Vyr. Next,
IT*NTF XX )E — TN E FO (A A)FYF|| = 0,(1) (B.3)

is implied by the proof of Lemma 2. Associated with the eigenvalues of V]:r,T is the
eigenvector matrix F'y such that F%F;/T? = 1. By definition, 7-*N~'FiF%(A” A%)
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FYF; =V} . It can be shown that
IT*N"'E FO(AY AO)FYF — T*NT'FLFYAY A FYFi || = op(1). (B.4)
Note that the  largest eigenvalues of the matrix (1/7%)F%(A%” A°/N)F"" are the same

as those of the matrix (A% A°/N)(F*F°/T?). But the latter matrix converges in distri-
bution to X, [ B,B,. Thus V]\BT converges in distribution to V. Egs. (B.3) and (B.4)

imply Vyr = VAT,T + op(1). Thus VNT£> V', proving parts (i) and (ii). Part (iii) follows
from part (i) and (B.3). O

In what follows, an eigenvector matrix of W refers to the matrix whose columns
are the eigenvectors of W with unit length and the ith column corresponds to the ith
largest eigenvalue.

Proof of Proposition 3. Let Vy; be as stated earlier, then (1/T?N)XX'EF =FEVyr. Mul-
tiplying this identity on both sides by T2(A%” A°/N)2F% we have

AYANZ (XX & AV AN (FYE
N ey )= w 72 )

Expanding XX’ with X = F0A% + ¢, we can rewrite above as

A9 0 12 FO1 g0 A0 A0 FOf
~ 2 ~ 2 + dnt

A7 A0 1/2 FOF
= N 2 Vnr, (B.5)

where dyy = (AYA°/N)2[(FOFO/T?)AY'F/(T?N) + (1/T?N)F*eA°FY(F)/T? +
(1/T?N)F"ee'F/T?] = 0,(1), where the o0,(1) is implied by Lemma B.2. Let

oo _ A AN/ 01 0 07 10\ /2
NT — N T2 N ’

A AN RV
RNT_( N ) (TZ>’ (B.6)

then we can rewrite (B.5) as
[Bxr + dnrRypIRvr = Rur Var.

Thus each column Ry7, though not unit length, is an eigenvector of the matrix [Byr +
dnrRy;]. Let Vi, be a diagonal matrix consisting of the diagonal elements of R} Ryr.
Denote 1nr = RNT(VﬁT)*l/2 so that each column of 7yr has a unit length, and we
have

[Bvr + dnrRy7 1 Tvr = Ywr Var-

This equality holds because Vy, and Vyr are diagonal matrices and thus commutable.
Therefore Yyr is the eigenvector matrix of [Byr + d NTR];TI]. Note that Byy + d NTRM1

and
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converges to B:ZL/Z(f BuB;)ZL/z by Assumptions A and B and dyr =o0p(1). Because
the eigenvalues of B are distinct by Assumption F, the eigenvalues of Byr + d NTR]\_/T1
will also be distinct for large N and large 7. This implies that the eigenvector matrix
of Bnr + aVNTR]T,T1 is unique except that each column can be replaced by the neg-
ative of itself. In addition, the kth column of Ry (see (B.6)) depends on F only
through the kth column of F (k=1,2,...,r). Thus the sign of each column in Ryr
and thus in Yyr = Ryt VJTl*/z is implicitly determined by the sign of each column in
F. Thus, given the column sign of , Tyr is uniquely determined. By the eigenvec-
tor perturbation theory (which requires the distinctness of eigenvalues, see Franklin
(1968)), there exists a unique eigenvector matrix 1" of B = 211/2 Ik BMB;Zh/z such that
Yar-S 7. Rewrite (B.6) as FO'F/T? =(AY AN )~ V2Ryr = (A A /N2 Vo (Vi) V2,
we have F°’1‘7“/T2£>Z/_11/2 TV'2 by Assumption B and by V;}TgV in view of Lemma
B.3(ii). O

Proof of Theorem 2. By Lemma B.2, we have

- | 1 | |
g _o (L 1
Fom =0 <T3/2) O (\/NT) O (W) t% (m) (B.7)
and
\/ﬁ(ﬁt —H{Fto) = Op(Nl/ZT—3/2) + Op(T—l/Z) 4 Op(l) + Op(T_l/z).

The limiting distribution is determined by the third term of (B.1). By the definition of
175[ 9

T N
. N 1
VNE, = HIF))=T2Y (FF")—=> " Meq + op(1).
s=1 \/N i=1

Now (1/v/N) ¥, 19, 5N(0,T,) by Assumption G. Together with Proposition 3, we
have VN(F, — HI’F,)i)QN(O, I';) as stated. Note that Q is independent of N(0,I7;).

This is because the limiting behavior of (£'F°/T?) is determined by the common trends
only, see (B.4) and the common trends are independent of the idiosyncratic errors. [

Proof of Corollary 1. From F,=Vy,'F, and Hj =V, H{, we have VN(F, — H;F?)=
V,;Tl VN(F; — H{F?). The corollary follows from Theorem 2 and Vyr — V by
Lemma B.3. [

Lemma B.4. Under Assumptions A-E, the r X r matrices satisfy

(i) T7'(F = FPHYF® = O(T ") + Op(N '),
(ii) T=Y(F — FOH,YF = 0)(T~1) + Oy(N~12),
(iif) 771 20 (Fy — HIF)| = O)(T ) + O(NT)~'12).

Furthermore, (i)—(iii) hold with F replaced by F and H, replaced by H,.
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Proof. Consider (i). Using the identity (B.1), we have
T

T T T T
TN (B = HIFOFY =T3S FF (s, ) + T2 N FFYL,
t=1 s=1

t=1 t=1 s=1

T T T T
OB+ Ty Y R
t=1 s=1 t=1 s=1
=I+1I+ I+ IV.

We shall show 7=0,(7T~!). We can simply treat Fy as HJF? because (after adding and
subtracting) the term 1nV01V1ng F — H3F? is a dominated term. Thus it is sufficient
to prove 7350 ST, F;)Fto’y;v(s,t) = O,(T~"). But this follows from E|F2F
(s, )| < |yw(s, 1) max; <, <1 E||FY? < MTyN(s t) and Assumption C2. Consider II.
From {,=ele,/N—yn(s,t), lI= (1/T3N)Zt 1 ZS | FFYele,~1. To prove II=0,(T~"),
it suffices to prove (treating Fy as HJF?, i.e., ignoring F, — H}FY)

T3N Z ZFOFO’e e, =O0,(T7).

t=1 s=1

The above is bounded by
1SR [1 &  « N o1
0 0
v (Fxme] (1oma)| <142
i=1 s=1 =1

=0,(T™"

because the assumptions imply E||+ Z;i] F;||> < M. Next, rewrite III as
| I | X
I 0/ o 10 770/
n-(mne) (whp )

The first expression is Op(1) and the second is Oy(N~!2). Thus III = O,(N~12).
Consider IV. Because 7 is a scalar we can use F,O’ Nyt = nstFtO’ = ngtFtO’ to rewrite IV

as
1 & 1 <&
_ o 1 40 0 -0/
— <TN N P ) <T2 > FF )
s=1 =1

The second expression is Op(l) and the first can be rewritten as

Z(F Hz’Fo)Z/lk e,ﬁ+H2T ZZF% ers. (B.8)

s=1 k=1

The first term of (B.8) is bounded by ((1/7)Y._, |Fy — HF?|[H)2((1/T) L, ||
(1/V/N) S0, Rex|[)2N 172, which is Op(N~"23}). The second term is Op(N ~'?).
Combining results, we prove (i).
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Part (ii) of this lemma follows easily from (i). Rewrite
TF (FOH, — Fy= —T~\(F — F°H,Y(F — F°H,). — H{T'F*(F — F°H,).

The norm of the first expression is bounded by 7' 3.7 [|F, — H{F?||*=0,(552) and
the second expression is Op(7 ! + N~12) by part (i), proving part (ii).

Next consider (iii). By (B.7), each term except the third on the right-hand side
is of O (T*3/2) or Op((NT)’l/z) thus the average over ¢ is still of this magnitude.
The average over ¢ for the third term is given by 723" (F,F)(1/TN) Y
which is equal to O,((NT)~"?), proving (iii).

The remaining claim of this lemma follows from the relationship between F
and F. O

i=1 tell’

Proof of Lemma 3 and Theorem 3. The estimator /Tl- has an alternative expression: ii:
(17“/15)*1[7“/)7(,», where X; = F%/0 + ¢,. Thus

bi=FE Y EFH 0 4 e+ (FO — FH)0
—H 2+ (F'EY Fei+FEEYE(FO— FH).

Rewriting F’gi =H{F"e; + (F — F°H,Ye;, we have

Al A Al A

1 1
A _ FF 1 FF | A
T(x —H'2)) = <T2> Hy TFO/e + ( 72 ) *(F_FOHI)/Q"

Al A

1
FE\ 1. A
+ ( 2 ) —F’(FOHI — FYH 0. (B.9)

Consider each term on the right-hand side above. From ||(15/1’5/T2)_l [|=0,(1), ||Hi||=
0,(1), and T~'F%¢; =T~' I Fle;, =0,(1), the first term of (B.9) is Op(1). Next,

T
TE = F°HY el = T || (F = HIF)eu

t=1

r 12 r 12
) (T—l S - HfF?||2> (T—' zef,>
t=1

t=1

= Op(057)0p(1).

So the second expression of (B.9) is Op(éj\_,rl). Finally, by Lemma B.4(ii), the last
expression of (B.9) is 0,(1). Combining results we obtain Lemma 3. In addition,

FEY ' 1
t=1
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Note that (F'F/T?)"'H] = H['(FY'FO/T?)~! + oy(1) and H; '(FYF°/T?)~! =
[(AY A NYFYF/THY(FYFO/T2) ! — (240")"Y([ B,B.,)", see Proposition 3. This
implies Theorem 3 in view of Assumption H. [J

Proof of C9rollary 2. The mathematical identity /1:;1VNT can be shown to hold. T}lat
is, L;=Vnrii. From Hy=H,Vy; , ot Hy '=VyrH; ', we have T(J;—H, ') =VyrT(di—
Hl_li?). The corollary follows immediately from Theorem 3 and Vyr — V. O

Proof of Theorem 4. From CY = F" 0 and C;, = F!/;, we have
Civ — CO=(F, — H{FOYH ' )0 + FI(J; — H7'9). (B.11)
(i) N/T — 0. Multiplying v/N on each side of above,
VN(Ciy — C)) = VN(F, — H{F))H[' i + F]O,(N"?/T).

Because N/T — 0 and F, = O,(T"?), the second term on the right is o,(1). By
Theorem 2,

F~IF0 1 N
\/N(ﬁt—Hl’FtO)——< > g Ve, + 0p(1)
2 Al P
> ) VN 4

~/ —1 N
FFO> <A0/AO) <A0/A0> 1
_ — > e, +o0,(1)
; > Ajei+ oy
( T N N VN 5

/20 L N
:H{( > —=> e+ op(1)
N VN &

by the definition of H;. Therefore,

07 \—1 s 1 70 (\ AO/AO - 1 u 0
4i (Hy) " VN(F: — H{F) = 4; N \/]T]Z’ljeﬁ"'op(l)
=1

& N0,2%57 2709, (B.12)

That is, VN(C;; — CO)-5N (0,192, T,27'29).
(ii) If T/N — 0 then TV2(F, — H/F®) = o0,(1) by (B.7). From (B.11) and (B.10),
VT(Cii = C)) = op(1) + (T PENT (s — H{ ')

T
_ 1
= op(1) + (T~ V2EY\(FYFO/T?) I?ZF;?@S
s=1

—1
4 Bu(z) < / Bu3;> / B, dBY. (B.13)
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(iii) N/T — =. Rewrite (B.11) as
VN(Ciy — C)) =V N(E, — HIF)YH' 20 + (MN/T) (T~V2ENT (i — H V).

The desired result follows from cases 1 and 2. In addition, BY is asymptotically
independent of N~1/2 Z;v:l /jej, because the latter involves every cross-section unit.

Moreover, BY) is independent of B, by assumption. Thus, the limits of (B.12) and
(B.13) are independent. [

Proof of Proposition 4. For notational simplicity, we write H for H}. From R =d+
5/15,, R —o—§F=(d—a)+ 511:"t — §'F?. Adding and subtracting terms, and then
multiplying v/N on each side, we have

VNR, —a— 'F*)=v/N(G — o)+ VN6 — H V5)F,
+0H 'WN(F, — HF").
We next show the first two terms on the right-hand side are negligible. Let 2 =
~ n ~l

(1,1,...,1)" and define Z = (3,F) to be the regressor matrix of (13). Let = (&,0 )’
be the least-squares estimator. Then 3 = (Z’Z)~'Z'R, where R = (Ry,...,Rr)’. Under
the null hypothesis, R, = o + &'F°. Adding and subtracting terms, R, = o + &'H ~'F, +
O'H~'(HF?—F,). In matrix notation, R=2Zy—(F —FH")H~"5, where y=(o, ' H™')'.
Thus

B—y=—(2'2)"Z'(F - F°'H"H"s.
Define D7 = diag (\/T, T,..., T), then D;IZ’ZD;1 =0,(1). We have

Dr(p —9)=(D7'Z'zD;) ' Z/(F — FOH)H ™.
This implies that

1, - .
G~ =My o /(F — FOHYH V'8 + My, WF/(F — F'H)YH™'s,

< . _ 1
o—H 1’5:M21mz’(F—FOH’)H 1’5+Mzzﬁ

xF'(F — FOH)H™Vs, (B.14)

where M;; is the (i, j)th block entry of (D 1z’ ZDy )~1, partitioned conformably. Each
M;; is Op(1). By Lemma B.4(iii), 7~'/(F — F°H') = O,(T~*?) + O, (1/v/NT), and
by Lemma B.4(ii). T—32F (F — F°H')=0,(T~32)+0, (1/V/NT). Thus, vN(3—u)=
Op(VNT32) + 0)(T~"?) and VN(6 — H"8) = Op(v/NT2) 4+ O,(T~"). Because
F,= O, (\/T), we have \/N((g fH*I'é)’Ft =0, (\/NT’M) + Op(T*I/z). Now it is
clear that both VN (é—o) and vVN(6—H ") F, converge to zero if N/T®> — 0. Thus,

VNR, — o — 8'F)=o0,(1) + &'H "VN(F, — HF?).
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By Theorem 2 and Corollary 1,

VN(F: = HF}) = V3 VN(F, = HF}) (B.15)
~/ N
FFO 1
- N 1). B.16
w ( 7 )W;A,et+op<> (B.16)
Thus,

F'FO al
§8'H™'V/N(F, — HF") 5’H‘1VNT1< ) NZ % + 0p(1).

i=1
Because H, V', and T—2F'FO are all asymptotically independent of (1/VN) XY,
Ve, we have
VN(R, — o — 8'F?)
[/ H=1 V! (F'FO/T2) I (F FO/ T2y Vi H=176]'2

4N (0, 1),

where I, is the asymptotic variance of (1/v/N) SN A
(1/N )Zl ¥ e2 02 under cross-section uncorrelation for idiosyncratic errors. We can
estimate (F 'F °/T2)I ,(F F O/T 2Y by replacing F° with F, replacmg /10 by A (equiv-
alently, replacing /A9 with J; for every i), and by replacing €2 with &%. Noticing that
F'F/T? =1, it is not difficult to show that

F'Fo F'Fo
<T2>Ft< ) Z &2 = o0p(1).

Finally, H~!§ is estimated by 5, see (B.14). This implies that
f(lét_a_élFo)
5 12
St (A &82:20) viatd]

proving Proposition 4. [

Ve;,. That is, I'; = plimy_ oo

N(O, 1),

Appendix C. Generalized dynamic factor models

Lemma C.1. Under the assumptions of Theorem 5, and for H* defined in Lemma 1,
we have, for each k <r

T

1 .

7 2 = HYFY|P = 0y(1). .1
=1

This lemma provides a rough bound on the behavior of F' k. Although not sharpest
possible, the bound is sufficient for our purpose.
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Proof. By the Beveridge—Nelson decomposition, we have 4;(L)=4;,(1)+ Af(L)(1 —L),
where (L) = Zjoio apl) with afy = Z,fijﬂ ai. Thus, L(LYF, = A(1)F, + AF(L)u,.
That is, X;; = (1) F, + A (L)u, + e;;, which can be rewritten as X;, = A/F; + v;,, where
Ji = A1) and v; = A¥(L)u, + e;. Note that v; does not have the weak cross-section
correlation properties imposed on e;;. Thus Lemma C.1 is much weaker than Lemma 1.

Combining the first two terms on the right-hand side of (A.1), we can rewrite (A.1)

as
T T T
P —HYF) =T FR + 172 Pl + 172 Frg, (C.2)
s=1 s=1 s=1
where, upon introducing v, = (Vi Vass. .., Vivr )
Vi,

Cst = 75 Nst :FB/AO/W/N, ést :FIOIAO/VS/N-

The rest of proof involving bounding each term on the right-hand side of (C.2). The
proof is similar to that of Theorem 1 of Bai and Ng (2002), and thus is omitted. [
Lemma C.2. Under the assumptions of Theorem 5, we have, for each k with 1 <k<r,

V(k,F*) — V(k, FOH*) = O,(T"?).

Proof. Let Dy = F¥'F*/T? and Dy = H*F”F°H*/T2. Then adding and subtracting,
Pp — Proys = T2[(F* = FPHOD \(FF — FOHMY + (F* — FOH*)D ' HYFY

+FOHkD]:l(Fk _FOH/()/ +F0Hk(D/:1 _Dal)Hk/FOI];

N
V(k F'H®) = V(I FY) = N7'T71 Y " XJ(Pac — PRy X
i=1
=I+1I+1I+1V, (C.3)
where the four terms correspond to the decomposition of Pa — Proy: as above. Now
N T T
=N S (R - HYEYY D - HYFDYX,

i=1 t=1 s=1

. 12
< (r—z SO - VR D - Hk'w)

t=1 s=1

12
T T 27l

g (g

t=1 s=1

T
< <T—‘ > IE —H"’F,“> ID;1|0p(1) = 0p(1)

t=1
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by Lemma C.1 and Lemma A.1(iii). Note that ||D, '||=0,(1), which is proved below.
N T T
=N ZZZ( Hk/FO ID lHk/FOAX'”XVlS
i=1 t=1 s=1
P 1/2
< <T2 ZIIﬁf—Hk'Ft()lllek'F?leD/?l|2>
t=1 s=1
T T N 72
ey (v
: i=1

1/2

1/2 r
DY IE —Hk'F?||2> 1D <T_2Z IIHk’Fsz) Op(1)
t=1 s=1
T 1/2
=7 (T TIE —H"'F?||2> 0y(1) = Oy(T"?).
=1
It can be verified that III is also Op(Tl/z). Next,

N T T
IV =N'T3Y NN R HND ! — Dy YHY FLX X

i=1 t=1 s=I

T

N 2
<7Dy =Dy NV (T‘ZZ |HYFY| - |X,-,|> =T|ID;" = Dy |0p(1),
i=1

t=1

where Op(1) is obtained because the term is bounded (using |X;| < [|22||F?||+|ex|) by

T N N T .
20 HH P Xy IFPIPY (e S0y 2211 + 20 HH P 3205 (7 20y 17 Nl lewr])?, which
O,(1) by Assumptions A and B. Next, we prove that |[Dy — Dy ||=0,(T /). Notice

T
Dy —Do =T [FIFY — HYFIF)'HY)
=1

T
=172 ) (Ff = HYF))(Ft — HYFYY
t=1

T T
+ T2 (Ff = HYF)FYH* + 772> HYF)(Ff — HYF)Y,

t=1 t=1
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T
|IDx = Do|| < T72>||Ff — HYFY|?

t=1

r 12 r 12
ar (i) (Y
t=1

=1
= T7'0,(1) + T7V20,(1)0,(1) = T~20,(1).

Because the limit of F*'F°/T? is positive definite and rank(H*)=k < r, Dy (k x k) is

invertible and ||D; || =0,(1). From ||Dy —Dy||=T""20,(1) — 0, Dy is also invertible

and ||D; || = 0p(1). From D' — Dy =D, '(Dy — Dy)Dy ', we have |[D;' — Dy =

| Dk — Do||Op(1) = T~Y20,(1). Thus IV = T||Dy — Do||Op(1) = Op(T"?). This proves

Lemma C.2.

Lemma C.3. Lemma A.3 still holds. That is, for each k with k <r, there exists a
>0,

loglog T
% [V (k, FOHYY — V(r, FO)] = 7 > 0.

lim inf
N,T— 00

Proof. The proof is the same as that of Lemma A.3 but with e; replaced by v;, where
vi = Vi1, Vi2, ..., Vir) with vy = 27 (L)Y u, + e;. More specifically,

N
V(k FOHY) = V(r FO) = N7 "2V FY (PR — PRy )FO
i=1

N
+2INTITTNS V(PR — Py )FOA

i=1
N
+NTITTNS T (PY — Phy )y =1+ 11+ 111
i=1
The proof for I and III is the same as before. That is, III > 0 and liminf(loglogT)
/T > 0. Next, 1=2N""T"" S0 v/PpF00 — 2N 1T 1SV v/ Proyu FO0. But

N N T
INTITTES W PRFOY = INTITTNY N v A

i=1 i=1 t=1

T 172 r
S GONCTIEEDS
t=1 t=1

= 0,(T"?).

The second term of II is also O,(7'"?), and hence (loglog T)II/T = Oy(log
log T/T"2)2,0. This proves Lemma C.3. [J

o 12

1 N
— V,‘i?
v
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Lemma C.4. For each fixed k with k >r, V(k,F*) — V(r,F") = Op(1).

Proof. This follows easily from V(kF*) = O, (1) for each k > r because

N T
N . 1
V) SV F) S VnFO) < 20 D0 i =0y(1)

i=1 t=1

The first three inequalities are explained in the proof of Lemma A.4. The last equality
follows from the assumptions on 4;(L), u;, and e;. [J

Proof of Theorem 5. The proof is identical to that of Theorem 1. Instead of using
Lemmas A.2-A.4 we use Lemmas C.2-C4. [

Proof of Theorem 6 and Corollary 4. The proof of Theorem 6 is similar to that of
Theorems 2 and 3; the proof of Corollary 4 is similar to that of Proposition 4. Thus
these proofs are omitted. [

Appendix D. List of industries

Agriculture, forestry, and fishing

Farms

Agricultural services, forestry, and fishing
Mining

Metal mining

Coal mining

Oil and gas extraction

Nonmetallic minerals, except fuels

Construction
Manufacturing
Durable goods

Lumber and wood products
Furniture and fixtures
Stone, clay, and glass products
Primary metal industries
Fabricated metal products
Machinery, except electrical
Electric and electronic equipment
Motor vehicles and equipment
Other transportation equipment
Instruments and related products
Miscellaneous manufacturing industries
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Nondurable goods
Food and kindred products
Tobacco manufactures
Textile mill products
Apparel and other textile products
Paper and allied products
Printing and publishing
Chemicals and allied products
Petroleum and coal products
Rubber and miscellaneous plastics products
Leather and leather products

Transportation and public utilities
Transportation
Railroad transportation
Local and interurban passenger transit
Trucking and warehousing
Water transportation
Transportation by air
Pipelines, except natural gas
Transportation services

Communication
Telephone and telegraph
Radio and television

Electric, gas, and sanitary services
Wholesale trade
Retail trade
Finance, insurance, and real estate

Banking
Credit agencies other than banks
Security and commodity brokers
Insurance carriers
Insurance agents, brokers, and service
Real estate
Holding and other investment offices
Services

Hotels and other lodging places
Personal services
Business services
Auto repair, services, and parking
Miscellaneous repair services
Motion pictures
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Amusement and recreation services

Health services

Legal services

Educational services

Social services and membership organizations

Social services
Membership organizations
Miscellaneous professional services
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