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1. Introduction

Many economic theories have found it useful to explain the behavior
of the observed data by means of a small number of fundamental factors.
For example, the arbitrage pricing theory (APT) of Ross (1976) is built
upon the existence of a set of common factors underlying all asset returns.
In the capital asset pricing theory (CAPM) of Sharpe (1964); Lintner (1965),
and Merton (1973), the ‘market return’ is the common risk factor that has
pervasive effects on all assets. In consumption-based CCAPM models of Breeden
(1989) and Lucas (1978), aggregate consumption is the source of systematic risk in
one-good exchange economies. More recently, Lettau and Ludvigson (2001) suggest
that the deviation between consumption and wealth is a fundamental factor. Because
interest rate of different maturities are highly correlated, most models of interest
rates have a factor structure. Indeed, Stambaugh (1988) derived the conditions under
which an affine-yield model implies a latent-variable structure for bond returns. A
fundamental characteristic of business cycles is the co-movement of a large number
of series, which is possible only if economic fluctuations are driven by common
sources.

While the development of the theory can proceed without a complete specification
of how many and what factors are required, empirical testing do not have this
luxury. To test the multifactor APT, one has to specify the empirical counterpart of
the theoretical risk factors. To test the CAPM, one must specify what the ‘market’ is,
and to test the CCAPM, one must specifically define consumption. To test term
structure models, the common practice is to identify instruments that are correlated
with the underlying state variables, which amounts to finding proxies for the latent
factors. To be able to asses the sources of business cycle fluctuations, one has to
specify the candidates for the primitive shocks.

A small number of applications have been proceeded by replacing the unobserved
factors with statistically estimated ones. For example, Lehmann and Modest (1988)
used factor analysis, while Connor and Korajzcyk (1998) adopted the method of
principal components. The drawback is that the statistical factors do not have
immediate economic interpretation. A more popular approach is to rely on intuition
and theory as guides to come up with a list of observed variables as proxies of the
unobserved theoretical factors. Variables such as the unemployment rate in excess of
the natural rate and the deviation of output from its potential are both popular
candidates for the state of the economy. In term structure analysis, the terms spread
and the short rate have been used as proxies of the factors underlying bond yields. In
the CAPM analysis, the equal-weighted and value-weighted market returns are often
used in place of the theoretical market return. In the CCAPM analysis, non-durable
consumption is frequently used as the systematic risk factor. By regressing asset
returns on a large number of financial and macroeconomic variables and analyzing
their explanatory power, Chen et al. (1986) found that the factors in APT are related
to expected and unexpected inflation, interest rate risk, term structure risk, and
industrial production. Perhaps the most well-known of observable risk factors are
the three discussed in Fama and French (1993): the market excess return, small
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minus big factor, and high minus low factor. Hereafter, we will simply refer to these
as the Fama and French (FF) factors.

There is a certain appeal in associating the latent factors with observed variables
as this facilitates economic interpretation. But as pointed out by Shanken (1992),
estimation of beta pricing relations using proxy factors are meaningful only if the
fundamental factors are spanned by the observed factors. Yet such a condition will
be violated even if a pure measurement error is added to a perfect proxy. To date,
there does not exist a formal test for the adequacy of the observed variables as
proxies for the unobserved factors. The problem is not so much that the fundamental
factors are unobserved because in principle, if we observe indicators of the factors,
we can estimate the factors from the data. The problem is that latent factors
estimated from a small number of indicators are imprecise, and in theory, consistent
estimation of the latent factors cannot be achieved under the traditional assumption
that 7 is large and N is fixed, or vice versa.

In this paper, we develop several procedures to compare the (individual or set of)
observed variables with estimates of the unobserved factors. The point of departure
is that we work with large dimensional panels. That is, we deal with datasets that
have a large number of cross-section units (N) and a large number of time series
observations (7). By allowing both N and T to tend to infinity, the space spanned by
the common factors can be estimated consistently. Our analysis thus combines the
statistical approach of Lehmann and Modest (1988) and Connor and Korajzcyk
(1998), with the economic approach of using observed variables as proxies. In
Section 2 we begin by considering estimation of the factors, stating the conditions
under which the estimated factors can be treated as though they are known. Section
3 presents tests to compare the observed variables with the estimated factors, making
precise how sampling variability of the factor estimates is reflected in the test
statistics. Monte carlo simulations are reported in Section 4. We then use the
procedures to compare observed variables with factors estimated from portfolio
returns, individual stock returns, and a large set of macroeconomic time series. These
are reported in Section 5. Proofs are given in the Appendix.

2. Preliminaries

Consider the factor representation for a panel of data x; (i=1,...,N, t=
I,...,T)

al
Xit = /L,'Fz + e,

where F, (r x 1) is the factor process, and 4; (r x 1) is the factor loading for unit i. In
classical factor analysis, the number of units, N, is fixed and the number of
observations, 7, tends to infinity. With macroeconomic and financial applications,
this assumption is not fully satisfactory because data for a large number of cross-
section units are often available over a long time span, and in some cases, N can be
much larger than T (and vice versa). For example, daily data on returns for well over
one hundred stocks are available since 1960, and a large number of price and interest
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rate series are available for over forty years on a monthly basis. Classical analysis
also assumes that ¢; is iid over ¢ and independent over i. This implies a diagonal
variance covariance matrix for e; = (ey,...,ey;), an assumption that is rather
restrictive. To overcome these two limitations, we work with high-dimensional
approximate factor models that allow both N and T to tend to infinity, and in which
e;; may be serially and cross-sectionally correlated so that the covariance matrix of ¢,
does not have to be a diagonal matrix. In fact, all that is needed is that the largest
eigenvalue of the covariance matrix of e; is bounded as N tends to infinity.

Suppose we observe G;, an (m x 1) vector of economic variables. We are
ultimately interested in the relationship between G, and F,, but we do not observe F,.
It would seem natural to proceed by regressing x; on Gy, and then use some metric to
assess the explanatory power of G,." The idea would be that if G, is a good proxy for
F,, it should explain x;;. This, however, is not a satisfactory test because even if G,
equals F; exactly, G, might still only be weakly correlated with x;; if the variance of
the idiosyncratic error e; is large. In other words, a low explanatory power of G, for
x;; by itself may not be the proper criterion for deciding if G, corresponds to the true
factors.

In the CAPM analysis, several approaches have been used to check if inference is
sensitive to the use of a proxy in place of the market portfolio. Stambaugh (1982)
considered returns from a number of broadly defined markets and conclude that
inference is not sensitive to the choice of proxies. This does not, however, suggest
that the unobservability of the market portfolio has no implication for inference, an
issue raised by Roll (1977). Another approach, used in Kandel and Stambaugh
(1987) and Shanken (1987), is to obtain the cutoff correlation between the proxy for
market return and the true market return that would change the conclusion on the
hypothesis being tested. They find that if the correlation between G, and F, is at or
above 0.7, inference will remain intact. However, this begs the question of whether
the correlation between the unobserved market return and the proxy variable is high.
While these approaches provide far more cautions inference, the basic problem
remains that we do not know how correlated F, and G; are. To be able to test F; and
G, directly, we must first confront the problem that F, is not observed.

We use the method of principal components to estimate the factors. Throughout,
we use ‘tilde’ to denote the principal components estimates. Hatted variables are
based on least squares regressions with the principal component estimates as
regressors. Let X be the 7'by N matrix of observations such that the ith column is the
time series of the ith cross section. Let V' be a r x r diagonal matrix consisting of the
r largest eigenvalues of XX'/NT. Let F = (Fy,...,Fr) be the principal component
estimates of F under the normalization that £ 'TF = I,. Then F is comprised of the r
eigenvectors (multiplied by +/T) associated with the r largest eigenvalues of the
matrix XX'/(NT) in decreasing order. Let A = (A1,...,Ay)" be the matrix of factor
loadings. The principal components estimator of 4 is 4 =X 'F/T. By definition
€y = Xj; — ;L,-Ft-

'Such an approach was adopted for example, in Chen et al. (1986).
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Denote the norm of a matrix 4 by ||A4| = [tr(A’A)]l/z. The notation M stands for a
finite positive constant, not depending on N and 7. The following assumptions are
needed for consistent estimation of the factors by the method of principal
components.

Assumption A. Common factors
1. E|F,|*<M and =+ Zthl F.F, L spforarxr positive definite matrix 2.

Assumption B. Heterogeneous factor loadings

The loading /; is either determinis‘;ic such that ||4;|| < M or it is stochastic such that
E|l4:|I* <M. In either case, A'A/N — X, as N — oo for some r x r positive definite
non-random matrix X .

Assumption C. Time and cross-section dependence and heteroskedasticity

1' E(eif) = Oa E|eit|8 <Ma
2. B(eiejs) = Tjjis> |Tij1s| <ty for all (z,5) and |1, <y, for all (7,7) such that

1 & 1 & 1
NZT,']‘<M,?Z“/[S<M, and NT Z ITijus| <M,
ij=1

t,s=1 ij,t,s=1
3. For every (1,s), EIN~!/? Zf\il [eiseir — E(eiei)]|* < M.

Assumption D. {4;},{F;}, and {e;} are three groups of mutually independent
stochastic variables.

Assumptions A and B together imply » common factors. Assumption C allows for
limited time series and cross-section dependence in the idiosyncratic component.
Heteroskedasticity in both the time and cross-section dimensions is also allowed.
Given Assumption C1, the remaining assumptions in C are easily satisfied if the e;
are independent for all 7 and ¢. The allowance for weak cross-section correlation in
the idiosyncratic components leads to the approximate factor structure of
Chamberlain and Rothschild (1983). It is more general than a strict factor model
which assumes e; is uncorrelated across i. Assumption D is standard in factor
analysis.

As is well known, the factor model is fundamentally unidentified because
l;LL_lF . = A;F, for any invertible matrix L. In economics, exact identification of
the factors, F,, may not always be necessary. If the estimated F, is used for
forecasting as in Stock and Watson (2002), the distinction between F, and LF, is
immaterial because they will give the same forecast. When stationarity or the
cointegrating rank of F; is of interest, knowing LF, is sufficient, as F, has the same
cointegrating rank as LF,. In these situations as well as addressing the question we
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are interested in, namely, determining if F, is close to G;, what is important is
consistent estimation of the space spanned by the factors.

Lemma 1. Let H = 1771(13:,F/T)(/1//1/N). Under Assumptions A-D, and as
N, T — o0,

() min[V, 7)(5 3L IF, — HE,I?) = O,(1); L
(i) If VN/T ~ 0,4/N(F, — HF ) = V-'QN(0,T,), where FF/T — Q, V — V,
and F{ = th_wo %Zfil Z]I\Ll E()Lixlj/.e,',ej,).

Part (i), shown in Bai and Ng (2002), establishes that the squared difference
between the estimated and the scaled true faclgrls X;dnish as N and T tend to infinity.
As shown in Bai (2003), v/N(F, — HF) =V (F F/T)%ﬁzfi | Ai€ir + 0p(1), from
which the sampling distribution of the factor estimates given in (ii) follows. These
limiting distributions are asymptotically independent across ¢ if e; is serially
uncorrelated. The tests to be developed are built upon Lemma 1 and the fact that I,
is consistently estimable.

3. Comparing the estimated and the observed factors

We observe G,, and want to know if its m elements are generated by (or is a linear
combination of) the r latent factors, F,. In general, r is an unknown parameter.
Consider estimating r using one of the two panel information criterion:

7= argmax PCP(k) where PCP(k) = 5°(k) + ¢*(kmax)k - g(N, T),

7= argmax ICP(k) where ICP(k) = log ¢*(k)+ k - g(N, T),
=0,....Kmax
where Ez(k) :ﬁzi]\ilztrz@i, Cir = Xit —Z;IF,, with ; and F, estimated by the
method of principal components. In Bai and Ng (2002), we showed that prob(r =
r)—>1 as N, T —oo if g(N,T) is chosen such that ¢g(N,7T)— 0 and
min[N, T]g(N, T) — oco. Because r can be consistently estimated, in what follows,
we simply treat it as though it is known.

Obviously, if m<r, the m observed variables cannot span the space of the r latent
factors. Testing for the adequacy of G as a set is meaningful only if m>r.
Nonetheless, regardless of the dimension of G, and F,, it is still of interest to know if
a particular G; is in fact a fundamental factor. Section 3.1 therefore begins with
testing the observed variables one by one. Section 3.2 considers testing the observed
variables as a set.

3.1. Testing G, one at a time

Let Gj; be an element of the m vector G;. The null hypothesis is that G;;, is an exact
factor, or more precisely, that there exists a d; such that G;, = J;F, for all ¢. Consider
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the regressmn Gy =7; 'F, + error. Let 5 7; be the least squares estimate of y; and let
G], = //F ;. Consider the t-statistic

(sz - Gy)
(var(G))'/?

Let &’ be the o percentage point of the limiting distribution of 7,(j). Then /(j) =
T ZtT 1 1) > @;) is the frequency that 7,(j) exceeds the « percent critical value in a
sample of size T. R

The o/(j) statistic allows G, to deviate from Gy, for a pre-specified number of time
points as specified by o. A stronger test is to require Gj, not to deviate from G;, by
more than the sampling error at every . To this end, we also consider the statistic
A () = maxi << 7 |7,(j)|. The .Z(j) statistic is a test of how far is the G, curve from
Gj. It is a stronger test than .2Z(j) which tests G;; point by point.

() = (1)

Proposition 1 (exact tests). Let G, be a vector of m observed factors, and F, be a
vector of r latent factors. Let 7,(j) be obtained with var(G,) replaced by its consistent
estimate, var(Gj,). Consider the statistics

T

AG) = 0 1E ()= ), @
t=1

M) = max ) @

Under the null hypothesis that G;, = 8'F, and as N, T — oo with VN/T — 0, then (i)
A() L5 2. If, in addition, e;, is serially uncorrelated, then (il) P(M(j) < x) ~ [2®(x) —
1Y, where ®(x) is the cdf of a standard normal random variable.

Under the null hypothesis that Gj, = 5 F, and that ¢; is time invariant, the rate of
convergence of Gj, to Gj; is /N and the dlStI‘lbuthl‘l is asymptot1cally normal. To see
this, rewrite Gj, = 7} "HF, with y = 5 H~'. Adding and subtracting, \/—(Gﬂ Gj) =
«/—(y] — yDHF, +7; «/—(F, HF,) "The first term is shown to be 0,(1) in the
Appendix under theA null hypothesis. So the second term dictates the limiting
distribution of /N (G — Gjy), but this is asymptotically normal by Lemma 1 (ii).
Thus 1,(j), the standardized G;; — Gj;, has a standard normal limiting distribution.
Part (i) of the proposition permits e;; to be serially correlated, since the law of large
numbers holds even if 7,(j) is time dependent. In contrast, part (ii) of the proposition
requires ¢;; to be serially uncorrelated, so that ,(j) is asymptotically uncorrelated and
thus independent by normality.> The stated property of the M(j) statistic then
follows from consideration of the maximum of iid normal variates.

Let Avar(Gj) denote the asymptotic variance of VN (G — Gjy). It follows that

. o -~ _,~(FF\_.(FF
Avar(Gj,) = plim?y; Avar(F,)y; = plim?y;V/ (T) Ft< T ) Vo Vs

2Extreme value distribution can also be used to approximate the distribution of M(j) after proper
centering and scaling when ¢y, is serially correlated.



514 J. Bai, S. Ng | Journal of Econometrics 131 (2006) 507-537

with I'; = limy_, o ﬁZf\; \ Zj/\; 1 EQiZjeiesr). Let var(Gy) denote the asymptotic
variance divided by N. That is,

~ 1 .
var(Gj) = v Avar(Gj,).

An estimate of it can be obtained by first substituting F for F, and noting that FF /T
is an r-dimensional identity matrix by construction. Thus,

PR [P SO

where f, is a consistent estimate of H'~'I',H'. For each fixed ¢, unless e; is cross-
sectionally uncorrelated, I', (more precisely H'~'I'’H~') is not consistently
estimable. The problem is akin to the problem in time series that summing the 7°
autocovariances will not yield a consistent estimate of the spectrum. With cross-
section data, the data have no natural ordering, and the time series solution of
truncation is neither intuitive nor possible without a precise definition of distance
between obserthions However, if I'; does not depend on ¢, that is, if e;; is stationary
so that E(e?) = o2 for all ¢, the followmg estimator is consistent for H'~'I',H~":

ZZ”’ 1 55, VI @

where mm’—Nn — 0. This covariance estimator is robust to cross-correlation, and
accordlngiy, we refer to it as CS-HAC. It makes use of repeated observations over
time, so that under covariance stationarity, the time series observations can be used
to estimate the cross-section correlation matrix. However, because of error from
estimation of the factors and factor loadings, we can only use n<N observations
when estimating I';. A formal analysis of the CS-HAC is given in Bai and Ng (2004).

When e;; is cross-sectionally uncorrelated, an alternative estimator is
e
=— Z i (5)

The above estimator does not require time-series homoskedasticity of e;. In the
absence of cross-section correlation, time series heteroskedasticity of e;, is permitted.
If, in addition, E(ef,) = 05 for all i and all ¢, an appropriate estimator is

e

~ AA

~2
r=s, —. (6)
where 57 = LY S, e, and Ais the N x r matrix of estimated factor loadings.
In summary, Eq. (4) allows cross-section correlation but assumes time-series
stationarity of e;. Eq. (5) allows time-series heteroskedasticity, but assumes no cross-
section correlation. Eq. (6) assumes no cross-section correlation and constant
variance for all i and all z.

Once an appropriate I, is chosen to construct le‘(Gﬂ) testing if Gj; is an exact
factor is then quite simple. For example, if o = 0.025, the fraction of 7,(j) that
exceeds 1.96 in absolute value should be close to 5% for large N and T. Thus, A())
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should be close to 0.05. Furthermore, M(j) should not exceed the maximum of a
vector of N(0, 1) random variables (in absolute values) of length 7. This maximum
value increases with 7', but can be easily tabulated by simulations or theoretical
computations. The 1%, 5% and 10% critical values are as follows:

Critical values for the M(j) test

T

50 100 200 400
0.01 3.775 3.935 4.109 4.219
0.05 3.283 3.467 3.656 3.830
0.10 3.076 3.278 3.475 3.632

Requiring that G, be an exact linear combination of the latent factors is rather
strong. An observed series might match the variations of the latent factors very
closely, and yet is not an exact factor in a mathematical sense. Measurement error
and time aggregation, for example, could be responsible for deviations between the
observed variables and the latent factors, as discussed in Breeden et al. (1989). In
such cases, it would be useful to gauge how far the proxies are from the true factors.

Proposmon 2 (approximate tests). Suppose Gj = 5 F, + &, with ¢; ~ (0,0 (])) Let
G, = ))/F i» where %, is obtained by least squares from a regresszon of Gj; on F,. Let
e = Gjy — Gy. Then as N, T — o0, (1)0(]) TZtTIA/zl—>O' (), and (ii)

(Sjt 8][) d

Sjt

55 N(O, 1),

where s], = F p Avar(é_j)F + % Avar(ajt), where Avar(é_j) is the asymptotic variance

from a hypothelical regression of G, on F,.

We generically refer to ¢; as a measurement error, even though it might be due to
systematic differences between F;, and G;,. If F'; was observed, (5 would have been the
resulting estimate. The error in fitting G;; would then be conﬁned to the first term of

52, as is standard of regression analysis. But because we regress G, on Fi, & &y NOW
consists of the error from estimation of F,. Notably, the error from having to
estimate F, is decreasing in N. The convergence rate of & to & is min[+/N, ~/T] and
follows from Theorem 2 of Bai and Ng (2004). As can be seen from the expression of
sz, no restriction is placed on the relative rate of increase between Nand T.

When ¢, is homoskedastic, Avar(d; ) =¢2(EE)"" and thus 55 = LF(EEYFo? +

Avar(Gﬁ) A consistent estimator of . when ¢, is conditionally homoskedastic is thus

’ft F Ft?c\z(])—f- Avar(G]t)
where A/V;I'(G/,) is given earher and again noting that £ TF I, When & is
heteroskedastic, the first term of 5 5y is replaced by lF (T Z\  F F% )F , following

White (1980).

SJS
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Explicit consideration of measurement error allows us to construct, for each ¢, a
confidence interval for g;. For example, at the 95% level, the confidence interval is

(6.87) = @G — 1.963), § + 1.963,). (7)

If Gj; is an exact factor, zero should lie in the confidence interval for each ¢. It could
be of economic interest to know at which time points G;; deviates from Gj,.
Instead of comparing Gj; with Gj; at each ¢, two overall statistics can also be
constructed.
var(z()))

NSO = Géon ®

_ var(G()

- var(G())’
The NS(j) statistic is simply the noise-to-signal ratio. If G, is an exact factor, the
population value of NS(j) is zero. A large NS(j) thus indicates important departures
of G from the latent factors. A limitation of this statistic is that it leaves open the
question of what is small and what is large. For this reason, we also consider R*(j),
which should be unity if Gj; is an exact factor, and zero if the observed variable is
irrelevant. The practitioner can draw inference as to how good Gy is as a proxy
factor by picking cutoff points for NS(j) and R*(j), in the same way we select the size
of the test. These statistics are useful because instead of asking how large the
measurement error is in the proxy variable that would overturn hypothesis, we now
have consistent estimates for the size of the measurement error.

R(j) ©))

3.2. Testing G, as a set

Suppose there are r latent and m observed factors. Whether r exceeds m or vice
versa, it is useful to gauge the general coherency between F, and G,. To this end, we
consider the canonical correlations between F; and G,. Let Sgr and Sgg be the
sample variance—covariance matrix of F and G, respectively. The sample squared-
canonical correlations, denoted by ﬁ,z(,k =1,...,min[m,r], are the largest eigenva-
lues of the r x r matrix Sp;SreSceSer. It is well known that if Fand G are observed
N
206017
Anderson (1984). Muirhead and Waternaux (1980) provide results for non-normal

and are normally distributed, z; = —d> N(,1) for k =1,...,min[m,r], see

distributions.  For  elliptical  distributions, they showed that z; =

/\27 ) d
a +L 75 % —5 N(0, 1), where « is the excess kurtosis of the distribution.® Their
k

results cover the multivariate normal, some contaminated normal (mixture normal),
and the multivariate ¢, which are all elliptical distributions. Properties of canonical

3A random vector Yis said to have an elliptical distribution if its density is of the form ¢|Q~'/?|g(YQ2~'y)
for some constant ¢, positive-definite matrix Q, and nonnegative function g.
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correlations for non-elliptical distributions can be obtained using results in Yuan
and Bentler (2000). Our analysis is complicated by the fact that F'is not observed but
estimated. Nevertheless, the following holds.

Proposition 3. Let 51, .. ,ﬁ; be the largest p = min[m,r] sample squared-canonical
correlations between F and G, where F, is the principal components estimate of F,. Let
N, T — oo with /T/N — 0.

(i) Suppose that (F,, G)) are iid normally distributed,

N ) a
%=

= S N(O,1), k=1,...,min[m,r]. (10)

(ii) Suppose that (F),G,)" are iid and elliptically distributed. Then

s _ 1 ﬁ(ﬂk Pk) d
, (1+x/3) 2p,(1 —p?

where i is the excess kurtosis.

— N(0,1), k=1,...,min[m,r], (11

The results hold for a class of non-elliptical distributions characterized by Yuan
and Bentler (2000). The iid assumption on (F), G})’ can also be relaxed. For example,
suppose F; and G, can be described by finite order VARSs such that A(L)F, = £, and
B(L)G, = n,, where (&,,1;) are iid. Then canonical correlations can be performed
using the residuals after fitting the VAISS.4 We expect that the same limiting
distributions will be obtained when using F, in place of F, in the VAR.

Proposition 3 establishes that z; is asymptotically the same as z, so that having to
estimate F has no effect on the sampling distribution of the canonical correlations.
This allows us to construct (1 — «) percent confidence intervals for the population

canonical correlations as follows. For k = 1,..., min[m, r],
~ Pl =71 (=7
2y (52 =29, PLZPD 52 4 og P 12
(pk 7pk ) <pk o ﬁ s pk ﬁ ( )

If every element of G, is an exact factor, all the non-zero population canonical
correlations should be unity. The confidence interval for the smallest non-zero
canonical correlation is thus a bound for the weakest correlation between F; and G;.

The only non-zero canonical correlation between a single series, say, G;, and F,is
Ql But this is simply the coefficient of determination from a projection of G; onto
F,, and thus coincide with R%(j) as defined in (9). The formula in (12) can therefore
be used to obtain a confidence interval for R*(j) also.

The results provided in this section suggest that tests of the factor pricing theory
using consistently estimated factors should be more precise than using proxy
variables. In two-pass regression tests, one first regresses excess returns on the proxy

“Johansen (1988) used the same idea, albeit in a non-stationary context.
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factors to obtain the ‘betas’. In the second step, the estimated betas are used as
regressors to obtain estimates of the risk premia. Although the betas with respect to
G, can be consistently estimated, % will, in general, be different from %;5’),
the true betas with respect to F,. Instead of asking how large must measurement
errors be to overturn conclusions drawn from the proxy factors as in Shanken
(1992), we can estimate the size of the measurement error. Furthermore, the true
betas can be consistently estimated up to a matrix transformation using F, in the first
pass regression. With additional identifying assumptions, the estimates can, in
principle, be rotated so that the risk premia estimated in the second step can be given
interesting economic interpretation.” Formulas in the preceding section can then be
used to provide standard errors for the risk premia.

Factor pricing theory also implies that if X, is excess returns and F, is the vector
of factor returns, then in the time-series regression X; = o; + B;F; + &, the
restriction o; = 0 should hold for all i. If F; is used in place of F; in the regression,
we can use the foregoing results to adjust the variance of %;(F) to reflect the error due
to F;. Note, however, that this error falls with N. But if we use G, to proxy for F, and
G, = 8'F; + ¢, the measurement error has a non-vanishing effect on @;(G) even when
N and T are large. In addition, the estimated «; will not be consistent in the presence
of measurement errors. Since inference may be invalid, use of consistently estimated
F, is preferred over use of proxy variables, with the proviso that inference takes into
the account that the factors are being estimated. The present analysis shows how this
correction can be made for the tests considered. A more general analysis of using
estimated factors in forecast and regression analysis is given in Bai and Ng (2004).

4. Simulations

We use simulations to assess the finite sample properties of the tests. Throughout,
we assume Fy, ~ N(0,1),k=1,...,r, and ¢; ~ N(0, a?(i)), where ¢;; is uncorrelated
with e, for i#j,i,j =1,...,N. When ¢2(i) = 6> for all i, we have the case of
homogeneous data. The factor loadings are standard normal, i.e. 4; ~ N(0,1),j =
l,...,r,i=1,...,N. The data are generated as x; = A;F, + ¢;. In the experiments,
we assume that there are r =2 factors and that this is known.® The data are
standardized to have mean zero and unit variance prior to estimation of the factors
by the method of principal components.

The observed factors are generated as Gj; = 5}F ¢ + &, where d; is a r x 1 vector of
weights, and ¢; ~ 7,(7)N(O, Var(é}F /). We test m = 7 observed variables parameter-
ized as follows:’

SIdentification of factors using a priori restrictions is also referred to as confirmatory factor analysis. See
Anderson (1984).

°In finite samples, the criteria developed in Bai and Ng (2002) for selecting the number of factors are
excellent even under heteroskedasticity, mild, weak and cross-section correlation.

"Results for fat-tailed and cross-correlated errors are available in working version of this paper,
available at http://www.econ.lsa.umich.edu/~ngse/papers/observe.pdf.
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Parameters for G

j 1 2 3 4 5 6 7
51 1 1 1 1 1 1 0
Spn 1 0 1 0 1 0 0
7, 0 0 0.2 0.2 2 2 1

The first two factors, G; and G, are exact factors since ¢, = 0. Factors three to six
are linear combinations of the two latent factors but are contaminated by errors. The
variance of this error is small relative to the variations of the factors for G3, and Gy,
but is large for G5, and Gg,. Finally, G7, is an irrelevant factor as it is simply a N(0, 1)
random variable unrelated to F,. Prior to testing, the G;s are also standardized to
have mean zero and unit variance. We conduct 1000 replications using Matlab 6.5.

We report results with « set to 0.025. Results with var(G,) defined as in (6), (5) and
(4) are given in Table la—c, respectively. According to the theory, 4(j) should be 2u if
Gj; is a true factor, and unity if the factor is irrelevant. Furthermore, M(j) should
exceed the critical value at percentage point o with probability 2o. Columns four and
five report the properties of these tests averaged over 1000 replications. Indeed, for
G|, and Gy, the rejection rates are close to the nominal size of 5%, even for small
samples. For the irrelevant factor G7,, the tests reject the null hypothesis with high
probabilities, showing the tests have power.® The power of the M(j) test is especially
impressive. Even when heteroskedasticity in the errors has to be accounted for, the
rejection rate is 100%, for all sample sizes considered. This means that even with
(N, T) = (50,50), the test can very precisely determine if an observed variable is an
exact factor. The NS(j) test reinforces the conclusion that G, and G5, are exact
factors, and that G7, has no coherence with the latent factors. Table 1 also reports
the average estimate of R?(j). The two exact factors have estimates of R>(j) well
above 0.95, while uninformative factors have R%(j) well below 0.05, with tight
confidence intervals.’

Because we know the data generating process, we can assess whether or not the
confidence intervals around ¢; give correct inference. In the column labelled CI.(j) in
Table 1, we report the probability that the true ¢; lies inside the two-tailed 95%
confidence interval defined by (7). Evidently, the coverage is excellent for &y, &, and
&7, The result for &7, might seem surprising at first, but this is in fact showing that the
measurement error can be precisely estimated even when F, and Gj are totally
unrelated.

In theory, ©(j) and M(j) should always reject the null hypothesis when Gs, G4, Gs
and Gg are being tested since none of these are exact factors. Table 1 shows that this
is the case when N and T both exceed 100. For smaller N and/or T, the power of the

8This notwithstanding, there may exist other tests that have higher power. Admissibility of the test is
beyond the scope of the present analysis.

%Since R%(j) is bounded between zero and one, the estimated lower bound should be interpreted in this
light.
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Table 1
Properties of test statistics: 1000 replications
N T J A() M) NS() CL()) R(j) R*(j) R**(j)
(a) Tests for Gj: T'; defined in (6)°
50 50 1 0.03 0.02 0.03 0.97 0.97 0.96 0.99
50 50 2 0.03 0.03 0.03 0.97 0.97 0.95 0.99
50 50 3 0.17 0.64 0.07 0.97 0.94 0.90 0.97
50 50 4 0.16 0.60 0.07 0.97 0.94 0.90 0.97
50 50 5 0.85 1.00 5.05 0.95 0.22 0.03 0.41
50 50 6 0.85 1.00 5.08 0.95 0.22 0.03 0.41
50 50 7 0.95 1.00 339.24 0.96 0.04 0.00 0.13
100 50 1 0.03 0.01 0.01 0.97 0.99 0.98 0.99
100 50 2 0.03 0.01 0.01 0.97 0.99 0.98 0.99
100 50 3 0.27 0.94 0.05 0.97 0.95 0.92 0.98
100 50 4 0.27 0.94 0.05 0.97 0.95 0.92 0.98
100 50 5 0.89 1.00 4.79 0.95 0.23 0.04 0.42
100 50 6 0.89 1.00 4.71 0.95 0.22 0.03 0.42
100 50 7 0.96 1.00 290.41 0.94 0.04 0.00 0.14
50 100 1 0.03 0.01 0.03 0.97 0.97 0.96 0.98
50 100 2 0.03 0.01 0.03 0.97 0.97 0.96 0.98
50 100 3 0.17 0.74 0.07 0.97 0.94 0.91 0.96
50 100 4 0.17 0.73 0.07 0.97 0.94 0.91 0.96
50 100 5 0.85 1.00 4.52 0.96 0.21 0.07 0.35
50 100 6 0.86 1.00 4.49 0.96 0.21 0.07 0.34
50 100 7 0.96 1.00 1780.38 0.97 0.02 0.00 0.07
200 100 1 0.03 0.01 0.01 0.97 0.99 0.99 1.00
200 100 2 0.03 0.01 0.01 0.97 0.99 0.99 1.00
200 100 3 0.40 1.00 0.05 0.97 0.96 0.94 0.97
200 100 4 0.40 1.00 0.05 0.97 0.96 0.94 0.97
200 100 5 0.93 1.00 4.32 0.95 0.21 0.07 0.35
200 100 6 0.92 1.00 4.27 0.95 0.21 0.08 0.35
200 100 7 0.98 1.00 431.39 0.96 0.02 0.00 0.07
100 200 1 0.03 0.01 0.01 0.97 0.99 0.98 0.99
100 200 2 0.03 0.00 0.01 0.97 0.99 0.98 0.99
100 200 3 0.27 1.00 0.05 0.97 0.95 0.94 0.96
100 200 4 0.27 1.00 0.05 0.97 0.95 0.94 0.96
100 200 5 0.90 1.00 4.23 0.96 0.20 0.11 0.30
100 200 6 0.90 1.00 4.15 0.96 0.21 0.11 0.30
100 200 7 0.98 1.00 946.21 0.96 0.01 0.00 0.03
(b) Tests for Gj: T, defined in (5)
50 50 1 0.05 0.07 0.01 0.95 0.99 0.99 1.00
50 50 2 0.05 0.07 0.01 0.95 0.99 0.99 1.00
50 50 3 0.41 1.00 0.05 0.95 0.96 0.93 0.98
50 50 4 0.42 1.00 0.05 0.95 0.95 0.93 0.98
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Table 1 (continued)

N T J A() M) NS(j) CL() R(j) R*(j) R*(j)
50 50 5 0.92 1.00 4.92 0.94 0.23 0.03 0.42
50 50 6 0.92 1.00 4.89 0.94 0.23 0.03 0.42
50 50 7 0.97 1.00 193.91 0.94 0.04 0.00 0.13

100 50 1 0.05 0.05 0.00 0.95 1.00 0.99 1.00

100 50 2 0.05 0.05 0.00 0.96 1.00 0.99 1.00

100 50 3 0.55 1.00 0.04 0.95 0.96 0.94 0.98

100 50 4 0.55 1.00 0.04 0.95 0.96 0.94 0.98

100 50 5 0.95 1.00 4.75 0.94 0.23 0.04 0.43

100 50 6 0.95 1.00 4.69 0.95 0.23 0.03 0.42

100 50 7 0.98 1.00 177.17 0.93 0.04 0.00 0.14
50 100 1 0.05 0.07 0.01 0.95 0.99 0.99 0.99
50 100 2 0.05 0.06 0.01 0.95 0.99 0.99 0.99
50 100 3 0.42 1.00 0.05 0.95 0.95 0.94 0.97
50 100 4 0.42 1.00 0.05 0.95 0.95 0.94 0.97
50 100 5 0.93 1.00 4.41 0.95 0.21 0.07 0.35
50 100 6 0.93 1.00 4.39 0.95 0.21 0.07 0.35
50 100 7 0.98 1.00 408.56 0.95 0.02 0.00 0.07

200 100 1 0.05 0.05 0.00 0.95 1.00 1.00 1.00

200 100 2 0.05 0.04 0.00 0.95 1.00 1.00 1.00

200 100 3 0.67 1.00 0.04 0.95 0.96 0.95 0.98

200 100 4 0.67 1.00 0.04 0.95 0.96 0.94 0.98

200 100 5 0.96 1.00 4.29 0.95 0.21 0.07 0.35

200 100 6 0.96 1.00 4.24 0.94 0.22 0.08 0.35

200 100 7 0.99 1.00 465.28 0.95 0.02 0.00 0.07

100 200 1 0.05 0.07 0.00 0.95 1.00 0.99 1.00

100 200 2 0.05 0.07 0.00 0.95 1.00 0.99 1.00

100 200 3 0.55 1.00 0.04 0.95 0.96 0.95 0.97

100 200 4 0.56 1.00 0.04 0.95 0.96 0.95 0.97

100 200 5 0.95 1.00 4.17 0.95 0.21 0.11 0.30

100 200 6 0.95 1.00 4.09 0.95 0.21 0.11 0.31

100 200 7 0.99 1.00 751.77 0.95 0.01 0.00 0.03

(c) Tests for Gj: G, defined in (4)

50 50 1 0.01 0.01 0.03 0.99 0.97 0.96 0.99
50 50 2 0.01 0.01 0.03 0.99 0.97 0.95 0.99
50 50 3 0.07 0.21 0.07 0.99 0.94 0.90 0.97
50 50 4 0.07 0.20 0.07 0.99 0.94 0.90 0.97
50 50 5 0.66 1.00 5.05 0.98 0.22 0.03 0.41
50 50 6 0.66 1.00 5.08 0.98 0.22 0.03 0.41
50 50 7 0.72 1.00 339.24 0.99 0.04 0.00 0.13

100 50 1 0.04 0.08 0.01 0.96 0.99 0.98 0.99

100 50 2 0.04 0.08 0.01 0.97 0.99 0.98 0.99

100 50 3 0.22 0.63 0.05 0.97 0.95 0.92 0.98
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Table 1 (continued)

N T J A() M@) NS() CIL(j) R%(j) R*(j) R¥(j)
100 50 4 0.22 0.62 0.05 0.97 0.95 0.92 0.98
100 50 5 0.77 1.00 479 0.98 0.23 0.04 0.42
100 50 6 0.77 1.00 4.77 0.98 0.22 0.03 0.42
100 50 7 0.80 1.00 290.41 0.97 0.04 0.00 0.14
50 100 1 0.00 0.00 0.03 1.00 0.97 0.96 0.98
50 100 2 0.00 0.00 0.03 1.00 0.97 0.96 0.98
50 100 3 0.03 0.03 0.07 1.00 0.94 0.91 0.96
50 100 4 0.03 0.03 0.07 1.00 0.94 0.91 0.96
50 100 5 0.64 1.00 4.52 0.99 0.21 0.07 0.35
50 100 6 0.64 1.00 4.49 0.99 0.21 0.07 0.34
50 100 7 0.72 1.00 1780.38 0.99 0.02 0.00 0.07
200 100 1 0.04 0.09 0.01 0.97 0.99 0.99 1.00
200 100 2 0.04 0.09 0.01 0.96 0.99 0.99 1.00
200 100 3 0.34 0.89 0.05 0.97 0.96 0.94 0.97
200 100 4 0.34 0.90 0.05 0.97 0.96 0.94 0.97
200 100 5 0.84 1.00 4.32 0.98 0.21 0.07 0.35
200 100 6 0.83 1.00 4.27 0.97 0.21 0.08 0.35
200 100 7 0.86 1.00 431.39 0.98 0.02 0.00 0.07
100 200 1 0.00 0.00 0.01 1.00 0.99 0.98 0.99
100 200 2 0.00 0.00 0.01 1.00 0.99 0.98 0.99
100 200 3 0.08 0.29 0.05 1.00 0.95 0.94 0.96
100 200 4 0.08 0.26 0.05 1.00 0.95 0.94 0.96
100 200 5 0.74 1.00 4.23 0.99 0.20 0.11 0.30
100 200 6 0.74 1.00 4.15 1.00 0.21 0.11 0.30
100 200 7 0.81 1.00 946.21 0.99 0.01 0.00 0.03

2A(j) is the frequency that [7,(j)| exceeds the critical value of 1.96 in the sample of size 7. The column
labelled M(j) reports the frequency that max; <,<7 [7,(j)| exceeds the critical value for a sample of size 7.
CI, is the coverage frequency for &, the measurement error. NS(j) is the noise-to-signal ratio, see (8). R is
defined in (9), R>~ and R*' are the lower and upper 95% confidence interval, averaged over 1000
replications.

tests depend on how large are the measurement errors. For Gs; and Gg,, which have a
high noise-to-signal ratio of 4, M(j) still rejects with probability one when N and T
are small, while the A4(j) has a respectable rejection rate of 0.85. However, when the
signal-to-noise ratio is only 0.04 as in G3, and Gy, both the A(j) and the M(j) under-
reject the null hypothesis, and the problem is much more severe for A(y).

Notice that when the noise-to-signal ratio is 0.04, R*(j) remains at around 0.95.
This would be judged high in a typical regression analysis, and yet we would reject
the null hypothesis that Gj; is an exact factor. It is for cases such as these that having
a sense of how big is the measurement error is useful. In our experience,
an NS(j) above 0.5, and/or a R*(j) below 0.95 is symptomatic of non-negligible
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measurement errors. By these guides, G3; and Gy, are strong proxies for the latent
factors.

It is interesting to remark whether the measurement error has a large or small
variance, the confidence intervals constructed according to (7) bracket the true error
quite precisely. This is useful in empirical work since we can learn if the discrepancy
between Gj; and the latent factors are systematic or occasional.

Table 2 reports results of testing four sets of observed factors using canonical
correlations. These are formed from Gy, to Gg; as defined above, plus four N(0, 1)
random variables unrelated to F,, labelled G7, to Gj;. The four sets of factors are
defined as follows:

Set 1: G3ta G41, and G7; Set 2: GS;, Gét, and G7t

Set 3: Gy;, Gy, and Gy, Set 4: Gy, Gy, Go;,, and G-

Because min[m, r] is 2 in each of the four cases, the largest two canonical correlations
should be unity if every G, is an exact factor. We use (12) to construct confidence
intervals for p3, i.e. the smaller of the two non-zero canonical correlations. Table 2
shows that Set 3 has maximal correlation with F; as should be the case since G, and
G, are exact factors, and a weight of zero on G7, would indeed maximize the
correlation between G, and F,. When Set 4 is being tested, zero is in the confidence
interval as should be the case since this is a set of irrelevant factors. For Set 2 which
has factors contaminated by large measurement errors, the test also correctly detects
a very small canonical correlation. When measurement errors are small but non-
zero, the sample correlations are non-zero and also not unity. The practitioner again
has to take a stand on whether a set of factors is useful. The values of p; for Set 1 are
around 0.9, below our cutoff point of 0.95. We would thus be more concerned with
accepting Set 1 as a valid set than accepting its elements (i.e. G3, and Gy;) as
individually valid factors.

Finally, to illustrate the performance of proposed tests, we first consider the case
of two latent factors (F;, F»;) and two observed factors (G, = Fy;, Go; = Fy;). Thus
by design, the observed variables are exact factors. Fig. 1 displays the true G, along
with the confidence intervals computed as

[Gy — 1.96Var(G))' 2, Gy + 1.96 Vai(Gy)'/]

fort=1,...,T andj = 1,2. The top left panel is for the first factor with N = 50, and
the top right panel is for the second factor. The bottom panel plots the confidence
intervals when N = 100. Clearly, the true G is inside the confidence intervals and
these become narrower for larger N.

Next, we assume Gj; = Fj, + ¢; with g, ~ N(0, 1) for j = 1,2. The measurement
errors ¢; are estimated for r=1,...,T, j= 1,2, and the confidence intervals are
constructed according to Proposition 2:

[e; — 1965, & + 1.965;].

Since in simulations, the true error processes ¢; are known, they are also plotted in
Fig. 2 along with the confidence intervals. It is clear that the confidence intervals
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Table 2
Testing G, jointly
T Set Pl e Pt
50 50 1 0.85 0.78 0.93
50 50 2 0.09 0.00 0.23
50 50 3 0.96 0.94 0.98
50 50 4 0.03 0.00 0.13
100 50 1 0.87 0.80 0.94
100 50 2 0.10 0.00 0.24
100 50 3 0.98 0.97 0.99
100 50 4 0.04 0.00 0.13
50 100 1 0.85 0.80 091
50 100 2 0.08 0.00 0.18
50 100 3 0.97 0.95 0.98
50 100 4 0.02 0.00 0.06
200 100 1 0.88 0.83 0.92
200 100 2 0.08 0.00 0.18
200 100 3 0.99 0.99 1.00
200 100 4 0.02 0.00 0.06
100 200 1 0.87 0.83 0.90
100 200 2 0.07 0.01 0.14
100 200 3 0.98 0.98 0.99
100 200 4 0.01 0.00 0.03

ﬁ% is the smallest non-zero canonical correlation between F and G, ﬁ? and pf* define the 95% confidence
interval.

cover the true process. However, in contrast to Fig. 1 with exact factors, the
confidence intervals do not become narrower as N increases. This is because ¢ is
estimated with 7 observations. In results not reported, we verify that the confidence
bands are narrower as 7 increases.

5. Empirical applications

In this section, we take our tests to the data. Factors estimated from portfolios,
stock returns, and a large set of economic variables will be tested against various
Gjs. The base factors are the three factors considered in Fama and French (1993),
denoted ‘Market’, ‘SMB’, and ‘HML’.'® In addition to the FF factors, we also
include variables considered in Chen et al. (1986). These are the first lag of
innovations to annual consumption growth ‘DC’, inflation ‘DP’, the growth rate of

19Small minus big is the difference between the average return of three small portfolios and three big
portfolios. High minus low is the average return on two values and two growth portfolios. See Fama and
French (1993). Market = R,, — Ry is value weighted return on all NYSE, AMEX, and NASDAQ minus
the 1 month treasury bill rate from Ibbotson Associates.
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Fig. 1. Factor processes and their confidence intervals. Solid line: F,. Dotted lines: G, = 1.96 @(@,).

industrial production ‘DIP’, a term premia ‘TERM’, and a risk premia ‘RISK’.'!
For annual data, the innovations are the residuals from estimation of autoregres-
sions with two lags. For monthly data, the innovations are the residuals from an
autoregression with six lags. In each case, we analyze the data from 1960 to 1996. We
also split the sample at various points to look for changes in relations between the
observed and the latent factors over the forty years. The data are standardized to be
mean zero with unit variances prior to estimation by the method of principal
components. The Gs are likewise standardized prior to implementation of the tests.
In view of the properties of the data, we only report results for heteroskedastic errors
with var(G,) defined as in (5).

'The data are taken from citibase. ‘DC’ is the growth rate of PCEND, ‘DIP’ is the growth rate of IP,
‘DP’ is the growth rate of PUNEW. The risk premium, RISK’, is the BAA rated bond rate (FYBAAC)
minus the 10 year government bond rate (FYGT10). The term premia, “TERM’ is 10 year government
bond FYGT10 minus the 3 month treasury bill rate FYGM3.
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Fig. 2. Measurement errors and their confidence intervals. Solid line: &. Dotted lines: € & 1.965;,.

5.1. Portfolios

In this application, x; are monthly or annual observations on 100 portfolios
available from Kenneth French’s web site.!? These are the intersections of 10
portfolios formed on size (market equity) and 10 portfolios formed on the ratio of
book to market equity. A total of 89 portfolios are continuously available for the full
sample. Depending on the sample period, the PCP and ICP select between 4 and 6
factors.!®> We set r = 6 in all subsequent tests. The results are reported in Table 3.

For annual data, the A(j) test rejects the null hypothesis of exact factors in more
than 5% of the sample. The critical value for the M(j) test is 3.28. It cannot reject the

2web sitt  mba.tuck.dartmouth.edu/pages/faculty/ken. french/Data_Library/
det_100_port_sz.html.

*We consider g,(N, T) = log L) ML, 92 (N., T) = log(min[N, T %5F.
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Table 3

Testing the factors in 100 FF portfolios: annual data

Sample J AG) M(j) R%(j) NS(j) (k)

60-96 Market 0.270 4.343 0.984 (0.974, 0.994) 0.016 0.995 (0.992, 0.998)

T=37 SMB 0.162 2.865 0.971 (0.952, 0.989) 0.030 0.970 (0.951, 0.989)

N =94 HML 0.081 2.479 0.962 (0.938, 0.986) 0.039 0.933 (0.891, 0.975)
DC 0.730 20.216 0.238 (0.000, 0.478) 3.199 0.192 (0.000, 0.420)
DIP 0.865 33.642 0.146 (0.000, 0.356) 5.845 0.149 (0.000, 0.360)
DP 0.649 19.401 0.198 (0.000, 0.428) 4.047 0.111 (0.000, 0.302)
TERM 0.838 16.800 0.249 (0.007, 0.490) 3.021 0.000 (0.000, 0.000)
RISK 0.730 21.169 0.313 (0.066, 0.561) 2.190 0.000 (0.000, 0.000)

A(j) is the frequency that [7,(j)| exceeds the 5% asymptotic critical value. M(j) is the value of the test. R? is
defined in (9), NS(j) defined in (8), and p(k)? is vector of canonical correlations of G, with respect to F;. I';
is defined in (5).

null hypothesis that SMB is an exact factor at the 5% level, and HML and Market at
around the 10% level. However, the evidence does not support the macroeconomic
variables as exact factors. The NS(j) and R*(j) also indicate the presence of non-
trivial measurement errors. The canonical correlations suggest only three well-
defined relations between F;, and G,. The remaining relations are extremely weak.
The canonical correlations between the three FF factors alone, and F, are 0.970,
0.962, and 0.950, respectively. Little is gained by including ‘DC’, ‘DIP’, ‘DP’,
‘TERM’, and ‘RISK’. This suggests that the FF factors underlie the three non-zero
canonical correlations in the eight variable set. Of the macroeconomic variables
considered, ‘RISK’ has the highest explanatory power for returns.

Results for testing monthly data are given in Table 4. Several features are
noteworthy. First, the FF factors continue to be strong proxies for systematic risks.
Statistically, we cannot reject the null hypothesis that the SMB is an exact factor in
the 1988-1996 sub-sample. Of the three FF factors, ‘Market’ has the highest R*(j).
Second, over the entire sample, RISK has the highest R*(j) and the lowest NS(j), but
its relation with the latent factors is far weaker than the FF factors. Third, it could be
argued that the macroeconomic variables have unstable relations with the
unobserved factors over time, and that we are jointly testing the joint hypothesis
that Gj; is a linear combination of the fundamental factors and the relation is stable.
We therefore consider various subsamples. The change from fixed to flexible
exchange rate regime and the 1982 recession are plausible times that the relation
between the observed and fundamental factors changed.'* The statistics suggest that
the relations have become stronger in more recent subsamples. However, even after
allowing for parameter instability, the evidence remains that there is lack of
coherence between the observed and the macroeconomic variables. In contrast, the
relation between the FF factors and the latent factors appears to be quite stable,

“As suggested by a referee, a variable could be a fundamental factor in one subsample and not the
other, and therefore not in the full sample, which could account for the rejections in the full sample.
Indeed, there is instability in §;.
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Table 4
Testing the factors in 100 FF portfolios: monthly data
Sample J AG) M(j) R%(j) NS(j) (k)
60-96 Market 0.288 9.847 0.973 (0.968, 0.978) 0.028 0.992 (0.990, 0.993)
T = 444 SMB 0.259 7.132 0.926 (0.913, 0.940) 0.079 0.917 (0.902, 0.932)
N =095 HML 0.182 5.351 0.886 (0.867, 0.906) 0.128 0.832 (0.804, 0.861)
DC 0.928 103.708 0.035 (0.001, 0.068) 27913 0.039 (0.004, 0.074)
DIP 0.901 85.148 0.043 (0.006, 0.080) 22.158 0.019 (0.000, 0.044)
DP 0.957 155.614 0.011 (0.000, 0.031) 86.468 0.005 (0.000, 0.019)
TERM 0.919 115.840 0.040 (0.004, 0.076) 23.881 0.000 (0.000, 0.000)
RISK 0.935 149.179 0.075 (0.028, 0.121) 12.423 0.000 (0.000, 0.000)
60-82 Market 0.380 9.041 0.965 (0.957, 0.973) 0.036 0.992 (0.991, 0.994)
T =276 SMB 0.341 6.488 0.913 (0.893, 0.933) 0.095 0.904 (0.883, 0.926)
N =095 HML 0.178 4.556 0.887 (0.862, 0.912) 0.128 0.792 (0.749, 0.836)
DC 0.895 61.140 0.059 (0.005, 0.113) 15.844 0.136 (0.061, 0.211)
DIP 0.906 47.236 0.087 (0.024, 0.151) 10.450 0.024 (0.012, 0.059)
DP 0.924 121.266 0.051 (0.000, 0.101) 18.658 0.015 (0.000, 0.043)
TERM 0.891 70.307 0.041 (0.000, 0.087) 23.271 0.000 (0.000, 0.000)
RISK 0.913 74.944 0.097 (0.031, 0.164) 9.258 0.000 (0.000, 0.000)
83-96 Market 0.238 5.098 0.982 (0.977, 0.987) 0.018 0.993 (0.991, 0.995)
T =168 SMB 0.208 4.034 0.940 (0.923, 0.958) 0.063 0.922 (0.899, 0.944)
N =101 HML 0.190 4.340 0.917 (0.893, 0.941) 0.090 0.898 (0.868, 0.927)
DC 0.857 47.584 0.090 (0.008, 0.173) 10.072 0.244 (0.131, 0.356)
DIP 0.750 26.945 0.143 (0.045, 0.241) 6.003 0.086 (0.005, 0.168)
DP 0.774 43.981 0.125 (0.032, 0.219) 6.971 0.016 (0.000, 0.053)
TERM 0.881 45.842 0.070 (0.000, 0.144) 13.322 0.000 (0.000, 0.000)
RISK 0.661 33.635 0.309 (0.193, 0.426) 2.231 0.000 (0.000, 0.000)
73-87 Market 0.383 9.075 0.970 (0.962, 0.979) 0.030 0.992 (0.990, 0.994)
T =180 SMB 0.428 6.840 0.903 (0.876, 0.930) 0.108 0.925 (0.904, 0.946)
N =098 HML 0.200 4.287 0.912 (0.888, 0.937) 0.096 0.804 (0.753, 0.856)
DC 0.856 58.510 0.193 (0.089, 0.297) 4.183 0.276 (0.165, 0.387)
DIP 0.917 71.336 0.045 (0.000, 0.104) 21.300 0.049 (0.000, 0.111)
DP 0.817 48.647 0.147 (0.052, 0.243) 5.799 0.007 (0.000, 0.031)
TERM 0.950 64.405 0.035 (0.000, 0.088) 27.622 0.000 (0.000, 0.000)
RISK 0.939 66.935 0.036 (0.000, 0.090) 26.425 0.000 (0.000, 0.000)
88-96 Market 0.176 4.581 0.983 (0.977, 0.990) 0.017 0.991 (0.987, 0.994)
T =108 SMB 0.046 3.568 0.962 (0.948, 0.976) 0.039 0.960 (0.945, 0.975)
N =101 HML 0.148 4.075 0.909 (0.877, 0.942) 0.100 0.907 (0.873, 0.940)
DC 0.750 21.920 0.130 (0.012, 0.248) 6.693 0.397 (0.253, 0.540)
DIP 0.685 24.591 0.133 (0.014, 0.252) 6.530 0.081 (0.000, 0.179)
DP 0.611 19.617 0.269 (0.126, 0.412) 2.715 0.016 (0.000, 0.063)
TERM 0.833 44.342 0.079 (0.000, 0.177) 11.637 0.000 (0.000, 0.000)
RISK 0.509 22.147 0.318 (0.173, 0.463) 2.147 0.000 (0.000, 0.000)

A(j) is the frequency that [7,(j)| exceeds the 5% asymptotic critical value. M(j) is the value of the test. R? is
defined in (9), NS(j) defined in (8), and 5(k)? is vector of canonical correlations of G, with respect to F,. T,
is defined in (5).
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displaying little variation in both R*(j) and NS(j) over time. Fourth, three of the six
sample canonical correlations (since min[m, r] = 6) between F, and G, are practically
zero, from which we can conclude that the eight observed factors considered cannot
span the true factor space. Because the five non-zero canonical correlations are also
far from unity, we can also conclude that measurement errors are significant enough
that the eight observed variables cannot even span a five dimensional subspace of the
true factors.

5.2. Stock returns

We next apply our tests to monthly stock returns. Because portfolios are
aggregated from stocks, individual stock returns should have larger idiosyncratic
variances than portfolios. Thus, the common components in the individual returns
can be expected to be smaller than those in the portfolios. It is thus of interest to see
if good proxy variables can be found when the data have larger idiosyncratic noises.

Data for 190 firms are available from CRSP over the entire sample.'” The two
PCP criteria select 6 and 5 factors in this panel of data, while the /CP always selects
4. We set r to 6 in the analysis. The results are reported in Table 5. None of the
observed variables can be considered an exact factor, though ‘Market’ is a strong
proxy factor with a low noise-to-signal ratio and a high R*>. However, SMB, HML,
and especially the macroeconomic variables are poor proxies for the factors in the
returns data. The best of the proxy macroeconomic variable, ‘RISK’, still has a
noise-to-signal ratio that is ten times larger than the ‘Market’ factor.

The above analysis indicates that the factors in annual portfolios are better
approximated by observed variables than the factors in monthly portfolios, and
finding proxies for the factors in the monthly portfolios is in turn a less challenging
task than finding observed variables to proxy the factors in individual returns. This is
because high frequency and/or disaggregated data are more likely to be
contaminated by noise. Thus, even though more data are available at the high
frequency and disaggregated levels, they are less reliable proxies for the systematic
variations in the data. Inference using observed variables as proxies for the common
factors will likely be distorted by the measurement noise. Of all the variables
considered, the most satisfactory proxy for the latent factors in both portfolios and
individual stock returns appears to be the ‘Market’ factor as described in Fama and
French (1993). Its signal-to-noise ratio is systematically high, and its coherence with
the latent factors is robust across sample periods.

5.3. Macroeconomic factors

A fundamental characteristic of business cycles is the co-movement of a large
number of economic series. Such a phenomenon can be rationalized by common

>There are data on many more firms that exist in a given year, but returns for only 190 firms are
available continuously over the entire sample. The readers are cautioned that the results could be distorted
by survivorship bias.
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Table 5
Testing the factors in monthly CRSP returns
Sample J AG) M) R%(j) NS(j) (k)
60-96 Market 0.255 6.685 0.967 (0.961, 0.973) 0.034 0.972 (0.966, 0.977)
T = 444 SMB 0.468 9.677 0.603 (0.545, 0.660) 0.660 0.588 (0.529, 0.647)
N =190 HML 0.628 14.925 0.436 (0.367, 0.505) 1.294 0.359 (0.288, 0.431)
DC 0.869 45.269 0.050 (0.010, 0.089) 19.046 0.042 (0.005, 0.078)
DIP 0.883 70.418 0.032 (0.000, 0.065) 29.897 0.005 (0.000, 0.017)
DP 0.919 87.720 0.021 (0.000, 0.048) 46.206 0.001 (0.000, 0.007)
TERM 0.955 105.516 0.011 (0.000, 0.030) 90.426 0.000 (0.000, 0.000)
RISK 0.899 63.344 0.059 (0.017, 0.102) 15.880 0.000 (0.000, 0.000)
60-82 Market 0.264 6.299 0.969 (0.961, 0.976) 0.032 0.974 (0.968, 0.980)
T =276 SMB 0.471 7.261 0.664 (0.600, 0.729) 0.505 0.635 (0.567, 0.704)
N =190 HML 0.562 11.003 0.525 (0.444, 0.606) 0.904 0.448 (0.361, 0.536)
DC 0.880 32.922 0.085 (0.022, 0.147) 10.818 0.069 (0.011, 0.126)
DIP 0.895 60.978 0.033 (0.000, 0.074) 29.732 0.012 (0.000, 0.038)
DP 0.924 66.766 0.026 (0.000, 0.063) 37.155 0.006 (0.000, 0.024)
TERM 0.924 63.639 0.025 (0.000, 0.062) 38.283 0.000 (0.000, 0.000)
RISK 0.891 54.577 0.064 (0.008, 0.120) 14.625 0.000 (0.000, 0.000)
83-96 Market 0.286 4.747 0.967 (0.957, 0.977) 0.034 0.972 (0.963, 0.980)
T =168 SMB 0.530 10.600 0.556 (0.456, 0.656) 0.799 0.582 (0.486, 0.678)
N =190 HML 0.619 17.831 0.464 (0.354, 0.574) 1.155 0.390 (0.275, 0.506)
DC 0.940 71.082 0.016 (0.000, 0.054) 60.212 0.026 (0.000, 0.073)
DIP 0.911 88.930 0.021 (0.000, 0.064) 47.009 0.017 (0.000, 0.055)
DP 0.952 123.024 0.008 (0.000, 0.035) 120.873 0.004 (0.000, 0.021)
TERM 0.917 67.360 0.024 (0.000, 0.070) 40.716 0.000 (0.000, 0.000)
RISK 0.714 37.568 0.101 (0.014, 0.187) 8.929 0.000 (0.000, 0.000)
73-87 Market 0.256 6.538 0.973 (0.965, 0.981) 0.028 0.976 (0.969, 0.983)
T =180 SMB 0.467 9.064 0.662 (0.582, 0.742) 0.510 0.661 (0.581, 0.742)
N =190 HML 0.656 16.801 0.553 (0.456, 0.650) 0.808 0.417 (0.307, 0.527)
DC 0.850 54.418 0.107 (0.021, 0.192) 8.367 0.093 (0.012, 0.174)
DIP 0911 50.229 0.047 (0.000 0.107) 20.349 0.019 (0.000, 0.058)
DP 0.950 91.785 0.037 (0.000, 0.091) 26.128 0.004 (0.000, 0.024)
TERM 0.967 122.675 0.009 (0.000, 0.036) 112.690 0.000 (0.000, 0.000)
RISK 0.928 55.851 0.039 (0.000, 0.095) 24.385 0.000 (0.000, 0.000)
88-96 Market 0.250 4.272 0.963 (0.950, 0.977) 0.038 0.967 (0.955, 0.979)
T =108 SMB 0.583 10.659 0.551 (0.425, 0.677) 0.815 0.621 (0.508, 0.733)
N =190 HML 0.648 18.149 0.437 (0.296, 0.577) 1.290 0.369 (0.225, 0.514)
DC 0.898 62.467 0.034 (0.000, 0.101) 28.662 0.058 (0.000, 0.144)
DIP 0.880 54.120 0.031 (0.000, 0.095) 31.255 0.017 (0.000, 0.066)
DP 0.926 58.978 0.044 (0.000, 0.120) 21.639 0.010 (0.000, 0.047)
TERM 0.870 51.365 0.034 (0.000, 0.102) 28.268 0.000 (0.000, 0.000)
RISK 0.750 35.048 0.137 (0.017, 0.258) 6.274 0.000 (0.000, 0.000)

A(j) is the frequency that [7,(j)| exceeds the 5% asymptotic critical value. M(j) is the value of the test. R? is
defined in (9), NS(j) defined in (8), and 5(k)? is vector of canonical correlations of G, with respect to F,. T,
is defined in (5).
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Table 6
Testing the factors in macroeconomic data
Sample AG)  MG) R() NSG) Bk
60-96 Market 0.941 364.555 0.008 (0.000, 0.024) 124.359 0.624 (0.568, 0.679)
T =444 SMB 0.917 380.642 0.019 (0.000, 0.045) 50.978 0.335 (0.263, 0.406)
N =150 HML 0.926 466.551 0.010 (0.000, 0.029) 97.817 0.093 (0.042, 0.144)
DC 0.833 28.531 0.283 (0.212, 0.354) 2.535 0.065 (0.021, 0.110)
DIP 0.700 22.855 0.442 (0.373, 0.511) 1.261 0.021 (0.000, 0.048)
DP 0.773 28.293 0.258 (0.188, 0.328) 2.879 0.002 (0.000, 0.009)
TERM 0.768 36.474 0.274 (0.204, 0.345) 2.644 0.000 (0.000, 0.000)
RISK 0.739 22.111 0.463 (0.395, 0.531) 1.162 0.000 (0.000, 0.000)
UR 0.604 60.188 0.353 (0.281, 0.424) 1.835 0.000 (0.000, 0.000)
60-82 Market 0.924 337.746 0.011 (0.000, 0.035) 91.476 0.617 (0.547, 0.688)
T =276 SMB 0.906 230.985 0.023 (0.000, 0.059) 41.760 0.385 (0.294, 0.475)
N =150 HML 0.938 456.227 0.011 (0.000, 0.035) 92.165 0.113 (0.043, 0.184)
DC 0.826 32.509 0.267 (0.178, 0.356) 2.746 0.056 (0.003, 0.109)
DIP 0.717 29.180 0.400 (0.311, 0.490) 1.500 0.010 (0.000, 0.032)
DP 0.750 28.225 0.290 (0.200, 0.380) 2.449 0.006 (0.000, 0.024)
TERM 0.681 34.419 0.368 (0.278, 0.459) 1.716 0.000 (0.000, 0.000)
RISK 0.754 26.045 0.466 (0.380, 0.552) 1.145 0.000 (0.000, 0.000)
UR 0.663 43.591 0.325 (0.234, 0.416) 2.078 0.000 (0.000, 0.000)
83-96 Market 0.917 78.037 0.075 (0.000, 0.152) 12.277 0.728 (0.658, 0.798)
T =168 SMB 0.839 40.687 0.073 (0.000, 0.149) 12.683 0.581 (0.484, 0.677)
N =150 HML 0.905 136.574 0.036 (0.000, 0.091) 27.151 0.248 (0.135, 0.361)
DC 0.899 53.801 0.207 (0.098, 0.316) 3.832 0.111 (0.022, 0.201)
DIP 0.565 15.231 0.544 (0.442, 0.645) 0.839 0.043 (0.000, 0.103)
DP 0.869 74.283 0.133 (0.037, 0.228) 6.538 0.013 (0.000, 0.048)
TERM 0.762 19.521 0.383 (0.268, 0.499) 1.611 0.000 (0.000, 0.000)
RISK 0.708 35.981 0.456 (0.345, 0.567) 1.191 0.000 (0.000, 0.000)
UR 0.685 34.315 0.542 (0.440, 0.644) 0.844 0.000 (0.000, 0.000)
73-96 Market 0.924 90.926 0.037 (0.00, 0.079) 26.279 0.641 (0.575, 0.708)
T =288 SMB 0.903 162.320 0.065 (0.010, 0.120) 14.472 0.477 (0.393, 0.560)
N =150 HML 0.944 311.158 0.024 (0.000, 0.058) 41.259 0.225 (0.140, 0.309)
DC 0.792 31.037 0.418 (0.332, 0.505) 1.390 0.113 (0.044, 0.182)
DIP 0.670 19.184 0.510 (0.429, 0.591) 0.961 0.043 (0.000, 0.088)
DP 0.753 30.671 0.353 (0.264, 0.441) 1.837 0.007 (0.000, 0.027)
TERM 0.806 36.448 0.254 (0.167, 0.340) 2.942 0.000 (0.000, 0.000)
RISK 0.771 43.639 0.334 (0.245, 0.423) 1.991 0.000 (0.000, 0.000)
UR 0.795 98.987 0.209 (0.125, 0.292) 3.787 0.000 (0.000, 0.000)

A(j) is the frequency that |7,(j)| exceeds the 5% asymptotic critical value. M(j) is the value of the test. R is
defined in (9), NS(j) defined in (8), and p(k)’ is vector of canonical correlations of G, with respect to F,. T,
is defined in (5).
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factors being the driving force of economic fluctuations. This has been used as a
justification to represent the unobserved state of the economy by variables thought
to be dominated by variations arising from common sources. Industrial production,
unemployment rate, and various interest rate spreads have been used for this
purpose. However, there has been no formal analysis of how good the proxy
variables are.

We estimate the latent factors from 150 monthly series considered in Stock and
Watson (2002). These data consist of series from output, consumption, employment,
investment, prices, wages, interest rate, and other financial series such as exchange
rates. In addition to the five macroeconomic variables considered throughout, we
also tested if unemployment rate (LHUR) is a common factor. For this application,
we also consider a post-Bretton Woods sub-sample. The results are reported in
Table 6.

Given the noise in monthly data, rejecting the null hypothesis that the variables
are exact factors is hardly surprising. Industrial production is a widely used indicator
of economic activity. While it has one of the strongest relations with the latent
factors, the R? is only around 0.5, indicating that the noise component is also non-
trivial. Interestingly, ‘RISK’ bears a strong relation not only with the latent factors
in portfolios, but also in the macroeconomic variables. As in the results for asset
returns, the relations between the macroeconomic variables and the factors also
appear to be unstable. While inflation has become less important since 1983,
unemployment has become more important. The non-zero canonical correlations
also reveal instability in the relations, as they are higher in the later than the earlier
sub-samples. One interpretation of this result is that idiosyncratic shocks were more
important in the sixties and seventies, but common shocks have become more
important in recent years as sources of economic fluctuations.

To the extent that the FF factors are good proxies for the factors in portfolios, one
might wonder if the common shocks to economic activity are also the common
shocks to portfolio returns. To shed some light on this issue, we also tested if the FF
factors are related to the factors in macroeconomic data. As seen from Table 5, there
is hardly any evidence for a relation between the FF factors and the panel of
macroeconomic variables.

6. Conclusion

It is a common practice in empirical work to proxy unobserved common factors
by observed variables, yet hardly any formal procedures exist to assess if the
observed variables equal, or are close to the factors. This paper exploits the fact that
the space spanned by the common factors can be consistently estimated from large
dimensional panels. We develop several tests that can serve as guides as to which
variables are close to the factors. The tests have good properties in simulations. We
estimate the common factors in portfolios, individual returns, as well as a large set of
macroeconomic data. The Fama and French factors approximate the factors in
portfolios and individual stock returns much better than any single macroeconomic
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variable. None of the macroeconomic variables considered, namely industrial
production, inflation, unemployment rate, and the risk premium, have stronger
coherence with the macroeconomic factors. Inflation was a good proxy of the factors
in portfolios and macroeconomic data prior to the 1980s, but its importance has
diminished since.
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Appendix A

Proof of Proposition 1. For notational simplicity, we omit the subscript j, which
refers to the jth series. We will use results of Bai (2003) repeatedly, though it should
be noted that the H matrix in the present paper is H' in Bai (2003), purely for
notational simplicity.

Under the null hypothesis, G, = 0'F, for all . Adding and subtracting terms,
G,=0H 'F,+8H Y(HF, — F,), or

G, =y'F,+7(HF, — F,),

where y = H~"5. In matrix notation,

G = Fy+ (FH' — F)y. (13)
The least squares estimator of y is

P - TN I ~

5=(FF/Ty(FG/T)= = FG.

Substituting G of (13) into 7, we have

~ 1 ~ ~
y:y—i-?F(FH’—F)y,

VNG~ = VN 7 F(FH' ~ Fy.

From Lemma B.3 of Bai (2003), - F (FH' — F) = O,(min[N, T]™"). So VNG — y) =
VN - O,(min[N, T1™") — 0 provided /N/T — 0. B

Next, v/N(G,— G)=~/N(' —y)HF,+7«/N(F, — HF,). The above analysis
shows «/N(G, — G,) =7 VN(F,— HF)+ 0p(1). Let Avar(F;) denote the
asymptotic variance of v/N(F, — HF;). Then Lemma 1(ii) implies that, as N, T —
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oo with v/N/T — 0,

VNG, -G
N(—&A’l)z N, 1).
(7 Avar(F )"/
Let var(G,) = L5 Avar(F,), then the above is the same as 7,(j) LN N(0, 1), where

7,(j) is defined in (1). Recall ?,d(j) is obtained when var(G,) is replaced by a consistent
estimator var(G,), thus 7,(j) — N(0, 1). It follows that P(|7;(j)| > ®,) — 2o.. We next
show that %ZL 17T ()| > @,) — 2a.The essential argument is the law of large
numbers, but because the object of interest depends on both N and T, extra
considerations are required.

Note first that in the preceding analysis, the limiting normality of 7,(j) is derived
from the limiting normality of 3'v/N(F; — HF ;). From Bai (2003),

~ ~—1 ~r 1 N
VN(F,—HF)=V (FF/T) T ; Aieir + 0p(1).

The normality of /N (f . — HF,) is therefore derived from the CLT for ﬁZf\; | Ai€it
when N — oo. Thus, we can write

() = TN+ Op(l) (14)

. d
where 7,y = WLNZIIL Aieir, and Y is a vector of constant, and 7,y —> N(0, 1). For

any fixed real number x¢>0, if 7,5 has a continuous distribution, then P(t,y =
Xo) = 0. Because the limit of 7, 5 is a continuous random variable, P(t, y = xo) — 0,
as N — oo. This means that the indicator function 1(]x|>x() is (asymptotically) an
almost surely continuous function with respect to the measure of 7, 5. It follows from
(14) that

1([7,()] = x0) = 1(It, v = X0) + 0,(1).
Replacing x( by @,, averaging over ¢, we obtain

1 T

I & e
7 2 [(EDIZ0) =7 D 1> o)+ op()

t=1

Let X7y denote the first term on the right-hand side above. We will show the joint
probability limit of X7y is 2a. We use Theorem 1 of Phillips and Moon (1999),
switching the role of N and T in their paper. J

Define Y,y = 1(|t;n|>P,). From TN Z; ~N(0,1), we have Y,y — Y, =
1(1Z;|= ®,). For each fixed T, Xony — X1 = %Z,Tzl Y, as N — oo. Because
E(Y;) = 2a, by the law of large numbers, X7 —> 2o, as T — o0o. To show this holds
not just sequentially as N — oo and then 7T — oo but also as N, T — oo jointly, we
need to verify conditions (i)—(iv) of Phillips and Moon. Because Y,y is bounded by
1, all conditions except (ii) of Phillips and Moon are trivially satisfied. For (ii) we
need to show

1
lim > Py > @) = PZ,]> )] = 0.

=1
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But by the Berry—Esseen Theorem, |P(|r,,N|>cDa)—P(|Z,|>@(X)|<N_1/ZC for a
constant C not depending on ¢ given the moment conditions on e;. Thus their
condition (ii) is also met. This proves part (i) of Proposition 1.

Let M =max{|Z,|,|Z>,...,|Z7|}, where Z, are iid N(0,1). Then P(M <x) =
(2®(x) — 1)'. Assuming that the idiosyncratic errors e; are serially uncorrelated,
then 7,(j) are asymptotically independent over . This is because the limiting
distribution of \/N(ﬁ, — HF,) and thus 7,(j) is determined by N_]/ZZ?;I ¢;;. Because
N_I/QZfi e and N‘l/zzlli | €irts (s#0) are uncorrelated and asymptotically
normal, they are asymptotically independent. This implies the asymptotic
independence of 7,(j) and 7,4(j) and thus P(M(j)<x)~ Qd(x) — 1)T, proving
Proposition 1. [

The proof of Proposition 2 Follows from the same argument in the proof of
Theorem 2 of Bai and Ng (2004). The details are omitted.

Proof of Proposition 3. Let B=S=.S~ S¢S ~ and B= S SreS5-Ser.
Let p, and p, be the canonical ‘orrelations” of B and B, respectively.
Because eigenvalues are continuous functions, we will have /7 (ﬁi —ﬁ,z()i>0
provided that /T (E—B)i>0. That is, the canonical correlations of B
have the same limiting distributions as those of B when B and B are asymptotically
equivalent. We next establish /T (E—B)i>0. First note that because H is
full rank, the canonical correlations of B is the same as the canonical correlations of
B*, where

B* = Sy prSur 686656 nr-
Thus, it suffices to show that /7 (E — BY) 25 0. But this is implied by

— — p
VTS = Sy gp) = 0, (15)

VI(S;,— Sur 6) = 0. (16)
Consider (15). Now

(S?lfFv - S,}} yr) = S?;(SHF HF — S;;)S;J}V HF*

Thus, (15) is implied by vT(Sur ur — S+-) 250, or that

ﬁ(H FTFH—ZfV) 0. (17)

By Lemmas B.2 and B.3 of Bai (2003),

F(F — FH)

T = O,(min[N, T]™"),

F'(F — FH)

- = O,(min[N, T]™").



536 J. Bai, S. Ng | Journal of Econometrics 131 (2006) 507-537

Adding and subtracting terms, (17) becomes
—T(F — FH'YF —«THF'(F — FH'
T T
if v/T/N — 0. For (16),

)_ VTO,(min[N, T]™") - 0

. ~
FG HFG (F — FH'Y G

But %(FV— FH'Y G =pOp(min[N, 1Y), see Lemma B.2 of Bai (2003). Thus, (16) is
Op(ﬁ/ min[N, T]) — 0, establishing v/7(B — B*) = 0,(1) and thus the proposi-
tion. [
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