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Abstract
The imaging mechanism for both NC-AFM and STM at atomic resolution
can be considered as a process of making and breaking of chemical bonds
between the tip and the sample. Based on that concept, a universal relation
between tunnelling conductance G and attractive atomic force F is
established, which can be verified experimentally. This further implies an
experimentally verifiable relation between the threshold resistance R and
diffusion activation energy E in atom manipulation.

1. Introduction

It is now clear that the atomic resolution of non-contact AFM,
for example on Si(111)7 × 7 [1], is due to the interaction
between the sp3 dangling bond on the tip apex and the sp3

dangling bonds on the sample surface [2]. The imaging process
is a sequence of making and breaking of partial chemical bonds
between those dangling bond states. For STM, even in the
early years, there was speculation that the observed atomic
resolution on Si(111)7 × 7 was due to the interaction of the
dz

2 state on the W tip and the sp3 dangling bonds on the sample
surface [3]. Meanwhile, early first-principles computation on
STM showed that the tunnelling current of a W tip comes
almost exclusively from various 5d states on the tip apex [4].
Quantitative analysis showed that such tip states were the
origin of atomic resolution on metal surfaces with STM, as
well as the origin of corrugation reversal observed on metal
surfaces [5]. Consequently, the imaging mechanism of STM
at atomic resolution is also a process of making and breaking of
partial chemical bonds between the electronic states on the tip
and the sample. In the last ten years, a number of first-principle
computations have firmly established that on the apex of metal
STM tips, various d states dominate the tip DOS, from 1 eV
below the Fermi level up to 1 eV above the Fermi level [6–9].
The s states account for only a few per cent of the Fermi-level
tip DOS, thus are insignificant. First-principle computations
of STM images on metal surfaces have shown that the effect
of dz

2 states on the tip apex does enhance the corrugation of
STM images by more than one order of magnitude, which
adequately explains the observed atomic corrugations on metal
surfaces [10, 11]. Therefore, the imaging mechanism of both

NC-AFM and STM at atomic resolution can be considered as
a sequence of making and breaking of partial chemical bonds
between the tip and the sample. From this point of view, at
atomic resolution, both NC-AFM and STM are probing the
basic building element of all condensed matter: the chemical
bond.

There are fundamental similarities between the chemical
bond and atom-scale tunnelling. Both are based on the overlap
of wavefunctions of participating parties. Both are effective
in the same distance range, a fraction of a nanometre. Both
have an exponential dependence on the distance between the
participating parties. In fact, the mathematical expression of
the overlap integrals for the chemical bond and for tunnelling
are identical. The mathematical expression for the prototype
chemical bond energy, the hydrogen molecule ion, was
discovered independently by Landau [12] and Herring [13]
in the same year (1961). Almost at the same time, the
mathematical expression of the tunnelling matrix element was
discovered by Bardeen in 1960 [14]. It is worth noting that the
dimension of Bardeen’s tunnelling matrix element is energy,
and it is mathematically identical to the interaction energy of
the prototype chemical bond according to Landau and Herring.

The mathematical equivalence of the chemical bond
energy and the tunnelling matrix element is not accidental.
The origin of both can be traced to the concept of resonance in
quantum mechanics, introduced by Heisenberg in 1926 [15].
Heisenberg’s idea was applied by Pauling to become the basis
of his theory of the chemical bond, the foundation of quantum
chemistry [16]. In recent decades, because of the advance
of computers and the development of density functional
theory of quantum mechanics, the concept of resonance in
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Figure 1. Concept of resonance, after Heisenberg.

quantum chemistry, especially for the computation of the
ground states of molecules, is no longer essential. However,
for NC-AFM and STM, because of the huge number of
possible relative configurations of the tip and the sample, the
intrinsic complexity of both, and the existence of well defined
unperturbed original states—the free sample and the free tip,
the theory of resonance, or the perturbation theory, is probably
the most convenient formalism for its understanding.

Based on the similarity of the chemical bond and
the tunnelling matrix element, an experimentally verifiable
consequence between NC-AFM and STM, as well between
the threshold resistance and diffusion activation energy in atom
manipulation, can be established. In this paper, we provide a
conceptual account of the theory, together with some suggested
experiments.

2. Concept of resonance: Heisenberg

Right after his invention of quantum mechanics, Heisenberg
published a paper entitled ‘Many-body problem and resonance
in quantum mechanics’ [15]. His argument is as follows. In
quantum mechanics, only a handful of one-particle problems
can be solved analytically. For most practical systems,
approximations are necessary. If a system is comprised of two
separated systems, with a weak interaction between them, then
the combined system can be resolved by treating the interaction
as a resonance. To illustrate the concept and applications
of resonance, Heisenberg provided an example in classical
mechanics. Here it is.

The simplest example is a coupled harmonic oscillator
with the Hamiltonian

H = 1

2m
p2

1 +
m

2
ω2q2

1 +
1

2m
p2

2 +
m

2
ω2q2

2 − 2λmωq1q2; (1)

which is a pair of identical oscillators coupled by an interaction
term, λ. Here, q1 and q2 are coordinates, p1 and p2 are
momenta, m is the mass, and ω is the circular frequency of
the individual oscillators. The Heisenberg Hamiltonian can
be incarnated by a system of two masses and three springs, as
shown in figure 1:

The relation between the spring constant k and the
resonance frequency ω of the individual oscillators is

k = mω2 − 2mωλ. (2)

By holding one of the two masses still, the other mass
would oscillate with angular frequency ω. The solutions are

q1 = a1 cos(ωt + ϕ1), (3)

and
q2 = a2 cos(ωt + ϕ2), (4)

Figure 2. Time evolution of the coupled oscillator, showing
resonance.

where a1 and a2 are amplitudes, and φ1 and φ2 are phases,
respectively.

To facilitate the solution of the coupled system, we
introduce two parameters (the approximate values are valid
when λ � ω),

� = 1
2

[√
ω2 + 2ωλ +

√
ω2 − 2ωλ

] ∼= ω, (5)

and
� = 1

2

[√
ω2 + 2ωλ−

√
ω2 − 2ωλ

] ∼= λ. (6)

Suppose at t = 0, q1 = a and q2 = 0. The solutions of
the coupled system are

q1 = a cos�t cos�t, (7)

and
q2 = −a sin�t sin�t. (8)

The solutions represent a resonance: at t = 0, all the
vibration energy is concentrated on q1. Then, the energy
gradually moves to q2. At time t = π/�, all vibration energy
has moved to q2. Then the process is reversed: the energy
starts to move back to q1, and so on; see figure 2.

By making a coordinate transformation,

q ′
1 = 1√

2
(q1 + q2), q ′

2 = 1√
2
(q1 − q2). (9)

Heisenberg’s Hamiltonian becomes

H = 1

2m
p′2

1 +
m

2
ω′2

1 q ′2
1 +

1

2m
p′2

2 +
m

2
ω′2

2 q ′2
2 ; (10)

with
ω′2

1 = ω2 − 2ωλ, ω′2
2 = ω2 + 2ωλ. (11)

Clearly, the oscillation frequency is split into two: for
the first one, with a symmetric or gerade linear combination of
coordinates, the frequency is lower. For the second one, with an
antisymmetric or ungerade linear combination of coordinates,
the frequency is higher.

In quantum mechanics, energy is related to frequency via
the Planck equation,

E = h̄ω. (12)
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The interaction between the two oscillators, λ, makes an
energy level split. If the interaction is small, approximately,

E = h̄ [ω ± λ] . (13)

In summary, the interaction between the two unperturbed
systems gives rise to a resonance, or a back-and-forth transfer
of energy. In quantum mechanics, it gives rise to an energy
level split, or resonance energy [13].

3. An analytically solvable case: the hydrogen
molecule ion

There are only a handful of real problems in Nature that
have analytic solutions in quantum mechanics, such as the
hydrogen atom in Dirac theory. Those problems are essential
for the understanding of the physics, and serve as the test
ground for approximations. A piece of good fortune is the
problem of the hydrogen molecule ion H+

2 , a prototype for
the chemical bond. The coordinates are separable, and the
analytic solutions have been studied extensively. In most
treatises of quantum mechanics on condensed matter, the H+

2
problem is taken as the first and the most precise model for the
understanding of condensed matter, as in Pauling’s classical
treatise of the chemical bond [16] and Slater’s Quantum Theory
of Matter [17].

The treatment of the H+
2 problem in connection with NC-

AFM and STM has been published previously [5]. Here we
present some analysis to illustrate several points in the theory
of NC-AFM and STM: three types of forces, the concept of
energy splitting, the accuracy of the first-order perturbation
treatment, and extension to many-body cases.

The exact solution of the H+
2 problem gives the following

asymptotic expression for energy levels as a function of the
proton–proton distance r :

E± = me4

h̄2

[
−9

4

(
h̄2

me2r

)4

− 15

2

(
h̄2

me2r

)6

− 213

4

(
h̄2

me2r

)7

+ · · ·
]

± 2m2e6r

h̄4
exp

{
−1 − me2r

h̄2

}

×
[

1 +
1

2

h̄2

me2r
− 25

8

(
h̄2

me2r

)2

+ · · ·
]
. (14)

The first term is the van der Waals force and the core–core
repulsion. The second term is the resonance energy, or the
energy split between the bonding orbital and the antibonding
orbital, as we will explain later. The expression in the round
parentheses is

h̄2

me2r
∼= 0.0529 nm

r
(15)

actually very small in the range of interest, where the nucleus–
nucleus distance r is greater than 0.25 nm. Therefore, the
asymptotic expression converges rapidly.

The van der Waals energy can be evaluated using
perturbation theory. It would recover the first term in the first
bracket of the above expression. In the following, we will
concentrate on the second line of the expression, that is, the
chemical bond energy.

The treatment of the chemical bond energy of the H+
2

problem using first-order perturbation theory is published

Figure 3. First-order perturbation treatment of H+
2 .

elsewhere [5]. The basic idea is the following: starting with
the ground-state wavefunctions of free hydrogen atoms, the
left-hand wavefunction ψL and the right-hand wavefunction
ψR, two types of combined wavefunctions can be constructed,
the gerade or symmetric wavefunction, and the ungerade or
antisymmetric wavefunction; see figure 3. In terms of quantum
chemistry, those wavefunctions are celled the bonding orbital
and the antibonding orbital.

The resonance energy, or the chemical bond energy, can be
evaluated using the Bardeen integral from the wavefunctions
of the free atoms [5].

E± ≡ ±M = ± h̄2

2m

∫
(ψL∇ψR − ψR∇ψL) dS (16)

where the surface integral is evaluated on a medium plane
between the two hydrogen atoms. It is interesting to note that
the computation of chemical bond energy does not require the
knowledge of the potential. Only the wavefunctions of the
individual subsystems are required. This is quite similar to the
resonance problem in classical mechanics, as presented in the
previous section. For the hydrogen molecule ion, the result is

E± = ±2m2e6r

h̄4 exp

{
−1 − me2r

h̄2

}
. (17)

To show the accuracy of the first-order perturbation
treatment, the exact value of the chemical bond energy (in
the solid curve), and those from perturbation theory (in the
crosses) are plotted in figure 4. Over the range of operation of
NC-AFM and STM, i.e., internuclear distance 0.3–0.6 nm, the
difference cannot be detected by the naked eye.

The actual differences are listed in table 1. For the case
of H+

2 , we have shown that the result of first-order perturbation
theory, the Bardeen integral, is quite accurate in representing
the chemical bond energy over the distance range of the
operation of NC-AFM and STM. In the following, we will
analyse the extension to many-body cases, and its consequence
in NC-AFM and STM.
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Figure 4. Accuracy of first-order perturbation treatment of H+
2 .

Table 1. Accuracy of first-order perturbation theory in evaluating
the chemical bond energy of the hydrogen molecular ion.

Internuclear Chemical bond Relative Absolute
distance (nm) energy (eV) error error (eV)

0.25 0.839 121 −0.034 −0.028 658
0.30 0.391 379 −0.009 −0.003 530
0.35 0.177 474 0.004 0.000 740
0.40 0.078 835 0.011 0.000 903
0.45 0.034 472 0.015 0.000 537
0.50 0.014 887 0.017 0.000 266
0.55 0.006 365 0.019 0.000 122
0.60 0.002 699 0.019 0.000 053
0.65 0.001 136 0.019 0.000 022
0.70 0.000 476 0.019 0.000 009
0.75 0.000 198 0.019 0.000 003

4. Extension to many-body cases

The case of H+
2 is a one-body problem. To extend the treatment

to many-body cases, we must take into account the statistical
nature of the particles. Electrons conform to Pauli’s exclusion
principle, and thus Fermi–Dirac statistics. The configuration
of H+

2 actually creates four states from the ground state of
a hydrogen atom: 1σg↑, 1σg↓, 1σu↑, and 1σu↓; the arrow
indicates the spin state. As we have shown, the antibonding
orbitals have a higher energy level. If there is one electron,
then only one of the bonding orbitals is occupied. The energy
level is lower than the free atoms. Thus, a chemical bond
is formed. If there are two electrons, as in the case of the
neutral hydrogen molecule, the two bonding orbitals with
opposite spin are occupied. The total energy is again lower
than that of two hydrogen atoms, and a chemical bond is
formed. The case of the neutral hydrogen molecule has been
worked out in detail by Gorkov and Pitaevskii [18] and also
Herring and Flicker [19]. An accurate asymptotic expression
for the chemical bond energy was found. This problem is very
similar to the problem of H+

2 . The difficult issue is to treat
the field from another electron analytically, instead of using
the self-consistent field approximation, and those authors have
succeeded in handling the complicated mathematics.

The system of two He atoms has the same configuration;
each has two 1s electrons, with four electrons altogether.

By bringing two He atoms together, resonance would occur.
Nevertheless, all four states, 1σg↑, 1σg↓, 1σu↑, and 1σu↓, are
occupied. The resonance energies of the bonding orbital and
the antibonding orbital have the same value but opposite sign.
The net energy change is zero. Therefore, no chemical bonds
are formed. Only the van der Waals force is in effect.

In NC-AFM and STM, two pieces of solid material are
brought into proximity. Resonance would take place. The
bonding orbital and the antibonding orbital, similar to those in
the H+

2 problem, are formed for the combined system from the
electronic states of the free systems. However, the net effect
depends on the band structure. For filled bands, the situation is
similar to the case of two He atoms. There is no net energy gain
as a result of resonance. Only the van der Waals force exists.
For completely unoccupied bands, resonance has no effect,
as no electrons are present. Only for half-filled bands as in
metals does resonance have an effect to lower the total energy
of the combined system. In this case, only the bonding states
are occupied, which have lower energy than the corresponding
states of the free tip and free sample. This occurs also for
metallic (half-filled) surface states on semiconductor surfaces,
such as those on Si(111)7 × 7.

5. An experimentally verifiable relation in NC-AFM
and STM

5.1. van der Waals force

Intuitively, from the concept of resonance, there should be
a relation between tunnelling and attractive atomic force, or
chemical bond force. To do the experiments correctly, or more
precisely speaking to do the data analysis correctly, one must
bear in mind that the van der Waals force between the tip and
the sample always exists. It depends on the geometry of the
tip, and the material nature of the tip and the sample. It must
be subtracted. Fortunately, the van der Waals force and the
chemical bond force behave very differently. First, they are
dominant in different distance ranges. The van der Waals
force plays a dominant role at an internuclear distance greater
than 0.5 nm. Second, the distance dependences are quite
different. Typically, the van der Waals force varies with the
inverse of the tip–sample distance, or 1/r . The chemical force
varies exponentially, with a typical decay length of 0.1 nm.
Third, the van der Waals force for many practical systems is
well understood. In other words, one can make a reasonable
estimate of the van der Waals force under given experimental
conditions.

In the following, we will make an estimate of the van
der Waals force for a paraboloidal metal tip and a flat metal
sample surface. Following Israelachvili [20], the van der Waals
potential is

V = AR

6z
, (18)

where R is the radius of curvature of the tip, z is the distance
from the tip apex to the sample surface, and A is the Hamaker
constant. For metals [20],

A ∼= (3–5)× 10−19 J ∼= (2–3) eV. (19)

Therefore, the van der Waals potential could be as large
as a good fraction of an electronvolt, and the force can be as
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large as a good fraction of a nN. However, the dependence on
tip–sample distance should make it easily distinguishable from
the chemical bond energy.

5.2. Tunnelling current and chemical bond energy

According to the well known Fermi golden rule [5], the
transition probability from a sample state ψν to a tip state ψν
is

wµν = 2π

h̄
|Mµν |2δ(Eµ − Eν), (20)

indicating that only the states with the same energy level can
have non-vanishing transition probabilities. By applying a
bias V across the tunnelling junction, a tunnelling current I
is generated. If the tunnelling matrix element M does not vary
significantly in the energy range corresponding to the applied
bias voltage V , the tunnelling current is

I = 4πe

h̄

∫ eV

0
ρS (EF − eV + ε) ρT (EF + ε) |M|2 dε, (21)

where ρS is the sample DOS and ρT is the tip DOS. At small
bias, both sample DOS and tip DOS can be considered as
constants; the tunnelling current is

I = 4πe2

h̄
ρSρT|M|2V . (22)

It is worth noting that without an external bias voltage
(including possible EMF generated by the thermal couple
effect) there is no tunnelling current. Otherwise, a perpetual
motion is created. Thus, the tunnelling conductance G
is associated with the tunnelling matrix element M with a
quadratic relation, regardless of the magnitude and the sign
of the bias,

G ≡ I

V
= 4π2

RK
ρSρT|M|2, (23)

where RK = h/e2 = 25 812.8 � is von Klitzing’s constant.
In the following, using time-dependent perturbation

theory, we will show that for metals the tunnelling matrix
element in the above equation is the chemical bond energy
between the states near the Fermi level on the tip and on
the sample; see figure 5. Because of the condition of equal
energy level, equation (20), we shall consider a pair of states
in the sample and the tip with the same energy level. The
argument closely resembles Heisenberg’s classical mechanical
illustration of quantum mechanical resonance.

In a self-consistent field picture, an electron in the
combined system satisfies the following time-dependent
Schrödinger equation:

ih̄
∂�(r, t)

∂t
=

[
− 1

2m
∇2 + U (r)

]
�(r, t), (24)

where U (r) is the potential of the combined system. By
considering the tip and the sample separately, we have the
Schrödinger equations for the tip wavefunction,

ih̄
∂�S(r, t)

∂t
=

[
− 1

2m
∇2 + US(r)

]
�S(r, t), (25)

Figure 5. Perturbation treatment of the chemical bond force
between a metal tip and a metal sample.

and the Schrödinger equations for the tip wavefunction,

ih̄
∂�T(r, t)

∂t
=

[
− 1

2m
∇2 + UT(r)

]
�T(r, t). (26)

On the tip side, US(r) = 0, and UT(r) = U (r); on the
sample side, UT(r) = 0, and US(r) = U (r); see figure 5. For
the individual systems, we have solutions at the energy level
E ,

�S(r, t) = ψS(r)e−iEt/h̄ , (27)

and
�T(r, t) = ψT(r)e−iEt/h̄ . (28)

Now we look for solutions of equation (24) that are linear
combinations of those individual solutions. In other words, we
make the following Ansatz:

�(r, t) = aS(t)ψS(r)e−iEt/h̄ + aT(t)ψT(r)e−iEt/h̄ . (29)

Using equation (24), following the procedure in [5],
we find the following equations for the evolution of the
coefficients:

ȧT(t) = ih̄ MaS(t), (30)

and
ȧS(t) = ih̄MaT(t). (31)

The matrix element M is Bardeen’s integral, evaluated
from the wavefunctions of the tip and the sample, on a
separation surface between the tip and the sample,

M = h̄2

2m

∫
[ψS∇ψ∗

T − ψT∇ψ∗
S ] dS. (32)

The specific solutions of equation (24) now depend on the
initial condition. If at t = 0 the electron is on the tip side, the
solution is

�1(r, t) = [cos (Mt/h̄) ψT(r) + i sin(Mt/h̄)ψS(r)] e−iEt/h̄ .

(33)
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This solution describes a resonance corresponding to the
classical picture in figure 2. Similarly, if at t = 0 the electron
is on the sample side, the solution is

�2(r, t) = [cos(Mt/h̄)ψS(r) + i sin(Mt/h̄)ψT(r)] e−iEt/h̄ .

(34)
The linear combinations of those wavefunctions are also

good solutions of equation (24). In particular, by adjusting the
phases of the solutions that the wavefunctions ψ1 and ψ2 are
real and positive in the gap between the tip and the sample, we
have the following two solutions, as shown in figure 5:

�B(r, t) = 1√
2

[�1(r, t) +�2(r, t)]

= 1√
2

[ψS(r) + ψT(r)] e−i(E+M)t/h̄ , (35)

and

�A(r, t) = 1√
2

[�1(r, t) −�2(r, t)]

= 1√
2

[ψS(r)− ψT(r)]e−i(E−M)t/h̄ . (36)

The energy levels are E + M and E − M , respectively.
Therefore, in view of quantum chemistry, the wavefunctions
could be called adequately a bonding orbital and an
antibonding orbital.

Notice that both E and M are positive, the states are near
the Fermi level, and the bands are half-filled; only the bonding
state is occupied. Therefore, for that tip state and the sample
states, the total energy of the combined system is lowered by
M . As already shown in equation (23), for that pair of states,
the tunnelling conductance is

G = 4π2

RK
ρSρT|M|2. (37)

By taking into account all the states on the tip and the
sample near the Fermi level, the tunnelling conductance is [5]

G = fρSρT

RK
|�E |2. (38)

The quantity �E is the net energy gain of the chemical
bond, or the measurable energy lowering. The quantity f is a
numerical factor of order unity, depending on the shape of the
tip. If the tunnelling conductance varies exponentially with
distance z, as most of the experiments on clean metal surfaces
do [21],

G ∼ e−2κz, (39)

where κ = √
2mφ/h̄ is the decay constant. Because force F is

the negative derivative of�E over z, combining equations (38)
and (39), we obtain an explicit relation between F and G ,

F ∼= −κ
√

RKG

ρSρT
, (40)

for f ≈ 1.

Figure 6. A graph to correlate the raw data of tunnelling
conductance and the raw data of force.

5.3. Total force

By moving the tip even closer to the sample surface, the core–
core repulsive force would occur. Following the idea of Morse
function, the repulsive force can be represented by an omni-
directional exponential function with a decay constant twice
as large as the decay constant for the attractive force, and a
constant F2 to be obtained by fitting with experimental data,
for example, from the position of the equilibrium point. The
total force can be written as

F = − AR

6z
− F1e−κz + F2e−2κz . (41)

Constant F1 is related to tunnelling conductance through
equation (40). If tunnelling conductance is

G = G0e−2κz, (42)

then

F1
∼= −κ

√
RKG0

ρSρT
. (43)

This relation is central to the interpretation of combined STM
and NC-AFM experiments.

5.4. Experimental verification: proposed method of data
processing

STM experiments using clean metal tips and clean metal
surfaces often show good exponential dependence of
tunnelling conductance with tip–sample distance up to a
mechanical contact [21]. Thus, the correlation between
tunnelling conductance and force can be done intuitively using
a graph like figure 6.

The suggested graph uses tip–sample distance as the x-
axis, and the logarithms of force and tunnelling conductance
as the y-axis, with a 1 by 2 scale difference. By moving
one of them (tunnelling conductance or force) vertically, the
two curves should match. Specifically, in the region of
tunnelling with atomic resolution, for example, between 1 µS
and 0.01 µS, the two curves should almost overlap. The van
der Waals force and the repulsive force should be separable
from the chemical bond force. Parameters such as ρSρT can
be extracted.
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6. Threshold resistance in atom manipulation

Equation (38) should reveal itself in atom manipulation. The
primary mode of atom manipulation is pulling [22, 23]. The
mechanism of pulling can be understood from figure 5. The
atom to be moved is adsorbed on the surface. In order to move
it to another stable location, an activation energy E must be
applied to lift the atom across the ridge of the neighbouring
atoms, which is called the diffusion barrier. To move the atom
with an STM tip, first place the tip at the top of the atom to be
moved, and then apply a bias V . With the feedback loop on,
gradually increase the set tunnelling current. The tip is moved
towards the atom. A partial chemical bond is formed. When
the chemical bond energy equals the diffusion barrier energy,
the tip should be able to pull the atom over the diffusion energy
barrier.

Experiments showed that the condition of pulling depends
neither on the magnitude of the bias voltage, nor on its
polarity. The action of pulling starts at a well defined threshold
tunnelling resistance R. Therefore, if the chemical bond
is its mechanism (rather than van der Waals or electrostatic
forces), and E is the diffusion energy barrier for the adatom
to overcome, from equation (38), the threshold tunnelling
resistance R should be

R = RK
f

ρSρT E2
. (44)

Here f is a dimensionless factor of order unity, depending
on the shape of the tip. Equation (44) explains the
fact discovered experimentally that the threshold tunnelling
resistance is independent of the magnitude and the polarity of
the bias voltage (see figure 1(b) of [23]).

The diffusion energy barrier of individual atoms on
various solid surfaces has been studied by field ion microscopy
(FIM) for about half a century by the random motion of those
atoms and its temperature dependence [24]. The diffusion
constant can be derived from the root-mean-square value of
displacement via the Einstein equation,〈

(�x)2
〉 = 2Dτ, (45)

where D is the diffusion coefficient, τ is the time interval, and
�x is the displacement of the particle in that time interval.

Equation (1) can be rewritten in terms of number of atom
jumps N within a time interval τ ,〈

(�x)2
〉 = Nl2, (46)

where l is the length of an elementary atomic jump. According
to the Boltzmann statistics,

N = τν0 exp

(
− Ed

kT

)
. (47)

where ν0 is the atomic vibration frequency, and Ed is the
activation energy of surface diffusion. Therefore, from an
Arrhenius plot with

D =
〈
(�x)2

〉
2τ

versus
1

T
, (48)

the activation energy Ed can be obtained. An example is shown
in figure 7; see [25].

Figure 7. Extracting the value of diffusion activation energy from
random-walk experiments using field-ion microscopy with an
Arrhenius plot; see [25].

Figure 8. A suggested method for computing the activation energy
using first-principle methods, for example based on
density-functional theory.

The activation energy can also be computed using first-
principle methods, for example, based on density-functional
theory, similar to the computation in [26]. Figure 8 shows a
possible computation procedure. A is a bare surface, with two
different channels of diffusion. B is a configuration with an
adatom at its stable site. C shows an intermediate site in the
middle of the ‘easy’ path of diffusion. The activation energy
of such a path can be obtained by computing the total energy of
the ground states for configurations B and C, with the adatom
staying at the prefixed x–y position, but allowing its z-position
and the positions of the surrounding atoms to relax, then the
energy difference of configurations B and C is the activation
energy along the ‘easy’ path. D is the same as C, for calculating
the activation energy through the ‘hard’ path. Actually, the
computation here is simpler than that in [26].

Because E, ρS, and ρT can be derived from independent
experiments (e.g., surface diffusion) or first-principle compu-
tations, following equation (44), the threshold tunnelling re-
sistance can be estimated or predicted quantitatively.
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