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Abstract

We study multi-period equilibrium asset pricing in an economy with EZ-agents
whose preferences for consumption are represented by recursive utility and with LA-
agents who experience additional utility of trading gains and losses and are averse to
losses. We propose an equilibrium gain-loss ratio for stocks and show that the LA-
agents hold less (more) stocks than the EZ-agents if and only if the LA-agents’ loss
aversion degree is larger (smaller) than this ratio. With myopic EZ- and LA-agents,
we prove the existence and uniqueness of the equilibrium and the market dominance
of the EZ-agents in the long run. Finally, we find that the equity premiums in
this economy and in another economy with a representative agent whose preferences
are the average of those of the EZ- and the LA-agents in the former economy are
quantitatively similar if the LA-agents participate in the stock market and can be

significantly different otherwise.
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1 Introduction

In neoclassical finance, investors are assumed to be rational, i.e., to use Bayes’ rule for
inference and prediction and to employ expected utility theory (von Neumann and Mor-
genstern, 1947) and more generally recursive utility theory (Epstein and Zin, 1989) to
evaluate wealth and consumption. By contrast, behavioral finance takes the view that in-
vestors are irrational; i.e., investors do not follow Bayes’ rule or recursive utility theory. In
particular, investors’ preferences for wealth are represented by cumulative prospect theory
(Tversky and Kahneman, 1992). There is a vast literature on asset pricing in behavioral
finance; most models in this literature assume a representative agent with irrational pref-
erences. The implications in those models can explain many empirical findings that cannot
be explained by models in neoclassical finance.!

Asset pricing with both rational and irrational investors, however, is rarely studied.
Consequently, the following four questions have not been completely answered: First, does
the market equilibrium exist with heterogenous rational and irrational investors? Second,
what is the difference between the investment strategies of the rational and irrational
investors? Third, will the rational investors dominate the market in the long run? Finally,

are the equilibrium asset prices quantitatively similar in an economy with heterogeneous

IFor instance, Barberis and Huang (2001) and Barberis et al. (2001) assume a representative agent with
loss-averse preferences to explain the equity premium puzzle. Barberis et al. (1998) assume a representa-
tive agent with wrong belief in stock dividends to explain the under-reaction and over-reaction to public
news such as earning announcement. Barberis and Huang (2008b) assume a representative agent whose
preferences are represented by the cumulative prospect theory to explain the low risk premium for assets
with positively skewed payoffs.



rational and irrational investors and in another economy with a representative investor? In
the present paper, we answer these questions based on a multi-period heterogeneous-agent
asset pricing model.

We consider an economy with two types of agents: EZ- and LA-agents. A risk-free
asset and a risky stock can be traded in discrete time. The EZ-agents’ preferences for
consumption are represented by the recursive utility theory. The LA-agents are concerned
with the utility of trading gains and losses in addition to the consumption utility, and the
gain-loss utility is measured by the cumulative prospect theory. In particular, the LA-agents
are averse to losses. We assume the EZ- and LA-agents have the same relative risk aversion
degree (RRAD) and elasticity of intertemporal substitution (EIS) for the consumption
utility, but the LA-agents may have heterogeneous loss aversion degrees (LADs). The
return rates of the risk-free asset and the risky stock are to be determined in equilibrium.

We first propose a performance measure for the stock, named equilibrium gain-loss ratio.
It is defined as the ratio of the gain and loss of the stock relative to a reference point. This
reference point is endogenously determined in equilibrium: it is the equilibrium risk-free
rate in an economy with EZ-agents only. We find that the equilibrium gain-loss ratio is
always larger than one and the LA-agents have the same consumption-investment plan as
the EZ-agents when the former’s LAD is equal to this ratio.

Secondly, when the RRAD and EIS are equal to one, i.e., when the EZ- and LA-
agents are myopic, we prove the existence and uniqueness of the equilibrium. Moreover,
when the economy consists of only one EZ- and one LA-agents, we find that the LA-agent
invests less (more) than the EZ-agent in the stock if and only if the LA-agent’s LAD is
larger (smaller) than the equilibrium gain-loss ratio. Consequently, the equity premium is
increasing (decreasing) with respect to the market share of the LA-agent when her LAD
is larger (smaller) than the equilibrium gain-loss ratio. Our numerical study suggests that

these conclusions still hold for non-myopic agents.



Thirdly, when the economy consists of only one EZ- and one LA-agents with unit RRAD
and EIS, we prove that the EZ-agent dominates the market in the long run, i.e., the market
share of the EZ-agent converges to one as time goes to infinity. Our simulation results,
however, show that the dominance takes effect very slowly: the LA-agent still has significant
market share and price impact even after two hundred years. Our numerical study shows
that these market dominance results still hold for non-myopic agents.

Fourthly, we compare the equity premiums in an economy with heterogeneous EZ- and
LA-agents and in another economy with a representative agent whose preference repre-
sentation is the average of those of the agents in the first economy. We find that the
equity premiums in these two economies are quantitatively close if the LA-agents in the
heterogeneous-agent economy participate in the stock market; otherwise, the equity pre-
miums can be significantly different. Indeed, in the latter case the parameters of the LA-
agents’ preference representation, e.g., the LAD and the parameter measuring how much
the LA-agents are concerned with the gain-loss utility, do not affect the price impact of the
LA-agents in the heterogeneous-agent economy, and thus do not affect the equity premium.
By contrast, the equity premium in the representative-agent economy is sensitive to these
parameters because they decide the preferences of the representative agent. Consequently,

the equity premiums in these two economies can be significantly different.

2 Literature Review

The preference representation of the LA-agents in our model is similar to Barberis and
Huang (2001, 2008a, 2009), Barberis et al. (2001, 2006), De Giorgi and Legg (2012), and
He and Zhou (2014). These papers either consider asset pricing with a representative agent
or consider portfolio selection of one agent, but the present paper considers asset pricing

with heterogeneous agents.



There are several studies on asset pricing with heterogeneous rational and irrational
agents. Del Vigna (2013) consider a single-period asset pricing model in which the agents
have heterogeneous preferences represented by expected utility theory (EUT) and cumu-
lative prospect theory (CPT). Assuming the asset returns follow a multi-variate normal
distribution, the authors prove the existence of the equilibrium. De Giorgi et al. (2011)
and De Giorgi and Hens (2006) consider a similar model and study the equilibrium asset
returns. De Giorgi et al. (2010) consider a single-period complete market with heteroge-
neous agents with CPT preferences and show that the equilibrium does not always exist.
Xia and Zhou (2013) study the equilibrium in a single-period complete market in which
the agents’ preferences are represented by rank-dependent expected utility (Quiggin, 1982).
The authors assume heterogeneous utility functions but homogeneous probability weighting
functions for the agents and prove the existence of the equilibrium. All the aforementioned
papers assume single-period setting and assume either normally distributed asset returns
or complete markets. The present paper uses multi-period setting and the dividend growth
rate can follow any distribution.

There are two closely related papers. Easley and Yang (2014) consider equilibrium asset
pricing with one EZ- and one LA-agents, and their setting is similar to ours. The authors
conduct numerical studies to show that the EZ-agent dominates the market in the long run
when she has the same RRAD and EIS as the LA-agent. When the EZ- and LA-agents have
different RRAD and EIS, however, the LA-agent may dominate the market. Compared to
Easley and Yang (2014), we prove the existence and uniqueness of the equilibrium and the
dominance of the EZ-agent theoretically when the RRAD and EIS are equal to one. In
addition, we propose the equilibrium gain-loss ratio and study the trading strategies of the
EZ- and LA-agents.

Chapman and Polkovnichenko (2009) consider a single-period asset pricing model with

two agents: one agent has EUT preferences and the other has non-EUT preferences. The



authors consider several types of non-EUT preferences such as rank-dependent utility, dis-
appointment aversion, ambiguity aversion, and reference dependent preferences. These
preferences exhibit first-order risk aversion (Segal and Spivak, 1990) and are thus appealing
models to explain the equity premium puzzle in the representative-agent setting. Chap-
man and Polkovnichenko (2009) show that the equilibrium equity premium with one EUT
and one non-EUT agents is significantly lower than the equity premium in an economy
with a representative agent whose preferences are the average of those of the EUT and
non-EUT agents. The present paper differs from Chapman and Polkovnichenko (2009) in
two aspects: First, we consider a multi-period model. Second, we also consider hetero-
geneity in the LADs of the LA-agents while Chapman and Polkovnichenko (2009) assume

homogeneous non-EUT agents.

3 Equilibrium Asset Pricing Model

3.1 The Market

We consider a discrete-time financial market with one risky asset (e.g., a stock) and one
risk-free asset. The net supplies of the stock and the risk-free asset are one and zero,
respectively. The stock distributes dividend D, at each time ¢. The (gross) return rates of
the stock and the risk-free asset in period ¢ to t + 1 are ;4 and Ry .1, respectively. The

following assumption about the dividend process is imposed throughout of the paper:

Assumption 1 The dividend growth rates Z;.1 := Dyi1/Dy,t = 0,1,... are i.i.d. Fur-

thermore, zy = essinfZ, > 0 and E (Z;) < 0.

Assuming an i.i.d. dividend process is common in many asset pricing models. On the
other hand, assumption essinf Z; > 0 is necessary to induce heterogeneity in stock holding;

otherwise, any agent in the market cannot invest more than her wealth in the stock.



Consider an agent who decides her consumption and investment plans at each time ¢.
Denote W, as the pre-consumption wealth of the agent. Suppose the agent consumes Cj,
invests #; in the stock, and invests the remaining wealth in the risk-free asset. Then, the

dynamics of {W;} is Wyp1 = (W, — Cy)Ryy1 + 0i(Riy1 — Rypgqa), t > 0.

3.2 Investors

Suppose there are m agents in the market. At each time ¢, agent ¢ chooses consumption
amount C;; and the dollar amount 0;; invested in the stock. Following Barberis and Huang
(2008a, 2009), Barberis et al. (2006), De Giorgi and Legg (2012), and He and Zhou (2014),

we assume agent i’s preferences are represented by the utility process {X;;} modeled as

Xiy=H(Cip, M(X; 111|%) + bi,,Giy), t>0. (1)

Here, .%; stands for the information available at time t, M (X, ;1]|-%:) is time-t’s certainty
equivalent of agent ¢’s utility at ¢t +1, G, represents the utility of trading gains and losses,
b;+ measures the degree to which agent ¢ is concerned with the gain-loss utility, and H
aggregates the current-period consumption, the gain-loss utility in the current period, and
the total utility in the following periods.

We apply cumulative prospect theory (CPT) proposed by Tversky and Kahneman

(1992) to model G;;. More precisely, we assume

Gi,t =E [Vi(Wi,t—i-l - (VVi,t - Ci,t)Rf,t—i-l)lcht] =K [Vi (ei,t(RtH - Rf,t+1)) \3‘}] ) (2)

where v;(z) := 21,50 + K;x1,-0 for some K; > 1. In other words, agent i sets the risk-free
payoft (W;,; — Ci )Ry 41 to be her reference point to distinguish gains and losses for her

investment, and then the investment gain and loss are evaluated by CPT with piece-wise



linear utility function v; and with no probability weighting (Tversky and Kahneman, 1992).
The parameter K; > 1, named loss aversion degree (LAD), models the empirical finding
that individuals tend to be more sensitive to losses than to comparable gains. The model
of G;; is the same as in Barberis and Huang (2008a, 2009), Barberis et al. (2006), and De
Giorgi and Legg (2012)

When b;; = 0, (1) becomes recursive utility (Epstein and Zin, 1989, Kreps and Porteus,
1978). In this case, we call agent i an EZ-agent. When b;, > 0, agent i’s aggregate utility
includes two components: consumption utility and gain-loss utility, and the agent is loss
averse. In this case, we call agent ¢ an LA-agent, and b;; measures how much the LA-agent
is concerned with the gain-loss utility.

The recursive utility is considered to be a rational theory of preference representation,
so the EZ-agents can be regarded as rational investors. On the other hand, the LA-agents
experience additional utility of trading gains and losses, and are loss averse. Such preference
representation has been used in many asset pricing models in behavioral finance such as
Barberis and Huang (2001, 2008a) and Barberis et al. (2001), so the LA-agents can be
regarded as irrational investors.

Following Kreps and Porteus (1978), we assume

(1= B)cr + Bz1P)T%, 0<p1, E(X')|T5, 0<~y#1,
Hc, z) := M(X) =
e(l—ﬂ)lnﬁ-ﬁlnz’ p= 17 eE[ln(X)]’ = L

(3)

In this specification, 3 is the discount factor,  is the relative risk aversion degree (RRAD),
and 1/p is the elasticity of intertemporal substitution (ELS).

In our model, we assume the agents in the market are homogeneous in the aggregator H

and in the certainty equivalent M, so these two quantities are not indexed by the agents’

identities. However, the agents are heterogeneous in b;; and in K;. In other words, we



assume homogeneous EZ-agents and heterogeneous LA-agents and assume all the agents

have the same RRAD and EIS.

3.3 Optimal Portfolio Selection

For simplicity, we assume short-selling is not allowed. With preference representation (1),

agent i’s decision problem at ¢ can be formulated as

Max X@t

{Ci,s}sZt:{ei,s}szt

Subject to  Wiss = (Wis — Cis)R 0,y (Rys1 — R (4)
upbject to 7,841 ( ,8 z,s) f,s+1+ z,s( s+1 f,s—i-l)’

91'78 2 O, Wi,s 2 0, S 2 t.

We follow Barberis and Huang (2009) and He and Zhou (2014) to solve problem (4). Denote
Vi+ as the optimal value of (4), i.e., the agent’s optimal utility at time ¢. Thanks to the
recursive nature of utility (1), the dynamic programming principle immediately yields the
following Bellman equation

Vie = Cman H(Ciy, M(V; p11]%1) + 04 Gi). (5)

Thanks to the homogeneity of the aggregator H, certainty equivalent M, and CPT utility
function v;, we are able to simplify the Bellman equation (5) by defining c¢; ¢ := C; /Wi,
wig =0,/ (Wit — Ciy), and W, := V;;/W;,, which are the percentage consumption, per-

centage allocation to the stock, and optimal utility per unit wealth, respectively. Plugging



these variables into (5), we obtain

U, = max H(ciy, (1 — i) (M (V401 Ri 141 F1) + biiE [vi (Wi o(Riev1 — Rypasr)) |F4))),

Cit,Wi ¢t

where R;¢+1 1= Rpy1+w; ¢ (Rip1 — Rypevq1) is the gross return of the agent’s portfolio. Here,

the implicit restrictions on ¢;; and w;, are that ¢;; > 0, w;; > 0, and R, ;41 > 0.

3.4 Equilibrium

Denote P, as the ex-dividend price of the stock at time ¢. Then, the gross return of the
stock is Ryy1 = (Py1 + Dyy1)/ P, t > 0. We follow the standard definition of competitive

equilibria in the literature; see for instance Yan (2008).

Definition 1 A competitive equilibrium is a price system { Ry 41, P };2, and consumption-
investment plans {C;,6;.};2, with the corresponding wealth processes {W;;}°,, ¢ =

1,2,...,m that satisfy

(i) individual optimality: foreach i =1,2,... ., m, {C;4, 0;:}32, is the optimal consumption-

investment plan of agent i;
(ii) clearing of consumption: Yy ;" Ciy = Dy;
(iii) clearing of the stock: > " 0;+ = P; and
(iv) clearing of the risk-free asset: > .~ (W;y — Ciy — 0;4) = 0.

As illustrated in Section 3.3, it is natural to consider the percentage consumption and
allocation to the stock of each agent, so we reformulate the equilibrium conditions in

Definition 1 in terms of these quantities.
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Proposition 1 A price system { Ry 11, P, };2, and consumption-investment plans {C; 4, 6,1 }72,
with corresponding wealth process {W;}¢2,, 1 = 1,2,...,m constitute a competitive equilib-
rium if and only if the percentage consumption c¢;; = C; /W, and the percentage allocation
to the stock w;y = 0;+/(W;y — Ci4) are the optimal choice of agent i, i = 1,2,...,m and

satisfy

m ¢
Y —EYiu=Dy/P, ) wiYii=1, (7)
=1

where Y := (W, — Cy1)/ Py stands for agent i’s post-consumption market share at time t,

and (ci1/(1 — ¢;1))Yiys is defined as ci,tffi,t with }72-7,5 = W,/ P when ¢;y = 1.

3.5 Data and Parameter Values

One of the main tasks of the present paper is to compare an economy with heterogeneous
EZ- and LA-agents with an economy with a representative agent whose preferences are the
average of those of the agents in the first economy. To compare our results to those in
Chapman and Polkovnichenko (2009), we use the same dividend data as in that paper. We
reproduce in Table 1 the distribution of the dividend growth rate used in Chapman and
Polkovnichenko (2009).

Table 1: Distribution of the dividend growth rate. The distribution is assumed to be the
same as in Table I of Chapman and Polkovnichenko (2009), which is obtained using the
historical gross consumption growth from 1949 to 2006.

State 1 2 3 4 5) 6 7 8 9
Outcome | 0.976 0.993 1.002 1.011 1.019 1.028 1.037 1.045 1.054
Probability | 0.03 0.03 0.10 0.16 024 0.19 0.13 0.09 0.03

For RRAD ~ and EIS p, we assume v = p = 1 in Section 5 where we study the

equilibrium theoretically. In Section 6, we consider other values of v and p ranging from

11



1.5 to 5; these values are also considered in Barberis and Huang (2008a, 2009) and Barberis
et al. (2006).

For the LAD of the LA-agents, we use experimental estimates in the literature. The
range of the estimates is between 1.5 and 3.5; see for instance the literature summary in
He and Kou (2014). In addition, we use 2.25, which is the estimate obtained by Tversky
and Kahneman (1992), as a benchmark value.

Finally, we assume b;; to take the following parametric form:

biv =b; x M(V,;,11].%), t>0 (8)

for some constant b; > 0. In other words, b;,; in the current period is a constant proportion
of the certainty equivalent of the optimal utility per unit wealth in the following periods.
Our setting of b;, is different from those in Barberis and Huang (2008a, 2009), Barberis

et al. (2006), De Giorgi and Legg (2012), and He and Zhou (2014), where the authors set

for some constant b; > 0. Our setting seems less natural than theirs, but it leads to
tractability in the equilibrium analysis in Section 5. Furthermore, numerical studies in
Section 6 reveal that these two settings yield nearly identical asset pricing results. In
addition, b;; in (8) resembles the models in Barberis and Huang (2001) and Barberis et al.
(2001).2

Barberis and Huang (2008a, 2009) and Barberis et al. (2006) formulate b;; as in (9)
and consider values from 0 to 0.5 for b. Moreover, they consider asset pricing with a

representative LA-agent. We calibrate parameter b in (8) to b ranging from 0 to 0.5; i.e.,

In these papers, the authors set b;;, to be a constant proportion of a power transformation of the
aggregate consumption in the market at time t.

12



Table 2: Values of b corresponding to values of b. For each value of b, b = b/, where
U is the certainty equivalent of the optimal utility per unit wealth in an economy with
one LA-agent only. The distribution of the dividend growth rate is given as in Table 1,
K =2.25, and v and p are 1, 3, or 5.

b 0.005 0.01 0.02 0.03 004 0.05 01 02 03 0.4 0.5
vy=1,p=11] 0.09 019 039 060 081 1.03 2.13 437 6.63 889 11.14
vy=1,p=31] 015 029 0.60 090 1.21 1.52 3.07 6.19 931 1244 15.56
vy=1,p=5] 017 034 0.69 1.03 138 1.73 3.49 7.00 10.52 14.04 17.56
vy=3,p=11] 009 019 039 060 081 1.02 211 432 655 877 11.00
vy=3,p=3| 0.15 030 060 090 1.21 1.52 3.06 6.17 9.27 12.38 15.49
vy=3,p=5| 017 034 0.69 1.03 138 1.73 348 6.99 10.50 14.00 17.51
vy=95,p=1] 009 019 039 060 081 1.02 2.10 428 648 868 10.87
vy=95,p=3] 015 030 0.60 090 1.21 1.51 3.056 6.14 924 1233 1542
vy=95,p=5| 017 034 0.69 1.03 138 1.73 3.47 697 1047 1397 1747

for each value of b in this range, we calculate b accordingly by setting b x M (¥, ;,|.%;) = b,
where W, ;14 is the certainty equivalent of the optimal utility per unit wealth in an economy
with one LA-agent only.® In the calculation, we set K = 2.25 and consider v and p to be
one of 1, 3, and 5, and the results are shown in Table 2. We can see that the values of b

range from 0 to 17.5, so in the following we assume b takes values from 0 to 20.

4 Equilibrium Gain-Loss Ratio

Theorem 2 Assume 3(M(Z;1))* " < 1. Then, Ry, 1 = aZyy for certain constant o and
Rppp = E (Ri;f ) JE (Rt_ +71) are the equilibrium return rates of the stock and the risk-free
asset, respectively, if the market consists of EZ-agents only. Moreover, the equilibrium

remains the same if the market consists of not only EZ-agents but also LA-agents with

3In this economy, W; ;11 is a constant ¥; see for instance Guo and He (2015). Consequently, we can
solve b = b/ .
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LAD equal to
E[(Ru — (B (RE7) /B (RD))),]
E|(Ris — (B (RD) /E(R)))|

and in this case the EZ- and LA-agents have the same consumption-investment plan.

K* = , (10)

Condition B(M(Z;41))'™” < 1 in Theorem 2 is to ensure that the recursive utility of
consuming the stock dividend is well-defined; see for instance Epstein and Zin (1989),
Marinacci and Montrucchio (2010), and Hansen and Scheinkman (2012) for conditions in
general settings.*

Theorem 2 provides the equilibrium asset returns when the market consists of EZ-agents
only. More importantly, Theorem 2 shows that the presence of LA-agents in the market
does not change the equilibrium if their LAD is equal to K*. In addition, the EZ- and
LA-agents have the same consumption-investment strategy in this case. Intuitively, the
LA-agents invest less in the stock when becoming more loss averse, so we conjecture that
they hold less (more) stocks than the EZ-agents if their LAD is larger (smaller) than K*.
This conjecture is proved in the case p = v = 1 (Section 5) and numerically confirmed in
the general case (Section 6).

We can see that K™ is the ratio of the expected gain and loss of the stock with the
reference point being E (R ( 1 ) JE ( . +1) Therefore, K* is similar to the gain-loss ratios
proposed by Bernardo and Ledoit (2000) and Cherny and Madan (2009). Note that the
reference point E ( t +1) J/E ( " 4:/1) is not arbitrarily chosen; it is the equilibrium risk-free
rate in an economy with EZ-agents only and thus is endogenously determined in equilib-
rium. This marks the difference of K* from the gain-loss ratios in Bernardo and Ledoit
(2000) and Cherny and Madan (2009) where the reference points are exogenously given.

Therefore, we name K* equilibrium gain-loss ratio.

4For instance, with i.i.d. dividend growth rates, condition (c) in Hansen and Scheinkman (2012, Propo-
sition 6) is equivalent to (M (Z;+1))' ™" < 1 and other assumptions in that Proposition are automatically
satisfied.

14



Note that K* depends on v, the RRAD of the agents in the market, but does not
depend on 1/p, the EIS of the agents. Moreover, the following Proposition shows that K*
is always larger than 1 and is strictly increasing in . Therefore, the more risk averse the

agents are, the larger the equilibrium gain-loss ratio is.

Proposition 3 The equilibrium gain-loss ratio K* is strictly increasing in v > 0 and is

equal to 1 when v = 0.

We can see that K* is invariant to scaling: replacing Ry, in (3) with C Ry, for any
constant C' > 0 does not change the value of K*. Consequently, because R; 11 = aZ;,1, we

can rewrite K* as
E[(X - (E(X')/E(X™))),]

K = x—Ex ) EE)

where X is identically distributed as Z;,;. Table 3 shows the values of K* with respect to
different values of v, assuming the dividend growth-rate follows the distribution as specified
in Table 1. Because typically LAD K is larger than 1.5, so Table 3 shows that K* < K.
Consequently, LA-agents with typical LAD hold less stocks than EZ-agents.

Table 3: Equilibrium gain-loss ratio K* with respect to RRAD . The distribution of the
dividend growth rate Z;,; is assumed as in Table 1.

Y 0.5 0.9 95 1.05 1.1 1.5 2 3 4 5
K* | 1.021 1.038 1.040 1.044 1.046 1.063 1.086 1.132 1.182 1.234

Although, the equilibrium gain-loss ratio is defined as a result of equilibrium analysis, it
can also be used empirically: for each stock in the market, one can compute its equilibrium
gain-loss ratio. In this sense, the equilibrium gain-loss ratio can be used as a measure
for stock selection: the larger the equilibrium gain-loss ratio of a stock is, the better the
stock is. For example, when the stock return R;.; follows Bernoulli distribution, i.e.,

P(Ryy1 = x1) = 1 —P(Ry11 = 22) = p for some x; > x5 and p € (0, 1), we can compute that

15



K* = (x1/x2)". If the return of a stock becomes more positively skewed, i.e., z; becomes
larger and and p becomes smaller, K* becomes larger. In other words, stocks with more

positively skewed returns have larger equilibrium gain-loss ratios.

5 Equilibrium Analysis with Myopic Agents

In this section, we study the competitive equilibrium when p = v = 1. In this case, each
agent in the market becomes myopic; i.e., in each period her optimal consumption and
investment depend only on the asset returns in that period. We first study the investment
problem of a typical agent in the market. Then, we establish the existence and uniqueness
of the equilibrium. Afterwards, we study the equilibrium with one EZ-agent and one LA-
agent. Finally, we compare the equity premium in this heterogeneous-agent economy with

the one in a representative-agent economy.

5.1 Optimal Portfolio

A typical myopic agent in the market solves the following single-period portfolio choice

problem

max exp [E(In(a + w(X — a)))] + wbE [v (X — a)]
"= (11)

subject to a4+ w(X —a) >0,

where a stands for the risk-free rate and X stands for the gross return of the stock. Function
v(z) :=xl,50+ Kxl,o for some K > 11is used to evaluate gains and losses and parameter

b > 0 measures how much the agent is concerned with the gain-loss utility.

Proposition 4 Assume z := essinfX > 0 and E[X]| < oo. Suppose a > z. Then (11)

admits unique optimal solution p(a;b, K). Furthermore,
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(i) There ezxist a < a in [z, E(X)] such that p(a;b, K) = w(a) := a/(a —z) if and only if

a € (z,a] and p(a;b, K) =0 if and only if a € [a,+00).

(ii) For fired b > 0 and K > 1, ¢(a;b, K) is decreasing and continuous in a € (z,+00),

is strictly decreasing in a when o(a;b, K) > 0, and satisfies lim,, p(a; b, K) = 400.
(iii) For firted b > 0 and a > z, p(a;b, K) is decreasing in K.

(iv) For fited K > 1 and a > z, p(a;b, K) is increasing in b if E[v (X —a)] > 0 and is
decreasing in b if E[v (X —a)] <0.

Note that w(a) is the maximum percentage allocation to the stock because of the no-
bankruptcy constraint a +w(X —a) > 0. Therefore, Proposition 4-(i) shows that the agent
does not invest in the stock if the risk-free rate is sufficiently high and takes the maximum
leverage if the risk-free rate is sufficiently low. Proposition 4-(ii) shows that the optimal
allocation to the stock is continuous and decreasing in the risk-free rate. Proposition 4-(iii)
shows that the more loss averse the agent is, the less she invests in the stock. Finally,
Proposition 4-(iii) reveals that when the agent becomes more concerned with the gain-
loss utility, i.e., when b becomes larger, whether she invests more in the stock depends on
whether she experiences positive or negative gain-loss utility of investing in the stock: if

positive utility is experienced, she invests more in the stock; otherwise, she invests less.

5.2 Existence and Uniqueness of Equilibrium

Theorem 5 Suppose p =~ =1 and b;; is given as in (8). Then, the competitive equilib-
rium exists and is unique. The equilibrium price-dividend ratio P,/Dy = /(1 — (),t > 0

and the equilibrium stock return Riyyy = Zyiq/B. The equilibrium risk-free rate Ryyyq is
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uniquely determined by

Z SDi(Rf,tH)Yz’,t =1, (12)

=1

where Y;y € [0, 1] is the market share of agent i’s post-consumption wealth at time t and
wi(a) is the optimal solution to (11) with X = Ryyq1, b = b;, and K = K;. Furthermore,

2z < Ryiy1 < E[Ri41] where z := essinf Ry4.

Because p = v = 1, every agent in the market consumes the same constant fraction of
her wealth. As a result, the equilibrium price-dividend ratio must be a constant and the

equilibrium stock return

R Pi1+ Dy _ Pii1/Diy1 + 1Dy _ lZ
! P, P/D. D, 7t

Furthermore, because Z;,1’s are i.i.d., so are R;;1’s. The risk-free rate is determined by
(12), which is a clearing condition for the stock. We can see that the equilibrium risk-free

rate depends on the market shares of the agents.

5.3 Equilibrium Analysis with EZ- and LA-Agents

In this subsection, we consider the case in which there are only two agents in the market:
one is an EZ-agent and the other is an LA-agent. We index the EZ-agent with ¢ = 0 and
set bg = 0, and index the LA-agent with ¢ = 1 and set by = b > 0 and K; = K > 1. In
addition, we denote v(z) = zl,5¢0 + Kxl,-0 as the utility function of the LA-agent for

trading gains and losses.
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5.3.1 Optimal investment

Theorem 6 Let wg, and wy, be the optimal percentage allocation to the stock of the EZ-

and LA-agents, respectively.

(i) If K = K*, then E [v(Ryy1 — Rp1)| %] = 0 and wg, = wi, = 1.

(i) If K < K*, then E[v(Ryy1 — Ryp1)| %) > 0 and 0 < wg, < 1 < wy,.
(iii) If K > K*, then E V(R — Ryea)| %) <0, and wg; > 1 > wyj, > 0.

Theorem 6-(i) shows that the LA-agent invests the same amount in the stock as the
EZ-agent when her LAD is K*. This result is consistent with Theorem 2. Theorem 6-(ii)
shows that the gain-loss utility of holding the stock, E [v(Ri 1 — Ry iv1)| %), is positive if
the LA-agent’s LAD is strictly smaller than K*. In this case, the LA-agent is willing to
hold more stocks than the EZ-agent. This result reveals that an LA-agent, though being
loss averse, can take more risk than an EZ-agent who is not concerned with trading gains
and losses. If K > K™, the gain-loss utility of holding the stock is negative and thus the
LA-agent holds less stocks than the EZ-agent. Table 3 shows that the LAD of a typical
LA-agent is larger than K™, so she holds less stocks than EZ-agents.

We also observe that the EZ-agent always holds some stocks in equilibrium, but the

LA-agent may choose not to hold any stocks.

5.3.2 Equity Premium

The conditional equity premium is the expected return of the stock in excess of the risk-free
rate, i.e., EPy := E[Ri1].%:] — Rfi41, t > 0. Because Ryp1 = Zy41/0, t > 0 are i.i.d., the
variation of the equity premium caused by the market shares of the LA- and EZ-agents is

fully determined by the variation of the risk-free rate. The following theorem reveals the
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dependence of the risk-free rate and thus the equity premium on the market share of the

EZ-agent.

Theorem 7 Denote z := essinf Ryr1. Then, Rpy == 1/E(1/Ryy1) € (z,E[Ri41]) is the
equilibrium risk-free rate when the EZ-agent’s market share Y; = 1. On the other hand,
Ry, which is the unique y solving e*™F+1)(1 — yE(1/R;,1)) + bE[V(Ri1 — y)] = 0 in

(2, E[Ri41]), is the equilibrium risk-free rate when Y; = 0. Furthermore,
(1) If K = K*, then Ryyi1 = Ry and EP, = E[Ry11] — Ryp.

(1ir) If K > K*, then Ry 41 is continuous and strictly increasing with respect to'Y; € [0, 1].

Consequently, EP, is continuous and strictly decreasing with respect to Y, € [0, 1].

(1) If K < K*, then Ry is continuous and strictly decreasing with respect to'Y; € [0, 1].

Consequently, EP, is continuous and strictly increasing with respect to Y; € [0, 1].

Theorem 7 shows that when the LA-agent’s LAD K happens to be K*, she behaves
the same as the EZ-agent, so the equity premium is the same as in an economy with the
EZ-agent only. When K > K*, the LA-agent invests less than the EZ-agent in the stock, so
the larger the market share of the LA-agent has, the larger the equity premium is. When
K < K*, the LA-agent invests more than the EZ-agent in the stock, so the larger the

market share of the LA-agent has, the smaller the equity premium is.

5.3.3 Market dominance

An important question in behavioral finance is whether rational investors will dominate
the market. In our model, the EZ-agent is considered to be rational and the LA-agent is
considered to be irrational, so we study whether the EZ-agent will dominate the market in
the long run. Recall that Y; is the market share of the EZ-agent. The EZ-agent becomes

extinct if lim;_, o, Y; = 0 almost surely, survives if extinction does not occur, and dominates
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the market if lim;_,,, ¥; = 1 almost surely. The extinction, survival, and dominance of the
LA-agent are defined similarly.

There is a vast literature on market dominance; see for instance the surveys by Blume
and Easley (2009, 2010). In this literature, an alternative definition of market dominance
is based on the consumption share instead of market share. This alternative definition is
the same as the one used here because the consumption rates of the EZ- and LA-agents

are the same constant.

Theorem 8 Recall Ry, in Theorem 7 as the equilibrium risk-free rate when the market
consists of the LA-agent only. Suppose one of the following two conditions is satisfied: (i)
K < K*; and (ii) K > K* and lim. 0 E[1/(c+ X —z)] € (1/(Rsq — z),+00]|. Then, the

EZ-agent dominates the market.

Theorem & shows that the EZ-agent, who maximizes the expected logarithmic utility
of consumption, drives the LA-agent, who receives additional gain-loss utility, out of the
market. This result, though nontrivial to prove, is not surprising because an expected utility
maximizer with logarithmic utility function maximizes the long-run wealth accumulation
(Blume and Easley, 1992).

The existent market dominance literature assumes that all market participants are ex-
pected utility maximizers or more generally EZ-agents with possibly heterogeneous RRAD,
EIS, and beliefs; see for instance Blume and Easley (2009, 2010), Borovicka (2013), and
the references therein. The only work addressing both EZ- and LA-agents is Easley and
Yang (2014), in which the authors illustrate numerically that the EZ-agents dominate the
market when they have the same RRAD and EIS as the LA-agents. We are the first one
to prove the dominance when the RRAD and EIS of the EZ- and LA-agents are one.

Because the EZ-agent dominates the market in the long run, the equilibrium asset

prices in the long run are determined by the EZ-agent only, i.e., the LA-agent has no price
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impact in the long run. In particular, the long-run risk-free rate is Ry;. However, although
theoretically the LA-agent becomes distinct in the market and has zero price impact after
infinite number of years, it is unclear whether this agent is negligible after a sufficiently long
but finite time period, e.g., after 50 years. In the following, we assume the dividend growth
rate distribution as in Table 1, set p = v =1 and 3 = 0.98, and use simulation to compute
the market share 1 — Y, and the price impact of the LA-agent for ¢ = 5, 20, 50, and 200.
Here, we define the price impact of the LA-agent as (EP; — EP,;)/EP;;, where EP,;, is the
equity premium when the market consists of the EZ-agent only. With equal market shares
at the beginning, we simulate a thousand paths along each of which the market share and
price impact of the LA-agent are computed at each time, e.g., at 5, 20, 50, and 200. The
mean and standard error (in bracket) of these two quantities are reported in Table 4. We
find that the market share and price impact of the LA-agent remain significant even after
200 years. Therefore, the LA-agent survives and has large price impact even after a long
time. This result indicates that irrational investors such as those with loss aversion cannot
be ignored in asset pricing. Easley and Yang (2014) conduct similar numerical tests and

reach the same conclusion.

5.4 Representative-Agent models

In nearly all asset pricing models in behavioral finance, a representative agent is assumed.
The preferences of the representative agent are assumed to be the average of the preferences
of all market participants. For instance, Barberis et al. (2001) assume a representative agent
who receives consumption utility and gain-loss utility, and the LAD of the agent is chosen
to be 2.25, the average of LADs found in experimental studies. A natural question then
arise: are the asset prices in an economy with heterogeneous agents the same as those in an

economy with a representative agent whose preferences are the average of the preferences
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Table 4: Market share 1 —Y; and price impact (EP; —EP,;)/EP;; of the LA-agent. Param-
eters are set to be 3= .98, b=1, p =1, and v = 1. The dividend growth rate distribution
is given as in Table 1. The initial market share of the LA-agent is 0.5. A thousand scenarios
of the stock return series are simulated. In each scenario, the EZ- and LA-agents follow
their optimal portfolios and their market share and price impact in 5, 20, 50, and 200 years
are computed. The mean and standard error (in bracket) of the market share and price
impact of the LA-agent are reported.

K=1<K~

Years 5 20 50 200
Market Share 0.5 [5.45E-05] 0.5 [1.17E-04]  0.499 [1.91E-04] 0.498 [4.11E-04]
Price Impact -0.32 [7.77E-13] -0.32 [8.98E-04] -0.30 [8.07E-04] -0.25 [1.40E-03]

K =225> K~

Years 5 20 50 200
Market Share 0.499 [1.50E-03] 0.497 [1.80E-03] 0.492 [2.70E-03] 0.469 [6.00E-03]
Price Impact  1.14 [1.66E-04]  1.18 [3.70E-04]  1.17 [5.80E-04]  1.17 [1.10E-03]

of the agents in the first economy?

Chapman and Polkovnichenko (2009) study a single-period asset pricing model with two
agents: one has EUT preferences and the other has non-EUT preferences. One example of
the non-EUT preferences is V(c¢) = aE[u(c)] + (1 — a)E[v(u(c) — u(r))] where ¢ stands for
the consumption in the single period, u is the utility function, r is a reference consumption
level, v(x) := 271,50 — K(—x)"1,«¢ for some v € (0,1], and « € [0, 1]. In other words, the
agent’s preference for ¢ is a combination of the classical expected utility of consumption
and the gain-loss utility (in terms of the utility of consumption).” Note that this preference
representation is similar to the one of the LA-agent in our model: the agent receives
additional utility of gains and losses. Moreover, one can observe from the single-period
portfolio choice problem (11) that parameter b in our model plays a similar role as (1—«)/«

in the preference representation in Chapman and Polkovnichenko (2009).

5This preference representation was proposed by Készegi and Rabin (2006, 2007).
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Chapman and Polkovnichenko (2009) consider a two-state economy and compute the
equity premium with equally weighted EUT (i.e., with @ = 1) and non-EUT (i.e., with
a < 1) agents. Then, the authors compute the equity premium in another two-state
economy with a representative agent whose preferences are the average of the EUT and
non-EUT agents (i.e., whose « is the average of the a’s of the EUT and non-EUT agents).
The dividend growth rate is calibrated to the distribution in Table 1. Three values of «
are used: 0.25, 0.5, and 0.75, and K is set to be 1.5, 2.0, or 2.5. The authors find that the
asset prices in the heterogeneous-agent economy and in the representative-agent economy
are significantly different.

We test whether the conclusion in Chapman and Polkovnichenko (2009) still holds in our
multi-period asset pricing model. Suppose the economy consists of two equally weighted
agents with parameters b; and K;, ¢ = 1,2, respectively. According to Theorem 5, the
equilibrium risk-free rate Ry ;1 is determined by 0.5¢(Ry.¢41; b1, K1)40.5¢( R 115 b2, Ko) =
1. Consider another economy with a representative agent whose preferences follow (1) with
parameter b and K. Then, the equilibrium risk-free rate is determined by ¢(Rf+1;b, K) =
1.

In the following, for chosen values of b; and K, i = 1,2, we set b = 0.5(b; + b2) and
K = 0.5(K; + K3); i.e., the representative agent’s references are the average of the pref-
erences of the EZ- and LA-agents in the heterogeneous-agent economy. We then compute
the equilibrium risk-free rates and thus the equity premiums in the two economies. The
dividend growth rate is given as in Table 1.° Other parameters are set as follows: 3 = 0.98
and p=~v=1.

Table 5 presents the equity premiums in the heterogeneous-agent and representative-

agent economies and their difference when the two agents in the first economy are an

6We also used the two-state setting as in Chapman and Polkovnichenko (2009) and obtained very similar
results.
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EZ-agent (i.e., by = 0) and an LA-agent (i.e., by > 0). We can see that the equity premi-
ums differ significantly for most parameter values, which is consistent with the findings in
Chapman and Polkovnichenko (2009). We also report the stock holding of the LA-agent in
the heterogenous-agent economy. We observe that when the LA-agent participates in the
stock market, the equity premiums in the heterogeneous-agent and representative-agent
economies are nearly identical. When the LA-agent does not participate in the stock
market, however, the equity premiums in the two economies differ significantly. This ob-
servation can be explained as follows: The LA-agent’s optimal allocation to the stock is
decreasing with respect to by when she experiences negative gain-loss utility of investing
in the stock. Consequently, the LA-agent does not hold the stock when by is larger than
some threshold, e.g, when by > 0.2. In this case, any values of by larger than 0.2 lead to
the same equity premium in the heterogeneous-agent economy because the LA-agent does
not hold the stock regardless the value of by and thus has the same price impact. On the
other hand, the representative agent’s preferences are the average of those of the EZ- and
LA-agents and thus depend on by. Moreover, the representative agent must hold all the
stock in equilibrium and thus the equity premium is sensitive to by. Therefore, the equity
premiums in the heterogeneous-agent and representative-agent economies can be totally
different especially when b, is large. Indeed, we observe from Table 5 that the larger b, is,
the larger the difference in the equity premiums in these two economies.

Table 6 presents the equity premiums in the heterogeneous-agent and representative-
agent economies when the two agents in the first economy are LA-agents with different
LADs. Similar to the case of heterogeneous b, when the LA-agents participate in the stock
market, the equity premiums in these two economies are nearly identical; otherwise they
can differ significantly.

To summarize, in an economy with heterogeneous EZ- and LA-agents, if nearly all

the agents participate in the stock market, the equity premium in this economy is similar

25



to the one in an economy with a representative agent whose preferences are the average
of the preferences of the EZ- and LA-agents. When a considerable fraction of agents
in the heterogeneous-agent economy do not participate in the stock market, it is likely
that the equity premium in this economy is much smaller than in the representative-agent
economy. In other words, assuming representative-agent models significantly over-estimates
the equity premium in this case, and this result is consistent with the findings in the single-

period model studied in Chapman and Polkovnichenko (2009).

6 Equilibrium Analysis with Non-Myopic Agents

When the agents are non-myopic, i.e., when one of p and « is not equal to one, we are unable
to compute the equilibrium asset prices in closed form. Similarly, when b;; is given as in
(9), we do not have closed-form solutions either. In this case, we compute the equilibrium
asset prices numerically.

In general, both the risk-free rate Ry, and the price-dividend ratio of the stock are
functions of the market shares of the agents in the market. In particular, when the market
consists of one EZ- and one LA-agents, these two quantities are functions of the market
share of the EZ-agent. These two functions can be solved numerically from the equilibrium
condition (7). Our algorithm is similar to the one used in Easley and Yang (2014), so we
opt not to provide the details here.

First, we investigate whether the formulation of b;; as in (8) and in (9) leads to signifi-
cantly different equilibrium asset prices. Consider two economies, each of which consists of
one EZ- and one LA-agents. Assume v = p =1 and § = 0.98 for the EZ- and LA-agents in
these two economies. The LA-agents in these two economies have the same LAD K = 2.25,
but b;,; is formulated differently: in the first economy, b, ,; is specified as in (8) with b = 0.19

and in the second economy, b;; is specified as in (9) with b = 0.01; see Table 2. Figure
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Table 5: Comparison of the equity premiums EP}q0 and EPyetero in a heterogeneous-agent
and in a representative-agent economies, respectively. The heterogeneous-agent economy
consists of one EZ-agent and one LA-agent with preferences represented by (1), and these
two agents have equal market share. The representative-agent consists of only one agent
whose preferences are the average of the agents in the heterogeneous-agent economy. The
dividend growth rate follows distribution as specified in Table 1, § =0.98, and v =p = 1.
Diff stands for EPyomo/EPpetero — 1 and w3 is the percentage allocation of the LA-agent to
the stock.

b1 b2 Ky = K5 | EPpomo (%)  EPhetero (%)  Diff (%) w3

0 0.10 1.5 0.046 0.046 0 0.721
0 0.10 2 0.061 0.061 0 0.217
0 0.10 2.5 0.069 0.061 13 0.000
0 0.33 1.5 0.069 0.061 13 0.000
0 0.33 2 0.108 0.061 76 0.000
0 0.33 2.5 0.147 0.061 140 0.000
0 1.00 1.5 0.116 0.061 89 0.000
0 1.00 2 0.201 0.061 228 0.000
0 1.00 2.5 0.271 0.061 342 0.000
0 3.00 1.5 0.178 0.061 190 0.000
0 3.00 2 0.309 0.061 405 0.000
0 3.00 2.5 0.424 0.061 594 0.000
0 10.00 1.5 0.224 0.061 266 0.000
0 10.00 2 0.394 0.061 043 0.000
0 10.00 2.5 0.531 0.061 769 0.000
0 20.00 1.5 0.246 0.061 302 0.000
0 20.00 2 0.434 0.061 609 0.000
0 20.00 2.5 0.583 0.061 853 0.000
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Table 6: Comparison of the equity premiums EP}on0 and EPyetero in a heterogeneous-agent
and in a representative-agent economies, respectively. The heterogeneous-agent economy
consists of two LA-agents with LAD K; and Ks, respectively, and these two agents have
equal market share. The representative-agent consists of only one agent whose preferences
are the average of the agents in the heterogeneous-agent economy. The dividend growth
rate follows distribution as specified in Table 1, 3 = 0.98, and v = p = 1. Diff stands for

EPpLomo/EPhetero — 1 and wj is the percentage allocation to the stock of the LA-agent with
the larger LAD.

bi=by K; K5 | EPpomo (%) EPpetero (%) Diff (%) | wi
0.10  1.50 2.00 0.069 0.069 0 0.557
0.10  1.50 3.00 0.092 0.085 9 0.000
0.10  1.50 4.00 0.116 0.085 37 0.000
0.10  2.00 2.50 0.092 0.100 -8 0.789
0.33 1.50 2.00 0.131 0.116 13 0.000
0.33 1.50 3.00 0.194 0.116 67 0.000
0.33 1.50 4.00 0.248 0.116 114 0.000
0.33  2.00 2.50 0.193 0.186 4 0.000
3.00 1.50 2.00 0.288 0.218 32 0.000
3.00 1.50 3.00 0.438 0.218 101 0.000
3.00 1.50 4.00 0.556 0.218 155 0.000
3.00 2.00 2.50 0.436 0.374 17 0.000
10.00  1.50 2.00 0.337 0.243 39 0.000
10.00  1.50 3.00 0.502 0.250 101 0.000
10.00  1.50 4.00 0.635 0.244 160 0.000
10.00  2.00 2.50 0.501 0.434 15 0.000
20.00 1.50 2.00 0.346 0.247 40 0.000
20.00 1.50 3.00 0.512 0.247 107 0.000
20.00 1.50 4.00 0.646 0.247 161 0.000
20.00  2.00 2.50 0.512 0.435 18 0.000
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Figure 1: Price-dividend ratio, optimal consumption of the EZ- and L A-agents, stock return
rate (in states 1 and 9), risk-free rate, conditional expected stock return, optimal portfolios
of the two agents, and conditional equity premium as functions of the market share of the
EZ-agent in two economies: in economy one, b;; is specified as in (8) with b= 0.19 and in
economy two it is specified as in (9) with b = 0.01. The dividend growth rate distribution
is given as in Table 1, 6 =0.98, vy =p =1, and K = 2.25.
1 presents the price-dividend ratio, optimal consumption of the EZ- and LA-agents, stock
return (in states 1 and 9), risk-free rate, conditional expected stock return, optimal port-
folios of the two agents, and conditional equity premium as functions of the market share
of the EZ-agent in these two economies, and we observe that those quantities are almost
the same in these two economies. We have the same observation for other values of v, p,
and 3, and for the case in which the market consists of multiple agents. Therefore, we
conclude that in our model the setting of b;; as in (8) or as in (9) has little impact on the
equilibrium. Because setting (8) leads tractability, we use it in the theoretical analysis in
Section 5.

Secondly, we numerically compute the market share of the EZ-agent in the long run for
general v and p. We find the same conclusion as in Easley and Yang (2014): the EZ-agent

dominates the market in the long run. However, just as in the case of p = v = 1, the

dominance takes effect very slowly.
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Finally, following the analysis in Section 5.4, we compare the equity premiums in two
economies for general p and v: one with heterogeneous EZ- and LA-agents and the other
with a representative agent whose preferences are the average of those of the agents in the

first economy. The results are qualitatively the same as in Section 5.4.

7 Conclusions

In this paper, we have proposed a multi-period equilibrium asset pricing model with EZ-
and LA-agents. The EZ-agents’ preferences for consumption are represented by recursive
utility and the LA-agents are concerned with the utility of trading gains and losses in
addition to the consumption utility. We have defined an equilibrium gain-loss ratio and
shown that the LA-agents hold less (more) stocks than the EZ-agents if and only if the LAD
of the former agents is larger (smaller) than this ratio. With unit RRAD and EIS, we have
proved the existence and uniqueness of the equilibrium. When the market consist of one
EZ- and one LA-agents, we have found that the equity premium is increasing (decreasing)
with respect to the market share of the LA-agent when the LAD of this agent is larger
(smaller) than the equilibrium gain-loss ratio. We have also proved that the EZ-agent
dominates the market in the long run and demonstrated that the dominance takes effect
slowly in time. Finally, we have compared the equity premiums in our heterogeneous-agent
economy and in another economy with a representative agent whose preferences are the
average of those of the agents in the first economy. We have found that the equity premiums
are quantitatively similar when the LA-agents in the first economy hold stocks and can be

significantly different otherwise.
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A Proofs

Proof of Proposition 1 On the one hand, if {Rf 41, Pi}2, and {Ciy, 0,1}, 7 =1,2,...,m con-
stitute a competitive equilibrium, then ¢; ; and w; ¢, ¢ > 0 are the optimal percentage consumption
and allocation to the stock, respectively, of agent i. Combining the clearing conditions for the
stock and for the risk-free asset, we obtain » ;* (W;; — C;;) = P, and consequently (7) follows.

One the other hand, suppose ¢;; and w;, t > 0 are the optimal percentage consumption and
allocation to the stock, respectively, of agent ¢ and satisfy (7). With W;; := Y;,P/(1 — coy),
Cit = citWiy, and 0; 4 := w; Wiy, i =1,2,...,m, one can check that {C;,0;.}72, is the optimal
consumption-investment plan with the corresponding wealth process {W; ;}72, for agent ¢ and the

clearing conditions in Definition 1 are satisfied. [

Proof of Theorem 2 The equilibrium analysis in an economy with EZ-agents only is standard in
the literature; see for instance Epstein and Zin (1989, 1991) and Guo and He (2015).

Now, suppose the LA-agents also exist in the market with LAD equal to K*. We can verify
that E[v;(Ri1 — Rye41)] = 0, so the LA-agents’ gain-loss utility is zero. Consequently, the LA-
agents’ optimal portfolio, optimal consumption, and optimal utility are the same as the EZ-agents,

so the market’s equilibrium does not change. [

Proof of Proposition 3 We only need to show that E (X'77) /E (X ~7) is strictly decreasing in
v 2 0.

We first show that h(t) := InE (¢) is strictly convex in ¢ < 1, where Y := In X. Because
essinf X > 0 and E(X) < oo, E (") is continuous and well defined for ¢ < 1 and is twice
continuously differentiable in ¢ < 1. Furthermore, its first- and second-order derivatives can
be computed by interchanging the differential and expectation operators. Then, h(t) is twice

continuously differentiable and

W(E) = ) - —EY? - (B[]
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where E is the expectation associated with P defined as dP/dP = ?¥ /E[e!Y]. Jensen’s inequality
immediately yields h”(t) > 0, so h(t) is strictly concave in ¢ < 1.

Now, for any 0 < v < 72, we have
E (X)) /E(X™) = ehl=m)=h(=m)  Gh(l=72)~h(-2) —_ | (X1772) JE (X 72),

where the inequality is the case because —vy; > —3 and h is strictly convex.
Finally, it is obvious that E (X'™7) /E(X ) = E[X] when v = 0, so K* becomes 1 when

vy=0. O

Proof of Proposition 4 For fixed b > 0 and K > 1, denote

hw,a): = Elln(a + w(X —a))], g(a) :=E[r(X —a)], 13)
folw,a) : =" f(w, a) = fo(w,a) + wbg(a).
Then, the optimal solution to (11) is the maximizer of f(w,a) in w € [0,w(a)]. For notational
simplicity, we denote the optimal solution as ¢(a). Here and hereafter, we use convention that
In(0) = —oo and 1/0 = +o00. Then, h, fo, and f are well-defined at w = w(a).

We first compute the derivatives of f. Recalling the assumption E[X] < oo and applying the
dominated convergence theorem, one can prove that a%h and %h exist for w € [0,w(a)),a €
(z,+00), and h, %h, and %h are continuous in (w,a) in the same region. Similarly, 8‘9—;2}1
and %h exist and are continuous in (w,a) for w € (0,w(a)),a € (z,+00). Furthermore, the
derivatives of h with respect to w and to a can be computed by interchanging the expectation

and differential; i.e.,

%h(w,a) =E [a—l—)@i(;(a—a)] ) %h(w,a) =E <a+i0(—);ﬂ_a)> )
2 — )2 2
et = B[] gugat o = B | raty =)
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As a result, ;2 f exists and is continuous in (w,a) for w € [0,w(a)),a € (z, +o00), and
0 X —a
— = E|l—— b . 14
o fw0) = fow.a)B | 2 2T (o) (1)

Similarly, %f exists and is continuous in (w,a) for w € (0,w(a)),a € (x,4+00), and

X—-a 2 X —-a 2
-E| ———— E({ ——— 1
(crucc=a) * Blarom=a)) ] <0 )

where the inequality follows from Jensen’s inequality. Finally, because K > 1, v is concave. Con-

2

523 (w,a) = foluw,)

sequently, ¢ is concave and thus absolutely continuous. As a result, % f(w,a) is also absolutely

continuous in a and

g )= 000 2 () * (=)
X

o ((a + w(X — a))2> } + bg'(a).

We have shown that f is continuous in w € [0,w(a)). Furthermore, noting that

h(w,a) =E[ln(a +w(X —a))lx>q + Elln(a + w(X — a))lx<q]

and applying the monotone convergence theorem, we conclude that lim,q(q) M(w, a) = h(w(a), a).
Consequently, f is continuous in w € [0,w(a)]. Therefore, the maximizer of f(w,a) in w exists.
Furthermore, (15) shows that f is strictly concave in w and thus the maximizer is unique. In the
following, denote ¢(a) as the maximizer.

Because f is strictly concave in w, we conclude that ¢(a) = 0 if and only if a%)f(O, a) < 0.
Straightforward computation yields % f(0,a) = E(X)—a+bg(a), which is continuous and strictly
decreasing in a. One can see that the root @ of %f((), a) exists and is unique, and ¢(a) < 0 if
and only if @ > @. Moreover, %f(o, E(X)) <0 because K > 1, and consequently a < E(X).

On the other hand, ¢(a) = w(a) if and only if lim,,4(q) %f(w, a) > 0. Note that this limit

must exist and take values in [—o0o,+00) because f is strictly concave in w. Straightforward
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calculation yields

oo f(w,a) = ENETX ) & BN/ 4 X~ 2)] + by(o), (1)

where ¢ := (a/w) — (a — z). Note that w increasingly goes to w(a) if and only if ¢ decreasingly

goes to zero, so

Jim 2 fw,a) = HUE) — (o - 2)¢ +g(a)

where £ := lim. o {(exp[E(In(c + X — 2))]) (E[1/(c+ X — z)])} € [0, +00]. Here, the limit defining
§ exists because limy,14(q) a% f(w, a) exists. Furthermore, by Jensen’s inequality, we conclude that
§ € [1,+00]. If § < 400, limyg(a) %f(w,a) is continuous and strictly decreasing in a and its
value is nonnegative when a = x and goes to —oo as a goes to +o0o. Therefore, there exist
a € [z,+00) such that lim,,q(q) %f(w, a) > 0 if and only if a < a. Consequently, ¢(a) = w(a) if
and only if a < a. If £ = 400, we have lim,,q(q) %f(w,a) = —o00, S0 by setting a := x in this
case, we also conclude that ¢(a) = w(a) if and only if a € (z, a].

We have shown that ¢(a) = 0 if and only if a € [a,+0c0) and ¢(a) = w(a) if and only if
a € (Z,a]. Therefore, for a € (a,a), we have p(a) € (0,w(a)), and ¢(a) is uniquely determined
by %f(gp(a), a) = 0. Because %f(w, a) is strictly increasing in w and continuous in (w,a) for
0 <w < w(a),a > x, we conclude that ¢(a) is continuous in a € (a,a).

Next, we show that ¢(a) is strictly decreasing in @ € (a,a@). Note from (16) that %f(w, a)
consists of two terms: the first term is a continuous function of (w,a) and the second term is an
absolutely continuous function of a. Then, a non-standard implicit function theorem (Ettlinger,
1928, Theorem II) yields that ¢(-) is absolutely continuous and

2 2
A3 H(ela) )¢l (a) + 50 f(pla),a) =

Because, aa—l;f(w, a) < 0, we only need to show that %f(gp(a),a) < 0.
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Fixing w > 1 and defining Y = > 0, we have

1
atw(X—a)

‘Em+M§—@P+EL+i&€nﬂ‘[aJZ;l@]

where the first inequality is due to Jensen’s inequality. Therefore, from (16) we conclude %2&1 fle(a),a) <

0 for p(a) > 1.

1—w

m} 1S decreasmg m w.

By taking derivative with respect to w, we can verify that E [
Therefore, for any w < 1, we have
1—-w 1
O0<E|——F——| < -
[a—l—w(X—a)} T a
On the other hand, because of the concavity of g(-), we conclude g(a) > ¢g(0) + ¢'(a)a > ¢'(a)a,
where the second equality is the case because g(0) > 0. Because g¢(-) is concave and strictly
decreasing, we must have ¢'(a) < 0. Consequently, g(a)/¢'(a) < a. Therefore, we conclude that
for any w < 1,

R e eEa R B

Now, for any a € (a,a) such that 0 < ¢(a) < 1, because a%f((p(a),a) = 0, we obtain from (16)

that

82
Jwda

X
(a +w(X —a))?

1—-w
a+w(X —a)

Fpta).a) = ~bg(alk | |+ ba'@) - Aot o) | | <o

We have shown that ¢(a) is continuous and strictly decreasing on (a,a), is equal to 0 on
[@,+00), and is equal to w(a) on (z,a]. To finish the proof of (ii), we only need to show that
¢(a) is continuous from the right at a if @ > z, p(a) is continuous from the left at @, and

lim, 5 ¢(a) = +oo.
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Suppose a > z and ¢(a) is not continuous from the right at a, then there exist ¢y > 0 and a,,’s
that decreasingly converge to a as n — oo such that p(a,) < w(a)—¢ey < w(a,). Because f(w,ay)
is strictly concave in w and ¢(ay,) is the maximizer of f(w, a,) in w, we have 8%]”(117(@)—60, an) < 0.
Sending n to infinity and recalling the continuity of % fin (w, a), we conclude % f(w(a)—e€p,a) <
0. On the other hand, by the definition of a, we have lim;(q) %f(w,g) = 0. Because f(w,a)
is strictly concave in w, we conclude that % f(w(a) — e, a) > 0, which is a contradiction. Thus,
©(a) is continuous from the right at a. Similarly, we can show that ¢(a) is continuous from the
left at @.

Suppose it is not true that lim,|, ¢(a) = 400, then there exist M € (1,+00) and a, | z such
that p(a,) < M < w(ay). Then, we must have a%}f(M, an) < 0, and thus lim sup,,_, 8%]‘(]\4, an) <
0. On the other hand, from (14), one can conclude that liminf, |, %f(M7 a) > 0, which is a con-
tradiction. Therefore, we must have limg|, p(a) = +o00.

Finally, one can see that g(a) and thus % f(w,a) are decreasing in K, so we immediately
conclude (iii). On the other hand, %f(w,a) is decreasing in b when E[v(X — a)] < 0 and is

increasing in b when E[v(X — a)] > 0, so (iv) follows immediately. [

Proof of Theorem 5 Suppose W;;,t > 0 is well defined for each i. Then, it is straightforward to
see from (6) that the optimal percentage consumption of agent i is cy=1=0,i=1,....,m. As
a result, (7) leads to the unique equilibrium price dividend ratio P;/D; = % Consequently, the

stock return in equilibrium must be
P14+ Diyr P /Dipi+1 Dyyy 1 7

R = - - — .
t+1 P, P/ D, D, 3 t+1

Because Z;;1’s are i.i.d., so are Ryy1’s.

Next, recalling b;; as defined in (8) and Bellman equation (6), and noting that R;1’s are
i.i.d., we immediately conclude that agent i’s optimal percentage allocation to the stock at time
tis pi(Rfi4+1), where @;(a) is the optimal solution to (11) with X = R4, b = b;, and K = K;.

Therefore, from (7), we conclude that Ry is the equilibrium risk-free rate if and only if it
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satisfies ) "1 @;i(Ry411) = 1. By proposition 4, ¢;(a) is continuous and decreasing in a € (z, +00)
and is strictly decreasing in a when ¢;(a) > 0. Furthermore, by Proposition 4, ¢;(a) = 0 for
a > E(X) and limg|, ¢;(a) = +00. Therefore, the equilibrium risk-free rate exists, is unique, and
lies in (z, E(X)).

Finally, we show that {¥; .} is indeed well defined, i.e., uniquely exists. Note that R 1’s are
iid. and Ryyy1 = Ry(Yy) for some function Ry on A == {y = (y1,...,ym) € R"|y; > 0,7 =
L...,m, > " yi = 1}, where Yy := (Y14, Yoy, ..., Yo ) stands for the market share vector of the
m agents in the market. Therefore, we expect ¥;; to be a function of the market share vector
as well, i.e., ¥;; = exp[¢;(Y¢)] for some continuous function v¢; on A. Furthermore, given the
market share vector Y; at time ¢, the market share vector Y;;; at time ¢ 4+ 1 is determined by
Zy41, 1.e., there exist a function h(y, z) from A x Ry to A such that Y,y = h(Yy, Zi41). Recall
f(w,a) as defined in (13), which is the objective function of problem (11). When Y; =y € A,
Ryi+1 = Ryf(y), so the optimal portfolio w;, = ¢;(R(y)). In addition, the optimal consumption

rate ¢f; = 1 — 3. Therefore, by taking logarithm on both sides of (6) and noting that ¥;,; =

exp[¢i(y)] and U; 11 = exp[1)i(Yit1)] = exp[vi(h(y, Zi+1))], we obtain
Yi(y) = (1= 8)In(1 = 8) + BIn B+ flei(Rr(y)): By(y)) + BE[Yi(h(y, Z+1))], Vy € A. (18)

It is straightforward to see that the right-hand of (18) is a contract mapping from the space of
continuous functions on A with maximum norm into the same space. Therefore, (18) admits a

unique solution, and consequently, {W;;} is well-defined. O

Proof of Theorem ¢ Following the proof of Theorem 5, we conclude that wg, = wo(Rf4+1) where
¢o(a) is the optimal solution to (11) with X = R;y1 and b = 0, and that wi;, = p1(Ry 41, K)
where ¢ (a; K) is the optimal solution to (11) with X = Ry, b > 0, and K > 1. In other words,
vo(a) and ¢1(a; K) are the maximizers of fo(w,a) and f(w,a) in w, respectively, where fy and f
are defined as in (13).

It is straightforward to verify that %f@(l, Rsp) =0, s0 oo(Rysp) = 1. Because E[v(Ri41 —
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Ryp)] = 0 when K = K*, we have a%}f(l, Ryp) = 0 in this case. Consequently, o1 (Ryfp; K*) = 1.
As a result, we have Yipo(Rysp) + (1 —Y:)o1(Ryp; K*) = 1, s0 Ryy is the equilibrium risk-free rate
and w;, = 1,9 =0,1 when K = K*.

Next, we consider the case in which K < K*. Because Y;po(Rysp) + (1 —Y)p1(Ryp; K*) =1,
v1(a, K) is decreasing in K, and ¢; is decreasing in a, i = 0, 1, we conclude that the equilibrium
risk-free rate Ry ;1 when K > K*, which solves Yipo(Ry¢41)+(1—Y:)p1(Rs41: K) = 1, must be
larger than or equal to Ry;. We further claim that Ry, 1 > Ryp. Otherwise, Ryy11 = Ry, which
leads to wo(Rfi+1) = @o(Ryp) = 1. By the market clearing condition, we have ¢1(Ry11; K) =
©1(Rysp; K) = 1. Consequently, %fo(l,Rﬁb) = %f(l,Rf,b) = 0. However, this cannot be the
case because K > K*. Therefore, we must have R;; 1 > Ryyp. As a result, wé,t = po(Rpi41) <
wo(Rysp) = 1. We further claim that wgy > 0. Otherwise, %fo(O,Rf’tH) < 0, which leads to
Rfir1 > E[Ri41]. Because K > 1, we conclude that E[v(Ri11 — Rfs41)|-%] < 0. Consequently,
% f(0,Ryp441) <0 and wi, = 0. This is a contradiction because the market cannot clear when

wg, = wi, = 0. Therefore, we must have wg, > 0. On the other hand, we must have wj, > 1, so

0

0 0
bE[V(Rit1 — Ryq1)|F) = %f(laRf,t—&—l) — %fO(LRf,H—l) > _%fO(LRf,t—i—l) > 0,

where the first inequality is the case because f(w,a) is strictly concave in w and wi,; > 1, and
the second inequality is the case because fo(w,a) is strictly concave in w and 0 < wy, < 1.

The case in which K > K* can be proved similarly. [

Proof Theorem 7 Denote @;(Ry441) as the optimal portfolio of agent i,7 = 0, 1. We first consider
the case in which K < K*. In this case, ¢1(Rfi11) > 1 > @o(Ryt+41), so equilibrium equation

(12) yields

v, — 1 —o1(Ryi41) _ 1
t = = .
R — o1(R 1—¢o(Ry,i41)
eo(Rfev1) —p1(Rrev1) 1+ P ey
Because p;(a) is decreasing in a, i = 0,1, we conclude that Y; is strictly decreasing in Ry ;4.

Consequently, the equilibrium Ry, is strictly decreasing in Y.

The other two cases can be proved similarly. [
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Proof of Theorem 8 Recall the optimal solution to (11) in Proposition 4. Denote ¢go(a) :=
¢(a;0,1) and ¢1(a) := ¢(a;b, K). Denote wg, and wi, as the optimal percentage allocation to
the stock of the EZ- and LA-agents, respectively. Then, w}, = ©i(Rfi41), @ =0,1. Denote X as
a random variable that is identically distributed as R;;; and denote z as its essential infimum.
When K < K*, Theorem 7 yields Rf;11 € [Rpp, Rfqol and 2 < Rypp < Ry < E[X].
Consequently, wg, = wo(Rfi+1) > wo(Rpa) > 0, where the last inequality is the case be-
cause Ry, < E[R;41] and because ¢g(a) = 0 if and only if @ > E(X). On the other hand,
wyy = ©1(Rpey1) < @1(Ryp) < 400, where the last inequality is the case because Ry > .

Combining with Theorem 6, we conclude that
0 < @o(Ryfq) < wat <1l< wit < @1(Ryp) < +o0. (19)

When K > K*, Theorem 7 yields R¢¢y1 € [Ryq, Rfp). Recall that ¢g(a) is the maximizer of
fo(w,a) in w € [0,w(a)], where fo(w,a) is defined as in the proof of Proposition 4. Furthermore,

from (17), we obtain

ai)fo(wa a) = EMEHX=D) (1 _ (¢ fa—2)E[1/(c+ X — )]}

where ¢ := (a/w) — (a — z). Because lim. )¢ E[1/(c + X — 2)] € (1/(Rf,q — ), +00], there exist

g0 > 0 such that E[1/(eg + X — )] > 1/(Ryq — z). Consequently, for any a > Ry g,

9 a E(In(eo+X —z))
Lo = {1 - —2)El1 _
Ow 0<€o+a—f€’a) ‘ {1 (o +a—2)E[l/(e0 + X — )]}

< Elin(s0+X-2)) {1—(Rpo—2)E[1/(c0 + X —2)]}

< 0.

As a result, by the concavity of fy(w,a) in w, we conclude that ¢g(a) < a/(g¢ + a — z) for any
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a > Ry 4. Combining with Theorem 6, we conclude that

0<wi; <1<wy, <Rpy1/(e0+ Ry — ) <w(Ryppy1) < wW(Rpq) < +00. (20)

Denote X; as the post-consumption wealth ratio of the LA- and EZ-agents, i.e., X; := (1 —
Y:)/Y:. Because w, < w(Ry4q1), Vt > 0, we must have Y; > 0, ¢t > 0, so {X;} is well defined.

Straightforward calculation yields

X (L=l )W Wi
1 = =
" (1- Cg,t+1>W0,t+1 Wo,i41

~ [Bpasr +wi (Ren — Ry1)][Wig (21)

[Ryt+1 + wg (Ret1 — Rye1)|Wo

= [1+ (wi; — wi ) Ae] Xi,

where
Rii1— R
At+1 . t+1 fit+1 (22)

CRpppr +wp (Revr — Rpgy1)
From (19) and (20), we conclude that wj, — wg; is uniformly bounded. On the other hand,

when K < K*, by considering the cases of Ry11 — Ry;y1 > 0 and Ry 1 — Ry 41 < 0, respectively,

(19) yields

| Aver] < max(1/wg, Ry /z) < max(1/go(Rra), Rpa/z) < +oo.

When K > K*, by considering the cases of Ry11 — Ry;41 > 0 and Ryy1— Ry1 < 0, respectively,

(20) yields

Ryi1 )
A < max (1, :
Al < < Rppv1+ (Rper1/(€0 + Rp1 — 2)) (2 — Ryp41)

R — Rep—
= max (1, S0+ St x> < max (1, W) < +o00.
€0 €0

Therefore, A; is uniformly bounded. As a result, X; is integrable for any ¢ > 0.
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Because 0 < wg, < w(Rjf41), from (14), we conclude that

0 * * —
E[Ai11|7] = E[Ary1| Ry 1] = %fo(wo,t’Rf,tJrl)(fO(wO,tvRf,tJrl)) t=o,

where the last equality is the result of the first-order condition of the optimality of wg,. Conse-

quently,
E[Xi 1] F) = X [1+ (wy s — wé,t)E[AtHL%H = X,

showing that {X;} is a positive martingale. By the martingale convergence theorem, X; converges
almost surely and in L' to a nonnegative .#,.-measurable random variable X,,. Consequently,
Y; converges almost surely to Y, := ﬁ € (0,1]. Because R4 is a continuous function of Y;

n [0,1], Rssq1 converges almost surely, and we denote the limit as Ry .. Because Ryf;41’s are
bounded by a; and ag, where a1 := min(Ry,, Rfp) > x and ap := max(Ryq, Rrp) < E(X), and

wi(a) is continuous in a € (z,+00), we conclude that
lim wi, = lim @;(Rfi41) = @i(Rfso), ©=0,1
t—o00 ’ t—00

almost surely.

We claim that ¢o(Rfc0) # ©1(Rf00). Indeed, when K < K*, po(Ryfi41) < 1 < @1(Rfit1),
so we must have @o(Rfs) <1 < @1(Rf ). Consequently, po(Rfoo) = ¢1(Rfo0) if and only if
©o(Rfo0) = ¢1(Rfo0) = 1. A similar argument shows this sufficient and necessary condition is
also true when K > K*. Now, suppose ¢o(Rf ) = ¢1(Rf) = 1. Then, because ¢;(a) is the
maximizer of f;(w,a) in w, the first-order condition yields a%fo(l, R~ ) =0and a%f(l, Rfo) =
0. From these two equations, we can derive K = K*, which is a contradiction. Therefore, we
must have @o(Rf o) # ©1(Rf00)-

Next, we show P(limy_,o, A¢ = 0) = 0. To this end, it is sufficient to find some € > 0 such that

P(N9, U2, {|A¢| > €}) =1, i.e., such that lim, . P(NZ,{|A4:] < €}) = 0.
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Recall a; = min(Ry 4, Ryp) > 2 and ap = max(Ryq, Rfp) < E(X). There exist n > 0 and

6 > 0 such that sup,e(q, 4,) P(X € [a —6,a +d]) <1 —mn. For any a € [a1, ag], consider

h(a) =P (

Choose € > 0 such that

X —a
a+¢o(a)(X —a)

SE) :P<X€ - et 1—:(a>eD‘

sup [ ae N ae ] — s [ 2a¢e ] < 2a9€ <5
a€la1,az] 1- @O(a)e 1+ SOO(G)E a€la1,az] 1- (800((1)6)2 11— (900((11)6)2 ‘

Then, we have sup,c[q, a,) M(a) <1 —1.
For each t > 0, because Rf;41 € a1, az], we have P(|Aiy1| < €|.%) = h(Rf441) < 1—n. Then,

forany 1 <n < N,

=E

N N N
P <ﬂ{|At| < 6}) =E [H L{ja,|<e} E (H 1{|At|ge}|=%v1>]
t=n t=n t=n

N-1
=E [(H 1{|At|§€}) P(|AN’ é €|9N1)]
o N-1
<(1-nE KH 1{At|56}>]

< (1 - n)Nﬁn)

where the last inequality is due to mathematical induction. Sending N to infinity, we obtain
P (N2, {|A:| < €}) =0 for each n > 1, so we conclude P(lim;_,o A; = 0) = 0.

Recalling po(Rf,00) 7 ©1(Rf00), Wwe conclude from (21) that lim; .o X; > 0 implies limy_.oo A; =
0. As a result, P(limy_oo X3 > 0) < P(limyoo Ay = 0) = 0. Consequently, we conclude

lim; o X; = 0 almost surely, i.e., lim;_, Y; = 1 almost surely. [
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