EIGENFUNCTIONS FOR PARTIALLY RECTANGULAR BILLIARDS

JEREMY MARZUOLA

1. INTRODUCTION

In this note, we further develop the methods of Burq-Zworski [8] to study eigenfunctions for
billiards which have rectangular components: these include the Bunimovich billiard, the Sinai
billiard, and the recently popular pseudointegrable billiards [2]. The results are an application
of a "black box" point of view as presented in [7] by the same authors.

FicUurg 1. Experimental images of eigenfunctions in a Sinai billiard microwave
cavity seehttp://sagar.physics.neu.edu. We see that there is always a non-
vanishing presence near the boundary of the obstacle as predicted by Theorem
3 below.

By a partially rectangular billiard, we mean a connected planar domain, 2, with a piecewise
smooth boundary, which contains a rectangle, R C €2, such that if we decompose the boundary
of R, into pairs of parallel segments, R = I'y UT's, then I'; C 01, for at least one i.
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2 J. MARZUOLA

We show that for such billiards, the eigenfunctions of the Dirichlet, Neumann, or periodic
Laplacian cannot concentrate in closed sets in the interior of the rectangular part. A combination
of this elementary result with the now standard, but highly non-elementary, propagation results
of Melrose-Sjostrand [16] and Bardos-Lebeau-Rauch [1], can give further improvements see
[71.8].

Here, we prove further non-concentration results, away from the obstacle in the Sinai billiard
(see Fig.1 and Theorem 3), and along certain trajectories in pseudointegrable billiards, (see Fig.5
and Theorem 4). For recent motivation coming from the study of quantum chaos we suggest
[2],]8].[10],[18], and references given there.

ACKNOWLEDGMENTS. This paper is a development of an unpublished work by N. Burq and M.
Zworski, who treated the case of a square billiard rather than a general rectangular billiard. The
author is very grateful to Maciej Zworski and Nicolas Burq for allowing me to use results from
their unpublished work, as well as many helpful conversations. I would like to thank Srinivas
Sridhar for allowing the use the experimental images shown in Fig.1. T also thank the reviewer
and Hans Christianson for carefully reading the result.

2. SEMICLASSICAL PSEUDODIFFERENTIAL OPERATORS ON A TORUS

In this section, we discuss properties of Pseudodifferential Operators (PDQ’s) on a torus. In
R", we define the Weyl quantization of an operator a(x, hD) where a € S(R®"),a = a(x,£) by:

et @Y oz, ) u(y)dyde,

n

a(e, hD)u(x)

n

for u € § and a symbol class by:
SE(m) = {a € C=(R*™)|||0%] < Coh™%l1"Fm for all multi-indices a},
where m : R?" — (0, 00) is is an order function, i.e. there exist constants C', N such that
m(z) < C(z — w)Nm(w).

o0
ﬂ S¥(m
k=—00
For k,0 = 0 we write simply S(m). On a torus, however, a and all its derivatives are bounded
in the z variable, thus for A small and k positive, we need not worry about the derivatives in x,
only those in £. Also, for k negative, provided that we have the proper local regularity for our
symbol a, this definition still works perfectly on a torus.
Note also that we need only work with symbols that are periodic in the x-variable with period

determined by the dimensions of the torus. In other words, a(z,£) = a(x+~,§) for v € (aZ)x (bZ),
where a,b € R. With this relation, we have the following propostion.

We also define

Proposition 2.1. If a(z,§) is a periodic symbol in z with period vy, then a(x, D)T., = T a(x, D)
where Tyu(x) = u(z — 7).

Proof. We calculate:

7

2.1) @ hDIT ) = [ a@ ekl — )y

(2.2) = a(x — 7, et @I (i) djjde
]R'n.

(2.3) — T,(a(z, D))
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O

From the above proposition, it becomes clear that the properties of symbol classes in Euclidean
space translate directly to properties of similarly defined symbol classes on a torus. For instance,
we have the following result.

Proposition 2.2. Given u(x) = u(x + v) where v is as above, and u is L? on a torus, then
a(z, hD)u(zx) is L* on the torus, when a € S5(1), 0 <4 < 1.

Proof. Note that the condition on a implies that it is L? bounded. Given a function u(z) which
is periodic on a torus, we can write it as > Tyug where ug = x(z)u(z) and x(z) is equal to
1 on a single copy of the torus in the plane and 0 otherwise. Note that no assumptions about
the smoothness of x(z) are made. Hence, ug € L? and therefore, so is a(x,hD)ug. Then,
a(z, hD)u(z) = > Tya(z,hD)ug. The sum converges for each x since a(z, D)uo will have
compact support and we have a(z, hD)u a periodic function that is L? on the torus. O

Using similar techniques, we would like to develop the concept of a microlocal defect measure
in this setting. Consider a collection of functions {u(h)}o<n<n, such that:

sup |lu(h)||rz < oo.
0<h<ho

As shown in [11], we have the following theorem in Euclidean space:

Theorem 1. There exists a Radon measure i on R™ and a sequence h; — 0 such that
(2.4) {a®(z, hiD)u(hy),u(hy)) — [ alz,E)du

for all symbols a € S(1).

We call p a microlocal defect measure associated with the family {u(h)}o<p<p,. Note that
an S(1) symbol on the torus corresponds to an S(1) symbol on the plane, therefore this result
proves the existence of microlocal defect measures on a torus as well.

Proof. 1. Let {ax} € C2° be dense in Co(R?"). Select a sequence hj — 0 such that
(a} (z, thD)u(h;),u(h;» — Q.

Then, select a subsequence {h7} C {h;} such that
(a¥ (z, th)u(hf),u(hf» — Q.

Continue such that at the kth step, you take a subsequence {h}} C {hf‘l} such that
(ay (z, th)u(hf),u(hf» — oy

Then by a diagonal argument, arrive at a sequence h; such that
(ai (z, hiD)u(h;), u(h;)) — ax

forall k =1,2,....
2. Define ®(ay) = ay. By a standard theorem on operator norms, we have for each k that

|®(ak)| = |ax| = hljm | < apu(hj),u(h;) > | <limsupClla}||L2—r2 < Csup|agl|.
j 70 hj—o00
The mapping @ is bounded, linear and densely defined, therefore uniquely extends to a bounded
linear functional on S(1), with the estimate

|®(a)] < Csup|a
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for all @ € S(1). The Riesz Representation Theorem therefore implies the existence of a (possibly
complex valued) Radon measure on R?” such that

O

We now quote a general theorem about microlocal defect measures on Euclidean space which
we can then apply to a torus. To state the propagation theorem in the form sufficient for our
applications, we follow [5].

Let us consider a Riemannian manifold without boundary, M. By partitions of unity we
can define semi-classical pseudo-differential operators a(x, hD,,) associated to symbols a(x,§) €

Ce(T*M).
Now we consider a sequence (u,,) bounded in L?(M). satisfying
(2.5) (=h2A, — 1)u, =0,

where Ay is the Laplace-Beltrami operator. Using (2.5), as in [12] (see also [5]) we can prove the
following result.

Proposition 2.3. There exist a subsequence (ny) and a positive Radon measure on T*M, u (a
semi-classical measure for the sequence (uy,)), such that for any a € C(T*M)

(2.6) kgrfoo (a"(, hnkDm)unk7unk)L2(M) = (1, a(x,§)).

Furthermore this measure satisfies
(1) The support of u is included in the characteristic manifold:

(2.7) 2 Y {(2,6) € T*M; pl, €) = ||€]l = 1}

where || - || is the norm for the metric at the point x,
(2) The measure p is invariant under the bicharacteristic flow (the flow of the Hamilton
vector field of p):

(3) For any ¢ € C°(T*M),
2. i ?= %).
(2.9) L floun, 17 = {u, lol7)

The first two properties above are weak forms of the elliptic regularity and propagation of
singularities results, whereas the last one states that there is no loss of L?-mass at infinity in the
& variable.

Proof. We will prove this proposition only for the case of a torus, but the methods are applicable
to any manifold.

(0) (Positivity) We need to show that a > 0 implies

/ a(z,&)dp > 0.
T2 xR2

Since a > 0, using the sharp Garding inequality, we see that:
a”(x,hD) > —Ch.
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Let h = h; — 0, to see:

/ adp = lim (a®(x, h;D)u(h;), u(h;)) > 0.
T2 xR?

Jj—00

(1) (Support of i) Let a be a smooth function such that supp(a) Np~1(1) = . We must show

/ adp = 0.
T2 xR2

Select x € C°(T? x R?) such that
supp(a) Nsupp(x) = .
Then,
a®(z,hD) (((p — 1)* +ix™)""(p — 1)) (z,hD) = a*(z,hD) + O(h™) 2. .

Apply a*(z,hD) to u(h) to see that a®(xz, hD)u(h) = o(1) and thus (a*(x, hD)u(h),u(h)) — 0.
But,

(@ (@ hDYulhy)uthy)) — [ ad

T2 xR?
(2) (Flow Invariance) Select a as above, then
(2.10) ([p*, a®Ju(h),u(h)) = ((p*a® —a”p")u(h),u(h))
(2.11) = (a"u(h),p u(h)) — (p“u(h), (a") u(h))
(2.12) = o(h) ash— 0.

However, [p*,a®] = 2{p,a}" + O(h?). Hence,

([P, a"Ju(h), u(h)) = %Hp,a}%(h%uw» + (o(h)u(h), u(h)).

Dividing through by h and allowing h; — 0, we see:

/ {p,a}tdp = 0.
T2 xR2

So, if ®; is the flow generated by the Hamiltonian vector field H,,, then

d .
G @ad= [ mo@d= [ (padi=o.
T2 xR2 T2 xR2 T2 xR2
Now, (3) follows easily by looking at the operator |p(x,£)|? and applying the result about exis-
tence of a microlocal defect measure. O

3. PARTIALLY RECTANGULAR BILLIARDS

In this section we will need to recall the basic control results [4],[7] for rectangles, and the
propagation results [16],[1],[5],[6] for billiards. Since in the specific application presented in
Section 4 we only use propagation away from the boundary, that is the only case we will review.

The following result from [4] is related to some earlier control results of Haraux [13] and
Jaffard [14]."

We remark that as noted in [4] the result holds for any product manifold M = M, x My, and the proof is
essentially the same.
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Proposition 3.1. Let A be the Dirichlet, Neumann, or periodic Laplace operator on the rectangle
R =10,1], x [0,al,. Letw, be a non-empty open subset of [0,1]. Then for any non-empty w C R
of the form w = wy x [0, aly, there exists C' such that for any solutions of

(3.1) (A—z)u=f on R, ulgr=0
we have
(3.2) iz < € (111 0,120,019 + Il 13200

Proof. We will consider the Dirichlet case (the proof is the same in the other two cases) and
decompose u, f in terms of the basis of L2([0,a]) formed by the Dirichlet eigenfunctions ey (y) =

V2/asin(2kny/a),
(3.3) u(w,y) =Y erur(z),  fly) = er(y)fulx).
B B

We get for uy, fi the equation

(3.4) (Aw - (2 + (2k7r/a)2)) we = fr, up(0) = up(1) = 0.
We now claim that
(3.5) lurl?20,y,) < C (||fk||§rl([o,1]x) + llurlow, ||%2(w)) ;

from which, by summing the squares in k, we get (3.2).
To see (3.5) we can use the propagation result above in Prop. 2.3 in dimension one, but in
this case an elementary calculation is easily available see [8]. 0

The following theorem is an easy consequence of Proposition 3.1:

Theorem 2. Let Q) be a partially rectangular billiard with the rectangular part R C Q, OR =
T'y UTs, a decomposition into parallel components satisfying I's C OS). Let A be the Dirichlet or
Neumann Laplacian on Q. Then for any neighbourhood of T'y in ), V', there exists C such that

1
(3.6) —Au = u = / |u(x)|?dx > —/ lu(z)|?dx,
v CJr
that is, no eigenfuction can concentrate in R and away from T'y.

Proof. Let us take x,y as the coordinates on the stadium, so that x parametrizes I'y C 02 and
y parametrizes 'y, then

R =10,1], x [0,a],
Let x € C°((0,1)) be equal to 1 on [,1 —&]. Then x(z)u(z,y) is a solution of
(3.7) (A —z2)xu=[A,x]uin R

with the boundary conditions satisfied on 0R. Applying Proposition 3.1, we get

(35) Ixulzacm < C (I Xz, s + lule lzaen) < C'llule lzsceny

where w, is a neighbourhood of the support of Vy. Since a neighbourhood of I'; in 2 has to
contain w, for some ¢, (3.6) follows. O
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F1GURE 2. Control regions in which eigenfunctions have positive mass and the
rectangular part for the Bunimovich stadium.

4. APPLICATIONS

In [7] and [8], Proposition 3.1 is used to prove that in the case of the Bunimovich billiard shown
in Fig.2, the states have nonvanishing density near the vertical boundaries of the rectangle. That
follows from Theorem 2 which shows that we must have positive density in the wings of the
billiard, and the propagation result (in the boundary case) based on the fact that any diagonal
controls a disc geometrically (see 7, Section 6.1]; in fact we can use other control regions as
shown in Fig.2). Here we consider another case which accidentally generalizes a control theory
result of Jaffard [14].

The Sinai billiard (see Fig.1) is defined by removing a strictly convex open set, O, with a C>

boundary, from a flat torus, T2 , Lof (aSt) x (bS'):

def
S = Ti7b\0.

The following theorem results by applying Theorem 1 to a torus with sides of arbitrary length.

Theorem 3. Let V be any open neighbourhood of the convex boundary, 0O, in a Sinai billiard, S.
If A is the Dirichlet or Neumann Laplace operator on S then there exists a constant, C = C(V),
such that

(4.1) —thu:E(h)u = /V|u(3:)|2d:172 é/s|u(:1:)|2d:c,

for any h and |E(h) — 1] < 3.

Proof. First note that we can easily limit ourselves to the case where our flat torus has one side
of length 1 and one side of length a. Suppose that the result is not true, in other words, there
exists a sequence of eigenfunctions u,, ||u,|| = 1, with the corresponding eigenvalues \,, — oo,
such that [{, [u,(2)[*d2z — 0.

We first observe that the only directions in the support of the corresponding semi-classical
defect measure, u, have to be "rational", in other words, the trajectory must travel along a line
of slope =% where m,n € N. The projection of a trajectory with an irrational direction is dense
on the torus and hence must encounter the obstacle 9O (and consequently V). The propagation
result recalled in Proposition 2.3, part (3), gives a contradiction by choosing a proper test function
¢ which is nonzero on the support of the measure p resulting from our sequence of eigenfunctions
(we remark that we apply this result as long as the trajectory does not encounter the obstacle
and consequently we need only the interior propagation).



8 J. MARZUOLA

\/zma)2 + n2

(ma)? + 12
X

O 1 O] OO )

FIGURE 3. A maximal rectangle in a rational direction, avoiding the obstacle.
Because the parrallelogram is certainly periodic and our region has uniform
width, it is clear that the resulting rectangle is periodic.

Hence let us assume that there exists a rational direction in the support of the measure which
then contains the periodic trajectory in that direction. As shown in Fig. 3 we can find a maximal
rectangular neighbourhood of the projection of that trajectory which avoids the obstacle.

The rectangle can be described as R = [0, a1]y, % [0, b1],, with the y; coordinate parametrizing
the trajectory. Let €, 6 > 0 be small. Let u be an eigenfunction in our sequence and define
x(z1) € C°(T?) such that

(1) = x(x1) =1 for all 21 € (e,a1 — €),
x(z1) = x(z1) =0 for all z; € R\ (§,a1 — §).

Note that we can then write x = x(x,y) for (x,y) € T} , as 1 is simply a rotation and translation
of the standard coordinates. Then x(z,y)u(x,y) is a function on R satisfying the periodicity
condition. Let ®¢(v) = ®(£ — v), where we define ®(¢) € C°(R?) such that

() = ®(&) =1 for £ € B(0,9),
T @6 =0 for £ € R?\ B(0,26)},
where B(0, §) is a ball centered at 0 of radius §. Note, due to the compact support of this function
in £, ®¢(D) is in the symbol class S((£)~") for any N. Let Ag be the (periodic) Laplacian on

R. Using Fourier decomposition we can arrange that [Agr, ®¢(D)] = {O}(h*>°). Let U be a
neighborhood of the obstacle O such that U C V, where V is as above. Since our eigenfunction
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is only defined on T% , \ O, let us introduce a smooth function yo which is 0 on U and 1 on
T%)a \ V. Choose U, € such that xxo = x. Hence,

(—h*Ag = E(h))®¢(D)xxou = [~h*Ag, ®¢(D)x]u = ®¢(D)[~h*Ag, x]xou+O(h%), |ul| =1,

where we can interchange u and you by the construction above.
As in the proof of Proposition 3.1, we now see that

(4.2) |@exxoullze < C / Ixoul? + O(h™)

where w is a neighbourhood of supp Vyx (in the calculus of semi-classical pseudo-differential
operators). Since the semi-classical defect measure of ®¢yxou (which is |Pexxo|? x u) was
assumed to be non-zero, (4.2) shows that the measure of xou[, is non zero and consequently
there is a point in the intersection of the supports of p and youl,. But p is invariant by the
flow (as long as it does not intersect the obstacle) and hence, once we choose €, § small enough
such that all the cut-offs above are very close to the boundary of R, its support can be made to
intersect any neighbourhood of 0O. O

Now, from the above theorem, we see the following simple, but important observation:

Remark 1. Let S = ']I‘iyb \ O where O is sufficiently smooth in the case of Neumann boundary
conditions, but otherwise lacking restrictions. Then, for V' any open neighborhood of 9O, and
u a solution of —h?Au = E(h)u as above, then (4.1) is satisfied. This follows from the above
argument as neither the convexity of the obstacle nor the fact that the obstacle was open ever
appeared in the argument. Thus, the result holds for any obstacle (even connectedness is not
assumed here) and is applicable to the special case of pseudointegrable billiards (see for instance
[2] for motivation and description). In the next section, we use an argument similar to that above
in order to say even more about concentration along trajectories in specific pseudointegrable
billiards. By an elementary reflection principle, the result also holds for an obstacle inside a
square with Dirichlet or Neumann conditions on the boundary of the square.

5. PSEUDOINTEGRABLE BILLIARDS

We define a pseudointegrable billiard to be a plane polygonal billiard with corners whose
angles are of the form T, for any integer n (see [3]). In particular, we will be working with the
billiard P = Ti)b \ S where S is a slit that is parrallel to a side of the torus but not a closed loop.
In Remark 1, we point out that Theorem 3 allows us to make statements about the L? mass of
eigenfunctions in a neighborhood of the slit for pseudointegrable billiards. For this particular
type of billiard, it would be ideal to state that every eigenfunction must have non-zero mass in a
small neighborhood of the edges of the slit (see Fig. 4). In this section, we prove a weaker result
about non-concentration along certain classical trajectories in P of semiclassical defect measures
obtained from eigenfunctions u such that (=A\ — A)u =0 on P.

As with the Sinai billiard, the classical behavior of trajectories must be taken into account
in our treatment of this problem. There cannot be concentration along trajectories that do not
hit the slit as shown by Theorem 3. If a trajectory has irrational slope (i.e. the slope cannot
be written in the form 7%, for m, n € N), it is dense in P, and thus has mass near the edges
of the slit as in Section 4. Therefore, for our purpose, we concern ourselves only with rational
trajectories which intersect the slit at some point. As we are dealing with periodic boundary
conditions, let us consider the plane tiled with copies of the billiard P.

Assume that S is parrallel to the y-axis. Let v € S*(P) be a trajectory. Note that v represents

a solution to Hamilton’s ode, or in other words, is a classical solution to the problem. Given the
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Vs

FIGURE 4. A pseudointegrable billiard P consisting of a torus with a slit, .S
along which we have Dirichlet boundary conditions. We would like to show that
eigenfunctions of the Laplacian on this torus must have concentration in the
shaded regions V; and V5.

natural projection
m :S*(P) — P,
we take v/ = m1(7), or the physical path mapped out by the trajectory. Consider the projection
7:R* > T2,
We see that
7:R2\ S — P, where S =71(S).
Define
T 1 S*(R*\ S) — S*(P)

to be the natural projection. Let 5 = 7, *(7). We can write

o0

j=1

where each v, is a trajectory in S*(R?\ 5’) We note that by construction, v; N~y; = 0 for i # j.
To see this, assume that v, Nvy; = (z,€). Then, v; = ; as they would represent trajectories
which travel through the same point in the same direction by ode uniqueness. Now, let

T S*(R*\ S) — R?\ &S.

Select one trajectory from the above union, say ;. Let 44 = 75(71). We see that either ~] is
bounded in the a-direction or «1 is unbounded in the z-direction. Note that this property then
holds for all 7;, j € N. For a trajectory =, if the resulting path +{ is bounded in the z-direction,
we say v is z-bounded. We define v as xz-unbounded if { is unbounded in the z-direction. See
Fig. 5 for examples. Now, we are prepared to state our theorem concerning the billiard P.

Theorem 4. Let v be an x-bounded trajectory on P = T2\ S. If A is the Dirichlet Laplace
operator on P then there exists no microlocal defect measure obtained from the eigenfunctions on
P such that supp (dp) = 7.
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Above, a. and b. represent typical z-bounded trajectories, while
c. and d. represent z-unbounded trajectories.

FIGURE 5. Some examples of z-bounded and z-unbounded trajectories.

Proof. Let +' be as above. Let V; be an e neighborhood of 7/. Suppose false, we would have a
sequence of eigenfunctions w,, ||u,||z2 = 1 with the property

/ |ty |?dz — 0,
P\V.

for any e. We show this is impossible.

For each u,, we have (—A — \,)u, = 0, up|s =0, u, € L2(P). Let 7@ be as above. We define
the sequence iy, :~7~r_1un. We have (—=A = X\,)iy, = 0, Gn|g = 0, and @, € L2, (R*\ S).

If 79 : S*(R?\ S) — S*(P) is as above and 4 = 75 *(v), then @, — dji with

supp (dji) = C S*(R*\ 5).

Now, let 7 : S*(R2\ S) — R2\ S be as above. Select one trajectory, say vi. As 7y is
a-bounded, 1 = 7} (71) is contained in a strip in the plane which is infinite in the y-direction
and bounded in the z-direction. Thus, 7] is contained in a strip, Cp, with minimal width in
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the z-direction. Then, @, satisfies (—A — \,)@, = 0 on the interior of Cy, is periodic in the y-
direction, and satisfies the following boundary conditions in the z-direction: Dirichlet boundary
conditions along the slits that intersect the boundary of Cy and periodic boundary conditions
otherwise.

Without loss of generality, we can choose the z-coordinates such that the boundaries of C
are t = —R and x = 0. We can then reflect to a strip, say C'l, with boundaries * = —R and
z = R, by defining a new function on C; by:

~(1) _ in(x,y)  x€[-R,0]
Uy (z,y) = { —tn(—z,y) z € (0,R).
Note that aﬁj) is periodic with period 2R. As a result, in the sense of distributions we have
on Cy, where
FD = 200, y)8) () — 2u(R, y)dh(x).

We note that f,(ll) is supported away from the slits, S.
Define

SRV

IA &
5 A

o) = {

T
NS
|
IN =

If w% c Oy — Cy, then

(U

is again a union of paths resulting from disjoint trajectories. Now, we iterate this procedure a
finite number of times, stopping the iteration when the disjoint trajectories in the lift intersect
each slit only once.

After each reflection, we restrict to a new minimal width strip, say C;. Let us call C; the strip
resulting from the ith reflection. We define 7T§ : C’l — (1 for 1 < i < N such that

¢ _ | () (z,y) € Ci-1,
“@”‘{@m—aw (e.9) € CL,.
Here, C!_ is defined as the reflected strip and = = R;_; is the line of reflection for C’l We

can subsequently define f,(zi) as a sum of delta functions resulting from jumps that occur after
reflection, similar to fr(Ll) above. We also have 7V : R? — Cly, the natural projection that results
after we tile the plane with copies of Cy. So, we have:
JU . b t R
RzHCNCCN—)NCN_lch_l N—>71...—2>01C01—1>C.
Note that

' () =
J

where {7] ;} is the set of all paths in C generated by the trajectory 1 and the periodicity in y.

After a finite number of reflections, we "unfolded" +{ to be a periodic line on a large strip,
C'n, which does not intersect a slit anywhere. Now, let us choose ®¢, x, and x( as above in order
to cut-off microlocally on this strip around ;. Again, recall that we can set yxo = x. As fr(f) is
supported only in between the slits for each 7 € N, 1 <4 < N, by choosing ®¢ to commute with
the periodic Laplacian, we have

(=h*Ag — E(h))@exxoun = Pexfrn + [~ AR, Pex]u = O¢[—h*Ag, x]xou + O(h™®), |ul|=1.
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dnevibgy

~1 in the strip C'1. The inhomogeneity resulting from
reflection will be supported along the blue lines. Note also that we

In bold, we havey; in the plane. In bold, we have 71 in Cp
The union of all trajectories here gives 7.

have elected to show only ~q for simplicity.

n itrLC? affltert, ~1 as a periodic trajectory in R? after a final reflection and multiplication
another reflection. . R
by a microlocal cut-off function.

FIGURE 6. This diagram describes how we "unfold" the eigenfunctions in order
to derive a contradiction.

Thus, the result follows by contradiction from the proof of Theorem 3. g

Remark 2. Though this result only shows non-concentration, the proof of Theorem 3 can be used
to show that if 7 is an a-bounded trajectory and w is an eigenfunction supported on v = m (),
then in fact there must be mass at the edges of the slits as desired.

Remark 3. If instead of a torus, we had Dirichlet boundary conditions on the boundary as well
as the slit, then this non-concentration result can also be applied by an elementary reflection
principle argument. In this case, z-bounded trajectories are simple to define as they result in an
odd number of reflections off either side of the slit before repeating periodically.

Remark 4. It is difficult to use this method on z-unbounded trajectories as the reflection
principle is no longer applicable. If one could prove Theorem 3 for parrallelograms as well as
rectangles or somehow apply the recent results about defect measures on boundaries from Miller
[17], one could possibly extend this result to include all trajectories in the above Pseudointegrable
Billiards.
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