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ABSTRACT. In this result, we develop the techniques of [10] and [3] in order to determine
a class of stable perturbations for a minimal mass soliton solution of a saturated, focusing
nonlinear Schrédinger equation in R3. Using dispersive estimates proved in [11], which are
similar to those in [17] and [10], by projecting an initial perturbation ¢ onto a subspace of
the continuous spectrum of the operator H resulting from linearization about a minimal
mass soliton R,,;,, we are able to use a contraction mapping similar to that from [3] in
order to show that there exist solutions of the form

ePmint(R .+ M+ w(x, 1)),

where e/t ¢ +w(x,t) either disperses as t — oo or remains lower order on long time scales.
Hence, we have long time persistance of a soliton of minimal mass despite the fact that
these solutions are shown to be nonlinearly unstable in [5].

1. INTRODUCTION

In this result, we prove stability of solitons for a focusing, saturated nonlinear Schrédinger
equation (NLS) in R x R3:

(11) { iug + Au+ B(|ul?)u =0

u(0,x) = ug(x),

where §: R — R, §(s) > 0 for all s € R, § has a specific structure outlined in one of the
following definitions:

Definition 1.1. Saturated nonlinearities of type 1 are of the form

pP—q

2

(1.2) B(s) = s?

I

s
1452
wherep>2+§and%>q>0.

Definition 1.2. Saturated nonlinearities of type 2 are of the form
s

(1.3) B(s) = m,

where % >q > 0.
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Remark 1.1. In both cases, for |u| large, the behavior is L* subcritical and for |u| small,
the behavior is L? supercritical. For Definition 1.1, p is chosen much larger than the L?
critical exponent, %, i order to allow sufficient reqularity when linearizing the equation. In
addition, there are clear extensions of these definitions for all dimensions, d, in the case of
type 1 nonlinearities and dimensions d > 3 for type 2 nonlinearities.

For a full statement of the stability theorems presented here for both types of nonlin-
earities, see Section 6 as a good deal of notation is required before the statements can be
made rigorously. Saturated nonlinearities arise in various physical settings such as Bose
superfluids, laser beam propagation and Bose-Einstein condenstates, see [21]. However,
mathematically the author’s interest was motivated by nonlinearities presented in the re-
sult on asymptotic stability in [16].

That such nonlinearities have minimal mass solitons can be observed numerically as seen
in Figure 1 and discussed further below. In [5], the nonlinear instability of such a minimal
mass soliton was proved, meaning that small generic perturbations of a minimal mass soliton
can result in a large change in the profile of the solution on short time scales. It is precisely
at this minimal mass that the celebrated variational requirements for stability /instability
established in [22], [23] and generalized in [7], [18], [19], [20]. In this result, we follow the
analysis presented in [3], who studies the existence of specific blow-up profiles, in order
to build stable perturbations on both long time and global time scales depending on the
structure of (3.

The paper is structured as follows. In Sections 2 through 4, we recall some general
properties of solutions to (1.1), introduce soliton solutions, discuss general soliton stability
requirements and derive the matrix linear operator H, which results from linearization
of (1.1) about a soliton. In Section 4 we specifically discuss the existence of discrete
and continuous spectrum for H and write down the necessary assumptions we require for
our results. In Section 5, we recall the dispersive estimates and operator bounds on the
solution operator generated by H, which we refer to as e”. Finally, in Section 6, we define
our necessary function spaces and state the main theorems. In Section 7 we analyze the
nonlinear terms resulting from our linearization for both types on nonlinearities, which are
necessary to prove the global in time theorems for nonlinearities of type 1 in Sections 8-11
and the long time theorem for nonlinearities of type 2 in Section 12. In Section 13, we
discuss the existence of manifold structure to our class of globally stable perturbations.

It should be noted that due to the nonlinear structure in the problem, though we initially
perturb in a direction that is orthogonal to any instabilities predicted in the works [5] and
similar to those expected from the works [22], [23], [7], [18], [19], [20], the resulting time
dependent perturbation will not retain that orthogonality. Hence we are forced to instill
some extra structure or "moment”-like conditions on our initial perturbation as in [3] to
guarantee stability. Such conditions serve to provide stronger time dispersion of the solution
provided one uses the proper weighted norm spaces.
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2. CONSERVED QQUANTITIES

In the sequel, we assume that ug € H' and |z|ug € L?, or in other words, uy has finite
variance. For this initial data, from the spatial and phase invariance of NLS, we have the
following conserved quantities:

Conservation of Mass (or Charge):

/]u\ dr = = /|u0]2da:

and

Conservation of Energy:

E(u) = |Vu|2dx—/ G(|u|2)dx = |Vuo|2dx—/ G(|u0|2)dx
R3 R3 R3 R3

- /0 ' B(s)ds

We also have the pseudoconformal conservation law:

t
(21) ||($ + 2’&'[5V)U||%2(R3) - 4t2/ G(|u|2)dx = ||$¢||%2(R3) _/0 9(s)ds,

RS

where

where
0(s) = /RS(4 -3+ 2)G(Jul*) — 4 - 36(|ul*)|uf*)dx

Note that (z + 2itV) is the invariant vector field given by the Hamilton flow of the lin-
ear Schrodinger equation, so the above identity relates how the solution to the nonlinear
equation is effected by the linear flow.

Detailed proofs of these conservation laws can be arrived at easily using energy estimates
or Noether’s Theorem, which relates conservation laws to symmetries of an equation. Global
well-posedness in L?(R3) of (NLS) with 3 of type 1 or 2 for finite variance initial data follows
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from standard theory for L?(R3) subcritical monomial nonlinearities. Proofs of the above
results can be found in numerous excellent references for (NLS), including [4] and [21].

3. SOLITON SOLUTIONS

A soliton solution is of the form
u(t, z) = e Ry(z)

where A > 0 and Ry(x) is a positive, radially symmetric, exponentially decaying solution
of the equation:

(3.1) ARy — ARy + B(R\)Ry = 0.

With this type of nonlinearity, soliton solutions exist and are known to be unique. Existence
of solitary waves for nonlinearities of the type presented in Definitions 1.1 and 1.2 is proved
by in [2] by minimizing the functional

Then, using a minimizing sequence and Schwarz symmetrization, one sees the existence of
the nonnegative, spherically symmetric, decreasing soliton solution. For uniqueness, see
[14], where a shooting method is implemented to show that the desired soliton behavior
only occurs for one particular initial value.

An important fact is that Q) = Q(R,) and E) = E(R)) are differentiable with respect
to A. This fact can be determined from the early works of Shatah, namely [18], [19]. By
differentiating Equation (3.1), @ and E with respect to A, we have

OE) = —A0\Qa.

Numerics show that if we plot @), with respect to A, we get a curve that goes to oo
as A — 0,00 and has a global minimum at some A = A\g > 0, see Figure 1. Variational
techniques developed in [7] and [20] tell us that when 6(\) = E) + AQ, is convex, or
8"(X) > 0, we are guaranteed stability under small perturbations, while for 6”(\) < 0 we
are guaranteed that the soliton is unstable under small perturbations. For brief reference
on this subject, see [21], Chapter 4. For nonlinear instability at a minimum, see [5]. For
notational purposes, we refer to a minimal mass soliton as R,,;,.
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FIGURE 1. Plots of the soliton curves (Q(\) with respect to ) for a sub-
critical nonlinearity (d = 1, p = 3), supercritical nonlinearity (d = 3, p = 3),
critical nonlinearity (d = 1, p = 5), saturated nonlinearity of type 1 ( p =7,
q = 3) in R, saturated nonlinearity of type 1 in R3 (p = 4, ¢ = 2), saturated
nonlinearity of type 2 in R? (¢ = 2). The curves for the monomial nonlinear-
ities are found analytically, while the curves for the saturated nonlinearities
are found numerically.
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4. LINEARIZATION ABOUT A SOLITON

Let us write down the form of NLS linearized about a soliton solution. First of all, we
assume we have a solution 1) = e (R + ¢(x,t)). For simplicity, set R = R). Inserting
this into the equation we know that since ¢ is a soliton solution we have

(4.1) (@) +A(9) = —B(R")¢ — 208 (R*)R*Re(9) + O(¢%),

by splitting ¢ up into its real and imaginary parts, then doing a Taylor Expansion. Hence,
if  =u+ v, we get

(4.2) at(Z):H(Z),

where
0 L_
(4.3) H_(—L+ 0 ),
where
Lo =—-A+X—B(Ry)
and

Ly = -A+ X B(Ry) - 20/ (R)R3.
Let us fix the notation we will use in the sequel by defining the operator e®* such that
@ = e f is the solution to

(4.4)

In order to study the behavior of solutions to (4.4), we must make the following assump-
tions:

Definition 4.1. A Hamiltonian, H is called admissible if the following hold:
1) There are no embedded eigenvalues in the essential spectrum,

2) The only real eigenvalue in [—\, A] is 0,

3) The values £\ are not resonances.

Definition 4.2. Let (NLS) be taken with nonlinearity 3. We call B admissible if there
exists a minimal mass soliton, Ry, for (NLS) and the Hamiltonian, H, resulting from
linearization about R,.;, is admissible in terms of Definition 4.1.

The spectral properties we need for the linearized Hamiltonian equation in order to prove
stability results are precisely those from Definition 4.1. Notationally, we refer to P; and P,
as the projections onto the discrete spectrum of H and onto the continuous spectrum of ‘H
respectively.
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Remark 4.1. In this note we assume in the sequel that we work with admissible Hamilto-
nians satisfying the spectral assumptions in 4.1. However, analysis of these spectral condi-
tions for a large class of H operators will be done both numerically and analytically in the
forthcoming work [13].

5. REVIEW OF DISPERSIVE ESTIMATES

We review here the dispersive estimates from [11]. Since [11] is a study of refined disper-
sive estimates related to the operator e*, similar forms of many of the estimates stated
here first appeared in several works, most notably [3], [6], [17]. When appropriate, the
author will attribute credit for the theorems to the relevant works.

Let § be the Schwartz class of functions. Then, we have the following results:

Theorem 1 ([6],[11]). Given an admissible Hamiltonian H, P. the projection on the con-
tinuous spectrum of H, for initial data ¢ € S, we have

) _3
€ Pl e ey < ¢ 3 |l aqes)

Theorem 2 ([11]). Let H be an admissible Hamiltonian as defined above. Let ¢¢ be an
associated distorted Fourier basis as developed in [11]. Let

B(e) = / Fe(y)B(y)dy.

Assume 1 € LYM(R3) and

(5.1) 0¢0, B (0) =0,
for multi-indices o, B such that |o| + (5] =0,1,2,...,2M. Then,
62 e~ e P gy < CF 3,

for any ¢ > 0.

Overview of Proof Techniques. The results in Theorems 1 and 2 as presented in [11] follow
from using standard scattering theory and microlocal analytic techniques presented in either
[1], [8] and [9] to construct a distorted Fourier basis and hence write the non-self-adjoint
operator ‘H as an oscillatory integral. From such a construction, one is able to prove the
necessary time decay using stationary /non-stationary phase techniques.

The estimate in Theorem 1 was first proved in [6] using resolvent estimates and a Birman-
Schwinger approximation, which are clearly very closely related to the scattering theory
techniques of the author. However the contributions of [11] is to fully represent the distorted
Fourier basis in order to allow null or “moment” conditions to be defined with respect to
such a basis. These are then applied as in the work [3] to get refined dispersive estimates
as appear in Theorem 2.
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It should be noted similar estimates for a problem in R also appear in [10] in order to
improve the time integrability associated with the linear operator in 1 dimension. However,
there the distorted Fourier basis is constructed using ODE/Wronskian methods. U

From Theorem 1, we also have the following results:

Theorem 3 ([3]). Let P. and P, be projections onto the continuous and discrete spectrum
of H respectively. Then,

(i) 1€ (Peop) || 11 ro)
(ii) [l (P.9)]
(iid) [|e™ (Paod) || ar= ey
(iv) [[|z]*e™ (Pog) || 12(r2)
)

(v) |z]*e (Pag)]| r2(ra)

Clloll a m3)
Cl o

oL+ i) / el g(a)|da
Ol ¢l + (1 + 1) ]l e (B)
C(1+ |t|3)/|gb|e—”|dx.

Theorem 4 ([17]). For p and p' such that ]l? —i—l% =1, with2 < p < oo, and t # 0, the
it into LP(R3) and

IA A

Hs (R3 Hs (RS)

INIA

IN

~—

transformation €™ maps continuously L (R?

(5.3) €73 sy S e

Theorem 5 ([17]). For every ¢ € L* and every admissible pair (q,r), the function t —
e belongs to LY(R, L"(R3)) N C(R, L*(R?)), and there exists a constant C' depending
only on q such that

(5.4) 1€ || Lo, rey) < Cllol|L2(s)-

M\H —

—sa=g 19l e
)

The proof of Theorem 3 follows from the proof of Proposition 2.8 in [3] and relies on the
spectral assumptions presented in Definitions 4.1, 4.2 in addition to the decay properties of
R. As shown in [17], the proof of Theorem 4 follows in the standard way by interpolation
between the decay in Theorem 1 and the L? boundedness of e#*. Since H is not self-adjoint,
Theorem 5 does not follow immediately from Theorem 1 from the usual duality arguments.
However, in Corollary 48 from Section 8 of [17], the result is established once the dispersive
estimate in Theorem 1 is known to hold by applying the Christ-Kiselev lemma.

6. MAIN RESULTS

To begin, we define the function space
PHR?) = {¢ € LXR) | 4llaams) < oo, [[|2[*8]|2@s) < oo,

/ z%¢(x)dx = 0 for |af < QA} ,
R3
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with norm given by

1
2

l6llmaces) = (16rages) + 71l 3oges
We similarly define the function space
Pi(R?) = {6 € PHER) | [0lmams) < oo, [[lel¢llr2s) < oo,
(5.1) is satisfied for |a| + |5] < A},

with norm given by

1
2
191l ray = (HfbH?{A(Rs) + ||\$|A¢|I%2(Rs)> :

In this result, we prove that minimal mass solitons for nonlinear Schrodinger equations
in three dimensions have stable perturbations in some sense. These minimal solitons are
generically unstable as discussed in [5]. The main goal is to prove the following three
theorems:

Theorem 6. Let § > 0 be small and define ty = §~*. Take the equation in R x R?

iug + Au+ G(|ul*)u =0
(6.1) { u(0, ) = uo(x),

where (3 is an admissible saturated nonlinearity of type 1. For any ¢ € P{{(R3), Equation
(6.1) has a solution u fort € [ty,00) of the form

w(x,t) = Rypin + 0(t) = Rypin + €210 4+ w(z, 1),
where Ry, is the minimal mass soliton in Definition 4.1 and ||w(-,t)|| g2m@s) — 0 ast — oo.

For Equation (6.1) in R?® of type 1, we have A > %

Theorem 7. Let § > 0 be small and define ty = 6~*. Take Equation (6.1), where 3 is
an admissible saturated nonlinearity of type 1. For any ¢ € P4 (R3), Equation (6.1) has a
solution u fort € [%, o0) of the form

w(z,t) = Rmin + 0(t) = Ry + €6 + w(z, 1),
where Ry, s the minimal mass soliton in Definition 4.1 and ||w(-,t)||z2®sy — 0 ast — oo.
In this theorem, for Equation (6.1) in R3 of type 1, we have A > g

Remark 6.1. We note here that though we take ty large in order to use 6 as a small
parameter for the simplicity of the analysis. However, by time translation our results are
valid for any ty € R.

Theorem 8. Let § > 0 be small. Given Equation (6.1), where [ is an admissible saturated
nonlinearity of type 2, for any ¢ = P.¢p € W1 (R*) N H*(R?) with ||§|lw21®s)nmzrs) < 6 <

1, Equation (6.1) has a solution fort € |0, (2—15)%) of the form
w(z,t) = Rppin + 0(t) = Rpin + €™ + w(a, 1),
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where R, 1s the minimal mass soliton in Definition 4.1 and
u(z,0) = Ryin + ¢

Remark 6.2. In Theorems 6 and 7, the stable perturbations can be shown to live on a
finite codimension manifold for p large enough.

The class of functions P/ (R?) for i = 1,2 will be developed throughout the course of
this work. They will result from projecting onto a distorted Fourier basis for the linearized
problem. For a further discussion these topics and the notion of distorted Fourier basis,
see [11] and the refences contained within.

Remark 6.3. It should be noted that sitmilar results should hold in all dimensions provided
one has the corresponding dispersive estimates. Particularly, for d > 3, one should be able
to generalize the dispersive estimates proved in [11] using the same techniques. For d =1,
the estimates likely follow from careful analysis of the distorted Fourier basis constructed
in [10].

We also mention that using modulation techniques introduced in [22] and used extensive
in [17] and [10], the codimension in the theorems above be capable of being reduced to at most
2 unstable direction as the others will be generated by symmetries of the soliton. Numerical
evidence recently reported in [12] and suggested in [15] suggest in fact there should be a
codimension 1 manifold of stable perturbations.

7. PRELIMINARIES

We wish to construct a contraction argument similar to that presented in [3] in the case
where we have a more general nonlinearity. In particular, we have the equation

iug + Au+ F(|lu*)u =0,
u(0, ) = ug(x),

where F' is chosen to be of type 1 or type 2.

Many estimates that hold for the L? critical equation hold at that soliton because they
share the property that 9,Q(uy) = 0 where X is the soliton parameter and @ is the L?
mass. As this is a minimal mass soliton, there are many possible perturbations. One could
perturb onto the manifold of stable solitons, onto the manifold of unstable solitons, or in
fact, reduce the L? energy so that solitons no longer formed. Unfortunately, due to a lack
of scaling and general difficulties, very little is known about stable perturbations to such
a soliton. Also, it is a major question whether or not we have dispersion and scattering
for initial data with L? mass below the minimal soliton mass. We hope to address this in
future work, but for now we wish to prove the existence of stable solutions to the minimal
mass soliton. We may assume that the minimal mass soliton occurs at A\g = 1. In other
words, if R is the desired soliton, we seek a solution of the form

u = Re" + zye" + we",
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where w € C([3,00]; X) and |Jw|x < ;v for some normed space X and some large N to
be determined. The goal is to solve this problem for both

1z + Az = 0,

2(0,2) = o¢(),
as well as

1z +Hz = 0,

2(0,2) = ¢(x),

for H the matrix Hamiltonian that results from linearizing about the minimal mass soliton.

To begin, we run through the contraction argument assuming that we are using the linear
Schrodinger operator, e'**, and the space X = X4 defined by

Xa = {6 + (1 +[2])*¢llz2 < o0}
Let vy = zpe™ ™ and let u(z,t) = e"(R + v) for v = w + vg. Then, v must satisfy
vy + Av — v+ [F(|R+v*)(R+v) — F(R*)R] =0,
or
vy + Av — v+ (F(R?) + F'(R)R*)v + (F'(R)R*)v + O([v]*) = 0.
Since i(vo): + A(vg) — vg = 0, we have

iw; + Aw — w + [F(|R + v + w|*) (R + vy + w) — F(R*)R] = 0.

Let
fo = F(R+uv»)(R+wv)— F(RY)R,
a = [F(IR+wl*) + F'(|R+vl?)|R + vl — [F(R?) + F'(R?)R?,
b = F'(IR+v)(R+w)* — F(R*)R?,
G(w) = F(R+wvo+w*)(R+ vy +w) = F(IR+ vol*) (R + vo)

[E(IR +vo|*) + F'(| R + vo|*)|R + wo|*Jw — F'(| R 4 vo|*) (R + vo)*w.
Then, we have
iwy + Aw —w + (F(R?) + F'(R*)R*)w + F'(R*)R*® + f + aw + bw + G(w) = 0.
In other words, we have
iwy — Hw 4+ aw + bw + fy + G(w) = 0,

where G is at least quadratic in w and fy is linear in vy.
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To see this, note that for nonlinearities of type 1, we have

Flo) = ——
1+x2
Py = DGR
(I+a2)
ey~ PG o § -3 5 4 (§ - e
X - —q Y
(1+2"")?
and for type 2,
F(x) -
€T =
(1+a)=
1+ 4
Fla) = (1+x)%2
2
) (@-2)+(5-4%)s
Flo) = (1+x)% 2

Note that in both cases, F' € C' and in the second case, F' € C*™. However, we can
define G(z,2) = F(|R + z|?)(R + 2). This is C? at z = 0 in both cases. To see this, note

0.G = F'(|R+z»)(R+2)(R+2) +F(|R+ 2

0:G = F'(|R+z]*)(R+ 2)*

0..G = 2F'(|[R+ 2| )(R+2) + F"(|IR+ z[*)(R+ 2)(R + 2)?
0:G = F'(|[R+z*)(R+2)*

0.:G = 2F'(|R+z*)(R+2)+ F"(|R+ 2)*)(R+ 2)*(R + %),

hence at z = 0, the terms resulting in exponential growth from F” are controlled. In the
resulting Taylor expansion, we see

G(z,7) = F(R* )R+ F'(R)R*z + (F'(R*)R* + F(R?))z + O(|R + z|P7!|2]?).

Let us make the assumption that we are working with type 1 nonlinearities with % <
p < oo. The author believes that similar results should hold even if p is not restricted
to allow more regularity of the nonlinearity, however for the expansions in the sequel to
be accurate, we must restrict the nonlinearities to have sufficient regularity, as well as to
provide sufficient decay in ¢.



STABLE PERTURBATIONS FOR A MINIMAL MASS SOLITON 13

Let us explore the behaviors of the the above functions. For simplicity, let vg = vy + 1vs.
To begin,

Ifol = |F(R?+2Rv; + v +v3)(R+v) — F(R*)R)
< [F(R*)R + O(|R + vo|’|ve|) — F(R*)R|
< O(RP|vo|) + O(Juo[PH)].

A similar calculation gives that
lal < O(R"Hwol) + O(|wol"),
and similarly for b, we have
6] S OB~ [uol) + O([wo|?).
Finally, we have
|G| < O(|w]?).

Hence, we solve the integral equation for w

w(t) = —i/ e TOH fo 4 aw + b + G (w)]dr.
t

We would like to see that [Jw(t)]|x, < zr for some M to be determined in order to show
that we have a stable manifold of perturbations on the function space X4. However, we
are actually only able to prove ||w(t)|xo < 7, where X# C X The resulting effects of
this will appear later in Section 13.

8. CONTRACTION ARGUMENT
Making the assumption that
/xﬂqb(x)dx =0,

for the multi-index |3] = 0,1,2,...,2M for M to be determined, we have by Taylor expand-
ing the exponential in the fundamental solution that

1
2p(z,t) =0 <tM+§)

where |z| < 1.
We have that

||Da’UOHLoo(R3) S

A Q

e~ Doy (2, 1) <
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for t and N large and the range of a’s to be determined. In general, we explore low
regularity perturbations but are in need of L*> bounds, so a will be small, but positive.

Then, we have for s in some range to be determined

1(Ruo) ()] ¢

3
tM+§

Hs(R3) <

and hence, we have to check that for our space X4,

C

13+’

[ foll xamsy <

where p is determined by the supercritical power in the nonlinearity and we have assumed
the moments condition above for all |3| < 2M. In particular, note that vy > %, hence these

terms have at least quadratic decay in ¢ of the L*> norm.

We also have

la| = OB vol + O(Jwo ")),

hence
C
D%z, )] < =,
2P
C
le=I D% (z,1)] < -
tM+§
Similarly,
C
« < .
DUt <
—C|T (03 C
le~delDep(x, 1) < ey

Now, we look at the integral formulation of the equation for w

w(t) = —i /too e"(T’t)HPd[fo + aw + bw + G(w)|(T)dr

+ —i/ e NP, fo + aw + bw + G(w)](T)dT
¢

A

_ A
= wy; +w,

where Pg projects onto the singular part of the spectrum and Py, projects onto the discrete
part of the spectrum.

Since we are interested in minimal regularity perturbations, we first want to see that

1
@) e < e

for t > % and N; to be determined.
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Remark 8.1. Though we begin with a perturbation that lives in the codimension 10 manifold
orthogonal to the generalized null space, note that we do not expect the error terms to
remain on such a manifold. Hence, we must control the projection of the error term onto
the discrete spectrum as well, or the term wy.

To do this, we will discuss w5 and w2 separately.

From the following Corollary in [11],

1P fll 2oy S I1f1|zee),

we have

iy < [+ (= 0] { [ 1o +aw-+ b+ G(w)](m)le”'dx} di

> C C
< [ 0+ 0= 0y + gl + o) g dr

Hence, by assuming M, NV; large enough and using a bootstrapping argument
- C c s
|WﬁWWWﬂ§[ H+@=¢ﬂ[ﬂM]d vt < o

For the second part of this argument, we see

[w: | 2@sy < / I fo + aw + b + G(w)](7)]] 2 gy dr
t

*(C C
<[5+ Sl + Clomle b dr
t T2 T2
< < C C C J
— o e " N3P TN

C co
= N+l = 4Ny
provided %p is large enough.

We are also be able to show

C

Jwl| L2(zadz) < N

for t > % and Ny to be determined. Then, we will have the desired contraction argument
for the linear perturbation.

From the necessary dispersive estimate given by
llz|*e™ (Pso)l| 2 < C(1+ [t]°) / 6le—clda

the estimate for w4 follows immediately from the H*® argument.
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A

For w?

, we need the following estimate
™ (Pa) || 2msy < Clll|®dll 2y + C(L+ [E*) ][ 6] e e)-

Then,
w2 | r2(ejaany < C / I[fo + aw + b + G(w)](7)|| L2 (1a Adw) AT
t

0 [Tk T+ aw + b+ GL)(lluagends
t
= I.a+ 1.
Again, we look at each integral separately. For I.a,

<1 C C
s < {TQ—N+;nw(ﬂnmmx)+cuwmum||w<r>|rp<|zwz>}df

{C C C}
< + + dr

72N 72+N1 N+N1

C (08
< tN1+1 < ¢NT
For IIC?A,

e C
A 2
s = € [0+ =0 { o+ Ol By e
C
3p

o C
A
< C'/t T {T2N2—|-T—}d7

C co

12Na—A—1 < tTg’

for N, p sufficiently large.

Hence, the contraction argument goes through and we have the desired bound on ||w||x.

9. OPTIMIZATION FOR LS

We seek optimal values for the spaces and decay in the case where the perturbation
solves the linear Schrodinger equation.

To begin, allow A and M to be arbitrary for now and we will select them later. Assume
that ¢ € X4 and that the first 20 moments of ¢ vanish. By writing the linear solution in
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integral form, we see that

C
[D%vollLoems) < =,
t2
C
—clz| o
le= 4 D% (2, t)] < Tl

for a < M.

To gain in time decay for the linear Schrodinger equation, we make the assumption that

(9.1) /x"‘¢(m)dm =0,

where « is a multi-index where |o| < M for M to be determined below. Note that the
function space P;! in Section 6 is determined by functions ¢ € X4 coupled with taking
moments conditions for |o| < A.

Lemma 9.1. Since R € S,

1(Roo) ()| 1+ < th

Proof. We have
I(Roo) ()22 < [{2) vl o= | (2) Y R o=

Hence, using the principle of nonstationary phase away from the origin and the moments
condition near the origin in the fundamental solution for linear Schrodinger, we gain in
time decay. Note that in order to gain in time decay away from the origin, it is essential
that we have the weight in order to control all of the terms resulting from integrating by
parts. The higher derivative terms follow similarly.

O
Lemma 9.2. For f, described above for vy = e'*t¢, we have
C
<
Iolle < -
and
C
—c|z -
e foll - < +G+M)p”

Proof. The O(Ruvy) term is controlled by similar analysis to that in 9.1. Hence, we concern
ourselves with the O(|vp[P*1) term. To that end, we have

o5 12 < [lvollZ o ol 2.

Consequently, we have

_3
log ™ Hle < ()27

~
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O

Once again, since the decay rate is determined by the number of moments for the linear
equation,

C
e~ D%, 1)] < B
tM+§
C
le~delDep(x,1)] < -
tM+§

As we desire to work with low regularity perturbations, let us simply assume that
w32 < ¢V. Now, we must choose A and M optimally for the contraction argument

Y

to work. For the analysis on w3, we require that
2N —4 > N,
3
3 +M-—-4 > N,

where the moments condition is determined by the O(vyRP) term. So, we gather that N > 4
and M > 8 — % The number of moments necessary will depend upon the the dimension d.
In R3, we have M > %

For the analysis on w2, we have only one more requirement
3
-p—1>N.
217

At this stage, we see that given N > 4, we need p > 13—0. Clearly, the restrictions on p lessen
as d gets large. In particular, we cannot show the existence of stable perturbations for min-
imal mass solitons of NLS equations with nonlinearities of type 2 in R®. A variation of this
argument will be explored later to show long time stability under restricted perturbations.

10. LINEARIZATION SCHEME FOR H-LS PERTURBATIONS

Again, let
u = Re™ + zd,e“ + we',
except now we have
(10.1) 1z +Hz = 0,
(10.2) 20,7) = o),

where H is linear operator resulting from linearizing about the minimal mass soliton. We
refer to Equation (10.1) as the Hlinear Schrodinger equation (H-LS).

Now, let vy = zge~*. Again, we have the same equation,
v, + Av — v+ F(|R+v*)(R+v) — F(R*)R =0,
where u(z,t) = (R + v).
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However, since
i(vo); + Avg — vo + [F(R?) + F'(R*) R*|vy + F'(R*) R*tg = 0,
we have
iw, + Aw—w+ [F(|R+ vy +w*)(R+vy+w) — F(R*)R— (F(R?*) + F'(R*)R*)v,
F'(R*)R*wq] = 0.
Hence, let

fo = F(R+wl>)(R+v) — F(R)R — (F(R?) + F'(R*) R, — F'(R?) R*w,

a = [F(|R+wl?) + F'(|R+vl?)|R+ vo|] — [F(R?) + F'(R*) R,
b = F'(|R+wvl’)(R+w)* - F'(R*)R?,
Gw) = F(|R+v+w*)(R+v+w)— F(|R+vo*) (R + v)

[F(IR +vol*) + F'(|R + vol)| R + vo|*Jw — F'(|R + vo|?) (R + vg)*w.

Hence, we now have

[fol < ORwol*) + O(lwo[" ),
lal < OB [wo|) + O([wo]).

bl < O [vo]) + O([vol”)

Gl < O(jwP).

Notice that since the linear terms in vy have been removed from fy, we expect to require
fewer moments conditions for the contraction argument to hold.

11. OPTIMIZATION FOR H-LS

In the scheme where we solve the linear perturbation using H, we have now introduced
gain in the fy term. Specifically, we now have

[fol < O(RJvol*) + O(Jwo[*).

For the H-LS case, we use the moment conditions derived in [11] in order to gain decay
in time locally in space. Note that the function space P4' in Theorem 7 is determined by
functions ¢ € X4 coupled with taking moments conditions for |3] < A.

Lemma 11.1. Since R € S, if vy satisfies the first M moments conditions from [11]

1(Reo) (6)] 1+ <

T patM]

Proof. We have
1(Roo) (#)]l 22 < [[{2) " voll L= [[{2) Y Rl 1.
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Hence, using the principal of nonstationary phase away from the origin and the moments
condition near the origin on

(11.1) e P = Qe Qo,

as derived in [11], we gain in time decay. Note that in order to gain in time decay away
from the origin, it is essential that we have the weight in order to control all of the terms
resulting from integrating by parts. The higher derivative terms follow similarly.

O

Lemma 11.2. For fy described above for vy = e**¢, we have

C

HfOHXA < tgv

for s < M.

Proof. The O(Ruwy) term is controlled by similar analysis to that in 11.1. Hence, we concern
ourselves with the O(|vp[P*!) term. To that end, we have

o5 12 < [lvoll% < [lvoll 2.

Using a similar analysis from Lemma 9.2 on Equation (11.1), we have

[08 |2 S ()32

using the L? boundedness results for e’*.

O

Now, since we are dealing with nonlinearities with minimal smoothness, we wish to run
the contraction argument with minimal assumptions on w(x,t). Then, we assume

1
Jwia, Ol < 75

for some N to be determined. Then,
wlt) = —i / FTDH P 4w + bip + G(w)](7)dr
t

+ —z‘/ ST fo + aw + b + G(w)](7)dr
t

= w?i{"i_wzlv
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where Py projects onto the discrete part of the spectrum and P, projects onto the continuous
part of the spectrum. So, using the dispersive estimates, we have

e < | / DI P 1 qw + b + G(w)](7)dr| 2
t

< /too[1+(r—t)3] {/|f0+aw+bwG(w)](x,t)e—”|dx}dT
< /t T4 (=1 { / o+ aw + baG(w)](x, t)e‘”'dx} dr
s [T =01 + Slele + el far

< 1 1 1

H(3+M)2—4 " H(3+M)p+N—4 T

lw|| < | / TPy fo 4 aw + b 4 G(w))(7)dr| 12
t

VAN

/too I / | fo + aw + bwG (w))(x, t)e” 1 dz| 2dr

IN

b1

1 1 1

SJ $2N-1 + tM+N-1 + t2M—1‘

{5 + Sl + e}

Hence, we require once again that that 2N — 4 > N, but the moments condition is deter-
mined now by the O(v2RP™!) term, so we have

34+2M — 4 > 4.
In R3 that M > g, or M > 2. The condition on p however does not change whatsoever,

therefore are again only considering nonlinearities of type 1 with p > 13—0.

12. LoNGg TIME ANALYSIS FOR TYPE 2 NONLINEARITIES

For NLS with saturated nonlinearities of type 2, we can no longer do the global scattering
analysis from above. Instead, we have Theorem 8:

Theorem 9. Given Equation (6.1), where (3 is an admissible saturated nonlinearity of type
2, for any ¢ = P.gp € W21 H? with ||@||wz1nmz < 6 < 1, Equation (6.1) has a solution

fort €0, (25)7%) of the form
w(z,t) = Rpin + 0(t) = Ry + ¢+ w(w, 1),
where
u(z,0) = Ryin + ¢
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Proof. Instead of the scattering point of view, we look at solving for the perturbation
forward in time. Namely, we have

wit) = i /0 M fo 4 aw + b + G(w))(r)dr
= z’/t M=) Pl fo + aw + bw + G(w)](1)dr
0

t
+ z/ M= P [ fo + aw + biw + G(w)](7)dr.
0

Let us assume that

(12.1) lwllz<pmm@s) < 6.

Then
¢
/ [1+(t—7)% (/ foe *ldz + /awe‘cmdx
0
+ /bwe‘”ld:ﬁ—I—/G(w)e_cmda:) dr

t
+ /[||fo||H2<R3)+IIaWI|H2<R3>+||bw||H2+||G(W)||H2<R3>]d7
0

|wll ooz sy S

Lge[0,T]

N

[ =) (@

_3
+ (O H il 9]l ) + il ) dr

t
_ _3
+ /OKT) Nollzallellmz + (r) 2ol llwll azee) + [wliFe@s)ldr

Lg°[0,T]
< Tl + TGl ol ommes + T2 6]
S g||w||L°°[O,T]H2(R3) + 0%,
Hence, by a continuity argument, w exists on [0, T'] with |[w]| Lecjo,7r1m2(r3) < 535, O

13. MANIFOLDS OF PERTURBATIONS FOR TYPE 1 NONLINEARITIES

From Theorems 6 and 7, we would like to know that our perturbative solution actually
lives on a finite codimension submanifold. Specifically, given spaces Z;, Z, with Z; C Z,
and norms || - ||z, || - || z, respectively, we require a finite codimension subset S C Z; and a
map ¥ : BNS — Z; where

B={¢c Zl¢llz <}
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For Theorems 6 and 7 above, we have

(13.1) V() = w(to).
For our analysis, let us define
(13.2) 7y = L*(|z*"dz) N H?,
(13.3) Zy = H?
and
(13.4) S={peH¢p="Pop, 6Py}

for some A > 2.
Lemma 13.1. For the map ¥ defined by (13.1), we have

(13.5) 1Tz < llolZ, ¢€BNS,
(13.6) [V (h1) = W(d2)llze < Ollor— 2llz, ¢1,02€ BNS.
Remark 13.1. In Lemma 13.1, Equation (13.5) shows that the tangent space at 0 of the

stable submanifold, M, is the space S, while Equation (13.6) shows that M is given by a
Lipschitz parametrization.

Remark 13.2. The codimension of S will be at most 2d + 4 since H* x H' = N,(H) @
{N,(H*)}* and N,(H) = 2d + 4. It is possible that the size of S can be improved beyond
this codimension, which the author will explore in future work.

Proof of Lemma 13.1. Let us first prove (13.5). Assume that ||wl|z, < |[¢]|%,. Then,

[wllz, < / (1+ (to—7)%) [/ vie ®ldr + /vée”'dw—l— /vée”'dm} dr
to

+ / U follx, + llawllx, + lbwllx, + [[G(w)l[x,] d

to
—e| 412
S hofllelz
using our assumptions as well as the decay of ||w|| gz from the proof of Theorem 7. Hence,
taking to to be large, the result follows.

Now, for (13.6), we have

wi — wy = /OO MO (fg = f5) + alwy — wz) + b(@y — @s) + (G (w1) — Gwy))]dr.

to

Since
|G (w1) — G(wa)| ~ |wy + wal|w — ws
and

|fo = f3] ~ Rlor + dal|61 — @o| + (191 + |92 61 — ¢,
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the result follows from a similar continuity argument to that above using (13.5). O

Remark 13.3. Note that for p large enough in type 1 nonlinearities, using the dispersive
estimates (1v), (v) from Theorem 8 and the fact that

19ll22 < C()l o)™ Il e (ro),

we can take Z1 = Zy = X3, to have a true manifold of perturbations.
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