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Abstract

Ba•�ou and Balinski (2000) characterizedthe stable admissionspolytope using a systemof linear

inequalities. The structure of feasible solutions to this system of inequalities | fractional stable
matchings|is the focus of this paper. The main result associates a geometric structure with

each fractional stable matching. This insight appears to be interesting in its own right, and can

be viewed as a generalization of the lattice structure (for integral stable matchings) to fractional
stable matchings. In addition to obtaining simple proofs of many known results, the geometric

structure is usedto prove the following two results: �rst, it is shown that assigningeach agent their
\median" choice among all stable partners results in a stable matching, which can be viewed as a

\fair" compromise;second,su�cien t conditions are identi�ed under which stable matchings exist
in a problem with externalities, in particular, in the stable matching problem with couples.

1 In tro duction

The stable marriage problem and its variants have beenstudied extensively over the last few decades.

Beginning with the pioneeringwork of Gale and Shapley[17], this problem hascaptured the attention

of researchers and practitioners in several disciplines such ascomputer science,economics,mathemat-

ics, and operations research. The multidisciplinary nature of these problems has led to a thorough

understanding of many aspectssuch asthe designof e�cien t algorithms to �nd a stable matching, the

structure of all solutions to a given stable matching instance, etc. In fact, by now there are several

well-developed approaches to the stable matching problems: the combinatorial/algorithmic approach

as summarized in the books of Knuth [25] and Gus�eld & Irving [18]; the linear programming ap-

proach initiated by Vande Vate [40], and further developed by Rothblum [37], Roth, Rothblum &

Vande Vate [35], Teo & Sethuraman [39], Ba•�ou & Balinski [6] and Fleiner [16]; the �xed-p oint ap-

proach of Subramanian [38] and Feder [12, 13]; an alternative �xed-p oint approach of Adachi [1]; yet
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another �xed-p oint approach due to Fleiner [14]; and a graph-theoretic approach due to Balinski &

Ratier [7, 8] and Ba•�ou & Balinski [5].

In addition to its elegant theory, a particularly appealing feature of the stable matching model is

its applicabilit y. In fact, starting with the work of Roth [29], applications to the National Resident

Matching Program (NRMP) and related labor markets have given rise to interesting questions,result-

ing in a better understanding of the theory. Moreover, insights from this theory have beenuseful in

the redesignof the stable matching algorithm usedby the NRMP [32]. An introduction to the theory

of stable matchings with particular emphasison applications to labor markets is elegantly summarized

in Roth & Sotomayor [33]; recent work in this direction include Roth & Peranson[31, 32], Cantala [11],

and Klaus & Klijn [22].

This closeinteraction betweenapplications and theory continuesto this day, and is an inspiration

for the questionswe study, described next.

Problem description, Motiv ation, and Results. It has long beenrecognizedthat the (natural)

stable matching mechanismssuggestedby the \prop osal" algorithm of Gale & Shapleyare biased,i.e.,

they compute the best stable matching for one side of the market, which incidentally is also the worst

stable matching for the other side of the market. From its inception until 1997, the NRMP used the

hospital-optimal matching mechanism asthe basisof its allocation. However, increasingpressurefrom

student bodies and others1 led to the redesignof the matching mechanism in 1998[31, 32].

The inequitable treatment of the participants on di�eren t sides of the market persists in most

known matching mechanisms. This has motivated the need for the design of fair stable matching

mechanisms, which do not overtly favor one side of the market over the other. Considerablee�orts

have beendevoted to �nding \fair" stable matchings, including the egalitarian solution (minimize the

sum of the ranks of the participants) and the minimum-r egret solution (maximize the welfare of the

participant worst-o� in the matching) [18]. Nevertheless,theseapproachesare not satisfactory as they

focus on socially optimal solutions, and ignore the issueof fairnessat the individual level.

Motiv ated by \pro cedural" fairnessconsiderations,Klaus and Klijn [22] analyzethree probabilistic

stable matching mechanisms: employmentby lotto, proposedby Aldershof et al. [3]; the random order

mechanism, proposed by Roth and Vande Vate [36] and Ma [26]; and the equitable random order

mechanism, proposedby Romero-Medina [28]. Their analysis shows that the three mechanisms may

give completely di�eren t outcomes.They alsonote that the associated probabilit y distribution for each

of thesemechanismsneednot beuniform on the setof stablematchings; in fact, not all stablematchings

can arise from these random matching mechanisms. Klaus and Klijn [22] construct an example and

showed that a stable matching that constitutes a perfect compromise between contrary preferences

on both sides of the market may never result from random matching mechanisms. Curiously, the

1This took its clearest form in an exchange in the June 1995 issueof Academic Medicine, followed by position papers

put out by the American Medical Students Association and others. Much of that discussionwas oriented around results

concerning \t wo-sided matching markets," of which the NRMP is a special case.
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perfect compromise solution identi�ed there is the median solution (where the agents are assigned

to their median stable partners), whose existence had in fact been established earlier in Teo and

Sethuraman [39] for the one-to-one stable matching problem. The existence of such a solution is

not obvious: consider the assignment obtained by pairing each agent with his or her median stable

partner; that such an assignment should be a matching is itself surprising, so it is quite amazing

that the resulting solution is not only a matching, but is also stable! In this paper, we establish the

existenceof such a mediansolution conceptfor the many-to-one model, thus proposinga new approach

to addressthe asymmetry often observed in the stable matching problem. This result as well as the

earlier result in [39] can be viewed as a generalizationof an observation �rst made by Conway [18] on

the lattice structure of stable matchings2

Several generalizationsand extensionsof the stable matching problem have been studied in the

past becauseof potential applications to NRMP and other labor markets. Of particular interest is

the one in which certain pairs of students (\couples") would like to be assignedto universities that

are geographically closetogether. We identify natural conditions on the preferencesunder which the

couplesproblem can be handled e�ectiv ely. Note that in this case,a stable matching solution may not

even exist. Furthermore, Klaus et al. [24] show that in the presenceof couples, the current NRMP

algorithm may fail to convergeto a stable matching!

The commonthemeunderlying our results is a re�ned understandingof the structure of \fractional"

stable matchings. Ba•�ou and Balinski [6] characterize the convex hull of all stable admissionssolutions

using linear inequalities in the natural assignment variables. We use the Ba•�ou-Balinski formulation

to show that the fractional stable admissionsolutions can be decomposedinto convex combination of

(integral) stable admission solutions in a simple way. As a by-product, our approach gives a simple

visual proof of the integrality of the Ba•�ou-Balinski formulation.

The main results in this paper are derived using a \bin-packing" theorem, obtained by packing

the fractional solutions in suitable chosen order. Interestingly, this may be viewed as a continuous

analogueof the bin-packing theorem usedby Fleiner [14] to describe the polytope of the more general

many-to-many stable matchings. However, the approach used by Fleiner depends on a clever �xed

point argument, but the underlying inequalities are obtained through an iterativ e algorithm. The

description of the polytope is thus implicit . The Ba•�ou-Balinski formulation is explicit and is thus a

2Since the �rst version of this manuscript, Fleiner [15] and Klaus & Klijn [23] (independently of each other) have

provided (similar) proofs of the existence of the median stable matching, using the lattice structure. We deduce the

existenceof a median solution by working with fractional solutions, whereasthey work directly with the set of (in tegral)

many-to-one stable matchings. Their proof can be viewed as a \discrete" analog of ours. An anonymous refereeobserved

the following simple proof of existence: construct the natural expanded one-to-oneinstance obtained by making qu copies

of university u, each copy of u having the same preferencesas u itself; To break ties, we allow the students to rank the

copies in an arbitrary but �xed manner. The stable matchings for the expanded one-to-one instance can be shown to be

shown to be in one-one correspondence with the stable matchings for the many-to-one problem. This allows us to use

the results derived in [39], on top of Theorem 7, to derive a simple proof for the existenceof the median stable matching

solution.
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more convenient and natural approach for our goal.

Organization of the pap er. We introducethe stableadmissionspolytope in section2. In section3,

we provide a geometric structure to the fractional stable admissionssolutions. Section 4 usesthis

structure to design a fair stable matching mechanism to the many-to-one stable admission problem.

We alsodescribe how the stable matching problem with couplescan be addressedusing this approach.

We end with a brief summary.

2 The stable admissions mo del

An instance of the stable admissionsproblem consists of two sets of agents, the set U = f u1; u2;

: : :, ujU jg of \univ ersities" and the set A = f a1; a2; : : : ; ajA jg of \students." Each agent has a strict,

transitiv e, preferenceordering of the acceptableagents on the other sideof the market, i.e., thoseagents

on the other side of the market that it prefers to remaining unmatched. We assumewithout loss of

generality that (i) u �nds a acceptableif and only if a �nds u acceptable,and in this case,we say that

(u; a) is an acceptablepair; and (ii) university u �nds at least qu students acceptable,and each student

�nds at least one university acceptable. Let � � U � A denote the set of acceptablepairs. Finally,

associated with university u is a positive integer qu representing its quota, the interpretation being

university u is allowed to admit up to qu students. Note that we consider the somewhat restrictiv e

model of responsive preferencesin which the universities have preferencesover individual students,

not over groupsof students. We refer the reader to Roth & Sotomayor [33, Chapter 6] for interesting

discussionson this issue3.

A matching � for a stable admissionsproblem is a subsetof � such that each university u appears

in at most qu pairs and each student a appears at most once in � . For convenience, we let � (a)

represent the university that student a is assignedto, and � (u) represent the set of students assigned

to university u. We let � (a) = f ag if student a is unmatched in � .

A matching � is stableif there is no incentiv e for any pair (u; a) to deviate from � . That is, there

is no pair (u; a) 2 � such that student (i) student a prefers university u to � (a) and (ii) university

u prefers to add student a to its set of students, possibly at the expenseof another (less-preferred)

student. (If a is unmatched in � , then (i) is trivially satis�ed.)

By the classicalresult of Gale and Shapley [17], every instance of the stable admissionsproblem

admits a stable matching. The stable admissionsproblem with qu = 1 for all u 2 U is called the stable

marriage problem.

3 It is conceivable that the results in this paper remain valid for more general and realistic classesof preferencesover

groups of students (cf. Ab dulkadiro�glu [4]). The proof techniques needed for the extension, however, will be entirely

di�eren t, as our argument relies on a characterization of the convex hull of the set of stable solutions.
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2.1 De�nitions and Notation

The symbols> u and > a will indicate the preferenceorderingsof university u and student a respectively;

in particular, a > u b i� university u prefersstudent a to student b, and a � u b i� a > u b or a = b. The

shaft, S(u; a), is de�ned for every (u; a) 2 � as

S(u; a) = f (u; b) 2 � : b � u ag:

The tooth, T(u; a), is de�ned for every (u; a) 2 � as

T(u; a) = f (v; a) 2 � : v � a ug:

For any set of qu students f a;a1; : : : ; aqu � 1g with ai > u a for all i , the comb C(u; a;a1; : : : ; aqu � 1) is

the union of the shaft S(u; a), the tooth T(u; a), and the teeth T(u; ai ), i = 1; :::; qu � 1. Such a comb

is said to be basedat (u; a). Let Cu be the collection of all combs basedat (u; a), for somea 2 A,

and let C = [ u2 UCu : To any stable admissionssolution � , we can associate a j� j-vector x � (or x, if

the stable matching � is clear from the context) by letting x � (u; a) = 1, if (u; a) 2 � , and x � (u; a) = 0

otherwise. For any �̂ � �, we let x(�̂ ) =
P

(u;a)2 �̂ x(u; a). A pair (u; a) 2 � blocks � if (i) u prefers

a to at least one of its assignedstudents in � , or if u is assignedfewer than qu students; and (ii) a

prefersu to its assigneduniversity in � , or if a is unmatched. We can expressthis condition using the

notions of shaft and tooth de�ned earlier:

(u; a) blocks � i� x � (S(u; a)) � qu � 1 and x � (T(u; a)) = 0: (1)

The convex hull of the incidence vectors of all stable admissionssolutions is the stable admissions

polytope (of that instance), discussednext.

2.2 The stable admissions polytop e

Let C(u; a;a1; : : : ; aqu � 1) be a comb in Cu . Every stable admissionssolution x must satisfy the comb

inequality

x(C(u; a;a1; : : : ; aqu � 1)) � x(S(u; a)) + x(T(u; a) nf (u; a)g) +
qu � 1X

i =1

x(T(u; ai ) nf (u; ai )g) � qu; (2)

�rst described by Ba•�ou and Balinski [6]. Otherwise, x(S(u; a)) < qu, and x(T(u; a0)) = 0 for some

a0 2 f a;a1; a2; : : : ; aqu � 1g. As a0 � u a, x(S(u; a0)) � x(S(u; a)) � qu � 1; By (1), the pair (u; a0) is

a blocking pair in x. It is a simple matter to verify that for any unstable matching � , one can �nd

a violated comb inequality: let (u; a) be a blocking pair, and â be the student who is ranked quth

in u's preferencelist. If u prefers â to a, any comb basedon (u; a) that includes the teeth T(u; a0)
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for all (u; a0) 2 �; a0 > u a is violated; otherwise, the (only) comb basedon (u; â) is violated. These

considerationsshow that the integer programming problem (see[6])

X

u:(u;a)2 �

xu;a � 1; 8a 2 A; (3)

X

a::(u;a)2 �

xu;a � qu; 8u 2 U; (4)

x(C) =
X

(u;a)2 C

xu;a � qu ; 8C 2 Cu ; u 2 U: (5)

xu;a 2 f 0; 1g; 8(u; a) 2 � (6)

is an exact formulation of the stable admissionsproblem. Let PF SA denote the set of all solutions to

the associated (fractional) linear programming relaxation in which the constraints x u;a 2 f 0; 1g are

replaced by xu;a � 0. Let PSA be the convex hull of all stable matchings to the stable admissions

problem. Clearly, PSA � PF SA . The main result of Ba•�ou and Balinski [6] is that, in fact, PSA = PF SA .

In the next sectionwe study the structure of fractional solutions of the stable admissionspolytope;

we exploit this structure in the following sectionsto derive a host of interesting results, including a

simple proof that PSA = PF SA .

3 Geometry of fractional stable admissions

3.1 Decomp osition

To motivate our main result, it is useful to think of each university u asowning qu \bins," each of size

(= height) 1; each bin represents a seat and is indexed by the pair (i; u). Each x ua > 0 will be treated

as an \item" to be packed into one of the bins owned by university u. Bins are �lled in the usual way

(bottom-to-top); all items are packed in decreasingpreferenceorder of the university, following the

proceduredescribed next.

In phase0, each university u packts its (at most) qu best items, (at most) one in each of its bins.

(If u is fractionally matched with fewer than qu students, then someof its bins will remain un�lled.)

Bins that are completely empty at the end of this phaseare excluded from the rest of the packing

process.Phaset (for t = 1; 2; : : :) of the procedureconsistsof (a) identifying the set, L t , of bins with

the maximum available space;and (b) assigningone item to each of the bins in L t . The assignment of

the items to the bins within a phaseproceedsin a sequenceof steps, indexed by l = 1; 2; : : : ; jL t j. By

our assumption, if bin (i; u) 2 L t is consideredin step l, university u's best remaining item is packed

into it. We have not speci�ed the order in which the bins are examinedwithin each phase. As it turns

out, the order doesnot matter.

At the end of any stepof the packing procedure,let M i;u be the set of students assignedto bin i of

university u; and let ai;u be university u's least preferred student in M i;u . In terms of our bin-packing
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analogy, ai;u is the student occupying the top-most position in bin (i; u). Our main result is the

following.

Theorem 1 Consider any x 2 PF SA . Let M i;u be the set of students assigned to bin i of university

u at the end of any step of the packing procedure. Let ai;u be university u's least preferred student in

M i;u . Then,

(a) For all (i; u) with M i;u 6= ; ,

x(M i;u n ai;u ) + x(T(u; ai;u )) = x(M i;u ) + x(T(u; ai;u ) n ai;u ) = 1;

(b) If item (v; a) is packed but (u; a) is not, then a prefers u to v.

(c) At the endof any phase,the ai;u are all distinct. In particular, for each a 2 A with
P

v2 U xva > 0,

there is some(i; u) such that a � ai;u .

Theorem1(a) plays a similar role to the stabilit y constraints in the one-to-onestablemarriageproblem.

Interestingly, the packing procedure decomposesthe qu positions for university u implicitly into qu

copies,each of quota 1, and identi�es the set of students used to �ll the i th position in university u.

This essentially reducesthe stable admission problem to a one-to-onestable-marriage like problem.

Note that the universitiespack the students into the bins in decreasing preferenceorder, but Theorem

1(b) states that the packing processassignsuniversities to students in increasing preferenceorder.

Theorem 1(c) states that at the end of each phase, the items at the top of each bin forms a valid

assignment.

Before proving the theorem, it will be useful to consideran illustrativ e example.

3.2 Example

Consider the following example, adapted from Section 1.6.5 of Gus�eld and Irving [18]. There are 5

universities and 11 students, with the preferencelists and the quotas given in Tables1 and 2. There

are a total of 7 stable matchings for this particular problem instance, and theseare listed in Table 3.

Let xM i be the (integral) stable matching corresponding to M i in the stable admission polytope,

and let x = (
P 7

i=1 xM i )=7 be a fractional solution in the stable matching polytope. We illustrate the

packing procedurefor this solution x.

Phase 0. Initially all the bins are empty, soL 1 consistsof all the bins; each of thesebins will have an

item in it at the end of the �rst phase. Recall that items are packed by the universities in decreasing

preferenceorder.

Consider university u1, which owns four bins. Its four best students in x are a9, a11, a5, and a4,

with the corresponding \v alues" being 3=7, 1=7, 1, and 2=7 respectively. Thus, the four bins owned
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a1 u3 u1 u5 u4

a2 u1 u3 u4 u2 u5

a3 u4 u5 u3 u1 u2

a4 u3 u4 u1 u5

a5 u1 u4 u2

a6 u4 u3 u2 u1 u5

a7 u2 u5 u1 u3

a8 u1 u3 u2 u5 u4

a9 u4 u1 u5

a10 u3 u1 u5 u2 u4

a11 u5 u4 u1 u3 u2

Table 1: Preferencelists for the students

capacity

(4) u1 a3 a7 a9 a11 a5 a4 a10 a8 a6 a1 a2

(1) u2 a5 a7 a10 a6 a8 a2 a3 a11

(3) u3 a11 a6 a8 a3 a2 a4 a7 a1 a10

(2) u4 a10 a1 a2 a11 a4 a9 a5 a3 a6 a8

(1) u5 a2 a4 a10 a7 a6 a1 a8 a3 a11 a9

Table 2: Quotas and preferencelists for the universities

Matching a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11

M 1 u3 u1 u4 u3 u1 u3 u2 u1 u4 u1 u5

M 2 u1 u3 u4 u3 u1 u3 u2 u1 u4 u1 u5

M 3 u3 u1 u5 u3 u1 u3 u2 u1 u4 u1 u4

M 4 u1 u3 u5 u3 u1 u3 u2 u1 u4 u1 u4

M 5 u5 u3 u3 u4 u1 u3 u2 u1 u1 u1 u4

M 6 u5 u4 u3 u1 u1 u3 u2 u3 u1 u1 u4

M 7 u4 u4 u3 u1 u1 u3 u2 u3 u1 u5 u1

Table 3: List of all Stable Matchings
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Figure 1: Bins at the end of Phase0

by u1 contain these four items as shown in Figure 1. For convenience,we may also assumethat each

student also owns a bin in which items are packed: whenever item (u; a) is packed into bin (i; u), we

may also assumethat item (u; a) is packed into the bin owned by student a. Thus, students a9, a11,

a5, and a4 each pack an item into their bins. In terms of this picture, it is easyto interpret the three

statements of Theorem 1: part (b) simply says that this packing, when viewed from the point of view

of the students, proceedsin increasing preferenceorder; given this, part (a) says that the occupied

spacein any bin with student a on top plus the available spacein student a's bin is exactly 1; and

part (c) says that at the end of any phase,the students on top of the bins owned by the universities

are all distinct. All of theseproperties are easily veri�ed from Figure 1, which shows the state of the

bins at the end of phase0.

Phase 1. The set L 2 will consist of all the bins that have the maximum available space; from

Figure 1, it is clear that L 2 consists of bin 2 of u1, bin 1 of u4 and the bin owned by u5. During

phase1, each of these three bins will have an item assignedto it. In fact, the top students in these

bins will rearrange themselves, so that part (c) continues to hold. University u1 will pack its most

preferred remaining items, which happensto be student a10 (value 6=7); similarly, universities u4 and

u5 will pack respectively items involving students a11 (value 4=7) and a1 (value 2=7) respectively. The

state of the bins at the end of phase1 is shown in Figure 2; it is easyto verify that parts (a)-(c) of

Theorem 1 continue to hold.

End of packing pro cess. By repeating the above packing procedure, the �nal state of the bins

(after Phase4) is shown in Figure 3.
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3.3 Pro of of Theorem 1

Let x 2 PF SA . We say that a particular university-student pair (u; a) is matched (under x) if x ua > 0;

we say that they are fractionally matched, if 0 < xua < 1.

It will be useful to understand the conditions under which a particular university-student pair is

fractionally matched.

Lemma 2 Suppose (k; l ) is fractionally matched under x, i.e. x kl 2 (0; 1). Then,

X

j 2 A

xkj = qk ; and
X

i 2 U

x il = 1:

Pro of. The necessaryingredients to prove this already appear in Ba•�ou and Balinski [6]. Let B u(x)

be u's qu most preferred students among the students it is matched to under x; if u is matched with

fewer than qu students, we let Bu(x) be the set of all students that u is matched to. Let A u(x) be the

set of all students for whom u is the most preferred university they are matched to under x.

Two simple facts will be useful in the proof:

x(T(u; a)) = 1; 8a 2 Bu(x); (7)

and

x(T(u; a)) = xua ; 8a 2 Au(x): (8)

The latter is immediate by de�nition. To seethe former, consider the comb C involving u and the

set of students Bu(x), supplemented, if necessary, with additional students not matched to u to get

qu \teeth." Let a1; a2; : : : ; aqu be thesequ students. By de�nition,

x(C) =
quX

i =1

x(T(u; ai )) : (9)

The LHS of Eq. (9) is at least qu by the comb inequality; whereasthe RHS of Eq. (9) is at most qu

by aggregatingthe appropriate student assignment constraints. Therefore,

x(T(u; ai )) = 1: (10)

In particular, x(T(u; a)) = 1 for each a 2 B u(x).

We prove next that jAu(x)j = jBu(x)j for all u 2 U: Clearly Bu(x) \ Bv(x) = ; for u 6= v, otherwise

there will be somea 2 Bu(x) \ Bv(x) with x(T(u; a)) = 1 and x(T(v; a)) = 1. Hence

X

u2 U

jAu(x)j �
X

u2 U

jBu(x)j:

Therefore, to prove jAu(x)j = jBu(x)j, it is enoughto show that jAu(x)j � jBu(x)j for all u 2 U.
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If jBu(x)j < qu , then Bu(x) contains all the students who are matched to u. It is thus clear that

jAu(x)j � jBu(x)j. Let jBu(x)j = qu, and supposejAu(x)j > jBu(x)j. Consider the comb C with the

teeth chosenfrom u's qu best students from Au(x). By Eq. (8), all the positive x components of comb

C involve university u; moreover, since somemember of A u(x) is excluded from comb C, x(C) < qu

by the university assignment constraint, which violates the comb-inequality for comb C. Therefore

jAu(x)j � jBu(x)j.

Based on the preceding discussion,jAu(x)j = jBu(x)j for each u 2 U. The Lemma now follows

from the following reasoning:

(a) If jBu(x)j < qu, then jAu(x)j = jBu(x)j and Eqs. (7) and (8) imply xua = 1 for all a 2 Bu(x).

So any u with jBu(x)j < qu cannot have any fractionally matched students under x.

(b) Any fractionally-matched student a belongsto someA u(x). Sincethe Au(x) are all disjoint and

the Bv(x) are all disjoint, and since
P

u jAu(x)j =
P

v jBv(x)j, a must also appear in B v(x) for

somev 2 V . By Eq. (7), x(T(v; a)) = 1; in particular,
P

i 2 U x ia = 1.

(c) If xua 2 (0; 1), then jBu(x)j = jAu(x)j = qu . The comb-inequality constraint on the comb

C(u; Au(x)) and the university assignment constraint for u show that u must meet its quota

exactly.

Lemma 2 ensuresthat any university u with un�lled bins is only integrally matched to its students;

In our packing procedure,such universitiesand the students they are matched to pack their items only

at phase0, after which they play no role in the packing process.The residual instance now consists

of all the universities that �ll their quota, and the students they are matched with.

In the rest of this section, we can thus assumethat every agent is \completely" matched: that is,
P

u2 U xua = 1 for each a 2 A, and
P

a2 A xua = qu for each u 2 U.

Pro of of Main Theorem : Our proof proceedsby induction on t. First, consider the caset = 0.

Sincewe start with a set of empty bins, all of the bins will be in L 0; at the end of the phase,it is clear

that university u will have (fractionally) packed its qu most preferred items, one in each of its bins.

Let Bu(x) be university u's qu most preferred students it is matched to under x.

Part (a) of the theorem now follows from observing that M i;u = ai;u . Part (b) is true because

x(T(u; ai;u )) = 1, and xu;a i;u > 0 for all (i; u), and preferencesare strict. Moreover, if ai;u = aj;v = a,

then either x(T(u; a)) < 1 or x(T(v; a)) < 1, depending on whether v > a u or u > a v; so, the ai;u

are all distinct at the end of phase0, establishing the �rst statement of part (c). Sincethe number of

students is the sameas the total number of bins, the secondstatement of part (c) follows.

Supposethe theorem is true up to the end of phaset. We now establish the theorem for phase

t + 1. Let � be the maximum spaceavailable in any bin during phaset + 1. Consider any item (u; a)
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that has not yet beenpacked. From part (c), a � aj;v for somebin (j; v); from parts (a) and (b), we

have

x(T(u; a)) � x(T(v; a)) � xv;a = 1 � x(M j;v ) � �; (11)

where the last inequality follows becauseeach bin has at most � available space.Moreover,

x(T(u; a)) = � implies (j; v) 2 L t+1 : (12)

Suppose(i; u) 2 L t+1 is chosenin any step of phaset + 1, and item xua is to be packed into bin

(i; u) next. Consider the comb

Cu;a � C(u; a;a1;u ; a2;u ; : : : ; ai � 1;u ; ai +1 ;u ; : : : ; aqu ;u);

which contains

� the teeth T(u; a), T(u; aj;u ) for j = 1; 2; : : : ; i � 1; i + 1; : : : qu ; and

� the shaft S(u; a) = f (u; a)g [ M 1;u [ M 2;u [ : : : [ M qu ;u .

By the comb inequality, we have

qu � x(Cu;a ) =
X

j :j 6= i

x(T(u; aj;u )) + x(T(u; a)) + x(M i;u ) +
X

j :j 6= i

x(M j;u n f aj;u g):

By induction, for j 6= i ,

x(T(u; aj;u )) + x(M j;u n f aj;u g) = 1;

which reducesthe comb inequality to

x(T(u; a)) + x(M i;u ) � 1: (13)

Since(i; u) 2 L t+1 and hasnot beenpacked earlier, x(M i;u ) = 1� � ; from Eq. (11), x(T(u; a)) � � .

So the (reduced) comb inequality (13) must be satis�ed as an equality. We next pack (u; a) in bin

(i; u), and update M i;u and ai;u , and observe that the reducedcomb equality can be written as

x(T(u; ai;u )) + x(M i;u n ai;u ) = 1;

establishing part (a). Part (b) follows sinceif item (u; a) is not packed but item (v; a) is packed, then

from Eq. (11),

x(T(u; a)) � � � x(T(v; a)) :

Hencea prefersu to v.

Observe that x(T(u; a)) = � for every item (u; a) packed in phaset + 1, and theseare the least

preferred items in their respective bins; this implies the least preferred items in the newly packed bins

are all distinct. From (12), if a bin (i; u) was not selectedin phaset + 1, its least preferred student

could not have beenpart of any item packed in phaset + 1. So the f ai;u g remain distinct at the end

of phaset + 1.
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3.4 Consequences

We begin this sectionby noting that the \rural hospitals" theorem is an easyconsequenceof Lemma 2.

Theorem 3 The set of universities that �l l their position is the same in all stable matchings, as is

the set of studentsassigned to someuniversity; moreover, any university that does not �l l its quota is

assigned the sameset of students in every stablematching.

Pro of. Let x be the average of all the stable matchings to the given stable admissionsproblem.

Clearly, x 2 PF SA . Let u be a university that doesnot �ll its quota in somestable matching. Then,
P

a2 A xua < qu . By case(c) in the proof of Lemma 2, jB u(x)j < qu , for otherwise, u must meet its

quota exactly. Applying Lemma 2, part (a) to x, we seethat xua = 1 for all a 2 Bu(x), so u must be

matched to the sameset of students in all stable matchings. Case(b) of Lemma 2 shows that the set

of students assignedto a university is the samein all stable matchings.

Let x 2 PF SA . Becauseour goal is to highlight the structure of fractional solutions in PF SA , we

ignore universities that do not �ll their quotas. As the proof of Lemma 2 and Theorem 3 show, such

universities are assignedto the sameset of students in every x 2 PF SA , and so can be safely ignored.

For any � 2 [0; 1), let

I �
u (x) = f a : 1 � x(T(u; a)) � � < 1 � x(T(u; a)) + xuag (14)

and I � (x) = [ u2 U I �
u (x). By part (a) of Theorem 1, I �

u (x) consistsof thosestudents whoseassignment

to their \bin" in university u changesthe occupiedspacein that bin from at most � to somequantit y

strictly greater than � 4 . Sinceeach university �lls all its bins, the following corollary of Theorem 1

is immediate.

Corollary 1 For any x 2 PF SA and any � 2 [0; 1), jI �
u (x)j = qu .

Remark. Ba•�ou and Balinski [6] observed that I 0
u(x) = I 1�

u (x) = qu for any stable admissionssolution

x; Corollary 1 generalizestheseobservations.

Roth, Rothblum and Vande Vate [35] proved the following result for the stable marriage polytope

using a primal-dual argument.

Lemma 4 Let qu = 1 for all u 2 U. For any x 2 PF SA , xu;a > 0 implies

xu;a + x(S(u; a) n (u; a)) + x(T(u; a) n (u; a)) = 1:

This result was crucial in proving that PF SA is exactly the convex hull of all stable marriage

solutions [35, 39]. The following result generalizesLemma 4 to the stable admissionssetting; its proof

is implicit in the proof of Theorem 1 and is therefore omitted.
4Geometrically, if we layout the items using our bin packing approach, to obtain a �gure resembling Figure 3, then

I � (x) consists of those items in the layout which intersect with a horizontal line at y = � .
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Lemma 5 For any x 2 PF SA , and any � 2 [0; 1), let C�;u denote the comb obtained by using the qu

students in I �
u (x) as the basesfor the teeth in the comb. Then, x(C�;u ) = qu .

We next show how the main result of Ba•�ou and Balinski [6] follows as an immediate consequence

of Theorem 1.

Theorem 6 The inequalities (3)-(6) determine the stableadmissionspolytope PSA .

Pro of. Given any x 2 PF SA , generatea number � 2 (0; 1] uniformly at random; for each university

u, assignthe qu students in I �
u (x) to university u to get an assignment � � . By part (c) of Theorem 1,

no student is assignedto two di�eren t universities under � � , so that � � is a matching. Let v = � � (b).

We show next that � � is stable.
Consider any student b whom u strictly prefers to at least one of its assignedstudents (say a)

under � � . It is possiblethat x(u; b) = 0. Consider the set S� = f c : x(u; c) > 0; c < u bg, and let b0 be

the most preferred student in S� , according to u. Sincea 2 S� , we have a � u b0.
The item (u; b0) would have been packed not later than item (u; a) by the packing procedure;

moreover, at the beginning of the phase,say t, in which (u; b0) was packed, the space available in the

bin occupied by student b0 at university u, say 1 � � , must not be smaller than 1 � � , otherwise u

cannot prefer b0 to a.
If item (u; b0) is packed in phaset > 0, then by Theorem 1, we can always pick a comb C basedat

(u; b0) which is tight: x(C) = qu. C can be obtained by choosing the least preferred student in each

bin, at the moment when item (u; b0) is packed. We can form a new comb C0 by shifting the basefrom

(u; b0) to (u; b). Note that x(S(u; b)) = x(S(u; b0)) � x(u; b0). Using the comb inequality x(C0) � qu ,

and the fact that x(C) = qu , we have

x(T(u; b)) � x(T(u; b0)) = 1 � � � 1 � �:

Hencev � b u.
If item (u; b0) is packed in phaset = 0, then b0 2 Bu(x), i.e., (u; b0) is one of the qu most preferred

items according to u. Note that the comb C formed by the students in B u(x) is tight: x(C) = qu . We

can replacethe most preferredstudent in B u(x) by b, to obtain a new comb C0, with x(C0) � qu . Since

x(C0) is simply the sum of the length of the qu teeth, we have x(T(u; b)) � 1. Henceagain v � b u.
The matching � � obtained is thus stable. By construction, the expected value of � � (u; a) is xu;a .

Henceany x 2 PF SA can be written as E(� � ), i.e., convex combination of stable matching solutions.

Integrality of the polytope is now immediate [39].

4 Applications

In the rest of this section,we usethe geometryof fractional solutions of the stable admissionsproblem

to addresstwo natural applications: the designof a fair stableassignment mechanism, and the problem

of assigningcouplesto \univ ersities."
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4.1 Fairness

It has long been recognized in the economicsliterature that there are subtle di�erences between

\pro cedurally-fair" and \outcome-fair" solution concepts(cf. Bolton et al. [9]). A procedurally-fair

mechanism is useful in instanceswhen the fairnessof the processis viewed asmore important than the

fairnessof the outcome. People feel a�rmed if the adopted procedurestreat them with respect and

dignity, making it easierto accept outcomes,even the onesthey do not like. However, in a matching

market like the NRMP, it is not clear whether a procedurally-fair mechanism will be acceptableto all

participants.

On the other hand, studies in which subjects divide resourcesbetweenthemselvesand others have

shown that most peoplepreferred equality to either advantageousor disadvantageousinequality, see,

for instance,Camererand Thaler [10]. An important debatein this literature concernswhich outcome-

fair solution conceptis most appropriate for a particular situation, or whether any fair solution concept

exists at all. The existenceof a median stable matching in the one-to-onecase,suggeststhat outcome-

fair resolution of the stable marriage problem may be possible. We will not attempt to formally

justify the median stable marriage solution as an outcome-fair solution, but we note that in many

experimental tests of bargaining solution concepts in the ultimatum game, Guth et al. [19]) show

that \equal splitting" is the dominant behavior observed amongst the participants. Interestingly, the

median solution proposed in this section sharesmany characteristics with the equal-split option in

the bargaining problem|with a proper geometric layout of all the stable marriage solutions along a

line, the median solution is obtained by splitting at the middle, with universities (men) and students

(women) at opposite ends. A formal description now follows.

Supposethere are exactly N stable matchings in an instance of the stable admissionsproblem,

and let x1; : : : ; xN be the stable solutions. For convenience,we assumeN is odd. Is there a way to

choosea solution which treats all the participants in a fair manner? The starting point for the results

described in this subsectionis the following result due to Roth and Sotomayor [34] (seealso Gus�eld

and Irving [18, Theorem 1.6.4, pp. 46] or Roth and Sotomayor [33, Theorem 5.27, pp. 161]). We

include a simple proof here basedon Theorem 1.

Theorem 7 Given 2 stablematchings � and � 0, supposeuniversity u is assigned non-identical setsof

students in � and � 0. If u prefers its least preferred student in � n � 0 to its least preferred student in

� 0n � , then, u prefers all the students in � to any student in � 0n � .

Pro of. Let x � and x � 0 denotethe (integral) stable admissionsolutions corresponding to the matchings

� and � 0 respectively. Let x = (x � + x � 0)=2, and consider the packing procedure on the fractional

solution x. Note that if student a is assignedto u in � \ � 0, then xua = 1. Hence(u; a) must be among

the qu most preferred items packed at the initial phase,otherwise condition (a) of Theorem 1 will be

violated.
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Let s and s0beuniversity u's leastpreferredstudents in � n� 0and � 0n� respectively. By assumption,

u prefers s to s0. Supposeu prefers a student in � 0n � to somestudent in � . Then, s cannot be one

of u's qu most preferred students. From condition (c) of Theorem 1, the student s must be among the

qu0 most preferred students of someuniversity u0 in the matching � 0. Sincex(T(u0; s)) = 1, s prefers

u to u0. Now, sinceu preferss to s0, (u; s) forms a blocking pair for the stable assignment � 0. This is

a contradiction.

The key conclusion emerging from Theorem 7 is that any university either prefers all of its � -

partners to any of its � 0-partners who are not also � -partners, or prefers all of its � 0-partners to any

of its � -partners who are not also � 0-partners. In the former case,we say that university u prefers �

to � 0, and in the latter, that it prefers � 0 to � . In particular, the worst student for university u in

its di�er ent stable assignments should all be di�eren t. Thus, each university can rank order all of its

stable assignments in decreasingorder of its worst student.

Consider the set of student assignments university u receivesunder all stable solutions x 1; : : : ; xN .

By Theorem 7, u can rearrange these solutions such that its worst student in each of the solutions

appearsin decreasingpreferenceorder, that is x i appearsbeforex j if u prefers its worst student in x i

to its worst student in x j . This inducesa natural linear order on the set of solutions assignedto each

university. We can thus de�ne the median choice of each university: it is simply the median solution

in the linear ordering of all stable solutions by the university5. Similarly, each student could rank

order x1; x2; : : : ; xN in decreasingpreferenceorder basedon the university she is assignedto. In this

case,her median choice will be the median university in this linear ordering. A natural question then

is: if each university and student is given their median choice, do we get a stable matching? In fact, it

is not even obvious that assigningthe median choice to each agent gives a valid assignment: there is

no reasonwhy the samestudent should not be the median choice of two di�eren t universities, or why

two students should not have the sameuniversity as their median choice. Remarkably, the median

choicesof each agent results in a stablematching!

In the rest of this section, we assumethat the given instance satis�es the conditions that all

universities �lled their quota, and all students are matched to a university. This is without loss of

generality: universitiesthat do not �ll their quotashaveonly onesetof students in all stablematchings,

so such universities and the students they are matched to are not particularly interesting in studying

fairnessissuesin stable matchings. Let

x f (u; a) =

P N
j =1 x j (u; a)

N
;

where x1; : : : ; xN are the set of all stable matchings to the given instance of the stable admissions

problem.

5 If N is even, the median choice is not unique, but consists of two candidate solutions. Fortunately , the argument in

this section can be easily modi�ed to handle this case.
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Theorem 8 Let M f
i;u be the set of studentsassigned to bin i of university u by the packing procedure

applied to the fractional stablematching x f . Then, each stablematching contains exactly one student

from each M f
i;u .

Pro of. The result is obviously true for all universities that do not �ll their quota: such universities

are matched to the sameset of students in all stable matchings, and hencein x f as well. Let u be a

university that admits qu students in some(and henceall) stable matching. Clearly,
P

a:a2 A x f (u; a) =

qu . Let � 1 > u � 2 > u : : : > u � K be the distinct sets of students that are assignedto university u in

somestable matching. Note that j� i j = qu for all i .

We examinehow the packing procedurepacks u's bins starting with the fractional solution x f . As

before, the proof is by induction on the number of phases,the only change being we focus only on

those phasesthat pack at least one of u's bins. (Our numbering of the phasesalso re
ects this: phase

i is the i th time university u's bins are packed by the packing procedure.) By Theorem 7, all the items

associated with � 1 are packed in phase1, and each such item occupiesa distinct bin. So the result is

true at the end of phase1. Which items are packed during phase2? Clearly, u's most preferred items

that have not yet beenpacked are those in � 2 n� 1, and thesewill be packed in phase2. It is alsoclear

that the bins into which theseitems are packed each contain one item of � 1 n � 2: the remaining bins

must contain items that are in both � 1 and � 2, so their values in x f will be strictly larger than the

valuesof the items in � 1 n � 2. Thus, at the end of phase2, the items of � 2 n � 1 will each occupy a bin

that now contain the items in � 1 n � 2; note that the stable assignments � 1 and � 2 contain exactly one

item from each bin.

In phase3, the items in S = � 3 n (� 1 [ � 2) will be packed. We claim that, in fact, S = � 3 n � 2.

For otherwise, there must be a student a such that a 2 � 1, a 2 � 3, but a 62� 2. Sinceu prefers � 1 to

� 2, u must prefer a to any student in a0 2 � 2 n � 1; and sinceu prefers � 2 to � 3, u must prefer a0 to

any student in � 3 n � 2. In particular, u must prefer a0 to a, which is a contradiction. The bins with

maximum available spaceare clearly thosecontaining the items in T = � 2 n� 3. BecauseS and T have

the samecardinality, and becauseeach element of T already appears in a distinct bin, each item in

S is assigned,by the packing procedure, to a bin containing an item of T. Now, each of � 1, � 2 and

� 3 contains exactly one item from each bin. (This is becauseonly the items in S are newly assigned,

none of which can be present in � 1 [ � 2.)

We are now ready to do an inductiv e proof: at phasei , let S = � i n � i � 1, T = � i � 1 n � i ; clearly,

S = � i n f � 1 [ � 2 [ : : : [ � i � 1g:

Also, S and T are non-empty, have the samecardinality; all items in T are in distinct bins, so the

items in S are assignedto distinct bins by the packing procedure,each containing a distinct item in T.

Moreover, we have now ensuredthat the stable assignments � 1; � 2; : : : � i all contain exactly one item

from each bin; this is becauseonly the items in S are newly assigned,noneof which can be present in

any of the assignments � 1; � 2; : : : ; � i � 1.
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Remarks: Theorem 8 has also been derived independently by Fleiner [16] using somewhat similar

methods. In the proof of Theorem 1, we showed how all the fractional partners of any university u

in a solution x 2 PF SA can be partitioned into qu sets. Theorem 8 shows something stronger: that

one can in fact construct a single partition of the students that works for all (fractional) solutions.

Moreover, we can construct an associated stable marriage instance whosestable solutions will be in

a one-to-onecorrespondencewith the set of all stable admissionssolutions of the original instance.

The advantage of such a construction is clear: all of the results on the stable admissionsproblem can

thus be reducedto that of the stable marriage problem by appealing to this transformation. Indeed,

given this decomposition, it is a simple matter to �nd a compact linear formulation to expressthe

convex hull of all stable matchings. The disadvantage is that constructing such a decomposition entails

knowing the entire set of stable assignments for each university u.

The geometric structure of x f is extremely useful, as we can now immediately read o� many

possiblestable admissionsolutions from the layout.

� Univ ersit y-optimal solution: Match u to the qu students in I 0+ (u). The solution obtained

is university-optimal (best qu possiblestudents are assigned)but each student is assignedher

worst possiblestable university. In the example in Figure 3, this corresponds to choosing all

items touching the bottom of every bins in the �gure.

� Studen t-optimal solution: Match u to the qu students in I 1(u). The students are assignedto

their best possiblestable university (i.e., student-optimal), and the universities are assignedto

their worst possibleset of students under any stable solution. In the example in Figure 3, this

corresponds to choosing all items touching the top of every bin in the �gure.

� Median solution: If N is odd, we can de�ne the median stable admissionsolution as follows:

Match u to the qu students in I 0:5(u). The students are thus matched to their median stable

university (counting multiplicit y). By the packing procedure of section 3.1 and Theorem 8,

it is easy to seethat the assignment corresponding to I 0:5(u) is exactly the assignment where

each university is matched with its median set of students. If N is even, using the packing

decomposition it is straightforward to get a similar result for markets with an even number of

players: just set � = 0:5+ � or � = 0:5� � , and each agent will be assignedto oneof two median

sets of partners. In the example in Figure 3, this corresponds to choosing all items crossedby

the line � = 0:5, i.e., occupying the halfway mark of every bin. The matching obtained: u1  

f 1; 5; 8; 10g, u2  f 7g; u3  f 2; 4; 6g; u4  f 9; 11g; u5  f 3g. This corresponds to the solution

M 4, which is stable. M 4 is thus the median stable solution.

This discussioncan be summarizedinto the following result:

Theorem 9 There exists a stable solution to the many-to-one stable matching problem with the fol-

lowing properties:
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� Assign each student to the median university, among all universities assigned to in the stable

solutions;

� Assign each university its median set of students, among all stable admission solutions, and

where the set of studentsassigned are ranked ordered based on the ranking of the worst assigned

student in each solution.

Pro of: Let � 1 > u � 2 > u : : : > u � K be the distinct sets of students that are assignedto university u

in somestable matching. Note that WLOG, we may assumethat j� i j = qu for all i . Let ki be the

number of times � i appears in all the stable solution. Hence
P K

i=1 ki = N . SupposeN is odd. The

median solution is � k � where

k� = argmin
�

j :
jX

i =1

ki �
N + 1

2
;

j � 1X

i =1

ki �
N � 1

2

�
:

As in the proof to Theorem 7, we examinethe packing procedureby focusingon the phaseswherebins

associated with u are being packed. We have proven in Theorem 7 that in phasei , items in � i n � i � 1

are being packed into the bins. In the beginning of phasek � , the maximum available spacein the bins

are greater than 0.5, but the addition of the items in � k � n � k � � 1 decreasesthe maximum available

spaceon all bins to lessthan 0.5. Hencethe set of students assignedto u, under I 0:5(u), are exactly

the students corresponding to the items in � k � n � k � � 1, and � k � \ � k � � 1. Hence the qu students in

I 0:5(u) are exactly the students in � k � .

The existenceof a matching mechanism that assignsall participants their median choice is indeed

surprising. One of the limitations of this mechanism though is that all the stable matching solutions

must be enumerated beforea median solution can be constructed. This can theoretically be obtained

by enumerating all the corner points of the polytope given by the LP characterization of the stable

admissionpolytope or by combinatorial methods. Finding an e�cien t method to compute the median

solution remains a challenging open problem.

4.2 Admissions with couples

Finally, we consider the stable admissionsproblem with couples. This is an extension of the stable

admissionproblem to incorporate externalities, where the preferencesof the students may depend on

the matching produced. In particular, where the stable admissionproblem includes pairs of couples,

whosepreferences(ranking of the universities) depends also on where their spousesare assignedto

under the matching.

Consider for instancethe examplediscussedin 3.2. Supposefurther that a4 and a10 are a \couple."

Although both prefer university u3 to the rest of the hospitals, their preferencesmay change if one

of them is not assignedto u3. In particular, if university u3 is very far from u1, whereasu4 and u5

are nearby, then a4 and a10, who prefer to stay together, may rank the assignment f (u5; a4); (u4; a10)g
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above the assignment f (u3; a4); (u1; a10)g, although individually they preferredthe assigneduniversities

in the latter assignment.

To handle the externalities introduced by the preferencesof the couples,one common approach is

to allow the couplesto submit joint rankings of the pairs of universities they would like to be assigned

to (cf. [33] and the referencestherein). We can de�ne an analogousnotion of stabilit y in this problem.

Unfortunately, many of the appealing results for the stable marriage problem do not carry over to the

casewhere couplesexpresspreferencesover pairs of positions. For example [2]:

(i) There are instancesof the couplesproblem that do not have a stable matching;

(ii) Even if an instance of the couplesproblem has a stable matching, it may not have a university

optimal or student optimal stable matching;

(iii) In an instance of the couplesproblem in which the preferencelists are not complete, there may

be stable matchings which leave di�eren t numbers of positions un�lled.

Klaus and Klijn [21] shows recently that stable solutions exist for the couple problem whenever

the coupleshave \w eakly responsive" preferences6. However, the de�nition of \w eakly responsive"

preferencesessentially ensuresthat the couple preferencescan be captured using suitably de�ned

individual preferences,thus reducing the problem to the classicalstable admissionsproblem without

couples. This guarantees the existenceof stable matching. Unfortunately, these assumptionson the

preferencepro�les, which guarantee existenceof a stable solution, may violate the most important

consideration|that coupleswish to be assignedto universities in closegeographicalproximit y. Klaus

and Klijn [21] further show that any slight deviation from the weakly responsivenessassumptioneasily

results in instanceswhere the stable admission problem will have no feasiblesolution. Interestingly,

their example basically allow a couple to reversetheir ranking, taking into account the geographical

considerations. This suggeststhat any preferencepro�les submitted by couplesthat take into account

the geographicalconsiderationsare likely to lead to instanceswhere stable matching doesnot exist.

Cantala [11] also considersa classof realistic preferencesin which (i) the \univ ersities" are par-

titioned into regions; (ii) each couple �rst decideson a ranking of the regions (on which each couple

agrees),and then ranks the universitieswithin each region; their individual rankings of the universities

within a given region may be di�eren t; and (iii) their preferencesare otherwise independent, and each

of them only caresabout the university they are assignedto. Even under such severe restrictions on

the classof preferences,Cantala [11] shows that a stable matching may not exist.

The literature so far seemsto indicate that the stable admissionsproblem with couplesmay not

have feasiblesolutions if realistic preferencesof the couples(based on geographicalproximit y of the

joint assignment) are to be modeled. In the rest of this section, we proposea di�eren t approach to

handle this problem: Instead of allowing the couplesto submit joint ranking of the universities, we

6cf. B. Klaus and F. Klijn (2005): Corrigendum: Stable Matchings and Preferencesof Couples, for a minor correction
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acceptonly individual ranking of the universities,and treat the problem asa classicalstableadmissions

problem. We model the preferencesof the couplesindirectly as side-constraints. We look for stable

solutions in the collegeadmissionsproblem where the couples are matched to collegesin the same

geographicalregion.

We usea simple exampleto motivate our approach. Consider the examplediscussedin Section3.2,

where the individual preferencesfor the universities are as shown in Table 1. Supposefurther that

(a4; a10), (a2; a8) are couples. They would like to be assignedto universities in closeproximit y, so that

they can stay together. For the couple(a4; a10), as far aspossible,they would like both to be assigned

to universities in the cluster f u3g, or to the cluster f u1; u2; u4; u5g. Similarly, the couple(a2; a8) would

like both to be assignedto universities in the cluster f u1; u3g, or to the cluster f u2; u4; u5g.

To incorporate theseadditional considerations,we needto answer the question: \Is there a stable

matching which meetstheseadditional requirements? If so, how do we construct the solution?"

The stable matching M 1 fails to addressthe concernsof the couples,since a4 is assignedto u3,

but a10 is assignedto u1. The matching M 7 satis�es the additional requirement of couple (a4; a10)

(both are matched to universities in the samecluster f u1; u2; u4; u5g), but fails to addressthe needs

of couple (a2; a8). There is only one matching in this problem that meets the additional requirement

from both couples: M 5.

In the rest of this section, we show that under a natural, restricted classof preferences,one can

determinee�cien tly whether or not a stablematching existsby simply solving a related linear program.

In particular, as long as the concernsof the couplescan be modeled by geographicalconcernssimilar

to (a)-(c) de�ned below, our model can be usedto determine whether a feasiblesolution exists, and if

so, construct a feasiblesolution.

Speci�cally , weassumethat each couplepartitions the universitiesinto several groupsbasedon their

geographicallocations. For example, the couple may chooseto group together all of the universities

located in the samecity. Note that the grouping of the universitiescanbedi�eren t for di�eren t couples.

In our previous example, for instance, the couple (a4; a10) has chosento group the universities into

clusters f u3g; f u1; u2; u4; u5g, whereasthe couple (a2; a8) has chosen to group the universities into

clusters f u1; u3g and f u2; u4; u5g. Each husbandand wife submit separaterankings of the universities

subject to the following restriction:

(a) The ranking is �rst done by ranking the group and then ranking the universities in the group;

(b) If a personprefers group 1 to group 2, then all universities deemedacceptable7 in group 1 will

be ranked above any university deemedacceptablein group 2; and

(c) Each couplemust rank the groups in the sameway, but are allowed to submit di�eren t rankings

of the universities within a group.

7Certain universities in the group may not be acceptable to the student
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For each couplec, let K c = K c;1 [ K c;2 [ : : :[ K c;D denotethe groupingsof the (acceptable)universities,

sorted according to the ranking of the cities. i.e., (acceptable) universities in group K c;i are generally

preferred by the couple c to universities in group K c;j , if i < j . The essential geographicpreferences

of the couplesare captured by allowing the husband and wife to be assignedto di�eren t universities

as long as theseuniversitiesare within the samegroup (i.e., in the sameregion). This will be modeled

as a side constraint in our model.

For easeof exposition, weassumethat each couplehaspartitioned the universitiesinto D groupings.

Furthermore, we will assumethat the students acceptall universities(i.e. completeranking) they have

been assignedto. This condition can be easily relaxed by adding additional constraints of the type

xu;a = 0 if student a doesnot accept university u.

We wish to �nd a stable matching in which each couple is assignedto universitieswithin the same

group. We show that a variation of the linear inequality description for the stable admissionpolytope

remains valid for this version of the stable matching problem with couples; in particular, a stable

solution, if it exists, can be found using linear programming.

We claim that the following inequalities give the polytope of stable admissionwith couples(PSAC ):

X

u:(u;a)2 �

xu;a � 1; 8a 2 A; (15)

X

a:(u;a)2 �

xu;a � qu ; 8u 2 U; (16)

x(C) =
X

(u;a)2 C

xu;a � qu ; 8C 2 Cu ; u 2 U: (17)

xu;a � 0 8 a; (u; a) 2 � ; (18)
8
<

:

P
j 2 K c;l

xp;j +
P

j =2K c;l
xq;j � 1

P
j 2 K c;l

xq;j +
P

j =2 K c;l
xp;j � 1;

for all couples(p;q) and group K c;l : (19)

Here the inequalities (15, 16, 17, 18, 19) are called the student, university, comb, non-negativity,

and the couple constraints respectively. The �rst four classesof constraints are basically the valid

constraints in the classicalmany-to-one stable admissionspolytope. As long as both students in the

couplepair are matched to someuniversities, then the coupleconstraints ensurethat they are matched

to universities in the samegeographicallocations.

The fractional solution of (PSAC ) still satis�es the decomposition property of section 3.1, since

it is a subset of the stable admission polytope. Note that if a student is unmatched in the stable

admission problem (without the added side constraints), then he/she remains unmatched in all the

stable matchings. This property ensuresthat either
P

u xu;a = 0 or
P

u xu;a = 1 in (PSAC ).

Consider the randomized rounding method described in Theorem 6: Generatea number � 2 (0; 1]

uniformly at random; for each university u, assignthe qu students in I �
u (x) to university u to get an

assignment � � . Note that by our rounding method will automatically produce a stable matching for

the original problem. We need to ensure further that it satis�es the additional couple constraints.
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This is clear whenever
P

u xu;p = 0 or
P

u xu;q = 0 for couple (p;q). On the other hand, if
P

u xu;p = 1

and
P

u xu;q = 1, then the couple constraints reduceto

X

j 2 K c;l

xp;j �
X

j 2 K c;l

xq;j

and
X

j 2 K c;l

xq;j �
X

j 2 K c;l

xp;j :

i.e.,
X

j 2 K c;l

xp;j =
X

j 2 K c;l

xq;j for all K c;l :

Sincethe individual preferencesof p and q are obtained by an identical ranking of the groupings �rst,

the above property ensuresthat in our randomized rounding method, whenever p is assignedto a

university in K c;l , q will also be assignedto one in K c;l too.

We thus have the following result.

Theorem 10 The convex hull of the stable admission solutions to the couples problem satisfying

conditions (a), (b) and (c) is given by (PSAC ).

When (PSAC ) = ; (when the LP is infeasible), the LP method will return an inconsistent set of

inequalities automatically, producing a certi�cate to the fact that there does not exist any stable

solution assigningall couplesto the samegeographicalregions.

The above model for the couples problem inherit all the nice properties for the classical stable

admissionproblem, whenever a feasiblesolution can be found. In particular, the lattice properties of

the feasiblestable admission solutions are preserved under this model. Using the sameargument in

our derivation of the median solution concept, and the fact that (PSAC ) � (PSA ), we also have the

next result:

Theorem 11 If (PSAC ) 6= ; , then a median solution exists for the stable admission problem with

couples.

5 Concluding Remarks

In this paper, we study the stable admissions problem using a simple geometric property of the

fractional solutions in the stable admissionspolytope. We exhibit a simple decomposition property,

which allows usto expressfractional solutions in the stableadmissionspolytopeasconvex combinations

of integral solutions. The resultsprovide newinsight into the stableadmissionsproblem, and generalize

many structural properties of the classicalstable marriage problem.
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The stable admissionsproblem can be viewed as a special caseof the stable marriage problem

with indi�erence. However, since the problem of determining whether a given pair is stable is NP-

complete for a given instance of stable marriage with ties [27], this appears to be substantially more

di�cult. It is interesting to �nd out whether the geometricstructure of the fractional solutions carries

over to this situation. Another special caseof the stable matching problem with indi�erence is the

many-to-many stable matching problem with strict preferences.We believe that the properties of the

fractional solutions has an analogousinterpretation in this general setting. However, describing the

stablematching polytopeexplicitly in this caserequiresa non-trivial extensionto the comb inequalities.

Another interesting open issueis to considermore generalpreferencesfor the universities for which the

existenceof a stable matching is assured;the classof substitutablepreferences is a natural candidate.

We leave theseissuesfor further research.
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