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Abstract

Since the first discoveries in early 1990s of the presence of heavy-tailed statistical char-
acteristics of traffic streams in modern computer networks, there has been a large amount
of research on documenting the empirical evidence of these phenomena in information net-
works, including the Ethernet traffic, VBR/MPEG video, file/Web document sizes, Web
access patterns, Web graph, physical Internet topology, etc. These wide spread observa-
tions of heavy tails, in particular power laws, in the context of communication networks
are not surprising since, starting from the early studies of Pareto in 1897 and later of Zipf
in 1949, heavy tails have been repeatedly observed for over a hundred years in a variety of
biological, technological and socioeconomic areas.

Similarly to the fact that the wide appearance of Gaussian/Normal distributions can
be attributed to the generality of the central limit theorem, in this research, we investi-
gate new universal laws that under general conditions could result in heavy tails. First,
we propose the modulated branching processes to study the power laws that arise in the
proportional growth systems. Under general polynomial Gärtner-Ellis conditions, we show
that these classes of models result almost invariably in power laws. Informally, the inter-
pretation of our main results suggests that alternating periods of growth and reduction,
e.g., economic expansions and recessions, are primarily responsible for the appearance of
power law distributions.

Second, we study the effects of retransmissions, which are at the core of all layers
in modern communication network architectures. Maybe unexpectedly, we analytically
show that, under quite general conditions, retransmission-based protocols over channels
with failures may result in heavy-tailed delays and possibly zero throughput even if the
distribution of packets (data units) is very concentrated, e.g., exponential or Gaussian.
This phenomenon occurs irrespective of whether the cause of retransmissions is due to
channel failures in the data link layer, collisions in ALOHA-type/CSMA protocols in the
MAC layer, or the end-to-end acknowledgements in the transport layer. These theoretical
findings are in agreement with empirical measurements which show that the utilization of
the 802.11 protocol is only 40%, basically due to retransmissions. This work provides a new
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explanation of the widely observed heavy-tailed delays in communication networks since
channel failures and retransmissions are inherent part of modern network architectures.

Understanding the general mechanisms that cause heavy tails could provide guidance
for creating novel networking algorithms that either avoid causing or utilize beneficially the
heavy-tailed characteristics. Because of the extremely varying and possibly non-stationary
nature of the heavy-tailed network environment, our design focuses on developing highly
dynamic, adaptive (self-organizing), low-complexity and scalable algorithms. To this pur-
pose, by using the insights developed from the analysis, we propose a new dynamic packet
fragmentation algorithm that can reduce the effects of heavy tails. Based on the previously
recorded periods of time when the channel was continuously good/available, our fragmenta-
tion algorithm divides the original packets into smaller fragments. For this algorithm, both
our analysis and the simulation shows that the delay distribution has additional/higher
moments relative to the scheme without fragmentation, which in particular ensures a posi-
tive throughput. In addition, the adaptivity of our algorithm is essential for the extremely
dynamic/time varying wireless environment.

Similarly, the heavy-tailed properties can be beneficially exploited to improve algorithm
designs. Along this direction, we design a new scheduling algorithm that is especially
suitable for the heavy-tailed environment. This algorithm, termed comparison scheduling,
can be shown in a certain sense to be close to the optimal. It is based on relative comparison
of a newly arriving job to the sizes of the previous few arrivals. Thus, the adaptive and
scalable nature of this comparison mechanism enables the scheduling algorithm to work
well even when the traffic characteristics are nonstationary, highly variable and strongly
correlated.

From a mathematical perspective, we develop and combine various techniques from
probability theory that include exponential and subexponential sample path large devia-
tions, branching processes and queueing theory during the course of our analysis. The new
techniques developed in this thesis are likely to be useful in related areas of parallel comput-
ing, (average case) analysis of algorithms, probability and statistics, financial engineering
and insurance risk theory. Since heavy-tailed phenomena are important for a broad range
of disciplines, including socioeconomic (wealth distribution, stock prices, insurance, city
population), complex biological networks (gene regulatory and protein-protein networks)
and information technology, the new insights of this thesis might have a direct impact on
these areas.

1 Introduction

Since the first discoveries in early 1990s [46] of the presence of heavy-tailed statistical char-
acteristics of traffic streams in modern computer networks, there has been a large amount of
research on documenting the empirical evidence of these phenomena, including Ethernet traffic
[46], VBR video [22], long-tailed nature of file sizes [16], scene length distribution of MPEG
video streams [27], etc. A rather comprehensive overview of the early work on the related phe-
nomena in information networks can be found in [55]. More recently heavy-tailed distributions
(power laws) have been found in the World Wide Web (Web) access patterns [17, 10], the Web
graph [45], the physical Internet topology [18], etc.
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These wide spread observations of heavy-tailed distributions, in particular power laws, in
the context of communication networks are not surprising when put in perspective that these
types of phenomena are found in a wide range of other domains, ranging from socioeconomic
to biological and technological areas. Specifically, these types of distributions describe the city
populations, species-area relationships, sizes of living organisms, value of companies, distribu-
tions of wealth, etc. Empirical observations of heavy tailed distributions and, in particular,
power laws have a long history of over 100 years, starting from the discovery by Pareto [54] in
1897 that a plot of the logarithm of the number of incomes above a level against the logarithm
of that level yields points close to a straight line, which is essentially equivalent to saying that
the income distribution follows a power law. Hence, power law distributions are often called
Pareto distributions. In a different context, early work by Arrhenius [4] in 1921 conjectured a
power law relationship between the number of species and the census area, which was followed
by Preston’s prediction in [58] that the slope on the log/log species-area plot has a canonical
value equal to 0.262; for additional information and measurements on species-area relationships
see [15, 57, 41]. Interestingly, there also exists a power law relationship between the rank of
the cities and the population of the corresponding cities. This was proposed by Auerbach [7]
in 1913 and later studied by Zipf [73] in 1949, after whom power law is also known as Zipf’s
law. Similar observations have been made for firm sizes [2], and the gene family and protein
statistics [28, 64].

Hence, these repeated empirical observations of heavy tails/power laws, over a period of
more than a hundred years, strongly suggest that there exist general mathematical laws that
govern these phenomena. Similarly to the fact that the wide appearance of Gaussian/Normal
distributions can be attributed to the generality of the central limit theorem, in this paper,
we investigate new universal laws, i.e., modulated branching processes and retransmissions
over channel with failures, presented in Sections 2 and 3, respectively, that under very general
conditions invariably result in heavy tails. Using the insight we obtained from the analysis, we
discuss a new power law phenomena on finite population ALOHA with variable size packets
in Section 4.

Now, going back to early 1990s, the empirical discoveries of heavy-tailed phenomena in
communication networks were followed by the development of new models that were suitable for
these new environments. Very early, it became clear that the traditional exponential/Poisson
type models may not be suitable for these type of phenomena [56]. The primary reason is
that network traffic characteristics exhibit an increased level of “burstiness” that spans over
multiple time and space scales, which is often referred to as self-similarity. Typical approaches
to capture this self-similar nature of network traffic include long range dependent Gaussian
processes (e.g., see [22, 49]), multiple time scale (nearly decomposable) Markov models (e.g.,
see [31]) and heavy-tailed/subexponential fluid on-off/semi-Markov/(M/GI/∞) models (e.g.,
see [44]); for a rather complete list of references before 2000 see [55].

These models have motivated a line of analytical research that attempted to understand
the performance of existing networking and queueing models, scheduling algorithms, etc, in the
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presence of heavy-tailed traffic. However, creating new network architectures, protocols and
algorithms that are specifically designed for operating in the heavy-tailed environment remains
an area that is not fully exploited. In the second part of this paper, using the understanding
of the general mechanisms that can cause heavy tails, we propose novel networking algorithms
that either avoid causing or utilize beneficially the heavy-tailed characteristics. Because of the
extremely varying and possibly non-stationary nature of the heavy-tailed network environment,
our design focuses on developing highly dynamic, adaptive (self-organizing), low-complexity
and scalable algorithms. To this purpose, we propose a new dynamic packet fragmentation
algorithm in Section 5 that can reduce the effects of heavy tails. The adaptivity of this
algorithm is essential for the extremely time varying wireless environment. In addition, to
beneficially exploit the heavy-tailed properties, we design a new scheduling algorithm that is
especially suitable for the heavy-tailed environment in Section 6. This scheduling mechanism
works well even when the traffic characteristics are nonstationary, highly variable and strongly
correlated.

2 Modulated branching processes and origins of power laws in

proportional growth systems

As mentioned in the introduction, the repeated empirical observations of power laws have a
long history over a period of more than a hundred years, which strongly suggest that there
exist general mathematical laws that govern these phenomena. In this regard, after carefully
examining the situations that result in power laws, we discover that most of them are char-
acterized by the following three features. First, in the vast majority of these observations,
e.g., city populations and sizes of living organisms, the objects of interest evolve due to the
replication of their many independent components, e.g., birth-deaths of individuals and repli-
cations of cells. Secondly, the rate of replication of the many components is often controlled
by exogenous parameters causing periods of baby booms and busts, economic growths and re-
cessions, etc. Thirdly, the sizes of these objects often have lower boundaries, e.g., cities do not
fall bellow a certain size, low income individuals are subsidized by the government, companies
are protected by bankruptcy laws, etc.

In order to capture the preceding features, it is natural to propose modulated branching
processes (MBP) with reflective or absorbing barriers as generic models for many of the obser-
vations of power laws. Indeed, one of our main results, presented in Theorem 2.2, shows that
MBPs with reflective barriers almost invariably produce power law distributions under quite
general polynomial Gärtner-Ellis conditions. The generality of our results could explain the
ubiquitous nature of power law distributions. Furthermore, an informal interpretation of our
main results, stated in Theorems 2.2 and 2.3 of Section 2.2, suggests that alternating periods of
expansions and contractions, e.g., economic booms and recessions, are primarily responsible for
the appearance of power law distributions. Actually, Theorem 2.3 shows that the distribution
of the reflected MBP is exponentially bounded if the process has a tendency to contract.
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Formal description of our reflected modulated branching process (RMBP) model is given
in Section 2.1. In the singular case when the number of individuals born in each state of the
modulating process is constant, our model reduces to a reflected multiplicative process. A rig-
orous connection (duality) between the reflected multiplicative processes (RMPs) and queueing
theory was established in Section 5 of Goldie (1991) [24]; this duality was repeatedly observed
and used later in, e.g., [69, 25]. In Subsection 2.1.1 we further emphasize this duality in the
context of stationary and ergodic processes. We would like to point out that this duality makes
a vast literature on queueing theory directly applicable to the analysis of RMPs. Informally,
these results show that the role which exponential distributions play in queueing theory, and
in additive reflected random walks in general, is represented by power low distributions in the
framework of RMPs/RMBPs. For example, the power law distribution satisfies the memoryless
property in the multiplicative world, playing an equivalent role to the memoryless exponential
distribution in the additive world. Indeed, if P[M > x] = x−α, α > 0, x > 1, then, for x, y > 1,
we obtain P[M > xy|M > x] = P[M > y].

Furthermore, we would like to point out that the reflective nature of the barrier is not
essential for producing power law distributions. Indeed, one only needs a positive lower barrier,
e.g., porous, absorbing or reflective one, which is a natural condition since no physical object
or socioeconomic one can approach zero arbitrarily close without repelling from it or simply
disappearing. In many areas, objects of interest may not have a strictly reflecting barrier, but
rather a porous one, e.g., cities may degenerate, bankruptcy protection may sometimes fail
and a company can be liquidated. We discuss these situations, as well as some other related
models including randomly stopped branching processes and truncated power laws in [40].

2.1 Reflected modulated branching processes

Let {Jn}n>−∞ be a stationary and ergodic modulating process that takes values in posi-
tive integers. Define a family of independent, non-negative, integer-valued random variables
{Bi

n(j)},−∞ < i, j, n < ∞, which are independent of the modulating process {Jn}. In addi-
tion, for fixed j, variables {B(j), Bi

n(j)} are identically distributed with µ(j) , E[B(j)] < ∞.

Definition 2.1 A Modulated Branching Process (MBP) {Zn}∞n=0 is recursively defined by

Zn+1 ,
Zn∑

i=1

Bi
n(Jn), (2.1)

where the initial value Z0 is a positive integer. For increased clarity, we may explicitly write
{Z l

n} when Z0 = l.

Definition 2.2 For any l ∈ N and an integer valued Λ0, a Reflected Modulated Branching
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Process (RMBP) {Λn}∞n=0 is recursively defined as

Λn+1 , max

(
Λn∑

i=1

Bi
n(Jn), l

)
. (2.2)

Remark 1 These types of modulated branching processes with a reflecting barrier appear to
be new and, thus, the traditional methods for the analysis of branching processes [6] do not
seem to directly apply.

Lemma 2.1 Assume E log µ(J0) < 0, then, for any a.s. finite initial condition Λ0, Λn con-
verges in distribution to

Λ d= max
n>0

Z−n.

2.1.1 Reflected multiplicative processes (RMP) and queueing duality

Note that in the special case Bi
n(Jn) ≡ Jn, reflected modulated branching processes reduce to

reflected multiplicative processes with Jn being integer valued. In this subsection we assume
that {Jn}n>0 is a positive, real valued process.

Definition 2.3 For l > 0 and M0 < ∞, define a Reflected Multiplicative Process (RMP) as

Mn+1 = max( Mn · Jn , l ), n > 0. (2.3)

Without loss of generality we can assume l = 1. Now, let Xn = log Jn and Qn = log Mn

with the standard conventions log 0 = −∞ and e−∞ = 0. Then, equation (2.3) is equivalent
to

Qn+1 = max(Qn + Xn, 0), (2.4)

which is the workload (waiting-time) recursion in a single server (FIFO) queue.

Lemma 2.2 If E log Jn < 0, then Mn converges in distribution to an a.s. finite random
variable M that satisfies

M
d= sup

n>0
Πn, (2.5)

where Π0 = 1,Πn =
∏−1

i=−n Ji, n > 1.

The following theorem is a direct corollary of Theorem 1 in [23]; see also Theorem 3.8 in
[14] and, for a more recent presentation, we refer the reader to [21].

Theorem 2.1 Let {Jn}n>1 be a stationary and ergodic sequence of positive random variables.
If there exists a function Ψ and positive constants α∗ and ε∗ such that

1) n−1 logE[(Πn)α] → Ψ(α) as n →∞ for | α− α∗ |< ε∗,

2) Ψ is finite and differentiable in a neighborhood of α∗ with Ψ(α∗) = 0, Ψ′(α∗) > 0, and
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3) E
[
(Πn)α∗+ε

]
< ∞, for n > 1 and some ε > 0,

then
lim

x→∞
logP[M > x]

log x
= −α∗. (2.6)

Remark 2 We refer to conditions 1)− 3) as the polynomial Gärtner-Ellis conditions.

2.2 Main results

This section presents our main results in Theorems 2.2 and 2.3. To avoid technical difficulties,
we assume µ , infj µ(j) > 0. With a small abuse of notation, as compared to the preceding
Subsection 2.1.1, we redefine here Πn =

∏−1
i=−n µ(Ji), n > 1, Π0 = l and M = supn>0 Πn.

Theorem 2.2 Assume that the process {Πn} satisfies the polynomial Gärtner-Ellis conditions
and supj E

[
eθ|B(j)−µ(j)|] < ∞ for some θ > 0, then,

lim
x→∞

logP[Λ > x]
log x

= lim
x→∞

logP[M > x]
log x

= −α∗. (2.7)

Remark 3 Note that conditions 1) and 2) of Theorem 2.1 imply that there exists j such that
µ(j) > 1, since otherwise we have supα Ψ(α) 6 0, which would contradict Ψ(α∗) = 0 and
Ψ′(α∗) > 0 in condition 2). The following theorem covers the opposite situation when the
previous condition is not satisfied, i.e., supj µ(j) < 1.

Theorem 2.3 If supj µ(j) < 1 and supj E
[
eθ|B(j)−µ(j)|] < ∞ for some θ > 0, then,

lim
x→∞

logP[Λ > x]
log x

= −∞. (2.8)

Remark 4 Informally speaking, these two theorems show that the alternating periods of
contractions and expansions, e.g., economic booms and recessions, are primarily responsible for
the appearance of power law distributions; in other words, if there are no periods of expansions,
i.e., the condition supj µ(j) < 1 of Theorem 2.3 is satisfied, then Λ has a tail that is lighter
than any power law distribution.

2.3 Discussion of Related Models

Based on the study of reflected modulated branching processes, we disucss randomly stopped
processes, modulated branching processes with absorbing barriers and truncated power laws
in [40].

3 Retransmissions and induced heavy-tailed distributions

Retransmissions represent one of the most fundamental approaches in communication networks
that guarantee data delivery in the presence of channel failures. These types of mechanisms
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have been employed on all networking layers, including, for example, Automatic Repeat re-
Quest (ARQ) protocol (e.g., see Section 2.4 of [11]) in the data link layer where a packet
is resent automatically in case of an error; contention based ALOHA type protocols in the
medium access control (MAC) layer that use random backoff and retransmission mechanism
to recover data from collisions; end-to-end acknowledgement for multi-hop transmissions in the
transport layer; HTTP downloading scheme in the application layer, etc.

We use the following generic channel with failures [39] to model the preceding situations.
The channel dynamics is described as an on-off process {(A,U), (Ai, Ui)}i>1 with alternating
periods when channel is available Ai and unavailable Ui, respectively; (A,Ai)i>1 and (U,Ui)i>1

are two independent sequences of i.i.d random variables. In each period of time that the channel
becomes available, say Ai, we attempt to transmit the data unit of random size L. If L ≤ Ai,
we say that the transmission is successful; otherwise, we wait for the next period Ai+1 when
the channel is available and attempt to retransmit the data from the beginning.

It was first recognized in [20, 67] that this model results in power law distributions when
the distributions of L and A have a matrix exponential representation. Under more general
conditions, we discover in [39] that the distributions of N and T follow power laws with
the same exponent α as long as logP[L > x] ≈ α logP[A > x], which implies that power
law distributions, possibly with infinite mean (0 < α < 1) and variance (0 < α < 2), may
arise even when transmitting superexponential (e.g., Gaussian) documents/packets. In this
paper, we further characterize this class of heavy-tailed distributions that are induced by
retransmissions.

More precisely, we extend the results from [5, 39] under a more unified framework and study
how the functional dependence between the data characteristics and channel dynamics in the
form (P[L > x])−1 ≈ Φ(P[A > x])−1) impacts the distribution of N , where the approximation
≈ will be possibly differently defined according to the context. In the functional space of
Φ(n), we identify several functional criticality points that define different classes of functional
behavior of the distribution of N . Specifically, in Subsection 3.1.1, we show that if Φ(n) is
dominantly varying then P[N > n] ≈ Φ(n)−1; see Proposition 3.3 and Theorem 3.2. The
preceding tail equivalence between P[N > n] and Φ(n)−1 basically does not hold if Φ(x) is not
dominantly varying. Furthermore, we show in a weaker form that if log(Φ(n)) is slowly varying,
then log

(
(P[N > n])−1

)
is essentially slowly varying as well. Interestingly, if log(Φ(n)) grows

slower than e
√

log n then we have the asymptotic equivalence log (P[N > n]) ≈ − log(Φ(n))
as shown in Theorem 3.3. However, if log(Φ(n)) grows faster than e

√
log n, this asymptotic

equivalence does not hold and exhibits a different functional form.
Next, for lighter distributions of Weibull type, in Subsection 3.1.1, we show that if log(Φ(n))

is regularly varying with index β > 0, then basically one obtains Weibull distribution for N ,
i.e., log (P[N > n]) ≈ − (log Φ(n))1/(β+1), as shown in Theorem 3.4, which we term moderately
heavy (Weibull tail) asymptotics. Finally, in Subsection 3.1.1, we consider the situation when
the separation between P[L > x] and P[A > x] is very large, i.e., their distributions are
roughly separated by more than two exponential scales (log log (Φ(n)) ≈ nγ). This separation
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results in what we call the nearly exponential distribution for N in the form log (P[N > n]) ≈
−n/(log n)1/γ .

After the preceding characterization of the different classes of distributional behavior for
N , we study in Subsection 3.2 the total transmission time T . We use the large deviation results
since T can be represented as the sum of L and {(Ai +Ui}16i<N . In this context, our primary
results show that: (i) when Φ(·) is regularly varying, we derive the exact asymptotics for T in
Theorem 3.6. (ii) when log(Φ(·)) is slowly varying, we obtain the logarithmic asymptotics for
T in Theorem 3.7. (iii) when log(Φ(·)) is regularly varying with positive index, we derive, in a
different scale than in Theorem 3.7, the logarithmic asymptotics in Theorem 3.8. Interestingly,
we want to point out that, unlike Theorems 3.6 and 3.7 requiring no conditions on A (Theorem
3.6 needs E[A] < ∞), the minimum conditions needed for Theorem 3.8, as shown by Proposition
3.5, basically involve a balance between the tail decays of P[A > x] and P[L > x].

From a practical perspective, our results suggest that careful examination and possible
redesign of retransmission based protocols in communication networks might be needed. This
is especially the case for Ad Hoc and resource limited sensor networks, where frequent channel
failures occur due to a variety of reasons, including signal fading, multipath effects, inter-
ference, contention with other nodes, obstructions, node mobility, and other changes in the
environment [62]. In engineering applications, our main discovery is the matching between
the statistical characteristics of the channel and transmitted data (packets). On the network
application layer, most of us have been inconvenienced when the connections would brake while
we are downloading a large file from the Internet. This issue has been already recognized in
practice where software for downloading files was developed that would save the intermediate
data (checkpoints) and resume the download from the point when the connection was broken.
However, our results emphasize that, in the presence of frequently failing connections, the long
delays may arise even when downloading relatively small documents. Hence, we argue that
one might need to modify the application layer software, especially for the wireless environ-
ment, by introducing checkpoints even for small to moderate size documents. In this paper, we
show that several well-known retransmission based protocols in different layers of networking
architecture can lead to power law delays, e.g., ALOHA type protocols in MAC layer [37] (see
Section 4) and end-to-end acknowledgements in transport layer [38]. These new findings sug-
gest that special care should be taken when designing robust networking protocols, especially
in the wireless environment where channel failures are frequent.

3.0.1 Description of the channel

Consider transmitting a generic data unit of random size L over a channel with failures. The
channel dynamics is modeled as an on-off process {(Ai, Ui)}i>1 with alternating independent
periods when channel is available Ai and unavailable Ui, respectively. In each period of time
that the channel becomes available, say Ai, we attempt to transmit the data unit and, if
L ≤ Ai, we say that the transmission was successful; otherwise, we wait for the next period
Ai+1 when the channel is available and attempt to retransmit the data from the beginning.
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Figure 1: Packets sent over a channel with failures.

Assume that {U,Ui}i>1 and {A,Ai}i>1 are two mutually independent sequences of i.i.d.
random variables.

Definition 3.1 The total number of (re)transmissions for a generic data unit of length L is
defined as

N , inf{n : An > L},

and, the total transmission time for the data unit is defined as T ,
∑N−1

i=1 (Ai + Ui) + L.
The complementary cumulative distribution functions for A and L are denoted by Ḡ(x) ,

P[A > x] and F̄ (x) , P[L > x].

We have identified in [39] that the transmission delay always has a power law tail if the
hazard functions of A and L are asymptotically proportional. This result is quoted in the
following theorem.

Theorem 3.1 If there exists α > 0, such that,

lim
x→∞

log F̄ (x)
log Ḡ(x)

= α, (3.1)

then, we have

lim
n→∞

logP[N > n]
log n

= −α.

The preceding result on power law distributions only covers a corner of the heavy-tailed distri-
butions that can be induced by retransmissions. Indeed, when L has an infinite support, both
N and T always decay slower than any exponential, as is shown below.

Proposition 3.1 If F̄ (x) > 0 for all x > 0, then both N and T are subexponential in the
following sense that, for any ε > 0,

eεnP[N > n] →∞ as n →∞ and eεtP[T > t] →∞ as t →∞.

3.1 Main results

This section presents our main results. Here, we assume that F̄ (x) is a continuous function
with support on [0,∞). If F̄ (x) is lattice valued, our results may still hold; see [39].
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3.1.1 Asymptotics of the distribution of the number of retransmissions N

This subsection studies three scenarios: very heavy asymptotics (when log(Φ(n)) is slowly
varying), medium heavy (Weibull) asymptotics (when log(Φ(n)) is regularly varying), and
nearly exponential (when log log(Φ(n)) is regularly varying), where within and between these
subclasses we also identify critical functional points that define different distributional behavior
of N .

Very heavy asymptotics

We term this subclass very heavy distributions since if log(Φ(·)) is slowly varying, then the
number of retransmissions N is always heavier than Weibull distribution, which is stated in
the following Proposition 3.2.

Proposition 3.2 If log(Φ(·)) is slowly varying and

lim
x→∞

log
(
F̄ (x)−1

)

log
(
Φ

(
Ḡ(x)−1

)) = 1, (3.2)

then, for any ε > 0, as n →∞,

lim
n→∞

log
(
P[N > n]−1

)

nε
= 0.

In the remainder of this subsection we study the detailed structure of this class of distributions
that have very heavy tails. The Weibull distribution will be studied in the next Subsection
3.1.1 on medium heavy asymptotics.

Proposition 3.3 For Φ(·) being dominantly regularly varying, i.e., it is non-decreasing in a
neighborhood of infinity and limx→∞Φ(ex)/Φ(x) < ∞, if

F̄−1(x) ∼ Φ(Ḡ−1(x)), (3.3)

then, there is finite c > 1 such that

c−1 6 lim
n→∞

P[N > n]Φ(n) 6 lim
n→∞P[N > n]Φ(n) 6 c.

Proposition 3.4 If (3.3) is satisfied and Φ(x) is eventually non-decreasing with

lim
x→∞

Φ(ex)
Φ(x)

= ∞,

then, limn→∞ P[N > n]Φ(n) = ∞.

When Φ(·) is regularly varying, which is a subset of the dominantly regularly varying
functions, we can compute the exact asymptotics of the distribution of N .
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Theorem 3.2 Assuming F̄−1(x) ∼ Φ
(
Ḡ−1(x)

)
where Φ(·) is regularly varying with index α,

we obtain:
i) If α > 0, then, as n →∞,

P[N > n] ∼
Γ(α + 1)

Φ (n)
.

ii) If α = 0 (meaning Φ(·) is slowly varying) and Φ(x) is eventually non-decreasing, then,
as n →∞,

P[N > n] ∼
1

Φ(n)
.

The condition of Φ(·) being dominantly varying is basically necessary in order for P[N >

n] ≈ Φ(n)−1 to hold. In the following theorem we extend the preceding logarithmic limit under
a more general condition on Φ(·).

Theorem 3.3 If an eventually non-decreasing function Φ(x) , el(x) satisfies (3.2) where l(x)
is slowly varying with

lim
x→∞

l
(

x
l(x)

)

l(x)
= 1, (3.4)

then,

lim
n→∞

log
(
P[N > n]−1

)

log Φ(n)
= 1. (3.5)

Medium heavy (Weibull) asymptotics

Now, we increase the separation such that Φ(x) = eRβ(x) with Rβ(x) being regularly varying
of index β > 0, and show that the distribution of N is of Weibull type.

Theorem 3.4 If an eventually non-decreasing function Φ(x) , eRβ(x) satisfies (3.2) where
Rβ(x) ≡ xβl(x), β > 0 is regularly varying with l(x) satisfying

lim
x→∞

l

((
x

l(x)

) 1
1+β

)

l(x)
= 1, (3.6)

then,

lim
n→∞

log
(
P[N > n]−1

)

(log Φ(n))
1

β+1

= β
1

β+1 + β
− β

β+1 . (3.7)

Nearly exponential asymptotics

Next, we investigate the situation when the separation Φ(x) is even larger than eRγ(x), which
leads to the nearly exponential asymptotics for P[N > n].
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Theorem 3.5 If log(F̄−1(x)) ∼ eRγ(Ḡ−1(x)), where Rγ(·) is regularly varying with index γ > 0,
then,

logP[N > n]−1 ∼ n

R←
γ (log n)

, (3.8)

where R←
γ (·) is the asymptotic inverse of Rγ(·) as defined in Theorem 1.5.12 on p. 28 of [12].

Remark 5 In principle, one could study the situations when Φ(·) grows faster than three
exponential scales, which would make the distributions of N even closer to the exponential
one. However, from a practical point of view, these cases will basically be indistinguishable
from the exponential distribution and, thus, we omit these derivations.

3.2 Asymptotics of the total transmission time T

In this subsection, we compute the asymptotics of the total transmission time T based on the
previous results on P[N > n]. Our proving technique involves the relationship between N

and T and the classical large deviation results. Theorem 3.6 and Theorem 3.7 characterize
the exact asymptotics and logarithmic asymptotics for the very heavy case, respectively, and
Theorem 3.8 derives the result for the moderate heavy (Weibull) case. Interestingly, we want
to point out that, unlike Theorems 3.6 and 3.7 requiring no conditions on A (Theorem 3.6
needs E[A] < ∞), the minimum conditions needed for Theorem 3.8, as shown by Proposition
3.5, basically involve a balance between the tail decays of P[A > x] and P[L > x].

Theorem 3.6 If E
[
U (α∨1)+θ

]
< ∞, E

[
A1+θ

]
< ∞ and E

[
Lα+θ

]
< ∞ for some θ > 0, then,

under the same conditions as in Theorem 3.2 i), we obtain, as t →∞,

P[T > t] ∼
Γ(α + 1)(E[U + A])α

Φ(t)
.

Theorem 3.7 Under the conditions of Theorem 3.3, if P[L > x] = O
(
Φ(x)−(δ+1)

)
and P[U >

x] = O
(
Φ(x)−(δ+1)

)
, δ > 0, then, we obtain

lim
t→∞

log
(
P[T > t]−1

)

log(Φ(t))
= 1.

Theorem 3.8 Under the conditions of Theorem 3.4, if P[U > x] = O
(
e−(log Φ(x))(1+δ)/(β+1)

)

for some δ > 0, E[A] < ∞, and P[L > x] = O
(
e−xξ

)
, P[A > x] = O

(
e−xζ

)
with ξ >

β/(β + 1), ζ > 0 satisfying (1− ζ)β < ξ, then, we obtain

lim
t→∞

log
(
P[T > t]−1

)

(log Φ(t))
1

β+1

=
β

1
β+1 + β

− β
β+1

(E[A + U ])
β

β+1

. (3.9)

Basically, the condition (1− ζ)β < ξ (or equivalently ξ/(ξ + 1− ζ) > β/(β + 1)) is needed
since the following proposition shows that P[T > t] could have a heavier tail than predicted by
(3.9) if (1− ζ)β > ξ.
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Proposition 3.5 If P[L > x] = e−xξ
and P[A > x] = e−xζ

with 0 < ξ, ζ < 1, then, as t →∞,

P[T > t] & e−2tξ/(ξ+1−ζ)
.

4 Stability of finite population ALOHA with variable packets

ALOHA represents one of the first and most basic distributed Medium Access Control (MAC)
protocols [1]. It is easy to implement since it does not require any user coordination or
complicated controls and, thus, represents a basis for many modern MAC protocols, e.g.,
Carrier Sense Multiple Access (CSMA). The desirable properties of ALOHA, including its low
complexity and distributed/asynchronous nature, make it a basis for many more sophisticated
MAC protocols, e.g., CSMA.

Traditionally, the performance evaluation of ALOHA has focused on mean value (through-
put) analysis, the examples of which can be found in every standard textbook on networking,
e.g., see [48] and the references therein. However, it appears that there are no explicit and
general studies (more than two users) of the distributional properties of ALOHA, e.g., delay
distributions. In this regard, we consider a standard finite population ALOHA model with
variable length packets [19] that have an asymptotically exponential tail. Surprisingly, we
discover a new phenomenon that the distribution of the number of retransmissions (collisions)
and time between two successful transmissions follow power law distributions, as stated in
Theorem 4.1 on starting behavior and Theorem 4.2 on steady state behavior. Based on this
observation, we derive new stability conditions for finite population ALOHA with variable
packets in Theorem 4.3. Informally, our theorem shows that when the exponential decay rate
of the packet distribution is smaller than the parameter of the exponential backoff distribution
and the arrival rate, even the finite population ALOHA may have zero throughput. This is
contrary to the common belief that the finite population ALOHA system always has a positive,
albeit possibly small, throughput.

4.1 Model description

Consider M ≥ 2 users sharing a common communication link (channel) of unit capacity. Each
user can hold at most one packet in its queue and, when the queue is empty, a new packet
is generated after an independent (from all other variables) exponential time with mean 1/λ.
Each packet has an independent length that is equal in distribution to a generic random
variable L. A user with a newly generated packet attempts its transmission immediately
and, if there are no other users transmitting during the same time, the packet is considered
successfully transmitted. Otherwise, if the transmissions of more than one packet overlap, we
say that there is a collision and the colliding packets need to be retransmitted; for a visual
representation of the system see Figure 2. After a collision, each participating user waits
(backoffs) for an independent exponential period of time with mean 1/ν and then attempts to
retransmit its packet. Each such user continues this procedure until its packet is successfully
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transmitted and then it generates a new packet after an independent exponential time of mean
1/λ.
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Figure 2: Finite population ALOHA model with variable size packets.

Let Nm be the number of (re)transmissions and Tm be the transmission time for the mth
successfully received packet, respectively.

4.2 Main results

First, we study the starting behavior of our ALOHA model when the system starts from an
empty state.

Theorem 4.1 Assume that, for µ > 0,

lim
x→∞

logP[L > x]
x

= −µ, (4.1)

and that at time t = 0 the system is empty, then, for any fixed m > M , the number of
transmissions Nm and the transmission time Tm satisfy

lim
n→∞

P[Nm > n]
log n

= lim
t→∞

P[Tm > t]
log t

= − Mµ

(M − 1)ν
.

When the system keeps running for a long period of time, we can show that the distributions
of Nm and Tm are different from the preceding results. Let lim denote both lim and lim.

Theorem 4.2 Assume that λ = ν > µ/(M − 1) and

lim
y→∞ sup

δy<x<y

1
y − x

log
(
P[L > x]
P[L > y]

)
6 µ (4.2)

for 0 < δ < 1. If λ = ν > µ/(M − 1), we obtain

lim
n→∞ lim

m→∞
P[Nm > n]

log n
= lim

t→∞ lim
m→∞

P[Tm > t]
log t

= − µ

(M − 1)ν
. (4.3)
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4.3 Stability

We derive the stability condition of finite population ALOHA with variable packets in Theo-
rem 4.3.

Theorem 4.3 Under condition (4.1), if µ > (M − 1)ν, the ALOHA system has a positive
throughput. Conversely, if λ > ν > 0 and µ < (M − 1)ν, then, the system has a zero
throughput.

5 Dynamic packet fragmentation for wireless channels with

failures

We show in Section 3 that retransmission based protocols can lead to power law delays and
possibly zero throughput. Conventionally, in order to improve the network performance, the
transmitting data unit is fragmented into shorter packets and sent out separately. The frag-
ments are either reassembled at the next node, that is called intra-network fragmentation; or
are reassembled at the destination, that is called inter-network fragmentation [68]. In general,
we prefer to send packets as large as possible, rather than to use many small ones because much
of the communication cost is counted per-packet instead of per-byte [42]. This desire for large
packets, however, is restricted by the channel characteristics since, for example, large packets
may cause many retransmissions and large delays that deteriorate the throughput performance
[39]. Essentially this tradeoff between the communication cost/overhead and the channel util-
ity/throughput involves an optimization problem over the constraints that are tightly related
to the channel dynamics; the related work in this framework can be found in [53, 47].

In this section, motivated by the results from Section 3 and the preceding discussion of the
time varying nature of the wireless environment, we study a dynamic packet fragmentation
mechanism using the same channel model as in Section 3, except that upon the arrival of a
packet of size L, we fragment it into several smaller packets of suitable sizes Lf and transmit
them instead.

The algorithm that dynamically determines Lf is parameterized by two integers (k, m) and
a constant c > 0; the algorithm keeps k + m records of the lengths of the previous availability
periods {Ai : −(k + m) 6 i 6 −1}. Upon the arrival of a data unit L, we set the maximum of
c and the kth largest record Ãk among {Ai : −(k + m) 6 i 6 −1} to be the maximum length
of the fragmented packet size Lm. If L 6 Lm, we do not fragment the data unit and send it
out directly. If L > Lm, we fragment the data unit into dL/Lme packets with the last one
possibly being shorter than Lm and all the other dL/Lme − 1 ones being of equal size Lm.

The number of (re)transmissions for a packet of length Lf is defined as Nf , inf{n : An >
Lf} and the transmission time for this packet is defined as Tf ,

∑Nf

i=1(Ai + Ui). Thus, by
taking the summation over the number of (re)transmissions of all the fragments, we obtain
the total number of (re)transmissions N̂f and the corresponding total transmission time T̂f for
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transmitting the data unit of length L

T̂f ,
N̂f∑

i=1

(Ai + Ui). (5.1)

Note that only for purposes of the analysis, we have assumed that all transmissions occur
at the beginnings of available channel periods to avoid the possible technical difficulties caused
by the lack of memoryless property. However, in actual implementation, one will be sending a
new packet out immediately after the successful transmission of the previous packet.

5.1 Main results

Our algorithm consists of two components: measuring channel availability periods and frag-
menting packets. In this section, to simplify the analysis, we decouple the channel measure-
ments from packet fragmentation. In other words, we first measure channel availability periods
after a successful transmission of the previous packet, and then fragment a new packet based
on these measurements. Therefore, the k + m records of lengths of the previous availability
periods {Ai : −(k + m) 6 i 6 −1} are i.i.d. random variables. In practice, this would be very
inefficient and, instead, one could perform these two component functions concurrently and
run the fragmentation algorithm in a more compact way.

Theorem 5.1 Under the condition (3.1) and E[Lβ ] < ∞ for all β > 0, we have

lim
n→∞

logP[N̂f > n]
log n

= −(α + k). (5.2)

Furthermore, if E[(U + A)k+α+θ] < ∞ for some θ > 0, then,

lim
t→∞

logP[T̂f > t]
log t

= −(α + k). (5.3)

Remark 6 As shown in Section 3, without using the fragmentation technique we would have

lim
n→∞

logP[N > n]
log n

= −α,

where N is the number of (re)transmissions. Furthermore, Theorem 5.1 indicates that, even
with our dynamic fragmentation, the distribution tails of the number of transmissions and total
transmission time follow power laws. However, we can guarantee the increment of k additional
moments to both N and T beyond α, and thus, put the tail behaviors under a desired control.
Also, the parameter m can be tuned to yield a good throughput without deteriorating the tail
performance.
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6 Comparison scheduling algorithms for the heavy-tailed envi-

ronment

It has been widely recognized that heavy-tailed distributions are suitable for modeling job
sizes in information service networks, e.g., see [34] and the references therein. For heavy-tailed
distributions, large jobs appear much more frequently than for the light-tailed ones, which
imposes very different constraints in terms of optimizing the scheduling process as compared
to the light-tailed scenarios. In particular, schedulers that may assign the server exclusively to
a very large job, e.g., first come first serve (FIFO) discipline, can cause very large delays and,
in general, suboptimal performance [3].

Hence, most of the practical schedulers utilize either the processor sharing (PS) and fore-
ground background processor sharing (FBPS) disciplines because of their inherent fairness, or
the shortest remaining processing time first (SRPT) discipline because of its known optimality
under quite general conditions. In particular, it was shown in [66] that SRPT minimizes the
number of customers in the G/G/1 queue over all work-conserving disciplines. For a recent
survey on the performance of these disciplines in the context of heavy tails see [13].

It is well known that the sojourn time distributions under PS, FBPS and SRPT scheduling
disciplines are asymptotically equivalent for power law distributions. This was originally proved
in [50] and then later studied for regularly varying distributions in [13]; see also [36]. In other
words, for large jobs, the waiting time does not depend on the choice of a specific scheduling
discipline among PS, FBPS and SRPT.

In order to distinguish the performance of PS/FBPS and SRPT schedulers, we introduce
a new notion of conditional waiting time distribution in [29, 30] that allows us to refine the
result for medium size jobs. More formally, we show that even the relatively smaller jobs
receive asymptotically the same residual capacity 1− ρ as the larger ones for SRPT discipline,
while, for PS/FBPS schedulers, these smaller jobs share the residual capacity equally with the
larger jobs in the system. Hence, it appears that SRPT provides better and more uniform
performance over a wide range of time scales.

However, as discussed in one of the very first papers on SRPT [65], this discipline may
be quite difficult to implement. Clearly, its complicated preemptive nature requires keeping
track of the remaining processing times for all jobs in the queue which may be prohibitive for
systems with large job volumes, e.g., Web servers. In addition, it was shown in [65] that the
expected number of preemptions per job is proportional to the load of the system, which can
be quite large. Hence, even as early as 1966, it was recognized in [65] that one should try to
approximate SRPT with less complex schedulers. The most apparent option, as suggested in
[65], is to design a threshold-based static priority approximation to SRPT. Basically, the idea
is to select a fixed number of thresholds m and then group jobs into m + 1 classes depending
on which pair of thresholds a job size happens to fall between. Then, these classes are served
according to the static priority discipline with higher priorities assigned to classes with smaller
jobs. Since then, there has been a lot of work on threshold-based scheduling policies. For
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example, it was shown in [8] that even with a single threshold, one can obtain the performance
comparable to SRPT up to a constant factor in terms of the mean sojourn time for M/M/1
queue as well as for M/G/1 queue with finite variance Pareto service distribution.

Although it is encouraging that one can achieve a provably very good approximation of
M/G/1/SRPT queue even with a very small number of static thresholds (only one in [8]),
these solutions are likely not to perform well in practice since the traffic characteristics are
often nonstationary, highly correlated (long range dependent) and very bursty (e.g., batch
arrivals, etc); see [55, 70]. In order to overcome these difficulties, we propose a novel adaptive
job classification (grouping) mechanism that is based on relative size comparison of a newly
arriving job to the previous m arrivals; this scheduler is inspired by our conditional limit results.
Specifically, if an arriving job is smaller than k and larger than m− k of the previous m jobs,
it is routed into class k. We also discuss refinements of the comparison grouping mechanism
that improve the accuracy of the classification for both light-tailed and correlated job arrivals
at the expense of a small (fixed) additional complexity in [30].

6.1 Heavy-tailed limits for medium size jobs with popular schedulers

6.1.1 Definitions and preliminary results

In this section we introduce the necessary notation and describe the existing and preliminary
results. Let Bi and Vi denote the job size and the waiting time of the customer arriving at time
Ti, respectively, where {Bi}i>−∞ are i.i.d. random variables. The arrival points {Ti}i>−∞ are
assumed to be Poisson with rate λ and independent of job requirements {Bi}i>−∞. Hence,
without loss of generality, in view of the PASTA property, we set T0 = 0. The waiting time of
a customer is defined as the amount of time between its arrival and departure, also referred to
as sojourn time in the queuing literature. To present our main results, we need the following
definitions.

Definition 6.1 A nonnegative random variable X or its distribution function (d.f.) F is called
intermediately regularly varying, X ∈ IR, if

lim
η↑1

lim
x→∞

P[X > ηx]
P[X > x]

= 1.

Regularly varying distributionsRα are the best-known examples from IR. F is called regularly
varying with index α, X ∈ Rα (F ∈ Rα), if F (x) = 1− l(x)/xα, α ≥ 0, where l(x): R+ → R+

is slowly varying, i.e., limx→∞ l(ηx)/l(x) = 1, η > 1. We call F heavy-tailed (X ∈ L or F ∈ L)
if, for any fixed y ∈ R, limx→∞

P[X>x−y]
P[X>y] = 1.

Let B̃i, 1 ≤ i ≤ m be the order statistics of B−i, 1 ≤ i ≤ m with the convention B̃0 = ∞
and B̃m+1 = 0. To make the notation uniform, we assume that B̃0 = ∞, B̃1 = 0 for m = 0,
and when it is necessary to emphasize the total number of random variables, we write explicitly
B̃

(m)
i ≡ B̃i.

19



Definition 6.2 Let A(m)
k , {B̃(m)

k+1 ≤ B0 < B̃
(m)
k } for m ≥ k ≥ 0.

The asymptotic behavior of the sojourn time distribution for PS, FBPS and SRPT has been
extensively studied under heavy-tails, e.g., see [74, 50, 13, 35, 36] and the references therein.
We summarize these results for intermediately regularly varying distributions in the following
theorem. In order to ease the notation we simply write B ≡ B0 and V ≡ V0.

For the rest of this section, we assume that the system has reached stationarity.

Theorem 6.1 If B ∈ IR and EBα < ∞ for some α > 1, then, under the PS, FBPS or SRPT
discipline, we have, as x →∞,

P [V > x] ∼ P [B > (1− ρ)x] .

6.1.2 Conditional limits

Using events A(m)
k , we can differentiate the performance of SRPT from PS and FBPS, as shown

in the following theorem.

Theorem 6.2 If B ∈ IR and EBα < ∞ for some α > 1, then, under either PS or FBPS
discipline, we have for fixed k, as x →∞,

P
[
V > x,A(m)

k

]
∼ P

[
B >

(1− ρ)x
(1 + k)

,A(m)
k

]
∼ 1

k + 1

(
m

k

)
P

[
B >

(1− ρ)x
k + 1

]k+1

,

and under the SRPT discipline,

P
[
V > x,A(m)

k

]
∼ P

[
B > (1− ρ)x,A(m)

k

]
∼ 1

k + 1

(
m

k

)
P [B > (1− ρ)x]k+1.

Remark 7 Note that A(m)
k partitions the probability space into jobs of decreasing sizes as

k increases. Interestingly, the result shows that, for the SRPT discipline, even the relatively
much smaller job receives the entire long-term residual capacity 1 − ρ, while, for PS/FBPS,
this smaller job shares equally the residual capacity with the k larger ones. Hence, SRPT
outperforms PS/FBPS for medium size jobs.

6.2 Adaptive and scalable comparison scheduling

Motivated by the preceding conditional limits presented in Section 6.1, we propose a novel
adaptive and scalable comparison scheduling scheme.

6.2.1 Comparison splitting

The algorithm is based on relative size comparison of the arriving job to the previous m arrivals,
m ≥ 1. Specifically, if an arriving job is smaller than k and larger than m− k of the previous
m jobs, it is routed into class k, 0 6 k 6 m.
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More formally, upon the arrival of job i ≥ 0, we define B̃i1 ≥ B̃i2 ≥ · · · B̃im to be the
order statistics of {Bi−m, Bi−m+1, · · · , Bi−1} with B̃i0 = ∞ and B̃i(m+1) = 0. Then, if
B̃i(k+1) ≤ Bi < B̃ik, the new arrival Bi is routed to class k, 0 ≤ k ≤ m and the ith arrival in
class k is denoted as B

(k)
i . In order to initiate the comparison splitting process, assume that

Bi,−m 6 i 6 −1 are already known; otherwise, one can simply set Bi ≡ 0,−m 6 i 6 −1.
Now, we argue that our comparison splitting actually does order jobs into classes that

contain smaller jobs for larger class indexes. Indeed, when B ∈ L, we obtain

P
[
B

(k)
1 > x

]
∼ 1

k + 1

(
m

k

)
P[B > x]k+1 as x →∞,

which implies a decreasing distribution tail when k increases.
From the description of the comparison splitter, we can see that its adaptive thresholds are

determined by the order statistics of the previous m arrivals. Thus, it is reasonable to expect
that, at least for a stationary input, the accuracy of the classification will increase if we obtain
these thresholds using a longer history (than the preceding m arrivals). However, the increase
of history may reduce the adaptability and add to the complexity of the algorithm. We discuss
one refined splitting algorithm in [30].

6.2.2 Queueing analysis

Assume that jobs arrive according to a stationary renewal process {Tn}, T−1 < 0 ≤ T0 with
finite mean E[T ] < ∞, where T

d= T1 − T0. The job sizes {Bn} before the splitting are i.i.d
and independent of {Tn}. To simplify the notation and analysis in this section, we say that
the ith arrival to class k is equal to B

(k)
i = Bi1{B̃i(k+1) ≤ Bi < B̃ik}.

Furthermore, we assume that there is only one server with capacity c and that the m + 1
classes are served jointly with a preemptive static priority discipline between classes. Suppose
that the priorities of the classes are assigned in a decreasing order of the class index k, 0 6
k 6 m, i.e., class k receives service only if classes i, k + 1 6 i 6 m are empty. Denote by W

(k)
0

the stationary workload of class k observed at arrival point T0. Let µ(k) ,
∑m

i=k E
[
B(i)

]
and

note that µ(0) = E[B].

Theorem 6.3 If P[B > x] = l(x)/xα ∈ Rα, α > 1 and E[B] < cE[T ], then, as x →∞,

P
[
W

(k)
0 > x

]
∼ 1

cE[T ]− µ(k)

∫ ∞

x
P

[
B(k) > u

]
du

∼ 1
(k + 1)(cE[T ]− µ(k))

(
m

k

)
l(x)k+1

xαk+α−1
.

7 Concluding remarks and further extensions

This paper investigates the origins of heavy-tailed distributions and design of new adaptive
algorithms for the heavy-tailed environment. The presented materials can be organized in
three general topics:
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1. Origins of heavy-tailed (e.g., power law) distributions;

2. Redesign of network protocols to prevent the cause (or reduce the effects) of heavy tails;

3. Design of new adaptive (self-organizing) scheduling algorithms suitable for the heavy-
tailed environment.

From a mathematical perspective, we develop and combine various techniques from proba-
bility theory that include exponential and subexponential sample path large deviations, branch-
ing processes and queueing theory during the course of our analysis. The new techniques de-
veloped in this thesis are likely to be useful in related areas of parallel computing, (average
case) analysis of algorithms, probability and statistics, financial engineering and insurance risk
theory. Since heavy-tailed phenomena are important for a broad range of disciplines, including
socioeconomic (wealth distribution, stock prices, insurance, city population), complex biolog-
ical networks (gene regulatory and protein-protein networks) and information technology, the
new insights of this thesis might have a direct impact on these areas.
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