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Abstract

We study the Short-and-Sparse (SaS) deconvolution problem of recovering a short signal a¢ and a sparse
signal o from their convolution. We propose a method based on nonconvex optimization, which under
certain conditions recovers the target short and sparse signals, up to a signed shift symmetry which is
intrinsic to this model. This symmetry plays a central role in shaping the optimization landscape for
deconvolution. We give a regional analysis, which characterizes this landscape geometrically, on a union of
subspaces. Our geometric characterization holds when the length-po short signal a has shift coherence

£ = } . —+—. Based on this
po’ povE+y/Po | log?po
geometry, we give a provable method that successfully solves SaS deconvolution with high probability.

i, and xo follows a random sparsity model with sparsity rate 6 €

1 Introduction

Datasets in a wide range of areas, including neuroscience [Lew98], microscopy [CLC*17] and astronomy
[Sah07], can be modeled as superpositions of translations of a basic motif. Data of this nature can be modeled
mathematically as a convolution y = ag * xo, between a short signal a (the motif) and a longer sparse signal
x, whose nonzero entries indicate where in the sample the motif is present. A very similar structure arises
in image deblurring [CW98], where y is a blurry image, aq the blur kernel, and x, the (edge map) of the
target sharp image.

Motivated by these and related problems in imaging and scientific data analysis, we study the Short-and-
Sparse (SaS) Deconvolution problem of recovering a short signal ag € RP° and a sparse signal o € R™ (n > p)
from their length-n cyclic convolution y = ag * £y € R™. This SaS model exhibits a basic scaled shift symmetry:
for any nonzero scalar o and cyclic shift s,[],

(aselao]) + (s ilwo]) = v. (1.1)

Because of this symmetry, we only expect to recover ag and z, up to a signed shift (see Figure 1). Our
problem of interest can be stated more formally as:

Problem 1.1 (Short-and-Sparse Deconvolution). Given the cyclic convolution y = ag * €9 € R"™ of ap € RF°
short (py < n), and xo € R™ sparse, recover ay and xq, up to a scaled shift.

Despite a long history and many applications, until recently very little algorithmic theory was available
for SaS deconvolution. Much of this difficulty can be attributed to the scale-shift symmetry: natural convex
relaxations fail, and nonconvex formulations exhibit a complicated optimization landscape, with many
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Figure 1: Shift symmetry in Short-and-Sparse deconvolution. An observation y (left) which is a convo-
lution of a short signal ao and a sparse signal a¢ (top right) can be equivalently expressed as a convolution
of s¢[ao] and s_,[xo], where s,[-] denotes a shift £ samples. The ground truth signals ag and ¢ can only
be identified up to a scaled shift.

equivalent global minimizers (scaled shifts of the ground truth) and additional local minimizers (scaled
shift truncations of the ground truth), and a variety of critical points [ZLK*17, ZKW18]. Currently available
theory guarantees approximate recovery of a truncation! of a shift s¢[a], rather than guaranteeing recovery
of ag as a whole, and requires certain (complicated) conditions on the convolution matrix associated with ag
[ZKW18].

In this paper, describe an algorithm which, under simpler conditions, exactly recovers a scaled shift of
the pair (ag, o). Our algorithm is based on a formulation first introduced in [ZLK*17], which casts the
deconvolution problem as (nonconvex) optimization over the sphere. We characterize the geometry of this
objective function, and show that near a certain union of subspaces, every local minimizer is very close to a
signed shift of ay. Based on this geometric analysis, we give provable methods for SaS deconvolution that
exactly recover a scaled shift of (ag, o) whenever a is shift-incoherent and x is a sufficiently sparse random
vector. Our geometric analysis highlights the role of symmetry in shaping the objective landscape for SaS
deconvolution.

Organization of this paper. The remainder of this paper is organized as follows. Section 2 introduces our
optimization approach and modeling assumptions. Section 3 introduces our main results — both geometric
and algorithmic — and compares them to the literature. Section 4-5 describes the main ideas of our analysis.
Finally, Section 7 discusses two main limitations of our analysis and describes directions for future work.

2 Formulation and Assumptions

2.1 Nonconvex SaS over the Sphere

Bilinear Lasso. Our starting point is the (natural) formulation

. 2
min §llaxz—yl;+ Az, st [al,=1. 2.1)
P® Data Fidelity Sparsity

We term this optimization problem the Bilinear Lasso, for its resemblance to the Lasso estimator in statistics.
Indeed, letting

Prasso(a) = min { £ la @~y + Ao, | 22)
denote the optimal Lasso cost, we see that (2.1) simply optimizes 1,550 With respect to a:

main Plasso(@) st lall, = 1. (2.3)

T.e., the portion of the shifted signal s,[ao] that falls in the window {0, ...,po — 1}.



In (2.1)-(2.3), we constrain a to have unit £2 norm. This constraint breaks the scale ambiguity between a and
x. Moreover, the choice of constraint manifold has surprisingly strong implications for computation: if a is
instead constrained to the simplex, the problem admits trivial global minimizers. In contrast, local minima of
the sphere-constrained formulation often correspond to shifts (or shift truncations [ZLK*17]) of the ground
truth ag.

Simplifications and approximations. The problem (2.3) is defined in terms of the optimal Lasso cost. This
function is challenging to analyze, especially far away from ag. [ZLK"17] analyzes the local minima of a
simplification of (2.3), obtained by approximating? the data fidelity term as

slaxz—yl; = gllaxzl;—(axzy) +5lyl;,

2 2
~ Lzl — (axz,y) + 3yl (2.4)

This yields a simpler objective function

oo (@) = min {1 2} — (@ 2,9) + Lyl + Allel, } 25)

We make one further simplification to this problem, replacing the nondifferentiable penalty ||-||, with a
smooth approximation p(z).> Our analysis allows for a variety of smooth sparsity surrogates p(z); for
concreteness, we state our main results for the particular penalty*

o) = X (a2 +07) 7.
For ¢ > 0, this is a smooth function of x; as § “\, 0 it approaches ||z||,. Replacing |-||, with p(-), we obtain the
objective function which will be our main object of study,

(2.6)

eo(@) =min {3 @]} — (@ @,9) + 5 lyll3 + Ao(=) 27)

Core optimization problem. As in [ZLK"17], we optimize ¢,(a) over the sphere SP~*:

min ¢,(a) st acSPh (2.8)

Here, we set p = 3pg — 2. As we will see, optimizing over this slightly higher dimensional sphere enables

us to recover a (full) shift of ag, rather than a truncated shift. Our approach will leverage the following
fact: if we view a € SP~! as indexed by coordinates W = {—pg + 1, ..., 2po — 1}, then for any shifts
te{—po+1,...,po — 1}, the support of ¢-shifted short signal s,[ao] is entirely contained in interval W. We
will give a provable method which recovers a scaled version of one of these canonical shifts.

2.2 Analysis Setting and Assumptions

For convenience, we assume that ag has unit /2 norm, i.e., ag € SP°~*.5 Our analysis makes two main
assumptions, on the short motif ag and the sparse map x, respectively:

Shift incoherence of ag. The first is that distinct shifts ag have small inner product. We define the shift
coherence of pi(ag) to be the largest inner product between distinct shifts:

nlao) = max (a0, se[ao])| (2.9)
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Figure 2: Sparsity-coherence tradeoff: Top: three families of motifs ao with varying coherence 1. Bottom:
maximum allowable sparsity § and number of copies fpy within each length-pg window. Here, we
suppress constants and logarithmic factors. When the target motif has smaller shift-coherence 1, our
result allows larger 6, and vise versa. This sparsity-coherence tradeoff is made precise in our main result
Theorem 3.1, which, loosely speaking, asserts that when 6 < 1/(po+/t + v/Po), our method succeeds.

The quantity u(ag) is bounded between 0 and 1. Our theory allows any 4 smaller than some numerical
constant. Figure 2 shows three examples of families of a, that satisfy this assumption:

e Spiky. When ay is close to the Dirac delta dy, the shift coherence p(ag) ~ 0.5 Here, the observed signal
y consists of a superposition of sharp pulses. This is arguably the easiest instance of SaS deconvolution.

o Generic. If ag is chosen uniformly at random from the sphere SP°~!, its coherence is bounded as
p(ao) S +/1/po with high probability.

o Tapered Generic Lowpass. Here, a is generated by taking a random conjugate symmetric superposition of
the first L length-py Discrete Fourier Transform (DFT) basis signals, windowing (e.g., with a Hamming
window) and normalizing to unit £2 norm. When L = po+/1 — 3, with high probability u(ag) < 3. In
this model, u does not have to diminish as py grows — it can be a fixed constant.”

Intuitively speaking, problems with smaller y are easier to solve, a claim which will be made precise in our
technical results.

2For a generic a, we have (s;[al, sj[a]) =~ 0 and hence ||a * m||§ =x*C;Cax = x*Ix = ||m||§.

3The objective @1 is not twice differentiable everywhere, and hence cannot be minimized using conventional second order methods.
4This particular surrogate is sometimes being named as the pseudo-Huber function.

5This is purely a technical convenience. Our theory guarantees recovery of a signed shift (+s¢[ao], &s_¢[z0]) of the truth. If ao

does not have unit norm, identical reasoning implies that our method recovers a scaled shift (asg[ao], o= s_g[xo]) witha = + Taols"
2

The use of “~” here suppresses constant and logarithmic factors.

"The upper right panel of Figure 2 is generated using random DFT components with frequencies smaller then one-third Nyquist.
Such a kernel is incoherent, with high probability. Many commonly occurring low-pass kernels have p(ag) larger — very close to one.
One of the most important limitations of our results is that they do not provide guarantees in this highly coherent situation.



Random sparsity model on ;. We assume that x is a sparse random vector. More precisely, we assume
that x¢ is Bernoulli-Gaussian, with rate 6:
To; = WiGi, (2.10)

where w; ~ Ber(), g; ~ N (0,1) and all random variables are jointly independent. We write this as
xo ~iid. BG(0). (2.11)

Here, 0 is the probability that a given entry x(, is nonzero. Problems with smaller 6 are easier to solve. In the
extreme case, when 6 < 1/py, the observation y contains many isolated copies of the motif ay, and a( can be
determined by direct inspection. Our analysis will focus on the nontrivial scenario, when 6 Z 1/py.

Sparsity-Coherence tradeoffs. Our technical results will articulate sparsity-coherence tradeoffs, in which
smaller coherence y: enables larger 6, and vice-versa. More specifically, in our main theorem, the sparsity-
coherence relationship is captured in the form

0 < 1/(povi+ v/Po)- (2.12)

When the target ay is highly shift-incoherent (1 ~ 0), our method succeeds when each length-py window
contains about ,/po copies of ag. When 1 is larger (as in the generic lowpass model), our method succeeds as
long as relatively few copies of ag overlap in the observed signal. In Figure 2, we illustrate these tradeoffs for
the three models described above.

3 Main Results: Geometry and Algorithms

In this section, we introduce our main results — on the geometry of ¢, (Section 3.1) and its algorithmic
implications (Section 3.2). Finally, in Section 3.3, we compare these results with the literature on deconvolution.

3.1 Geometry of the Objective ¢,

The goal in SaS deconvolution is to recover ag (and x() up to a signed shift —i.e., we wish to recover some
+s¢]ag]. The shifts +s,[ag]| play a key role in shaping the landscape of ¢,. In particular, we will argue that
over a certain subset of the sphere, every local minimum of ¢, is close to some £s[ay).

Geometry near a single shift. To gain intuition into the prop-
erties of ¢,, we first visualize this function in the vicinity of a
single shift s;[ao] of the ground truth ay. In Figure 3, we plot the P TN

function value of ¢, over M (a)
P

Bg2vr(55[ao]) N Spil,
where By ,.(a) is a ball of radius  around a. We make two

observations: selag] .
e The objective function ¢, is strongly convex on this neigh- b

borhood of s¢[ag). Byz.. (selao]) N S~
e There is a local minimizer very close to s¢[ag]. Figure 3: Geometry of ¢, near a shift of ao.
Bottom: a portion of the sphere S?~*, colored
according to ¢,. Top: ¢, visualized as height.
©, is strongly convex in this region, and it
has a minimizer very close to s¢[ao].



Geometry near the span of two shifts. We next visualize the objective function ¢, near the linear span of
two different shifts sy, [ao] and s, [ag]. More precisely, we plot ¢, near the intersection (Figure 4, left) of the
sphere SP~! and the linear subspace

8{51,52} = { Q1 Sg, [aO} + ogsy, [a’O] |a1,a2 € R}

pp(a)

S{Zl,b} nSsp—1

Figure 4: Geometry of ¢, near the span Sy, (,} of two shifts of ag. Left: each pair of shifts sy, [ao],
¢, [ao] defines a linear subspace Sy, ¢,} of RP. Center/right: every local minimum of ¢, near Sy, ¢,}
(red line) is close to either s¢, [ao] or s, [ao]; there is a negative curvature in the middle of s¢, [ao], s¢, [@o],
and ¢, is convex in direction away from Sy, ¢,.
We make three observations:
o Again, there is a local minimizer near each shift sy[ay).

e These are the only local minimizers in the vicinity of S, ¢,1. In particular, the objective function ¢

exhibits negative curvature along Sy, 4,} at any superposition a1 s, [ag] + 254, [ag] whose weights o
and as are balanced, i.e., || = |as|.

o Furthermore, the function ¢, exhibits positive curvature in directions away from the subspace Sy, ¢, .

Geometry in the span of multiple shifts. Finally, we visualize ¢, over the intersection (Figure 5, left) of
the sphere SP~! with the linear span of three shifts s, [ao], s¢, [ao], s, [ao] of the true kernel ay:

Sty 0,05y = 1 @150, [a0] + sy, [ag] + azsey[ag] [, an, a3 € R}

pp(a)

8{51,52,%}

S0y [G‘O}
S{ghg%gS} nsp—1

Figure 5: Geometry of ¢, over the span Sy, (, ¢} of three shifts of ao. The subspace Sy, ¢, ¢} iS
three-dimensional; its intersection with the sphere S?~! is isomorphic to a two-dimensional sphere. On
this set, ¢, has local minimizers near each of the sy, [ao], and are the only minimizers near Se, ¢,,¢5-

Again, there is a local minimizer near each signed shift. At roughly balanced superpositions of shifts, the objective
function exhibits negative curvature. As a result, again, the only local minimizers are close to signed shifts.



Figure 6: Geometry of ¢, over the union of subspaces ¥,4,,. Left: schematic representation of the
union of subspaces ¥49,,. For each set T of at most 40p shifts, we have a subspace S-. Right: ¢, has
good geometry near this union of subspaces.

Geometry of ¢, over a union of subspaces. Our main geometric result will show that these properties
obtain on every subspace spanned by a few shifts of ag. Indeed, for each subset

Tg{_pO"'_]-""apO_]-}’ (31)

define a linear subspace

S,- = {Z QySy [ao]

ler

O _potly---yOpg—1 € ]R} . (32)

The subspace S is the linear span of the shifts sy[a] indexed by ¢ in the set 7. Our geometric theory will
show that with high probability the function ¢, has no spurious local minimizers near any S, for which 7 is
not too large —say, |7| < 40p,. Combining all of these subspaces into a single geometric object, define the
union of subspaces

Saope = J S- (33)

|T|<40po

Figure 6 (left) gives a schematic representation of this set. We claim:
o In the neighborhood of ¥4¢p,, all local minimizers are near signed shifts.

e The value of , grows in any direction away from Y44, .



Main Geometric Result. Our main result formalizes the above observations, under two key assumptions:
first, that the sparsity rate 6 is sufficiently small (relative to the shift coherence 1 of py), and, second, the
signal length n is sufficiently large:

Theorem 3.1 (Main Geometric Theorem). Let y = ag * xo with ag € SP°~! p-shift coherent and o ~; ;..
BG(0) € R™ with sparsity rate

c1 Co 1
po’ Poy/EA+ /Do) log?po

Choose p(x) = Va? + 62 and set A = 0.1/+/pob in @,. Then there exists 6 > 0 and numerical constant ¢ such
that if n > poly(po), with high probability, every local minimizer a of ¢, over X4pp, satisfies ||a — oselaol|ly <

cmax {1, py '} for some signed shift os¢[ao] of the true kernel. Above, c1,co > 0 are positive numerical constants.

(3.4)

Proof. This follows from Theorem 4.1. |

The upper bound on 6 in (3.4) yields the tradeoff between coherence and sparsity described in Figure 2.
Simply put, when ay is better conditioned (as a kernel), its coherence y is smaller and x, can be denser.

At a technical level, our proof of Theorem 3.1 shows that (i) ¢, (a) is strongly convex in the vicinity of
each signed shift, and that at every other point a near ¥44,,, there is either (ii) a nonzero gradient or (iii)
a direction of strict negative curvature; furthermore (iv) the function ¢, grows away from ¥,4,,. Points
(ii)-(iii) imply that near X4¢,, there are no “flat” saddles: every saddle point has a direction of strict negative
curvature. We will leverage these properties to propose an efficient algorithm for finding a local minimizer
near X49p,. Moreover, this minimizer is close enough to a shift (here, ||a@ — s¢[ao]|, < ) for us to exactly
recover sglao]: we will give a refinement algorithm that produces (+s¢[ao], £5—¢[xo]).

3.2 Provable Algorithm for SaS Deconvolution

The objective function ¢, has good geometric properties on (and near!) the union of subspaces 44, . In this
section, we show how to use give an efficient method that exactly recovers a, and x, up to shift symmetry.
Although our geometric analysis only controls ¢, near ¥44,,, we will give a descent method which, with
appropriate initialization a(?), produces iterates a(!), ..., a*), ... that remain close to g, for all k. In
short, it is easy to start near X44,, and easy to stay near Y44p,. After finding a local minimizer a, we refine it
to produce a signed shift of (ag, x) using alternating minimization.

The next two paragraphs give the main ideas behind the main steps of the algorithm. We then describe
its components in more detail (Algorithm 1) and state our main algorithmic result (Theorem 3.2), which
asserts that under appropriate conditions this method produces a signed shift of (ag, o).

Minimization: Starting and staying near ¥49,,. Our algorithm starts with a initialization scheme which
generates a(”) near the union of subspaces Y44, which consists of linear combinations of just a few shifts of
ao. How can we find a point near this union? Notice that the data y also consists of a linear combination of just a
few shifts of ag Indeed:

Yy = ao*To = Z Togse(aol. (3.5)
£esupp(zo)

A length-p, segment of data Yo, .. po—1 = [Y0, - - -, Yp,—1]* captures portions of roughly 20p, < 46p, shifts
Sy [(10] .

Many of these copies of ag are truncated by the restriction to {0, ...,po — 1}. A relatively simple remedy
is as follows: first, we zero-pad yo,... p,—1 to length p = 3py — 2, giving

(077 Sy 5 Ype—1; 07071 (3.6)
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Figure 7: Data-driven initialization: using a piece of the observed data y to generate an initial point a*’
that is close to a superposition of shifts s¢[ao] of the ground truth. Top: data y = a*xo is a superposition
of shifts of the true kernel ao. Bottom: a length-p; window contains pieces of just a few shifts. Bottom
middle: one step of the generalized power method approximately fills in the missing pieces, yielding a
near superposition of shifts of ag (right).
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Zero padding provides enough space to accommodate any shift s;[ag] with ¢ € 7. We then perform one step
of the generalized power method®, writing

a” = Py, Vop (Pso—1 [077 s ggg5 -+ 1ype—1: 0707 1]) (3.7)

where Pg,-1 projects onto the sphere. The reasoning behind this construction may seem obscure. We will
explain it at a more technical level in Section 5 after interpreting the gradient V¢, in terms of its action on
the shifts s¢[ag] in Section 4. For now, we note that this operation has the effect of (approximately) filling in
the missing pieces of the truncated shifts sy[ao] — see Figure 7 for an example. We will prove that with high
probability a(?) is indeed close to Y4, -

The next key observation is that the function ¢, grows as we move away
from the subspace S, — see Figure 8. Because of this, a small-stepping descent
method will not move far away from ¥4¢,,,. For concreteness, we will analyze
a variant of the curvilinear search method [Gol80, GMWZ17], which moves
in a linear combination of the negative gradient direction —g and a negative
curvature direction —v. At the k-th iteration, the algorithm updates a(*+1)
as

a®t)  po, [a(k) —tg®) — t%(k)] (3.8)

with appropriately chosen step size ¢. The inclusion of a negative curvature Figure 8: Growth of ¢, away
direction allows the method to avoid stagnation near saddle points. Indeed, from S-. Because ¢, grows away
we will prove that starting from initialization a(?), this method produces from -, small-stepping descent
a sequence a’),a(? ... which efficiently converges to a local minimizer a methods stay near S

that is near some signed shift +s,[a¢] of the ground truth.

8The power method for minimizing a quadratic form &(a) = %a* M a over the sphere consists of the iteration @ — —Pg,—1 Ma.
Notice that in this mapping, —Ma = —V¢&(a). The generalized power method, for minimizing a function ¢ over the sphere consists
of repeatedly projecting —V¢ onto the sphere, giving the iteration a — —Pgp—1Vp(a). (3.7) can be interpreted as one step of the
generalized power method for the objective function ¢,.
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Figure 9: Local minimization and refinement. Left: data-driven initialization a‘® consisting of a near-
superposition of two shifts. Middle: minimizing ¢, produces a near shift of ao. Right: rounded solution
a using the Lasso. a is very close to a shift of ao.

Refinement: Rounding a near-solution with homotopy alternating minimization. The second step of
our algorithm rounds the local minimizer @ ~ osg[ag] to produce an exact solution @ = osslag]. As a
byproduct, it also exactly recovers the corresponding signed shift of the true sparse signal, = os_¢[z¢].

Our rounding algorithm is an alternating minimization scheme, which alternates between minimizing the
Lasso cost over a with « fixed, and minimizing the Lasso cost over = with a fixed. We make two modifications
to this basic idea, both of which are important for obtaining exact recovery. First, unlike the standard Lasso
cost, which penalizes all of the entries of z, we maintain a running estimate I(*) of the support of x, and
only penalize those entries that are not in 7(*):

%Ha*:c—’y”g-i-)\ Z EAR (3.9)
igI(k)

This can be viewed as an extreme form of reweighting [CWB08]. Second, our algorithm gradually decreases
penalty variable A to 0, so that eventually

G+ ~y. (3.10)
Yy

This can be viewed as a homotopy or continuation method [OPT00, EHJ*04]. For concreteness, at k-th iteration
the algorithm reads:

Update x: k) argmin%”a(k) wx—yl|3+ A®) Z |z (3.11)

z i@I ()
Update a: a* Y Py [arg(rlnin%Ha AL yH%}, (3.12)
Update A and I AEHD %)\(k), I*+D « supp (w(k+1)). (3.13)

We prove that the iterates produced by this sequence of operations converge to the ground truth at a linear
rate, as long as the initializer a is sufficiently nearby.

Algorithm and Main Algorithmic Result. Our overall algorithm is summarized as Algorithm 1. Figure 9
illustrates the main steps of this algorithm. Our main algorithmic result states that under closely related
hypotheses as above, Algorithm 1 produces a signed shift of the ground truth (ag, zo):

10



Algorithm 1 Short and Sparse Deconvolution

Input: Observation y, motif length po, sparsity 6, shift-coherence 1, and curvature threshold —,.
Minimization:
Set a(®) « —Psp-1V, (ngfl [Opo_l; Y03 5 Ypo—15 OT’U_I]).
Set A =0.1/y/pofand 6 > 0in ¢,. Fork =1,2,..., Ky, let
a* V) Py, i[a®) —tg®) — 20()] (3.14)

where g(*) is the Riemannian gradient; v(*) is the eigenvector of smallest Riemannian Hessian eigenvalue
if less then —n, with (v(®), g(¥)) > 0, otherwise let v(*) = 0; and t € (0, 0.1/n#)] satisfies

0p(a™) < o (a®)) — $tllg™ |5 — 1t 0 ™13 (3.15)
to obtain a near local minimizer a «+ a5,

Refinement:

Set a(® « a, A\ « 10(pf + logn)(u + 1/p) and I©) < S, [supp(y * a]). Fork =1,2,..., K>, let
zF Y  argmin,, %Ha(k) xx —y||2 4+ A% digrom [Tl (3.16)
a1 « Py, [argming L@« 2" — y||2], (3.17)
AGRFD)  \(B) /9. IO o supp(a*+h), (3.18)

to obtain (@, ) + (aK2), 2(K2)),

Output: Return (a, ).

Theorem 3.2 (Main Algorithmic Theorem). Suppose y = ag * o where ag € SPo=1 is y-truncated shift coherent
such that max;_; ‘<L;OS¢ [ao), e}, 55[@o])| < pand xo ~i5.4. BG(0) € R™ with 0, u satisfying

C1 C2 C3
- M <

po’ (poy/Fi + /Do) log®po |’ ~ log’n

(3.19)

for some constant ¢y, ca, cg > 0. If the signal lengths n, po satisfy n > poly(po) and py > polylog(n), then there exist
3, my > 0 such that with high probability, Algorithm 1 produces (@, ) that are equal to the ground truth up to signed
shift symmetry:

|(@, z) — o (selaol, s—elwo])||, < e (3.20)

for some o € {—1,1}and £ € {—po + 1,...,po — 1} if K1 > poly(n,po) and K5 > polylog(n, pg,e~1).

Proof. See Theorem 5.1 and Theorem 5.2. [ |

3.3 Relationship to the Literature

Blind deconvolution is a classical problem in signal processing [SCI75, Can76], and has been studied under a
variety of hypotheses. In this section, we first discuss the relationship between our results and the existing
literature on the short-and-sparse version of this problem, and then briefly discuss other deconvolution
variants in the theoretical literature.

Applications of SaS Deconvolution. The short-and-sparse model arises in a number of applications. One
class of applications involves finding basic motifs (repeated patterns) in datasets. This motif discovery problem
arises in extracellular spike sorting [Lew98, ETS11] and calcium imaging [PSG™16], where the observed signal
exhibits repetitive short neuron excitation patterns occurring sparsely across time and/or space. Similarly,
electron microscopy images [CLC*17] arising in study of nanomaterials often exhibit repeated motifs.

9In practice, we suggest setting A = ¢y /v/pof with c) € [0.5,0.8].

11



Another significant application of SaS deconvolution is image deblurring. Typically, the blur kernel is
small relative to the image size (short) [AD88, YK96, Car01, LFDF07, LWDF11]. In natural image deblurring,
the target image is often assumed to have relatively few sharp edges [FSH*06, JSK08, LWDF11], and hence
have sparse derivatives. In scientific image deblurring, e.g., in astronomy [Lan92, HHSS09, BDH*13] and
geophysics [KT98], the target image is often sparse, either in the spatial or wavelet domains, again leading to
variants of the SaS model. The literature on blind image deconvolution is large; see, e.g., [KH96, CE16] for
surveys.

Variants of the SaS deconvolution problem arise in many other areas of engineering as well. Examples
include blind equalization in communications [Sat75, SW90, JSE* 98], dereverberation in sound engineering
[MK88, NG10] and image super-resolution [BK02, SGG*09, YWHM10].

Algorithmic theory for SaS deconvolution. These applications have motivated a great deal of algorithmic
work on variants of the SaS problem [LB87, BPSW95, BS95, KH96, MC99, CE16, WJPH17]. In contrast,
relatively little theory is available to explain when and why algorithms succeed. Our algorithm minimizes
, as an approximation to the Lasso cost over the sphere. Our formulation and results have strong precedent
in the literature. Lasso-like objective functions have been widely used in image deblurring [YK96, CW9S,
FSH 06, LFDF07, SJA08, XJ10, DZSW11, KTF11, LWDF11, WZ14, PF14, ZLK " 17]. A number of insights have
been obtained into the geometry of sparse deconvolution — in particular, into the effect of various constraints
on a on the presence or absence of spurious local minimizers. In image deblurring, a simplex constraint
(a > 0 and ||a||; = 1) arises naturally from the physical structure of the problem [YK96, CW98]. Perhaps
surprisingly, simplex-constrained deconvolution admits trivial global minimizers, at which the recovered
kernel a is a spike, rather than the target blur kernel [LWDF11, BVG13].

[WZ14] imposes the ¢? regularization on a and observes that this alternative constraint gives more reliable
algorithm. [ZLK"17] studies the geometry of the simplified objective ¢, over the sphere, and proves that in
the dilute limit in which xy has one nonzero entry, all strict local minima of ¢, are close to signed shifts
truncations of ag. By adopting a different objective function (based on ¢* maximization) over the sphere,
[ZKW18] proves that on a certain region of the sphere every local minimum is near a truncated signed shift
of ay, i.e., the restriction of s;[ag] to the window {0, ...,py — 1}. The analysis of [ZKW18] allows the sparse

sequence x to be denser (6 ~ p, P fora generic kernel ag, as opposed to § < p, 3% in our result). Both
[ZLK*17] and [ZKW18] guarantee approximate recovery of a portion of s¢[ao], under complicated conditions
on the kernel ay. Our core optimization problem is very similar to [ZLK"17]. However, we obtains exact
recovery of both ag and relatively dense x(, under the much simpler assumption of shift incoherence.

Identifiability in SaS deconvolution. Other aspects of the SaS problem have been studied theoretically.
One basic question is under what circumstances the problem is identifiable, up to the scaled shift ambiguity.
[CM15] shows that the problem ill-posed for worst case (ao, «o) — in particular, for certain support patterns
in which x( does not have any isolated nonzero entries. This demonstrates that some modeling assumptions
on the support of the sparse term are needed. At the same time, this worst case structure is unlikely to occur,
either under the Bernoulli model, or in practical deconvolution problems.

Otherlow dimensional deconvolution models. Motivated by a variety of applications, many low-dimensional
deconvolution models have been studied in the theoretical literature. In communication applications, the
signals ay and z either live in known low-dimensional subspaces, or are sparse in some known dictio-
nary [ARR14, LLB16, Chil6, LS15, LLB17, LS17, KK17]. These theoretical works assume that the subspace /
dictionary are chosen at random. This low-dimensional deconvolution model does not exhibit the signed
shift ambiguity; nonconvex formulations for this model exhibit a different structure from that studied here.
In fact, the variant in which both signals belong to known subspaces can be solved by convex relaxation
[ARR14]. The SaS model does not appear to be amenable to convexification, and exhibits a more complicated
nonconvex geometry, due to the shift ambiguity. The main motivation for tackling this model lies in the
aforementioned applications in imaging and data analysis.
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[WC16, LB18] study the related multi-instance sparse blind deconvolution problem (MISBD), where there
are K observations y; = ag * x; consisting of multiple convolutions i = 1, ..., K of a kernel a¢ and different
sparse vectors ;. Both works develop provable algorithms. There are several key differences with our work.
First, both the proposed algorithms and their analysis require the kernel to be invertible. Second, despite the
apparent similarity between the SaS model and MISBD, these problems are not equivalent. It might seem
possible to reduce SaS to MISBD by dividing the single observation y into K pieces; this apparent reduction
fails due to boundary effects.

3.4 Notations

Vectors and indices. All vectors/matrices are written in bold font a/ A; indexed values are written as
a;, A;j. Zeros or ones vectors are defined as 0 or 1, and i-th canonical basis vector defined as e;. The
indices for vectors/matrices all start from 0 and is taking modulo-n, thus a vector of length n should has
its indices labeled as {0,1,...,n — 1}. We write [n] = {0,...,n — 1}. We often use capitial italic symbols
1, J for subsets of [n]. We abuse notation slightly and write [-p] = {n —p+1,...,7n—1,0} and [+p] =
{n—p+1,...,n—1,0,1,...,p — 1}. Index sets can be labels for vectors; a; € R!!l denotes the restriction
of the vector a to coordinates /. Also, we use check symbol for reversal operator on index set I=—Iand
vectors d@; = a_;.

Operators. We let Pc denote the projection operator associated with a compact set C. The zero-filling
operator ¢; : RI!l — R™ injects the input vector to higher dimensional Euclidean space, via (t;z); = ;-1(;
for i € I and 0 otherwise. Its adjoint operator ¢7 can be understood as subset selection operator which picks
up entries of coordinates I. A common zero-filling operator through out this paper ¢ is abbreviation of ¢
which is often being addressed as zero-padding operator and its adjoint ¢* as truncation operator.

pl’

Convolution The convolution operator are all circular with modulo-n: (a xx); = 3¢, a;xi—;, also, the
convolution operator works on index set: I * J = supp (17 * 1;). Similarly, the shift operator s,[-] : R? — R"
is circular with modulo-n without specification: (s¢[a]); = (¢[pja);—¢. Notice that here a can be shorter p < n.
Let C, € R™ " denote a circulant matrix (with modulo-n) for vector a, whose j-th column is the cyclic shift
of aby j: Cae; = sjal. It satisfies for any b € R",

C,b=axb. (3.21)

The correlation between a and b can be also written in similar form of convolution operator which reverse one

vector before convolution. Define two correlation matrices C; and C, as Cle; = sjlal and C, e; =s_jlal.
The two operators will satisfy

Cib=uxb, Cob=axb. (3.22)

4 Geometry of ¢, in Shift Space

Underlying our main geometric and algorithmic results is a relationship between the geometry of the function
¢, and the symmetries of the deconvolution problem. In this section, we describe this relationship at a
more technical level, by interpreting the gradient and hessian of the function ¢, in terms of the shifts s;[a]
and stating a key lemma which asserts that a certain neighborhood of the union of subspaces ¥49,, can
be decomposed into regions of negative curvature, strong gradient, and strong convexity near the target
solutions £s[a].
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4.1 Shifts and Correlations

The set 44y, is a union of subspaces. Any point a in one of these subspaces Sy is a superposition of shifts of
ap:

a= Z aysglag). 4.1)

ler

This representation can be extended to a general point a € SP~! by writing

a="Y amsidag] + Y assiag). (4.2)

ler (¢T

The vector a can be viewed as the coefficients of a decomposition of a into different shifts of ag. This
representation is not unique. For a close to S, we can choose a particular o for which o, is small, a notion
that we will formalize below.

For convenience, we introduce a closely related vector 3 € R", whose entries are the inner products
between a and the shifts of ag: 8¢ = (a, s¢[ap]). Since the columns of C,,,, are the shifts of ag, we can write

B=C,ta (4.3)
=C, uwCqa=: Ma. (4.4)

The matrix M is the Gram matrix of the truncated shifts ¢*s¢[ag]: M;; = (¢*s;[ac], t*s;[ao]). When (1 is small,
the off-diagonal elements of M are small. In particular, on S; we may take at,c = 0, and 8 =~ «, in the sense
that 8; =~ a; and the entries of 3, are small. For detailed elaboration, see Appendix B.

4.2 Shifts and the Calculus of ¢

Our main geometric claims pertain to the function ¢,, which is based on a smooth sparsity surrogate
p(:) = ||-||;. In this section, we sketch the main ideas of the proof as if p(-) = || - ||1, by relating the geometry
of the function ¢, to the vectors «, 3 introduced above. Working with ¢,: simplifies the exposition; it is
also faithful to the structure of our proof, which relates the derivatives of the smooth function ¢, to similar
quantities associated with the nonsmooth function 1.

The function ¢ has a relatively simple closed form:

pr(a) = =[S\ [Fxalls. (4.5)

Here, S, is the soft thresholding operator, which is defined for scalars t as Sy [t] = sign(t) max {|t| — A, 0}, and is
extended to vectors by applying it elementwise. The operator Sy[x] shrinks the elements of & towards zero.
Small elements become identically zero, resulting in a sparse vector.

Gradient: Sparsifying the Correlations 3

Gradient over Euclidean space. Our goal is to understand the local minimizers of the function ¢, over
the sphere. The function ¢, is differentiable. Clearly, any point a at which its gradient (over the sphere) is
nonzero cannot be a local minimizer. We first give an expression for the gradient of ;1 over Euclidean space
R?, and then extend it to the sphere SP~!. Using y = a * zo and calculus gives

~~

Vop(a) = —t"CqyCafySi [\C/EOCZOLCL}
= ~4"Cay CayS1 [ Ca, B
= —1"Co,Xx[8], (4.6)
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Gradient descent Large gradient region
suppresses small 3; 280y > By > vA

Figure 10: Gradient Sparsifies Correlations. Left: the soft thresholding operator Sx[3] shrinks the
entries of 3 towards zero, making it sparser. Middle left: the negative gradient —V¢,1 is a superposition
of shifts s¢[ao], with coefficients x¢[3] ~ Sr[B].. Because of this, gradient descent sparsifies 3. Middle
right: B(a) before, and B(a™) after, one projected gradient step a* = Py, —1]a — ¢ - grad[p,1](a)]. Notice
that the small entries of 3 are shrunk towards zero. Right: the gradient grad[p,:](a) is large whenever it
is easy to sparsify (3; in particular, when the largest entry B(g) > B(1) > 0.

where we have simplified the notation by introducing an operator x : R™ — R" as x[3] = \C’/mOS A [Emoﬁ} .

This representation exhibits the (negative) gradient as a superposition of shifts of ag with coefficients given
by the entries of x[3]:

~Veu(a) =Y x[Ble selaol. 4.7)
14

The operator x appears complicated. However, its effect is relatively simple: when x is a long random vectot,
x| acts like a soft thresholding operator on the vector (3. That is,

1 Be — A, Be > A
= XIBle~ Betd Bi<-A *8)
n 0, otherwise

We show this rigorously below, in the proof of our main theorems. Here, we support this claim pictorially, by
plotting the ¢-th entry x[B], as 3, varies — see Figure 10 (middle left) and compare to Figure 10 (left). Because
X|[B] suppresses small entries of 3, the strongest contributions to —V,: in (4.7) will come from shifts s¢[a]
with large B,. In particular, the Euclidean gradient is large whenever there is a single preferred shift sylao), i.e., the
largest entry of B is significantly larger than the second largest entry.

Gradient over Sphere. The (Euclidean) gradient V,1 measures the slope of ¢,: over R"”. We are interested
in the slope of .1 over the sphere SP—1, which is measured by the Riemannian gradient

gradpa](a) = Py Vi (a)
— P, Y xulB) sefaol. (49)
¢

The Riemannian gradient simply projects the Euclidean gradient onto the tangent space a to SP~! at a. The
Riemannian gradient is large whenever

(i) Negative gradient points to one particular shift: there is a single preferred shift s;[ag] so that the
Euclidean gradient is large and
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(ii) a is not too close to any shift: it is possible to move in the tangent space in the direction of this shift.!’
Since the tangent space consists of those vectors orthogonal to a, this is possible whenever s,[a] is not
too aligned with a, i.e., a is not too close to s¢[ag].

Our technical lemma quantifies this situation in terms of the ordered entries of 3. Write |Boy| > |B(1)| > ...,
with corresponding shifts s(o)[ao], s(1)[ao], . . .. There is a strong gradient whenever |3 | is significantly
larger than |B(1)| and |B(1)] is not too small compared to A: in particular, when 2|8(q)| > [B(1)| > Mog%.
In this situation, gradient descent drives a toward sg)[ao], reducing |B(1)|,. .., and making the vector 3
sparser. We establish the technical claim that the (Euclidean) gradient of @1 sparsifies vectors in shift space
in Appendix C.

Hessian: Negative Curvature Breaks Symmetry

When there is no single preferred shift, i.e., when |3y)| is close to |3, the gradient can be small. Similarly,
when a is very close to +5g)[ag], the gradient can be small. In either of these situations, we need to study
the curvature of the function ¢ to determine whether there are local minimizers.

Nonsmoothness. Strictly speaking, the function ¢, is not twice differentiable, due to the nonsmoothness
of the soft thresholding operator Sy[t] at t = £). Indeed, ¢ is nonsmooth at any point a for which some
entry of ¥ x a has magnitude \. At other points a, ¢ is twice differentiable, and its Hessian is given by

V2pp(a) = —1*CqyCay PiCs, Ci 1, (4.10)

with I = supp (8 A {5 LaD We (formally) extend this expression to every a € R", terming %2@51 the
pseudo-Hessian of ¢1. For appropriately chosen smooth sparsity surrogate p, we will see that the (true)

Hessian of the smooth function V¢, is close to V2 e, and so v2g0g1 yields useful information about the
curvature of ¢,.

Curvature over Euclidean Space. As with the gradient, the Hessian is complicated, but becomes simpler
when the sample size is large. The following approximation

Ponla) ~ - Y sdasifanl” (5519 (@11)

£

can be obtained from (4.7) noting that 2% x¢[8] = 3_; s;[ac] %X{ [3], that %X@ [B] ~ 0 for j # ¢, and that

4.12)

nd 0B

1 oxdBl _ JO Bl <A
L B> A

Again, we corroborate this approximation pictorially — see Figure 11.

From this approximation, we can see that the quadratic form v*V2pp v takes on a large negative value
whenever v is a shift sy[a] corresponding to some |3¢| > A, or whenever v is a linear combination of such
shifts. In particular, if for some j, |B(o)l, [B)l,-- -, Byl > A, then o will exhibit negative curvature in any
direction v € span(sg)[ao], s(1y[ac], - - -, 5¢jy[ao])

Curvature over the Sphere. The (Euclidean) Hessian measures the curvature of the function ¢, over R™.
The Riemannian Hessian

Hess|pp](a) = Py < V2o (a) +  (—Vep(a),a) -1 > P,.. (4.13)

Curvature of 1 Curvature of the sphere

10__so the projection of the Euclidean gradient onto the tangent space does not vanish.
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L (—Vep (@), a) s ‘ ---- ’ -------- .

Negative curvature: B(1) > %5(0)

Bi Strong convexity: B(1) < vA

Figure 11: Hessian Breaks Symmetry. Left: contribution of —s;[ao]s;[ao]” to the Euclidean hessian.
If |Bi] > X the Euclidean hessian exhibits a strong negative component in the s;[ao] direction. The
Riemannian hessian exhibits negative curvature in directions spanned by s;[ao] with corresponding
|Bi] > A and positive curvature in directions spanned by s;[ao] with |3;| < A. Middle: this creates
negative curvature along the subspace S and positive curvature orthogonal to this subspace. Right: our
analysis shows that there is always a direction of negative curvature when 3(1) > % 3(); conversely when
B(1) < Athere is positive curvature in every feasible direction and the function is strongly convex.

measures the curvature of ¢y over the sphere. The projection P,. restricts its action to directions v L a
that are tangent to the sphere. The additional term (—V ¢, (a), a) accounts for the curvature of the sphere.
This term is always positive. The net effect is that directions of strong negative curvature of ¢, over R"
become directions of moderate negative curvature over the sphere. Directions of nearly zero curvature over
R™ become directions of positive curvature over the sphere. This has three implications for the geometry of
g over the sphere:

(i) Negative curvature in symmetry breaking directions: If |3(o)|, [B(1)|, - - -, |B)| > )\, wp will exhibit
negative curvature in any tangent direction v L a which is in the linear span

span(s(o) [ao], 8(1) [ao], ey S(j) [0,0})

of the corresponding shifts of a,.

(ii) Positive curvature in directions away from S.: The Euclidean Hessian quadratic form v* V2,1 v takes
on relatively small values in directions orthogonal to the subspace S-. The Riemannian Hessian is
positive in these directions, creating positive curvature orthogonal to the subspace S-.

(iii) Strong convexity around minimizers: Around a minimizer s/[ao], only a single entry 3, is large. Any
tangent direction v L a is nearly orthogonal to the subspace span(s¢[a¢]), and hence is a direction
of positive (Riemannian) curvature. The objective function ¢, is strongly convex around the target
solutions +s[ag].

Figure 11 visualizes these regions of negative and positive curvature, and the technical claim of positiv-
ity /negativity of curvature in shift space is presented in detail in Appendix D.

4.3 Any Local Minimizer is a Near Shift

We close this section by stating a key theorem, which makes the above discussion precise. We will show that
a certain neighborhood of any subspace S, can be covered by regions of negative curvature, large gradient,
and regions of strong convexity containing target solutions £s;[ag]|. Furthermore, at the boundary of this
neighborhood, the negative gradient points back—retracts—toward the subspace S, due to the (directional)
convexity of ¢, away from the subspace.
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Widened subspace region. To formally state the result, we need a way of measuring how close a is to the
subspace S;. For technical reasons, it turns out to be convenient to do this in terms of the coefficients o in
the representation

a= ZaeSe[ao] + Z oy sy [ag). (4.14)

ler lere

If a € S;, we can take a with o, = 0. We can view the energy ||a-<||2 as a measure of the distance from a
to Sr. A technical wrinkle arises, because the representation (4.14) is not unique. We resolve this issue by
choosing the « that minimizes ||au,< ||, writing:

do(a,S7) = inf {||azell, : >, ausefag] = a}. (4.15)

The distance d,(a, Sr) is zero for a € S,. Our analysis controls the geometric properties of ¢, over the set of
a for which d, (a, S;) is not too large. Similar to (3.3), we define an object which contains all points that are
close to some S, in the above sense:

S = U {a:dala,S:) <9} (4.16)

|T|<40po
The aforementioned geometric properties hold over this set:
Theorem 4.1 (Three subregions). Suppose that y = ag * o where ay € Spo—1 js p-shift coherent and xq ~; j.q4.
BG(0) € R" satisfying
c c 1
e |—, s
Po Poy/I++/Pol log” po

for some constants ¢’,¢ > 0. Set A = 0.1//pob in ¢, where p(x) = V2 + 62. There exist numerical constants

C,c", " c1-c4 > 0 such that if § < pg'l’j;fn and n > Cp30~2log po, then with probability at least 1 — ¢’ /n, for

(4.17)

every a € Ezgm, we have:

o (Negative curvature): If |B1)| > v1 |Byo)|, then

Amin (Hess[p,](a)) < —cinfA; (4.18)
o (Large gradient): If vy |B(oy| > |B(1)| = v2(0)A, then
leradlg,)(a)ll, > canf 2= (4.19)

o (Convex near shifts): If va(0)\ > ]ﬁ(l) , then

Hess[p,](a) = csnbP,.; (4.20)

e (Retraction to subspace): If 3 < do(a,S;) < v, then for every o satisfying a = 1*Cq, v, there exists ¢
satisfying grad[p,](a) = ¢*Cq,(, such that

(Creyotre) > ca|[Grelly lloere|ly (4.21)

o (Local minimizers): If a is a local minimizer,

min_|a — o s¢fao]ll, < 2max{u,py'}, (4.22)
Le[+p]
oce{£1}
c-poly(4/1/0,4/1
where vy = 4, 12(0) = sighger and y = “PRRGEEND O
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Proof. See Appendix F.5. |

The retraction property elaborated in (4.21) implies that the negative gradient at a points in a direction
that decreases d.(a, Sr). This is a consequence of positive curvature away from S;. It essentially implies
that the gradient is monotone in c,- space: choose any a € S- N SP—1, write « to be its coefficient, and let ¢
be the coefficient of grad[p,](a). Then are = 0, {- ~ 0 and B

<CTC _QT(‘.’ (8 72 _Q-,-C> ~ <C‘r“ - 07 Kpc — 0> = <C~,—c,a~,-c> > 0.

Our main geometric claim in Theorem 3.1 is a direct consequence of Theorem 4.1. Moreover, it suggests
that as long as we can minimize ¢, within the region X}, , we will solve the SaS deconvolution problem.

5 Provable Algorithm

In light of Theorem 4.1, in this section we introduce a two-part algorithm Algorithm 1, which first applies the
curvilinear descent method to find a local minimum of ¢, within 3}, , followed by refinement algorithm
that uses alternating minimization to exactly recover the ground truth. This algorithm exactly solves SaS
deconvolution problem.

5.1 Minimization

There are three major issues in finding a local minimizer within EZ@po' We want ...
(i) Initialization. the initializer a(*) to reside within X 0o
(ii) Negative curvature. the method to avoid stagnating near the saddle points of ¢,,
(iii) No exit. the descent method to remain inside %}, .

In the following paragraphs, we describe how our proposed algorithm achieves the above desiderata.

Initialization within EZ@PO' Our data-driven initialization scheme produces a®, where

a® = — P51V, (Py—1 [0 g0+ 1ype-1: 077 1])
_ng_1VgopPSp_1 [_l:)[po](ao * wo)] 5
—ng—1Vg0p [P[po](aO * %0)] y

Q

is the normalized gradient vector from a chunk of data a{~!) := Py, (ao *&o) with Z¢ a normalized Bernoulli-
Gaussian random vector of length 2p; — 1. Since Vg, = V1, expand the gradient V1 and rewrite the
gradient V1 (a(~1)) in shift space, we get

Ve, (@) & " Cay Oy S [\C/ZOC;OP[I)U](CLO x 550)]

= 1"CayX [ C4y Pipy | Cay o |
~ 1" CoyX [T0)
~nb - 1" CaySh [To],

where the approximation in the third equation is accurate if the truncated shifts are incoherent

Ig?]x |<L;Usi[ao], Lo Si [ao)| < p < 1. (5.1)
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With this simple approximation, it comes clear that the coefficients (in shift space) of initializer a(%),
G,(O) ~ PSp—lL*CaUS)\ [50] 5 (52)

approximate Sy [Zo], which resides near the subspace S, in which 7 contains the nonzero entries of
on{—po+1,...,po — 1}. With high probability, the number of non-zero entries is | 7| < 46p,, we therefore
conclude that our initializer a(®) satisfies

a®ex], . (5.3)

Furthermore, since & is normalized, the largest magnitude for entries of |Zy| is likely to be around 1/+/2po0.
To ensure that S [Z(] does not annihilate all nonzero entries of &, (otherwise our initializer a9 will become
0), the ideal A should be slightly less then the largest magnitude of |z,|. We suggest setting A in ¢, as

c

A= .
Vot

(5.4)
for some ¢ € (0,1).

Minimize ¢, within X}, . Many methods have been proposed to optimize functions whose saddle points
exhibit strict negative curvature, including the noisy gradient method [GH]JY15], trust region methods
[AMS09, SQW17] and curvilinear search [WY13]. Any of the above methods can be adapted to minimize ¢,.
In this paper, we use curvilinear method with restricted stepsize to demonstrate how to analyze an optimization
problem using the geometric properties of ¢, over EZepo — in particular, negative curvature in symmetry-
breaking directions and positive curvature away from S.

Curvilinear search uses an update strategy that combines the gradient g and a direction of negative
curvature v, which here we choose as an eigenvector of the hessian H with smallest eigenvalue, scaled such
that v*g > 0. In particular, we set

a’” — Py [a —tg — tz'u] (5.5)
For small ¢,
pla®) ~p(a) +(9,8) + 36 HE. (5.6)

Since & converges to 0 only if a converges to the local minimizer (otherwise either gradient g is nonzero or
there is a negative curvature direction v), this iteration produces a local minimizer for ¢,, whose saddle
points near any S, has negative curvature, we just need to ensure all iterates stays near some such subspace.
We prove this by showing:

e When d,(a,S;) <+, curvilinear steps move a small distance away from the subspace:

|do (a*,S7) = do (a,5,)] < 2. (5.7)

e Whend,(a,S;) € [%, ﬂ , curvilinear steps retract toward subspace:

dy (at,8;) < do (a,S,). (5.8)

Together, we can prove that the iterates a¥) converge to a minimizer, and
VE=12,..., aMex] . (5.9)

We conclude this section with the following theorem:
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Theorem 5.1 (Convergence of retractive curvilinear search). Suppose signals ag, x satisfy the conditions of
Theorem 4.1, 0 > 103c/pq (¢ > 1), and aq is p-truncated shift coherent max;+; | (13 silao], ¢5, s;lao])| < p. Write
g = grad[p,](a) and H = Hess[p,|(a). When the smallest eigenvalue of H is strictly smaller than —n,, let v be the
unit eigenvector of smallest eigenvalue, scaled so v*g > 0; otherwise let v = 0. Define a sequence {a®)} wen Where

a®) equals (3.7) and for k = 1,2,..., Ky:
a®* ) « Py, [a(k) —tg®) — t2v(k)] (5.10)
with largest t € (0, %3] satisfying Armijo steplength:
2o ) < oy(a™) = 1 (tg® I3 + 3en. [0 D) . (5.11)

then with probability at least 1 — 1/c, there exists some signed shift @ = =+s;[ag] where i € [£po] such that
|a®) —al|, < p+1/pforall k > Ky = poly(n,p). Here, n, = ¢'nfA for some ¢’ < ¢y in Theorem 4.1.

Proof. See Appendix G.2. |

5.2 Local Refinement

In this section, we describe and analyze an algorithm which refines an estimate @ =~ ay of the kernel to exactly
recover (ag, o). Set

a® — a, MO C(ph + logn)(u+ 1/p), IO supp(Sy [CLy]). (5.12)

We alternatively minimize the Lasso objective with respect to a and «:

Y argmin %Ha(k) xx—yl3+ A" Z ||, (5.13)
z TA{Q]

a* Y« Py [argmin 3 [|a * k) — yl13], (5.14)

ABHD 1AE 0D g (D) (5.15)

One departure from standard alternating minimization procedures is our use of a continuation method,
which (i) decreases A and (ii) maintains a running estimate (%) of the support set. Our analysis will show
that a(*) converges to one of the signed shifts of ay at a linear rate, in the sense that

i k) _ 5. 19—k
aeiglflg[ipg] ||a o Sg[(lo]”2 <027 (5.16)

Modified coherence and support density assumptions It should be clear that exact recovery is unlikely if
x( contains many consecutive nonzero entries: in fact in this situation, even non-blind deconvolution fails.
Therefore to obtain exact recovery it is necessary to put an upper bound on signal dimension n. Here, we
introduce the notation x; as an upper bound for number of nonzero entries of x in a length-p window:

k1 = 6max {0p,logn}, (5.17)

where the indexing and addition should be interpreted modulo n. We will denote the support sets of true
sparse vector &, and recovered z(*) in the intermediate k-th steps as

I = supp(xo), I®) = supp(z™), (5.18)
then in the Bernoulli-Gaussian model, with high probability,

mgax|[ﬁ (Il +0)| < k1. (5.19)
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The log n term reflects the fact that as n becomes enormous (exponential in p) eventually it becomes likely
that some length-p window of x is densely occupied. In our main theorem statement, we preclude this
possibility by putting an upper bound on signal length n with respect to window length p and shift coherence
1. We will assume

(n+1/p)-K?<c (5.20)

for some numerical constant ¢ € (0,1).

Alternating minimization produces a that contracts toward ay. Recall that (B.1) in Theorem 4.1 provides
that

la —aoll, < (n+1/p), (5.21)

which is sufficiently close to a as long as (5.19) holds true. Here, we will elaborate this by showing a single
iteration of alternating minimization algorithm (5.13)-(5.15) is a contraction mapping for a toward ay.

To this end, at k-th iteration, write T = I®), J = I(**1) and o®) = sign (%)), then first observe that the
solution to the reweighted Lasso problem (5.13) can be written as

kD) — Ly (L?}C:Uc) Ca(k)LJ)71 Ly (C*(k) Cayxo — /\(k)PJ\TU(kJrl)) ) (5.22)

a

and the solution to least squares problem (5.14) will be
a™ ) = (C% ) Cuernt) ' (£°Cliiusn Caprag) - (5.23)

Here, we are going to illustrate the relationship between a**1) —a, and a(*) —a, using simple approximations.
First, let us assume that a'*) ~ ag, C; Cq, ~ I,and I ~ J ~ T. Then (5.22) gives

D~ g, (5.24)
(iL‘(kJ'_l) — 1120) ~ P[ (CZOCQO:BO — CZOCa(k)IB())
~ P [c;;g Cot(ag — a<’€>)} , (5.25)

which implies, while assuming C; C., ~ nfI, that from (5.23):

(a(k’“) —ap) ~ (nG)_1 L C 1) Cogtag — 1" Clir) Cpnrny tag
~ (n) ' 1*Cy, Ca, (o — ™)
~ (n0) ' Cy, Cay PiCy Cuyt (a¥) — ag). (5.26)
Now since C}; P;Cy, ~ nf eef;, this suggests that (nf) ! v*C}; Cq, PiC}; Cy,t approximates a contraction
mapping with fixed point ay, as follows:
(nh)~* 'Ch Co, PIC, Cyyt = 1" CyhiepeCy it
A apay. (5.27)
Hence, if we can ensure all above approximation is sufficiently and increasingly accurate as the iterate
proceeds, the alternating minimization essentially is a power method which finds the leading eigenvector of
matrix agaj—and the solution to this algorithm is apparently a,. Indeed, we prove that the iterates produced

by this sequence of operations converge to the ground truth at a linear rate, as long as it is initialized
sufficiently nearby:
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Theorem 5.2 (Linear rate convergence of alternating minimization). Suppose y = ag * xo where ag is u-
shift coherent and xo ~ BG(0), then there exists some constants C,c,c, such that if (u + 1/p) k3 < ¢, and
n > CO~2p?logn, then with probability at least 1 — c/n, for any starting point a®) and \(0), 1) such that

1@ —aoll, <u+1/p,  AO =5wkp(u+1/p), I =supp (Cioy), (5.28)
and fork =1,2,....:
z* Y argmin, Hla® sz — yl|3 + A® digrm |l (5.29)
a* V)« Py, [argming L|jax 2D — y|3], (5.30)
AE+D %)\(k)’ TR+ supp (w(k+1)) (5.31)
then
|a®*V) —ao, < (u+1/p)27F (5.32)

forevery k=0,1,2,....
Proof. See Appendix H.3. u

Remark 5.3. The estimates =) also converges to the ground truth xq at a linear rate.

6 Experiments

We demonstrate that the tradeoffs between the motif length py and sparsity rate 6 produce a transition region
for successful SaS deconvolution under generic choices of ag and x. For fixed values of § € [1072,1072]
and py € [103,10%], we draw 50 instances of synthetic data by choosing ag ~ Unif(SP°~!) and z € R™ with
xo ~iia. BG(f) where n = 5 x 105. Note that choosing ag this way implies i (ag) ~ \/%.

For each instance, we recover ag and x, from y = a( * o by minimizing problem (2.5). For ease of
computation, we modify Algorithm 1 by replacing curvilinear search with accelerated Riemannian gradient
descent method (Algorithm 2), which is an adaptation of accelerated gradient descent [BT09] to the sphere.
In particular, we apply momentum and increment by the Riemannian gradient via the exponential and

logarithmic operators

Exp,(u) :

Log,(b) := arccos({(a,b))

cos([ully) - a -+ sin(|ul,) - 2. (6.1)
Tl o2
derived from [AMS09]. Here Exp,, : a* — SP~" takes a tangent vector of @ and produces a new point on the
sphere, whereas Log,, : SP~* — a~ takes a point b € SP~! and returns the tangent vector which points from
* tOF?)‘r each recovery instance, we say the local minimizer an,i, generated from Algorithm 2 is sufficiently

close to a solution of SaS deconvolution problem, if
success(@min, ; @o) = {maxy |(s¢[ao], @min)| > 0.95}. (6.3)
The result is shown in Figure 12. Our source code can be accessed via the following address:

https://github.com/sbdsphere/sbd_experiments.git
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Figure 12: Success probability of SaS deconvolution under generic ao, o with varying kernel length
po, and sparsity rate §. When sparsity rate decreases sufficiently with respect to kernel length, successful
recovery becomes very likely (brighter), and vice versa (darker). A transition line is shown with slope

REE0 ~ —2, implying Algorithm 2 works with high probability when 6 5 s in generic case.

Algorithm 2 SaS deconvolution with Accelerated Riemannian gradient descent

Input: Observation y, sparsity penalty A = 0.5/1/pof, momentum parameter n € [0, 1).
Initialize a©) < —Psy 1V, (Pso—1 [07°7 1 [y, -+, Ypo—1]; 077 1]),
fork=1,2,..., K do
Get momentum: w < Exp_q (1 - Log, 1, (a®)).
Get negative gradient direction: g < — grad[p,](w).
Armijo step a*+1) < Exp_ (tg), choosingt € (0,1) s.t. p,(a*+1) —p,(w) < —t]|g|3.
end for
Output: Return a(%).

7 Discussion

In this section, we close by discussing several of the most important limitations of our results, and highlighting
corresponding directions for future work.

Minimizing ¢, does not accurately recover coherent kernels. The main drawback of our proposed method
is that it does not succeed when the target motif a¢ has shift coherence very close to 1. For instance, a common
scenario in image blind deconvolution involves deblurring an image with a smooth, low-pass point spread
function (e.g., Gaussian blur). Both our analysis and numerical experiments show that in this situation
minimizing ¢, does not find the generating signal pairs (ao, o) consistently—the minimizer of ¢, is often
spurious and is not close to any particular shift of ag. We do not suggest minimizing ¢, in this situation. On
the other hand, minimizing the bilinear lasso objective .45, OVer the sphere often succeeds even if the true
signal pair (ag, o) is coherent and dense.
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Relation of ¢, to Bilinear Lasso. In light of the above observations, we view the analysis of the bilinear
lasso as the most important direction for future theoretical work on SaS deconvolution. The drop quadratic
formulation studied here has commonalities with the bilinear lasso: both exhibit local minima at signed
shifts, and both exhibit negative curvature in symmetry breaking directions. A major difference (and hence,
major challenge) is that gradient methods for bilinear lasso do not retract to a union of subspaces — they
retract to a more complicated, nonlinear set.

Suboptimality in the analysis. Finally, there are several directions in which our analysis could be improved.
Our lower bounds on the length n of the random vector x( required for success are clearly suboptimal. We
also suspect our sparsity-coherence tradeoff between 1, 6 (roughly, 6 < 1/(,/fzpo)) is suboptimal, even for the
, objective. Articulating optimal sparsity-coherence tradeoffs for is another interesting direction for future
work.
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A Basic bounds for Bernoulli-Gaussian vectors

In this section, we prove several lemmas pertaining to the sparse random vector &g ~; ;4. BG(6).

Lemma A.1 (Support of @¢). Let ¢ ~iia. BG(0) and Iy = supp(zo) C [n]. Suppose n > 1001, then for any
e € (0, &), with probability at least 1 — & we have

> 10
| Io| — nb| < 2vnBloge™*. (A1)
And suppose n > C0~2log p and 0, then with probability at least 1 — 2/n, we have
vte 2p]\ {0}, 2n6? <|Ion(Io+1t)| < 2nb? (A2)
where C' is a numerical constant.

Proof. Letxzy = w-g ~ii.4. BG(0), notice that the support of the Bernoulli-Gaussian vector x is almost surely
equal to the support of the Bernoulli vector w. Applying Bernstein inequality Lemma J.4 with (6%, R) = (1, 1),
then if né > 10 we have

—4nflog?e!
P wp —nb| > 2vVnhloge | < 2ex ( <e.
k%;] g & P 2n6 + 4v/nfloge—1

For (A.2), let J, := I N (Ip + t). The cardinality of J; is an inner product between shifts of w:

T =) wrwkos, (A3)
ke[n]

and define two subset J;; W Jio = J;, as follows:

{ Jo=JNKy, Ki:=[nn{0,....t—1,2t....3t—1,...}

Tp = Jy N Koy Kaim [n] ALt 20— 1,30 4L —1,...} (A4)

Here, the size of sets K1, K3 has two-side bounds 0.4n < (n —2p) /2 < |K3| < |K1] < (n+2p) /2 < 0.6n,
thus the size of sets J;1, J:2 can be derived using Bernstein inequality Lemma J.4 with n > CO~2logp as

P max |Jy, | >nf?| =P max wrwi_y >nb?| <2p-P WEW > nb?
L ] = 0] Le[m\{o}kg w2 ]_ . [z’; i >

<2p-P [Z wiwi+1 — E Z WEWi+1 > nf? — 0.6n921
ke, ke,
— (0.4n92)2
2-0.6n62 4 2 - 0.4n62

< 4p-exp ( ) = exp (log(4p) — 0.08n6?) < 1/n,  (A5)

where the last two inequalities hold with C' > 10°. The lower bound can also derived as follows

P min |J, <n924}:]}" min wWrwn_ s < nb2/4| <op. P worw < no?/4
te[sz\{0}| nl<nt/ Le[zpmo}g;l e k%;l KWht1 < nb°/

<2p-P [Z wrwii1 — E Z WEwit1 < m92/4 — 0.4n921
ke, ke,
— (0.15n62)°
2-0.6n62 + 2 - 0.15n62

<4p-exp ( ) = exp (log(4p) — 0.0015n92) <1/n. (A.6)

The bound for | J;| can derived similarly to (A.5)-(A.6). [ ]
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Lemma A.2 (Norms of @). Let xg ~ii.qa. BG(0) € R™ Ifn > 1007, then for any e € (0, 15 ), with probability at
least 1 — ¢,

lzoll; — \/2/7m9‘ < 2Vnfloge™!, ‘||:c0||§ - nﬁ‘ < 3Vnfloge™! (A7)

Proof. To bound |z||,, using Bernstein inequality with (¢, R) = (6, 1) and with nf > 10 we have

2
l2zolly =4/ —nf

Similarly for ||z ng from Gaussian moments Lemma J.2, we know the 2-norm 3, E |zo:|* = 3n6 and

g-norm >, E |lz0s|* < (n6)(2¢—1)!! < 1(3n0)29~2q! for ¢ > 3. Let (o2, R) = (30, 2) in Bernstein inequality
form Lemma J.4, nf > 10 we have

P

2n + 4v/nfhloge=1

1

—4nflog?e~!
22\/71910{;51] §Qexp< nuoe € ) <e

—9nflog? e~
P [[llaol3 — n6| > 3vndlog=""] gzexp< nflog’ e ) |

2(3n0) + 12v/nfloge~!
completing the proof. |

Lemma A.3 (Norms of zy subvectors). Let zg ~iiq. BG(0) € R™ and n > 10, then with probability at least
1 — 3/n, we have

max || Pyaol|s < 2pf + 6 (\/])0 +log n) (A.8)
U;[2{p]}+j
JjEn

and if aq is p-shift coherent and there exists a constance c,, such that both 6°p < ¢, and pp*6 < c,,, then

max || Py [a * @o]||3 < pd + logn. (A9)
U=[pl+j
j€[n]
Proof. Use Bernstein inequality with (62, R) = (36,2) and ¢ = max {/pf,logn}, with union bound we
obtain:

6 +logn)”
Pl max |\PU930||§22p9+6(\/179+10gn> <2nexp<— 36 (v/p0 + logn) )

U?E{;}]ﬂ 6p0 + 12 (/pf + logn)
< 2exp (logn - 6t233—t212t> < % (A.10)
For the second inequality, first we know calculate the expectation
E | Py lao * zoll; = E [25C;, PyCayo]
-1
= 0-tr(C}, PuCa,) llaolly + 0 T’z: e si[ao] |15
=1
= pb. Z (A.11)

|L*CZOCQOLH2 < p(1+ pp) and

Then apply Henson Wright inequality Lemma J.6 with HC:;O PyC,, Hi =

also ||C;; PuClay ||, = ||Caytlls = 1 + up, we can derive

. loan logn
P | max ||Pylag*x 22 0 +logn| < nex (—mm{ ,
JEN

31



_ (log®n logn 1
< logn — <= A2
= &P ( ogn — { 128¢, 32, [ ) = (A12)

when ¢, < u

L
300"

Lemma A .4 (Inner product between shifted x¢). Let o ~ii.q. BG(#) € R™. There exists a numerical constant C
such that if n > CO~2log p and pdlog® 0= > 1, with probability at least 1 — 4/n, the following two statements hold
simultaneously:

;na{g | (silzo], sj[xo]) < 6+/n62%logn; (A13)
1F)E|2p

and for x; = |xo;| € R’} the vector of magnitudes of x,

#r?gép] (si[x], s;[z]) < 4nb?>. (A.14)

Proof. We will start from proving (A.14). Write « = |g| o w where g / w are Gaussian/Bernoulli random
vectors respectively. Let Iy denote the support of w and ¢ = |j — i| with 0 < ¢ < p. Then (A.14) can be written
as summation of Gaussian r.v.s. on intersection of support set between shifts:

(silelsil@)) = > gkl lgr—| (A.15)
kelon(To+t)

Define J; := Iy N (Io + t) = Jiy & Jy» same as (A.4). Notice thatboth 37, ./ |gk|gr—| and 3=, c ;. |gk! |gr—¢|
are sum of independent r.v.s.. We are left to consider the upper bound of . ; (g | gg| where g, g’ are
independent Gaussian vectors. We condition on the following event

&y = {vt € [2p]\ {0}, n6%/4 < |Ju|,|Jsa| < 162}, (A.16)

which holds w.p. atleast 1 — 2/n from Lemma A.1. Since > ;. 95| |g}| < ll9... 5 |97,
concentration Lemma J.3 and union bound to obtain

L, We use Gaussian

P te[gil”?\x{o}j;]ﬂ |gjg;| > 2 |Jt1‘ < 2p P [lngtl H2 Hgf]tl"Q —-E ||th1 H2 Hgf]tIHQ > |Jt1|]

< 4P [Igsally ~ Elgo, lls > V/I7al/3]
< dpexp (=(|Ju| /9)/2) < dpexp (—nb?/72) < 1/n (A17)

where the last inequality is derived simply via assuming n = C6~2 log p for some C > 10%, such that

C > 400 * (40)1/5 = C'logp > 400 10g((4C)1/5p) — Clogp > 721log(4Cp®) > 72log(4Cp? log® p)
— nf? > 72log(p - 4CH 2 logp) = T2log(4np).

Likewise for sum on set J;2, we collect all above result and conclude for every i # j € [2p],

(sil®], s;(2)) = Y lgrl|gh—i] + D gkl |gh_s| < 2T | + |, ]) < 4n6. (A.18)
keJi ke Jio

For (A.13) similarly condition on event £, using Bernstein inequality Lemma J.4 with (o2, R) = (1,1):

—9nh?1 —9nh?1 1
P| max Z g;9;| > 3v/nb?logn gp'exp< Inb” logn ) <p-exp <9nogn) <
n

te2p\{0} | S5 2 |Ji1| + 64/nb2logn 3n0?
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thus for every i # j € [2p],

[(si[xo], s5[s0])| < + < 64/nbH?logn. (A.20)

> ki

kedi

> ki

keJia

Finally, both (A.18),(A.20) holds simultaneously with probability at least
1-2/n=1/n—1/n=1-4/n (A.21)
|
Lemma A.5 (Convolution of x). Given y = xg * ag where g ~iiq. BG(0) € R"™ and ay € RFP° is p-shift

coherent. Suppose n > CO~2log p for some numerical constant C > 0, with probability at least 1 — 7/n, we have the
following two statement simultaneously hold:

ICyell; < 3(1 + pp)nd (A22)
and for all J C [n],
1Py Cye|ly < 141J| (1 + pp) (p6 + log n) (A.23)

Proof. Given any a € SP~!, write 3 = C};, ta where |3| < 2p . Apply ||:c0||§ < 2nf from Lemma A.2 by

choosing € = 1/n, also |(s;[xo], s;[xo])| < 64/n6%logn from Lemma A.4 we get:
|Cyeally = 1CBll5 < 1815 lolly + > 18:8; (silao. 5 [xa])|
i#j€[£p)]

2 2 2
< T + max Si|xol, Sj|@
< 11Bllz llolly + 1811y max  [(silwo, 5;l@o])|

< |18l -2n0 +p |8l - 63/n62logn < 3|B]|3 no

where n = C0~2log p with C' > 10%, and the statement holds with probability at least 1 — 5/n.
For the bound of || P, JCyLaHg. Simply apply Lemma A.3 and utilize norm bound of || 3|3, with probability
at least 1 — 2/n we have:

IPsCytally = 3 I(silwol, B)f° < 17| | max [ Powolly 815 < 1] 14 (06 +logn) - 181
1€J .
j€ln]

Finally apply Lemma B.4 and Gershgorin disc theorem obtain
* 2 * 2
181 = |G 10 < G2 = o (M) < 14 . (a29

Remark A.6. When ay is a basis vector eq, the result of Lemma A.5 gives upper bound of ||Cy, ||, < 3n8, whose
lower bound can be derived similarly with |Cy,t|, > 2nf
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B Vectors in shift space

In this section, we will establish a number of properties of the coefficient vectors o and correlation vector
B. Generally speaking, when a is close to the subspace S, then both vectors a,3 have most of their energy
concentrated on the entries 7. In this section, we derive upper bounds on a,. and B, under various
assumptions.

In particular, we will introduce a relationship between the sparsity rate 6, coherence ;1 and size ||, which
we term the sparsity-coherence condition. In Lemma B.2 we prove that measuring the distance from a
to subspace S, in terms of ||a<||2 gives a seminorm. We then use this distance to characterize a region
R(S+,7(c,)) around the subspace S;. Later, in Lemma B.4 we illustrate the relationship between o and 3,
where 8 = C;; tt*Cg, . Finally in Lemma B.5 and Corollary B.6, controls the magnitude of - and B«
near S,.

Definition B.1 (Sparsity-coherence condition). Let ag € SP°~! with shift coherence y. We say that (aq, 0, |T|)
satisfies the sparsity-coherence condition SCC(c,,) with constant c,,, if

1
log?6-1’

e 1, “u
D 4max{|7’\ ,\/13}

where p = 3pg — 2.

[ max{\ff ,p292} Jog20 ! < % (B.1)

Lemma B.2 (d, is a seminorm). For every solution subspace S, the function do (-, Sy) : RP — R defined as
do(a,S;) = inf {|la |y | a =1"Cq a}. (B.2)
is a seminorm, and for all a € S, do(a,S;) = 0.

Proof. Itisimmediate from definition that d(-, S;) is nonnegative and S, C {a : do(a,S;) = 0}. Subaddi-
tivity can be shown from simple norm inequalities and our definition of d,, for all a1, a; we have

da(al + CLQ,S.,—) = inf {H(){.,.c

inf {||a1re + Qorelly | @1 =" Coparr, az =1"Cqyan}

o | a1 +ax=1"Cq 0}

IA

inf{Hal‘r“HQ + ||a2‘r“||2 a1 =1"Cqpx1, az= "*CaUO‘Z}

inf {[|arre]l, | @1 = ¢*Cayour} + inf {[|oeare
= da(alvs‘r) +d(x(a278‘r)-

5| az =1"Cqyaa}

Similarly the absolute homogeneity, for any c € R:

do(c-a,87) =inf{||alc|ly | ¢ a=1¢"Cqoa’} =inf {|jc- are|l, | a = " Cq,ax}

= lel - inf {[lare]l, [ @ = " Caya} = |c| - da(a, Sr),

which completes the proof that d,, is a seminorm. u

Definition B.3 (Widened subspace). For subspace S let
R(Sr,v(cn)) = {aesP™? |do(a,Sr) < v} (B.3)
denote its widening by -y, in the seminorm d,.

Our analysis works with a specific choice of width (¢, ), which depends on the problem parameters
ao,0,|7| and a constant ¢, via

Cu . 1 1 1
v(e,) = min , , . (B.4)
2 4log? =1 {\/IT VP up\/§|7|}
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Lemma B.4 (Properties of C};, 14*Cq,). Let M = C}, 14*Cq,, with ag € SP°~! p-shift coherent. The diagonal
entries of M satisfy

M;; =1 i € [—po+1,p0 — 1] = [£po),
0<M; <1 i € [=2po + 2, —po] U [po, 2po — 2], (B.5)
M;=0 otherwise,

and the off-diagonal entries satisfy

| M| < p 0<l|i—jl<po, {i€[=po+1,po—1}U{je€[—po+1,p0—1]},
| M| <1 {i,7 € [~2po + 2, —po]} U {i,j € [po,2po — 2]}, (B.6)
0 otherwise.

Furthermore, let T C [£po], and 7¢ = [£2py — 1] \ 7. The singular values of submatrix v\ M v can be bounded as:

L= p|7] < omin (67 Mer) < Omax (03 Mer) <1+ plr|,

Omax (Ue Mr) < pn/p|T], (B.7)
Omax (e Mure) < 14 up.

Proof. Recall the definition of ¢, which selects the entries {—po + 1, ..., 2pg — 2}. The entrywise properties
of M can be derived by carefully counting the entries of the shifted support. The submatrix M on support
{—2po +2,...,2py — 2} has an upper bound to be characterized as follows:

. i
J -1 : 0 0
:0:
m
w1 I4+p-1, w1 0
1]
o Mooy < [ [0-0]  [peon] 1 [ueen] [0-00]] (B.8)
o
0 w1 IT+p-1, p-1
:’LL:
0
0 0 : p-1 J
L 10} |

Here, the center row /column vector is indexed at 0, the matrices J, I, 1 and 1, are square and of size (pg — 1)2
Among which, I is the identity matrix, 1 is the ones matrix whereas 1, has all off diagonal entries equal 1.
Also |J| has property |J;;| < 1 forall i, j.

As for the singular values, notice that the first and second inequalities consider submatrix not containing
J since T C [£po); thus the first inequality can be derived with Gershgorin disc theorem directly, and the
second inequality with the upper bound with its Frobenius norm:

Omax (tee M) < pn/(2p0 — 1) |7] < p/p 7. (B.9)
Finally by recalling p = 3pg — 2 > 2pg — 1. The last inequality is direct from bound of +*Cl,:

Omax (Lre Mtre) < ||C:;ULL*C,1

* *
|l’ CGUCGOLHQ =

ol V*Cp Cayt|, <1+ pp (B.10)

where the third equality is derived via commutativity of convolution. |
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Lemma B.5 (Shift space vectors in widened subspace). Let (ao, 0, |T|) satisfy the sparsity-coherence condition
SCC(cy). Then for every a € R(S-,v(cu)), every asatisfying a = 1*Cqyov and ||ore||, < v(cy,) has

lleerlly = 1] < eps (B.11)
moreover, B = C; ta satisfies
1—3¢, < 24 Cu < Cu < Cu in{ Vo
=3¢, < ||B-]l; <1+ T logZ 01" [Brelloe < W’ [1Brell, < Wﬂlm lew) -

(B.12)

Proof. Write —1/logf = 61,z and v = 7(c,) for convenience. First, by using bounds on ~ in (B.4) and
w|7| < 1 we obtain:

Y14+ pp < v (1+up) < cubin,/2
CM9120g 1 0#91205%
- 1+u2p§7(1+\/u2p) < ——=+Vr| < (B.13)
4\ V7l 2y/I7]
Yool < v vp Vel < b, /4

N

Let a = t*Cy, a with |+ ||, < 7. Utilize properties of ¢*Cq, from Lemma B.4 and y |7| < ¢, /4 and (B.13),
we have:

* —1 * * -1 *
larlly = [[e"Cagtrlly™ (lally = " Cagatrelly) = [[67Cagtrlly (1= (16" Cag lly [lotre|l5)
1 1—2¢,/2
> (1 VTEm) = =2 >, (B.14)
V1t plr| 1+cu/4

and similarly, the upper bound can be derived as:

leerlly < i (¢ Cagtr) (lally + 116" Cagorrelly) < opiy, (" Cagtr) (14 [|6"Cag 5 [l etre]|,)

1 1 2
§7(1+7-\/1+,up) SL*‘/SH% (B.15)
V31— |7 1—c,/4

The bound of ||3- ||§ can be simply obtained using 1 || < ¢,,/4 and v bound from (B.13) as:

¢, 0%
1Brlz < s (:Cagt) < 1+ pulr] < 1+ =28 (B.16)
18+15 > (min (15 M) [[tr |y = Omas (15 Mere) [lare,)?
2
> (1= plr) (L= 6) = p/plT] 7)) = 1= 3c (B.17)

As for the upper bound of and || 3, ., follow from (B.13), we have:

1Brelloe < lltzeMotr|l + lleze Mare| o < pv/I7[llazrlly + V1+ p2p oz,
c.0? (1+c, c 920
SM-l-’Y"/l-i-u?pS # log, (B.18)
47| NG

the bound for || 3.

5 Tequires two inequalities, we know

1Brelly < llezeMaz|ly + [lezeMarelly < pv/plr|lleclly + (14 pwp) ere|, (B.19)
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for the first inequality, use (u|7|* )3/4 (up202)1/4 = u/pl|rP? < ¢, 07, /4 , definition of v and 6 |7| <

log/4 we have:
3/2 7
(B.19) < M(HC#) VoOITl- Ity n upVo ||y
ad Vo 7| Vo]
QCHHIQOg + cM913og + Cu9120g clﬂlog (520
olr = Vol

and similarly for the second inequality, use both conditions of y, we have:

v oyl

(B.19) < . 14c,) +v+ ppy
oy e
3/2
v Apy/pl 7|
< : -max { /| 7], Vip, upVo|r| b + 9|T|+ - ppl | T
o] cu@ﬁ)g { } \ | | |
Y 3/2 Cu log #alog
< g 02 cmax { p|r[* - /PO, p(p0) 7|l pn/p0 | papd |7 +
|7 1Ylog 4
2 2
Y Cuelog cllelog C.Uelog < Cp,elog’y
B.21
—9|T< N N (B.21)
which completes the proof. |

Corollary B.6 ( |(Br<, Zo r<)| is small). Given xg ~iiq. BG(0) in R™ and |T|, c, such that (ao, 0, |T|) satisfies the
sparsity-coherence condition SCC(c,,). Write A = cx/+/|T| with some cx > 1/5, then if ¢, < 53,

> Biwoi| > 1)6] <20, P [ > Biwoi

1ETC
Proof. We bound tail probability of the first result with Gaussian moments Lemma J.2 and Bernstein
inequality Lemma J.4. Via Holder’s inequality, 3=, . E(8;x:)? = Ex{ || B[] < 6(q — 1)!||Bre 151187 1%2

> ﬁ)] < 0|7|+26. (B.22)

7

thus
> Biwoi| > )\/10] < 2exp ( 2_W 10)° > (B.23)
iere 20(|Brellz + 2(A/10) [|1Bre]
Write 01, = @, Lemma B.5 imples when ¢, < 52, we have 6 H/@r"”Q < Tff;’g < 618;22 and ||Br<]|, <
C\“/o]i’_i’r < 91;‘; , therefore,
)2
(B.23) < 2exp (2010g)\2/625 n ;(9/1122/25) : ()\/10)) < 2exp (logh) < 20 (B.24)

The second tail bound is straight forward from the first tail bound as follows:

I3

i L0i

> A\/10]

> 1 < P[|Brzr| + |Bre@re

< P[m‘r 7é O] + P[mT = 0] P H/B:-Cm‘r“| > >‘/10]
< 07|+ 26. (B.25)
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Corollary B.7 (|{B+\(0), o\ (0) )| is small near shifts). Suppose that xo ~;i.a. BG(0) in R™, and ||, c,, such that
(ao, 0, |7|) satisfies the sparsity-coherence condition SCC(cy,), then if ¢, < {5, for any a such that | 8| < 410g$’

we have

2)
P .Z Biwoi| > = | <20 (B.26)
€7\ (0)

Proof. For the last tail bound, write x = w o g. Wlog define 3, be the largest correlation 3, define random
variables s’ = < Br\{0}> m,.\{o}). Firstly most of the entries of &, would be zero since via Bernstein inequality
with 6 |7| < 0.1:

cox —0.9210g? 61
=P 20 +0910g6-1/3

P lz w; > logﬁ_ll <P [Zwi > 0|7| +0.9logh™!

iET

)) <6 (B27)

€T
thus with probability at least 1 — 6, we can write s’ as a Gaussian r.v. with variation bounded as Es"* <

_ 2
E {Ziozgle ' ,Bigi} = log6~'3(;), then via Gaussian tail bound Lemma J.1:

0.4 2
Plls'| > 04\ <P |lg| > —————| +P w; >logh | < exp (—1.21log671) + 6 < 20,
Viog0=1 |8 ZEZT V21 ( )
(B.28)
|
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C Euclidean gradient as soft-thresholding in shift space

In this section, we will study the Euclidean gradient (4.6), by deriving bounds showing that the x operator
approximates a soft-thresholding function in shift space (Lemma C.2 and Corollary C.4). Furthermore, we
will show the operator x[3;] is monotone in |3;| from Lemma C.3. A figure of visualized x operator is shown
in Figure 13.

Expectation of x operator. To understand the x operator, we shall first consider a simple case—when x
is highly sparse. By definition of 3 from (4.3) we can see that 3 has a short support of size at most 2p — 1,
when x( has support entries separated by at least 2p, the entries of vector x[3]; become sum of independent
random variables as:

X[8): = (s-ilzol, Sy |20 B] ) = (s-ileol Sy [Bis—ilaolh) = Y. g;-Salg;- Bl

o sep. jEsupp(xo)
where (gj)je[n} are standard Gaussian r.v.s.
The following lemma describes the behavior of the summands in the above expression:

Lemma C.1 (Gaussian smoothed soft-thresholding). Let g ~ N (0, 1). Then for every b, s € Rand A > 0,

E, [gsA b-g+ sﬂ — (1 — erfy(\, 5)), (C.1)
where
1 A+s 1 A—s
erfp(\, s) = Eerf (\/§|b|> + gerf (\/M) . (C.2)

Furthermore, for s = 0,b € [-1,1] and € € (0,1/4), letting o = sign(b) we have
oSy ] < 0By [gSa b+ 9l] < oS qn [8] +< (€3)

where vy (c) = 1/(2v/—loge) and vl = \/2/.

Proof. Wlog assume b > 0. Write f as the pdf of standard Gaussian distribution. With integral by parts:

/; tf(t)dt = —f(1), /; eI = %erf <\t@> I

Integrating, we obtain

E {gS,\ b g+ s]} = /]N; (b2 — (A= s)t) f(t)dt + / (bt + (A + s)t) f(t)dt,

A+s
t<—22

by writing L = A — s, the integral of first summand

/tz% (bt* — Lt) f(t)dt =b B - %erf (\/L%) + %f (i)} ~Lf (é) = g - gerf (\/Lib) :

and similarly for the second summand, which gives

]t 15)

+ g - gerf ()\\/ng> =b(1—erfp(N,9))
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For b < 0, alternatively we have
E[gS\[-Ib] - g + 5] = ~ElgSallbl - g — 5] = —[bl(1 — exfy(\, —5)) = b(1 — exfy (A, 5))

To show (C.3), via definition of error function, for = > 0, we know:

. 1—e¢
min {1 — g, log(l/s)m} erf(x \/>/ * dt < (C4)

where the lower bound is derived by first knowing erf is increasing thus for all > /log(1/¢),
erf(z)>1—e @ >1—¢o8=1_¢
and from concavity of erf we have for 0 < z < y/log(1/e) =T

erf(T) — erf(O) + erf(0) > 1-¢

erf(x) > T—0 m .

Lastly plug (C.4) into (C.1) and apply condition || < 1 and € < 1/4 we have

5 Al —¢) A
w|ﬁmwwmw|ﬁm%ww%kam%wzmw}

which completes the proof. u

This lemma establishes when x is separated, then Y is soft thresholding operator on 3 with threshold about
A/2. This phenomenon extends beyond the separated case, as long as when x is sufficiently sparse (when
Definition B.1 holds). Recall that x : R™ — R"™ is defined as

X18) = S [CaB] (C.5)

The following lemma bounds its expectation:

Lemma C.2 (Expectation of x(3)). Let o ~iia. BG(0) and X > 0, then for every a € SP~! and every i € [n],
define the operator x as in (C.5), then

n_lEX[/B]i =00 (1 - ]Esierfﬁi ()\, 81)) (C.6)

where s; =3 ,; Bexoe. Suppose (ao, 0, |T|) satisfies the sparsity-coherence condition SCC(c,,) and A = cx/\/|7|
for some cx > 1/5 and o; = sign(B;), then there exists some numerical constant € such that if ¢, < ¢ then for every
a € R(Sr,v(cy)) and every i € [n], (C.6) has upper bound

- - 49% | 7|8 1Bil <11
n'E i 'E : c7
e Bx(Ph < oo Ex|Al, {(WJ—mM@ 18] > m) €7
and lower bound
Uzn_lEX[B]i > Uin_lEX[ ]i =:0S,, Hﬁ%” ) (C.8)

where vy = 1/ (2\/log0*1>, vy = +/2/m.
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0.5 0.5

= Ex[B], )\z — 06
Ex[8];

-05 | | | -05 | | | |
-0.5 0 Vl)\ VQ)\ 0.5 -0.5 0 1/2)\1 V2)\2 1/2)\3

Bi Bi

Figure 13: A numerical example of Ex[3];. We provide figures for the expectation of x when entries of
xo are 2p-separated. Left: the yellow line is the function 8; — B; (1 — erfg, (), 0)) derived from (C.1), and
the blue/red lines are its upper/lower bound (C.3) utilized in the analysis respectively. Right: functions
of B; — Bi (1 — erfg, (A, 0)) with different ), the section of function of 3; > v2\ are close to linear.

This lemma shows the expectation of x[3]; acts like a shrinkage operation on |3;|: for large |3,|, it acts
like a soft thresholding operation, and for small |3;], it reduces |3;| by multiplying a very small number
40 |T| < 1. We rigorously prove this segmentation of x operator as follows:

Proof. First, since s;[xo] =4 s;[x0],

x18]: = €;Co,Sa [émoﬂ] = <5—i[$0175A [mo *BD =4 <S—j[ﬂ?o]73A [Sz‘—j o] * BD = x[s;-ilBl;

Thus wlog let us consider ¢ = 0 and write « as xy. The random variable x[3]o can be written sum of random
variables as:

x B, = <5137S,\ Boxo + Zﬁzs—z[w] > = Z ;S\ | Box; + Zﬂéwj-M ;

0 jeln] (£0

and a random variable Z;(/3) is defined as

Zi(B) = xS [5033]' + Z ﬁe$j+e] ; (C.9)

£e[£p\0

gives x[Blo = >_ ;¢ Z;(B) as sum of r.v.s. of same distribution and thus n~'Ex[B]o = EZy(B). Define a
random variable so = ), £0 Bex¢, which is independent of xy. From Lemma C.1, we can conclude

n Ex[Blo = Eay.s00SA [BoTo + s0] = 080 (1 — Egerfg, (), s0)) (C.10)
so that (C.6) holds for i = 0, and hence for all 4.

1. (Upper bound of EZ) Wlog assume 3, > 0 and write Z = Z,. We derive the upper bound on EZ in two
pieces.
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(1). First, since Ex¢S) [0 - ¢ + s¢] = 0, we have

d d
EZ(B) <Bo sup —-Ez,s,ToSx [BTo + s0] =060 sup — / 9 (Bg + so — sign(Bg + so) - A) du(g)dpu(so)
ag 1B J|g+s0|>x

BE[O,ﬁo] ﬁE[Oﬁo

- 2 s o ( )
9ﬁ0ﬁ:[101%0]Eg,so [9°1418g+s01>03] < 950[3:[101%01139,% 9" (Misa1>2} +1{\30|>T*0})

<080 ((Eg®)""" P[1Bog| > (9/10)]*/* + P[|so] > /10]) (C11)
We bound the tail probability of sy using Corollary B.6 where
P [lso] > A/10] < P[5, Bias] > A/10] < 67| +20 < 30 | . (C12)

On the other hand, the first term in (C.11) can be derived by pdf of Gaussian r.v. Lemma J.1 as:

; 108, \** A\ 3 2/3 A2
(5¢%)"* PlIong| > 90/ 107" < V35 (000 ) eXp<—4ﬁg)g2(i@> exp(_wg). c13)

_ 22
Combine (B.24), (C.13), when By < 1A, we know e %5 < e8¢ < |7|. The first type of upper bound EZ is
derived as

2
V8o €[0,11), EZ(B) <68 (gyf”’ exp (rﬁ?) + 36 |‘r|) < 46? |7 Bo. (C.14)
0

(2). The second type of upper bound can be derived directly from Lemma C.1:
EZ(B) < ExoEs, oSy [Bozo + So] < Ex@oSi [Boo] + Ez, |To| Es, [0l
<0 (Suyr B0 + ¢+ V27 Elso ), (C.15)

L
10/

C 910 2c 910

Els| < [ Exi0; < VOI8rlly + 18relly) < VO (1 +¢,) + 8 < =H=F. (C.16)
; e=e 2 2 s |T‘ \/H

v/ Olog

2

where E |s| can be bounded with ||8]|, and 0 |7| < ¢,,010 from Lemma B.5. When ¢,, < 75, observe that

cubiog
Ed]

Cu910g \/5 2cM010g 3(3”9103;
EZ(B) <0 <Su1,\[50] + 7] /- Wil ) <0 <5M[ﬂo]+\F| )

<0 (Sm 1B0] + Vf)“’g A) <0 (Sm [Bo] + ;ulA) (C.17)

Now choose e =0 < ,sothatv] = v = in (C.15). Since ¢, < 5 we gain

(3). Combine both (C.14) and (C.17), we can thus conclude that

462 7| Bo Bo <11 A
EZ =EZ
(8) (ﬁ)é{e(ﬁo—gx) Bo > 1A

. (C.18)

2. (Lower bound of EZ) On the other hand, for the lower bound for EZ, use the fact that erfg(}, s) is concave
in s, we have

_ 4 _Bo (A0} _Bo g (At
EZ(8) = EoyEay@0S) [Boo + 0] = 0 - B, [ﬁo > erf(ﬁw) 2 erf(ﬁlﬁoﬂ
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A
Z 9 <ﬂ0 — 60 . erf ( >> Z (9 . S,/,\ [,80] = EZ(ﬂ) (C19)
V2|Bo| :
The proof of By < 0is in the same vein. For cases of i # 0, since x[8]; =a x[s—i[3]]o, replace By with 3; we
obtain the desired result. [

Monotonicity of x. Another convenient fact of Ex[3]; is that it is monotone increasing w.r.t. |3;|. The
monotonicity is clear in Figure 13; it is demonstrated rigorously with the following lemma:

Lemma C.3 (Monotonicity of Ex(/3)). Suppose xo ~i.a. BG(0) in R", and |T|, ¢, such that (ao, 0, |T|) satisfies

the sparsity-coherence condition SCC(c,). Define X = cx/\/|7| in opn where cy € [0, 1], then there exists some

numerical constant ¢ > 0, such that if ¢, < €, the expectation |E[x[B3]];| is monotone increasing in |3;|. In other words,

if |Bi > |B;| then
oiBx[8li = o;Ex[B]; (C.20)
where o; = sign(3;).

The proof first operate simple calculus and then followed by studying cases of |3;| — |3;| when either it is
smaller are larger then A.

Proof. 1. (Monotonicity by gradient negativity) Wlog assume 3; > 3; > 0, and from Lemma C.2 we can
write (nf) 'Ex[8]; = B; (1 — Eserfg, (), s;)). Consider t € [0,1] and define /(t) = t3; — t3;. Write the
random variable s;; = /., ; Bez¢. Define h as a function of ¢ such that

h(t) = Ep sy [(1=1)Bi +8) (1 - exfi_pg 408, (A (1 = 1)B; +1Bi)x + s45))]
= ELSa‘,j [(,32 — E(t)) (1 — erfﬁi_[(t) ()\, X - (,6] -+ f(t)) -+ Sij))] . (CZl)
Notice that Ex[8]; = h(0) and Ex[B],; = h(1) respectively, thus it suffices to prove h'(t) < 0 for all ¢ € [0, 1].
Write f as pdf of standard Gaussian r.v. where

Ats A—s;j
B

erfg()\, Sij) = /

0

and use chain rule:

W(t) = Eus,; (85— Bi) (1 —erfp,_ory(N z - (85 + (1)) + 549))

a d (At+x (B +HUE) s\ L, (Ata (B +LU1)) + si

Bt g () ()
d (A—x-(B; + () — sy A=z (B +L({1)) — si

(-t (AR ) s ()|

= (/6] - ﬁi)]Ez,s,;j [1 - erfﬁi—é(t)()‘a Zz:- (ﬁ] + E(t)) + Sij)
N <A+x(ﬂj + (1)) + 545 +x) iy (A+az(ﬂj +4(t)) + sij)

Bi—t) B — (1)
(i) )

ZX

= (B; — Bi)Es,s,, [1 _ /zq f(z)dz — /Zt J(z)dz + (2a, +2)f(2n,) + (2a — a:)f(z,\)] . (C22)

0 0
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Consider the term only related to z,, , condition on cases that it is either positive or negative, observe that
ZX

Hp— = Ew,31j|z>\+§0 fo - f(Z) dz — Z)urf(ZAJr)
Z\

Kt = E‘T,sij‘ZA+>0 fO i f(Z) dz — Z>\+f(Z)\+)

where the negativity of the first equation can be observed by writing v = —z,, and take derivative:

{fo 2)dz+ v f(v) =0 b0
ALy f@dz+v-f0)}=—f@)+ f)+v f(v) <O v>0’

and similarly for z)_:

{M = Easilon <o P‘OZA f(2)dz = zx_f(zx0)

—Buserco [~ o F)dz = 2 f(2n,)] <O

: 1 1
< min { 2 ﬁEa:,sij\zA+>0 Z)\+}

)

<0

I F(2)dz—2a f(za)) ’

then combine every term to (C.22) using tower property and from assumption 3; — 3; < 0 we obtain

(sz) < (18] /61) ( [ZA+ > 0] = P [ZA_ > 0] L ]EI,Sij [x(f(Z)\+) - f(ZA—»])

.| Plax, > 0] Elza,| .| Plaal > 0] Elar_| 0
S(ﬁjﬁi)(lmm{ 5 T on }mln{ 5 o 7@.]E|g| ,
(C.23)

H—g = EI’SM [zx_ >0

: 1 1
< min {57 mEm,sij|zA7 >02A_ }

where g is standard Gaussian r.v..

2. (Cases of varying 3;,8;) Letcy < 1. Suppose 3; — {(t) < 4\/1ﬁ' Recall that |82 > 1 — 3¢,. We are

going to show there is at least one of the entry 8. € {8,},c,; ; W {B; + £(t)} is greater than %25 First, if

Vit
both i, j & T, the lower bound is immediate since 32 = || 3, Hio L 36” . On the other hand if at least one of

Lo . 2
i, j is in 7 and all other 3, entries are small where ||B\ i ;3 || < ! lf‘c“ , then we know via norm inequalities,

1—3¢,

(8: + 8" > B + B} > 18115 = (17 = 1) 1Brvsa [ > —7% (C24)
which implies if ¢, < ﬁ,
Bo= B +U0) = (Bt B)) — (B, — ey > Y > O (€25)
Y B Z VA VA VA
In this case, adopt result from Corollary B.6 such that P [|>" Bez,| > A/10] < 36 || < .01, we have
]P)[Z)\_ > 0] :P[Z)\+ >0} =1 —P[x(ﬁj +€(t))+8ij < —)\]
<1—-Plz.Bs < —11A/10] - P[z(B; + £(t)) + sij — .8+ < A/10]
0.72 —11cy A :|)
<1—-60-Plg, - — < : - P Ty >
- [g NERT |r|] (1-p[Zae
<1-6-P[0.72-g, < —1.1-0.25]- (1 —3c,)
<1-0.356. (C.26)

On the other hand, when 3; — £(t) > ﬁ both 2y, z)_ are upper bounded via |7]6 < @ such as:

A i+ L(t i
z,\+’§Ew,sij + [2(8; + (1)) = 87|<1—|—4\/|7' (a:su

1/2
B0 v(B; + 1) — s

Ew,sij

ZA_ ’ = Ew,sij
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<1+4/[7[0)8], < 1+4/]7]0 (1 Yo+ \/;7 I) <1.2. (C.27)
T

Combine (C.23), (C.26) we have

W(t) < (8, - By) (1 o (L2030 jﬂ : \/Z) <0.030(8; — i) <0, (C28)
and combine (C.23), (C.27) and ¢ < ¢, we have
W(t) < (B~ Bi) (1 g 22 0 2) <0.03(8; — B) <0, (C.29)
Vor Wer Vm
which proves the monotonicity. |

Finite sample deviation of x. When the signal length of y is sufficiently large, operator x will be enough
close to its expected value.

Corollary C.4 (Finite sample deviation of x(3)). Suppose xg ~ii.a. BG(9) in R", and k, c,, such that (ay, 0, k)
satisfies the sparsity-coherence condition SCC(c,,). Define A\ = cx/Vk in pp for some ¢y > 1/5, then there exists
some numerical constants C, ¢, ¢ > 0, such that if n > Cp°9~2logpand ¢y < G, then with probability at least 1 —3/n,
for every a € U+ <, R(S-,v(cyu)) and every i € [n], we have:

In"'x[8; — n"Ex[8li| < 0/p*/?, (C.30)

Proof. See Appendix .1 [ |
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D Euclidean Hessian as logic function in shift space

We can express the (pseudo) curvature (4.10) in direction v € SP~! in terms of the correlation v = C;; S
between v and ay, giving

0*624,0@1 (a)v = —'y*\C/mU PI\C/wo’y,

where
I(a) = supp (SA [\émoC;o’“aD = {z € [n]| ’w )\} . (D.1)
The i-th diagonal entry of émo PI(a)EmO is
—€; C:cOPI a)Cwoe1 = - HPI a)Cwoe7 = ||Pl(a)5— Lo ||23 (DZ)

which is the core component for us to study the curvature of objective ¢,1. We illustrate the expectatlon
of diagonal term of Hessian in Lemma D.2 and Corollary D.3, whose flgure of visualized || Py(q)s—i[o H2

is shown in Figure 13. Lastly, we also prove the off-diagonal terms €] CmOPI Cmoe of Hessian is likely
inconsequential in calculation of curvature in Lemma D.4.

Expectation of Hessian diagonals We expect the Hessian to have stronger negative component in the

silao] direction as || Pr(q)s—i[@o H2 becomes larger. This term can by tremendously simplified when z is very
sparse: suppose all entries of its support I, are separated by at least 2p — 1 samples, then by implementing
the definition of support from (D.1), we can derive

2 _ 2
~ | Prays—ilzolll; = = > LIS, Brocery o |3} o™ D 93 LiBig 52} (D.3)
j€lp sep. VIS

where 1 is the indicator function and g; are independent standard Gaussian r.v.s.. In expectation, the
summands in (D.3) acts like a smoothed logic function on entry 3;:

Lemma D.1 (Gaussian smoothed indicator). Let g ~ N(0, 1), then for any b, s € Rand XA > 0.

E, [921{|b.g+s|>>\}} =1—erfp (A, s) + fo (A, s), (D.4)
where
1 A48\ _o+? A—s Q-s?
(A, s) = —= [() e” T + <) e =2 } . (D.5)
= 7 g
Proof. The proof can be derived via same calculation of integrals in Lemma C.1. |

Although the definition (D.4) seems incomprehensible at first glance, we can actually interpret it as a smoothed
indicator function which compares |b| to the threshold +/2/7A. Once we assign s = 0, then we can see that
Eg?1{}y.g>x} is be an increasing function of |b|. Moreover by assigning different values for |b| we obtain:

1, b ~ 1
Eg®1{jpgi>n) &< 1/2,  |bl = /2/7\. (D.6)
0, |b] = 0

Relate (D.6) to (D.3), when |3;] is close to 1 then we expect — -1 || Prs_; (o] ||2 to be close to —1, and it increases
to 0 as |3;| decreases, suggests that the Euclidean Hessian at point a has stronger negative component at
silao] direction if |(a, s;[ao])| is larger. See Figure 14 for a numerical example. This phenomenon can be
extend beyond the idealistic separating case as follows:
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O 1 | |
-1 0 V2)\1 VQ)\Q V2>\3 1

Bi

Figure 14: A numerical example for E H Pyg)sifxo) H 2 We provide a figure to illustrate the expectation
of =2 || Praysilxo H2 when entries of x are 2p-separated, as a function plot of 8; — 1 — erfg, (X, 0) +
f8;(A,0) from (D.4) with different \. When |3;| ~ v2 A where v2 = 1/2/, then the its function value is
close to 0.5. If | 3;] is much larger then ) its value grow to 1, implies there is a negative curvature at s; [ao]
direction. Similarly if |3;| is much smaller then X the function value is 0 thus the curvature is positive in
si[ao] direction.

Lemma D.2 (Expected Hessian diagonals). Let x¢ ~ii.q. BG(0) and A > 0, define the set I(a) in (D.1), write
8i = Yy Beoe, then for every a € SP~! and i € [n]:

n'E HPI(a)S—i[:BO] Hi =0 [1 - Esierfﬁi ()‘7 Si) + Esi fﬂi (/\a Sz)] (D7)
Proof. Write g as . Observe that y x & = @ * 3 = > ¢ Bes_[xo]. Thus for any j € [n] and i € [£p]:
(y*a); ;= (@S ilx] + Zﬂes oz ) = Bixz; + Zﬂfwj+€7i =: Bixzj + sj, (D.8)
£ £

where z; is independent of s;, and both x;, s; are symmetric and identically distributed for all j € [n].
Rewrite the random variable using (D.1) as

Z mojl{\y*tﬂ oA T Z m0]1{|51w0]+31|>)\}

j€[n] J€[n]

1Prays—ilao] |5 = HPHa) > jefn) (®ojej—i)

Write & = g o w as composition of Gaussian/Bernoulli r.v.s., the expectation has a simple form:

E | Prays—ilwoll; = n0 - Bgi1(1p,g0+s0i>ny = 6 - E (1 = erfp, (A, 50) + fo, (A, 1))
wheres; =3, 4i x0;3; with zo; ~iiqa. BG(0), yielding the claimed expression. [ |

Finite sample deviation of Hessian diagonals. When the signal length of y is sufficiently large, then i-th
diagonal term for Hessian HPI(a)s,i [x0] Hz will be close enough to its expected value.

Corollary D.3 (Large sample deviation of curvature). Suppose xo ~iiq. BG(0) in R", and k, c, such that
(ao, 0, k) satisfies the sparsity-coherence condition SCC(c,,). Define A = cx/\'k in gy for some cy > 1/5, then there
exists some numerical constant C, c,¢ > 0, such that if n > Cp*0~'log p and cu < T, then with probability at least
1 —3/n, for every a € U+ |<xR(Sr,v(cy)) and every i € [n], we have:

0 | Prays—il@al [ = n 7B [ Praysilaol 5] < ct/p (D.9)

Proof. See Appendix L.2. [ |
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Hessian off-diagonal terms near solution. The off-diagonal entries of Hessian in general are much smaller
then the diagonal entries; however, it affects the region near sign shifts of ag the most where we need to show
strong convexity in the region. We provide an upper bound for off-diagonal entries in the vicinity of signed
shifts. In these regions, only one entry of the correlations |3, | is large and the rest is small.

Lemma D.4 (Hessian off-diagonal term near solution). Suppose x¢ ~iiqa. BG(0) in R, and k, c,, such that
(@, 0, k) satisfies the sparsity-coherence condition SCC(c,,). Let X\ = c\/Vk with ¢y > 1/5, then there exists some
numerical constant C,¢ > 0 such that if n > C0~*log p and c,, < ¢, then with probability at least 1 — 4/n, for every

a € U7 <kR(Sr,7(cp)), where | By | < qropg=r A and every i # j € [£p] \ {(0)}, we have

[si[2o]*| Pr(ay |sj[@0]| < 8n6° (D.10)

Proof. Write f,; = —1/logf and x( as * = w o g. Wlog let By be the largest correlation 3. Define
random variables s’ = </67-\{0,i,j}7 xT\{O’Z—,j}) Firstly via Corollary B.7 we have P[|s’| > 0.4)\] < 26; also
define s = (Bre\{0,i,}> T+e\{0,i,;} ), and base on Corollary B.6 we have P[|s| > A/10] < 20. Expand the
(—1i, —j)-th cross term with 6 < 0.1 we have:

Els—il@]"| Pria) ls—j[@]] = E X pepn) [@rti®hii] L{iBomi+Bimis it By miss+5+5'[>A)
=16 - E|9ig;| L{8o0+Big:+ B9, +5+5157)
< nb”-E[|gig;| (21(8,g:1>2/4y + Plwo # 0] + P[|s| > 0.1A] + P[|s'| > 0.4)])]
< nf?- (exp (—log? 0~ ") + 6 + 20 + 20)
< 6n6>. (D.11)

Write (D.10) as two summation of independent random variables with ¢ = j — i by separating sum into two
sets Ji1, Jio defined in (A.4) with both |J;1], | Ji2| < n6? with probability at least 1 — 2/n from Lemma A.1

Els_i[@]| Prals—jlzll = Y leallewed = D lgellgesed + Y0 lgkllgnel,
(k—i)el(a) (k—i)el(a)NJe1 (k—i)el(a)NJ2

whose first summands can be upper bounded w.h.p. via Bernstein inequality Lemma J.4 with (02, R) = (1,1)
and writes C := U} |<xR(Sr, v(cu)) N {a | 1By| < Mogﬁ)\}, then we have

P dmax > gkllgrsd —E D lgkllgriel | = nb?
|7 e (k—i)el(a)NJn (k—i)eT (@)
L S dgkllgerd =B D gkl gkl | > nb?
_”ﬁje[ PMOY \ - ienin (h=8)NJe1
—n26° —n26° nh* 1
< dp*- — ) < 8logp — ——— | < —— )<= D.12
=P eXp<2|Jt1|+2n6‘3> —eXp< 8P 302 > —eXp< 10 > =n (D12)

when n = C6~*logp with C > 10* and #log® #~' > 1/p. Thus for alli # j € [+p] \ {0} and a satisfies our
condition of lemma, from (D.11) and (D.12) we can conclude :

|s_ila]"| Pray ls—j[@]l < > Elgellgrsed + Y Elgllgrel + 2n0° < 8no?
I(a)ﬂ,]tl I(a)ﬁ,]fg

which holds with probability atleast 1 —2/n —2-1/n =1 — 4/n base on Lemma A.1 and (D.12). |
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E Geometric relation between p and /!-norm

In this section, we discuss how to ensure that the smooth sparsity surrogate p approximates || - ||; accurately
enough that guarantees ¢, inherits the good properties of ¢,1. We prove several lemmas which allow us
to transfer properties of ¢ to ¢,. Our result does not pertain to the suggested pseudo-Huber surrogate
p(x); = \/x? + 6% in the main script, and is general for a class of function class defined in Definition E.2 that
is smooth and well approximates ¢! when the proper smoothing parameter § is chosen from the result of
Lemma E.6. In particular we ask the regularizer p;s(z) to be uniformly bounded to |z| by §/2:

VeeR,  |ps(x) -zl <6/2 ED

then if 6 — 0 we have for every a near subspace,

||prox . [@ * y] —p1r0:></\p5[6>|<y]H2 — 0, (E.2)
Ve (a) = Ve, (a)ll, = 0, (E-3)
V200 (a) = Vo, (@)]|2 — 0. (E-4)

An example choices of eligible smooth sparse surrogate is demonstrated in Table 1.

Calculus of ,. The marginal minimizer over « in (2.7) can be expressed in terms of the proximal operator
[BC11] of p at point @ * y:

~ . 2
prox,,, [d + y] = argmin { Ao(@) + } |all} — (a+@,y) } .

TzER™
Plugging in, we obtain
- « - 2 ~ 2 2
pp(a) = Ap(prox,, (@ = y]) + 3 [|@ =y — prox,, [@+yl||, — 2 [@a=yl;+ 3 [yl (E5)

The objective function ¢,(a) is a differentiable function of a. This can be seen, e.g., by noting that
wola) = cQp)(@xy) = 3 [yl + 5 vl (E6)

where €(g)(z) = g (prox,(2)) + 3 ||z — prox,(2) Hz is the Moreau envelope of a function g. The Moreau envelope
is differentiable:

Fact E.1 (Derivative of Moreau envelope, [BC11], Prop.12.29). Let f be a proper lower semicontinuous convex

functionand X > 0 then the Moreau envelope e(Af)(z) = Af (prox, s[2])+35 |z — prox, 2] Hz is Fréchet differentiable
with Ve(Af)(z) = z — prox, ,[z].

Furthermore, ¢, is twice differentiable whenever prox, , is differentiable. In this case, the (Euclidean)
gradient and hessian of ¢, are given by

Ve,(a) = —L*\C/y prox,, [\C/yba] , (E.7)
Vip,(a) = 7L*\éyv prox,, [\éyba] \éyl,. (E.8)

The Riemannian gradient and hessian over SP~! are
grad[p,](a) = =P, L*\éy Prox,, [\C/yba] ) (E.9)

Hess[g,|(a) = =Py, (L*Eyv prox,, [\C/yba] \éyb —(Vp,(a),a) I) P,.. (E.10)
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Surrogate class pi(z) Vpi(x) V2pi(x)

S ) . . et/ —1 dete/0
L h b 1 e 2L/6 —21/5 - - _—
og hyperbolic cosine 3 log (e +e ) cAa/s 1 1 §(etw/5 4 1)?
x 52
Pseudo Huber Va? 82 ViZ1 o2 (22 + 62)3/2

Gaussian convolution / |z —t| f5(t)dt erf(z/V/26) 2fs(x)

Table 1: Classes of smooth sparse surrogate p and how to set its parameter. Three common classes are
listed with parameter ¢ to tune the smoothness. All the listed functions are greater then |z| pointwise and
has largest distance to |z| at origin where p(0) — |z| < ¢, satisfies the condition (E.11). Also its second
order derivatives V2p;(z) are monotone decreasing w.r.t. ||, hence are certified to be eligible §-smoothed
2" surrogates.

Sparse regularizer p as smoothed ¢! function. Our analysis accommodates any sufficiently accurate smooth
approximation p to the ¢! function. The requisite sense of approximation is captured in the following
definition:

Definition E.2 (§-smoothed ¢! function). We call an additively separable function p(z) = Y1 | p;(z;) : R* — R,
a §-smoothed (* function with & > 0 if for each i € [n], p; is even, convex, twice differentiable and V?p;(x) being
monotone decreasing w.r.t. ||, where, there exists some constant c, such that for all x € R:

Ipi(@) — o] + ¢| < 8/2 (E11)

The proximal operator of the /! norm is the entrywise soft thresholding function Sy ; the proximal operator
associated to a smoothed ¢! function turns out to be a differentiable approximation to S,. In particular, we
will show that it approximates S in the following sense:

Definition E.3 (v/d-smoothed soft threshold). An odd function S{[-] : R — R is a \/6-smoothed soft thresholding
function with parameter § > 0 if it is a strictly monotone odd function and is differentiable everywhere, whose function
value satisfies

0 < sign(z) (S3[z] — Sy [2]) < VS, Vz e R (E.12)
and its derivative satisfies for any given B € (0, \):

IVSS[2] — VSa[2]| < VA§/B, ||| - A\ > B. (E.13)

If p is a 6-smooth ¢ function, then for all i € [n], we have that prox, ,[z]; is a v/d-smoothed soft threshold
function of z;. This can be proven with the following lemma:

Lemma E.4 (Proximal operator for smoothed ¢'). Suppose p is a 5-smoothed £* function, then z; — prox, ,[2]; is
a \/§-smoothed soft threshold function.

Proof. We know that

T = prox, ,[z] = argrﬂgin () + 5 [|e — Z||§ . (E.14)
sCRN

This optimization problem is strongly convex, and so the minimizer x. is unique. Using the stationarity
condition and since p is separable, for all i € [n], we have AVp;(x,;) + x.; — z; = 0, implies

x.; = (Id+ AVp;)~H(z). (E.15)
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Since p; is convex and even , Vp; is monotone increasing and odd. By inverse function theorem, we know
that strict monotonicity and differentiability of Id + AV p, implies its inverse is differentiable and is a strictly
monotone increasing odd function. Furthermore, it implies Va .; has the form

1

Va,; = Vi(Id+ AVp;) " (2) = Wopilwa) +1 -

1. (E.16)

Notice that since V2 pi(x) is monotone decreasing when = > 0, hence Vx; is monotone increasing in z; > 0.

Now we are left to show that (E.12) and (E.13) hold, and since prox, ,[-]; is an odd function it suffices to
consider the case when the input vector z; is nonnegative. Firstly, via convexity and entrywise bounded
difference |p;(x) — |x|| < 6/2 we are going to show

Vpi(z)| <1 Yz eR,  Vpilz)>1—/6/x Yo>VAd. (E.17)
Consider a positive z with Vp;(z) > 1 + ¢ for some € > 0, by convexity if Z > « then Vp;(Z) > 1 + ¢, hence
pi(x+0/e) > pi(x) + Vpi(x) - (0/e) >z —6/2+ (1 +¢€)-(0/e) = (x+ /) + /2,
contradicts the boundedness condition. Secondly, use mean value theorem we know for all z > Vd:

pi(VAS) = pi(0) _ (VAS —6/2) = (0+6/2) S \/3
VA —0 VA =0 = N

To prove (E.12), when 0 < z; < A, then S)\[z;] = 0 and @.; < VAd since if x.; > VA, by (E.17):

Vpi(x) >

>

AV i) + @ > A1 = VO/X) + VA = A > 2

then z,; violate the stationary condition in (E.15), resulting 0 < x,; — Sx [z;] < VA0 whenever 0 < z; < \.
Likewise in the case of z; > X\ where Sy [z;] = z; — A, (E.17) provides:

YV, >z — A+ VA, AVpi(.) + s > A1 = /O/AN) +2i — A+ VI = 2
Ve, <z;— A, )\vpi(:l:zi)—f—ﬂlzi <At+zi— A=z

again violates (E.15) and therefore (E.12) holds for all z; € R.
Lastly (E.13) is a direct result of (E.12). For all z; < A — B, recall that Vz; is monotone increasing in z;:

VA + S\ [N) =Sa[A—B] VXS
B

. Txi —T-B)yi _ (
- << - < < =
Vezi s i Vi S —— (A—B) — B

and similarly for all z; > A + B:

T4y — Txi _ Sx[A+ Bl — (Sa [\ + V)
> > > =1
Vo 2 B V2 T B A © B

Y
B

)

implies (E.13) holds. [ |

Approximate geometry of ¢, using 2  Based on (E.9)-(E.10) and denote éy ta = axy, the only differences
of Riemannian gradient and Hessian between ¢, and ¢, comes from the difference of prox, , [a@ * y] and
proxy..j, [@ * y]. Thus for the purpose of obtaining good geometric approximation of ¢, with that of objective
o1, we may apply both Definition E.3 and Lemma E.4, together suggest if p is a §-smoothed ¢! function, then
the i-th entry of prox, ,[a * y] will be V/Ad-close to the authentic soft thresholding function S [@ * y],, and its
gradient V prox, ,[@ * y] is v'Ad/B-close to VS, [@ x y] as long as (& * y), is not close to A by distance B.

Firsly, we will show by utilizing the random structure of y, such that with high probability, only a fraction
of entries of @ * y will be close to -\
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Lemma E.5 (Gradients discontinuity entries). For each a € SP~!, let
Jp(a) == {2 ‘ (Ey,,a) €[-A—B,-A+BJUN— B\ + B]} . (E.18)

Suppose the subspace dimension is at most k and signal y satisfies Definition B.1. Let A\ = c\/Vk and B <
' \0? /plogn for some cy,c’ € (0,1), then there is a numerical constant C > 0 such that if n > Cp°0=2log p, then
with probability at least 1 — 3/n, for every a € U+ <R (Sr,7(cy)), we have

24c'nh?
plogn

|J(a)| < (E.19)

Proof. See Appendix L.3. u

The geometric approximation between ¢, and ¢, necessarily consists of three parts: the gradient, the
Hessian, and the coefficients. Here we conclude the approximation result with the following lemma:

Lemma E.6 (p,1 approximates ¢,). Suppose xo ~iiqa. BG(0) in R", and k,c, such that (ao, 9, k) satisfies the
sparsity-coherence condition SCC(c,,). Let p € R™ — R be a d-smoothed ¢* function with

e c/498
VE’ - p? 1og2 n

with some ¢, ¢y € (0,1), then there is a numerical constant C, ¢ > 0 such that if n > Cp®0~2log p and ¢y < T, then
with probability at least 1 — 10/n, the following statements hold simultaneously for every a € Uj+|<xR(Sr,v(cu)):

\ (E.20)

(1). The coefficients has norm difference
Hbf‘ip]\émo prox, i [@ * y] — L’[kip]\C/mo prox, ,[@ * y| H2 < nf*. (E.21)
(2). The gradient has norm difference
IVen(a) = Vo,(a)l, < ¢nbt, (E.22)
(3). The (pesudo) Riemmannian curvature difference is bounded in all directions v € SP~ via
Vo eSS ‘v* (I—Egs[wgl](a) — Hess[go,,](a)) v‘ < 200¢'n6?. (E.23)
Proof. 1. (Coefficients) From Lemma E.4, the proximal §-smoothed ¢! function satisfies
[Sxl@+y] - S3[@xyll, <V Vjen

Since the support of coefficient vectors are contained in [£p], using simple norm inequality:

. (E.24)

|t CouSa [+ ] = 112y CauSi T+ 9l || < VAT |47y Caa

Apply Lemma A.5 by replacing aq with standard basis eg and extend support of ¢ to ¢|,), notice that in this
case we have ;. = 0. Condition on the event

< V3(1+ 2up)nd < v3nd,

L) Co ,

, < [[tenCanc,

and we gain

(E.24) < VAon - V3n0 < nvV3X05 < ¢'no*.
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2. (Gradient) From definition of Riemannian gradient (E.9) and apply similar norm bound of (E.24), and
condition on the following events of Lemma A.5 holds, obtain

L*EyH2 < n/3M(1+ up)d < 'nb’. (E.25)

IVon (a) — Vo, (a)], < Vaon -

3. (Hessian) For every realization of Jp(a) from a € Uj;|<;9R(Sr,v(c,)), base on Lemma E.5, condition on
the event such that

I \9? < 24/ n6? .

B < |J] < ; (E.26)
plogn

~ plogn’

and rewrite Jp(a) as J. Also condition on the event using Lemma A.5 and (1 + up)flogf~! < 1

L*\C/sz < V3n, HL*\C/yPJH2 < /8|J|plogn, (E.27)

then the difference of Hessian (E.10), in direction v € SP~! can be bounded as

" (Hesslpn](a) — Hesslp,)(a)) o]

< "U*L*\C/y (Pl(a) — diag [VS‘As [\C’/ybaH) \C/‘yw‘ + Ve (a) = Vo,(a)l, (E.28)

where I(a) is defined in (D.1). Let D = Pj(q) — diag {VS;S\ {EybaH and notice that D is a diagonal matrix,
which suggests (E.28) can be decomposed using

(Pj+ Pje)D(Py + Pye) = PyDP; + Py DPye,
where, from with property of v/5-smoothed ¢! function Lemma E.4:

max|PJDPJ|jj <1, maX|PJcDPJc\jj <VA/B.
j j

Finally, once again apply ¢ bound from (E.20) and bounds for B, |J|, y from (E.26)-(E.27), we gain

R 2 VN || L |2
(€£28) < [ Cy Py + 5|0 C | + V00 (@) - Vi),
InVAS
< 8|J|plogn + nB + 'nb?
/2
24c'n6? 3n (4A26% /p? log® n) !
<8- -pl 'ng*
— plogn plogn+ 202 [plogp ten
< 200¢/n6?,
where all above result holds with probability at least 1 — 10/n from Lemma E.5 and Lemma A.5. |
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F Analysis of geometry

In this section we prove major geometrical result in Theorem 4.1. This lemma consists of three parts of geom-
etry of ¢,; including the negative curvature region Corollary F.2, large gradient region Corollary F.4, strong
convexity region near shift Corollary F.6, and retraction to subspace Corollary F.8, which are respectively
base on geometric properties of 1 in Lemma F.1, Lemma F.3, Lemma F.5 and Lemma E.7. We will handle
each individual region in the following subsections. To shed light on the technical detail of the proof, we
will begin with two figures for illustration of a toy example, which demonstrate the geometry near a two
dimension solution subspace 8{17 j}s as follows:

T VA < || < 418 vA <|Bi| < 318l
o — : : A

Retracztive Gra;zdicnt
Large Negative Large
Gradient Curvaturei Gradient

Sun18il, 18;1)

Retraét ive Gra;dient

I\,@,\<m t<fl<s |81 < v

Siiylaeell,)

v

Figure 15: The top view of geometry over subspace S; ;3. We display the geometric properties in the
neighborhood of subspace Sy; ;3 (horizontal axis) which contains the solutions s;[ao] and s;[ao]. When
a lies near middle of two shifts (light green region) such that |3;| ~ |3;|, then there exists a negative
curvature direction in subspace Sy; ;1. When a leans closer to one of the shifts s;[ao] (blue green region),
its negative gradient direction points at that nearest shift. When a is in the neighborhood of the shift
silao] (dark green region) such that |3;| < A, it will be strongly convex at a, and the unique minimizer
within the convex region will be close to s;[ao]. Finally, the negative gradient will be pointing back toward
the subspace Sy; ;; if near boundary (grey region).

\Ps{i }H(‘ss[p}(a)Ps{i } =0
: ] 1]

P\@)

Figure 16: The side view of geometry of subspace Sy; ;; on sphere. We illustrate the geometry of Sy; ;3
over the sphere, in which the properties of the three regions are denoted. In negative curvature region,
there exists a direction v such that v*Hess[p](a)v is negative. In large gradient region, the norm of
Riemannian gradient ||grad[¢](a)||, will be strictly greater then 0 and pointing at the nearest shift. Finally
there is a convex region near all shifts such that Hess[y](a) is positive semidefinite.
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F.1 Negative curvature

For any a € SP~! near the subspace S, such that the entries of leading correlation vector Bo); By have
balanced magnitude, the Hessian of ¢, (a) exhibits negative curvature in the span of s(g)[ao], 5(1)[ao]. We
will first demonstrate the pseudo negative curvature of ¢, in Lemma F.1, then show ¢, approximates ¢, in
terms of Hessian in Corollary F.2 when p is properly defined as in Appendix E.

Lemma F.1 (Negative curvature for o). Suppose that xo ~i;.q. BG(0) in R", and k, c,, such that (ao, 0, k)
satisfies the sparsity-coherence condition SCC(c,). Set A = cx/Vk in pp with ¢y, € (£, 1] There exist numerical
constants C, ¢, c’, @ > 0 such that ifn > Cp°0~2logp, and c,, < ¢, then with probability at least 1 — ¢’ /n the following
holds at every a € U7 |<xR(Sr,v(cu)) satisfying |B)| = 2 |Bo)|: for v € Sy(oy,(1yy NSP~ Nat,

v*Hess[pp|(a)v < —cnbA. (F1)
Proof. First of all the regional condition ‘ ZET; < 2 provides a two side bound for the two leading s

Bl - 079

Vil = Vi

0.79 >

(F2)

(SAR R

Bo 4
7|2 ol = 18-l = 1Bwoy| > |B)| = = 1By =
VP TP
Set J = {(0), (1)}, choose v = ¢t*Cq,t ;v with ||v|, = 1 then ’||'y||§ - 1‘ < u. There exists such v satisfies
condition above with a L v by choosing ~ as

a*v = a"t"Cayt 1y = Y0)Bo) +Y1)Ba) =0,

0| _ [Bo
hence "no) o ’ﬁu)

lower bound of () as

< 5. This implies Yoy = %7(21) > 801 —p— v{y)) where p < G < 45, it gives the

(1—p)-16

> 0.385 F3
25416 — (3)

Yoy =

1. (Expand the Hessian) The (pseudo) curvature along direction v is written as

v*Hess[pp(a)v = v*V2pp(a)v — (Voo (a),a) = —y 1y MCoPy)CaMuy+ B°x(8]  (F4)
expand the first term of (F.4) we obtain

- V*L*JM\C/mPI(a)\émMLJ’Y
= ~Y"¢yM (Po) + Puy + Pye) CuPr(a)Ca (Po) + Pryy + Pye) Muyy

< 2 - _
< =Y ||PrwCaei| (e ML) +2 €;CoPi(a)Caej (e ML) (€ Mey)|
el (i-)€{ 1,7}
(4 =((0),0)
~ 2
<=3 || Priw e, (1l =

icJ

+ 2 max
i#j€[Lp]

eZ\C/tcPI(a)\C/mej‘ (leyMesAlly lese Myl + ([vo] + 1) (v +1)  (B5)
Consider the following events

Ecross i = {Va e s, MaX;£je[+p] ef\C/mPI(a)\C/mej‘ < 4n92}
gncurv = {va S %(S.,-,’Y<Cu)), miniEJ HPI(a)S—z[w]Hz 2 nod (1 - ]Esi ()‘7 si) + Esi ()‘7 Sz)) - %} 7
(F.6)
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and from Lemma B.4 we know
lesMesylly < [Vl +20 <15, [[efeMesylly < pp vl < L5up,
on the event &..0ss N Encury, We have
— '7*L§M\C/mP1(a \C/a;MLJ’Y

2¢c,nb
< —nf - Y (1l = 1) (1= Eqerip, (0, 85) + Eq f, (X, ) + (18p + 8) n? + ~I=

i€J V |T|

91(B)

Meanwhile, for the latter term of (F.4), consider the following event & where we write o; = sign(3;) as

nd - |Bi| (1 — Eg,erfg, (X, s;)) + M, VieT
& = oxlBli < ' cunt g . , F§
: {“ X2 {n0-|ﬂi4o|r|+~'p9, Viere (E8)

and use both || 3, < %L, |8, |3 < 9‘ e On this event we have

\/F

cﬂnH

BXIB <nb > B7(1—Eqerfp, (N 5:)) + 4n6® |7 (|85 + 18]

1ET

<nb- 21312 (1 - Esierfﬁi ()\7 Si)) _~_5cﬂn0

1ET \Y% |T| -

92(8)

(F.9)

2. (Lower bound E fg,) Combine the first term from each of the (F.7) and (F.9). Use u < ¢, < 300 and (F.3) to
obtain (|| — M)Q > 0.38, we have

2 (@(8) + 92(8)) < = 3 [(lul — w)* — 2] (1~ Euertp, (A, )

n0 ieJ
+ > BI(1—Eaerfg (X ) — 038 Eq, fa, (A 5:), (E.10)
ieT\J icJ

now use Taylor expansion ! for f3, and apply upper bound Es? < ¢ Hﬁ||2 <6 (1 Sy ) < 3o

N
1 2\ A3 382 1 2\ 1 9c, A\
Eo, fa, (A, 85) > By — - | — — —= (1 > — [ = - — (X “) ,
Jo o) 2 Bopn (m @F’( ! >> Nor (Iﬂi |,al-3( = )
f(B)

where f(3) is concave at stationary point since

F(B) =0 = 2)\32 = 3\ (A2 ?‘)
718 = i (-8 (P + ) = e (11 - ) <0

then combine with regional condition (F.2), and also apply assumption ¢y < 1 and ¢, <

755, We gain

0.38 E Es, f3, (A, 8;) > 0.3 min f(8)
, B=-L12 0.79
icJ Vil

11 Apply exp [—22/2] > 1 —22/2
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. [ 2en S+ 9cucn 2 A3 +49,
>0.3 - p -
= Tt { 079~ 0795 " \079 " 0798

> 0.3min {2¢y, 2A} > 0.6\. (F.11)

3. (Upper bound Ex[8];) When 87, = (|| — u)Q — 1 for some 1 > 0. With monotonicity Lemma C.3,
which implies:

(1 — S(O)erfg(o)()\ 3(0))) (1 — s(l)erfg(l)()\ 3(1))) (1 —Eg,erfg, (N, s:)), (F.12)
then combine (F.11)-(F.12) and use p < " ﬁ

2 2 2
(F.10) < — (<|’)’(0)| — u) - ﬁ(o) - 77) (1 sm)erflg(o) (A, S(0) ))

=0

from Lemma B.5

+1 Y 82— (vl =) —n | (1-Egyerfa,, (A 5)) —0.38 > Es, f5,(A, 54)

i€\ (0) ieJ

<1
2 2
< (18713 = 1113 + 20 71l ) — 0.67

2¢;,
VT

On the other hand, when 37, > (|| — ,u)2 > 0.38, combining (F.11)-(F.12) gives:

— 0.6\ (F.13)

(F10) < (18115 = 715 + 20 17l ) + (([voy| = 1)” = By ) Bo erfp, (A 5(0)

+ ((m)l )= > 53) Ean erfa,, (A 8(1)) — 038 " Eq, f5,(\, 5:)

i€\ (0) ieJ

) (7(21) - H/@THE + ,6(20)) ]Es(1>erfg(1)(/\, 8(1)) - 06)\, (F14:)

<

where Lemma C.2 provides the upper bound for Es , erfg , (), s(1)) as

1 o \/5
neﬂ(l)EX[ﬁ]u)Sl n9|6(1]EX[ﬁ](1) 1- Ba |<|ﬁ(1)| )

5 A
<2 A F15
_\/; 1B (F15)

_ |Bw
B

'7(21) < (Hjjrl and B o) < ”ﬂgﬂfl where p < 0“, and by applying ]ﬂ(l)’ > % ‘6(0)| > 0.3, we have
('7(21) —Dteut ﬁ(o) < K
1B (K24 1) B

Es(l)erf@(l)()\, 8(1)) =1-

< 3, which provides

then calculate the constant for the second term in (F.14) by writing x = ’%

Bt cp < K2 —1

< +
0.3 VK2 +1

r (18115 = 1) + 4.26, < 0.36 + 6c,

(F.16)

| +“‘5(0)‘ +

and finally combine (F.15)-(F.16), follow from (F.14) and use ¢y < l:
2c
(FlO) < H + \/> ’7’(1) 1+ Cu + ﬂ(O ) |,8 | 0.6\
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0.3\ (F.17)

3. (Collect all results) Combine the components of pseudo Hessian (F.7), (F.9) with bounds for g; + g2 from
(F.13) and (F.17), and use Lemma B.5 which provides both ppf |7| < % and 0 || < % where ¢, < ﬁ and
cx > 1, we can obtain:

>

Tcun

v*Hess,, [alv < g1(8) + g2(8) + + (18up + 8) nb?

%

4 .
<nf [ 29 _03x) £no. T g B0%
7| vakd ks
0
< n‘ | (0.059 — 0.06) < —0.00110) (F.18)
=

Finally, the curvature is negative along v direction with probability at least

1-P [gccross] - P [ggcurv] - P [5%} . (F19)
N—— N——
Lemma A4 Corollary D.3 Corollary C.4

Similarly for objective ¢,, we have that

Corollary F.2 (Negative curvature for ¢,). Suppose that o ~iiq. BG(9) in R", and k, c,, such that (ay,0, k)
satisfies the sparsity-coherence condition SCC(c,). Define A = c\/V'k in @, where cy € [, 1], then there exists
some numerical constants C,c,c’, ", ¢ > 0 such that if p is 6-smoothed ' function where § < ¢’\0%/p?log® n,
n > Cp°0~2log p and ¢, < ¢, then with probability at least 1 — ¢/ /n, for every a € Uy, |<xR(S7,v(c,)) satisfying

|f6(1) > fé ‘B(0)|5f07’ (IS 5{(0),(1)} NsP~tn aJ-,
v*ﬁé/sscp a)v < —cnb\ ( )
P F

Proof. Choose v € SP~! according to Lemma F.1 and (E.23) from Lemma E.6 with constant multiplier §
satisfies ¢"1/4 < 1073¢, we gain

v*Hess[p,](a)v < —cnf + 200¢'nb? < —cnfA/2 (F.21)
|
F.2 Large gradient

For any a € SP~! near subspace and the second largest correlation 3(;) much smaller then the first correlation
B0y while not being near 0, the negative gradient of ¢,(a) will point at the largest shift. We show this in
Lemma F.3, and the ¢, version in Corollary F.4 when p is properly defined as in Appendix E.
Lemma F.3 (Large gradient for y,1). Suppose that x¢ ~i;q. BG(0) in R™, and k, c,, such that (aq, 8, k) satisfies
the sparsity-coherence condition SCC(c,,). Define A = cx/V'k in ¢ with some cx € [£, 1], then there exists some
numerical constants C, ¢, ¢, > 0, such that if n > Cp°0~2log p and c,, < ¢, then with probability at least 1 — ¢’ /n,
for every a € Uy <k R(Sx, v(cy)) satisfying 5 |Bioy| > |By| > qioga—r N

(o(0)t" s(0)lao], —grad[pe](a)) > cnb (log_2 0) A2 (F.22)

where o; = sign(G;).
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Proof. 1. (Properties for o, 3) Define 6., = log%, we first derive upper bound on the dominant entry

|B(0)| as follows. Write the geodesic distance between a and ¢*s;[ao] as a function of 3; as ds(a, +t*s;[a]) =
cos™(B;), then by triangle inequality we have:

ds(a, :I:L*S(o) [ao]) > dS(:I:L*S(O) [ao], L*S(l)[ao]) - dS(ayb*S(l)[ao])
=— cos ! +B) = cos™ 'y —cos™! ’ﬂ(l)‘

= £ Bo) < cos (cos™ pp—cos™ [By|) = [By| + \/(1 -2 (1-82)) <1-1 (1Bl -m)*.

Use the regional condition |8(1| > 91% A and since |T|3/ 2 105 10g from Definition B.1, implies
Bt apr/|7] 2
Boy| <1 - (1 — G5 ) < 1-0.498%) = Bu. (F.23)
Meanwhile a lower bound for 3¢ can be easily determined by the other side of regional condition:
1Bo| = % 1Bw)] =: Bu. (F.24)
Also since 3 = M «, based on properties of M from Lemma B.4. When [|a |, <1+ ¢, and [[ore|, <7 <
2
%, we gain:
B = a) + e Mo
01,020 1+4c,, LGO
— Jeo) = Byl < av/ITTllorlly + /b lloure |y < A0 4 iy fpy < s, (F.25)

Cu 9120 3 010 2 Cu 9120 3
and therefore | )| < |B(o)| + RS B .49( 4g)\) + e < L

2. (Upper bound of 8*x[3]) Define a piecewise smooth convex upper bound 4 for 8;x[3]; as:

V1A
=52 Bil (B > A
h i) i —
(Bi) {253 1B:] < 1A

then Lemma J.7 tells us since || 8-\ || . < B

v1AB(1) cuby, 2 20
S 8 < o (1— ) < (142 g ) (1- 22
ier\(0) i 280 Il 28a)
1/1)\ 2 CMQIQOg
S 1-— 1— + T
( 2@1)) (1-0) ]

then condition on the following event using Corollary C.4,

)l ieT
{51 8, < {ne h(B:) + 7 |ﬁ7|, vi € \(0>}’

0 4329|T|+ 3/2 |ﬂl|7 Vi € 7€

which provides the upper bound of 8*x|[8] by applying 5p > log®/?(plog® p) > (Gfog)‘l/ 3 from lower bound of

6 from Definition B.1, || 37|, < C“el“g from Lemma B.5, |7| < ,/p from lemma assumption and let ¢, < 135:

BxI8] < x[Bl0)Bwy + > BixIBli + (Bre, x[Blr)

€7\ (0)
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S:xMﬂmﬁ%m«+n/(9 D h(Bi) +46° | 7] [|Brel3 + 3p (V47-Hﬂf|2+-vﬁnﬁfc))

€7\ (0)

bty 407 |T| 262 1+c cubio
< [ﬁ](o)ﬁ(o>+n< 11— Bo) +6- |7-\g7L 0|7’ g+6#9<p3/4|:+p\%|7g'>

92
< x[B(0)Bo) + nb ( (1 ,3(0)) I |log> ) (F.26)

wheren =1 — ;g(’}).

3. (Align the gradient with ¢*s(0)[ao]) Base on the definition 3, since B() = (a,¢*s(o)[ao]), we can expect
that the negative gradient is likely aligned with direction toward one of the candidate solution +¢*s ) [ao].

Wlog assume that both 3¢, B(1) are positive, then expand the gradient and use incoherent property for ag
Lemma B.4 we have:

(v"s(0)lao], —grad,, [a]) = (t"s(0)[ao],¢" Ca, (XI8] — B x[Bl0)
(xIBlwo) — B*xIBlaoy) — 1] x[B\0) — B*x[Blen o) |, » (F.27)

where \ (0) is an abbreviation of the complement set [£2p] \ (0). The latter part of (F.27) has an upper bound

using bounds of 3*x[8] < 222, || x[B]+<|l, < “522 from (F.62), and ||x[Bl\(0) [, < n8 B+ (0
we obtain:

Y

) ||2 in event &,

wIx[B\0) = B*x[Blen o) |4
<pu (\/\?HX Il + B XIBIVIT [ eer ()| + VB IIX[Blr< 5 + 5*X[ﬁ]\/ﬁ|\a70||2)

1 3
<nf- [M |T| (”,67-”2 - ’5(0)‘) + @y |7'| (”aTHQ - |a(0)|) + %M\/l}h + 2#\/177’72}

cﬁ?o 13

¢, 02
<nf - "| 1|°g (0.5 4 ¢, — 0.580)) - (F.28)

On the other hand, the former term of (F.27) possesses a lower bound using (F.25)-(F.26), x[8] o) > nf (ﬂ(o) -4

nd (ﬂ(O) - 0511/1)\) and (o) <1

x[8l(0) — B x[Blexo)
6,0
(1 = aB) x[B)) —no- [77 (1-8%) + C‘;Fﬂ ()

9120g 2 Cﬂalzog 60#0120g
0\ 1= | By + =7 | Bo | (Broy = 0-511A) —no n(1-8%) (B + =l e

(a) (b)

v

Y

Cﬂolzogﬁ(QO)
7]

Y

— (1 - /3(20)) nﬁ(o) -n - - 120g

(a) (b)

n0 | (1= 8%)) (B — 0.51m)) -
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, (F.29)
7|

combine (F.27) with (F.28)-(F.29) and n > 0, we have

A
> nd l(l _ 5(20)> (1 —n) By — 0.5111\) — Ciog ((1 - 0B + 7)

02
(F27) 2 0 | (1= B%)) (1= m) By — 0.51) — c’];fg (@ -8 +7)

CMHIQOg
—nb - |T| (0.5 +cp— 0.5ﬁ(0))

A 8¢, 0%
> 32 V1 —0. _ “"Flog )
>0 | (1-8Y)) (2 5P 0 51V1A> = (F.30)
L (8

4. (Lower bound of f(3)) Given a fixed 3(y), the cubic function f(B()) has zeros set 3 € {il, 1.02ﬁ(1)}
and has negative leading coefficient. Combine with the condition of B¢y € {8, Bun} from (F.23)-(F.24), we
can observe that

Bo) € [Bib, Pub] = Bﬁ(m 1 - 0-49ﬂ(21)] C [1.028(1),1],

therefore the cubic term is always positive and minimizer is either one of the boundary point. When 3y = 8,

use (14 23) 5(21) < 1.01, and use 1\ < Y Plos = _1_ gince || > 2, we have:

2 /17 = 2V2’

92
A > =282 (E31)

5 1
1642 ~ 32

f(ﬁlb) 2 (1 — be) (;éi)ﬁlb - 0.511/1/\) Z (1 — 0616) . (8 - 051) 1/1/\ Z

On the other hand when B = Bub:

V1A V1A
201 2B)

which is a cubic function of 3(;) with negative leading coefficient, whose zeros set is {—0.73,0, 2.81}. Thus it

F(Bun) > (1= 52) ( Bub — 0.51V1A) > 04967 < (1 - 0.495(21)) - 0.511/1/\) :

minimizes at the boundary points of 3;) € [“Og%, 1} C [0,2.81], thus assign B(;) = Mog%, we have:

AN 1 A 1 R
) 2049 (—— ) (S (12049 ——) | =051 ) > 2 () > 2EN% (R
f(Bup) 2 0 9(4log91) (2( 0 9(410g01) > 05 ”M) =6 <4log91> = e N (B3

Finally combine (F.30) with the lower bound of cubic function (F.31)-(F.32) together with condition ¢, < %
and v; = —Vgl‘)g, obtain
. ) 86“9120g
(v s(0 a0, ~grad,,, fa]) > nf - {min {£(50). F(Gw)} ~ =7
02 c3 807 c3
>nf | =22 - B2 ) > 6x 10 °nb67 ,c3. F.
>n (96|-r| 800 |7| > 6 x 107" nfo},,cx (E.33)
The proof for the case where 3y, negative can be derived in the same manner. [ ]

As a consequence, we have that
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Corollary F.4 (Large gradient for ¢,). Suppose that &g ~iiqa. BG(0) in R", and k, ¢, such that (ao, 0, k) satisfies

the sparsity-coherence condition SCC(c,). Define X = cx/Vk in ¢, with cx € [%, 1], then there exists some

numerical constants C,c,c', ¢, > 0 such that if p is 5-smoothed (* function where § < ¢’ \0%/p®log® n with
n > Cp°0~2log p and ¢, < ¢, then with probability at least 1 — ¢/ /n, for every a € U, |<xR(Sr,y(c,)) satisfying

5 1Bol > 18w > oz
{0yt s(0)lao), —gradfp,)(a)) > cnd (log™> 67 1) A2 (F.34)
where o; = sign(3;).

Proof. Choose ¢*sy)[ao] as in Lemma F.3, and apply (E.22) from Lemma E.6 with the constant multiplier of
§ satisfies ¢"* < ¢/4, then utilize 0 |7|log” 0! < ¢,, from Definition B.1 we have

(o 0)t*s(0)lao), —gradfp,|(a)) > cnf(log > 67\ — 'nb? > cnf(log > 6 1)\/2 (F.35)
|

F.3 Convex near solutions

For any a € SP~! near subspace and the second largest correlation (1) smaller then A“Og%)\, then ¢, will
be strongly convex at a. We show this in Lemma F.5, and the ¢, version in Corollary F.6 when p is properly
defined as in Appendix E.

Lemma F.5 (Strong convexity of ¢, near shift). Suppose that o ~;i;.q. BG(6) in R", and k, c,, such that (ao, 6, k)
satisfies the sparsity-coherence condition SCC(c,,). Define X = cx/V'k in g with cx € (£, %], then there exists some
numerical constants C, ¢, c'c > 0 such that if n > Cp°0~2 log p and ¢, < ¢, then with probability at least 1 — ¢’ /n,
for every a € Ujr <R (Sr,v(cu)) satisfying |B)| < 41Og%/\: forallv € SP~tNot,

v*ﬁ?egs[gpgl](a)v > cnb; (F.36)
furthermore, there exists a as an local minimizer such that
m@in”d—sl[ao]ﬂ2 < imax{pp'}. (F.37)

Proof. 1. (Expectation of x near shifts) We will write  as x( through out this proof. When a is near one of
the shift, the x operator shrinks all other smaller entries of correlation vector 3, (o) in an even larger shrinking
ratio. Firstly we can show |(83\ (o), %\ (0))| is no larger then /2 with probability at least 1 — 46, since

A 2) A
P | [(Broy @\ o))| > 2} <P [K@\(ow%\(oﬁ! > 5} +P [<5rﬂ»wrc> > 10} <40 (B39

via Corollary B.6 and Corollary B.7. Now recall from Lemma C.2 and the derivation of (C.10)-(C.11), we
know for every i # (0),

o Ex[Bli = n0 81| Es, [1 — erfa, (A, 55)]
S EY )
< n01Bil (Eg*1(i8,9>7/2) + P [2(0) # 0] + P [[(Bry(0).i1, 2003 )| > A/2])
<9181 ((Eg®)'"* P[|Byg| > A/2]""* + 0+ 46)

< n0|Bi| (exp (—log”#7") + 50) (F.39)
< 6n6” |8i|

Big+B0)®0) B (0y,:} T\ {(0).i}
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where the third inequality is derived using union bound; the the fourth inequality is the result of (F.38), and
the fifth inequality is derived from Gaussian tail bound lemma J.1.

2. (Local strong convexity) Let v = C;, wv, for any |v||, = 1 we have H’YH% <1+ pp. Furthermore:

70| = [{¢" s laol, v)| = [(Part"s(0)[ao], v)| = [(¢"5(0)[a0] — Broya, v)|
< [e”s)lao] = Buoyall, < /1= By (F.40)
Consider any such v, the pseudo Hessian can be lower bounded as
v*V2pp(a)v = —7* CoPy(a)Cary

- 2 - 2
> )Ccce(O)H2 - Z HPI(a)Cccei Vi
i£(0)

—7<20>

2 ¢;CuPiaCaes] bl 1)
£

2 * PN - 2
> (1-8%)) llall} - max | Pr(as—ifa]], 7115 - 2max|e; CmPua)Cmej] IvIT,  (F41)

where the second term is bounded by using its expectation derived i In Lemma D.2, and utilize P [|s;] > A/2] <

46 from (F.38), Ex from (F.39) and regional condition |B1| < W to acquire

E ||Pyays—ilz]|| = nf [1 — Es,erfp, (A, 8,) + Eq, f5, (A, 8]
< [ExI A +nb - (max fa.(A, si) +P [|sl| > A})

|181| |S'L| 2
0 A+ |si (A —sil)?
< 6n 92—|—L ( - exp {— + 4n6?
oz 1Bi 2037
< 10n6% + nf -logh~Lexp (—2 log? 0_1)
< 11n6?, (F.42)

and define the events £ lla]l,» Eeross and Epcury as follows:

Epeury 1= {Va € U<k R (S, v(en));
Ecross 1= (V@ € Upr <k RSy, 7(en)): [By| € qrogaer, maxizjerip)
Elall, = 1 lZll5 < nb + 3\/Emgn}

2 c,nb
(a)5— HZ < 1in# lp }
ewaP[(a)Cwej

§8n03} . (F43)

For the Hessian term, on the event &,curv N Ecross N 5”93”2, and use all pp?60?, upd |7| and 6,/p are all less then
—% ., from Lemma B.5, and from lemma assumption with sufficiently large C' we have n > =136 log® n,
4log? 6 p y g

thus v* V2o (a)v can be lower bounded from (F.41) as
~ 0
v*V3pp (a)v > — (1 — ,8 ) (n0 +3Vn logn) — (14 pp) <1ln92 + c,gz) —8p (14 up) - 8nb?

1 9 1le, 5 = 64c, 64c,

Y

v

1 2
—5nf- (1 — B+ 20cu) . (F.44)
The bounds of 3*x[3] can be derive on the event whose expectation is drawn from Lemma C.2 and (F.39) as

aix[Bli > n0S,,\ (1Bl — 222, Vi € [+p)
oix(8li §6n92|,82|+;‘37f7 Vi (0) [’

Ey =
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then use ||8]|; <1+ 41@% < %,implies;

Bx[8) > 16 |B()| (|B0)| — 12A) = cu Bl %2
> nf <ﬁ(20) —/2A- C;A)
> nd (5(20) - )\) . (F.45)
Finally via the regional condition |ﬁ(1) | < Allog%, the absolute value of leading correlation
By > 18-l — 171 By > 1 —2¢, — 0.1 > 0.9, (F.46)
then we collect all above results and obtain:
v Hess|ypr, | (a)v = v* V3¢ (a)v — Bx[0] > (1.55(20) 05—\ 200#) nd>0.3n0,  (F47)

with probability at least

1= P[EC o] = P [ECeuny] — P [5‘@”2} ~ P[] >1-¢/n. (F.48)

LemmaD4  Corollary D.3 Lemma A2  Corollary C.4

3. (Identify local minima) Wlog let a. be a local minimum where its gradient is zero that is close to ay. The

strong convexity (F.47), provides the upper bound on ||a.. — ao ||§ via

po(as) > o (ao) + (ax — ao, gradfpn](ao)) + %2n |a. — aol;
= |lgrad[pe](ao)ll, > 0.1510 ||a. — aol|, (F.49)

Thus we only require to bound the gradient at ag, whose coefficients o = e and correlation 3 has properties
Bo = land ||B\o||_ < whence||B\o||. v/2pu. Expand the gradient term and condition on &,, since pp?6? < %
and 0 < 46%, we can upper bound the gradient at ag as
lgrad[pe)(@o)ll, = [|e*Cay (x [B] — B x[Bleo)ly < 1" Cayll, [[x[Boll,
< VT (0082 Bl + 10 52 - )
< nb\/1+ pp (6u\/%-9 + 2%)

§n0(3c#u+6u-\/2u~p0+%+%)

< 7/cunf - max {,u, %} . (F.50)

Thus we conclude that with sufficiently small c,,:

la. — aoll, < 50,/c, max {,u,p_l} < 1 max {,u7p_1}. (F.51)

and we complete the proof by generalize this result from minima near ay to any of its shifts s;[ag].

Similarly, for objective ¢, we have

Corollary F.6 (Strong convexity of ¢, of near shift). Suppose that o ~iiqa. BG(8) in R", and k, c,, such that
(a0, 0, k) satisfies the sparsity-coherence condition SCC(c,,). Define A = cx/Vk in p, with ¢y € [£, 1], then there
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exists some numerical constant C, ¢, ¢!, "', @ > 0 such that if p is 6-smoothed {* function where § < ¢/\0® /p®log® n and
n > Cp°0~2logp and c,, < ¢, then with probability at least 1 — ¢’ /n, for every a € U<, R(Sr,7(c,)) satisfying
|,6(1)’ < forallv € SP~1nat,

v*ﬁggs[@p](a)'v > cenb; (F.52)
furthermore, there exists a as an local minimizer such that

méin”d— selao]lly < 3 max {p,p~"} (F.53)

Proof. The strong convexity (F.52) is derived by combining (F.36) and (E.23) by letting constant multiplier of
§ satisfies ¢’'/* < 10~3c. On the other hand the local minimizer near solution (F.53) is derived via combining
(F49), (E.21) and utilize both 6,/p < ¢, and up?6? < ¢, such that:

lerade,)(@)], < 1" Caylly [x[8) — CaS3 [Cytal||, + 116" Canlla X180,

<1+ pup-nb>+ 7,/cunf - max {ﬂ,p_l}
< 8nf,/c, - max {,u,pfl} (F.54)

F.4 Retraction toward subspace

As in Figure 16, the function value grows in direction away from subspace S, we will illustrate this phe-
nomenon by proving the negative gradient direction —g will point toward the subspace S;. To show this, we
prove for every coefficients of a as «, there exists coefficients of g as ¢ satisfies

(are(g); are(a)) > cllarey [[Crell; (E.55)

whenever d,(a,S;) € [%, 'y]. Apparently, the gradient will decrease d,(a, Sy ), hence being addressed as
retractive toward subspace S.. This retractive phenomenon is true for gradient of both ¢, and ¢,.

Lemma F.7 (Retraction of ¢, toward subspace). Suppose that xo ~iiq4. BG(0) in R", and k,c,, such that
(ao, 0, k) satisfies the sparsity-coherence condition SCC(c,,). Define A = cx /V'k in opn with ¢y, € (0, 5], then there
exists some numerical constants C, ¢, > 0 such that if n > Cp°0~2 log p and c,, < ¢, then with probability at least
1 —c/n, for every a € U+ <, R(Sr, v(cy)) such that if

daa,Sr) = A(eu) /2 (E56)
then for every o satisfying a = 1*Clq, v, there exists some ¢ satisfying grad[pp](a) = ¢t*Cq, ¢ that
(Gresare) = 7k 16rell3 - (F.57)
Proof. Write v = 7(c,) Recall the gradient can be derived as
grad[pn](a) = =Pa1t"Ca,x(B] = (aa” = I) " Cayx[B] = t"Ca, (B"x[Bla — x[A]) , (F.58)

for every o« satisfies a = ¢*Cq, . Now via Corollary C.4, condition on the event:

nf - |B;| + 2 Vier
E =10y i < L ) , O i>nd-S ARE E59
" {g X {n9~ Bl 48|+ =20 viere? 7 X|Bli 265 o [1Bil] (E59)
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and on this event, utilize Lemma B.5, bounds of 3*x[3] and ||x[8]+¢||, can be derived with ¢, < - as:

100
B*x[8] < nb <||,67.||§ +40 |7 Hﬁ.,.c”; + c#) > nb (1 +c, + 402 + c#) < %n& (F.60)
BX18] = 10 (18113 = V2/mA1Br Il — ) 2 n6 (1 e, = V2/mer — ) = dnd (F61)
[x1Blrelly < 4n6° [ [|Brely + 57 /P < b (deyy + 1) < 55n7. (F.62)

Let a(g) = B"x[Bla — x[3), derive

2
(a(g).,.c,a.,.c> - ﬁ Ha(g).,.c 2

= BXIB] e = (re, X[Blre) = 525 18" X[Blewre — X[Bl- 5
> B8] llovre 3 = lewrelly 11X I8 o = g5 18° X181 llovre 15 = 5 X181
> (B°XIB) — 35 (B*X(8))%) llre 3 = 35m07 el — 1555167, (F.63)

notice that this is a quadratic function of 3*x[3] with negative leading coefficient and zeros at {0, 2n6}, hence

(F.63) is minimized when 3*x[3] = %n@. Plugging in,

(F.63) > 200 ||are|y — 5007 [[re ||y — 15n07 (F.64)

then again this is a quadratic function of ||a,« ||, with positive leading coefficient and zeros at {0, &~}, thus
(F.64) is minimized at [|a, ||, = 7. Plugging in again,

2
(F64) > 2nb|arell; — 5n07 [[arelly — 05107 > (55 — &5 — 1055) 07> >0 (F.65)

which concludes our proof. u

As a consequence, we have that

Corollary F.8 (Retraction of ¢, toward the subspace). Suppose that xy ~;;.q. BG(0) in R™, and k, c,, such that
(ao, 0, k) satisfies the sparsity-coherence condition SCC(c,,). Define A\ = cx/+/|k| in ¢, with ¢y € (0, 1], then there
exists some numerical constants C, c,c’, ¢’ ¢ > 0 such that if p is 5-smoothed ¢* function where § < ¢’ \0% /p? log®n
and n > Cp°0~2logp and c,, < ¢, then with probability at least 1 — ¢/ /n, for every a € U+ |<xR (S, v(c,)) such
that if

da(@,S7) = (cu)/2 (F.66)
then for every o satisfying a = 1*Clq, a, there exists some ¢ satisfying grad|p,](a) = t*Cq,( that
(Gres@re) > o5 [1Grell3 (F.67)
Proof. Write v = v(c,). Define
xo[8] = CaySilaxyl,  x[B] = CoyS[a+y],

which, and on event (F.59) and Lemma E.6, we know

B*xe 8] < 3nb, (F.68)
Ixe [Blrelly < 55167, (F.69)
Ixe 18] = x,1811l, < cinb?, (F.70)

for some constant ¢; > 0. Now given any « satisfies a = +*C,, o, the gradient of both objective can be
derived as

grad[pe](a) = —Pg1t"Co, proxy . [@*y] = (aa”™ — I) " Cay X [B]
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=1"Cl, (B" X0 [Bla — xn[3)) , (F.71)
grad[p,](a) = —P, 11" Cq, prox, [a * y] = (aa” — I) 1" Ca, X, (0]

= "Ca, (B"x, (Bl — x,[8]) - (F.72)
In the same spirit, define the coefficient of each gradient vector

Co = B xe [Bla — xr[B], (E.73)
Cp = B*Xp[/g]a - Xp[ﬁ]a (F74)

which, by norm inequality from (F.68)-(F.70) and Lemma F.7 , we can derive
16 = Coll, < (T = @B") (x, 8] = xe2 BN, < crnd”, (E75)
1Ce)relly = 18 X (Bl lleerely, = lIxer 1Bl > 5n67, (E76)
(Co)res are) = 35 1(Co)rell3 (E77)

where the first inequality is derived by observing (I — a3*) is a projection operator, as such:
B'a=a"1t"Cqax =a"a =1,
(I-aB*)?=1-2aB"+a(f*a)3"=1—-af".
Now we are ready to derive (F.67):
<(Cp)f°7a‘rc> > ((Cor )res tre) — |lotre 2 ”Cp - Ql”z
127 1€ )re 3 — canfy
1279 1(Ce ) e 13
1 2 2 4

+ 5 (H<cp>fc||2 =2 € )relly 1€ = Gll, = e = G,lI5) = exntl™
> a1 1 C)rell3 + 135 (51607)° = 525 (3n07) (c1nf?) — gk (ind?)” — cindty
o 1Cp)rells - (F.78)

where the last inequality is true since 6° < ~. [ |

AVARRLY,

v

F.5 Proof of Theorem 4.1

By collecting result from above, we are ready to prove the acclaimed geometric result in Theorem 4.1. It
guarantees that for every a near S;, either one of the following in true

Amin (Hess[p,](a)) < —c1ndA, (E.79)
(o(0)t"s(0)[ao), —grad[e,](a)) > conb (log™ 2 9_1) A2, (F.80)
Hess[p,](a) > cznb - P, 1, (F.81)

all local minimizer @ satisfies for some a. € {+¢*s¢[a] | ¢ € [£po]},
@ — a.|l, < cay/Gumax {p,p5 '}, (F.82)

and whenever 7 < d, (a,Sr) < 7, coefficient of a and its gradient g, o, written as , satisfies

<C‘rcva‘rb> = ne HCTCHQ (E.83)

To connect the geometric results introduced in Lemma F.1, Lemma F.3, Lemma F.5 and Lemma F.7, we are
only required to prove the required signal condition claimed in Theorem 4.1 is necessary from Definition B.1.
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In particular, when the subspace dimension || < 4pyf. On top of that, we are also required to show the
chosen smooth parameter ¢ in the pseudo-Huber penalty p(z) = V22 + 62 approximate |z| sufficiently well,
hence results of Corollary F.2, Corollary F.4, Corollary F.6 and Corollary F.8 also holds.

Proof. Firstly we will show when largest solution subspace dimension k = 4pg0, the signal condition of
Definition B.1 will be satisfied. Recall that the signal condition of Theorem 4.1 requests

2
— <6< < —, (F.84)
Polog” po (Pov/Zi + /Po) log” po
since p = 3pg — 2, this implies the lower bounds for sparsity ¢ as:
1 1
0> 5 > 51 (F.85)
2po (3 logpo)”  plog™ 6~
the upper bound of 6 via 0,/pg log”py < c:
2 2 2
< 9c < 16;: 7 o< 464 < 36¢ < 3620 ; (F.86)
VPo(3logpo)? — | /plog” -1 klog® po ~ k(3logpo)? ~ klog®h-1

and the upper bound for coherence 1 as:
/i max {kQ, (p0)2} log? 07! < pymax {16(;009)2, 9(p00)2} log?6~1 < 16 (\/ﬁp09)2 log? py < 16¢. (F.87)

Therefore Definition B.1 holds if max {16¢,36¢} < ¢, /4 via (F.85)-(F.87).
Furthermore, we know from lemma assumption all interested a are near subspace S; by

do(a.8y) < ——S——— . min L,L. 1 e c min{2’17 4
V/Polog? =1 VO VR (po)*? | T log® 0! VE V/POR” upo/Ok

where 7 is defined in Definition B.3 of widened subspace R(S~, v(c,)).
Lastly, the pseudo-Huber function p(z) = /22 + 2 is an ¢! smoothed sparse surrogate defined in
Definition E.2, by observing that it is convex, smooth, even, whose second order derivative (according to

}9 (F89)

Table 1) VZp(z) = W is monotone decreasing in |z|. More importantly

sup |p(z) — [z|| = [p(0) — |0]| = 6. (F.89)
z€eR
Hence, by choosing ¢ < % A, for some sufficiently small constant ¢’ and letting A = 0.2vVEk =0.1 /v/pob

, Corollary F.4 when 2 |B)| >
, and the retraction result in Corollary E.8. ]

in ,. We obtain the geometrical results in Corollary F.2 when |3(1)| > 2 8o
P g y (1) 5 [2(0)
|B(1)| = =35 and Corollary F.6 when -—3,— > [B()

4logZ 01 4logZ 01
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G Analysis of algorithm — minimization within widened subspace

In this section, we prove convergence of the first part of our algorithm—minimization of ¢, near S,. We
begin by proving the initialization method guarantees that a(?) is near S;, in the sense that

do(a',8;) <, G

where the distance d,, is defined in (4.15). We then demonstrate that small-stepping curvilinear search
converges to a desired local minimum of ¢, at rate O(1/k), where k is the iteration number. To do this, it
is important to utilize(i) the retractive property to show that the iterates stay near S, and (ii) the geometric
properties of ¢, near S-.

G.1 Initialization near subspace

The following lemma shows that the initialization a(®) = Ps,—1 [V (a(~)], where

al™ = Py [Y,c, worts, selao]] (G.2)
and is very close to the subspace S

Lemma G.1 (Initialization from a piece of data). Let T € R?Po~1 indexed by [£po), with ®; ~i ;4. BG(0). Define
7 =T *ag, and a'® as

al® = — P51V (Pso-r [07°7 5 [Ggs -+ 59,1107 7)) (G.3)

with A = 0.2/+/pl in @y. Set T = supp(T). Suppose that (ag, 0, k) satisfies the sparsity-coherence condition SCC(c,,)

and ay satisfies max4; |(t} si[ao], v s5lao])| < p. Then there exists some constant ¢, @ > 0 such that if pof > 1000c

and ¢, < €, then with probability at least 1 — 1/c, we have
1 1 1
do (a?,8,) < ‘n min , , . G4
( ) - 410g2 g1 ViTl VP ,up\/§|7'| G4
Proof. 1. (Distance to S, from a(®) Let n = ||¢ (ao *@)||, = ||t,Cao||, and v = 7(c,), as in (G4).

Expand the expression of a(”) from (G.3) we have
a® = Py, 10 C Sy [éyb,,opgpofw;o (ao * az)} — Py1t"Cayx [%CZOLPOL;OCGOCC] (G.5)

To relate a(® to its coefficient, introduce the truncated autocorrelation matrix M = Cootpoty, Ca,, define
Q, B as

B=1Ma, &=x|iMa|=x[j (G.6)

and note that M is bounded entrywise as

- 1 i=j€[-po+1,po—1]
M| <Sn itielpotlpo—1] i—il<po- (G7)
0 otherwise

From (G.5), we can write a(®) = Ps, 10*C,, &, meaning that the normalized version of & is a valid coefficient
vector for a(®). Let 7¢ = [+2p,] \ 7. The distance d, to subspace S, (4.15) is upper bounded as

&l ]
d.(a® S )< ” T 12 — 2 —
2(a.57) S Gmal, < T Cadnll, — " Casdinely
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l[@relly

<
VI=plrlllarlly = vi+ppllar|,

where the last inequality is derived with Lemma B.4. Therefore, it is sufficient to show

(14T 1) @y < /T = plrl |G, (G8)

to complete the proof that d,(a(?, S;) < 7.

2. (Bound 7) Condition on the following two events

E={lT| <4pob}, Ejay, = {\/]009 < lzll, < 31709} (G.9)

and utilize ;¢ bound from Lemma B.5 such that p |7| < 0.1. An upper bound on 7 can be obtained using
properties of M of (G.7):

1= |65, Caol|, < " Caozlly, < V1+plr| |2, < 2v/pob (G.10)

To lower bound 7, use n? = g*P.,.M P.g where g is the standard Gaussian vector. Observe the submatrix of
M is diagonal dominant:

M = |65, silao] |2 € [0,1]

N po—1 . (G.11)
tr (M) = 3 e silaolll; = laolls + > (Ileg,silaol + [leg, si-polaclll3) = o
1€ [£po) =1

Write © = g o w where w and g are Bernoulli and Gaussian vector respectively with supp(w) = 7, then the
trace of P, M P, can be written as sum of independent r.v.s as:

tr (P.,-MPT) = Z w; HL;OSi[a()H ;,
i€[£po]

Bernstein inequality Lemma J.4 and (G.11) gives

v 3pod ~ pof —(po8/4)? —po
P P.MP. — | <P P .MP,) —pd <——| <2 — ] <2
|:tI‘ ( T T) 4 :| > |:tI‘ ( T 7') Pot = 4 | = exXp 208 + p09/2 = 2€xXp 40 )

(G.12)

thus condition on w satisfies tr (P.,. M P.,.> > 3pof/4 and &, expectation n? has lower bound

IEylwn2 =E

{g*P.,.MPTg} — tr (PTMP,.> > 3pT°9

glw

then apply Bernstein inequality again by first writing svd of P, MP, = USU* with being rank | 7| < 4pof
and square orthobasis U. Let g’ = U*g, then g’ is standard i.i.d. Gaussian vector, provides alternative

expression n? < Zfﬁ °% ¢ where o; < 1+ pu|7| < 1.1. We obtain probability of 72 to be small as
pob 2 2 Ppob —(pof/4) —pot
P < <P -E —Sol <2 <2
(G.13)
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by applying moment bounds (02, R) = (12po0(1 + p |7]), 2(1 + p|7])). We thereby define event

& = { Vb2 <n < 2/mb }, (G14)
which holds w.h.p. based on (G.9), (G.12) and (G.13).

3. (Bound a) Condition on &, N )iz, N &7. Use definition E = %M x from (G.6), and properties of M from
(G.7) we can obtain:

1Brlls < 5 [ M| ), < 220 \/3p09<3u\/p0|7'

(G.15)
~ 1 |
1Brlla = & || Mer | ll@lly > 574 v/pof > 0.45

Use definition ||a]|, = I x[83]||2, condition on event

e foxiBli = nbS. 18 - =7, vier
* aix1Bli <4n92|7\|ﬂ1|+(“"9 Viere

1/213/2

also from Definition B.1 we have  (pf) ' |7|”* < 7=475= and from lemma assumption A = f’ provides

4log
bounds of |||, via triangle inequality as:

|&relly < 4002 |7 - | Brelz + %22 - /2pg < 3c,nf (79 4o )
G |l, > 1 (||B,||2 — w7 - %\/m) > nb <0.45 - @ 1 cﬂ> > 0.2n0

since both 0 ||, upf | 7| < ¢, we have

V14 ppllage|l, < 3c,nb\/1+ up (\/@ +p_1) < 6c,nb

c 2no . 1 1 1 ’
s < log29 T mln{\/jla Vi’ HP\/§T|} < 24,/c,nby

: (G.16)

|r-

which satisfies (G.8), since u |7| < ¢, < Tloof

(1 + 91+ up) [|[Gre |y < (244/c + 6¢,) nby < 0.1n0y < y/1 — p|7|||ar, . (G17)
Finally, given pof > 1000c, this result holds with probability at least

, , 2 1 —pob 1
1- PEE] —P &y, -PlE] - PlE] 21———4exp( 2o )21— (G.18)
~—— 2L — po  n 440 c
LemmaAl [ A2  (Gl4)  Corollary C4

G.2 Minimization near subspace (Proof of Theorem 5.1)

Before we start the proof of theorem, writing g = grad[y,|(a) and H = Hess[p,|(a), we will first restate
the results of Theorem 4.1 in simplified terms. The theorem shows that for any a € SP~! whose distance to
subspace d,(a,Sr) < v, then at least one of the the following statement hold:

lglly > ng (G.19)
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>\min (H) S —Th (GZO)
H > P,.. (G.21)

Furthermore, ¢, is retractive near S,: wherever d,(a,S;) > 7, writing a(a), a(g) to be the coefficient of a,
g, we have

(a(@)re, a(g)re) > nr[la(g)relly - (G.22)
Also, the the gradient, Hessian and the third order derivative are all bounded as follows:

Remark G.2. With high probability, for every a whose d,(a,S;) < v, its max{||g||, ., [|[H|,,|[|VH|,} <7 =
poly(n, p)-
We state Remark G.2 without explicit proof since its derivation is similar to the proof in Theorem 4.1.

We prove that if the negative curvature direction —v is chosen to be the least eigenvector with v* Hv < —1,,
and v*g (if cannot, let v = 0), then the iterates

a® ) — py, [aac) —tg®) _ 420 (G.23)

converges toward the minimizer a in £>-norm with rate O(1/k). Notice that here all ,, 1,, 7, 7, 7 are all
greater then 0 and are rational functions of the dimension parameters n, p.

Finally, we should note that a( being u-truncated shift coherent implies that a is at at most 2u-shift
coherent. Hence we utilize the usual incoherence condition in the proof.

Proof. Notice that when a is in the region near some signed shift a of ag, the function ¢, is strongly
convex, and the iterates coincide with the Riemannian gradient method, which converges at a linear rate.
Indeed, if for all k larger than some k, a'*) is in this region, then ||a*) — ELH2 < (1—tn.)~*=Ma® —a,
[AMSO09](Theorem 4.5.6) where the step size t = Q(1/n6) hence tn. = Q(1). We will argue that the iterates
a®) remain close to the subspace S, and that after k = poly(n, p) iterations they indeed remain in the strongly
convex region around some a.

1. (Existence of Armijo steplength). First, we show there exists a nontrivial step size t at every iteration, in

the sense that for all @ € SP~!, there exists T' > 0 such that for all t € (0,7), the Armijo step condition (5.11)
is satisfied. Note that since ¢, is a smooth function, @ — ¢, o Ps,-1(a) admits a version of Taylor’s theorem
(see also [AMS09](Section 7.1.3)): for any & L a, writing a®™ = Ps,-1 [a + &,

|op(@®) = (p,(a) + (grad(p,)(a), &) + L€ Hess[p,)(a)€) | < 7 €]l5, (G.24)

using ||VH |, < 7. Now, let £ = —tg — t?v as in the iterates (5.10). Suppose the Armijo step condition (5.11)
does not hold, so

eo(a®) > op(@) = % (tlgls + 3tn. [0113) - (G25)

Since g*v > 0 and v*Hv < —p, ||'u||§ orv = 0, using ||a + b||3 <4 ||a||§’ +4 ||bH§ (Holder’s inequality) and
|H|, < 7, we can derive

* 3 2 2
(9.—tg — 120) + L(tg + 2v) H (tg + %) + c [tg + 20y > =5 (¢ lgll} + 3¢*n. 0]]3)
2 * * 2 — 3 _ 3
= — 3tllgl; + 5t°9"Hg + t*v*Hg — it'n, |[v|l; + 47t” |||l + 47t° [[v]|; > 0

2 — 2 — — 3 2 — 3
— — Stlgll3 + 22 (4allgl +tn lolly gl + 47t lgl3) — 3¢t ol +4nt® o] 3 > 0. (G.26)

t< T =min{ — gll, 2\/’77 : (G.27)
7liglly + 2t [[o]l, + 87t [lgll,  V 167 [lvll,
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then (G.26) < 0 contradicting (G.25). Using our bounds on ||g||2, 7, 7, and ||v||, it follows that T" is lower
bounded by a polynomial poly (n~*,p™!).

2.(Bounds on d, (g, S+ ), do (v, Sr+)) We will show there are numerical constants c,, ¢, such that

da(g,S7) < cgnby and do(v,8;) < ¢,nbp. (G.28)
Define
xet[B] = \C/w0 prox, . [@ = yJ, X, (8] = \C/mo prox,, [a * y]

then the gradient can be written as (F.71)

grad[pp](a) = " Cq, (B"xn [Bla — X1 [B]) (G.29)
grad[p,](a) = " Caq, (B x, Bl — x,[8]) - (G.30)

Use the following inequalities:

oo

310 < |B"xa[B]] < 3o,
||XZ1[/8]TC||2 < %na%
i —af(l, <4yp,
X2 [8] = x,[B]ll, < no*,
where the first and second bounds of x,:[3] based on event (F.59); the third by observing ||a|, < 2 and

1Bl < 2+ cuy/p; the last from (E.21) of Lemma E.6 when § is sufficiently small. Hence, by definition of
do (-, S7) (4.15) and knowing a is close to subspace ||o<||, < 7, via triangle inequality, we get

da(g,S7) < da(gradlpp](a),Sr) + da(grad[p,](a) — grad[pn](a), Sr)
< 18X [Blocre — xar [Blrelly + [[(T — aB”) (x,[B] — xer Bl -
< 3nfy + nby + 4/pnb’
< 3nby. (G.31)

To bound the d, norm of least eigenvector v, note that 8*x,[3] > 0, we can conclude
'U*Vzgop(a)v < v'P,. VQQDP((I)PGL’U +B8"x,[8] = v"Hv < —n,,
expand VZ¢,(a) as in (E.8), and since v is the eigenvector of smallest eigenvalue Apin < —7,,
P, V?p,(a)Pyiv = (I —aa®) L*C’au\C/mO Vprox,, [@ * y] \C’/mo Co,tv = Anin®, (G.32)
hence there exists a(v) satisfies v = ¢*Cq,ax(v) and

av) = A} \C/mOVproxAp [@* y] \C/‘EOC’;OI/U - (ﬁ*\émOVproxAp [@* y] \C/mOC;OLv) a] .

Now since Vprox, , [@ * y] is a diagonal matrix with entries in [0, 1],
—1 2
0o(0,87) < la@)ly < Puial ™ [6Cally ol [0]l, (1 + [l 1811,) < conbp,  (G.33)

where we use upper bound of ||zo||;, < cnf from Lemma A.2 and |Amin| > 7, > cnf from Corollary F.2.

3. (Iterates stay within widened subspace). Suppose (G.22) holds. We will show that whenever

<T !
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then setting a™ = Ps,-1 [a — tg — t?v], we have
|do (a™,8r) — da (a,87)] < 2, (G.35)
and whenever d,(a,S;) € [1,7]
a2 (a®,S8;) < d2 (a,S:) —t-nby>. (G.36)

If both (G.35) and (G.36) hold, then all iterates a*) will stay near the subspace: do(a® 8;) < .

To derive (G.35), since both g L @ and v L a we have ||a — tg — t2v||§ = |lal; + ||tg + t2v||§ > 1, and
since d, (-, S+ ) is a seminorm Lemma B.2:

do (a*,87) = do(Psp-1 [a — tg — t°v] ,S;) < do (@ — tg — t*v,S7)
do(@,87) + tda(g,Sy) + t°da (v, Sr) (G.37)

suggests (G.35) holds via (G.28) and let n > Cp°6~2, we have

tda(g, Sr) + o (v, Sy) < Sk + Soeby < 3 (G.38)

with sufficiently large C.
To derive (G.36), let a(a) to be a coefficient vector satisfying dq(a,S,) = ||a(a)+<||,, and based on (G.30)
and (G.33), define

a(g) = B x,[Blala) — x, (8] (G.39)
a(v) = mmCmo Vprox,, [@ * y] \C'/m0 C, . (G.40)

By the retraction property and norm bounds,

(a(a)re,a(g)re) > g lle(g) <l (GA1)
|a(a)rell, < (G42)
[a(v)ll, < conbp. (G.43)

Since |lotre ||, > 3,

la(g)relly = 18" xe [Blare — xer[Blrelly = [(I — aB”) (X,[8] — xe2 [B]) |,
> 8" xe Bl larelly = lIxe[Blrlly — I — aB)l5 1(x,[8] — xer [BDl
> %nG X3 = —n@’y + 2no*
> snby. (G.44)

Finally, we can bound d,(a™,S;) as
d*(a™,S;) < d*(a—tg —t?v,S;)
< |[[a(a) - talg) - a(v)] .|
— a(@)rel} — 2t {a(a)re, [alg) +ta(w)] ) + £ [alg) + ta(v)]
< Je(a)rell; = 2t (a(a)re, (g
< P(a,S,) — 2t [(W — 1) (g
< d*(a,S;) —t-c'nbhy? (G.45)

2
2

2 2
o) + 267 @)zl lex(w)lly + 26 [lex(g)relly + 2t* ex(w)];

|3 — tnfpy — tg(cunﬁp)ﬂ

Tc

)r
)r
where the last inequality holds when ¢ < % with sufficiently large n.
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4. (Polynomial time convergence) The iterates a(*) remain within a y neighborhood of S, for all k. At any

iteration k, a*) is in at least one of three regions: strong gradient, negative curvature, or strong convexity.
In the gradient and curvature regions, we obtain a decrease in the function value which is at least some
(nonzero) rational function of n and p. On the strongly convex region, the function value does not increase.
The suboptimality at initialization is bounded by a polynomial in n and p,poly(n, p), and hence the total
number of steps in the gradient and curvature regions is bounded by a polynomial in n, p. After the iterates
reach the strongly convex region, the number of additional steps required to achieve ||a¥) — a|, < ¢ is
bounded by poly(n, p) log e~ In particular, the number of iterations required to achieve ||a*) —as < p+1/p
is bounded by a polynomial in (n, p), as claimed. [
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H Analysis of algorithm — local refinement

In this section, we describe and analyze an algorithm which refines an estimate a(®) ~ a of the kernel to
exactly recover (ag, o). Set

A 5k and I « supp(Sh [Croy)), (H.1)
where as each iteration of the algorithm consists of the following key steps:

e Sparse Estimation using Reweighted Lasso: Set

) argmin%Ha(’f) xx —y|3+ Z AW | (H2)
= i g IR

e Kernel Estimation using Least Squares: Set

a* Y — Py, [argmin 1@ x kT yl3]; (H.3)

e Continuation and reweighting by decreasing sparsity regularizer: Set

ARFD %)\(k) and T*+D) - gupp(a+D), (H4)

Our analysis will show that a(*) converges to ay at a linear rate. In the remainder of this section, we describe
the assumptions of our analysis. In subsequent sections, we prove key lemmas analyzing each of the three
main steps of the algorithm.

Modified coherence and rate assumptions Below, we will write
I = max {u,p_l}. (H.5)
Our refinement algorithm will demand an initialization satisfying

1a® — a2 < fi. (H.6)

Support density of xy Our goal is to show that the proposed annealing algorithm exactly solves the SaS
deconvolution problem, i.e., exactly recovers (ag, o) up to a signed shift. We will denote the support sets of
true sparse vector zo and recovered z(*) in the intermediate k-th steps as

I = supp(wo), 1) = supp(z®). (H.7)

It should be clear that exact recovery is unlikely if 2y contains many consecutive nonzero entries: in this
situation, even non-blind deconvolution fails. We introduce the notation s as an upper bound for number of
nonzero entries of x in a length-p window:

k; = 6max {0p,logn}, (H.8)
then in the Bernoulli-Gaussian model, with high probability,

max |10 ([p] +0)] < . (H9)

Here, indexing and addition should be interpreted modulo n. The logn term reflects the fact that as n
becomes enormous (exponential in p) eventually it becomes likely that some length-p window of x is densely
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occupied. In our main theorem statement, we preclude this possibility by putting an upper bound on n (w.r.t
). We find it useful to also track the maximum ¢% norm of z, over any length-p window:

lzollg == max | Pp+oyol |, - (H.10)

Below, we will sometimes work with the O-induced operator norm:

IMllg o= sup [[Mz|g (H.11)

lelo<i

For now, we note that in the Bernoulli-Gaussian model, ||z || is typically not large
lzolln < VI (H.12)

H.1 Reweighted Lasso finds the large entries of =,

The following lemma asserts that when a is close to ao, the reweighted Lasso finds all of the large entries of
xo. Our reweighted Lasso is modified version from [CWBO08], we only penalize « on entries outside of its
known support subset. We write T" to be the subset of true support I, and define the sparsity surrogate as

> |l (H.13)
i€Te

The reweighted Lasso recovers more accurate « on set 7' compares to the vanilla Lasso problem, it turns out
to be very helpful in our analysis which proves convergence of the proposed alternating minimization.

Lemma H.1 (Accuracy of reweighted Lasso estimate). Suppose that y = ag * 2o with ag is fi-shift coherent and
lzollg < /1 with kr > 1. If k2 < ¢y, then for every T C I and a satisfying ||a — ag||2 < fi, the solution ™ to
the optimization problem

n;in{%”a*w—y”%—&—)\z | | }, (H.14)
ieTe
with
A > 5%1”(];— (1;0”2, (H15)
is unique with the form
at = 1;(C;yCas) ' ¢y (Chy — APj\10) (H.16)

where o = sign(x™). Its support set J satisfies
(TUIsgn) € J C I (H17)

and its entrywise error is bounded as
|t —xol . < 3A (H.18)

Above, ¢, > 0 is a positive numerical constant.

We prove Lemma H.1 below. The proof relies heavily on the fact that when ay is shift-incoherent and a ~ ay,
a is also shift-incoherent, an observation which is formalized in a sequence of calculations in Appendix H.4.

Proof. 1. (Restricted support Lasso problem). We first consider the restricted problem

min, {%Ha*uw—yﬂg-l-)\z |(L,w)i|}. (H.19)
ieTe
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Under our assumptions, provided ¢ < &, Lemma H.6 implies that
t1CeCatr = [C3C0]11 - 0, (H.20)

and the restricted problem is strongly convex and its solution is unique. The KKT conditions imply that a
vector w, is the unique optimal solution to this problem if and only if

L;CLCqLiw, € L1CLY — A0 || Pre []]]; (wy). (H.21)

Writing J = supp(¢rwy) C I, Cqy = Coty, wy = therw, the corresponding sub-vector containing the
nonzero entries of w, and o j\; = ¢’ Pre [sign(¢;w. )], the condition (H.21) is satisfied if and only if

CojCoyws = Coalyy — Ao N1, (H.22)
”Ca?\J (Casws —Y) [l < A (H.23)

We will argue that under our assumptions, J necessarily contains all of the large entries of x:
Iosx={leI]||xgl >3} CJ. (H.24)

We show this by contradiction — namely, if some large entry of x is not in J, then the dual condition (H.23)
is violated, contradicting the optimality of w,. To this end, note that by Corollary H.7, C,’;C,, s has full rank.
From (H.22),

wy =[Ca’Cayl ' [Caly — Aopr] . (H.25)

Write xo; = ¢ and (xo) s = Pr\s®o. We can further notice that
Cojwy —y = (CaJ [Ca’yCayl ™ Caly — I) Y~ ACay[Ca’Cayl  onr
= (Cas[Ca’Casl™ Cay 1) Cay 05 + (Cay [Ca’iCas) ™ Ca’i = ) Cayris(@o)rs
= ACq [Ca’SCaJ]*l ON\T
(Cas[Ca’Cas) ™ Ca’s = 1) Cay-ayos + (Cay [Ca’iCasl ™ Cay — T) Cayris(@o)rs
— ACay[Ca’Cay]™ ONT; (H.26)

where in the final line we have used that
(Cas[Ca3Cal ™ Ca’s ~T) Cay =0, (H.27)

Suppose that J is a strict subset of I (otherwise, if J = I, we are done). Take any i € I \ J such that
|lzoi| = || (o) 1\ Hoo, and let £ = sign(zo;). Using (H.26), Corollary H.7 and Lemma H.8, we have

~sila]” (Casws —y) = €sila)” (I - Cay [CaiCay] ™ Cu) silaclos

+&sfal’ (I = Cas[Ca’iCasl ™" Ca) Cay(@o)rutip

+ gsi[a]* (I - CaJ [Caik]CaJ]il Caf]) Canfa.]:BOJ

+ EXs;a) Cay [CoyCay) oy (H.28)
> ((silalsilaol) = lIsilal*Caylly |[CasCasl ™| lICaisiladll) [@o)rll..
= ([sit@) Caungsy |, + Isilal Casly [1€a3Can || || CaiCarns|_ ) ll@o)nisll..

* * * —1 *
Isila)* Cag-ally + lsilal*Casls [[CaiCasl ™| | 1€a5Car-aslla) VZIiwolly
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— MsilalCasl, || [Ca3Cas || o, (H.29)

> ((1=lla=aoll) = Cirii x 1% i) (@)l

- Cy (Kllﬁ + Krpx 1 x ﬁlﬁ) | (o)l

~ (2villa = aollz + Ca/rrji x 1 x killa - aollz) ol

—ACurifi (H.30)
> (1 — Clkii— Cy (mﬁ)z) [(x0) sl

~ sl — ayll2 — (Cary*fi) r1 lla = all, = (Carii) A (H31)
> [l — A2 (H.32)

where the last line holds provided i3 < ¢, to be a sufficiently small numerical constants. If || () 1\ s[|c > 3,
this is strictly larger than ), implying that |a} (Cq w; — y)| > A, and contradicting the KKT conditions for
the restricted problem. Hence, under our assumptions

[[(@o)rs| . <3\ (FL33)

2. (Solution of Full Lasso problem) We next argue that the solution of the restricted support Lasso problem,

w,, when extended to R™ as ™ = ¢ jw, is the unique optimal solution to the full Lasso problem

. _ 2
min Plasso(®) = 3 llaxz —yll; + A Z || - (H.34)
i€Te
To prove that ™ is the unique optimal solution, it suffices to show that for every i € I¢,

|sifa]*(axx™ —y)| < A (H.35)

Indeed, suppose that this inequality is in force. Write ¢ = A — max;ere |s;[a]*(a x *™ — y)|, and notice that
from the KKT conditions for the restricted problem,

0 e P[awgolasso (:c) (H36)

Combining with (H.35), we have that for every vector ¢ with supp({) C I° and ||{||cc < 1, then e €

Dprasso(@ ™). Let &’ be any vector with ;. # 0 and set ¢ = Pyesign(x’), then from the subgradient inequality,

(plasso(w/) Z @lasso(w—'—) + <€Cv $/ - CB+>
2 @lasso(w—i_) + € ||w/10 ”1 ) (H37)

which is strictly larger than ¢iass0(21). Hence, when (H.35) holds, any optimal solution & to the full Lasso
problem must satisfy supp(z) C I. By strong convexity of the restricted problem, the solution to (H.34) is
unique and equal to .

We finish by showing (H.35). Using the same expansion as above, we obtain

sifa)* (I = Cay[Ca’iCasl ™' Ca) Cagris(@o)rs|

sila]* (I —Coy[CaCay]™" Ca’f,) cao,aJmOJ‘

|sila]" (Casws —y)| <

+

+ A

sial"Cay [CayCasl ' o (H38)

-

Si[a’]*caol\JHl + [lsila]"Casll; H[Caj}ca‘]]ilH HCa}CaoI\JHOO_mJ H(:L'O)I\JHOO

00— 00
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* * * —1 *
+ (lIs:la)* Cay-a,lly + lsifal* Casls [[CaiCasl ™|, ICa3Car-asllg a) VZlwoll

+ AMsila)*Caslh [[[CasCanl ™| _llonrl.. (H39)
S Cl (/7/43] + ﬁl-{] x 1 x ﬁli[) X 2\

+ (2,//11Ha— a0||2 + ng/ﬁ]ﬁ x 1 x m||a —a0||2) X A/KT

+ ACs x ﬁﬁ[ (H40)
< ((Cl +C3) ﬁli] + Cl(ﬁlil)z))\ + (2 + Czﬁli])lﬁ:] ||a—a0H2 (H.41)
< A (H.42)

where the last line holds as long as ¢, is a sufficiently small numerical constant. This establishes that * is
the unique optimal solution to the full Lasso problem.

3. (Entrywise difference to @) Finally we will be controlling ||z} — (x¢) HOO Indeed, from Lemma H.8,

J&5 = @o)sll. = [[CaiCas) ™" CaiCaso ~ ACaiCasl ™ oiny = (o) | _
< aJCaJ J71Ca}Cap-a s (@0)s ||, + M|[Ca3Cai] " onr],
+ |[|[CaliCas] " CaliCar (o) I\JH

< 2[CaiCag-asllo e l@o)sllg + 20 + 2(|CaliCany| ., ||(®o) sl

< 2V2k1lla —aglly l|®ollg + 2A 4 2 X 31 X 267 X 3A

S 3n1||a — a0||2 + 2\ + 36)\}7%[

< 3, (H.43)
establishing the claim. |

H.2 Least squares solution a'*) contracts

Approximation of least squares solution. In this section, given « to be the solution to the reweighted Lasso
from a, we will show the solution of the least squares problem

t « argmini[a’xx — yl; (H.44)

a’eRP

a

is closer to ag compared to a. Observe that in Lemma H.1, the solution of (H.16)
x = 17 (Cl;Cay) "ty (CiCapy — APp\10) (H.45)
by assuming C;; ,Cq; ~ I, a ~ ag and J \ T ~ (), is a good approximation to the true sparse map x,
z = I(xg—0) = xo; (H.46)
furthermore, its difference to the true sparse map ||x¢ — ||, is proportional to ||ay — a||, as
z—x9 ~ P (C;Cqyxog— C.LCoxy) = P [C;OCmOL(aO — a)] . (H.47)
To this end, since we know the solution of least square problem a™ is simply
at = (L*CECL) ' (P CEC, Lay), (H.48)
this implies the difference between the new a™ and ay, has the relationship with a — ag roughly
(L"CECHL) " (L CECpytag — L' CEChLay) ~ (nh) ™ t*Cp Ca, (o — T)
~ (n8) "' C} Ca, PiC} Cayt(a — ay). (H.49)

+

a — Qo

To make this point precise, we introduce the following lemma:
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Lemma H.2 (Approximation of least square estimate). Given ag € RP° to be ji-shift coherent and xo ~ BG(0) €
R™. There exists some constants C,C’,c,c,c,, such that if \ < ik, ik? < ¢, and n > Cp*logp, then with
probability at least 1 — ¢/n, for every a satisfying ||a — aql|, < jt and x of the form

x = 17(CL;Cay) " 5 (Chy — APj\r0O) (H.50)
where the set J, T satisfies Isex C T C J C I, we have

1 * vk * vk * 3 ~ 1
1 CiCoapiar = €3, Cay PCL Coptlan—a) [, < C'A (A+uﬁj>+33||a—ao“2 (H.51)

1N logn
with A =\ + N

Proof. We will begin with listing the conditions we use for both « and . First, we know from Lemma H.1
and our assumptions on the set T', then x approximates x; in the sense that

|z —xoll, < 3X (H.52)
(o)l < 3X (H.53)
[(xo) e, < 6 (H.54)

Write y = g o w with g iid standard normal, w iid Bernoulli and g and w independent. From (H.53) we
know [T\ J| = |[{i] |g:| <3\, w; # 0}]. Since P [w; # 0] = 6 and P[|g;| < 3\] < 3\, Lemma A.1 implies that
with probability at least 1 — 2/n:

11\ J| < 3xnf+ 6V nflogn < 3inf (H.55)
II\T| < 6 nf + 12V nflogn < 6Anb, (H.56)

and
I(I\ J) N selI]| < 3An6? + 6V Anb?logn < 3Anb?; (H.57)

together with base on properties of Bernoulli-Gaussian vector x, from Appendix A and we conclude with
probability at least 1 — ¢/n, all the following events hold:

ing < |I| < 2n6, (H.58)
< 2 .
1?7%41054[[]\ < 2n@ (H.59)
max |(1\J) N s[l]] < 6 n6?, (H.60)
ol < i1, (H.61)
||60*930||QD < K1, (H.62)
lzoll; < 26, (H.63)
|xoll, < 2n6, (H.64)
r?;zOXHPmS[U]w()Hg < 2n6?, (H.65)
max | Pros,(n @], < 12Xn6?, (H.66)
|Caytll; < 300, (H.67)
provided by n > C6~2log p for sufficiently large constant C.
1. (Approximate C, with Cy,) Since
t"CLCq zytag = L'Cyp Cyp zitag + L°Cy , Cyp girag (H.68)
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where

* Yk 2
CCi g Comayttol], < laolly 7~ ol + [Cagely vEpmax (sefw — w0, @ — 20)
< llz = woll% %111 + V27 (I = ol x max 011

< €1 (W00 + /20 (\*n6?))
< 2012°nd), (H.69)
we have that
| " CLCx—xotag — t"CL Cyp_zotaglls < 201 2%nb. (H.70)

2. (Extract the ag — a term) Observe that

*Cy Cop_gytag
= 1"C} Cq, (T — o)
— 1°C3,Cay (£ (CisCas) ™" ¢y (CiCayo — AP\70) = 1 (CasCas) " (CisCas) (w0)s = Ppsao)
= L*C;OCaoJ(CZJCaJ)ilc;J (Cay-aTo)
+ L*C;OCGOJ(C;JCGJ)_lc;J (Coxo — Cay(x0)s)
- "CL, Co, Pp jx0
— AC} Cays(Ch Cay) WPy T, (H.71)

where, the second term in (H.71) is bounded as

[ Cs,Ca0s(CiyCas) ' Ciay (Camo — Cay(@0),)|,

< ||Cwo"H2 X ”C%JHQH(C;JCGJ)ilnz X HC;JCGI\JHQ x ||($0)I\JH2
< Oy (\/@ X 3 X pkr X )\\/Xne)
< 3Cs k1 And; (H.72)

the third term in (H.71) is bounded as

H"*C;OCGOPI\onuz = HL*CGO (P[iz)]\0 + eoe(’;) C;OPI\onHz

< Nlaolly [[@o)nslly + ICastlls x v/20 x ma || Prosinpol|, < (o) rll,
< Cy (/\2 % A + /Iip? x wnb? x /\)
< 2C3AAnb; (H.73)

and finally, write A = (C}; ;Cqay)~ ! — I, then the forth term in (H.71) is bounded as

A

|L*C;OCaOLJ(CZJC’aJ)_lbf}PJ\TUH2

A" Caq (P + 0€t) Cors (I + A) s Prra,

A HC;oLuz \/%rg%( ||PIﬁs[[I\T]$OH1 + Alaoll, ||PI\T$0H1

+ ACe el V20 1P ol 18 + Alaolly ol Al VTN T
Cy) (\/ﬁp2 x b2 + Mnf + VIp? x nf? x fik; + Vnl x fikg Xn@)

IN

IN
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<20, (X + ﬁm) Ané. (H.74)
Therefore, combining (H.72)-(H.74) we obtain

6" C, Coagtan — ¢°ClyCans(CoyCas) ' ClyCayatol, < Cs (X+7m,) Ané. (H.75)

3. (Extract the set J) Lastly, we will further simplify the term with a — a in (H.75) by extracting the set J:

t*C} Cayy(Cl;Cay) ' Cl ;Cay—amo
= 1"C, Cqys (I +A) C;O+(a7ao)l]Cw0L (ap—a)
= 1"C, Cq, PiC, Cyit(ag —a)
+ ' C, Cay s ACS, ;Coot(ag — a) + "C Cayy (ChyCas)” ' Ci_g, ;Cuytlag — a)
— "C;, Co, P ;C, Cyit(ap — a), (H.76)
where, the latter terms in (H.76) are bounded as

2 2 -
||L*C;OCaoJACZOJCwoLH2 < ||CwoL||2||CaoJ||2HA||2 < Cepurnt

L*C;OCGOJ(C;JCaJ)‘lc;_aochOL‘2 < [ Caytl2 1Canslly [|(CsCar) ||, |Cag—atsll, < Cofiy/Frnd
% 2 ~ Y kr1logn
|PrsCry Caot||s < [T\ J| [[do % 2ol < Csdnf x k; < Cs (Am+ 1log )ne, (H.77)

- 2 1 (1 1 1
whence we conclude, that since ¢,x7 < ¢, and Ax; < 5¢;,, as long as ¢, < 155 <C—6 +e Tt ﬁ) and

n > 1060829_2/% log2 n, we gain:

L*C;OCQOJ(CZJCGJ)_lc';JCaO_a:EO — "C; Co, PIC, Cyt(ag — a)H2
< (55 + o) 70 a0 — all,
< g3l [lao — all, - (H.78)

The claimed result therefore is followed by combining (H.70), (H.75) and (H.78). ]

Contraction of least square estimate of a toward ag. The next thing is to show the operator
(nf) ™' (+*C%, Cay PrC, Cayt) (H.79)
contracts a toward ay. We first will show that
(n0) " (t*C;, Cay PiC; Copt) ~ agaj (H.80)

by seeing t*C; PrCy,t ~ (nf)) egef via sparsity of x¢. Finally since the local perturbation on sphere is close
to a quadratic function in /2-norm of difference, we have

(a0,a—ag)| < %la—a;- (H.81)
Again, we introduce the following lemma to solidify our claim:

Lemma H.3 (Contraction of a to ag). Given ay € RP° to be ji-shift coherent and xy ~ BG(0) € R™. There exists
some constants C,C’, ¢, c, c,, such that if \ < ¢fiky, K3 < ¢, and n > CO~2?p?log p, then with probability at least
1 —¢/n, for every ||la — aol|, < g,

* * * 1
| ¢*Cs,Cay PiC; Cayt(ag —a) ||, < §||a—a0||2n9. (H.82)
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Proof. Since E (P;s;[xo], sj[xo]) = 0 for all i # j and set I, we calculate

E [Lrip]C;UPICwOL[iP]} Z E [e;‘C;OPICwOei] ee; = E||m0||§eoe(’§ + Z ]E||Pjsi[sco]||§eie;‘

i€[+p] i€[£p]\0
= nbegel + nb°Pyno = nb°I + nb(1 —0) ege,. (H.83)

whence
E [*C} CayPiC, Cayt] = °Ch E[Ch PiCey] Cayt = n(92L*CZOCa0L + nf(1 —0)apa;, (H.84)

1

implying the expectation is a contraction mapping for ag — a when ¢, < 555:

|| E [L*C;OCQOPIC;OCEOL] (ap — a) ||2

IA

n0” |[t*Cp Caytl], a0 — all, + nb|laoll, [(@o, ao — a)

< nb® x 20ip x ||lao — al|, + 316 ||lag — al;

< (24 + 3¢4) llao — all,nd

< g1 lao —allynd. (H.85)
For each entry of C}; P;Cy,, again from Appendix A we know with probability at least 1 — ¢/n:

v v C'/nflogn i=3j=0
€iCay PrCaoe; — E [ei CwOPICwoej” < { C’\/TWOgn otherwise

Thus via Gershgorin disc theorem, when n > 10°C"26~2p? log n:

Amax (Uiy g PrCagtiin) — E |11y Ca PiCogtis) | ) < C'py/nf7logn < gyné (H.86)

Finally we combine (H.85), (H.86) and get
| v*C},Cay PrC; Cayt(ag — a) H2 < (énQ + &nb? ||Caobip||§) lao —all, < 35 llao — all,nd. (H.87)
|

Lemma H.1-H.3 together implies the single iterate of alternating minimization contracts a toward ay. We
show it with the following lemma:

Lemma H.4 (Contraction of least square estimate). Given ay € RP° to be pi-shift coherent and xy ~ BG(0) € R™.
There exists some constants C,C’, ¢, c,, such that if ik3 < ¢, and n > C0~*p? log n, then with probability at least
1 — ¢/n, for every A and a satisfying

5,[7/1[ Z A Z 5/&] ||a—a0||2, (H88)

and suppose x ™ has the form of (H.16), then the solution a™ to

ar/réiﬂglp{Ha’*er —yHi} (H.89)
is unique and satisfies
1
Hng_l [a+] — a0||2 < 3 lla — aol|, - (H.90)

Proof. Write x as ™, then

A (L CECgL) = 021 (Cpgt + Coot)

min

2
|:0min(Cmol’) - ”CE*EOLH +

v
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Y

2
|:0-m1n CwOL 2\/ Rr ||33 —$0||2:|+

Y
N|=

2
3
> lgp, (H.91)

where the fourth inequality is derived from using the upper bound of sparse convolution matrix from
Remark A.6, and the last line holds by knowing A < 5¢,,x; . From (H.91) we know the least square problem
of (H.89) has unique solution a*, written as

at = (L'CiCu) " 1Cy, (H.92)
whence
Ty = (L'CECLL) (P CEC L) ag —ag = (1 CECHL) ! (L*CEC,—ot) ao. (H.93)

a

Combine Lemma H.2 and Lemma H.3, we know
" CECy—at ||y < (Ol)\ (X + ﬁm> +Llla- a0||2> né (H.94)

for some constant C';. Combine (H.91), (H.93), (H.94) and since A < fix, by letting ¢,, < ﬁ, we gain

+ _ < [¢"C2Co—atlly < 2 ()\ ~ ) LT < 1 H.9
Ha aOHZ = A (" CiCoy) Crd (A +pkr) + 3 la—aoll, < 1 (H.95)
For the final bound,
| o] < bl e a8y
la*]2 2 la* ]l ~ 1-la* —acll,
~ 1
< O ()\—i—/m[) + 5lla—aoll,. (H.96)
and since A > k7 ||a — ao||,, finally we gain
1 . 1
(196) < Ca (s + ZL2E™ 1t ) la — aal, + g lla - all
1
< 3 lla—al, (H.97)

as long as n > 20020~ 'prrlogn and ¢, < 556

H.3 Linear convergence of alternating minimization (Proof of Theorem 5.2)

In the first two sections we have shown the iterate contract a toward a(, under our signal assumption. We tie
up these result by showing the following theorem which proves that the iterates produced by alternating
minimization converge linearly to ay:

Proof. We will prove our claim by induction on k. Clearly, when k = 0, we have 5 7 ||a(®) — ag||, < A©) =

iy and 1O = {i : [s;[a(9]*1*Cqyz0| > A }. Then for all ;| > 6A(?), we have

’81 [a(o)]*ca()%‘ > (1 - |<a(0)‘10>|) ;] — HP[ip]\{j}CZOLSj [a®] H2 X V2| zollq
> (1—2) 60 — 20i\/kr x /251
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A0 — 4)\©
= A0, (H.98)

Y

hence I 50 C I () therefore the condition of Lemma H.4 is satisfied, implies (5.32) holds for £ = 0.
Suppose it is true for 1,2, ...,k — 1, such that

krlla® —aoll, < IA®TD = A®and  Iogyen €I (H.99)
and since I- g\ = Isgyx-1 C I®), we can again apply Lemma H.4, resulting
iilla® —all, < berfla® — agfl, < 3A® (H.100

as claimed. [ |

H.4 Supporting lemmas for refinement

The following lemma controls the shift coherence of a:

Lemma H.5 (Coherence of a near ag ). Suppose that ay is pi-shift coherent, and ||a — ao||, < fi. Then

[[off [CaClallls < 200 (H.101)
off [C;Calll o < 31 (H.102)
Proof. Notice that for any ¢ # 0, | (a, s¢[ao]) | < |(ao, se[ao]) | + | {a — ao, selao]) | < &+ [|ao — all2 < 24
Similarly, | (a, s¢[a]) | < |{a — ao, s¢[ao]) | + | (@, se[ao]) | < ||@ — aoll2 + 22 < 311, as claimed. [ |

From this we obtain the following spectral control on C};C,, to simply the notations, we will write
C;]Ca,l = L;C;CQL] = [C;CQ]LI (H103)
in the latter part of this section.

Lemma H.6 (Off-diagonals of [C;C4]1,1 ). Suppose that aq is fi-shift coherent and ||a — ao||, < . Then
H[C;Ca - I]MH2 < 9kri. (H.104)

We prove this lemma by noting that C;C, = C,, , is the convolution matrix associated with the autocorre-

lation r4, 4 of @. Since supp(rq.q) € {—p+1,...,p — 1} is confined to a (cyclic) stripe of width 2p — 1, we
can tightly control the norm of this matrix by dividing it into three block-diagonal submatrices with blocks
of size p x p. Formally:

Proof. Divide I into r = [n/p] subsets Iy, ..., I._1 such thatforall ¢ = 0,...,r — 1:
Ii=In{pl,pl+1,....,pl+ (p—1)} = InN([p] + pl).

Notice that for each ¢:
supp ([C;Calr,,1) C Ip X (Ie—1 Wiy Ié+1),

where / + 1 and ¢ — 1 are interpreted cyclically modulo r.
For an arbitrary v € R!l, we calculate

H[CZC H"’H Z H [CaCa — 1]y, IvHQ (H.105)
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7
L

2

=Y CiCa = 1wt w1 oot (H.106)
=0
= * 2 2
< H[Caca - I]Ig,Ig_lLﬂIzL*JIZ+1 F vaefﬂﬂfwﬂul H2 (H-107)
=0
r—1 )
<367 x (31" x> ||vr,_ e (H.108)
=0
2., 972 2
< 3k7 x 9p° x 3v|l3, (H.109)
giving the claimed result. u

As a consequence, we have that

Corollary H.7 (Inverse of [C};Ca)s,1). Suppose that aq is p-shift coherent, that ||a — ag||, < frand that kit < 15

Then for every J C I and any norm |||, € {[|lg0, [I'llcc 00 s [I*ll2 }, we have
H[CéiCa —I]J,JH<> < 9KkIfL (H.110)
H[C;Ca]ﬂ - IH<> < 18k7ii (H.111)
H[CZiCa]},‘l]H<> < 2 (H.112)

Proof. First we prove

H[o;ca - .r]JJH2 < 9k, H[c;ca - I]NH < 6k, H[c:;ca - .r]g,,JHD%D <6rii (H113)

o0—> 00
Where the first claim follows from Lemma H.6. The second follows by noting that the /> operator norm is
the maximum row ¢! norm, and that each row has at most 2« entries, of size at most 3fi. The last follows by
noting that

H[C;Ca - I}J,JHDHD < max '[CZCa ~ a0, angzn+0)]||
< 6k (H.114)
Then we prove
CiCuly —I|| <18kifi, |[CiCalyl —1T < 126701, |[[CaCalyy — 1 < 12k7f1, (H115)
abaly ;s H ataly g ataly g
’ 2 ’ co—00 ’ O0—0

which are followed from the fact that if || - ||, is a matrix norm and ||A[|, < 1, then

_ Al
I+A) P —TJf, < —=% |
H( ) HO L— A,

Finally, (H.112) follows from the triangle inequality. ]

Also, we need to bound the convolution of ay — a with ||ay — a||, requiring for bounds of the lasso solution:

Lemma H.8 (Convolution of ag — a). Suppose that ay is p-shift coherent and ||a — aol|, < [, then for every J C I,

1[CaCao-aliillo e < V261 |la— aoll, (H.116)
I[CiCav—alsillo o < V261la—al, (H.117)
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Proof. For the first inequality, we have

[[CaCas-alsivlln, = max [(sj[a], (as — a) xv)|
Je€d, lvllg=1
< max ||P[p]+j [(ap — a) 1;}”2

~ €] llvlig=1

< lla = aoll, x je[nmﬁfﬁmzl HP[ipm’UHl

<2k |lag —al, (H.118)

The second inequality is derived by

I[CeCaq—alrsllnon < max [[[C5Ca—alingpi+o.anze+0) | 2

< \/2@ max; ; |(s;[a], s;[ag — a))l’

< \/i"fl ||a' - a’0||2 ) (H119)
finishing the proof. |

Again, using a variant of the argument for Lemma H.6, we have the following:

Lemma H.9 (Off-diagonal of submatrix of C;Cyq,). Suppose that ay is p-shift coherent and ||a — aol|, < 1. For
any J C 1, if

K :mZaX|Jﬂ{€,Z+1,...,€+p—1}| (H.120)
KpJg = m[ax|(I\J)ﬁ{€,€+1,...,€+p—1}| (H.121)

Then
H[c;;cz,om\:,H2 < 6\ /FIRIL. (H.122)

Proof. Taker = [n/p]andfor¢=0,...,r — 1, write
Je=Jn(pl+p0),  Le=(I\J)N([p] +p0),

Take v € RI\/I arbitrary and notice that

2 ! 2
H[CZ,CGO]J,I\J ”H2 = Z H[CZCGO]JK,I\J ”H2
£=0
r—1 2
= Z H [C;CGO]J17L171ULZUL2+1 ULy 1ULUL1s 9
£=0
r—1 )
<AR? X Ky X 3kpg X Z VL, ULUL e ||2
=0
<Af® x kg % 3k g % 3|03, (H.123)
giving the result. u

Lemma H.10 (Perturbation of vector over sphere). If both a, ay are unit vectors in inner product space, then

{a,a —ao)| < illa—aol;. (H.124)
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Proof. Via simple norm inequalities:
ia-— alls = 1-(a,a0) = 1—(a,ap—a+a) = (a,a—ay) > 0 (H.125)

Lemma H.11 (Convolution of short and sparse). Suppose § € R?, and v € R™ where supp(v) = I satisfies

mox [In(pl+0] < & (H.126)
€n
then

16+ vll, < V26 6], (vl (H.127)
Proof. Since every p-contiguous segment of I has at most  elements, by splitting I = I} W [o¥, ..., W, W R

such that each sets I; are p-separated:

I = {il,im+1,igﬁ+1,...}ﬂ{07...,n—p—1}7
.[2 = {ig,i,{+2,i2,{+2,...}m{07...,7L—p—1},

IK, = {7;5,2.2&,1'3,“.-.}ﬂ{o,-..,n—p—1}, (H128)
R=In{n-p,...,n—1}. (H.129)

Then the p-separating property gives ||d * Pr,v||, = ||d||5 || Pr,v|,. Hence:

10 « Prol|, Z(S*P[Z’U-i-(s*PR’U

1ER

< > N6 % Prov|l, + (|6 x Pro||
2 €K
1811, > v lly + 1161ly [ Proll,
1€ER
VElvn e, ey 18l + Ve lvrly 18],
V2k||v]fy [|6]l,, (H.130)

VAN VAN

where the last two inequalities were coming from Cauchy-Schwartz. u
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I Finite sample approximation

In this section we collect several major components of proof about large sample deviation. In particular, the
concentration for shift space gradient x(/3);, shift space Hessian diagonals || P;(q)s—;[xo] ,» and the set of
gradients discontinuity entries |Jg(a)|.

I.1 Proof of Corollary C.4

Proof. 1. (e-net) Write = as x( and |3, = n through out this proof, firstly from Definition B.1 for every

a € U7 <kR(Sr,7(cu)), weknow n < 1+¢, + ﬁg%l < /p. Define ¢ = 5572 and consider the e-net

N for sphere of radius 7. From Lemma ].5 we know for any ¢, < 1:

2p 3/2,2\ 2P 2\ 3p
VL] < (?) < (?m p) < <3”p> (L1)

C2 C2

for each i € [n] define such net as N, ;, and define an event such that all center of subsets in N ; are being
well-behaved:

0
ENet 1= {VZ S [n]v Uin_1X[ﬂ6}i - o'in_lEX[ﬁa}i < pcjﬁ V/@a S Na,i»} (12)

2. (Lipschitz constant) The Lipschitz constant L of x[-]; w.r.t 8 is bounded in terms of x regardless of entry i:

e;CoSy [CoB] — €iCaSi [CaB|| < lall, [ S [CoB| - 51 [Cus]

Ix[8li — x[8']:| <

< IImII2J >

J€[n]

2

5,[Ce] 5[] | < el [Cu - o

J J

2
< lllly - llll, - 18 =By = LIIB =Bl (L3)

Define the event that x[3]; that has small Lipschitz constant as
Erip = {L < 2n3/29} (14)

on the event &y, for every points in R(Sr,v(¢,)) and i € [n], there exists some 3. € N ; such that

(oin'x18) ~ on BxIBL,) - (o 'x(6c) o BxIB,)| < 222 < (15)

Onevent £,ipNENet, (1.2), (15) implies x[3] is well concentrated entrywise and anywhere in U <R (Sr, v(cu)):

o x|l — cin ' Ex[A],| < (Clggf;)a, Ya € Uk R(Sr, (), Vi € [n] (L6)
as desired, where, using Lemma A.2,
Pleg,] <P [Hmug > 2n9] <1/n; (L7)
and using union bound,
Plega] P | mas o' x[0]: — o ExIB, >
Ez'e[n?l P
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0
<n|N|P [aon_lx[ﬂg}o — aon_lEx[,@g]o > ;31/2} . (1.8)

3. (Bound P [£5,,]) Wlog write n = t- (2p) for some integer t and 2p > 4py — 3 and replace x( with x. Observe
that Z;(8) from (C.9) is independent of Z;,,(3) for all j € [n] while all Z; are identical distributed. We
write x[B]o as sum of iid r.v.s. as

n/2p—1
x[Blo=> Z;B) =Y ( > Zk+2tp(ﬂ))

j€ln] ke(2p] t=0

wlog let oy = 1 and split the independent r.v.s, write EZ;, = EZ, bound the tail probability of x[8]o as

n/2p—1
_ A=y 0 0
P [n~'x[8Jo > n 11Ex(ﬁ)o+;31/2] sw{ > ZuslB)> ;;JJEZ(ﬁH;;QQ] (19)

The moments of Z, can be bounded by using |Zy(8)| < |xo| |Boxo + so| < Boxd + |zol |s0| where s =
Z#O B, write € = w o g ~; ;4. BG(6). For the 2-norm we know

2

c 1
E|sol* =E S9||ﬂ||§§6(1+cu+ﬁ) <3 (110)

> @B
¢

As for the g-norm, use the moment generating function bound, such that for all ¢t > 0:

E|sol? < gt Bexp [t[sol] < ¢!t [ [ Buw, g, exp [twr [ge] |8el] < 2t~ [ [ Eu, exp [wit® 57 /2]
0 l

<2¢t [ (1 -0+ 0exp [£°87/2]) (L11)
L

notice that the entrywise twice derivative of (I.11) w.r.t. 37’s are always positive, this function is convex for
all 2. Constrain on the polytope 3, 82 < | 8]|3, the maximizer of (I.11) w.r.t. 82’s occurs and a vertex point
where 32 = ||8]|3. Thus

(L11) < 2¢t~° (1 — 0+ fexp [t? 1812 /2}) [T —6+6e%) < 2q1t=9(1 + O expl| 8113 £2/2)).
040

Choose t = \/q/ |85, use ¢!! > (¢!/2) - (e/q)q/2, we have

E fso|” < 2qlg™%/ B3 (1 + O expla/2]) < 8]|8II3 max {e /2,0 } qll. (112)

Apply Jensen’s inequality (Zi\; zi) ! < N9t 25\7:1 z], use Gaussian moment Lemma J.2 , (1.10) and (1.12),
obtain for ¢ > 3,
EZ(B)* < E (Box) + ol sol)” < 2E [B3af + 25s5] < 60 +26° 18|15 < 79,
EZ(B)" < E (Bowf + |0 |sol)” < 27" (Eaf! + E 2ol 'E |s|?)
02971 (2 — 1)l + 9291 (g — )11 (s 18]|2 max {6—4/2, 9} qu)
< 04%! + 627 B]|3 ¢

IN
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Thus, recall that ||3]|, = 1, use (6%, R) = (86?2, 4n), from (1.8)-(1.9), apply Bernstein inequality Lemma J.4
with n > Cp°0~2logp, and ¢1, cp € [0, 1] we have

n/2p—1

: n cinf 3np*\ > — (e1nb/2p°/? 2
P I£5 sznpwe-P[ > 23> 2pIEZ<ﬁ>+2];,/2] <20 (22 exp< ( )

16n6n2/2p + 8ncinb /2p>/?
2
(c1n8/2p°/?) 3np? cing?
< 1 < 4dpl -
=GP <4p o8 ( ) 16n6n2/p R Co 64p*
1
n

2,02
—cinb
< 113
_eXp<100p >_ (L13)
1050 > 6120652 . The proof of lower bound and negative 3 is derived in the same manner. |
1

1.2 Proof of Corollary D.3

Proof. Write « as o though our this proof. Write 8;x; + s; = Zze[ip] Bexy—iyj = <B, T[4p]— 1+]> and the
support w.r.t. some a as I(3). Define the random variable Z;;(3) as

1Prg)s-ilw Z[]w L (Baopan o) |52} = Z{:] Z;i(8 (114)
JEN JEN

and define {Z;;(8) }j eln] that are independent r.v.s. and as a upper bounding function of Z;;(/3) as

B @3, (8, @pp)—is)| > A

Z:;(B) := {0 (B @ap—i+1)| <A/2, (L15)
7 ({8, ®pep—ivi)| — A/2) otherwise

Similar to proof of Corollary C.4. Let ||8||, < n < /p. Define ¢ = cz) for some ¢, > 0 and

24np\/p9 lognlogf—1
consider the e-net N for sphere of radius 7. From Lemma J.5 we know

2p
3 72 72
V| < ( 77) < (mnﬁ\/@ITllognlong) < (C,

2 2C\

2p
) , (I.16)

for each i € [n] define such net as N, ;, and define an event such that all center of subsets in N. ; are being
well-behaved:

ENet = {w elnl, |n 'Y Zi(B.) - EZi(B.)| <

/
A0 vp. e N} , (117)
j€n]
Also, 3" . Z;;(B) is a Lipchitz function over 3 for every i € [n] as
3 p y
2

— — 5 x? ||z it
j€[n] j€[n] Je JG[ ]
< A/Q Il - macx [y ], - 18 = Bl = L118 = Bl (118)

and define event &, such that the Lipchitz constant is bounded as

ELip = {L<12n9\/p910gn10g9 I\~ } (L19)
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then on event &, for any points 3in R(Sr, v(c,)) and i € [n], there exists some 3, in NV, ; with |3 — B¢[|, <&,
and thus

/
— — — — 0
(nl > Z;(8) —Ezi(ﬂ)) - (nl > Zi(8:) - EZi(ﬁa)) <2Le < 2 (1.20)
jein) jemnl P

On event &rip, N Enet, from (1.17), (1.20), we can conclude that for all 8 € R(S-,v(c,)) and i € [n] that:

nt [ Pygysilaol|; — n'E || Prgys_ilxol|; <n 7t Ziy(8) — EZi(B) <
JEn]

(1.21)

as desired, where the error probability of £f;, is bounded using Lemma A.2 and Lemma A.3, which give

P [5fip] <P {Hng > 2n9} +P [m?ﬁ ||:B[:tp]+jH2 > 3\/p910gn10g9_1] < 3/n, (1.22)
JEn
when n > 10°0~1. As for £§,, use union bound and split the r.v.s since Z;, Z; 1, are independent for all j:
e n_— cinb
P [ERe] < 2np- NG| - P Ekj Zi21;(B) - 3 BZi(B)| > §p2 :

Now we calculate the variance and L¢-norm of Y, Z; o1, for ¢ > 3:

—2
- <Exi<
{]EZM < Ex! < 36 123)

EZ]; <Eax3" <0(2¢— 1)1 < 1. (30)-2072¢!

and apply Bernstein inequality with (02, R) = (36,2), then use n > Cp*§~1logp and ¢}, ¢, < 1 to obtain

n/2p / / 212
- n _— cinf 72 (cynb/2p?)
2 P Zioi(B) — =5EZ;| > 1| < log(2 2pl ’1 - !
np |Ne| [ Zk: i,265(B) Tl ] < exp {og( np) + 2plog <c’20Anp ogn> 6n0/2p + A0/
2 5 cnd
< exp {3}9 log <c’20>\ np” log n> - 21p3
< exp[—¢?nb/(50p°)] < 1/n, (1.24)
where the last two inequalities holds when logc > C,QICO,ECA . The other side of inequality of (D.9) can be derived
1 -2
by defining Z,; as
3, (B, @pep—itg)| > 3A/2
Z;;(8) =40, (B, @pp—itg)| <X, (L.25)
o) ({8, @p)—ivs)] = A) otherwise

and define Enet, ELip similarly, such that on intersection of these events,

(1 +c3)0
p

0| Pygys_ile] ||y — 0 E || Pygys_ilalll > 0t Y Z,,(8) ~EZ,(8) > (1.26)

J€(n]

as desired. -
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I.3 Proof of Lemma E.5

Proof. 1. (Expectation upper bound) We will write  as «. Similar to proof of Corollary C.4 let ||3||, < n <
/p. For each i € [n], define the random variable

Xi(B) = L{|(si[x).8)-AI<B} T L{|(ss[2],8)+AI<B}> (1.27)

then number of indices for vector z * /3 that are within B of £\ is a random variable Do cin] X +(B3). For each
of the X;(3)’s consider an upper bound X;(3) defined as

7 ((silz], B)) = (A= B —M)) [(si[z].B8)| € [\— B—M,\-B]
[(sile], B)| € [\ = B,A + B]
|(si[x], B

(si[x],B)| € A\ + B,A+ B + M] (1.28)

(A + B+ M) —[(si[], B)])

¥
E)
I
(R~

where B < M = cA\0?/ (plogn) < \/4 for some constant 0 < ¢ < 1.
Notice that « ~; ;4. BG(0) is equal in distribution to Py(4)g, where g ~;;q. N'(0,1), and I(a) C [n] is

an independent Bernoulli subset. Conditioned on I(a), (z,3) = <g, Pj(a),@> ~ N(0, HPI(G),BHE). For all
realizations of I(a), the variance HPI(G)QHE is bounded by HPI(G)QHE < [)'H; < p. Using these observations,

and letting f,(t) = (V270) “exp (—t?/20?) denote the pdf of an (0, 0%) random variable, the expectation
of 3", X;(8) can be upper bounded as

Y E[Xi(B)] < (2n) - P[(x,8) € [A\—B—MA+ B+ M|

i€[n]
<(2n)-2(B+M t
< (2n) - 2( )of'el?gp] e 5 fo(t)
<4n(B+ M) sup fo(A—B—-M)
02€(0,p]
<dn(B+ M) sup fs(A/2). (1.29)
02€(0,p]

Notice that

d f A d 1 A2 A2 — 402 o A2
——Jo\5 | = 57-—F—77F€ — S5 5 | = T /— &KX -5 9 |
do 2 do Vo2ro *P 802 4/ 2704 P 802
and hence f,()\/2) is maximized at either 6% = 0, 0 = p or 0% = A\? /4. Comparing values at these points, we
obtain that

1 1 1
su +(N/2 < A2 < —exp | —= < -, 1.30
L0/ S faO) re(3) < 130)
whence, by letting B < cA0?/ (plog n), the upper bound of expectation become:
4cnb? —
Y E[X.(8 < s B+M) < 2N hEX (D). (131)
plogn
i€[n]
2. (e-net) Define ¢ = 5575 logczg\f:l'zgo,g) o=t Write A\ = ¢ /+/|7| and consider the e-net N for sphere of radius
n < /p. From Lemma J.5 we know
1]7|p%log® nl 2p1 1o
N < 377 81|T|p og2 nlogf—! S plogn 132)
cAe3 7 c-cy
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and define an event such that all center of subsets in . are being well-behaved:

18¢nf?
plogn

ENet 1= { Z YZ(ﬁs) - nEY(ﬁE) <

i€[n]

VB €N, } (1.33)

3. (Lipschitz constant) Furthermore, the function > X; () is Lipchitz over 8 such that

"1
< Z i (si[x], B —B")| < %Q%HP@H&IIQ 18—8,=:LIB -8,

i€[n]

> XuB) - X8
i€[n]

1€[n]

define the set A; where Lipschitz constant is well bounded:

-1
Erip = {L < 3n+/pllognlogl }7

M

then on event & ip, for every B in R(Sr,v(c,.)), there exists some 8. in N, ; with ||3 — B.||, < ¢, thus

(1.34)

i€[n] i€[n]

On event &rip N Enet, from (1.31), (1.33) and (I.34), we can conclude that for every 8 € R(S,,7v(c,)) and i € [n],

2
Y Xi(8) < 24enf (L35)
bl plogn

as desired, where the error probability of £f;, is bounded using Lemma A.3, which gives

P [Efip] <P [mzﬁ Hw[iP]HHQ > 3+/pflognlog 91} <2/n, (1.36)
JEN

4. (Bound P [€£,,]) Wlog let us assume that 2p divides n. By applying union bound and observing that X;(3)
is independent of X ;1,(8) for any i € [n], we split ), X ;(3) into n/2p independent sums of r.v.s, we have

n2pct - 9cnb?
PG < 20INC|-P | >0 (X25(8) —E[X(B)]) >

2
= p?logn

where each summand has bounded variance and L?-norm derived similarly as its expectation such that

_ 1 4¢ch?
EX;(B)! <2-P[(si[z],8) € [\ =B - M,A\+ B+ M| §2~5‘2(B+M) < plzgn,

and apply Bernstein inequality Lemma J.4 with (62, R) = (4¢6?/ (plogn), 1), obtains

n/2p—1 2 2/ 2 2 2

— — 9cnd —(9cn? /p* logn) —4cnf
P| Y (Xop(B) -E[X v o —renb”
= (X2 (8) (X)) > p? log n] P [207192/])2 logn + 2(9¢nb? /p? logn) P p?logn

thus when n = Cp°0~2log p:

2plogn ) 4cnh?

c < _ < )
P [ERer] < exp [Iog(2p) + 13plog ( 2 logn} <1/n (1.37)

C-C)

aslong as o > 10°/ (¢ - ¢y).
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J Tools

Lemma J.1 (Tail bound for Gaussian r.v.). If X ~ N(0, 0?), then its tail bound for t > 0 can be

o t2

PIX >t < - 1
x> 1< e (-5 ) 0

Lemma J.2 (Moments of the Gaussian random variables). If X ~ N (0, 02), then ifor all integer p > 1,
E[X[] <o” (p— D)W J.2)
Lemma J.3 (Gaussian concentration inequality). Let x = (x1,...,x,) be a vector of n independent standard

normal variables. Let f : R™ — R be an L-Lipschitz function. Then for all t > 0,
t2

PI(@) - Ef(@) 2 1 < 20w (-5 ). 03)
Lemma J.4 (Moment control Bernstein inequality for scalar r.v.s). ([FR13], Theorem 7.30) Let x1,...,x,

be independent real-valued random variables. Suppose that there exist some positive number R and o* such that
& i E[XP] < 0 and

LS Ellekl’] < 202RP=2pl, for all integers p > 3.
Let S = Y"1 | x;, then for all t > 0, it holds that

 2no2 + 2Rt

Lemma J.5 (s-net on sphere). [Ver10] Let (X, d) be a metric space and let € > 0. A subset N of X is called an
e-net of X if for every point x € X there exists some point y € N so that d(x,y) < e. There exists an e-net N for the
sphere S"~1 of size |NZ| < (3/e)".

Lemma J.6 (Hanson-Wright). [RV*13] Let @1, ..., z, be independent, subgaussian random variables with sub-

Plls— E[s]| > ] < 2exp t) 049

gaussian norm sup,,, p~ /2 (E 122)!/? < o. Let A € R"™™, then for every t > 0,

t2 t
Plle*Ax — Ex*Ax| > t] < 2exp [ —cmin , . (J.5)
H - ( (6404 |All7 8v20 ||A||2)>

Lemma J.7 (Maximum of separable convex function). Let f : Ry — Ry be a convex function of the form
f(z) =z — s(x) with s : Ry — Ry satisfying

@ < M, forallz >y > 0.
€ Y
Then forn € Nand 0 < N < nlL,
- s(L)
OJ<SN[1—-—= .6
ey e @0 < (1) 00
Proof. Since the feasible set is a convex polytope; the convex function Y ", f(x;) is maximized at a
vertex, and that its vertices consist of 0 and permutations of the vector [L, o, L0, .., 0], where r =
———

Lv/L]
N — |[N/L] L < L. Then the function value at the maximizing vector x, can be derived as:

n
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