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Complete Dictionary Recovery over the Sphere
II: Recovery by Riemannian Trust-Region Method
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Abstract

We consider the problem of recovering a complete (i.e., square and invertible) matrix Ag, from Y € R"*P
with Y = Ay X, provided X is sufficiently sparse. This recovery problem is central to theoretical understanding
of dictionary learning, which seeks a sparse representation for a collection of input signals and finds numerous
applications in modern signal processing and machine learning. We give the first efficient algorithm that provably
recovers Ag when X has O (n) nonzeros per column, under suitable probability model for Xj.

Our algorithmic pipeline centers around solving a certain nonconvex optimization problem with a spherical
constraint, and hence is naturally phrased in the language of manifold optimization. In a companion paper [3], we
have showed that with high probability our nonconvex formulation has no “spurious” local minimizers and around
any saddle point the objective function has a negative directional curvature. In this paper, we take advantage of the
particular geometric structure, and describe a Riemannian trust region algorithm that provably converges to a local
minimizer with from arbitrary initializations. Such minimizers give excellent approximations to rows of X. The
rows are then recovered by linear programming rounding and deflation.

Index Terms

Dictionary learning, Nonconvex optimization, Spherical constraint, Escaping saddle points, Trust-region method,
Manifold optimization, Function landscape, Second-order geometry, Inverse problems, Structured signals, Nonlinear
approximation

I. INTRODUCTION

Recently, there is a surge of research studying nonconvex formulations and provable algorithms for a number of
central problems in signal processing and machine learning, including, e.g., low-rank matrix completion/recovery [4]-
[25], phase retreival [26]-[36], tensor recovery [37]-[41], mixed regression [42], [43], structured element pursuit [41],
[44], blind deconvolution [45]-[49], noisy phase synchronization and community detection [S0]-[52], deep
learning [53], [54], numerical linear algebra and optimization [55], [56]. The research efforts are fruitful in
producing more practical and scalable algorithms and even significantly better performance guarantees than known
convex methods.

In a companion paper [3], we set out to understand the surprising effectiveness of nonconvex heuristics on
the dictionary learning (DL) problem. In particular, we have focused on the complete dictionary recovery (DR)
setting: given Y = Ay X, with Ag € R™ " complete (i.e., square and invertible), and Xy € R™*P obeying an i.i.d.
Bernoulli-Gaussian (BG) model with rate 6 (i.e., [Xol;; = ©4;Z;; with Q;; ~ Ber() and Z;; ~ N(0, 1)), recover
Aj and X. In this setting, row(Y) = row (X)), where row(-) denotes the row space. To first recover rows of Xy,
we have tried to find the sparsest vectors in row(Y"), and proposed solving the nonconvex formulation

—

minimize  f(q; }A’) = Z hu(g*yr) subjectto g€ s, LD

p
k=1

"=

where Y is a proxy of Y (i.e., after appropriate processing), 3, is the k-th column of Y, and hu(z) = plogcosh(z/p)
is a (convex) smooth approximation to the absolute-value function. The spherical constraint renders the problem
nonconvex.
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Despite the apparent nonconvexity, our prior analysis in [3] has showed that all local minimizers of (I.1) are
qualitatively equally good, because each of them produces a close approximation to certain row of X (Corollary
IL.4 in [3]). So the central issue is how to escape from saddle points. Fortunately, our previous results (Theorem I1.3
in [3]) imply that all saddle points under consideration are ridable, i.e., the associated Hessians have both strictly
positive and strictly negative values (see the recapitulation in Section II-B). Particularly, eigenvectors of the negative
eigenvalues are direction of negative curvature, which intuitively serve as directions of local descent.

Second-order methods can naturally exploit the curvature information to escape from ridable saddle points. To
gain some intuition, consider an unconstrained optimization problem

minimizegern ¢(x).
The second-order Taylor expansion of ¢ at a saddle point xg is
0(8;20) = d(a) + 56" V?(0)0.
When § is chosen to align with an eigenvector of a negative eigenvalue Aneg[V2é(x0)] < 0, it holds that
9(8;@0) — d(@0) < — | Mueg[ V2o (@)]| 18]

Thus, minimizing q?(é; @) returns a direction J, that tends to decrease the objective ¢, provided local approximation
of ¢ to ¢ is reasonably accurate. Based on this intuition, we derive a (second-order) Riemannian trust-region
algorithm that exploits the second-order information to escape from saddle points and provably returns a local
minimizer to (I.1), from arbitrary initializations. We provide rigorous guarantees for recovering a local minimizer in
Section II.

Obtaining a local minimizer only helps approximate one row of Xy. To recover the row, we derive a simple
linear programming rounding procedure that provably works. To recover all rows of X, one repeats the above
process based on a carefully designed deflation process. The whole algorithmic pipeline and the related recovery
guarantees are provided in Section III. Particularly, we show that when p is reasonably large, with high probability
(w.h.p.), our pipeline efficiently recovers Ay and Xy, even when each column of X contains O(n) nonzeros.

A. Prior Arts and Connections

In Section IL.LE of the companion paper [3], we provide detailed comparisons of our results with prior theoretical
results on DR; we conclude that this is the first algorithmic framework that guarantees efficient recovery of complete
dictionaries when the coefficients have up to constant fraction of nonzeros. We also draw methodological connections
to work on understanding nonconvex heuristics, and other nonconvex problems with similar geometric structures.
Here we focus on drawing detailed connections to the optimization literature.

Trust-region method (TRM) has a rich history dating back to 40’s; see the monograph [57] for accounts of the
history and developments. The main motivation for early developments was to address limitations of the classic
Newton’s method (see, e.g., Section 3 of [58]). The limitations include the technical subtleties to establish local and
global convergence results. Moreover, when the Hessian is singular or indefinite, the movement direction is either
not well-defined, or does not improve the objective function. [S9]-[64] initialized the line of work that addresses
the limitations. Particularly, [58], [65] proposed using local second-order Taylor approximation as model function in
the trust-region framework for unconstrained optimization. They showed that under mild conditions, the trust-region
iterate sequence has a limit point that is critical and has positive semidefinite Hessian; see also Section 6.5-6.6
of [57]. Upon inspecting the relevant proofs, it seems not hard to strengthen the results to sequence convergence to
local minimizers, under a ridable saddle condition as ours, for unconstrained optimization.

Research activities to port theories and algorithms of optimization in Euclidean space to Riemannian manifolds
are best summarized by three monographs: [66]-[68]. [69] developed Newton and conjugate-gradient methods for
the Stiefel manifolds, of which the sphere is a special case; [68] presents a complete set of first- and second-order
Riemannian algorithms and convergence analyses; see also the excellent associated optimization software toolbox [70].
Among these, trust-region method was first ported to the Riemannian setting in [71], with emphasis on efficient
implementation which only approximately solves the trust-region subproblem according to the Cauchy point scheme.
The Cauchy point definition adopted there was the usual form based on the gradient, not strong enough to ensure the
algorithm escape from ridable saddle points even if the true Hessian is in use in local approximation. In comparison,
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in this work we assume that the trust-region subproblem is exactly solved, such that ridable saddles (the only
possible saddles for our problem) are properly skipped. By this, we obtain the strong guarantee that the iterate
sequence converges to a local minimizer, in contrast to the weak global convergence (gradient sequence converging
to zero) or local convergence (sequence converging to a local minimizer within a small radius) established in [71].
To the best of our knowledge, our convergence result is first of its kind for a specific problem on sphere. After our
initial submission, [72] has recently established worst-case iteration complexity of Riemannian TRM to converge
to second-order critical points (i.e., critical points with positive semidefinite Hessians), echoing the results in the
Euclidean case [73]. Their results are under mild Lipschitz-type assumptions and allow inexact subproblem solvers,
and hence are very practical and general. However, on our particular problem, their result is considerably pessimistic,
compared to our convergence result obtained from a specialized analysis.

Solving the trust-region subproblem exactly is expensive. Practically, often a reasonable approximate solution with
controlled quality is adequate to guarantee convergence. In this regard, the truncated conjugate gradient (tCG) solver
with a good initial search direction is commonly employed in practice (see, e.g., Section 7.5 in [57]). To ensure
ridable saddle points be properly escaped from, the eigenpoint idea (see, e.g., Section 6.6 of [57]) is particularly
relevant; see also Algorithm 3 and Lemma 10 in [72].

The benign function landscape we characterized in the first paper allows any reasonable iterative method that is
capable of escaping from ridable saddles to find a local minimizer, with possibly different performance guarantees.
The trust-region method we focus on here, and the curviliear search method [61] are second-order methods that
guarantee global optimization from arbitrary initializations. Typical first-order methods such as the vanilla gradient
descent can only guarantee convergence to a critical point. Nonetheless, for our particular function, noisy/stochastic
gradient method guarantees to find a local minimizer from an arbitrary initialization with high probability [74].

B. Notations, and Reproducible Research

We use bold capital and small letters such as X and « to denote matrices and vectors, respectively. Small letters
are reserved for scalars. Several specific mathematical objects we will frequently work with: Oy, for the orthogonal
group of order k, S"~! for the unit sphere in R”, B" for the unit ball in R™, and [m] = {1,...,m} for positive
integers m. We use (-)* for matrix transposition, causing no confusion as we will work entirely on the real field.
We use superscript to index rows of a matrix, such as ' for the i-th row of the matrix X, and subscript to index
columns, such as x;. All vectors are defaulted to column vectors. So the i-th row of X as a row vector will be
written as (:1:’)* For norms, ||-|| is the usual 2 norm for a vector and the operator norm (i.e., 2 — ¢2) for a
matrix; all other norms will be indexed by subscript, for example the Frobenius norm ||-||  for matrices and the
element-wise max-norm ||-|| .. We use  ~ £ to mean that the random variable x is distributed according to the
law L. Let A/ denote the Gaussian law. Then & ~ A (0, I) means that x is a standard Gaussian vector. Similarly,
we use & ~;; 4 L to mean elements of « are independently and identically distributed according to the law L. So
the fact © ~ N (0, I) is equivalent to that & ~;; 4. N (0,1). One particular distribution of interest for this paper is
the Bernoulli-Gaussian with rate 6: Z ~ B - G, with G ~ N (0,1) and B ~ Ber (6). We also write this compactly
as Z ~ BG (0). We frequently use indexed C' and ¢ for numerical constants when stating and proving technical
results. The scopes of such constants are local unless otherwise noted. We use standard notations for most other
cases, with exceptions clarified locally.

The codes to reproduce all the figures and experimental results are available online:

https://github.com/sunju/dl_focm .

II. FINDING ONE LOCAL MINIMIZER VIA THE RIEMANNIAN TRUST-REGION METHOD

We are interested to seek a local minimizer of (I.1). The presence of saddle points have motivated us to develop
a second-order Riemannian trust-region algorithm over the sphere; the existence of descent directions at nonoptimal
points drives the trust-region iteration sequence towards one of the minimizers asymptotically. We will prove that
under our modeling assumptions, this algorithm with an arbitrary initialization efficiently produces an accurate
approximation' to one of the minimizers. Throughout the exposition, basic knowledge of Riemannian geometry
is assumed. We will try to keep the technical requirement minimal possible; the reader can consult the excellent
monograph [68] for relevant background and details.

'By “accurate” we mean one can achieve an arbitrary numerical accuracy € > 0 with a reasonable amount of time. Here the running time
of the algorithm is on the order of loglog(1/¢) in the target accuracy &, and polynomial in other problem parameters.


https://github.com/sunju/dl_focm
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A. Some Basic Facts about the Sphere and f
For any point g € S"~1, the tangent space T,;S" ! and the orthoprojector Pr,sn-1 onto T,S™! are given by
T,S" ' ={6 € R": ¢*6 = 0},
Prgn-=1-qq" =UU",

where U € R"*("=1) is an arbitrary orthonormal basis for T,S™ ! (note that the orthoprojector is independent of
the basis U we choose). Consider any § € Tan_l. The map

J
Y(t) st qeos (t]16]]) + oy S (¢ lal)

defines a smooth curve on the sphere that satisfies v(0) = g and %(0) = . Geometrically, ~(¢) is a segment of the
great circle that passes g and has J as its tangent vector at g. The exponential map for § is defined as

: J .
expg(d) = (1) = g cos||d]| + Toy i 161] -

It is a canonical way of pulling § to the sphere.

Fig. 1: Illustrations of the tangent space T,S" ! and exponential map exp, (6) defined on the sphere Sn—1.

In this paper we are interested in the restriction of f to the unit sphere S"~!. For the sake of performing optimization,
we need local approximations of f. Instead of directly approximating the function in R", we form quadratic
approximations of f in the tangent spaces of S*~!. We consider the smooth function f o expgy(6) : T,S" 1 =R,
where o is the usual function composition operator. An applications of vector space Taylor’s theorem gives

. . 1., . .
foexpg(8) = f(a: V) + (V@ ¥),6) + 50" (V2 (@:¥) - (V/(@:¥).q)I) s
when ||d|| is small. Thus, we form a quadratic approximation fA((s; q) : T,S" ! —Ras

~ ~

F;4.Y) = flg;Y)+ <Vf(q;f’),5> + %5* Vif(q:;Y) - <Vf(q;f’),q>1 J. (L1)

Here Vf(q) and V2 f(q) denote the usual (Euclidean) gradient and Hessian of f w.r.t. g in R™. For our specific f
defined in (I.1), it is easy to check that

~ 1< U\
Vi@Y)=-) tanh (q y’“) U (I.2)
p = u
~ 11 e\ | ~ ~
Vg Y)=-Y [1 — tanh? <qy’“>] G- (IL3)
P u 7

The quadratic approximation also naturally gives rise to the Riemannian gradient and Riemannian Hessian defined
on T,S" ! as

grad f(¢;Y) = Pr,e:Vf(¢:Y), (IL4)
Hess f(q; ¥) = Prygr (V2f(@:¥) = (VF(¢:¥).q) ) Pre. (L)



IEEE TRANSACTION ON INFORMATION THEORY, VOL. XX, NO. XX, XXXX 2016 5

Thus, the above quadratic approximation can be rewritten compactly as
~ ~ ~ ~ 1 ~
f ((S;q7 Y) =flq;Y)+ <(5,gradf(q; Y)> + 55* Hess f(q;Y)9, Ve T, St
The first order necessary condition for unconstrained minimization of function fover T,S" s
grad f(q; 17) + Hess f(q; l/})é* =0. (IL.6)

If Hess f(q; f’) is positive semidefinite and has “full rank” n — 1 (hence “nondegenerate”), the unique solution &,
is

0, =-U (U* [Hess f(q; i})} U> ' U™ grad f(q),

which is also invariant to the choice of basis U. Given a tangent vector § € TgS™ !, let v(t) = exp,(td) denote a
geodesic curve on S"~!. Following the notation of [68], let
0. -1 -1
’P,; : Tan — T,Y(T)Sn
denotes the parallel translation operator, which translates the tangent vector § at ¢ = v(0) to a tangent vector at

v(7), in a “parallel” manner. In the sequel, we identify P <0 with the following n x n matrix, whose restriction to
T,S™! is the parallel translation operator (the detailed derivation can be found in Chapter 8.1 of [68]):

56" 5 0 5
PV = (I—— | —gsin(r |6 + —~cos (7]
" ( |ra||2> 181D 37 o= (11 1

= I+ (cos(t|d]])—1) (I1.7)

Similarly, following the notation of [68], we denote the inverse of this matrix by PfY“_T, where its restriction to
TW(T)S”_l is the inverse of the parallel translation operator 77, <0,

B. The Geometric Results from [3]

We reproduce the main geometric theorems from [3] here for the sake of completeness. To characterize the
function landscape of f (g; Xo) over S*~!, we mostly work with the function

g (wi X0) = [ (g (w)i X0) = Y ()" (20)y). aLs)
k=1

induced by the reparametrization

q(w) = <w, \/1-— ku2> , weBh (IL9)

Geometrically, this corresponds to projection of the function f above the equatorial section e, onto ef; (see Fig. 2
(right) for illustration). In particular, we focus our attention to the smaller set of the ball:

in—1
I— {'w ]| < ”4 } c B, (IL.10)
n

because g (') contains all points ¢ € S"~! with n € arg mMaX;c[, g €;. We can similarly characterize other parts
of f on S™~! using projection onto other equatorial sections.

Theorem II.1 (High-dimensional landscape - orthogonal dictionary). Suppose Ag = I and hence Y = Ay Xy = Xo.
There exist positive constants ¢, and C, such that for any 0 € (0,1/2) and p < ¢, min {Hn_l, n_5/4}, whenever
c
P> —sn’log o, (IL11)
M M

’Note that the n x n matrix Hess f(g;Y") has rank at most n — 1, as the nonzero g obviously is in its null space. When Hess f(q; Y)
has rank n — 1, it has no null direction in the tangent space. Thus, in this case it acts on the tangent space like a full-rank matrix.
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Fig. 2: Why is dictionary learning over S"~! tractable? Assume the target dictionary Ay = I. Left: Large
sample objective function Ex, [f (g)]. The only local minimizers are the standard basis vectors e;’s and their
negatives. Right: A visualization of the function as a height above the equatorial section e?f, ie., span{e;, ex} NB3.
The derived function is obtained by assigning values of points on the upper hemisphere to their corresponding
projections on the equatorial section e3L. The minimizers for the derived function are 0, £e;, =e. Around 0 in e?f,
the function exhibits a small region of strong convexity, a region of large gradient, and finally a region in which the

direction away from O is a direction of negative curvature.

the following hold simultaneously with probability at least 1 — cyp~S:
Ci 0 1
V2g(w; Xo) = —1I Vw st ||w| <——, I1.12
9( 0)_M | \\_4\/5 (IL.12)
* X 1
wVg(w; Xo) g Vw st P < wl| < —— (IL13)
]l 42 20V/5
*Vig(w; X 1 4n —1
w*V g(w,2 0)w < —c.0 Vw st < wl| < 4/ 2=, (I1.14)
[[w]] 20v/5 4n

and the function g(w; Xo) has exactly one local minimizer w, over the open set I' = {’w Cwl] <4/ 4’1;1 }, which

satisfies
. Jeep [nlogp p
— < — 7. .
Jw, =0 < mm{ o\ ) 716} (IL15)

Here c, through c. are all positive constants.

Recall that the reason we just need to characterize the geometry for the case Ay = I is that for other orthogonal
Ay, the function landscape is simply a rotated version of that of Ay = I.

Theorem I1.2 (High-dimensional landscape - complete dictionary). Suppose Aq is complete with its condition
number k (Ay). There exist positive constants c, (particularly, the same constant as in Theorem I1.1) and C, such
that for any 6 € (0,1/2) and p < ¢, min {anl,n*5/4}, when

C nt nd) 4 [ K(Ag)n
P> max{,}n Ap) log <> (I1.16)
c30° pt’ (4o) o
and Y = /pf (YY*)fl/2 Y, UXV* = SVD(Ay), the following hold simultaneously with probability at least
1—cypS:
— c, 0 7

V2g(w; VUYY) = =1 Vw st |w|| < =, .17
o )= ol < 25 w17

*Vo(w; VU*Y 1 1
w'Vg(w ) > 1g Vw st L <|w| < —— (IL18)

[[wl| 2 44/2 20v/5
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4n —

——c,0 i L. ,
Cy w s in

1
< — < ||lw
JwlP =72 2075 = |

I < (IL19)

and the function g(w; VU*Y') has exactly one local minimizer w, over the open set I' = {w w| < /22l }

in
which satisfies

Jw. — 0] < u/7. (11.20)
Here c,, ¢y are both positive constants.

From the above theorems, it is clear that for any saddle point in the w space, the Hessian of g has at least one
negative eigenvalue. Now the problem is whether all saddle points of f on S"~! are “ridable”, because as alluded
to in previous discussion, we need to perform actual optimization in the g space. Instead of presenting a rigorous
technical statement and detailed proof, we include here just an informal argument; our actual proof for algorithmic
convergence runs back and forth in w and q space and such lack will not affect our arguments there.

It is very easy to verify the following fact (see proof of Lemma II.13 on page 33):

(erad f(q), q — en/qn) = (w, Vg(w)).

Thus, (grad f(q),q — e,/q,) # 0 if and only if (w, Vg(w)) # 0, implying that grad f(q) will never be zero in the
spherical region corresponding to {w : 11/(4v/2) < |Jw|| < 1/(20v/5) }. Moreover, it is shown in Lemma II.11 below
that the Riemannian Hessian is positive definite for the spherical region corresponding to {w : [|w| < 1/(4v/2)},
so there is no saddle point in this region either. Over q(I") N S"~!, potential saddle points lie only in the region
corresponding to {w : 1/(20v/5) < ||w|| < v/(4n — 1)/(4n)}. Theorem II.1 and Theorem I1.2 imply that around
each point in this region, a cross section of the function g(w) is strictly concave locally. Intuitively, by the q(w)
mapping the same happens in the g space, i.e., the Riemannian Hessian has a strictly negative eigenvalue.

C. The Riemannian Trust-Region Algorithm over the Sphere

For a function f in the Euclidean space, the typical TRM starts from some initializationAq(O) € R", and produces
a sequence of iterates g1, g(?, ..., by repeatedly minimizing a quadratic approximation f to the objective function
f(q), over a ball centered around the current iterate.

For our f defined over S"—1, given the previous iterate q("~), the TRM produces the next movement by generating
a solution & to

minimizeser g1 sj<a f (6; q“’”) : (I.21)

where f(é ; q(T_l)) is the local quadratic approximation defined in (II.1). The solution d is then pulled back to
S"=1 from T, qS”_l. If we choose the exponential map to pull back the movement &,° the next iterate then reads

-~

q™ = q" Y cos ||8]| + M;H sin |8 (I1.22)

(n—1)

To solve the subproblem (I1.21) numerically, we can take any matrix U € R™* whose columns form an

orthonormal basis for quq)S”_l, and produce a solution & to
minimizejg <n  f (U&q" ). (IL.23)

Solution to (I.21) can then be recovered as 6 = Ug.

The problem (I1.23) is an instance of the classic trust region subproblem, i.e., minimizing a quadratic function
subject to a single quadratic constraint. Albeit potentially nonconvex, this notable subproblem can be solved in
polynomial time by several numerical methods [57], [65], [75]-[78]. Approximate solution of the subproblem suffices
to guarantee convergence in theory, and lessens the storage and computational burden in practice. We will deploy
the approximate version in simulations. For simplicity, however, our subsequent analysis assumes the subproblem is
solved exactly. We next briefly describe how one can deploy the semidefinite programming (SDP) approach [75]-[78]

3The exponential map is only one of the many possibilities; also for general manifolds other retraction schemes may be more practical. See
exposition on retraction in Chapter 4 of [68].
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to solve the subproblem exactly. This choice is due to the well-known effectiveness and robustness of the SDP
approach on this problem. We introduce

e * * ey A b
where A = U* Hess f(q"1); lA/')U and b= U*grad Vf(q"; }A’) The resulting SDP to solve is
minimize @ (M, ®), subject to tr(®) < A?2+1, (E,(1,0)=1, © =0, (I1.25)

where E; 11 = ept1€;,, 1. Once the problem (I1.25) is solved to its optimum O, one can provably recover the
minimizer &, of (I1.23) by computing the SVD of ®, = UX V™, and extract as a subvector the first n— 1 coordinates
of the principal eigenvector u; (see Appendix B of [79]).

D. Main Convergence Results

Using general convergence results on Riemannian TRM (see, e.g., Chapter 7 of [68]), it is not difficult to prove
that the gradient sequence grad f (q(r); Y) produced by TRM converges to zero (i.e., global convergence), or the
sequence converges (at quadratic rate) to a local minimizer if the initialization is already close a local minimizer
(i.e., local convergence). In this section, we show that under our probabilistic assumptions, these results can be
substantially strengthened. In particular, the algorithm is guaranteed to produce an accurate approximation to a local
minimizer of the objective function, in a number of iterations that is polynomial in the problem size, from arbitrary
initializations. The arguments in the companion paper [3] showed that w.h.p. every local minimizer of f produces a
close approximation to a row of X(. Taken together, this implies that the algorithm efficiently produces a close
approximation to one row of Xj.

Thorough the analysis, we assume the trust-region subproblem is exactly solved and the step size parameter
A is fixed. Our next two theorems summarize the convergence results for orthogonal and complete dictionaries,
respectively.

Theorem I1.3 (TRM convergence - orthogonal dictionary). Suppose the dictionary Ag is orthogonal. There exists a
positive constant C, such that for all § € (0,1/2) and p < ¢, min {fn"!, n_5/4}, whenever
c 5 n
> ——n"log —
with probability at least 1 — cyp~, the Riemannian trust-region algorithm with input data matrix Y =Y, any
initialization ¢ on the sphere, and a step size satisfying
ceC303u?
~ n7/21og™? (np)
returns a solution ¢ € S~ which is € near to one of the local minimizers q, (i.e.,
6753
cgn®log® (np)  cen } ©) cre b
ax , + loglo 11.27
{ 303 pt 202 A2 UChY 808 en3/21og®? (np) (27

iterations. Here c, is as defined in Theorem Il.1, and c, through cy are all positive constants.

(1I.26)

q — q.|| < ¢) in at most

Theorem IL.4 (TRM convergence - complete dictionary). Suppose the dictionary Ag is complete with condition
number r (Ao). There exists a positive constant C, such that for all § € (0,1/2), and p < comin {fn~!, n*5/4},

whenever
C nt n®) 4 4 [(k(Ao)n
2 x| g o (oot (2517,

with probability at least 1 — cyp~S, the Riemannian trust-region algorithm with input data matrix Y =

\/po (YY*)_1 2Y where USV* = SVD (Ay), any initialization q"9) on the sphere and a step size satisfying
ceC303 2

.28
~ n7/21og™? (np) —
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returns a solution @ € S"~1 which is € near to one of the local minimizers q, (i.e., ||q — qx|| <€) in at most

613
cgn®log® (np)  cen ) cre O
log 1 1.2
rax { 3But 7 c202A2 } (@) + loglog en3/210g’/? (np) —

iterations. Here c, is as in Theorem II.1, and c, through cy are all positive constants.

Our convergence result shows that for any target accuracy € > 0 the algorithm terminates within polynomially
many steps. Specifically, the first summand in (I1.27) or (II.29) is the number of steps the sequence takes to enter
the strongly convex region and be “reasonably” close to a local minimizer. All subsequent trust-region subproblems
are then unconstrained (proved below) — the constraint is inactive at optimal point, and hence the steps behave like
Newton steps. The second summand reflects the typical quadratic local convergence of the Newton steps.

Our estimate of the number of steps is pessimistic: the running time is a relatively high-degree polynomial in
p and n. We will discuss practical implementation details that help speed up in Section IV. Our goal in stating
the above results is not to provide a tight analysis, but to prove that the Riemannian TRM algorithm finds a local
minimizer in polynomial time. For nonconvex problems, this is not entirely trivial — results of [80] show that in
general it is NP-hard to find a local minimizer of a nonconvex function.

E. Sketch of Proof for Orthogonal Dictionaries

The reason that our algorithm is successful derives from the geometry formalized in Theorem II.1. Basically, the
sphere S"~! can be divided into three regions. Near each local minimizer, the function is strongly convex, and the
algorithm behaves like a standard (Euclidean) TRM algorithm applied to a strongly convex function — in particular,
it exhibits a quadratic asymptotic rate of convergence. Away from local minimizers, the function always exhibits
either a strong gradient, or a direction of negative curvature (i.e., the Hessian has a strictly negative eigenvalue).
The Riemannian TRM algorithm is capable of exploiting these quantities to reduce the objective value by at least a
fixed amount in each iteration. The total number of iterations spent away from the vicinity of the local minimizers
can be bounded by comparing this amount to the initial objective value. Our proofs follow exactly this line and
make the various quantities precise.

Note that for any orthogonal Ay, f (q; AoXo) = f (A{q; Xo). In words, this is the established fact that the
function landscape of f(q; AoXy) is a rotated version of that of f(gq; X¢). Thus, any local minimizer g, of
f(g; Xp) is rotated to Apgy, a local minimizer of f(q; AgXp). Also if our algorithm generates iteration sequence
90,41, 92, ... for f(g; Xo) upon initialization g, it will generate the iteration sequence Ayqo, Aoq1, Aoga, - ..
for f (q; ApXp). So w.Lo.g. it is adequate that we prove the convergence results for the case Ag = I. So in this
section (Section II-E), we write f(q) to mean f(q; Xo).

We partition the sphere into three regions, for which we label as Ri, Rrr, Rrrr, corresponding to the strongly
convex, nonzero gradient, and negative curvature regions, respectively (see Theorem II.1). That is, R; consists of
a union of 2n spherical caps of radius j/(4v/2), each centered around a signed standard basis vector +e;. R
consist of the set difference of a union of 2n spherical caps of radius 1/(201/5), centered around the standard basis
vectors +e;, and R;. Finally, Ri1r covers the rest of the sphere. We say a trust-region step takes an Rp step if
the current iterate is in Ryp; similarly for Rir and Rz steps. Since we use the geometric structures derived in
Theorem II.1 and Corollary II.2 in [3], the conditions

0 < (0,1/2), p<cmin {erfl,n*f’“} . p> Mcn?’ log i (I1.30)

are always in force.

At step r of the algorithm, suppose 8" is the minimizer of the trust-region subproblem (IL.21). We call the step
“constrained” if Hd(’”) H = A (the minimizer lies on the boundary and hence the constraint is active), and call it
“unconstrained” if [|6(")|| < A (the minimizer lies in the relative interior and hence the constraint is not in force).
Thus, in the unconstrained case the optimality condition is (IL.6).

The next lemma provides some estimates about V f and V2 that are useful in various contexts.
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Lemma IL5. We have the following estimates about V f and YV f:

sup [[Vf(q)ll = My < vn | Xols »

qes»—1
sup ||V (q)] = My < = | Xol|%
gesSn—1 H

Vi(q)—Vf(d)l . n
sup H ( ) , ( )H :LV S 7 HXOHgoy
q,9'€S"1,q#q’ lg — 4|l ©
Vif(q) - V[ (d)] . 2
wp CI@ L e < 2 x, 2,
q,9'€S" 1, q#q’ la — 4| H
Proof. See Page 25 under Section VI. 0

Our next lemma says if the trust-region step size A is small enough, one Riemannian trust-region step reduces
the objective value by a certain amount when there is any descent direction.

Lemma I1.6. Suppose that the trust region size A < 1, and there exists a tangent vector § € TyS" ! with ||5]| < A,
such that

fexpg(6)) < flg) —s

for some positive scalar s € R. Then the trust region subproblem produces a point §, with

1
Fexpg(8.)) < fla) =5+ gns A%,
where 1y = My + 2My: + Ly + Ly and My, My=, Ly, Ly are the quantities defined in Lemma II.5.
Proof. See Page 26 under Section VI. O

To show decrease in objective value for Rir and Rirr, now it is enough to exhibit a descent direction for
each point in these regions. The next two lemmas help us almost accomplish the goal. For convenience again
we choose to state the results for the “canonical” section that is in the vicinity of e, and the projection map
q (w) = [w; (1 — ||wl||*)"/?], with the idea that similar statements hold for other symmetric sections.

Lemma IL7. Suppose that the trust region size A < 1, w*Vg(w)/|w| > By for some scalar 34, and that

w*Vg(w)/ ||w|| is Ly-Lipschitz on an open ball B (w, % centered at w. Then there exists a tangent vector

§ € T,S"1 with ||8]] < A, such that

2L, Am\/n

Proof. See Page 27 under Section VI. O

2
flexpy(8)) < f(q)—min{ﬁg ng}-

Lemma IL8. Suppose that the trust-region size A < 1, w*V2g(w)w/ ||w|* < —B., for some B., and that

w*V2g(w)w/ |w||® is L. Lipschitz on the open ball B <w, %) centered at w. Then there exists a tangent

vector § € T,S" 1 with ||8|| < A, such that

3L2° 8m2n

3 2
F(expg(8)) < f(q)—min{%” 54 ﬁ“}.

Proof. See Page 28 under Section VI. 0

One can take 3, = 3~ = c.f as shown in Theorem II.1, and take the Lipschitz results in Proposition B.4 and
Proposition B.3 (note that || Xyl < 41og?(np) w.h.p. by Lemma B.6), repeat the argument for other 2n — 1
symmetric regions, and conclude that w.h.p. the objective value decreases by at least a constant amount. The next
proposition summarizes the results.
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Proposition IL.9. Assume (11.30). In regions Rri1 and Rr11, each trust-region step reduces the objective value by at
least

1
and drir = 3 min

2ca0%1  3Ac,0
Cucalp  3AcC > (IL31)

1
dr; = = mi
I = 5 <n2 log (np)’ 4m\/n
respectively, provided that

< eyt 3A20*9>
nblog® (np)’ 8m2n

CeCO
n®/21og*? (np)’

where c, to c. are positive constants, and c, is as defined in Theorem II.1.

(I1.32)

Proof. We only consider the symmetric section in the vicinity of e,, and the claims carry on to others by symmetry.
If the current iterate ¢") is in the region Rpr, by Theorem IL1, w.h.p., we have w*g (w) / |w| > ¢.6 for the
constant c,. By Proposition B.4 and Lemma B.6, w.h.p., w*g (w) / |w|| is Can?log (np) /u-Lipschitz. Therefore,
By Lemma II.6 and Lemma II.7, a trust-region step decreases the objective value by at least

c20%u 3e A con®210g3/? (np) A3
2Con?log (np)” 4my/n 3u? '
Similarly, if ¢") is in the region Ry11, by Proposition B.3, Theorem II.1 and Lemma B.6, w.h.p., w*V2g (w) w/ |w||*

is C3n3 log3/ 2 (np) /p2-Lipschitz and upper bounded by —c,6. By Lemma IL.6 and Lemma I1.8, a trust-region step
decreases the objective value by at least

dII = min (

26303 14 3A2¢.0 3/21 3/2
drrr = min “ ’lé , QC* _an og2 (np) A3,
3C2nSlog® (np)’ 8m*n 3
It can be easily verified that when A obeys (I1.31), (I1.32) holds. ]

The analysis for Ry is slightly trickier. In this region, near each local minimizer, the objective function is strongly
convex. So we still expect each trust-region step decreases the objective value. On the other hand, it is very unlikely
that we can provide a universal lower bound for the amount of decrease - as the iteration sequence approaches a
local minimizer, the movement is expected to be diminishing. Nevertheless, close to the minimizer the trust-region
algorithm takes “unconstrained” steps. For constrained R: steps, we will again show reduction in objective value by
at least a fixed amount; for unconstrained step, we will show the distance between the iterate and the nearest local
minimizer drops down rapidly.

The next lemma concerns the function value reduction for constrained Rp steps.

Lemma IL.10. Suppose the trust-region size A < 1, and that at a given iterate r, Hess f (q(”)) =-m HPTq(T)Snfl, and

HHess f (q(r)) H < Mpy. Further assume the optimal solution &, € Tqun_l to the trust-region subproblem (11.21)

satisfies ||0.| = A, i.e., the norm constraint is active. Then there exists a tangent vector 6 € Ty S™™* with
16| < A, such that

m2,A% 1
NG < ( (r)) _"""H - AS,
f(expgn () < f(a M, + g0
where 1y is defined the same as Lemma II.6.
Proof. See Page 28 under Section VI. O

The next lemma provides an estimate of mpy. Again we will only state the result for the “canonical” section with
the “canonical” g(w) mapping.

Lemma IL11. There exists a positive constant C, such that for all € (0,1/2) and p < 0/10, whenever
p > Cn3log &/(w?), it holds with probability at least 1 — cp~" that for all q with ||w (q)| < u/(4v/2),

0
Hess f (q) = C*;PTqS"—L

Here c, is as in Theorem II.1 and Theorem I1.2, and c > 0 is another constant.
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Proof. See Page 29 under Section VI O

We know that || Xl < 41og"?(np) w.h.p., and hence by the definition of Riemannian Hessian and Lemma I1.5,
. 2n 16n
My = |Hess f(q)ll < [[V2f(@)|| + IVf(a)]| < My2 + My < ” 1X0lI5 < Tlog(npl

Combining this estimate and Lemma II.11 and Lemma II.6, we obtain a concrete lower bound for the reduction of
objective value for each constrained Ry step.

Proposition I1.12. Assume (11.30). Each constrained Rz trust-region step (i.e.,
value by at least

d|| = A) reduces the objective

202
Ry ) (I1.33)
pinlog(np)
provided
20

Here c, is as in Theorem II.1 and Theorem I1.2, and c,c are positive constants.

Proof. We only consider the symmetric section in the vicinity of e,, and the claims carry on to others by symmetry.
We have that w.h.p.

16n 0
[Hess f(q)|| < Tlog(np), and  Hess f(q) = c*;PTQSn—l-

Combining these estimates with Lemma I1.6 and Lemma II.10, one trust-region step will find next iterate q Y
that decreases the objective value by at least

GO/ o con®?log’? (np)

= TP A2 A3,
" 2nlog (np) /u e
Finally, by the condition on A in (I.34) and the assumed conditions (I1.30), we obtain
iy > c20? 2 con®/?10g®? (np) AP > c26? 2
2un log(np) I 4pn log(np)
as desired. O

By the proof strategy for R; we sketched before Lemma I1.10, we expect the iteration sequence ultimately always
takes unconstrained steps when it moves very close to a local minimizer. We will show that the following is true:
when A is small enough, once the iteration sequence starts to take unconstrained Rr step, it will take consecutive
unconstrained R; steps afterwards. It takes two steps to show this: (1) upon an unconstrained Rp step, the next
iterate will stay in Rp. It is obvious we can make A € O(1) to ensure the next iterate stays in Ry U Rrr. To
strengthen the result, we use the gradient information. From Theorem II.1, we expect the magnitudes of the gradients
in R11 to be lower bounded; on the other hand, in R; where points are near local minimizers, continuity argument
implies that the magnitudes of gradients should be upper bounded. We will show that when A is small enough,
there is a gap between these two bounds, implying the next iterate stays in Rr; (2) when A is small enough, the
step is in fact unconstrained. Again we will only state the result for the “canonical” section with the “canonical”
g(w) mapping. The next lemma exhibits an absolute lower bound for magnitudes of gradients in Ris.

Lemma IL13. For all q satisfying j1/(4v/2) < ||lw (q)|| < 1/(20v/5), it holds that

9 w*Vg (w)
grad f ()| > ———7—
Jevad £ (a)] 2 5

Proof. See Page 33 under Section VI. 0

Assuming (I1.30), Theorem II.1 gives that w.h.p. w*Vg(w)/ ||w| > ¢.0. Thus, w.h.p, ||grad f(q)|| > 9¢.6/10
for all g € R11. The next lemma compares the magnitudes of gradients before and after taking one unconstrained R



IEEE TRANSACTION ON INFORMATION THEORY, VOL. XX, NO. XX, XXXX 2016 13

step. This is crucial to providing upper bound for magnitude of gradient for the next iterate, and also to establishing
the ultimate (quadratic) sequence convergence.

Lemma I1.14. Suppose the trust-region size A < 1, and at a given iterate r, Hess f ( ”)) = maPr (S and
that the unique minimizer 8, € TywS™ ! to the trust region subproblem (11.21) satisfies ||, < A (i.e., the
constraint is inactive). Then, for q TH) = eXPgy) (04), we have

| grad f(g" V)| < 5 (@"IP,
where Lyg = 502 /(244%) || Xoll5, + 9/ | Xoll5, +9v/n [ Xoll
Proof. See Page 34 under Section VL. O
We can now bound the Riemannian gradient of the next iterate as
r Ly r
| grad f(a D)) < 5 2 (@)
My
LH * r * T — r
< 57 lI[U* Hess f(¢")UI[U™ Hess f(q")U] " grad f(q))]?
H
2 L M?
< P lbess p(q)||| a2 = B2 52,
2mi; 2mH

Obviously, one can make the upper bound small by tuning down A. Combining the above lower bound for
|grad f(q)|| for ¢ € Ry1, one can conclude that when A is small, the next iterate ¢("t1) stays in R;. Another
application of the optimality condition (I1.6) gives conditions on A that guarantees the next trust-region step is also
unconstrained. Detailed argument can be found in proof of the following proposition.

Proposition I1.15. Assume (11.30). W.h.p, once the trust-region algorithm takes an unconstrained R step (i.e.,
16| < A), it always takes unconstrained Ry steps, provided that

303
= n7/21og"/? (np)’

Here ¢, is as in Theorem II.1 and Theorem I1.2, and ¢ > 0 is another constant.

(I1.35)

Proof. We only consider the symmetric section in the vicinity of e,, and the claims carry on to others by symmetry.
Suppose that step k is an unconstrained R; step. Then

lw(g"*Y) —w(gM)|| < llg" " = q"| = [l expgers) —a"|

= /2 — 2cos||8]| = 2sin(]|d]| /2) < ||6]] < A.

Thus, if A < ﬁ -5 g™tV will be in Ry U Ryr. Next, we show that if A is sufficiently small, ¢"+1) will be
indeed in Rr. By Lemma II.14,

Jexaa s (a0)] = g vt (a2
< L;ni\%% HU Hess / (¢") U] U grad 1 (o) = L;ﬂi‘ff A?, (IL36)

where we have used the fact that

H5<r>

-1
= H [U* Hess f (q(r)) U} U*grad f (q(T)> H <A,
as the step is unconstrained. On the other hand, by Theorem II.1 and Lemma II.13, w.h.p.

.9
llgrad f (q)|| > Bgrad = Ec*ﬂ, vV q € Rix. (11.37)
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Hence, provided

A < m 2ﬁgrad’
Mg\ Ly

(IL.38)

we have "tV ¢ Ry.
We next show that when A is small enough, the next step is also unconstrained. Straight forward calculations give

HU [U* Hess f (q(”U) U} T Utgrad f ( 7"+1> H LM
2mH
Hence, provided that
A < 2 (I1.39)
LyMZ’ '

we will have

in words, the minimizer to the trust-region subproblem for the next step lies in the relative interior of the trust
region - the constraint is inactive. By Lemma II.14 and Lemma B.6, we have

n = Cin®?log®? (np) /1%, (IL.40)

U [U* Hess f ( (r+1) ) U} o U~ grad f <q(T+1)) H < A;

w.h.p.. Combining this and our previous estimates of my, My, we conclude whenever

. 7 c1c/%03/2 copci?
A < min _ ’ ’
20V 4v2 0/ 1og™* (np) nT/2log"’? (np)

w.h.p., our next trust-region step is also an unconstrained R step. Simplifying the above bound completes the
proof. 0

Finally, we want to show that ultimate unconstrained Ry iterates actually converges to one nearby local minimizer
rapidly. Lemma II.14 has established the gradient is diminishing. The next lemma shows the magnitude of gradient
serves as a good proxy for distance to the local minimizer.

Lemma IL16. Let g, € S"! such that grad f(q.) = 0, and § € Ty, S*~ L. Consider a geodesic ~(t) = expg, (t0),
and suppose that on [0, 7], Hess f((t)) = muyPr,, sn-1. Then

lgrad f(y(r)| = muT 6]
Proof. See Page 34 under Section VI. O

To see this relates the magnitude of gradient to the distance away from the nearby local minimizer, w.l.o.g., one
can assume 7 = 1 and consider the point g = exp, (§). Then

lgs — qll = [Jexpq, (8) — q|| = /2 — 2cos||d]| = 2sin([|8]| /2) < [|6]] < [lgrad f(q)I| /mus,

where at the last inequality above we have used Lemma II.16. Hence, combining this observation with Lemma II.14,
we can derive the asymptotic sequence convergence rate as follows.

Proposition IL.17. Assume (IL30) and the conditions in Lemma IL.15. Let ¢\"°) € Ry and the ro-th step the first
unconstrained Ry step and q, be the unique local minimizer of f over one connected component of Rz that contains
q"). Then w.h.p., for any positive integer ' > 1,

celp

(ro+r) 9-2" (IL41)
= 1210g"? (np)

Hq — gy

provided that
20

<R (I1.42)
n®/21og”? (np)
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Here c, is as in Theorem II.1 and Theorem I1.2, and c, ¢’ are both positive constants.

Proof. By the geometric characterization in Theorem II.1 and corollary II.2 in [3], f has 2n separated local
minimizers, each located in Ry and within distance v/211/16 of one of the 2n signed basis vectors {e;}e[-
Moreover, it is obvious when p < 1, Ry consists of 2n disjoint connected components. We only consider the
symmetric component in the vicinity of e, and the claims carry on to others by symmetry.

Suppose that rq is the index of the first unconstrained iterate in region Rjg, i.e., q(”’) € R:. By Lemma II.14, for
any integer ' > 1, we have

, 2m? L
d (7”0+T’) H < H H
’gra f{am)| < Ly \2m3

where Ly is as defined in Lemma II.14, my as the strong convexity parameter for Ry defined above.
Now suppose g, is the unique local minimizer of f, lies in the same R; component that q™) is located. Let
Y (t) = exPg, (td) to be the unique geodesic that connects g, and g\t with ¥ (0) = qx and v,/ (1) = gt

We have
8) — ax|| = /2~ 2cos|3]| = 2sin(5] /2)

gI.adf((ro+r)H<2mH<LH @ﬁdf<¢m0H)T 

LH 2m%{

grad f <q(7“0)> H>2 . (I1.43)

7’0+7"

|

<ol < |

where at the second line we have repeatedly applied Lemma I1.16.
By the optimality condition (II.6) and the fact that H(;(ro) H < A, we have

Ly -1 LM,
’ grad f (q(”J )H U Hess f ( To ) U] U*grad f (q(”’)) < ﬂA.
2m 2m Vit 2m? i
Thus, provided
2
m
A< 2 1144
Lo (IL44)
we can combine the above results and obtain
- < 2
Ly
Based on the previous estimates for my, My and Ly, we obtain that w.h.p.,
(ro+r") _ crcbp 2
q q =
H * n3/210g%/% (np)
Moreover, by (I1.44), w.h.p., it is sufficient to have the trust region size
026202
= nb/21og®?(np)’
Thus, we complete the proof. O

Now we are ready to piece together the above technical proposition to prove Theorem I1.3.

Proof. (of Theorem IL.3) Assuming (II.30) and in addition that

616393 2

n™/210g"/? (np)’

it can be verified that the conditions of all the above propositions are satisfied.

By the preceding four propositions, a step will either be Rrrr, Rrr, or constrained R step that decreases the
objective value by at least a certain fixed amount (we call this Type A), or be an unconstrained R: step (Type
B), such that all future steps are unconstrained R: and the sequence converges to a local minimizer quadratically.
Hence, regardless the initialization, the whole iteration sequence consists of consecutive Type A steps, followed by
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consecutive Type B steps. Depending on the initialization, either the Type A phase or the Type B phase can be
absent. In any case, from q(O) it takes at most (note f(g) > 0 always holds)

f (q(O))
min {dI, drr, dIII}

steps for the iterate sequence to start take consecutive unconstrained Rp steps, or to already terminate. In case the
iterate sequence continues to take consecutive unconstrained Ry steps, Proposition II.17 implies that it takes at most

cacxOu
logl 11.46

steps to obtain an e-near solution to the g, that is contained in the connected subset of R; that the sequence entered.
Thus, the number of iterations to obtain an e-near solution to g, can be grossly bounded by

(0)
#lter < / (q ) + loglog< c2cln )

(I1.45)

~ min {dz,dr1,d111} en3/2 10g3/2 (np)

393,,4 202 -1
. c3c 0t cqcll coc O
A ©) log 1 .
[mm{nﬁlog ( ) n H f<q ) + loglog <5n3/2 10g3/2 (np))

Finally, the claimed failure probability comes from a simple union bound with careful bookkeeping. O

IN

F. Extending to Convergence for Complete Dictionaries

Recall that in this case we consider the preconditioned input
Y = /po(YY*) "2y, (IL47)

Note that for any complete Ay with condition number x (Ap), from Lemma B.7 we know when p is large enough,
w.h.p. one can write the preconditioned Y as

Y =UV*X,+E2X,

for a certain E with small magnitude, and UXV™* = SVD (Ay). Particularly, when p is chosen by Theorem I1.2, the
perturbation is bounded as
-1

_ 3/2 2
IB|| < ccud <max {nu? ’L }10g3/2( )) (11.48)

for a certain constant ¢ which can be made arbitrarily small by making the constant C' in p large. Since UV * is
orthogonal,

F(@UV*Xo+EBXo) = f(VU*q; Xo + VU*EX,).

In words, the function landscape of f(q; UV ™*Xy+EX)) is a rotated version of that of f(q; Xo+VU*EX)). Thus,

any local minimizer g, of f(gq; X9+ VU*EX)) is rotated to UV *g,, one minimizer of f(q; UV*X, + EX)).

Also if our algorithm generates iteration sequence qo, q1, g2, ... for f(q; Xo + VU*E X)) upon initialization qo,

it will generate the iteration sequence UV *qy, UV *q1, UV *qa,... for f(q;UV*Xy+ EX)p). So w.l.o.g. it is

adequate that we prove the convergence results for the case f(g; Xo + VU*EX)), corresponding to ) Ap = I with

perturbation E = VU*E. So in this section (Section II-F), we write f(gq; XO) to mean f(g; Xo + 2Xo).
Theorem I1.2 has shown that when

1 0 1 C O 4 [ k(Ag)n
RS <0 2> u<cm1n{ 5/4},])_ 202 max{lﬁ7lﬁz}ﬂ (Ap) log </~09>7 (11.49)

the geometric structure of the landscape is qualitatively unchanged from the orthogonal case, and the parameter c,
constant can be replaced with ¢, /2. Particularly, for this choice of p, Lemma B.7 implies
-1

— . n3/2 p2 .
IEI = VUS| < ce, | max | =5, = p log™™ (np) (I1.50)
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for a constant ¢ that can be made arbitrarily small by setting the constant C' in p sufficiently large. The whole proof
is quite similar to that of orthogonal case in the last section. We will only sketch the major changes below. To
distinguish with the corresponding quantities in the last section, we use - to denote the corresponding perturbed
quantities here.

e Lemma II.5: Note that
X0 + EXollco < [ Xolloe + 1EX0lloo < [ Xolloo + VRIEN Xolloo < 3[[Xoll00/2,

where by (I1.50) we have used ||Z|| < 1/(2y/n) to simplify the above result. So we obtain

— — - -~ 9
My < ;Mm My: < ZMV% Ly < %Lm Ly2 < §7LV2-

e Lemma II.6: Now we have
ﬁf = ]/\Zv + 2.7sz + EV + zvz < d4n;.

o Lemma II.7 and Lemma II.8 are generic and nothing changes.
o Proposition I1.9: We have now w*g(w; XO)/ |lwl|| > ¢.0/2 by Theorem I1.2, w.h.p. w*Vg(w; Xo)/ ||lw]| is

Cyn?log(np)/u-Lipschitz by Proposition B.4, and HXO + ._.XOH < 3| Xo||,, /2 as shown above. Similarly,

w*g(w; XO)/ |w]|| < —c.0/2 by Theorem 11.2, and w*V?g(w; Xg)w/ |wl? is Can?log/?(np) /u2-Lipschitz.
Moreover, 77y < 4ny as shown above. Since there are only multiplicative constant changes to the various
quantities, we conclude

dir = erdyr,  dror = eidin (IL51)
provided
coc O’
n?/21og*? (np)’

o Lemma II.10: 7y is changed to 7; with iy < 47y as shown above.
e Lemma II.11: By (IL.3), we have

(I1.52)

V2 1@ Xo0) - V2 1(a: Xo)|| < ;Z {Lﬁuéu o)l + = | o)s )i - @@ZH}

k=1

p
< VBN (L + 2/ + 1EN/1) 3 wolell® < I (L, +3/) n | Xol%

k=1
where Lj is the Lipschitz constant for the function h, (-) and we have used the fact that |Z|| < 1. Similarly,
by 1.2,
— 1 ~ ~ .
| V(e X0) = V1@ Xo)| < S { L, 1B o)l + 2] Nwo)el } < (L, +1) IZ]v 1 Xol
k=1

where L; is the Lipschitz constant for the function h, (). Since Lj <2/p* and Lj < 1/p, and || X0, <
log(np) w.h.p. (Lemma B.6). By (I1.50), w.h.p. we have

o 1 = 1
|V f(a: Xo) ~ V(a: Xo)| < 5e0, and || V25(q: Xo) - V2 (q: Xo) | < 5t
provided the constant C' in (IL.49) for p is large enough. Thus, by (II.5) and the above estimates we have

| ress (a5 Xo) — Hess f(q: Xo)|| < ||V (a: Xo) = Vf(a: Xo)|| + | V27 (a: Xo) — V21 (a: X)|

1 0
<l < —ci—,
2
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provided p < 1/2. So we conclude
0

~ 1 0 1
Hess f(q; Xo) = —c«—Pr S" — g > c—. (I1.53)
2 " T 2 " u
o Proposition I1.12: From the estimate of My above Proposition I1.12 and the last point, we have

— 36 ~ 1 0
HHess f(q;Xo)H < ;log(np), and Hess f(q; Xo) = 50*;73:@8”—1‘

Also since 717y < 47y in Lemma I1.6 and Lemma II.10, there are only multiplicative constant change to the
various quantities. We conclude that

dy = c3dy (11.54)
provided that
292
< _ASZE (IL55)
n3/210g"? (np)

o Lemma II.13 is generic and nothing changes.

e Lemma II.14: Ly < 27Lpy/8.

o Proposition II.15: All the quantities involved in determining A, mpy, My, and Ly, Bgraq are modified by at
most constant multiplicative factors and changed to their respective tilde version, so we conclude that the TRM
algorithm always takes unconstrained Ry step after taking one, provided that

c5c303 1
= n7/21og"/? (np)
e Lemma II.16:is generic and nothing changes.

e Proposition I1.17: Again my, My, Ly are changed to mpg, ]\71;, and E{, respectively, differing by at most
constant multiplicative factors. So we conclude for any integer k' > 1,

(I1.56)

(k0+k/) i CﬁC*GM 72k/
Hq q«|| = 3210232 () log?2 (np)2 ; (I1.57)
provided
202
cresf

The final proof to Theorem II.2 is almost identical to that of Theorem IL1, except that d1, dr1, and dr11 are changed
to dr, dr1, and drr1 as defined above, respectively. The final iteration complexity to each an e-near solution is hence

#lter < [min{ cscif’ut cocst? AQH B (f( (0)> — f( )) 4 loglo c10Cx01
= n6 ]0g3 (np) ’ n q qx g 10g €n3/2 ]_0g3/2 (np) .

Hence overall the qualitative behavior of the algorithm is not changed, as compared to that for the orthogonal case.

III. COMPLETE ALGORITHM PIPELINE AND MAIN RESULTS

For orthogonal dictionaries, from Theorem II.1 (and Corollary I1.2 in [3]), we know that all the minimizers g,
are O(p) away from their respective nearest “target” g,, with qi}A’ = e’ X for a certain o # 0 and ¢ € [n]; in
Theorem I1.3, we have shown that w.h.p. the Riemannian TRM algorithm produces a solution g € S"~! that is ¢
away to one of the minimizers, say g. Thus, the ¢ returned by the TRM algorithm is O(e + p) away from g,. For
exact recovery, we use a simple linear programming rounding procedure, which guarantees to produce the target
g.. We then use deflation to sequentially recover other rows of Xg. Overall, w.h.p. both the dictionary Ay and
sparse coefficient X are exactly recovered up to sign permutation, when 6 € (1), for orthogonal dictionaries. We
summarize relevant technical lemmas and main results in Section III-A. The same procedure can be used to recover
complete dictionaries, though the analysis is slightly more complicated; we present the results in Section III-B. Our
overall algorithmic pipeline for recovering orthogonal dictionaries is sketched as follows.
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1) Estimating one row of X, by the Riemannian TRM algorithm. By Theorem II.1 (resp. Theorem II.2)
and Theorem II.3 (resp. Theorem I1.4), starting from any q € S"~!, when the relevant parameters are
set appropriately (say as jy and A,), w.h.p., our Riemannian TRM algorithm finds a local minimizer gq,
with g, the nearest target that exactly recovers a row of X and ||g — g«|| € O(u) (by setting the target
accuracy of the TRM as, say, € = u).

2) Recovering one row of X by rounding. To obtain the target solution g, and hence recover (up to scale)
one row of X, we solve the following linear program:

minimizeg Hq*?‘ [ subjectto (r,q) = 1, (IL1)
with 7 = g. We show in Lemma IIL.2 (resp. Lemma II1.4) that when (q, g,) is sufficiently large, implied
by u being sufficiently small, w.h.p. the minimizer of (IIL.1) is exactly g,, and hence one row of X is
recovered by q;Y .

3) Recovering all rows of X by deflation. Once ¢ rows of X (1 < ¢ < n — 2) have been recovered, say,
by unit vectors g}, ..., q¢, one takes an orthonormal basis U for [span (qi, R qf)]L, and minimizes
the new function h(z) = f(Uz;Y) on the sphere S"~~! with the Riemannian TRM algorithm (though
conservative, one can again set parameters as fix, A4, as in Step 1) to produce a z. Another row of X is
then recovered via the LP rounding (III.1) with input 7 = UZ (to produce ¢‘*'). Finally, by repeating the
procedure until depletion, one can recover all the rows of X.

4) Reconstructing the dictionary A,. By solving the linear system Y = A X, one can obtain the dictionary
Ap =Y X (XoX)h

A. Recovering Orthogonal Dictionaries
TheoremAIII.l (Main theorem - recovering orthogonal dictionaries). Assume the dictionary Ag is orthogonal and
we take Y =Y. Suppose 6 € (0,1/3), puy < cgmin {Hn_l,n_5/4}, and p > Cn?log ﬁ/ (uf@z). The above
algorithmic pipeline with parameter setting
_ 30’13

" nT/2log"? (np)’
recovers the dictionary Ay and Xq in polynomial time, with failure probability bounded by c.p~5. Here c, is as
defined in Theorem Il.1, and c, through c., and C' are all positive constants.

(I1.2)

Towards a proof of the above theorem, it remains to be shown the correctness of the rounding and deflation
procedures.
a) Proof of LP rounding.: The following lemma shows w.h.p. the rounding will return the desired g, provided
the estimated q is already near to it.

Lemma II1.2 (LP rounding - orthogonal dictionary). For any 6 € (0,1/3), whenever p > Cn?log(n/0)/0, with
probability at least 1 — cp~5, the rounding procedure (111.1) returns q, for any input vector v that satisfies

(r,qy) > 249/250.
Here C, c are both positive constants.
Proof. See Page 36 under Section VII. 0

Since (q,q.) = 1 — ||g — q«|?/2, and ||g — q.| € O(p), it is sufficient when y is smaller than some small
constant.

b) Proof sketch of deflation.: We show the deflation works by induction. To understand the deflation procedure,
it is important to keep in mind that the “target” solutions {qi}?zl are orthogonal to each other. W.l.o.g., suppose
we have found the first £ unit vectors q_, ..., g’ which recover the first £ rows of X. Correspondingly, we partition
the target dictionary Ay and X as

e
A=V, V], Xo= [ X)Eiia} : (111.3)
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where V € R™*, and X([)e] € R denotes the submatrix with the first £ rows of Xp. Let us define a function:
fr R R by

p
Fo_o(zW) Z p(z wy), (IIL4)
k;:

(n—0)

for any matrix W € R *P_Then by (I.1), our objective function is equivalent to

h(z) = f(Uz Ao Xo) = fr_ (U A Xo) = f_ (U vX yurvix [0

Since the columns of the orthogonal matrix U € R™* ("~ forms the orthogonal complement of span (qL e 7qf)’
it is obvious that U*V = 0. Therefore, we obtain

hz) = (z U vix,

Since U*V'* is orthogonal and X[[)n—fl ~;.i.d. BG(#), this is another instance of orthogonal dictionary learning
problem with reduced dimension. If we keep the parameter settings j4 and A, as Theorem IIL.1, the conditions of
Theorem II.1 and Theorem II.3 for all cases with reduced dimensions are still valid. So w.h.p., the TRM algorithm
returns a z such that |2 — z,|| € O(u.) where z, is a “target” solution that recovers a row of Xp:

[n—1]

sz*ViX0 =z;U" Ay Xy = ae; Xy, for some i & [{].

So pulling everything back in the original space, the effective target is q‘t! =

obtained from the TRM algorithm. Moreover,

Uz,, and UZ is our estimation

IUZ = Uz | =z - 2| € O(ps).

Thus, by Lemma III.2, one successfully recovers Uz, from Uz w.h.p. when p, is smaller than a constant. The
overall failure probability can be obtained via a simple union bound and simplification of the exponential tails with
inverse polynomials in p.

B. Recovering Complete Dictionaries

By working with the preconditioned data samples Y=Y = VOp (YY*)_I/ 2Y * we can use the same procedure
as described above to recover complete dictionaries.

Theorem IIL.3 (Main theorem - recovering complete dictionaries). Assume the dictionary Ag is complete with
a condztlon number K (Ap) and we take Y = Y. Suppose 6 € (0, 1/3), pe < cqmin{fn~t n 5/4} and
D> 292 max { M4 Mz } K8 (Ap) log* (K(’;‘ig)n> The algorithmic pipeline with parameter setting

cac3 032

A, = — 4G Bx 105
n?/2log™/? (np) (1)

recovers the dictionary Ay and Xo in polynomial time, with failure probability bounded by cyp~5. Here ¢, is as
defined in Theorem Il.1, and c,, cy, are both positive constants.

Similar to the orthogonal case, we need to show the correctness of the rounding and deflation procedures so that
the theorem above holds.

*In practice, the parameter § might not be know beforehand. However, because it only scales the problem, it does not affect the overall
qualitative aspect of results.
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a) Proof of LP rounding: The result of the LP rounding is only slightly different from that of the orthogonal
case in Lemma III.2, so is the proof.

Lemma III.4 (LP rounding - complete dictionary). For any 6 € (0,1/3), whenever

p= CECH max {Zi, Zz} K% (Ag) log? </{(433)n> ,
with probability at least 1 — cp~S, the rounding procedure (IIL.1) returns q, for any input vector r that satisfies
(7, qx) > 249/250.
Here C, ¢ are both positive constants.

Proof. See Page 37 under Section VII. O

b) Proof sketch of deflation.: We use a similar induction argument to show the deflation works. Compared

to the orthogonal case, the tricky part here is that the target vectors {qi}?zl are not necessarily orthogonal to
each other, but they are almost so. W.l.o.g., let us again assume that q, ..., g’ recover the first £ rows of X, and

similarly partition the matrix X as in (II1.3).
By Lemma B.7 and (I1.48), we can write Y = (Q + E) X for some orthogonal matrix @ and small perturbation
E with ||E|| < § < 1/10 for some large p as usual. Similar to the orthogonal case, we have

h(z) = f(Uz (Q + E)Xo) = f}_,(z:U*(Q + E)Xy),

where fif ¢ is defined the same as in (IIL4). Next, we show that the matrix U*(Q + E) X can be decomposed as

U*VX([)H_Z] + A, where V € R("=0*" ig orthogonal and A is a small perturbation matrix. More specifically, we
show that

Lemma IIL5. Suppose the matrices U € R"*("=0) Q e R™ ™ are orthogonal as defined above, Z is a perturbation
matrix with ||Z|| < 1/20, then

U (Q+E) Xy =U VX! tA, (IIL.6)

where V€ R™ (=0 is an orthogonal matrix spanning the same subspace as that of U, and the norms of A is
bounded by

1Al < 16V IE] [ Xoll 1A < 16 [IE]| [ Xoll, (IL7)
where [[W [z = sup| | =1 |W z|| = maxy, ||wy|| denotes the max column 0%-norm of a matrix W.
Proof. See Page 38 under Section VII. 0

Since UV is orthogonal and X[[)nfg] ~;.i.d. BG(6), we come into another instance of perturbed dictionary learning
problem with a reduced dimension

nz) = 1h (m0 VX4 A).

Since our perturbation analysis in proving Theorem II.2 and Theorem I.4 solely relies on the fact that || A, . <
C || vn || Xo|| . it is enough to make p large enough so that the theorems are still applicable for the reduced
version i_z(z; U* VX([)n_a + A). Thus, by invoking Theorem II.2 and Theorem II.4, the TRM algorithm provably
returns one z such that Z is near to a perturbed optimal z, with

zUVXI = 2o vl 4 2rA = aef Xy, for some i & [(], (IIL8)
where z, with ||z,|| = 1 is the exact solution. More specifically, Corollary 1.4 in [3] implies that

12— 2.l < Vau./7.
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Next, we show that z is also very near to the exact solution z,. Indeed, the identity (III.8) suggests
(Z —z) U VX = 2rA
~ - T _ T
2z, = [(X(E" Z})*V*U} Az, = UV [(X(E” ‘4)*} Atz (I1L.9)

where W1 = (W*W)~!W* denotes the pseudo inverse of a matrix W with full column rank. Hence, by (II.9)
we can bound the distance between z, and z, by

125 — 24| <

min

n—~_)\x t — n—~
(x| < e 1a
By Lemma B.1, when p > Q(n?logn), w.h.p.,

0p/2 < onin(X0 1 (XE ) < | X5 | < 1X0 X5 < 36p/2.

Hence, combined with Lemma II1.5, we obtain

— n—~¢ 2 —
(X0 <\ 1Al < 28V0p =] V2,

which implies that ||z, — z,|| < 28 ||Z||. Thus, combining the results above, we obtain
12 = 2l <12 = Zull + 124 — 2l < V20/7+ 28|12}

Lemma B.7, and in particular (IL.48), for our choice of p as in Theorem I1.2, ||| < cun~3/2, where ¢ can be
made smaller by making the constant in p larger. For u, sufficiently small, we conclude that

IUZ = Uz =z - 2| <2u./7.

In words, the TRM algorithm returns a z such that UZ is very near to one of the unit vectors {qi}?zl, such that
(@)Y = ae; X for some a # 0. For pu, smaller than a fixed constant, one will have

(Uz,q.) > 249/250,

and hence by Lemma II1.4, the LP rounding exactly returns the optimal solution g’ upon the input UZ.
The proof sketch above explains why the recursive TRM plus rounding works. The overall failure probability can
be obtained via a simple union bound and simplifications of the exponential tails with inverse polynomials in p.

IV. SIMULATIONS
A. Practical TRM Implementation

Fixing a small step size and solving the trust-region subproblem exactly eases the analysis, but also renders the
TRM algorithm impractical. In practice, the trust-region subproblem is never exactly solved, and the trust-region
step size is adjusted to the local geometry, say by backtracking. It is possible to modify our algorithmic analysis to
account for inexact subproblem solvers and adaptive step size; for sake of brevity, we do not pursue it here. Recent
theoretical results on the practical version include [72], [73].

Here we describe a practical implementation based on the Manopt toolbox [70]°. Manopt is a user-friendly Matlab
toolbox that implements several sophisticated solvers for tackling optimization problems over Riemannian manifolds.
The most developed solver is based on the TRM. This solver uses the truncated conjugate gradient (tCG; see,
e.g., Section 7.5.4 of [57]) method to (approximately) solve the trust-region subproblem (vs. the exact solver in
our analysis). It also dynamically adjusts the step size using backtracking. However, the original implementation
(Manopt 2.0) is not adequate for our purposes. Their tCG solver uses the gradient as the initial search direction,
which does not ensure that the TRM solver can escape from saddle points [68], [71]. We modify the tCG solver,
such that when the current gradient is small and there is a negative curvature direction (i.e., the current point is
near a saddle point or a local maximizer of f(q)), the tCG solver explicitly uses the negative curvature direction®

5 Available online: http://www.manopt.org.
6...adjusted in sign to ensure positive correlation with the gradient — if it does not vanish.
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Fig. 3: Phase transition for recovering a single sparse vector. Left: We fix p = 5n2logn and vary the dimension n
and sparsity level k; Right: We fix the sparsity level as [0.2 - n]| and vary the dimension n and number of samples
p. For each configuration, the experiment is independently repeated for five times. White indicates success, and
black indicates failure.

as the initial search direction. This modification ensures the TRM solver always escape from saddle points/local
maximizers with negative directional curvature. Hence, the modified TRM algorithm based on Manopt is expected
to have the same qualitative behavior as the idealized version we analyzed above, with better scalability. We will
perform our numerical simulations using the modified TRM algorithm whenever necessary. Algorithm 3 together
with Lemmas 9 and 10 and the surrounding discussion in the very recent work [72] provides a detailed description
of this practical version.

B. Simulated Data

To corroborate our theory, we experiment with dictionary recovery on simulated data.” For simplicity, we focus on
recovering orthogonal dictionaries and we declare success once a single row of the coefficient matrix is recovered.

Since the problem is invariant to rotations, w.l.o.g. we set the dictionary as Ay = I € R™*". For any fixed sparsity
k, each column of the coefficient matrix Xy € R™*P has exactly k nonzero entries, chosen uniformly random from
([Z]). These nonzero entries are i.i.d. standard normals. This is slightly different from the Bernoulli-Gaussian model
we assumed for analysis. For n reasonably large, these two models have similar behaviors. For our sparsity surrogate,
we fix the smoothing parameter as p = 10~2. Because the target points are the signed basis vector +e;’s (to recover
rows of X), for a solution q returned by the TRM algorithm, we define the reconstruction error (RE) to be

RE = min (||q — e[| , [|g + ei]) - IV.1)
1€[n]

One trial is determined to be a success once RE < pu, with the idea that this indicates q is already very near the
target and the target can likely be recovered via the LP rounding we described (which we do not implement here).

We consider two settings: (1) fix p = 5n?logn and vary the dimension n and sparsity k; (2) fix the sparsity
level as [0.2 - n] and vary the dimension n and number of samples p. For each pair of (k,n) for (1), and each pair
of (p,n) for (2), we repeat the simulations independently for 7" = 5 times. Fig. 3 shows the phase transition for
the two settings. It seems that our TRM algorithm can work well into the linear region whenever p € O(n?logn)
(Fig. 3-Left), but p should have order greater than Q(n) (Fig. 3-Right). The sample complexity from our theory is
significantly suboptimal compared to this.

C. Image Data Again

Our algorithmic framework has been derived based on the BG model on the coefficients. Real data may not admit
sparse representations w.r.t. complete dictionaries, or even so, the coefficients may not obey the BG model. In this

"The code is available online: https://github.com/sunju/dl_focm
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Fig. 4: Results of learning complete dictionaries from image patches, using the algorithmic pipeline in Section III.
Top: Images we used for the experiment. These are the three images we used in our motivational experiment
(Section I.B) in the companion paper [3]. The way we formed the data matrix Y is exactly the same as in that
experiment. Middle: The 64 dictionary elements we learned. Bottom: Let A be the final dictionary matrix at
convergence. This row shows the value ||A~1Y||; across one hundred independent runs. The values are almost the
same, with a relative difference less than 1073,

experiment, we explore how our algorithm performs in learning complete dictionaries for image patches, emulating
our motivational experiment in the companion paper [3] (Section I.B). Thanks to research on image compression,
we know patches of natural images tend to admit sparse representation, even w.r.t. simple orthogonal bases, such as
Fourier basis or wavelets.

We take the three images that we used in the motivational experiment. For each image, we divide it into 8 x 8
non-overlapping patches, vectorize the patches, and then stack the vectorized patches into a data matrix Y. Y is
preconditioned as

Y — (YYT> Py

and the resulting Y is fed to the dictionary learning pipeline described in Section ITI. The smoothing parameter 1
is fixed to 1072, Fig. 4 contains the learned dictionaries: the dictionaries generally contain localized, directional
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features that resemble subset of wavelets and generalizations. These are very reasonable representing elements for
natural images. Thus, the BG coefficient model may be a sensible, simple model for natural images.

Another piece of strong evidence in support of the above claim is as follows. For each image, we repeat the
learning pipeline for one hundred times, with independent initializations across the runs. Let A be the final learned
dictionary for each run, we plot the value of ||A~!Y||; across the one hundred independent runs. Strikingly, the
values are virtually the same, with a relative difference of 103! This is predicted by our theory, under the BG
model. If the model is unreasonable for natural images, the preconditioning, benign function landscape, LP rounding,
and the deflation process that hinge on this model would have completely fallen down.

For this image experiment, n = 64 and p = 4096. A single run of the learning pipeline, including solving 64
instances of the optimization over the sphere (with varying dimensions) and solving 64 instances of the LP rounding
(using CVX), lasts about 20 minutes on a mid-range modern laptop. So with careful implementation we discussed
above, the learning pipeline is actually not far from practical.

V. DISCUSSION

For recovery of complete dictionaries, the LP program approach in [81] that works with § < O(1/+/n) only
demands p > Q(n?log?n). The sample complexity has recently been improved to p > Q(nlogn) [82], matching
the information-theoretic lower bound Q(nlogn) (i.e., when 6 ~ 1/n; see also [83]), albeit still in the § € O(1/1/n)
regime. The sample complexity of our method working in the § ~ ©(1) regime as stated in Theorem IIL3 is
obviously much higher. As already discussed in [3], working with other ¢! proxies, directly in the g space would
likely save the sample complexity both for geometric characterization and algorithm analysis. Another possibility is
to analyze the complete case directly, instead of treating it as transformed version of perturbed orthogonal case.

Our experiments seem to suggest the necessary complexity level lies between €2(n) and O(n?logn) even for
the orthogonal case. While it is interesting to determine the true complexity requirement for the TRM, there
could be other efficient algorithms that demand less. For example, simulations in [44] seem to suggest O(nlogn)
samples suffice to guarantee efficient recovery. The simulations run an alternating direction algorithm fed with
problem-specific initializations, nevertheless.

Our analysis is based on exact trust-region subproblem solver and fixed step size. The convergence result for the
practical version from [72], based on approximate solver and adaptive step size, is general, but pessimistic. It seems
not difficult to adapt their analysis according to our objective geometry, and obtain a tight, practical convergence
result.

Our motivating experiment on real images in introduction of our companion paper [3] remains mysterious. If we
were to believe that real image data are “nice” and our objective there does not have spurious local minima either, it
is surprising ADM would escape all other critical points — this is not predicted by classic or modern theories. One
reasonable place to start is to look at how gradient descent algorithms with generic initializations can escape from
ridable saddle points (at least with high probability). The recent work [74] has showed that randomly perturbing
each iterate can help gradient algorithm to achieve this with high probability.

VI. PROOF OF CONVERGENCE FOR THE TRUST-REGION ALGORITHM

A. Proof of Lemma I1.5

Proof. Using the fact tanh (-) and 1 — tanh? () are bounded by one in magnitude, by (II.2) and (II.3) we have

p
IVf (gl < ;Z I(zo)kll < v/n [ Xolls »
k=1

p

IV2/ (q)]| < ;kz ; ol < 2 | Xl
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for any q € S"~!. Moreover,

IVf(q) — ‘tanh (@) — tanh <@> ‘
sup Z || i) k;” sup /
aqeraza a4 H a1 grta lg—q'|
Il (0)xl kH n 5
Z o)kl <, 1%l

where at the last line we have used the fact the mapping q — q*(xo)r/1 is || (20)k|| /1 Lipschitz, and x +— tanh (x)
is 1-Lipschitz, and the composition rule of Lipschitz functions (i.e., Lemma V.5 of [3]). Similar argument yields the
final bound. ]

B. Proof of Lemma 11.6

Proof. Suppose we can establish

7 (ex0y(®) ~ Fla )| < cns 611

Applying this twice we obtain

F(ex0y(8.)) < Fla,6.) + 5uA? < Fla, ) + 20yA < Flexpg(8)) + 31pA° < f(a) =5+ 30y,

as claimed. Next we establish the first result. Let g = ﬁ, and ¢ = ||6]|. Consider the composite function

C(t) = f(expy(tdo)) = f(gcos(t) + dosin(t)),

and also

C(t) = (Vf (geos(t) + dosin(t)) , —gsin(t) + & cos(t))
((t) = <V2f (g cos(t) + 8gsin(t)) (—gsin(t) + 8o cos(t)), —gsin(t) + &g cos(t))
+ (Vf(gcos(t) + dpsin(t)), —qcos(t) — dpsin(t)) .

In particular, this gives that

¢(0) = f(q)
€(0) = (60, Vf(q))
¢(0) =65 (V2 f(q) — (Vf(q),q)I) &.

We next develop a bound on ‘C (t) — C (O)‘ Using the triangle inequality, we can casually bound this difference as

&) - Co))
[(V?f (qcos(t) + 8o sin(t)) (—gsin(t) + 6o cos(t)), —gsin(t) + 8o cos(t)) — 5V f(q (q)do|
+ (VS (gceos(t) + dosin(t)) , —q cos(t) — dosin(t)) + (Vf(q), q)]
’<[V2f(q cos(t) + do sin(t)) — V?f(q)] (—gsin(t) + 8o cos(t)) , —gsin(t) + 8o cos(t N
+ |(V?f(q) (—gsin(t) + 6 cos(t) — o) , —gsin(t) + 8o cos(t))]
+ |<V 50, —gsin(t) + &g cos(t) — )|
+ |(V f(qcos(t) + dgsin(t)), —q cos(t) — dp sin(t)) + (V f(q cos(t) + dpsin(t)), q)]
+  [(Vf(gcos(t) + dosin(t)),q) — (Vf(a), q)l
< Ly ||g cos(t) + &g sin(t) — q||
+ My ||—gsin(t) + g cos(t) — dp|
+ M2 ||—gsin(t) + &g cos(t) — do|
+ Mg |—qeos(t) — dosin(t) + gl

IN

IN
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+ Ly llgcos(t) + do sint) — gl
— (Lys +2Mg: + My + Ly) /(1 — cos(t))? + sin?(1)
=nyV2 —2cost < npy/4sin? (£/2) < nyt,

where in the final line we have used the fact 1 — cos z = 2sin? (2/2) and that sinz < x for = € [0,1], and My,
My, Ly and Lye are the quantities defined in Lemma IL.5. By the integral form of Taylor’s theorem in Lemma
A.7 and the result above, we have

£ (expg(8)) = F(a. 8)] = [¢(t) = (¢(0) + £(0) + 54(0)) |
2 11—3 ds——C( )’
t/01

/1_3 )—5(0)} ds
0

t3
/ (1—s stnfds—nf—,
0 6

with ¢t = ||d]| we obtain the desired result. O

t2

| /\

C. Proof of Lemma 11.7

Proof. By the integral form of Taylor’s theorem in Lemma A.7, for any ¢ € [O, %] , we have

g(w—tku:”>
—g(w)—t/o <Vg (w—stwaH> ,wa‘> ds
=g(w)—t *FQH( )—I—t/O1<Vg(w)—Vg<w—st”wwH>,waH> ds

=gt~ e [ <<V9("")’nwn> = (% (=) o st T )

w*Vg (w) Ly 5 g 2
< g(w) — 12T | 2952 < g (w) — 18, + 24%,
[w| 2 !
Minimizing this function over ¢ € {0, —23%}, we obtain that there exists a w’ € B ('w, —;;%) such that
B2 38,A
N < i 9
gw') < g(w) - min {2L e

Given such a w’ € B (w, %), there must exist some § € T,S"! such that g(w') = expy(4). It remains to

show that |8 < A. It is easy to verify that ||g(w’) — g (w)|| < 2y/n||lw’ — w| < 3A/w. Hence,

2 2
o [81 _ 9a

sin ||6]| —2cos||d]] = 4sin

)
lisll

which means that sin (||d]| /2) < 3A/ (2). Because sinz > 2 over z € [0,7/6], it implies that ||6]| < A. Since
g(w) = f(g(w)), by summarizing all the results, we conclude that there exists a § with ||d]] < A, such that

2
F(expy(8)) < f(q) - mm{ Oy 38,4 } ,

Jexig (8) = al = |l 1~ cos 31 + <%

2Ly Am\/n

as claimed. UJ
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D. Proof of Lemma 11.8
Proof. Let 0 = sign (w*Vg(w)). For any t € [0, ﬁ}, by integral form of Taylor’s theorem in Lemma A.7, we

have
w
g <'w — ta)
[|w]

* 2 w
w*Vg(w) 5 /1 w*V*g (w — StUW) w
=g(w) —t +12 [ (1-5s) d
| ol ol
* 2 w
ﬁ'w*VQg(w)w 5 ! , w*V=g (’w - stam) w L w*V2g(w)w
< g(w) + 5 S+t (1—s) ~ (1) .
o] 0 ] ]
t2 w*vQQ(w)w
=g(w) + 5 ——— 55—
2 lw)?
w * 2 w w
L /1 1) ('w - stom> V<g ('w - stam> (w - stam) - w*V2g(w)w
2 2
i — stopy Jwl
Jiw — stogi|
2 1 .2 43
< g(w) — Eﬁn +t2/ (1—=s)sL-tds < g(w)— gﬁﬁ + ELm
0

Minimizing this function over ¢ € {0, %}, we obtain
26~ 3A
t, = min ﬁ, — 7,
L.’ 2m\/n

and there exists a w’ = w — t*am such that

—t ) < (w) — min E 73A26m
I\ ) =9 302" 8nZn |-

By arguments identical to those used in Lemma I1.7, there exists a tangent vector § € T,S" ! such that g(w’) =
exp,(d) and ]| < A. This completes the proof. O

E. Proof of Lemma 11.10
Proof. For any t € [O #)” , it holds that Ht grad f (q(’")) H < A, and the quadratic approximation

> llgrad f (g™
Fa0 =t s (a)) <7 (o) a7 (o) 550 oo (o)

=1 () = (1= gotnt) s (4"

A 1 .
Terad (@) M } we obtain

a0 (60) <1 (o) i ey e (@) o

Now let U be an arbitrary orthonormal basis for Ty S™~1. Since the norm constraint is active, by the optimality
condition in (I.6), we have

Taking o = min{

A< [U* Hess f (q(r)) U} U~* grad f (q(’")> H

. lgrad f (¢) ||
m

e e 4 o 0

)
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which means that ||grad f (¢™)|| > mpgA. Substituting this into (VL1), we obtain

(et a7 (7)) < (a)  min mns i} < 1 (o) - 5

By the key comparison result established in proof of Lemma II.6, we have
~ 1
f (equm (-to grad f (q(”))) <f (q(”, —to grad f (q(’”)» + A’

< £ (a0) - Ly

This completes the proof. 0

F. Proof of Lemma I1.11

It takes certain delicate work to prove Lemma II.11. Basically to use discretization argument, the degree of
continuity of the Hessian is needed. The tricky part is that for continuity, we need to compare the Hessian operators
at different points, while these Hessian operators are only defined on the respective tangent planes. This is the place
where parallel translation comes into play. The next two lemmas compute spectral bounds for the forward and
inverse parallel translation operators.

Lemma VL1. For 7 € [0,1] and ||6|| < 1/2, we have

5
P72 =1 < Srliall, (VL2)
3
[PIm =1 < Sl (VL3)
Proof. By (11.7), we have
[P72 = 11| = |(cos(r 131) ~1) e —sin (- 131) 5y

< 1—cos(7|d]]) +sin (7 [|d]))

.o (T]0 : 1 5
<asin? (21 sinr 61 < G161 + 7101 < 37 31,

where we have used the fact sin (¢) < t and 1 —cosx = 2sin? (x/2). Moreover, PIT is in the form of (I + uv*) !
>|<

for some vectors w and v. By the Sherman-Morrison matrlx inverse formula, i.e., (I +uv*) " = IT—uwv*/(1 u)
(justified as H(COS(T 16]]) — 1) \\656” —gsin (71 H(SH) ) < 57| /4 <5/8 < 1 as shown above), we have
0
1Py - 1|
60" 0" 1
= |[(cos(r [|8]]) = 1) —5 — gsin (7 [[6]]) = (as "0 = 0)
||5|| ||<5|| 1+ (cos (7 [|d]]) = 1)
1
0| ——==~ )
< 37100 T < 37190 oy < 57 191
completing the proof. O
The next lemma establishes the “local-Lipschitz” property of the Riemannian Hessian.
Lemma VL.2. Let y(t) = exp, (t6) denotes a geodesic curve on S"~'. Whenever ||8]| < 1/2 and 7 € [0,1],
| PO Hess f(v(7))P]° — Hess f(q)|| < Lu - 76|, (VL4)

where Liy = 5n% | Xo|%, /(2u%) + 2n | Xol%, + 9v/7 | Xo o0
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Proof. First of all, by (IL.5) and using the fact that the operator norm of a projection operator is unitary bounded,
we have

[Hess f(v(7)) — Hess f(q)|

< ||Prye s [92F (4 (7)) = V2F (@) — ((VF (1) 17 (1) — (95 (@), @) T) Pryoo |
+ || Prysn-s (V2f (@) = (Vf (@), @) I) Pr 50
—Prsn (VQf( )= (Vi(a),a)T) PT gn-t

< IV2 (v (1) = V3£ (@) + (95 (7 (7)) = V£ (@)1 ()] + [V £ (@), (7) — )

+\W%aﬂwfl—¢%ﬁw%HHﬁ’wﬂwfl+¢%wwﬂHHVﬂf(q>—<Vf<q%4>IH-
By the estimates in Lemma II.5, we obtain

[Hess f(v()) — Hess f(q)]|
2
< ?nw 1Xol% 17 (7) — gl + g 1012 17 (1) = all + v | Xoll. 17 (7) — 4l

* * n
#2007 () = aa'l (21Xl + v I Kol
5 25
S(zu n*l2 | XollS +*HX0H MXOHOO)THM\, (VLS5)

where at the last line we have used the following estimates:

1)
v (7)) —ql| = Hq(cos (r)6])—1)+ H‘SH sin (7 H6|])H 7‘ |6]|, (Proof of Lemma VI.1)

+ 2sin (7 [|8]]) cos (7 [|]])

Iy (7)v* (1) — qq*|| < H( ik qq*) sin” (7 ||8]))
< sin? (r [3]) + sin (2r 8]) < 27 3]

Therefore, by Lemma VI.1, we obtain

”77267 Hess f('y(T))Pf/eo — Hess f(q)H
< HPOHT Hess f(y (T))’PZ;HO — Hess f(v(T))PA:HOH + HHess f(fy(T))Pf{“O — Hess f("}/(T))H
+ |[Hess f((7)) — Hess f(q)]|
< HY’OH I|| |[Hess f(y(r)Il + [|P7° = I|| [Hess f(v(t))[| + |[Hess f(+(t)) — Hess f(q)]|
< *TH5H V2 (v (7)) = (Vf (v (7)) 7 (8)) I|| + [|Hess f(y(7)) — Hess f(q)] -
By Lemma IL.5 and substituting the estimate in (VI.5), we obtain the claimed result. O

Proof. (of Lemma IL.11) For any given g with ||w(q)| < 1/(4v/2), assume U is an orthonormal basis for its
tangent space Tan_l. Again we first work with the “canonical” section in the vicinity of e, with the “canonical”

reparametrization q(w) = [w; /1 — |Jw||?].
1) Expectation of the operator. By definition of the Riemannian Hessian in (IL.5), expressions of V2f and V f
in (IL.2) and (II.3), and exchange of differential and expectation operators, we obtain

U* HessE [f(q)]U = E[U" Hess f(q)U]
=E[U'V*f(@U — (q,Vf(a) In-1]

=U*E [1 {1 — tanh? (q d }ww*} U-E [tanh (q m) q*w} I, .
[ n 1
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Let £ € R™ ! be the first n — 1 coordinates of « and w € R™! the similar subvector of g (as used in [3]).
We have

UE |21 e (L2 aet | U= Lo l0m 1 — a2 (P2 LB O
I Iz I 1 U

Now consider any vector z € T;S" ! such that z = Uwv for some v € R*"! and ||z|| = 1. Then

cxlfi - (S Yoo o

by proof of Proposition 1.7 in [3], where Z € R™~! as above is the first n — 1 coordinates of z. Now we
know that (g, z) =0, or

V1= ||w|?
wz—i-qnzn—0:>H I _ o] > 50,
[zn]  wl] [w]

where we have used ||[w| < u/(4v/2) and p < 1/10 to obtain the last lower bound. Combining the above
with the fact that ||z|| = 1, we obtain

1 * 1-—
U*E [Iu{l—tanh2 <qux>}mm*]Uﬁ 99 0 i (2—3\f/4) 1

100 u +2r
99
= 200\/%( —3v2/ 4) nb (VLo

where we have simplified the expression using # < 1/2. To bound the second term,

E [tanh <q;m> q*az]
—E; [EZN N (O lasl?) [tanh(Z/u)Z]}

1
= ;]EI [HqIH%EZNN(O’HqIHZ) [1- tanhZ(Z/u)” (by Lemma B.1 in [3])

1
< By (B (oy1qt?)y [1 = tanb®(Z/w)] | -
Now we have the following estimate:
2
= 2B (o g az) (1= 0 (Z/10)) 170]
< BB N (0w 2 +a2) [XP(=2Z/ 1)1 20]

2
2 2 4 2g2 2¢/[lwz|” + 43
— 8exp <”w~7”+qn> ®° " | (by Lemma B.1 in [3])

p? I
4 %

= Var

o l* + 2

where at the last inequality we have applied Gaussian tail upper bound of Type II in Lemma A.2. Since
|lwrl|?+¢2 > ¢2 =1—|w|*>1—u?/32 > 31/32 for |w]| < ,u/(4\/§) and o < 1, we obtain

4
2
E N (0w *+42) [1—tanh*(Z/p)] < W 31/3 (VL7)
Collecting the above estimates, we obtain
1 4 1 0
U*HessE [f(q)]U = ———(2 - 3V2 /4) I, ., (VL8)

R
00\/ TR S
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2)

3)

where we have used the fact © < 0/10 to obtain the final lower bound.
Concentration. Next we perform concentration analysis. For any g, we can write

P *
UV f(q)U = ;Z Wi,  with W, = ; {1 — tanh? (‘”ZO)’“)] U* (@o)x (@)U
k=1

For any integer m > 2, we have
1 * * m
0 = E[W;"] <= —TE[(U"(20)x(0),U)"]

7

1 1 ) 1
~ *||m - m ~ , m
= umE[H(mU)k(mO)kH |1 MmE[II(wo)kll }I_ MmEZNX ) (271,

where we have used Lemma B.8 to obtain the last inequality. By Lemma A.4, we obtain

m 1 m! m m! (2n\™
0<E[W" < — —@n)"I=< = () I
pm 2 2 \p
Taking Rw = 2n/p, and oy, = 4n?/p? > E [W}?], by Lemma A.6, we obtain
1< 1< pu’t?
Plll=) Wr—=> E[W,]| >t/2]| <2 —_—— V1.9
w13 > o2 < oues (- 20 "o
for any ¢ > 0. Similarly, we write
1¢ : . q(o)k\ .
(Vf(@),q) ==Y Zk, with Z; = tanh q* (o) -
P4 ©
For any integer m > 2, we have
m)!

E[|Zi"] < Ellg"(zo)el"] < Ezenon) [12]™] < =

where at the first inequality we used the fact [tanh(-)| < 1, at the second we invoked Lemma B.8, and at the
third we invoked Lemma A.3. Taking Rz = 0% = 1, by Lemma A.5, we obtain

p[p

1< 1<
PP LIS
for any ¢ > 0. Gathering (VL.9) and (VI.10), we obtain that for any ¢ > 0,

> t/2] < 2exp (—pt®/16) (VL10)
k=1 k=1

P(|U* Hess B [£(q)] U — U* Hess f()U|| > 1
<P[|[UV*f(@U - V’E[f()]]| >t/2] + P[(V(a),q) — (VE[f(q)],q)| > t/2]

242 2 242
pu-t pt pu-t
<2 ) +2 - <4 - ). VL11
= ”eXp< 32n2+8nt>+ eXp< 16>— ”eXp< 32n2+8nt> (VLD

Uniformizing the bound. Now we are ready to pull above results together for a discretization argument.
For any ¢ € (0,u/(4v/2)), there is an e-net N. of size at most (3u/(4v/2¢))" that covers the region
{g: lw(q)| < p/(4v2)}. By Lemma V1.2, the function Hess f(q) is locally Lipschitz within each normal
ball of radius

Hq—equ(l/Q)H = /2 —2cos(1/2) > 1/V5

with Lipschitz constant Ly (as defined in Lemma VI.2). Note that £ < y1/(4v/2) < 1/(4v/2) < 1/4/5 for
1 < 1, so any choice of e € (0, 11/(4+/2)) makes the Lipschitz constant L valid within each e-ball centered
around one element of the e-net. Let

Exo = {1 < 1 X0l < 41/ Tog(np) }
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From Lemma B.6, P[] < 0 (np)”~" + exp (—0.30np). By Lemma VL2, with at least the same probability,
3/2
n
Ly < 017 log*?(np).

_ 0
Set ¢ = m < ILL/(4\/§), SO

Con®/?log®/? (np) )

#N. < exp (n log 7

Let £y denote the event that

Eq = {gg}é |{U*HessE [f(q)]U — U" Hess f(q)U|| < H\fQTT,LL} .
On £, NEx,
sup |{U*HessE [f(q)]U — U" Hess f(q)U|| < 4 .
a:l[w(@)l|<p/(4v2) Gvemp
So on &, N Ex, we have
U* Hess f(q)U = Cﬁg (VI1.12)
i

for any ¢; < 1/(12v2m). We take ¢z = ¢, for simplicity. Setting ¢ = ; 2\/9%# in (VL.11), we obtain that for
any fixed q in this region,

" ] p9?
_ < — :
P[|U*HessE [f(q)]U — U* Hess f(q)U|| > t] < 4nexp < cnZ t C4n9/,u>

Taking a union bound, we obtain that
po?

— 4+ Csnl Cgsnlogl .
can? 1 ey T Coniosn + Conlog ogp)

P[€f] < 4nexp <_

It is enough to make p > Cyn?log(n/(u6))/(16?) to make the failure probability small, completing the proof.
O

G. Proof of Lemma 11.13

Proof. For a given q, consider the vector 7 = q — e, /q,. It is easy to verify that (g, r) = 0, and hence r € T, qS”_l.
Now, by (II.2) and (II.4), we have

(grad f (q),7) = (I —qq")Vf(q),q— en/qn)
aq")Vf(q),—en/qn)

Zi:< I — qq") tanh <(C:O)k> (mo)k,—en/qn>
() (0. )
i

) 0 (T8 (0 @m - @)

=w ( ) Vg (w),
where an explicit expression for g(w) can be found at the start of Section IV in [3]. Thus,

w*Vyg (w) _ (grad f(q),7)
[ [w]

= (I
_1
p

< llgrad f (@) 71—,
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where
2 2 1)? 2 4
i Mwlm 4o = a) Pl 11 1 2000
lw® lw]® [l i 1—|w|® 71— g 19997
where we have invoked our assumption that ||w| < Ti/g. Therefore we obtain
|lw] w*Vg (w) 1999 w*Vyg (w) _ 9 w*Vg (w)
lgrad f ()| = T—F ——7— > > ST
el 2000 fjaw]] 10wl
completing the proof. O

H. Proof of Lemma II.14

Proof of Lemma II.14 combines the local Lipschitz property of Hess f(q) in Lemma V1.2, and the Taylor’s
theorem (manifold version, Lemma 7.4.7 of [68]).

Proof. (of Lemma IL14) Let () be the unique geodesic that satisfies v (0) = ¢, v(1) = ¢"+Y, and its
directional derivative 4 (0) = d,. Since the parallel translation defined by the Riemannian connection is an
isometry, then ||grad f (q("“))H = HP,(Y“_l grad f (q(’"“))H. Moreover, since ||d,]| < A, the unconstrained optimality
condition in (IL.6) implies that grad f(q(")) + Hess f(q(")d, = 04 . Thus, by using Taylor’s theorem in [68], we
have

grad f(q(““l))H = 732‘_1 grad f (q(”l)) —grad f (q(r)> — Hess f (q(r)) (LH

= [ [Pt 0 5 0~ e (a) 8. ]| (Tators neorem)

= 1 PO Hess f (v () PL08, — Hess f (¢ 8, ) dt
, U gl

IN

|64l /01 HPSH& Hess f (v (t))PffO — Hess f (q(T)> H dt.

From the Lipschitz bound in Lemma VI.2 and the optimality condition in (II.6), we obtain
L 2
| 7 eraas ()]

Qm%{
This completes the proof. O

grad f (a0 < 16,0 1 =

1. Proof of Lemma I1.16

Proof. By invoking Taylor’s theorem in [68], we have

PO grad f (v (7)) = /0 " POt Hess £ (v (1)) [4 (1) dt.

Hence, we have

(PY grad £ (7). 8) = [ (PY"Hess £ (2 (1) 1 (1. 8)
B / (PO Hess £ (v(8) 17 (0], P71 (1) dt
- /0 " (Hess £ (v (1) [5 (1)), 5 (1)) dt

)
> my / 15 @O dt > mpr |6]2,
0
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where we have used the fact that the parallel transport Pg“t defined by the Riemannian connection is an isometry.
On the other hand, we have

(PO grad £ (3 (7)) ,8) < ||PO" grad £ (v (r)|| 8] = lgrad £ (+ (7)) 18]

where again used the isometry property of the operator PEY“_T. Combining the two bounds above, we obtain

lgrad f (5 (D)1 18] > mar 18],

which implies the claimed result. O

VII. PROOFS OF TECHNICAL RESULTS FOR SECTION III

We need one technical lemma to prove Lemma III.2 and the relevant lemma for complete dictionaries.

Lemma VIL1. For all integer n1 € N, 6 € (0,1/3), and ny € N with ny > Cny log (n1/0) /62 any random matrix
M € R™*"2 ~; ;4 BG(0) obeys the following: for any fixed index set T C [ng] with |Z| < 36no, it holds that

lv* M.

n 2
| — lv*Mz||, > 62\/79 vl forallv e R™,
T
with probability at least 1 — cp~S. Here C, ¢ are both positive constants.

Proof. By homogeneity, it is sufficient to consider all v € S™. For any i € [ng], let m; € R™ be a column of M.
For a fixed v such that ||v|| = 1, we have

T (v) = 0" Mze|l, = |o"Mzll, = ) [o'my| =Y [o*my],
1€l €T

namely as a sum of independent random variables. Since |Z| < 9n26/8, we have
9 9 * 9 x 1 «
ET (v)] > <n2 — éﬁng — 89n2> E[lv'm,]] = (1 — 40) nolE [|[v*my]] > anE [[v*m.]],

where the expectation E [|v*m;|] can be lower bounded as

Efllv'mal] = > 081 -0)"" > Egnon [|v7gl]
k=0

ge("H)

L 2 2 2
_ k _ ny—k “ “ _ “
= S-S el =2 1R ol =20

k=0 JE([nkl])

Moreover, by Lemma B.8 and Lemma A.3, for any ¢ € [ny] and any integer m > 2,
N m!
E[lo"mi|"] < Eznon) [12]"] < (m =1l < =

So invoking the moment-control Bernstein’s inequality in Lemma A.5, we obtain

no 2 t2
P|\T —/=0—t| <P[T E[T -] < - .
() <22 ]_[wk @)= <ew (-5 )
Taking t = ;—5\/% # and simplifying, we obtain that
P|T(v) < =/ ~0| < exp (—c16°nz) . (VIL1)
0

Fix ¢ = %% [n1 log (nlng)]_l/2 < 1. The unit sphere S™ has an e-net N, of cardinality at most (3/¢)™".

Consider the event
. n 2
Epg = {T(v) > 52\/;9 Voe Ng}.
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A simple union bound implies

(VIL2)

5 1
P [5159] < exp <6102n2 +nqlog ()) < exp <c192n2 + cony log 7’L10gn2> :
9

0

Conditioned on &, we have that any z € S™~! can be written as z = v + e for some v € N; and |le| < e.
Moreover,

T(z) = H( )" Mz:||, = [|(v MIHl > T (v) - |le"Mz||, —

* n2
-2 2 ey, - [ -3 e
S SN

By Lemma B.6, with probability at least 1 — 6 (n1ng) " — exp (—0.30n1n2), | M|, <44/log(ning). Thus,

\/* \[9 n2f4\/w nz 2, (VIL3)
120y y/log (nima) " |

Thus, by (VIL.2), it is enough to take ny > Cny log (n1/6) /62 for sufficiently large C' > 0 to make the overall
failure probability small enough so that the lower bound (VII.3) holds. O

le* Mz|;

A. Proof of Lemma II1.2

Proof. The proof is similar to that of [44]. First, let us assume the dictionary Ag = I. W.l.0.g., suppose that the
Riemannian TRM algorithm returns a solution g, to which e, is the nearest signed basis vector. Thus, the rounding
LP (III.1) takes the form:

minimizeq ||g*Xol|;, subjectto (r,q)=1. (VIL4)

where the vector » = q. Next, We will show whenever q is close enough to e,, w.h.p., the above linear program
returns e,. Let X = [Y; :c:;], where X € R(»=DxP and x; is the last row of Xy. Set ¢ = [q, q5,], where @
denotes the first n — 1 coordinates of g and g, is the last coordinate; similarly for 7. Let us consider a relaxation of
the problem (VIL.4),

minimizeq ||g* Xo|; , subject to g1, + (q,7) > 1, (VIL5)

It is obvious that the feasible set of (VIL.5) contains that of (VIL.4). So if e, is the unique optimal solution (UOS)
of (VIL5), it is the UOS of (VIL4). Suppose Z = supp(x,) and define an event & = {|Z| < 20p}. By Hoeffding’s
inequality, we know that PP [£§] < exp (—6?p/2) . Now conditioned on & and consider a fixed support Z. (VIL5)
can be further relaxed as

minimizeq |&,]|, |gn| — |7 X z||, + |7 Xz

> subject to gurn + [[q]| [[7]| > 1. (VIL.6)

The objective value of (VIL.6) lower bounds that of (VILS5), and are equal when g = e,,. So if g = e, is UOS of
(VIL.6), it is UOS of (VIL.4). By Lemma VII.1, we know that

—* Vv —x v p 2 —
7%z, ~ 7%l = 2y 201

holds w.h.p. when p > Cy(n—1)log ((n — 1)/0) /62. Let ¢ = g\/%H, thus we can further lower bound the objective
value in (VIL.6) by

minimizeq ||y lgn| + C [[gl],  subject to  gura + ] 7] > 1. (VIL7)
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By similar arguments, if e,, is the UOS of (VIL.7), it is also the UOS of (VIIL.4). For the optimal solution of (VIL.7),
notice that it is necessary to have sign (gy,) = sign (ry,) and g,y + ||q|| ||7]| = 1. Therefore, the problem (VIL.7) is
equivalent to

e 1—r . 1
minimize,, ||wn\|qun|+<|':”"q”, subject to  [gn] < —— (VILS)

|7l

Notice that the problem (VIL8) is a linear program in |g,| with a compact feasible set, which indicates that the
optimal solution only occurs at the boundary points |¢,| = 0 and |g,| = 1/ |ry|. Therefore, g = e, is the UOS of
(VIL8) if and only if

¢

1
7 lznll <

—. (VIL9)
[l 7]
Conditioned on &, by using the Gaussian concentration bound, we have
P (el = 24 200+1] < Pllaal, > Bllad)+4 < esp (-1
x -1/ — x T e -
nllt =g\ p > nil1 Z nll1 >~ exp % s
which means that
5 /2 6%p
P [”3%”1 > 4\/;9]3 < exp <_647r> . (VIL.10)

Therefore, by (VIL.9) and (VIL.10), for ¢ = e, to be the UOS of (VIL.4) w.h.p., it is sufficient to have

5 \/5 Op \/5
2 ey <« 2 ]2 (VIL11)
Alr,| V 6 /1 B ‘Tn|2 T

which is implied by
249
250"
The failure probability can be estimated via a simple union bound. Since the above argument holds uniformly for
any fixed support set Z, we obtain the desired result.

When our dictionary Ay is an arbitrary orthogonal matrix, it only rotates the row subspace of Xg. Thus, w.l.0.g.,
suppose the TRM algorithm returns a solution @, to which Agq, is the nearest “target” with g, a signed basis
vector. By a change of variable ¢ = A{jq, the problem (VIL4) is of the form

|rn| >

minimizeg ||g* Xo|; , subject to (Agr,q) =1,

obviously our target solution for g is again the standard basis q,. By a similar argument above, we only need
(Ajr, e,) > 249/250 to exactly recover the target, which is equivalent to (r, g,) > 249/250. This implies that our
rounding (III.1) is invariant to change of basis, completing the proof. O

B. Proof of Lemma 111.4
Proof. Define ¢ = (UV* + E)*q. By Lemma B.7, and in particular (I1.48), when

4 5 A
p= Spma{ 2 (A iogt (£ )
cf phop po
|Z]] <1/2 so that UV* + Z is invertible. Then the LP rounding can be written as
minimizeg [|g* Xoll;, subjectto ((UV*+E) 'r,q)=1.
By Lemma III.2, to obtain ¢ = e,, from this LP, it is enough to have
(UV*+EB)"'r,e,) > 249/250,

and p > Cyn?log(n/#)/0 for some large enough Cy. This implies that to obtain q, for the original LP, such that
(UV* + E)*q, = ey, it is enough that

(UV*+E) 'r,(UV* + E)*q.) = (r,q.) > 249/250,
completing the proof. 0
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C. Proof of Lemma I11.5
Proof. Note that [q},..., ¢! = (Q* + E*)[ey,..., €], we have

U(Q+E)X)=U"(Q" +E") (Q+E)(Q+E)Xo
=U g, al | V] (T + A1) Xo,

where V = (Q* +E*)![egs1, ..., en], and the matrix A; = Q*E + E*Q + E*E so that |A,|| < 3| Z||. Since
U* [qi""vq* | Vi| = |:0 | U*‘/}:|, we have

U*(Q +E)X, = [0 UV } X, + [0 | U*f/] A1Xo=U VX" 4 Ay Xy, (VIL12)

where Ay = [O | U*‘Af} Aj. Let § = ||Z]], so that

A 3El %
Tmin (Q+E) ~ omin (@ +E) ~ 1-6
Since the matrix V is near orthogonal, it can be decomposed as V=V+ As, where V is orthogonal, and Aj is

a small perturbation. Obviously, V' = U R for some orthogonal matrix R, so that V' spans the same subspace as
that of U. Next, we control the spectral norm of Agj:
8l = puig 7R~ V| < i WO - Q] + @0 -
1As]l = min |{UR — V|| < min [UR = Qg + || Qg

where Qg collects the last n — ¢ columns of @, i.e., Q = [Qy, QJr—g]-
To bound the second term on the right, we have

|1As]| < (VIL13)

(VIL14)

letllle~'sll _ s

I [QE] S 1-5
where we have used perturbation bound for matrix inverse (see, e.g., Theorem 2.5 of Chapter III in [84]).

To bound the first term, from Lemma B.2, it is enough to upper bound the largest principal angle 6; between
the subspaces span([q., ..., q%]), and that spanned by Qle, ..., e,]. Write Iy = [ei, ..., e for short, we bound
sin 07 as

-1
sindy < |QIIHQ" — (@ +E) Iy (I[*}](Q +E)HQ + E*)’lIm> IQ+3)

HQ[n_@ - VH <@ '-@+BE)7 <

—1
= |QIuIHQ - (@ + =)'y (LT + A)'Ty) Ty Q+E) ‘

< |Qiyre - @ +=) I+
* =) —1 . * -1 -t * =\—1

(@ + =)y |1~ (G + A ') | I;(Q+8)
< (14—t )@ - @+ - (LT +a0)7'T )_1
- omin(Q + E) o2 (Q+E) 4] [
ey o s
< (14

1=6)1-6 " (1-9) T+ A — 1

IN

Ly ! o, 1 HAlH
1-6)1-6 " (1=621-2[A°

where to obtain the first line we used that for any full column rank matrix M, M (M*M )~ M* is the orthogonal
projector onto the its column span, and to obtain the fifth and six lines we invoked the matrix inverse perturbation
bound again. Using 0 < 1/20 and ||A4] < 36 < 1/2, we have

. (2—6)8 36 56 — 136% + 653
< = < 80.
b S e T A era =) - A= —6) =
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For § < 1/20, the upper bound is nontrivial. By Lemma B.2,

min [UR - Q|u—q|| < /2 —2cosf) < v/2—2cos?6) = V2sin 6 <8V,

Put the estimates above, there exists an orthogonal matrix R € Oy such that V = U R and V=V+ A3 with

| Az < /(1 —6)+8V25 < 25/(26). (VIL15)
Therefore, by (VII.12), we obtain
U (Q+E)Xo=UVXI4+A with A=UAsx""+A,X,. (VIL16)
By using the results in (VII.13) and (VIL.15), we get the desired result. [
APPENDIX A

TECHNICAL TOOLS AND BASIC FACTS USED IN PROOFS

In this section, we summarize some basic calculations that are useful throughout, and also record major technical
tools we use in proofs.

Lemma A.1 (Derivates and Lipschitz Properties of hy, (2)). For the sparsity surrogate
hu (2) = plogcosh (z/p)
the first two derivatives are
hu(z) = tanh(z/p), hy(z) = [1 = tanh?(z/p)] /p.
Also, for any z > 0, we have
(1 - exp(~22/p),/2
exp(—2z/p)
Moreover; for any z, z' € R, we have
a(2) = hu(2)] < 1z = 21 /1y hy(2) = ()] < 202 = 2|/,

Lemma A.2 (Gaussian Tail Estimates). Let X ~ N (0,1) and ® (x) be CDF of X. For any x > 0, we have the
following estimates for ¢ (z) =1 — & (x):

<;—;>W(_\/;:/2)S<I>C(x)§ (i—;Jr;) eXp(_\/;:/Q), (Type 1)

tanh(z/p) < 1 —exp(=2z/p),
1 —tanh?(z/p) < 4dexp(—2z/p).

x  exp(—z?/2) 1 exp (—2%/2)
<P () K ————2F, Type 11
o T (x) < — o (Type II)
22 4+ 4 — zexp (—2?/2) exp (—2?/2)
< ¢ (2) < (\/2—!—:52—1‘) EPT T (1ype 1),
5 N (z) N (Type 1)
Proof. See proof of Lemma A.5 in the technical report [2]. UJ

Lemma A.3 (Moments of the Gaussian RV). If X ~ N (0, 02), then it holds for all integer p > 1 that
E[XPP] < o? (p— 1)L
Lemma A.4 (Moments of the x> RV). If X ~ x2(n), then it holds for all integer p > 1 that

I'(p+n/2)
I'(n/2)

p

=[] (n+2k-2) <p!(2n)" /2.
k=1

E[XP] = 27

Lemma A.5 (Moment-Control Bernstein’s Inequality for Scalar RVs, Theorem 2.10 of [85]). Let X;,..., X, be
i.i.d. real-valued random variables. Suppose that there exist some positive numbers R and o such that

E[|X.|™ < mlo®?R™2/2, for all integers m > 2.
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Let S = 1377, Xy, then for all t > 0, it holds that
pt?
Pl|S—E[S]|>t] <2 — .
I Sih=1 < eXp( 202+2Rt)

Lemma A.6 (Moment-Control Bernstein’s Inequality for Matrix RVs, Theorem 6.2 of [86]). Let X1,..., X, € Rdxd
be i.i.d. random, symmetric matrices. Suppose there exist some positive number R and o® such that

E (XM < mle?R™2/2- T and — E[X["] < mlo?R™ /2 - I, for all integers m > 2.
Let 8 = 370, Xy, then for all t > 0, it holds that
pt?
PIIS—E[S]]| >t] <2d ——— .
I - BI811 > 6 < 2dexp (55"
Proof. See proof of Lemma A.10 in the technical report [2]. O

Lemma A.7 (Integral Form of Taylor’s Theorem). Let f(x) : R" — R be a twice continuously differentiable
function, then for any direction y € R", we have

1
fl@+ty) = f(z) +t /0 (Vi@ + sty).y) ds,
1
Fa+ ty) = @)+t (V (), ) + /0 (1— ) (V2 f(z + sty)y,y) ds.

APPENDIX B
AUXILLARY RESULTS FOR PROOFS

Lemma B.1. There exists a positive constant C' such that for any 6 € (0,1/2) and ny > Cn?logn,, the random
matrix X € R™*"™ with X ~;; 4 BG(0) obeys
Onq log ng

1
— XX - IH <104/ ————= (B.1)
no0 n2

with probability at least 1 — n;g.

Proof. See proof of Lemma B.3 in [3]. O

Lemma B.2. Consider two linear subspaces U, V of dimension k in R™ (k € [n]) spanned by orthonormal bases
U and V, respectively. Suppose 7w/2 > 61 > 02 --- > 0y, > 0 are the principal angles between U and V. Then it
holds that

i) mingeo, ||U = VQ| <2 —2cosb;;
ii) sinf; = |[UU* — VV*|;
iii) Let U+ and V* be the orthogonal complement of U and V, respectively. Then 01(U,V) = 01 (U, V1).

Proof. See proof of Lemma B.4 in [2]. O
Below are restatements of several technical results from [3] that are important for proofs in this paper.

Proposition B.3 (Hessian Lipschitz). Fix any r~. € (0,1). Over the set T' N {w:|w| >r.},
w*V2g(w; Xo)w/ |wl||* is L~-Lipschitz with

8n3/2

T A

16n3 48n>/2

3
L. < /1'2 ||X0Hoo+

2 2
| Xoll5 + | X0l|2, +96n°/% || Xo| . -

Proposition B.4 (Gradient Lipschitz). Fix any ry € (0,1). Over the set I' N{w : ||w| > ry}, w*Vg(w; Xo)/ ||wl|
is Lg-Lipschitz with

- 2V Xollo
< 2E

3/2 4n® 2
Ly +8n ||X0HOO+THX0||OO-
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Proposition B.5 (Lipschitz for Hessian around zero). Fix any r_ € (0,1/2). Over the set T N{w : [|[w| <r_},
V2g(w; Xo) is L -Lipschitz with

v

iy

47’12 3
L, < — || Xollx +
2 1 Xoll5% p

8v/2+/n
| X012 + /

2
1 Xoll5 + 81/ Xollo -

Lemma B.6. For any 0 € (0, 1), consider the random matrix X € R™*" with X ~; ; 4 BG (0). Define the event
o = {1 < [|[ X, < 44/log (np)} It holds that

P[ES] < 6 (np)~" + exp (—0.30np) .

Lemma B.7. For any 6 € (0,1/2), suppose Ay is complete with condition number k (Ap) and X ~;.;q. BG ().
Provided p > Crk* (Ag) On? log(ndk (Ag)), one can write Y as defined in (1L.47) as

Y = UV*X,+ =X,

for a certain Z obeying ||Z|| < 20x* (A) W/MTng, with probability at least 1 — p~8. Here ULV * = SVD (Ay),
and C' is a positive numerical constant.

Lemma B.8. Suppose z,z' € R"™ are independent and obey z ~; ;4 BG (0) and 2’ ~;; 4. N (0,1). Then, for any
fixed vector v € R", it holds that

Elv"2"] < E[Jo"2/|"] = Eyyo o) 121"
E

[I=1"7

for all integers m > 1.
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