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Chapter 1

Poisson distribution and process, superposition and

marking theorems

e The Poisson distribution is perhaps the fundamental discrete distribution and, along with the
Gaussian distribution, one of the two fundamental distributions of probability.

Poisson — discrete r.v.’s
Gaussian — continuous r.v.’s

Importance:

Definition: A random variable X € {0,1,2,...
if )\n
_ -A
P(X =) = Sre,

denoted X ~ Pois(\).

Moments of Poisson
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Sums of Poisson r.v.’s (take 1)

e Sums of Poisson r.v.’s are also Poisson. Let X; ~ Pois(\;) and Xy ~ Pois(\y).

X1 + X2 ~ POiS()\l + )\2)

} is Poisson distributed with parameter A > 0

(1.1

/\nfl 7)\
2 me ) (12)
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Then
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Important interlude: Laplace transforms and sums of r.v.’s

Laplace transforms give a very easy way to calculate the distribution of sums of r.v.’s (among
other things).

Laplace transform

Let X ~ p(X) be a positive random variable and let ¢ > 0. The Laplace transform of X is

Ele™™] = / e p(x)dr  (sums when appropriate) (1.5)
X
Important property
There is a one-to-one mapping between p(z) and E[e~*]. That is, if p(x) and ¢(z) are two
distributions and E,[e~*X] = E [e~*X], then p(z) = ¢(z) for all z. (p and ¢ are the same
distribution)

Sums of r.v.’s

ind

Let X; ~ p(x), X nd q(z)and Y = X; + X5. What is the distribution of Y?

Approach: Take the Laplace transform of Y and see what happens.

Ee ' = Ee /1H+X2) = Ele=X17t%2] = Ele X1 |E[e %2 (1.6)

J/

by independence of X; and X5

So we can multiply the Laplace transforms of X; and X, and see if we recognize it.

Sums of Poisson r.v.’s (take 2)

The Laplace transform of a Poisson random variable has a very important form that should be
memorized.

> A" > A —tyn —t —t
Re—tX — Z eftn_'ef)\ — oA Z Q e ATt oM et (1.7)
n! n!
n=0 n=0

Back to the problem: X; nd Pois()\1), Xs n Pois(\2), Y = X + Xo.

Ee—tY _ E[e‘txl]]E[e_tXQ] _ e)q(e*t—l)e/\z(e*t—l) _ e()q-‘r)\z)(e*t—l) (18)

We recognize that the last term is the Laplace transform of a Pois(\; + Ay) random variable.
We can therefore conclude that Y ~ Pois(\; + \s).

Another way of saying this is that, if we draw Y7 ~ Pois(A; + \y) and X; ~ Pois()\;) and
X3 ~ Pois()\2) and define Y, = X; + X5. Then Y is equal to Y5 in distribution. (i.e., they

may not be equal, but they have the same distribution. We write this as Y; < Y5.)

The idea extends to sums of more than two. Let X; ~ Pois()\;). Then ) . X; ~ Pois(>_, \;)

since
Ee_t > X — HEe—tXi — 6(22 Ai)(e_t_l)' (19)
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A conjugate prior for A

e What if we have X, ..., Xy that we believe to be generated by a Pois(\) distribution, but we
don’t know \?

b

e One answer: Put a prior distribution on A, p()), and calculate the posterior of A using Bayes
rule.

Bayes’ rule (review)

P(A,B) = P(A|B)P(B) = P(B|A)P(A) (1.10)
\

P(B|A)P(A)
P(AB) = ————= 1.11
(im - HES (L)

likelih i

posterior = et ?Od ¢ prior (1.12)

evidence

Gamma prior

e Let A ~ Gam(a,b), where p(Aa,b) = %)\“*16*”‘ is a gamma distribution. Then the

posterior of A is

N
MO0 et
o NGTEL Xim1 = (b+N)A (1.13)
Y
p(A[X1,...,Xy) = Gam(a+ Y, X b+ N) (1.14)

L

Note that E[XXy,..., Xn]| = % ~ Empirical average of X;
(Makes sense because E[X |\] = )\)

VA Xy, ..o, Xn] = ot Xi Empirical average/ N

(b+N)?

Q

(Get more confident as we see more X;)

e The gamma distribution is said to be the conjugate prior for the parameter of the Poisson
distribution because the posterior is also gamma.

Poisson—Multinomial

e A sequence of Poisson r.v.’s is closely related to the multinomial distribution as follows:
Let X; % Pois(\;) and let Y = SN | X,
Then what is the distribution of X = (X1,...,XnN) given Y?
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We can use basic rules of probability. . .
P(Xy,...,Xy) = P(Xy,...,Xn,Y = Zfil X;) < (Y is a deterministic function of X7.x)
= P(Xy,...,.XyYy =N x)Py =N X)) (1.15)

And so

X1,0,X , P(X;
P(Xy,..., XyY =3V, X)) = P(‘(/ i 1];2) = P(YH=2(Z-N:1)X¢> (1.16)

A]/[(ZN L i) = eI
(Zi:lXi)'
- XN' H ( 2 ) (1.17)

Mult(Y;p1,...,pn), Di= N/ Zj Aj

e We know that P(Y)) = Pois(Y; 31, ), s0

N )\X
P(Xy,.. ., XyY =3, X)) = [HX|€_

e What is this saying?
1. Given the sum of N independent Poisson r.v.’s, the individual values are distributed as a
multinomial using the normalized parameters.
2. We can sample X, ..., Xy in two equivalent ways
a) Sample X; ~ Pois(};) independently

b) First sample ¥ ~ Pois(3", A;), then (X1,..., Xy) ~ Mult(Y ﬁfﬁ)

Poisson as a limiting case distribution

e The Poisson distribution arises as a limiting case of the sum over many binary events each
having small probability.

Binomial distribution and Bernoulli process

e Imagine we have an array of random variables X,,,, where X,,,, ~ Bern ( ) form=1,...,n
and fixed 0 < A <n.LetY, = Z 1 Xpm and Y = lim,,_,, Y,,. Then Y,, ~ Bin ( ) and
Y ~ Pois(A).
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evenly spaced between [0, 1]. Go down

|
the line and flip each independently. In - S
the limit n — oo, the total # of 1’s is o . 1 BN N
. T 5 - . f
a Pois(\) r.v. i a  Fa F“

Picture: Have n coins with bias \/n 7 7 P ?

£ B o I
n o T i
Proof:
, , n! AN\ AN\ F
Jlim P(Y, =kA) = Ji%om(ﬁ) (17) (1.18)
1) (n— 1 —k k n
_ i | Dk DA Ay P
— 1 —1 PUN
— He
~—~——
= Pois(k; \)

So lim,, o Bin (n, 2) = Pois(\).

A more general statement

e Let )\, be an array of positive numbers such that
LY A =A< 00
2. Apm < 1 and lim,,_,o \,,, = 0 for all m, i.e., lim,,_,,o max,, A,,, =0

Let X,,,, ~ Bern(\,,) form =1,...,n. LetY, =>" | X,,, andY = lim,_, Y;,. Then
Y ~ Pois(\).

Proof: (use Laplace transform)

[S—

n
— . — . — n . —
CEe ™ = lim Ee ™ = lim Ee tXm=1 X — lim | | E ¢~ Xnm
n—oo n—oo n—oo 1
m=

2. Ee ™ mm = X e ™+ (1= An)e ™0 =1 = Am(1 —e™)

—tY _ _ o) — T S In(1=Apm (1—et))
3. So Ee 71152101_[1(1 A (1 —€7")) lim 2=

=1
4. (1= Am(L—e)) ==Y (1= e™)* because 0 <1 — Apn(l —et) <1
s=1

5.3 Il = A (1 —e71) = — (Z )\nm> (1—et)— Zé (Z Agm> (1— ety
m=1 m=1 2 m=1 |

s=
N

vV
= —0 as n >

SoEe Y = ¢~ *1=¢")_ Therefore Y ~ Pois(\).
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Poisson process

¢ In many ways, the Poisson process is no more complicated than the previous discussion on the
Poisson distribution. In fact, the Poisson process can be thought of as a “structured” Poisson
distribution, which should hopefully be more clear below.

Intuitions and notations

S : a space (think R? or part of RY)

_ )\;“ S‘ ) Le _f; i

e II : a random countable subset of S \™ Sev vt o

. d f . d h . > . g« [ h@'{’ ct &,»n,,a&J*@

(1.e.,.a random # of points and their @ N

locations) '\:( g
e AC S:asubsetof S — %

~o T 4 o

e N(A) : a counting measure. Counts w

how many points in II fall in A
(.e., N(A)=TIN A
e 4(+) : ameasure on S f , %
— u(A) > 0for |A| >0 | R s
((+) is non-atomic J 5
— u(A) » 0as |A| — 0 T ——

Think of p as a scaled probability distribution that is continuous so that p({z}) = 0 for all
points z € S.

Poisson processes

e A Poisson process II is a countable subset of S such that

1. For A C S, N(A) ~ Pois(u(A))

2. For disjoint sets Ay, ..., A, N(A;), ..., N(A) are independent Poisson random vari-
ables.

N(-) is called a “Poisson random measure”. (See above for mapping from I to N (-))

Some basic properties

e The most basic properties follow from the properties of a Poisson distribution.

a) EN(A) = u(A) — therefore p is sometimes referred to as a “mean measure”
b) If Ay, ..., A, are disjoint, then

N(UL, 4) = S, N(A) ~ Pois( S, u(4) = Pois (u(UL, 4)) (119

Since this holds for k& — oo and p(A4;) N\, 0, N(-) is “infinitely divisible”.
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c) Let Ay,..., Ax be disjoint subsets of S. Then

P(N(A1) = mi,. ., N(A) = i V(UL A7) = n) = EX0meNiong () )

Notice from earlier that N(A;) < X;. Following the same exact calculations,

P(N(A1) = ..., N(A) = i N(UjZ, A) = n) = s T <—#( “ISAZ')A.)>
=14
(1.21)
Drawing from a Poisson process (break in the basic properties)

e Property (c) above gives a very simple way for drawing IT ~ PP(u), though some thought
is required to see why.

1. Draw the total number of points N (S) ~ Pois(u(S)).

2. Fori = 1,...,N(S) draw X, % p/p(S). In other words, normalize u to get a
probability distribution on S.

3. Define Il = {X1,..., Xn(s) }-

Notice X; is different from previously. Now it’s a location, while before it was a count.
Here, the Poisson distribution is determining the existence of an X;, while the mean
measure 4 determines its value.

d) Final basic property (of these notes)

Ee N = #AE =1 __5 an obvious result since N(A) ~ Pois(u(A))  (1.22)

Some more advanced properties

Superposition Theorem: Let II;, Il,, ... be a countable collection of independent Poisson pro-
cesses with IT; ~ PP(y;). Let IT = ;2 II;. Then IT ~ PP () with o = >"2° | pu;.

Proof: Remember from the definition of a Poisson process we have to show two things.

1. Let N(A) be the PRM (Poisson random measure) associated with PP (Poisson process)
IT and N;(A) with IT;. Clearly N(A) = >>°, N;(A), and since N;(A) ~ Pois(y;(A)) by
definition, it follows that N (A) ~ Pois(} .2, pi(A)).

2. Let Ay, ..., Ay be disjoint. Then N(A;),..., N(Ax) are independent because V;(A;)
are independent for all 7 and 7.

Restriction Theorem: If we restrict I to a subset of S, we still have a Poisson process. Let
Sy C SandIl; = IINS;. Then ITy ~ PP(uy), where 111 (A) = p(S; N A). This can be thought
of as setting 1 = 0 outside of S, or just looking at the subspace S; and ignoring the rest of S.

Mapping Theorem: This says that a one-to-one function y = f(x) preserves the Poisson
process. That is, if IT, ~ PP(x) and I1, = f(IL,), then II, is also a Poisson process with the
proper transformation made to u. (See Kingman for details. We won’t use this in this class.)




Chapter 1  Poisson distribution and process, superposition and marking theorems 8

Example
/}\ Vj
Let N be a Poisson random measure on ’ \z\ , "
R? with mean measure p(A) = c|A|. v .
% .
1 c¢ //<§:\ \\\ M_\,/M ! _rcil

|A| is the area of A (“Lebesgue (e~ i)
measure”) . \‘ ;H’—”‘”HM (. —c X

Intuition : Think trees in a forest.

Question 1: What is the distance R from the origin to the nearest point?

Answer: We know that R > r if N(B,) = 0, where B, = ball of radius r. Since these are
equivalent events, we know that
2

P(R>7)=P(N(B,) =0) = e #B) = g=emr", (1.23)

So p(R = r) = 2cmre=“™" dr, which is a Rayleigh distribution.

Question 2: Let each atom be the center of a disk of radius a. Take our line of sight as the
x-axis. How far can we see?

Answer: The distance V' is equivalent to the farthest we can extend a rectangle D, with y-axis
boundaries of [—a, a]. We know that V' > z if N(D,) = 0. Therefore

P(V > z) = P(N(D,) = 0) = ¢ #Ps) = g2acz, (1.24)

So p(V = x) = 2ace?*"dz which is a Gamma distribution.

Marked Poisson processes

The other major theorem of these notes relates to “marking” the points of a Poisson process
with a random variable.

Let IT ~ PP(u). For each = € II, associate a r.v. y ~ p(y|z). We say that y has “marked” z.
The results is also a Poisson process.

Theorem: Let i be a measure on space S and p(y|x) a probability distribution on space M.
For each « € II ~ PP(u) draw y ~ p(y|z) and define IT* = {(x;,y;)}. Then II* is a Poisson
process on S x M with mean measure p* = u(dz)p(y|x)dy.

Comment: If N*(C') = [II*NC| for C C S x M, this says that N*(C') ~ Pois(u*(C')), where
p(C) = [ mlda)p(yle)dy.
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Proof: Need to show that Ee ™" () = exp{ [,(e™" — 1)u(dz)p(y|z)dy}

. Note that N*(C) = SNV 1{(z;, ;) € C}. N(S) is PRM associated with IT ~ PP(y).
. Recall tower property: Ef (A, B) = E[E[f (A, B)|B]]

1
2
3. Therefore, Ee V' (€) = E [ [exp{ tS N1 (2, ) € C’}} |HH
4

. Manipulating :
[N (S)
EetN'(©O) _ [ H E[e_ﬂl{(l’ivyi)EC”H] (1.25)
i=1

= E H/M{e—'f'l]l{(a:i,yz-)eC}+e—t'°]1{(mi,yi)gc}}p(yim)dyi

5. Continuing :

[N ()
Ee V'@ = E H 1 +/ (e™" = DI{(zs, y:) € CYp(yilai)dyi]
i=1 M

use 1{(z;,y:) & C} =1—1{(zs,y:;) € C}

- p
= B|II|1+ [ [ - 01t e ptaa v :”H
Li=1
Tower again using Pmssm?—?nultinomial representation
= E _<(1+/(6_t - 1)p(y|w)dy—“(dx>)N(S) (1.26)
c 1(S) .

N\ — /
n'g

N(S) ~ Pois(u(S))

6. Recall that if n ~ Pois()), then

- " A - (zA)" Mz—1)
n __ — _ — zZ
E" = E z —n'e =e g ] =e
n=0 n=0

Ee (@ = exp {M(S) /C (7" — 1)p(y|x)dy‘;(dx>}

— e { et 1>u<dx>p<y1m>dy}, (1.27)

thus N*(C') ~ Pois(pu*(C)).
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Example 1: Coloring

Let IT ~ PP(u) and let an = € 11 be randomly colored from among K colors. Denote the color
by y with P(y = ¢) = p;. Then IT* = {(2;,v;)} isaPPon S x {1,..., K'} with mean measure
e (de - {y}) = p(de) [T, pf(y:i). If we want to restrict IT* to the ith color, called 1T}, then we
know that IT¥ ~ PP(p;11). We can also restrict to two colors, etc. What if p(y = i|x) = p;(x)?
Then 1T} ~ PP(u(dz)p;(x)).

Example 2: Using the extended space

Imagine we have a 24-hour store and customers arrive according to a PP with mean measure
pon R (time). In this case, let 4(R) = oo, but ([a, b]) < oo for finite a, b (which gives the
expected number of arrivals between times a and b). Imagine a customer arriving at time x
stays for duration y ~ p(y|z). At time ¢, what can we say about the customers in the store?

o IT ~PP(p) and IT* = {(z;,y;)} for x; € I is PP(u(dz)p(y|x)dy) because it’s a marked
Poisson process.

e We can construct the marked Poisson process like below. The counting measure N*(C') ~
Pois(1*(C)), p* = p(dz)p(y|r)dy.

e The points in C}; (below) are those that arrive before time ¢ and are still there at time ¢. It

follows that . -
N*(C)) ~ Pois ( [ wtan) | p<y|x>dy).
0 t—x

N*(Cy) is the number of customers in the store at time ¢.




Chapter 2

Completely random measures, Campbell’s theorem,
gamma process

Poisson process review

e Recall the definition of a Poisson random measure.

PRM definition: Let S be a space and . a non-atomic (i.e., diffuse, continuous) measure on it
(think a positive function). A random measure N on S is a PRM with mean measure s if

a) For every subset A C S, N(A) ~ Pois(p(A)).
b) For disjoint sets Ay, ..., Ay, N(A;),..., N(Ag) are independent r.v.’s

Poisson process definition: Let X, ..., Xy(s) be the N (S) points in N (a random number)
each having measure equal to one. Then the point process I1 = { X1, ..., Xn(s)} is a Poisson
process, denoted 11 ~ PP(u).

Recall that to draw this (When 1(S) < co) we can
a) Draw N (S) ~ Pois(u(S))

b) Fori=1,...,N(S), draw X; “ p/p(S) < normalize p to get a probability measure.

Functions of Poisson processes

e Often models will take the form of a function of an underlying Poisson process: > _; f().

Example (see Sec. 5.3 of Kingman): Imagine that star locations are distributed as IT ~ PP(u).
They’re marked independently with a mass m ~ p(m), giving a marked PP IT* ~ PP(u x pdm).
The gravitational field at, e.g., the origin is

Z f(z,m)) = Z G—jﬁx (G is a constant from physics)
T2

(z,m)€ell* (z,m)€ell*

11
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e We can analyze these sorts of problems using PP techniques

e We will be more interested in the context of “completely random measures” in this class.

Functions: The finite case

e Let [T ~ PP(x) and |II] < oo (with probability 1). Let f(x) be a positive function. Let
M =37 i f(x). We calculate its Laplace transform (for ¢ < 0):

]
Ee'M = Re'Zeen /) = | | T e/ |« recall two things (below) (2.1)

=1

Recall:

1. |II| = N(S) < Poisson random measure for I1

2. Tower property Eg(z,y) = E[E[g(z, y)[y]]

N(S) N(S)

E Hetf(mi) —F|E Hetf(wi)

i=1 i=1

N || =E[E[@)) @2

Since N(S) ~ Pois(u(.5)), we use the last term to conclude

N(S)
E H etf (i) — eXp{,u(S)(E[etf(w)] . 1)}
=1
= exp/u(dz)(etf(‘”) —1)
S
(Since Efitf(w) = / /:L((d‘s%.)) etf(x)) /T T
S

recall that E[(e!)N)] = exp/ p(dz) (et —1).
A
(f(z) =1 in this case)

And so for functions M = > . f(x) of Poisson processes II with an almost sure finite
number of points

EeM = eXp/ p(dx) (7@ —1). (2.3)
S
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The infinite case

In the case where p(.S) = oo, N(S) = oo with probability one. We therefore use a different
proof technique that gives the same result.

Approximate f(z) with simple functions: fj, = Zf L @il 4, using k2% equally-spaced levels in
the interval [0, k]; A; = {z : f(z) € [5#, %)} and a; = 2—1 In the limit £ — oo, the width of
those levels 5 \, 0, and so f — f.

For example, if f(x) = x, then f(x) = ZZ L Se Lz € [ &), so fu(z) S wask — oo
for finite x.

Important notation change: M = %" ., f(z) < [; N(dz)f(z).

Approximate f with fj,. Then with the notation change, M, = > ., fi(z) & ZZ L a; N (A;).

The Laplace functional is

k2k
Ee™M = lim EeM* = lim E H etailV(4:) + N(4;) and N(A,) are independent
k—o0 k—o00 !
k2k
= lim exp{ > p(A;)(e" — 1) — N(A;) ~ Pois(u(4;))
k—o0

=1

= exp / p(dz) (e — 1) <+ integral as limit of infinitesimal sums  (2.4)
s

Mean and variance of M: Using ideas from moment generating functions, it follows that

E(M) = / wde)f(z), VM) = / u(de) f(2)? 2.5)

N J/ J/

= j:z EeM|i—o — E(M)?
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Finiteness of [, N (dx)f(x)

e The next obvious question when 4(S) = oo (and thus N(S) = oo) is if [ N(dz)f(z) < oo.
Campbell’s theorem gives the necessary and sufficient conditions for this to be true.

e Campbell’s Theorem: Let IT ~ PP(x) and N the PRM. Let f(z) be a non-negative function
on S. Then with probability one,

B < oo if [(min(f(z),1)u(dx) < oo
M= /SN(dx)f(x) {: 00 othzrwise 2.6

Proof: Foru > 0, e™"M = e "MI(M < 00) S 1(M < 00) as u N\, 0. By dominated
convergence, as u N\, 0

Ee "M = Ele™*M1(M < 00)] /E[1(M < o0)] = P(M < o) (2.7)

In our case: P(M < 00) = lim,~ g exp [ p(dz)(e”/®) —1).
Sufficiency

1. For P(M < 00) = 1 as in the theorem, we need lim,~ o [ u(dz)(e /™) — 1) = 0.

2. For 0 < u < 1 we have } émg}>
1—f(z) < 1—uf(z) < e /@ ! | \?\};‘
(Figure: e */®) is convex in f(x) 4 {0
and 1 — uf(x) is a 1st order Taylor e ,
expansion of e~*/(®) at f(x) = 0) { ~ /f L«,{' (1

3. Therefore 1 — e /(@) < f(z). Also, 1 — e @) < 1 trivially.
4. So:
0< [ p(a)— ) < [ u(de)min (o). 1) 28)
s s

5. If [ p(dx) min(f(x), 1) < co, then by dominated convergence

lim [ p(de)(1 — e @) = /

p(dx) (1 — exp {}Ll{% —uf(x)} ) =0 (2.9

e This proves sufficiency. For we can show that (see, e.g., Cinlar V1.2.13)

/min(f(x),l),u(dm) =00 = /M(d$)(1—6uf($)) =00 = Ee ™M =0,Vu (2.10)
s s
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Completely random measures (CRM)

Definition of measure: The set function y is a measure on the space S if

L. u@) =0
2. p(A) >0forall AC S
3. (U Ay) = 327, n(Ai) when AN Ay = 0,0 #

Definition of completely random measure: The set function M is a completely random measure
on the space S if it satisfies #1 to #3 above and

1. M(A) is arandom variable
2. M(Ay),..., M(Ay) are independent for disjoint sets A;

Example: Let N be the counting measure associated with IT ~ PP(u). It’s a CRM.

We will be interested in the following situation: Let IT ~ PP(y) and mark each 6 € II with ar.v.
m~ ), m € Ry. Then IT* = {(0,7)} isa PP on S x R, with mean measure y(d0)\(m)dmr

If N(df, dr) is the counting measure for IT*, then N (C) ~ Pois( [, u(df)A(m)dr).
For A C S,let M(A) = [, [5° N(df,dr)m. Then M isa CRMon S.

M is a special case of sums of functions of Poisson processes with f(6, 7) = 7. Therefore we

know that
(A —exp// u(d9)\(m)dr. 2.11)

This works both ways: If we define M and show it has this Laplace transform, then we know
there is a marked Poisson process “underneath” it with mean measure equal to p(df)(m)dr.
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marked PP on S x R with mean completely random measure on .S.
measure p(dx) x \(m)dm = [\ J;T N(df, dm)m
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Gamma processes

e Definition: Let ;2 be a non-atomic measure on S. Then G is a gamma process if for all A C S,
G(A) ~ Gam(u(A),c) and G(Ay),...,G(Ay) are independent for disjoint A, ..., A;. We
write G ~ GaP(y, ¢). (¢ > 0)

o Before trying to intuitively understand G, let’s calculate its Laplace transform. For ¢ < 0,

e = | oy

c(A)

w(A)
G(A)'U‘(A)ileiG(A)(Cit)dG(A) e ( ¢ ) (2.12)

c—t

e Manipulate this term as follows (and watch the magic!)

(

c
c—1t

> 1(A)

exp {N(A) /Ooo(et7r - 1)7r_1e_cwd7r} (2.13)

Therefore, G has an underlying Poisson random measure on S X R

G(A) = / / OON(dQ,dw)w, N(df,dr) ~ Pois(u(df)r e "dr) (2.14)
AJO

e The mean measure of N is u(df)r~te™"dm on S x R,. We can use this to answer questions
about G ~ GaP(p, ¢) using the Poisson process perspective.

1. How many total atoms? [ [ pu(df)m ‘e "dm = oo = infinite # w.p. 1
(Tells us that there are an infinite number of points in any subset A C S that have nonzero
mass according to )

2. How many atoms > € > 07 [ [ p(df)n~'e "dr < oo = finite # w.p. 1
(w.r.t. #1, further tells us only a finite number have mass greater than ¢)
3. Campbell’s theorem: f(0,7) =7 — [ [~ min(m, 1)u(df)m e "dr < oo, therefore

G(A) = /A/Ooo N(df, dr)r < 0o wp. 1

(Tells us if we summed up the infinite number of nonzero masses in any set A, we would
get a finite number even though we have an infinite number of nonzero things to add)

e Aside: We already knew #3 by definition of GG, but this isn’t always the order in which CRMs
are defined. Imagine starting the definition with a mean measure on S x R,

e #3 shouldn’t feel mysterious at all. Consider 22021 % It’s finite, but for each n, # > 0 and
there are an infinite number of settings for n. “Infinite jump processes” such as the gamma
process replace deterministic sequences like (1,1/22,1/3% .. .) with something random.
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Gamma process as a limiting case

Is there a more intuitive way to understand the gamma process?

Definition: Let y be a non-atomic measure on .S and p(S) < oo. Let m; w Gam(@, c) and
iid

0; ~ p/p(S)fori=1,... K. If G, = Zfil mi0p,, then limg oo Gx = G ~ GaP(p, c).

Picture: In the limit X — oo, we have
more and more atoms with smaller and
smaller weights

@4@:§:m%un:§:mu@em

Proof: Use the Laplace transform
EelCr(A)  _ Ret i, mil(0:€4) EH£1 elmil(0:€4) E[emn(eeA)]K
— E[e"1(0e A)+1(0¢ A"
= [Ele"|P(B e A)+ PO ¢ A"

= -1 + M (f: (In %) (M(S))n)] : < (exponential power series)
(

n—- -+ 0(1/K2))r (2.15)

e In the limit K — oo, this last equation converges to

exp{%u(S) met} - (Cft)m.

(recall that limpg_,oo (1 + % + O(K72)K =¢2)

e This is the Laplace transform of a Gam((A), ¢) random variable.

e Therefore, Gx(A) — G(A) ~ Gam(u(A), c), which we’ve already defined and analyzed
as a gamma process.
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Beta processes and the Poisson process

A sparse coding latent factor model

e We have a d x n matrix Y. We want to factorize it as follows:

-

i~

&
\""-r-qT  seuean

B
lomr

SR

>
IR
(l"“"““ TR
CE
=
; =Y
{ el
V!

where

0 ~ p(0) 1=1..,K “sparse coding” because each vector Y;
only possesses the columns of © indicated

wj ~ p(w) j=1,...,n
by z; (want ) . z;; < K)

ze{0,1}% j=1,....,n

e Example: Y could be

a) gene data of n (or d) people,
b) patches extracted from an image for denoising (called “dictionary learning”)

e We want to define a “Bayesian nonparametric” prior for this problem. By this we mean that

1. The prior can allow K" — oo and remain well defined
2. As K — oo, the “effective rank” is finite (and relatively small)

3. The model somehow learns this rank from the data during inference (not discussed)

18
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A “beta sieves” prior

Let 6; ~ 11/1(S) and w; be drawn as above. Continue this generative model by letting

id

Zji Bern(m),jzl,...,n (31)
T~ Beta(a%,a(l—%)),z':l,...,K (3.2)

The set (0;, ;) are paired. 7; gives the probability an observation picks 6;. Notice that we
expect m; — 0 as K — oo.

Construct a completely random measure Hy = Zfil 00,

We want to analyze what happens when K — oo. We’ll see that it converges to a beta process.

Asymptotic analysis of beta sieves

We have that Hix = S5 w6y, m % Beta(ay/K,a(1 —~/K)), 6; “ 1/u(S), where

v = u(S) < oco. We want to understand limg o, Hr.

Look at the Laplace transform of Hx(A). Let H(A) = limg_,oo Hx(A). Then

Ee'f™) = lim B = lim Ee' == 10D = |iy ETOK (33)
K—oo K—oo K—oo

J/

TV
sum — product and use i.i.d. fact

Focus on Ee!™(%€4) for a particular K-level approximation. We have the following (long)

sequence of equalities:

Ee!™0h  — Ele™1(0 € A)+1(0 ¢ A)] = P(f € A)Re!™ + P(A & A)

’U/(S) s=1 '7":0 a+r
A 00 45 s—1
= 1+%Z—' air—l—O(%) < separate out 7 = 0
s=1 r=1
uA) S~ t° al ()T (s) -
= 1+ K ; s! T(a+s) Of) = sinee Ia+ 1) = al(a)

A) =t [t
= 14+ p(A) Z —/ a1 (1 —m)* tdr + O(%) < normalizer of Beta(s, «)
0
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Again using limg .. (1 + a/K + O(K~2))% = ¢?, it follows that

K—oco

1
lim E[e™ODE — exp {,u(A)/ (e — ar (1 - W)aldﬂ'} : (3.4)
0

We therefore know that

1. H is a completely random measure.

2. It has an associated underlying Poisson random measure N (df, dw) on S x [0, 1] with
mean measure u(d&)owfl(l — ) tdn.

3. We can write H(A) as fA fo (df, dm)m

Beta process (as a CRM)

Definition: Let N(df, dr) be a Poisson random measure on S x [0, 1] with mean measure
(d@)om 1(1 — m)>~1dr, where i is a non-atomic measure. Define the CRM H(A) as
I fo (df,dr)m . Then H is called a beta process, H ~ BP(a, 1) and

1
EefA) — exp {u(A)/ (™ — Dar (1 - W)a_ldﬂ'} :
0

(We just saw how we can think of H as the limit of a finite collection of random variables. This
time we’re just starting from the definition, which we could proceed to analyze regardless of
the beta sieves discussion above.)

Properties of H: Since H has a Poisson process representation, we can use the mean mea-
sure to calculate its properties (and therefore the asymptotic properties of the beta sieves
approximation).

e Finiteness: Using Campbell’s theorem, H (A) is finite with probability one, since

/ / min(7 71 — m)* tdru(df) = u(A) < oo (by assumption about 1)

(3.5)

e Infinite jump process: H(A) is constructed from an infinite number of jumps, almost all
infinitesimally small, since

N(A x (0,1]) ~ Pois (M(A) /01 ar~ (1 - W)“‘ldﬂ) — Pois(o0)  (3.6)

¢ Finite number of “big” jumps: There are only a finite number of jumps greater than any
e > () since

N(A x [e,1]) ~ Pois(u(A) /61 ar (1 - 7r)a_1d7r) (3.7)

N J/
-

< oofore >0

As € — 0, the value in the Poisson goes to infinity, so the infinite jump process arises in
this limit. Since the integral over the magnitudes is finite, this infinite number of atoms is
being introduced in a “controlled” way as a function of € (i.e., not “too quickly”)
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e Reminder and intuitions: All of these properties are over instantiations of a beta process, and
so all statements are made with probability one.

— It’s not absurd to talk about beta processes that don’t have an infinite number of jumps, or
integrate to something infinite (“not absurd” in the way that it is absurd to talk about a
negative value drawn from a beta distribution).

— The support of the beta process includes these events, but they have probability zero, so
any H ~ BP(a, p) is guaranteed to have the properties discussed above.

— It’s easy to think of H as one random variable, but as the beta sieves approximation shows,
H is really a collection of an infinite number of random variables.

— The statements we are making about  above aren’t like asking whether a beta random
variable is greater than 0.5. They are larger scale statements about properties of this
infinite collection of random variables as a whole.

¢ Another definition of the beta process links it to the beta distribution and our finite approxima-
tion:

e Definition II: Let 1 be a non-atomic measure on S. For all infinitesimal sets dfl € S, let
H(d0) ~ Beta{apu(df), a(l — p(df))},

then H ~ BP(a, ).

e We aren’t going to prove this, but the proof is actually very similar to the beta sieves proof.

e Note the difference from the gamma process, where G(A) ~ Gam(u(A),c) forany A C S.
The beta distribution only comes in the infinitesimal limit. That is

H(A) o Beta{ap(A), a(l — p(A))},

when p(A) > 0. Therefore, we can only write beta distributions on things that equal zero with
probability one. .. Compare this with the limit of the beta sieves prior.

e Observation: While ({6}) = pu(df) =0, [, u({0})d0 = 0 but [, ju(df) = pu(A) > 0.

e This is a major difference between a measure and a function: p is a measure, not a function. It
also seems to me a good example of why these additional concepts and notations are necessary,
e.g., why we can’t just combine things like ;1(A) = [, p(f)df into one single notation, but
instead talk about the “measure” y and it’s associated density p(6) such that p(df) = p(0)d6.

e This leads to discussions involving the Radon-Nikodym theorem, etc. etc.

e The level of our discussion stops at an appreciation for why these types of theorems exist and
are necessary (as overly-obsessive as they may feel the first time they’re encountered), but we
won’t re-derive them.
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Bernoulli process

6‘ 2

The Bernoulli process is constructed from the infinite limit of the sequence in the pro-
cess z;; ~ Bern(m;), m; “ Beta (ay/K,a(l —v/K)),i = 1,..., K. The random measure

X; (K) ZZ 1 2ji0p, converges to a “Bernoulli process” as K — o0.

Definition: Let H ~ BP(«, u). For each atom of H (the 6 for which H({6}) > 0), let
X;({6})|H " Bern(H({6})). Then X; is a Bernoulli process, denoted X;|H ~ BeP(H).

Observation: We know from the Poisson process that H has an infinite number of locations 6
where H({0}) > 0. Therefore, X is infinite as well.

Some questions about X

1. How many 1’s in X;?

2. For Xy,..., X,|H ~ BeP(H), how many total locations are there with at least one X
equaling one there (marginally speaking, with H integrated out)?

ie,whatis ({0:> 7 X;({0}) > 0}
The Poisson process representation of the BP makes calculating this relatively easy. We start

by observing that the X; are marking the atoms, and so we have a marked Poisson process (or
“doubly marked” since we can view (¢, 7) as a marked PP as well).

Beta process marked by a Bernoulli process

Definition: Let IT ~ PP(u(df)ar = (1—m)* 'dr) on S x [0, 1] be a Poisson process underlying

a beta process. For each (6, ) € II draw a binary vector z € {0, 1}" where z;|7 w Bern(m)
fori = 1,...,n. Denote the distribution on z as Q(z|r). Then II* = {(0, 7, )} is a marked
Poisson process with mean measure p(df)ar=!(1 — m)* tdrQ(z|m).

There is therefore a Poisson process underlying the joint distribution of the hierarchical process

H ~BP(a,p), X;|HXBeP(H), i=1,...,n.

We next answer the two questions about X asked above, starting with the second one.
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Question: Whatis K7 = |{0: >77_, X;({0}) > 0}|?

Answer: The transition distribution Q)(z|7) gives the probability of a vector z at a particular
location (¢, 7) € II (notice () doesn’t depend on 6).

All we care about is whether z € C' = {0,1}"\0 (i.e., has a 1 in it)

We make the following observations:

The probability Q(C|r) = P(z € Clr) =1—-P(z ¢ Clnr) =1— (1 —7m)™.
If we restrict the marked PP to C', we get the distribution on the value of K

K = N(5.10.1].C) ~ Pois( /S /0 L d8)or (1 — 1) ldr Q(Cl) IR

=1-(1-m)"

It’s worth stopping to remember that N is a counting measure, and think about what
exactly N (S, [0,1],C) is counting.
x N(S,1]0,1],C) is asking for the number of times event C' happens (an event related
to 2), not caring about what the corresponding 6 or 7 are (hence the S and [0, 1)).
* 1.e., it’s counting the thing we’re asking for, KF.

n—1
We can show that 1 — (1 — )" = Z 7(l — 1)’  geometric series
i=0
It follows that
1 n—1 1 ‘
/ / /ut(de)aﬂ'*l(l — 71')04*1(171'(1 — (1 — 7'(')”) — M(S) Oé/ (1 _ 7T)cwrzfldﬂ,
sJo "
n—1 i
ol (DINa + 1
= wS) r((a)+<z' T 1))
1=0
o ap(S)
= s (3.9)
P a4+

3 S
Therefore K, ~ Pois ( Z il ) )
g a+tt

1=

Notice that as n — oo, K7 — oo with probability one, and that EK," ~ apu(S) Inn.

Also notice that we get the answer to the first question for free. Since X are i.i.d., we can
treat each one marginally as if it were the first one.

If n =1, X(S) ~ Pois(u(S5)). That is, the number of ones in each Bernoulli process is
Pois(p(.S))-distributed.
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Beta processes and size-biased constructions

The beta process

e Definition (review): Let & > 0 and p be a finite non-atomic measure on S. Let C' € S x [0, 1]
and N be a Poisson random measure with N (C) ~ Pois( [, pu(df)an~'(1 — m)* 'dr). For

A C Sdefine H(A) = [, fol N(df,dm)w. Then H is a beta process, denoted H ~ BP(«, ).

Intuitive picture (review)

f S R e
! T B |

L |

i t

-- | \
\

L Ll

i 3

—

Figure 4.1 (left) Poisson process (right) CRM constructed form Poisson process. If (df, dr) is a point in
the PP, N(df,dr) = 1 and N(df,dr)m = 7. H(A) is adding up 7’s in the set A x [0, 1].

Drawing from this prior

e Ingeneral, we know thatif IT ~ PP(s:), we can draw N (.S) ~ Pois(u(5)) and X1, ..., Xy(s) i

p/p(S) and construct I from the X/s.

e Similarly, we have the reverse property that if N ~ Pois(vy) and X1, ..., Xy & p(X), then the

set IT = {X1,..., Xn} ~ PP(yp(X)dX). (This inverse property will be useful later.)

24
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Since [, fol p(df)ar=(1 — 7)* 1dr = oo, this approach obviously won’t work for drawing
H ~ BP(a, ).

The method of partitioning [0, 1] and drawing N (Sx(a, b]) followed by

0D ufu(S), 7@~ OT (LM

~ (a)
O i1 W)a—ldﬂ']l(a <7 <b) (4.1)

i

is possible (using the Restriction theorem from Lecture 1, independence of PP’s on disjoint
sets, and the first bullet of this section), but not as useful for Bayesian models.

The goal is to find size-biased representations for H that are more straightforward. (i.e., that
involve sampling from standard distributions, which will hopefully make inference easier)

Size-biased representation I (a “restricted beta process”)

Definition: Let & = 1 and p be a non-atomic measure on S with u(S) = v < co. Generate the
following independent set of random variables

V, ¥ Beta(v,1), 0; % p/u(S), i=1,2,... 4.2)

Let H = 5°°, (H§:1 vj>59i. Then H ~ BP(L, 1),

Proof: The proof uses the limiting case of the following finite approximation

Letm; ~ Beta(, 1),0; ~ pu/u(S)fori = 1,..., K. Let Hx = S~ | m;0p,. Then limg 00 Hy ~
BP(1, i1). The proof is similar to the one last lecture.

Question 1: As K — oo, what is 71y = max{m, ..., 7x}?

Answer: Look at the CDF’s. We want the function P(m(;y < Vi) fora V; € [0,1]. Because the
m; are independent,

K
P(rqy < Vi) = lim P(m <V,...,mx < V) = lim P(m < V1) (4.3)

K—oo K—oo e

Vi Yo o2 2

- P(m<Vy) = Eﬂf dm; = V{¥

0
K
- lim P(my < V)=V

K—o0 -
=1

— Therefore, 7y =Vi, Vi~ Beta(y,1)
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Question 2: What is the second largest, denoted 75y = limg oo max{m,..., g }\{7)}?

Answer: This is a little more complicated, but answering how to get 7(2) shows how to get the
remaining ;).

P(mo) < tlmqy=Vi) = [ P(m <t|m < Vi) « condition is each 7; < (1) = V4
TFT(1)
B H P(m <t,m < Vi)
P(m; < V1)

TFT(1)

< since t < Vj, first event contains second

AT (1) P<7Ti < VVl)
1

~ lim H f“’“ -

K—oo ld

TFET(1) Kﬂz T
S K—1

, t\ % t\’

R (71) - (%) @

T(2)
Vi
Change of variables: V5, := 77(2)/1/1 —  mo = ViVa, drg) = VidVs.

v—1
So the density p(m()|m)y = Vi) = V! ( > . T(2) has support [0, V].

Plugging in, p(Va|ry = Vi) = Vi 'V ™ - Vi =V;) ! = Beta(y, 1)

Jacobian

The above calculation has shown two things:

1. V5 is independent of V] (this is an instance of a “neutral-to-the-right process”)

2. Vo ~ Beta(y,1)

Since o) |{m1) = Vi} = ViVs and Vi, V; are independent, we can get the value of 7, using
previously drawn V; and then drawing V5 from Beta(~y, 1) distributions.

The same exact reasoning follows for 73y, T4y, . . .

For example, for 7(3), we have P(ms) < t|mo) = ViVo, ) = Vi) = P(m) < t|me) = ViVa)
because conditioning on ) = V1 V5 restricts 7(3) to also satisfy condition of 7).

In other words, if we force m(3) < m(2) by conditioning, we get the additional requirement
73y < m) for free, so we can condition on the 7(;) immediately before.

Think of V1 V5 as a single non-random (i.e., already known) value by the time we get to 7(3). We
can exactly follow the above sequence after making the correct substitutions and re-indexing.
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Size-biased representation II

Definition: Let o > 0 and p be a non-atomic measure on S with p(.S) < oco. Generate the
following random variables:

Oy ~ Pois(L(S)>, i=12, ...

a+i—1
g~ Beta(l,a+i—1), ]:1,,Cz

Define H =) ., Z]C:1 7i500,,- Then H ~ BP(a, p1).

Proof:

We can use Poisson processes to prove this. This is a good example of how easy a proof can
become when we recognize a hidden Poisson process and calculate it’s mean measure.

- Let H; = 2]0:1 509, Then the set II; = {(6;;, 7;;)} is a Poisson process because it
contains a Poisson-distributed number of i.i.d. random variables.

— As a result, the mean measure of II; is

S .
% x (41— 1)(1 = 7)°F2dr x u(d)/u(S) (4.6)
&4 1 — N ~~ d N ~~ o
~~ distribution on 7 distribution on 6

Poisson # part

We can simplify this to au(df)(1 — 7)*T~2dr. We can justify this with the marking
theorem (7 marks 6), or just thinking about the joint distribution of (6, 7).

- H =", H,; by definition. Equivalently IT = | J;°, II;.

— By the superposition theorem, we know that II is a Poisson process with mean measure
equal to the sum of the mean measures of each I1;.

— We can calculate this directly:

Z ap(df)(1 — )+ 2dr = apu(dl)(1 — 7)*? 2(1 — )i dn (4.7)

l—m
™

— Therefore, we’ve shown that II is a Poisson process with mean measure
ar (1 —7)* tdru(df).

— In other words, this second size-biased construction is the CRM constructed from in-
tegrating a PRM with this mean measure against the function f(6,7) = 7 along the 7
dimension. This is the definition of a beta process.
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Size-biased representation III

Definition: Let o > 0 and p be a non-atomic measure on S with y(.S) < co. The following is
a constructive definition of H ~ BP(«, ).

C; ~ Pois(1(9)), V;§) ~Beta(1,a), ¢ ~ pu/pu(S) (4.8)
i—1

H= ZZV(Z H N Viy)w% 4.9)
i=1 j=1 /=1

Like the last construction, the weights are decreasing in expectation as a function of 7.
H= Z Va8, + Z Va2 (1= Vy)da,, + Z V(1= Vi (1 = Vi) bg, + -+ (410)
7=1

The structure is also very similar. We have a Poisson-distributed number of atoms in each
group and they’re marked with an independent random variable.

Therefore, we can write H = ). H;, where each H, has a corresponding Poisson process II;
with mean measure p(.S) x (u(df)/u(S)) x N\;(m)dm, where \;(7) is the distribution of

r=Vi[[(1=V)), Vi~ Beta(l,q).
=1

By the superposition theorem, H has an underlying Poisson process Il with mean measure
equal to the sum of each H,’s mean measures: /(df) Y>>, \;(m)dm.

Therefore, all that remains is to calculate this sum (which is a little complicated).

Proof-

We focus on \;(), which is the distribution on 7 = f(V4,...,V;), where f(V3,...,V;) =
Vill— L(1-V;),V; ~ Beta(1, ).

Lemma: Let T ~ Gam(i — 1, ). Then e™ T 4 H;;ll(l - Vj).

Proof: Define {; = —In(1 — V). We can show by a change of variables that £; ~ Exp(«).
The function — In HZ 1=V = z; _! ¢;. Since the V; are independent, the ¢; are indepen-

dent. We know that sums of i.i.d. exponential r.v.’s are gamma distributed, so 7" = 23211 & is
distributed as Gam(: — 1, «). That is, —In H;;ll(l - Vj) LT~ Gam(i — 1, «v) and the re-
sult follows because the same function of two equally distributed r.v.’s is also equally distributed.

We split the proof into two cases, 7 = 1 and ¢z > 1.

Case i = 1: Vj; ~ Beta(1, a), therefore mmy; = V3; ~ Ay (m)dr = a(1 — m)* Ldn.
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e Casei > 1:V;; ~ Beta(l,a),T;; ~ Gam(i — 1, ), m;; = Vije 7. We need to find the density
of 7;;. Let W;; = e~ 7. Then changing variables,

pw; (wla) = G 2)'w°‘ (—Inw) 4.11)
T
plug T;; = — In W;; into gamma distribution and multiply by Jacobian
e Therefore m;; = V;;W;; and using the product distribution formula
1
M(rla) — / wpy (7 ] ) puw, (] ) duw
s ai . |
= m/ w* (= Inw)" (1 — 7/w)* 'dw
1—=2) ).
o 1 '
= oo / w (= Inw) " (w — m)* tdw 4.12)
1 —2) ).

e This integral doesn’t have a closed form solution. However, recall that we only need to calculate
w(df) "2 Ai(m)dm to find the mean measure of the underlying Poisson process.

11(d0) Z i 1(dB) My () drm + p(dh) i Ai(m)dm (4.13)

=2

u(d@);)\i(w)dﬂ = u(d@);dw G f‘;)! /ﬁ L Tnw)i 2 (w — m)* Ldw

1 o i—2
_ 2 -1 a—1 (—alnw)
= pu(df)dra /7r w(w—m)* dw lz:; Ty
—_ efozln‘u: = w ™
1
= ,u(d@)dwof/ w™ O (w — 1) Tdw
(w—Tr()x 1
1 _ [e%
= ()= (4.14)
T
e Adding p(df) A (m)dm from Case 1 with this last value,
11(d6) ZA p(dd)ar (1 — 7). (4.15)

e Therefore, the construction corresponds to a Poisson process with mean measure equal to that
of a beta process. It’s therefore a beta process.
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Dirichlet processes and a size-biased construction

e We saw how beta processes can be useful as a Bayesian nonparametric prior for latent factor
(matrix factorization) models.

e We’ll next discuss BNP priors for mixture models.

Quick review

Y e 2-dimensional data generated from Gaussian with unknown
mean and known variance.

KRR

e There are a small set of possible means and an observations
| picks one of them using a probability distribution.

: o LetG = Zfi | Tr0p, be the mixture distribution on mean pa-
{ rameters — ¢;: 7th mean, 7;: probability of it

¢n ~ Disc(m) picks mean index

For the nth observation, .
* 2. x, ~ N(0.,, X) generates observation

Priors on G
e Let i be a non-atomic probability measure on the parameter space.

e Since 7 is a K-dimensional probability vector, a natural prior is Dirichlet.

Dirichlet distribution: A distribution on probability vectors

e Definition: Let oy, ..., ax be K positive numbers. The Dirichlet distribution density function
is defined as

K
Dir(r|ay, ..., ax) = MHw?i—l (5.1)

30
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e Goals: The goals are very similar to the beta process.

1. We want K — o0
2. We want the parameters «, . .., @k to be such that, as K — oo, things are well-defined.

3. It would be nice to link this to the Poisson process somehow.

Dirichlet random vectors and gamma random variables

e Theorem: Let Z; ~ Gam(«;,b) fori = 1,..., K. Define m; = Z;/ ZJK:1 Z; Then
(71, ..., 7x) ~ Dir(ar, . .., ax). (5.2)

Furthermore, mand Y = E;il Z; are independent random variables.

e Proof: This is just a change of variables.

K

K
- p(Zh...,ZK) :Hp( H Zoaz—l —bZ;
=1

=1

- (Zy,.. . Zr) = f(Y,m) = (Y7, ..., Yag 1, Y (1 =38 m)

- pyoY,m) = Py(f(Y,7))-|J(f)] < J(-) =Jacobian

on ... Oh  on Yy 0 - ™
om oK _1 9)% 0 Y 0 o
—an=| -1,
ofx ... _Ofx_ Ofk : K1
871'1 87‘(‘]{_1 oY _Y _Y .« .. 1 — Zz:; 7Ti
— One can show that |J(f)| = Y1
— Therefore
Koo K-1
PO = Ty e ™™t (1= 3 m)

N

Yzl ailebY:|

Gam(3_; cvi, b) Dir(ai,...,ak)
e We’ve shown that:

1. A Dirichlet distributed probability vector is a normalized sequence of independent gamma
random variables with a constant scale parameter.

2. The sum of these gamma random variables is independent of the normalization because
their joint distribution can be written as a product of two distributions.

3. This works in reverse: If we want to draw an independent sequence of gamma r.v.’s, we
can draw a Dirichlet vector and scale it by an independent gamma random variable with
first parameter equal to the sum of the Dirichlet parameters (and second parameter set to
whatever we want).
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Dirichlet process

Definition: Let o > 0 and p a non-atomic probability measure on S. For all partitions of S,
Ay,..., Ag, where A;NA; = fori # j and U, A; = S, define the random measure G on S
such that

(G(Ay),...,G(Ag)) ~ Dir(ap(Ay), ..., au(Ag)). (5.4)

Then G is a Dirichlet process, denoted G ~ DP(au).

Dirichlet processes via the gamma process

Pick a partition of S, Ay,..., Ax. We can represent G ~ DP(ayu) as the normalization of
gamma distributed random variables,

(G(A),...,G(4)) = (Cé,((;), o Cé,(é";)) (5.5)
G'(4A;) ~ Gam(ou(4;),b),  G'(S) =G'(UF_A) ZG’ (5.6)

Looking at the definition and how G’ is defined, we realize that G’ ~ GaP(ay, b). Therefore, a
Dirichlet process is simply a normalized gamma process.

Note that G'(S) ~ Gam(a, b). So G'(S) < oo with probability one and so the normalization
G is well-defined.

Gamma processes and the Poisson process

Recall that the gamma process is constructed from a Poisson process.

Gamma process Let N be a Poisson random measure on S X R, with mean measure
ap(df)z"" e **dz. Define G'(A;) = [, [;° N(df,dz)z. Then G' ~ GaP(ay, b).

s

@72t e Since the DP is a rescaled GaP, this shares the same
B properties (from Campbells theorem)

— For example, it’s an infinite jump process.

‘ — However, the DP is not a CRM like the GaP

1 since G(A;) and G(A;) are not independent for
‘ ‘. N disjoint sets A; and A;. This should be clear
R R T . S, S L since GG has to integrate to 1.

)
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Dirichlet process as limit of finite approximation

This is very similar to the previous discussion on limits of finite approximations to the gamma
and beta process.

Definition: Let o > 0 and p a non-atomic probability measure on S. Let

K
GK:ZWZ“SGN 7w~ Dir(a/K,...,a/K), 0, < (5.7)

Then limg oo Gx = G ~ DP(au).

Rough proof: We can equivalently write

* Z;
Gx = Z (Z] 7 ) s,,  Zi~Gam(a/K,b), 6~ p (5.8)

If G = S°% | Z:6y,, we've already proven that G — G’ ~ GaP(au, b). G is thus the limit
of the normalization of G'. Since limg_,,, G (S) is finite almost surely, we can take the
limit of the numerator and denominator of the gamma representation of G separately. The
numerator converges to a gamma process and the denominator its normalization. Therefore,
G i converges to a Dirichlet process.

Some comments

This infinite limit of the finite approximation results in an infinite vector, but the original
definition was of a K dimensional vector, so is a Dirichlet process infinite or finite dimensional?
Actually, the finite vector of the definition is constructed from an infinite process:

G(A;) = lim Gi(4)) = lim Z 0, (A (5.9)
Since the partition Ay, ..., Ay of S is of a continuous space we have to be able to let X' — oo,

so there has to be an infinite-dimensional process underneath G.

The Dirichlet process gives us a way of defining priors on infinite discrete probability distribu-
tions on this continuous space .S.

As an intuitive example, if S is a space corresponding to the mean of a Gaussian, the Dirichlet
process gives us a way to assign a probability to every possible value of this mean.

Of course, by thinking of the DP in terms of the gamma and Poisson processes, we know that an
infinite number of means will have probability zero, and infinite number will also have non-zero
probability, but only a small handful of points in the space will have substantial probability.
The number and locations of these atoms are random and learned during inference.

Therefore, as with the beta process, size-biased representations of G ~ DP () are needed.
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A “stick-breaking” construction of G ~ DP(a)

Definition: Let o > 0 and 1 be a non-atomic probability measure on S. Let
Vi ~ Beta(1, a), 0; ~ (5.10)

independently for ¢ = 1,2, ... Define

e’} 1—1
G=>Y Vi[[(1=V))d.. (5.11)
i=1  j=1

Then G ~ DP(au).

Intuitive picture: We start with a unit length stick and break off proportions.

5w s T, . (1 — Vo)(1 — V4) is what’s left
=i, @ ?“;‘“1“”*“'“;_:’:) 1 4 G = Vidy, + after the first two breaks. We
\ ,,‘ s ] i - take proportion V3 of that for 03

N - iy
el | D}?\—r > and leave (1—V3)(1—-V5)(1—17)

vy ‘/\/x B ‘/2<]. — ‘/1)(592 +

\fi “V) (v \

c% Tig Tg By 2X)
>0 ¢ }»‘%—*—E_fb ¥ 1 Va(1 — V5)(1 — V4)ds, +

A
V/ (’ ¥ Ve

Getting back to finite Dirichlets

Recall from the definition that (G(4,),...,G(Ak)) ~ Dir(au(A;),. .., au(Ag)) for all par-
titions Ay, ..., Ag of S.

Using the stick-breaking construction, we need to show that the vector formed by

o0

ZMH (1 —V;)ds,(Ar) (5.12)

fork =1,..., K is distributed as Dir(apuy, . .., aur), where iy = pu(Ag).

Since P(0; € Ay) = u(Ayx), d,(Ax) can be equivalently represented by a K-dimensional
vector ey, = (0,...,1,...,0), with the 1 in the position Y; and Y; ~ Disc(f1, . .., k) and the
rest 0.

Letting m; = G/(A;), we therefore need to show that if

9
itd

T = ZVZH Viey,, Vi~ Beta(l,a), Y; ZFi(fDisc(ul, e ) (5.13)

Then 7 ~ Dir(ap, ..., auk).
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e Lemma: Let 7 ~ Dir(a; + b1, ...,ax + bx). We can equivalently represent this as
= VY—l—(l—V)I/V, VNBeta(Zkak,Zkbk),
Y ~ Dir(ay,...,ax), W ~ Dir(by,...,bxk) (5.19)

Proof: Use the normalized gamma representation: 7m; = Z;/ > i L Zir~ Gam(a; + b;, ¢).

— We can use the equivalence

7Y ~ Gam(as,c), Z' ~Gam(b,c) < Z + 7Y ~Gam(a; + bi,c) (5.15)

]

— Splitting into two random variables this way we have the following normalized gamma
representation for 7

Y w Y w
T o= <ZZZ;F Zzw o %) (5.16)
> 2 zZy Zx
SLZY 2V ) \>ZY Y Z)
Vo~ Beta(i ai,zi bl) Y ~ Dir(z ..... aK)
n >z z\Y Zy
>zl +ZY ZiZiVV’” ZZW
1~ W~ Dit(bi....bxc)

— From the previous proof about normalized gamma r.v.’s, we know that the sums are
independent from the normalized values. So V', Y, and W are all independent.

e Proof of stick-breaking construction:

— Start with m ~ Dir(ay, . .., aug). Also, we use a; = ay; in parts below.

- Step 1:

POZ00) 11 et _ (= | D000 7 i
11 (Z J) Mt 1 (5.17)

(2

K K
_ ap;  T(a) |1
— ap; [[;T(ai) &1

K K
_ Z I'(l+a) I
- I'(l+ O‘J) Hz‘;ﬁj I'(ev) iy '
= DirFC:#+€j)
— Therefore, a hierarchical representation of Dir(ayy, . . ., apuk) is

Y ~ Discrete(u1, ..., pur), 7~ Dir(ap+ ey). (5.18)
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— Step 2:
From the lemma we have that 7 ~ Dir(au + ey) can be expanded into the equivalent
hierarchical representation 7 = VY’ + (1 — V)7, where

V ~Beta(d ey (i), >, ap;), Y ~Dir(ey) , 7w ~Dir(ap,...,aux) (5.19)
—_— —— —_————

=1 =« = ey with probability 1

— Combining Steps 1& 2:
We will use these steps to recursively break down a Dirichlet distributed random vector
an infinite number of times. If

m=Vey +(1-V)7, (5.20)

V ~Beta(l,a), Y ~ Disc(p,...,ux), = ~ Dir(aps,...,aux),
Then from steps 1 & 2, m ~ Dir(apy, . . ., apik).

— Notice that there are Dir(ap, . .., apu) r.v.’s on both sides. We “broke down” the one
on the left. We can continue by “breaking down” the one on the right:
7= Viey, + (1 — V) (Vaey, + (1 — Vo)7") (5.21)
v, Beta(1, ), Y; “ Disc(pt1, .., pux), 7 ~ Dir(apy, ..., aug),

7 is still distributed as Dir(ay, . . ., apig).

— Continue this an infinite number of times:

00 i—1
iid Wd 1~
7= Vi[[@-Vjey, Vi%¥Beta(l,a), Y;~Disc(u,... ux). (522)
i=1  j=1

Still, following each time the right-hand Dirichlet is expanded we get a Dir( a1, . . ., i)
random variable. Since limp_. HJT=1 (1 —V;) =0, the term pre-multiplying this RHS
Dirichlet vector equals zero and the limit above results, which completes the proof.

e Corollary:

If G is drawn from DP (o) using the stick-breaking construction and 5 ~ Gam(«, b) indepen-
dently, then G ~ GaP(apu, b). Writing this out,

e’} i—1
G =3BV -vi))s, (5.23)
i=1 j=1

o We therefore get a method for drawing a gamma process almost for free. Notice that o appears
in both the DP and gamma distribution on 3. These parameters must be the same value for SG
to be a gamma process.
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Dirichlet process extensions, count processes

Gamma process to Dirichlet process

Gamma process: Let @ > 0 and p a non-atomic probability measure on S. Let N (df, dw)
be a Poisson random measure on S x R with mean measure oy (df)we™““dw, ¢ > 0. For
AcC S, letG'(A) = [, [, N(d9,dw)w. Then G’ is a gamma process, G’ ~ GaP(ap, ¢), and
G'(A) ~ Gam(au(A),c).

Normalizing a gamma process: Let’s take G’ and normalize it. That is, define G(df) =
G'(d9)/G'(S). (G'(S) ~ Gam(q,c), so it’s finite w.p. 1). Then G is called a Dirichlet
process, written G ~ DP(au).

Why? Take S and partition it into K~ disjoint regions, i.e., (Ay,..., Ax), AiNA; =0, # j,
U;A; = S. Construct the vector

(G(A). ... G(Ay)) = (C’gfél)),..., G(;%f;)) | ©.1)
Since each G'(A;) ~ Gam(au(A4;),c), and G'(S) = Zfil G'(A;), it follows that
(G(Ay),...,G(Ak)) ~ Dir(au(Ay), ..., au(Ak)). (6.2)

This is the definition of a Dirichlet process.

The Dirichlet process has many extensions to suit the structure of different problems.

We’ll look at four, two that are related to the underlying normalized gamma process, and two
from the perspective of the stick-breaking construction.

The purpose is to illustrate how the basic framework of Dirichlet process mixture modeling can
be easily built into more complicated models that address problems not perfectly suited to the
basic construction.

Goal is to make it clear how to continue these lines of thinking to form new models.

37
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Example 1: Spatially and temporally normalized gamma processes

Imagine we wanted a temporally evolving Dirichlet process. Clusters (i.e., atoms, §) may arise
and die out at different times (or exist in geographical regions)

Time-evolving model: Let N (df, dw, dt) be a Poisson random measure on S x R, x R with

mean measure ap(df)w e~ dwdt. Let G'(df,dt) = [;° N(df,dw,dt)w. Then G’ is a
gamma process with added “time” dimension ?.

(There’s nothing new from what we’ve studied: Let 6* = (0, t) and apu(d0*) = au(df)dt.)

For each atom (0, t) with G'(df, dt) > 0, add a marking v;(6) (S Exp(\).
We can think of y;(#) as the lifetime of parameter 6 born at time ¢.

By the marking theorem, N*(df, dw, dt, dy) ~ Pois (oyu(df)w e~ dwdt e ™Y dy)

—‘f Had e
. S ———
i [N AT 5 v
e—birth Y e

At time t’, construct the Dirichlet process GG; by normalizing over all atoms “alive” at time ¢.
(Therefore, ignore atoms already dead or yet to be born.)

Spatial model: Instead of giving each atom 6 a time-stamp and “lifetime,” we might want to
give it a location and “region of influence”.

Replace ¢t € R with x € R? (e.g., latitude-longitude). Replace dt with dx.
Instead of y,(0) ~ Exp(\) = lifetime, y,(0) ~ Exp(\) = radius of ball at x.

e (&, is the DP at location 2.

- —~ ® It is formed by normalizing over all

\ " A ! Y\ // atoms 6 for which
u L y

Ve ’LZ x' € ball of radius y,(0) at x




Chapter 6  Dirichlet process extensions, count processes 39

Example 2: Another time-evolving formulation

We can think of other formulations. Here’s one where time is discrete. (We will build up to this
with the following two properties).

Even though the DP doesn’t have an underlying PRM, the fact that it’s constructed from a PRM
means we can still benefit from its properties.

Superposition and the Dirichlet process: Let G| ~ GaP(ajuy,c) and Gy ~ GaP(aquse, ¢).
Then G, = G + G4 ~ GaP(aqju1 + aapio, ¢). Therefore,

G/
Giys = =2 ~DP : 6.3
=G (9 (Q1pn + capin) (6.3)
We can equivalently write
G (S G G4 (S G!
Giio = 1(5) X 1 2(5) 2~ ~ DP(ayju + agjis) (6.4)

X
Gro(5)  Gi(S)  Ghya(S)  Gh(S)
—— S~ N——

Beta(al,ag) Dp(alﬂl) DP(agug)

From the lemma last week, these two DP’s and the beta r.v. are all independent.

Therefore,
G = 7TG1 + (1 — 7T)G2, T~ Beta(al, Oég), G1 ~ DP(alul), Gg ~ DP(O!Q,MQ) (65)

is equal in distribution to G ~ DP(ay i1 + aafio).

Thinning of gamma processes (a special case of the marking theorem)

We know that we can construct G’ ~ GaP(a, ¢) from the Poisson random measure N (df, dw) ~
Pois (ap(df)w e *“dw). Mark each point (¢, w) in N with a binary variable z ~ Bern(p).
Then

N(df, dw, z) ~ Pois (p*(1 — p)' Zau(dd)w™'e~“dw) . (6.6)

If we view z = 1 as “survival” and z = 0 as “death,” then if we only care about the atoms that
survive, we have

Ni(df, dw) = N(df, dw, z = 1) ~ Pois(pau(df)w e " dw). (6.7)

This is called “thinning.” We see that p € (0, 1) down-weights the mean measure, so we only
expect to see a fraction p of what we saw before.

Still, a normalized thinned gamma process is a Dirichlet process

G’ ~ GaP(pay,c), G =

— ~ DP(pay). 6.8
&) (o) (6.8)
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What happens if we thin twice? We’re marking with z € {0, 1}? and restricting to z = [1, 1],

G' ~ GaP(p’ap,c) — G ~DP(p*ap). (6.9)

Back to the example, we again want a time-evolving Dirichlet process where new atoms are
born and old atoms die out.

We can easily achieve this by introducing new gamma processes and thinning old ones.

A dynamic Dirichlet process:

Attimet: 1. Draw G} ~ GaP (o, ¢).

2. Construct G, = G 4+ G}_,, where (}_, is the gamma process
at time ¢ — 1 thinned with parameter p.

3. Normalize G; = G}/G4(S).
Why is G, still a Dirichlet process? Just look at G:
- Let G},_; ~ GaP(Gy_1fu—1, ).
— Then G;_l ~ GaP(pdy_1fis—1,c) and G} ~ GaP(aypy + ply_1fis—1,c).

- So G, ~ DP(aypu + plu—1fu—1).

By induction,

t—1

Gy ~ DP(aypy + pau_1fte—1 + PPu—opte—o + - -+ p' Lar ). (6.10)

If we consider the special case where o iy = oy for all ¢, we can simplify this Dirichlet process

1 — t
GtNDP( poz,u). 6.11)
L—=p
In the limit ¢ — oo, this has the steady state

Gs ~ DP (Lau) . (6.12)
L—p

Stick-breaking construction (review for the next process)

We saw that if « > 0 and y is any probability measure, atomic or non-atomic or mixed, then
we can draw G ~ DP(ayu) as follows:
o0

itd

i—1
V¥ Beta(l,a), 0, %p  G=Y Vi[[(-V)s, (6.13)
i=1 =1
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It’s often the case where we have grouped data. For example, groups of documents where each
document is a set of words.

We might want to model each group (indexed by d) as a mixture (G4. Then, for observation n
in 109D @ (d)
group d, 0, ~ Gg,x,’ ~ p(z|6n”’).

We might think that each group shares the same set of highly probable atoms, but has different
distributions on them.

The result is called a mixed-membership model.

Mixed-membership models and the hierarchical Dirichlet process (HDP)

As the stick-breaking construction makes clear, when p is non-atomic simply drawing each
jid , . . L
G4 ~ DP(ap) won’t work because it places all probability mass on a disjoint set of atoms.

The HDP fixes this by “discretizing the base distribution.”
Gi|Go ® DP(BGy), Gy ~ DP(ap). (6.14)

Since G is discrete, GG4 has probability on the same subset of atoms. This is very obvious by
writing the process with the stick-breaking construction:

Gy = Z 7Ti(d)(59i, (7D 7 ) ~ Dir(apy, aps, . ..) (6.15)
i=1
iid

pi=Vi[[A-V), Vi¥Beta(l,a), 6~ p

Nested Dirichlet processes

The stick-breaking construction is totally general: ;4 can be any distribution.
What if 1 — DP(ayu)? That is, we define the base distribution to be a Dirichlet process.

itd

00 i—1
iid
G~ Vi][(1=V))ds,, Vi~ Beta(l,a), G;~ DP(ap). (6.16)
i=1  j=1

(We write GG; to link to the DP, but we could have written 6; u DP(apu) since that’s what we’ve
been using.)

We now have a mixture model of mixture models. For example:

1. A group selects G ~ G (picks mixture G; according to probability V; [] ; (I =V)).
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2. Generates all of its data using this mixture. For the nth observation in group d, o\ ~ G (@),
X9~ p(x |6\,

In this case we have all-or-nothing sharing. Two groups either share the atoms and the distribu-
tion on them, or they share nothing.

Nested Dirichlet process trees

We can nest this further. Why not let y in the nDP be a Dirichlet process also? Then we would
have a three level tree.

A f‘or{r ﬁft)ague_« 3
() o
Vl (f)\\\ IA) \/L(;Uﬁ‘{'(‘ {;J(/} ]
v ([—V“ ’4 FEe] P 4
R N C %,
e o) o 9
a4 . § ‘\A:’ji;:
- / @2
/ // £ \/, \
(] A \ L3
é e A / . \\\
7 r —¥a R [
7 9l,}, # ’
4

We can then pick paths down this tree to a leaf node where we get an atom.

Count Processes

We briefly introduce count processes. With the Dirichlet process, we often have the generative
structure

G~DP(ay), GIGEG, G= mb, j=1,....N (6.17)

=1

What can we say about the count process n(f) = Zjvzl 1(0; = 0)?

Recall the following equivalent processes:

G ~ GaP(au,c) (6.20)
n(S) ~ Pois(G'(S)) (6.21)

G ~ GaP(au,c) (6.18) and
n(0)|G" ~ Pois(G'(6))(6.19)

We can therefore analyze this using the underlying marked Poisson process. However, notice
that we have to let the data size be random and Poisson distributed.

Marking theorem: Let G’ ~ GaP(au, ¢) and mark each (6, w) for which G'(0) = w > 0 with
the random variable n|w ~ Pois(w). Then (6, w, n) is a marked Poisson process with mean
measure au(df)w e dwe .
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We can restrict this to n by integrating over 6 and w.

Theorem: The number of atoms having k counts is

Hi ~ P01s // au(df)we” " dw ]; e‘w> = Pois(%(1 _1|_ C>k> (6.23)

Theorem: The total number of uniquely observed atoms is also Poisson

B e = Z TN Pms(Z - <1 Jlr C>k> — Pois(aln(l + ¢ 1) (6.24)

Theorem: The total number of counts is n(S)|G" ~ Pois(G'(S)), G' ~ GaP(au,c). So
Eln(S)] = ¢ (= 3202, kE#4)

Final statement: Let ¢ = . If we expect a dataset of size N to be drawn from G ~ DP(a),
we expect that dataset to use aIn(a + N) — aln v unique atoms from G.

A quick final count process

Instead of gamma process — Poisson counts, we could have beta process — negative
binomial counts.

Let H =73 ", mdy, ~ BP(a, p).

Let n(0) = negBin(r, H(0)), where the negative binomial random variable counts how
many “successes” there are, with P(success) = H(0) until there are r “failures” with
P(failure) = 1 — H(0).

This is another count process that can be analyzed using the underlying Poisson process.
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Exchangeability, Dirichlet processes and the
Chinese restaurant process

DP’s, finite approximations and mixture models

DP: We saw how, if a > 0 and p is a probability measure on S, for every finite partition
(Aq, ..., Ag) of S, the random measure

(G(AL), .., G(A) ~ Dir(ap(Ar), .., ap(AL)
defines a Dirichlet process.
Finite approximation: We also saw how we can approximate G ~ DP(«au) with a finite

Dirichlet distribution,

0% (0%
_7...’

K
GK:ZW@HN 7T7;NDiI‘< —>, 9%1/1.
— K K

Mixture models: Finally, the most common setting for these priors is in mixture models, where
we have the added layers

0;|G ~ G,  X;l07 ~p(X]07), j=1,...,n (Pr(0; = 0:|G) = m)

The values of 67, ..., 0> induce a clustering of the data.

If 05 = 05, for j # j' then X; and X are “clustered” together since they come from the same
distribution.

We’ve thus far focused on G. We now focus on the clustering of X, ..., X, induced by G.

Polya’s Urn model (finite Dirichlet)

To simplify things, we work in the finite setting and replace the parameter ¢; with its index .
We let the indicator variables c1, . .., ¢, represent 07, . .., 0 such that 07 = 0,,.

44
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e Polya’s Urn is the following process for generating cq, . . ., ¢,:
1. For the first indicator, ¢; ~ ZZ L0
1 1 n—1 1 1
2. For the nth indicator, ¢, |c1, ..., ch_1 ~ Zj:l — L5+ | L6,

e In words, we start with an urn having 7 balls of color i for each of K colors. We randomly
pick a ball, put it back in the urn and put another ball of the same color in the urn.

e Another way to write #2 above is to define n§”‘” = Z;:ll 1(c; = 7). Then

n
Cnlcla-- y Cn— INZOé—l-n—l i

=1

To put it most simply, we’re just sampling the next color from the empirical distribution of the
urn at step n.

e What can we say about p(c¢; = iy, ..., ¢, = iy,) (write as p(cy, . . ., ¢,)) under this prior?

1. By the chain rule of probability, p(ci, ..., c.) = [[}—, p(cjler, -, ¢jo1).

a (G-1)
= Tt n;
2. c=iler, ..., c) = At —
ey =iler....cp) = B 5
3. Therefore,
n o o« (3-1)
= T+ N¢;
plern) = pler)plesle)pleslerea) - = || S (7.1)
e a+j—1
e A few things to notice about p(cy, ..., ¢,)
1. The denominator is simply H?Zl(oz +j—-1)
2. ngfl) is incrementing by one. That is, after 1., we have the counts (n&"), cee n%)) For

(n)

(n)
each n;" the numerator will contain [],", (£ + s — 1).

3. Therefore,

[ T (3 s - 1)

(7.2)

pler, ... cn) = -
[[ioi(a+j—1)
e Key: The key thing to notice is that this does not depend on the order of ¢y, . .., ¢,. That is, if
we permuted ¢y, . . ., ¢, such that ¢; = i,(;), where p(-) is a permutation of (1,...,n), then
pler =1, ..., = 1) = P(C1 = lpa)s -5 Cn = lp(n))-

e The sequence cy, ..., c, is said to be “exchangeable” in this case.
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Exchangeability and independent and identically distributed (iid) sequences

¢ Independent sequences are exchangeable

n n

pler, ) = [ ple) = T]p(eow) = pleoys s Com)- (7.3)
i=1 i=1
e Exchangeable sequences aren’t necessarily independent (exchangeability is “weaker”). Think

of the urn. ¢; is clearly not independent of ¢y, ..., c;_;1.

Exchangeability and de Finetti

e de Finetti’s theorem: A sequence is exchangeable if and only if there is a parameter m with
distribution p(7) for which the sequence is independent and identically distributed given .

o In other words, for our problem there is a probability vector 7 such that p(cy..|7) = [[}_, p(c;|m).

e The problem is to find p(7)
perren) = [ plereealmp(min
— [T stesmpin)an
j=1
= /chjp(w)dw
j=1

koo
= /szz p(m)dr
i=1

\ 3
K n(-n> K
o (L +s—1 ™
Uollulire U g Ia (7:4)
Hj:1<04 +j-1) i1

e Above, the first equality is always true. The second one is by de Finetti’s theorem since
c1, ..., Cq 1s exchangeable. (We won’t proven this theorem, we’ll just use it.) The following
results. In the last equality, the left hand side was previously shown and the right hand side is
what the second to last line is equivalently written as.

e By de Finetti and exchangeability of ¢y, . .., ¢,, we therefore arrive at an expression for the
moments of 7 according to the still unknown distribution p(7).
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e Because the moments of a distribution are unique to that distribution (like the Laplace trans-

form), p() has to be Dir($, . .., %), since plugging this in for p(7) we get

K K K

(™) T 2
B |[]m" | = /H i (aooK [[7= an
=1 =1 F<?) =1
K a
_ Do) [TL, T(% +ny) ['(a+n) Hw”*x

L(£)ET (o + n) Hl RN i

-~

= Dir( g +n1,..., g +nk)

(o) [T, T(%)Hm( +s—1)

Hi[;Hn— (g +s—1)
D (7.5)
a+j—1)
e This holds for all n and (n4, ...,ny). Since a distribution is defined by its moments, the result
follows.

¢ Notice that we didn’t need de Finetti since we could just hypothesize the existence of a 7 for
which p(c1.,|m) = [ [, p(c;|7) and try to find it. It’s more useful when the distribution is more
“non-standard,” or to prove that a 7 doesn’t exist.

(n) o
« Final statement: As n — 00, the distribution S°* TJ;K(SZ- — YK 7.
— This is because there exists a 7 for which ¢4, ..., ¢, are iid, and so by the law of large

numbers the point 7* exists and 7% = 7.

— Since 7 ~ Dir(%, ..., %), it follows that the empirical distribution converges to a random

vector that is distributed as Dir(, ..., ).

The infinite limit (Chinese restaurant process)

e Let’s go back to the original notation:

K
x . a « iid
9j|GK~GK, G = g mi0p;, 7 ~ Dir( 0; ~ .

p E,...7E)7

e Following the exact same ideas (only changing notation). The urn process is

K o (n—1)
© TN iid
0r107,...,0°_, ~ K S, 0,
nl 1 »Ym—1 — Oé+n_1 917 Iu

e We’ve proven that limg_,., Gx = G ~ DP(au). We now take the limit of the corresponding
urn process.
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e Re-indexing: At observation n, re-index the atoms so that 5-"71) >0forj=1,...,K ;and
ng.n*l) =0forj > K ,. (K | =#unique values in 67, ) Then

Ky (n—1) K
a4 a 1
9*9 ~ K—5 _ —dy.. 7.6
nl Ot L~ a+4+n—1 +a—l—n—l Z K (7.6)
i=1 i=1+K |

e Obviously forn > K, K" ;| = K very probably, and just the left term remains. However,
we’re interested in A — oo before we let n grow. In this case

L (n 1) =D
. VYV s —
a+n—1 a+n—1
US|
2. j{: ——6& — M.
i=1+K_

n—1

e For #2, if you sample K times from a distribution and create a uniform measure on those
samples, then in the infinite limit you get the original distribution back. Removing K | < oo
of those atoms doesn’t change this (we won’t prove this).

The Chinese restaurant process

e Let a > 0 and p a probability measure on S. Sample the sequence 607, ...,0;, 6* € S as
follows:
1. Setd] ~
* | O* 1 «
2. Sample 0%|05,...,60% | ~ ZJ 1 o100 + s
Then the sequence 07, ..., 0 is a Chinese restaurant process.

e Equivalently define ngn_l) = Y"2"1(6% = 6;). Then

Jj=1 J

" ~1)
n, (6%
OL07, . Oy ~ Y g+ ————p
alfrs - O i:1a+n—19’+0c+n—1’u

e Asn — 0o, —2— — (0 and
a+n—1

n,;
— ~ DP .
; e — G = z; 700, (ap). (7.7)

¢ Notice with the limits that K first went to infinity and then n went to infinity. The resulting
empirical distribution is a Dirichlet process because for finite K the de Finetti mixing measure
is Dirichlet and the infinite limit of this finite Dirichlet is a Dirichlet process (as we’ve shown).
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Chinese restaurant analogy

¢ An infinite sequence of tables each have a dish (parameter) placed on it that is drawn iid from
1. The nth customer sits at an occupied table with probability proportional to the number of
customers seated there, or selects the first unoccupied table with probability proportional to .

TN -
= AN .

\ t
N

{ r

(/Uef.ofc/, ;% TP T —

e “Dishes” are parameters for distributions, a “customer” is a data point that uses its dish to
create its value.

Some properties of the CRP

e Cluster growth: What does the number of unique clusters K" look like as a function of n?

K =377 1(0; #6;_;) < this event occurs when we select a new table

. * * a * * _ Oé
E[K:{] = ZE[E(QJ‘ # 9e<j)] = ZP(Hj # 9€<j) = Z ari—1 ~alnn
J=1 Jj=1 j=

«

Where does this come from? Each ¢} can pick a new table. 67 does so with probability g

e Cluster sizes: We saw last lecture that if we let the number of observations n be random, where
nly ~ Pois(y),  y~ gam(a,a/n),
then we can analyze cluster size and number using the Poisson process.

- E[n] = E[E[n|y]] = E[y] = n < expected number of observations
- KF ~Pois(aln(a + n) — alnar) < total # clusters
— Therefore E[K,] = aIln((« +n)/a) (compare with above where n is not random)

- ng ﬂ(ngn) = k) ~ Pois (%(ﬁ)k) +— number of clusters with k observations

e [t’s important to remember that n is random here. So in #2 and #3 above, we first generate
n and then sample this many times from the CRP. For example, E[K ] is slightly different
depending on whether n is random or not.
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Inference for the CRP

Generative process: X, |05 ~ p(X|0%), 6105, ~ S ——00r + . @ > 0 s

“concentration” parameter and we assume /. is a non-atomic probability measure.

Posterior inference: Given the data X, ..., X,y and parameters « and p, the goal of inference
is to perform the inverse problem of finding 67, ...,0%. This gives the unique parameters
61.x, = unique(#;., ) and the partition of the data into clusters.

Using Bayes rule doesn’t get us far (recall that p(B|A) = 2AEPE)

p(A)
N 00
p(b1,0s,...,0] v| X1n) = [Hp(Xjo)] p(67.n) Hp(&i)/intractable normalizer (7.8)
=1 i=1

Gibbs sampling: We can’t calculate the posterior analytically, but we can sample from it: Iterate
between sampling the atoms given the assignments and then sampling the assignments given
the atoms.

Sampling the atoms 61, 6o, . ..

This is the easier of the two. For the Ky unique clusters in 607, . . ., 6% at iteration ¢, we need to
sample 0, ...,0k,.

Sample 6;: Use Bayes rule,

P00, 07, X1:n) o H p(X;10:) | x p(6:) (71.9)
5:0% =0, g
i prior (p)
likeﬁgood

In words, the posterior of #; depends only on the data assigned to the ith cluster according to
07,...,0%.

We simply select this subset of data and calculate the posterior of #; on this subset. When x
and p(X|0) are conjugate, this is easy.

Sampling 07 (seating assignment for X)

Use exchangeability of 07, ..., 0} to treat X as if it were the last observation,

p(07|X1.n, 0,07 ;) o p(X;]07,0)p(07]0" ;) < also conditions on “future” 0, (7.10)

Below is the sampling algorithm followed by the mathematical derivation

* R—
set Qj =

{ 0; w.p. o p(X;|6;) Zn# 1(0;, = 0;), 0; € unique{0”;}
)

new Np(0|XJ) wW.p. X Oéfp(X]|9>p<9)d0
(7.11)



Chapter 7  Exchangeability, Dirichlet processes and the Chinese restaurant process 51

The first line should be straightforward from Bayes rule. The second line is trickier because we
have to account for the infinitely remaining parameters. We’ll discuss the second line next.

First, return to the finite model and then take the limit (and assume the appropriate re-indexing).
Define: n;” = #{05: 0" =0,n #j}, K_j = #unique{0* ;}.

Then the prior on 07 is

X n;? « Ko
HO* o~ i . iy 12
0:16” , ;&+n_1591+a+n_1;K(591 (7.12)

The term Zfil =0p, overlaps with the K_; atoms in the first term, but we observe that

K_;/JK — 0as K — oo.

First: What’s the probability a new atom is used in the infinite limit (K — 00)?

K
. 1
P(0; = Oneu X, 075) oc Jim a )y | —p(X;(60:) (7.13)
=1
Since 6; % 1,
K
. 1
Jin S0 p(618) = BpCG10) = [ p(X[0n(d0) (7.14)
=1

Technically, this is the probability that an atom is selected from the second part of (7.12) above.
We’ll see why this atom is therefore “new” next.

Second: Why is 6,,.,, ~ p(0|X;)? (And why is it new to begin with?)
Given that 9;-‘ = 0,00, We need to find the index ¢ so that 0,,.,, = 6, from the second half of
(7.12).
P(Onew = 0:| X5, 07 = Onew) o p(Xj|Onew = 0:)D(Onew = 0i]0; = Onew)
o Jim p(X;16) 7 = p(X,[0)a(d0) (7.15)
S0 p(Onew| X;) o< p(X;[0)u(do).

Therefore, given that the atom associated with X is selected from the second half of (7.12),
the probability it coincides with an atom in the first half equals zero (and so it’s “new” with
probability one). Also, the atom itself is distributed according to the posterior given X ;.



Chapter 8

Exchangeability, beta processes and the Indian
buffet process

Marginalizing (integrating out) stochastic processes

We saw how the Dirichlet process gives a discrete distribution on model parameters in a
clustering setting. When the Dirichlet process is integrated out, the cluster assignments form a
Chinese restaurant process:

N
por. 03 = [ T[nei6) pGydc 8.1)
Chinese restaurant process N , DP

i.i.d. from discrete dist.

There is a direct parallel between the beta-Bernoulli process and the “Indian buffet process™:

N
o2 2v) = [ T oizlt gty an (8.2)
\'—,_/ i ——
Indian buffet process \ , BP

Bernoulli process

As with the DP—CRP transition, the BP—IBP transition can be understood from the limiting
case of the finite BP model.

Beta process (finite approximation)

Let & > 0, v > 0 and ;1 a non-atomic probability measure. Define
K
Hy =Y mby, m~Beta(ag,a(l—3), 60;~p. (8.3)
i=1

Then limg o, Hx = H ~ BP(«, y11). (See Chapter 3 for proof.)

52
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Bernoulli process using H i

Given Hy, we can draw the Bernoulli process ZX|Hy ~ BeP(Hy) as follows:

K
i=1

Notice that b;,, should also be marked with K, which we ignore. Again we are particularly
interested in limg o (Z5, ..., ZK).

To derive the IBP, we first consider

N
: K\ _ 1 K
dim p(Z{iy) = lim / l_Ilp(Zn |Hi)p(Hic)dH. (8.5)
We can think of ZX ... Z¥ in terms of a binary matrix, Bx = [b;,], where

iid .
1. each row corresponds to an atom, ¢; and b;,, ~ Bern(m;) for row i

2. each column corresponds to a Bernoulli process, ZX for column n

Important: The rows of B are independent processes.

Consider the process b, |m; “ Bern(m;), m; ~ Beta(a, (1 — #)). The marginal process
bi1, ..., b;n follows an urn model with two colors.

Polya’s urn (two-color special case)

1. Start with an urn having ay/ K balls of color 1 and (1 — v/ K) balls of color 2.

2. Pick a ball at random, pit it back and put a second one of the same color

Mathematically:

« N N
éO

: a(l—2%)+N-—n
N+1|bit N at N 1+

a+ N

where n{") = Zﬁvzl b;;. Recall from exchangeability and de Finetti that

i

(N)
[}13100 —— — m; ~ Beta(aZ, a(l — %)) (8.6)
Last week we proved this in the context of the finite symmetric Dirichlet, 7 ~ Dir($, ..., #).

The beta distribution is the two-dimensional special case of the Dirichlet and the proof can be
applied to any parameterization besides symmetric.
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e In the Dirichlet—CRP limiting case, K corresponds to the number of colors in the urn and
K — oo with the starting number of each color % — 0.

¢ In this case, there are always only two colors. However, the number of urns equals K, so the
number of urn processes is going to infinity as the first parameter of each beta goes to zero.

An intuitive derivation of the IBP: Work with the urn representation of Bx. Again, b;, is entry
(7,n) of By and the generative process for By is

2y 4 (M) a(l—X2)+N-—n
K ) (51+ ( K)

a+ N a+ N

()
5 (8.7)

bi,N—l—llbil» s 7biN ~

)

7K = S°K b;,05, using what we have.

N . . .
where n; ' = i1 b;;. Each row of By is associated with a 0; ~;;q /1 SO We can reconstruct

e Let’s break down limx_,., By into two cases.

Case n = 1: We ask how many ones are in the first column of B?

K
lim Y by ~ lim Bin(K, v/ K) = Pois(y) (8.8)
=1

K—o00 4

So Z; has Pois(7y) ones. Since the ¢ associated with these ones are i.i.d., we can “ex post facto”
draw them i.i.d. from p and re-index.

Case n > 1: For the remaining Z,,, we break this into two subcases.

e Subcase nl("*l) > 00 binlbity - bip1 ~ i 5 + atn n; 5
’ atn—1 at+n—1
n— at oa(l—L)+n—1
e Subcase ng D _ 0 bin|bit, - - bin_1 ~ lim K 5 ( K) 5

K—coox+mn—1 a+n—1

e For each 1, (ﬁ%) %51 — 001, but there are also an infinite number of these indexes ¢ for
(n—1)
i

there are total for these indexes with n("_l) =0?

i

which n = 0. Is there a limiting argument we can again make to just ask how many ones

e Let K, = #{i : n\""" > 0}, which is finite almost surely. Then

K
. (n—1) 4 1 —Oé’)/ 1 = i _CVY
lzmkaoiz;bin]l(ni =0) ~ I}LmooBm <K — K (a +n— 1>§> B POIS(a +n— 1)

8.9
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e So there are Pois (a fg—l) new locations for which b;, = 1. Again, since the atoms are i.i.d.

regardless of the index, we can simply draw them i.i.d. from g and re-index.

Putting it all together: The Indian buffet process

e Forn = 1: Draw C; ~ Pois(y), 61, ...,0c, % L and set Z; = S b,

e Forn >1:LetK,_; = 2?711 Cj.Fori=1,..., K, 4, draw

(n—1) (n—1)
n; at+n—1-n,
bin|bi1m—1 ~ ———6 ——0dp. 8.10
1bi1:n—1 a—l—n—11+ T 0 ( )
Then draw C), ~ Pois(af;1> and Ok, ,4+1,...,0k, ,+c, i  and set
Kn—l Kn—1+cn
Zn=Y biwbo, + Y by, (8.11)
i=1 #=Kp_1+1

e By exchangeability and de Finetti, limy_,o, + Zf\il Z; — H ~ BP(a, yp).

The IBP story: Start with o customers not eating anything.

1. A customer walks into an Indian buffet with an infinite number of dishes and samples
Pois() of them.

2. The nth customer arrives and samples from the previously sampled dishes with probabil-
ity proportional to the number of previous customers who sampled it, and then samples

Pois =22 new dishes.
a+n—1

¢ In modeling scenarios, each dish corresponds to a factor (e.g., a one-dimensional subspace)
and a customer samples a subset of factors.

e Clearly, after n customers there are » . , C; ~ Pois(Z?z1 afj_1> dishes that have been

sampled. (See Chapter 3 for another derivation of this quantity.)



Chapter 9

Another look at constructive definitions of the beta
and Dirichlet process

It isn’t always obvious how equivalent representations for stochastic processes are arrived at,
such as constructions for the Dirichlet and beta process. Often the proof of correctness requires
the statement of equivalence as a starting point. We’ll next look at alternative methods for
deriving the constructions we’ve looked at that don’t require the construction as a starting point.

BP constructions and the IBP

From Chapter 4: Let o,y > 0 and ;2 a non-atomic probability measure. Let

. avy .
C, NPms(m>, iy ~Beta(l,a+i—1), 6~ p ©.1)

and define H = ) .-, ch;l 4509, Then H ~ BP(a, yp).

We proved this using Poisson process theory. Now we’ll show how this construction can be
arrived at in the first place.

Imagine an urn with /3; balls of one color and /3, of another. The distribution on the first draw
from this urn is
b o

o1 + -
BitBe ' PitBr
Let (by, bo, . . . ) be sequence generated from an urn process with this initial configuration. Then
as we have seen, in the limit N — oo, % Zf\il b; — m ~ Beta(f1, 52).

Key: We can skip the whole urn procedure if we’re only interested in 7. That is, if we draw
from the urn once, look at it and see it’s color one, then the urn distribution is

pfr1+1 Ba
01 + )
1+ﬁ1+521 1+51+520

We can ask: what will happen if we continue after this first draw? What is the differenc between
this “posterior” configuration and another urn where this is defined to be the initial setting? It

56
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shouldn’t be hard to convince yourself that, in this case, as N — oo,

N
%Zm{bl —1} — 7~ Beta(B, + 1, 3).

i=1

This is because the sequence (b; = 1,b9, b3, ...) is equivalent to an urn process (b, b3, . . .)
where the initial configuration is #; + 1 of color 1 and (3, of color 0.

Furthermore, we know from de Finetti and exchangeability that if 73, ..., Zy are from an IBP,
then limy o0 vazl Z; — H ~ BP(a,yu). Right now we’re only interested in this limit.

Derivation of the construction via the IBP

For each Z,,, there are C,, ~ Pois <a fnﬁl) new “urns” introduced with the initial configuration

91 + (a+n — 1)dy, where 0; indicates the corresponding atom was used (it doesn’t matter what
that atom turned out to be). The initial distribution for the next draw is the normalization of
this. From this point on, each new urns can be treated as independent processes. Notice that
this is the case for every instantiation of the IBP.

With the IBP, we continue this urn process. Instead, we can ask the limiting distribution of the
urn immediately after instantiating it. We know from above that the new urns created at step n
will converge to random variables drawn independently from a Beta(1, o + n — 1) distribution.
We can draw this probability directly.

The results is the construction written above.

Dirichlet stick-breaking construction and the CRP

What about stick-breaking for the Dirichlet process? It turns out that knowledge about the urn
representation of the DP provided by the Chinese restaurant process suggests this in a way very
similar to how the IBP suggested the above construction of the beta process.

First, what do we know about the CRP? We know that if 67 ~ p and

N N N

n n Ny «
valliy ~ Gy = —2—=0g, + —2—0p, + -+ —Nfp
S s at N T oy N

then limy_,oo Gny = G ~ DP(apu). Here we’ve defined 6; to be the ith unique atom generated
by this process, n)¥ to be the number of atoms in 0}, equal to ; after N observations, and K
to be the number of unique atoms contained in 67 .

Now consider the first atom 6] ~ p. It might sound odd to say, but this is a probability one
event. Therefore, we know that we will always have an urn that looks like apr 4 0y, where
01 ~ . The only thing that’s random is what “color” the first observation #; has, not that we
start with an urn containing one “ball” equal to color 6;.
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N
e Now ask: If I ran out this process and only cared about limy o, a’jr—lNégl what do I know? It
N
turns out that we can definitively say that limy_,, aZ—lN = V1 ~ Beta(1, ). Therefore, we are
in a situation where

Gy — Vide, + (1 = V))G', Vi ~Beta(l,q), 61 ~

Similarly, as just stated, we know that limy_,., Gy = G ~ DP(au), so Vidg, + (1 — V1)G’
must also be a Dirichlet process. The only question now is, what does G’ equal to?

e It turns out that G’ is also the limit of a CRP that is independent of V; and 0. 1 will leave it as
a statement and not try to rigorously prove it further (since again this chapter is more intended
to show the intuition of deriving rather than proving a construction).

e However, we’re in the same recursive setting as when we first derived the stick-breaking
construction. If we know that G’ is the limit of an independent CRP, then we know that it will
start with an urn that looks like aipt + dy,, where 0 ~ p is the atom generated the second time
we choose to draw from p, and the argument repeats.

e After the second nesting, we have

Gn = Vidg, + (1 — Vi)Vadg, + (1 = Vi)(1 = VB)G", VA,V < Beta(1,a), 61,05~ p

and in the limit:

%

1
iid iid

G = ZVZ Vi)do;, Vi~ Beta(l,a), 0; ~ p

=1 7=1

Constructing beta processes by thinking about Dirichlet processes

e We next discuss a method for deriving the other stick-breaking construction of the beta process.
This approach requires knowledge about the stick-breaking construction of the Dirichlet distri-
bution (with the beta as a special case).

e Let i be a non-atomic measure on S with v = p(S) < oo and @ > 0. We saw that the
following is a constructive definition of the beta process H ~ BP(«, p),

7, i—

1
H = ZZ DT — v, 9.2)

=1 j=1 =1

C; % Pois(y), Vi) % Beta(l,a), 0~ /7.

e This construction sequentially incorporates into /1 a Poisson-distributed number of atoms
drawn i.i.d. from p /7, with each group in this sequence indexed by i. The atoms receive
weights as follows: Using an atom-specific stick-breaking construction, an atom in group ¢
throws away the first 7« — 1 breaks of its stick and keeps the ith break as its weight.
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Derivation via the finite approximation

e We prove the construction by constructing finite arrays of random variables and considering
their limit. Remember that the finite approximation is

K
Hyi = Zﬂkégk, T ~ Beta(a%,a(l - %)), O ~ /v
k=1

e We represent each beta-distributed random variable by its stick-breaking construction. Recall
that using this construction, we can draw m ~ Beta(a, b) as follows:

1. Draw an infinite sequence of random variables (V7, V5, .. .) i.i.d. from Beta(1, a + b) and

a second sequence (Y1, Y3, ... ) i.i.d. Bern(;%).

2. Construct g = Zf’:l Vi H;;ll(l —V)L(Y; =1).
3. Then as R — oo, mg — m ~ Beta(a, b).

e Using a truncated stick-breaking construction of the beta random variables in H, we can state
the following: Draw two K x R arrays of independent random variables, V}; ~ Beta(l, a)
and Yy; ~ Bern(y/K), and draw 0, ~ p/yfork=1,...,Kandi=1,..., R. Let

i—1

K R

k=1 i=1 j=1

Then H}f) converges in distribution to H ~ BP(«, i) by letting X' — oo and R — oc.

e This leads to the following thought process:

— We know that in the limit as K — oo and R — oo, HY) — H ~ BP(a, ).

— We first note that column sums of Y are marginally distributed as Bin(K,v/K), and are
independent. The ¢th column sum value gives the number of atoms that receive probability
mass at step ¢, with Y;; = 1 indicating the £th indexed atom is one of them.

— Let the set ZX = {k : Y3; = 1} be the index set of these atoms at finite approximation
level K. This set is constructed by selecting C/ ~ Bin(K,~y/K) values from {1,..., K}
uniformly without replacement. In the limit K — oo, C/ — C; with C; ~ Pois(7).

— Given k € IZ-K , we know that 7, has weight added to it from the ¢th break of its own
stick-breaking construction. As a matter of accounting, we are interested in other values j
for which Y,; = 1, particularly when j < i.

e We next show that in the limit X' — oo, the index values in the set Z; := Z>° are always unique
from those in previous sets (j < %), meaning for a given column L < R, we see new index
values with probability equal to one. We are therefore always adding probability mass to new
atoms. This is significant because we can therefore create new sticks and break them on the fly,
while letting the uniquely created atom for that weight be a proxy for the index that would have
been chosen.
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e Let E be the event that there exists a value £ € Z, N Z; for some 7 # jandi,j < L < R.
Then Pp(E) = limg oo Pr(U, i<, ZF NZJ* # 0| p). We can bound the probability of P, as
follows: -

PL(Uj<igLIiKmIJK7é®W) < Z Pu(ZF NI # 0] p)

j<i<L

Z ZPL(Ykiij = 1|p)

j<i<L k=1
L(L—1)9?
- 2 K

IN

9.3)

Therefore, for any finite integer L. < R, in the limit X' — oo the atoms 6, k € Z, are different
from all previously observed atoms with probability one since u is a diffuse measure. Since
this doesn’t depend on R, we can just let R — oo next.
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