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MAXIMUM MARGIN CLASSIFIERS



MAXIMUM MARGIN IDEA

Setting
Linear classification, two linearly separable classes.

Recall Perceptron

> Selects some hyperplane separating the classes.

» Selected hyperplane depends on several factors.

Maximum margin

To achieve good generalization (low prediction error), place the hyperplane
“in the middle” between the two classes.

More precisely, choose a plane such that its distance to the closest point in
each class is maximized. This distance is called the margin.



GENERALIZATION ERROR
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Example: Gaussian data
» Intuitively, the classifier on the left isn’t good because sampling more data
could lead to misclassifications.

» If we imagine the data from each class as Gaussian, we could frame the goal as
to find a decision boundary that cuts into as little probability mass as possible.

» With no distribution assumptions, we can argue that max-margin is best.



SUBSTITUTING CONVEX SETS

Observation
Where a separating hyperplane may be placed depends on the “outer” points
of the sets. Points in the center do not matter.

In geometric terms, we can represent each class by the smallest convex set
which contains all point in the class. This is called a convex hull.
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SUBSTITUTING CONVEX SETS

Convex hulls
A convex hull is defined by all possible weighted averages of points in a set.

That is, let xy, . . ., x, be the above data coordinates. Every point x, in the
shaded region—i.e., the convex hull— can be reached by setting

n n
Xg = E ax;, a; >0, E o =1,
=1 =1

for some (a4, .. ., ;). No point outside this region can be reached this way.



MARGIN

Definition
The margin of a classifying hyperplane H is the shortest distance between
the plane and any point in either set (equivalently, in the convex hull)

When we maximize this margin, H is “exactly in the middle” of the two
convex hulls. Of course, the difficult part is how do we find this H?



SUPPORT VECTOR MACHINES



SUPPORT VECTOR MACHINE

Finding the hyperplane
For n linearly separable points (x;,y;), ..., (x,, y,) with y; € {£1}, solve:
. 1 2
min 5wl
subject to yilxIw4+wo) > 1 fori=1,...,n

Comments
» Recall that y;(xTw + wp) > 0 if y; = sign(x/w + wy).

> If there exists a hyperplane H that separates the classes, we can scale w
and wy so that y;(x7w + wg) > 1 for all i.

» The resulting classifier is called a support vector machine. This
formulation only has a solution when the classes are linearly separable.

» It is not at all obvious why this maximizes the margin. This will
become more clear when we look at the solution.



SUPPORT VECTOR MACHINE

Skip to the end

Q: First, can we intuitively say what the
solution should look like?

A: Yes, but we won’t give the proof.

1. Find the closest two points within the
convex hulls of classes +1 and —1.

2. Connect them with a line and put a perpendicular hyperplane in the middle.

3. If §; and Sy are the sets of x in class 41 and —1 respectively, we’re looking
for two probability vectors o) and o such that we minimize

H (D nes, a1ixi) — (X ,es, 0ixi) Hz

in conv. hull of §; in conv. hull of Sy

4. Then we define the hyperplane using the two points found with «; and ay.



PRIMAL AND DUAL PROBLEMS

Primal problem
The primal optimization problem is the one we defined:

min 4wl
»Wo
subject to yilxIw+wo)>1 fori=1,...,n

This is tricky, so we use Lagrange multipliers to set up the “dual” problem.

Lagrange multipliers
Define Lagrange multipliers o; > 0 fori = 1, ..., n. The Lagrangian is

1 n
£o= Slwl* = ol w+wo) = 1)

i=1
1 n n
= E||WH2 — Zaiyi(xiTw +wo) + Zai
i=l =l

We want to minimize £ over w and wy and maximize over (o, ..., ).



SETTING UP THE DUAL PROBLEM

First minimize over w and wy:

1 n n
= EHWHZ — Zaiyi(xiTw + W()) + Z (6%}
i=1 i=1

4

n n
VoL =w-— Z a;yix; = 0 = w= Z OYiX;

i=1
n
670:‘2%—0 = ;am:O

Therefore,
1. We can plug the solution for w back into the problem.
2. We know that (v, ..., a,) must satisfy D>, oyy; = 0.



SVM DUAL PROBLEM

Lagrangian: £ = 1|w|> = Y0, ayi(xfw+wo) + X0 v

Dual problem

Plugging these values in from the previous slide, we get the dual problem

max L= zn: Qi — % zn: 2": a,-ajy,-yj(xiTx]')
i=1

Qpyee0 =1 =1
i=1 j=

n
subject to Zaiy,-:O, a; >0 fori=1,...,n
i=1

Comments
» Where did wy go? The condition > _;_,; ayy; = 0 gives 0 - wy in the dual.
» Maximize over the «; with an algorithm to find solution. (£ is concave.)



AFTER SOLVING THE DUAL

Solving the primal problem

Before discussing the solution of the dual, we ask:

After finding each o; how do we predict a new yo = sign(xtw + wo) ?

wehad: £ = 1|w|? =3, ai(yi(xfw+wo) — 1)

where: «o; >0
Again, solving for w,
VoL=0 = w= Z a;yix;  (just plug in the learned «;’s)
i=1

What about w,?
» We can show that at the solution, o;(y;(x! w + wg) — 1) = 0 for all .

» Therefore, pick i for which a; > 0 and solve y;(x/w + wp) — 1 = 0 for
wy using the solution for w. (All possible i will give the same solution.)



UNDERSTANDING THE DUAL

Dual problem

We can manipulate the dual problem to find out what it’s trying to do.
n 1 n n
max L= Z ai— 3 Z Z aiayi;(x] %)
e i=1 i=1 j=1

n
subject to Zaiyi:O, a; >0 fori=1,...,n

Sincey,- e {-1,+1}

VZoz,yl—O = C= Za, Zaj

[ISM JESo

> ZZaajy,yj X Xj) = H Za,y,x, = C2H Z—xi —xj ’

i=1 j=1 €S




UNDERSTANDING THE DUAL

Dual problem
We can change notation to write the dual as
5 2
max =2C— fC H —x —= H
ieS; je 0
subject to C:= Zai = Zaj, ;>0
i€$) J€So

We observe that the maximum of this function also produces

2
Qi) Y
‘ (ZiGSl fxl> (ZjeSo cxj) H

in conv. hull of S; in conv. hull of Sy

min
QY yeeey, Oty

Therefore, the dual problem is trying to find the closest points in the convex
hulls constructed from data in class +1 and —1.



RETURNING TO THE PICTURE

Recall
We wanted to find:

min |ju —v|?
ueH(S)
vEH(So)

The direction of w is u — v.

We previously claimed we can find the max-margin hyperplane as follows:

1. Find shortest line connecting the convex hulls.

2. Place hyperplane orthogonal to line and exactly at the midpoint.

With the SVM we want to minimize ||w||?> and we can write this solution as

w= Za,y,x, =C Z —x, Z Exj

i€S) JESo



SOFT-MARGIN SVM (EXTENSION 1)

Question: What if the data isn’t linearly separable?

Answer: Permit training data be on wrong side of hyperplane, but at a cost.

Slack variables
Replace the training rule y;(x!w + wp) > 1 with

yi(xfw 4+ wp) > 1§,
with & > 0.

The &; are called slack variables.




SOFT-MARGIN SVM (EXTENSION 1)

Soft-margin objective function
Adding the slack variables gives a new objective to optimize

1, ‘
min —|w||*+ A ;
IR ER) ot
subject to yi(xfw+w0)21—§i for i=1,...,n

&>0 for i=1,...,n
We also have to choose the parameter A > 0. We solve the dual as before.

Role of A
» Specifies the “cost” of allowing a point to be on the wrong side.
» If \ is very small, we’re happy to misclassify.
» For A — oo, we recover the original SVM because we want &; = 0.

» We can use cross-validation to choose it.



INFLUENCE OF MARGIN PARAMETER

Training Error: 0.270
TestError: 0288
Bayes Error:  0.210

o}

A = 100000

Training Error: 0.26 =

TestError: 030
Bayes Error: 021

A =0.01

Hyperplane is sensitive to A. Either way, a linear classifier isn’t ideal. . .




KERNELIZING THE SVM (EXTENSION 2)

Primal problem with slack variables
Let’s map the data into higher dimensions using the function ¢(x;),

. L, -
min Sl +A;g

wowo, €15+ 58n

subject to yilo(x)Tw+wo) >1-& for i=1,....,n
>0 for i=1,...,n

Dual problem

Maximize over each («;, i1;) and minimize over w, wy, &1, . .., &,

*7||W||2+>‘Z£l Zaz Vi ¢( )W+W0 71+£, Z,utfl
i=1

subjectto «; >0, ;>0



KERNELIZING THE SVM (EXTENSION 2)

Dual problem

Minimizing for w, wy and each &;, we find

W*Zalyt(bxl Zatyzfo A—a;—p=0

If we plug w and p; = A — «; back into £, we have the dual problem

a{?i}én L= Z o — = Z Z Q; ajylyj x, d)( )

i=1 j=lI
K(x,,x,)

subject to Yoy =0, 0<ao <A

Classification: Using the solution w = 7| a;yi¢(x;), declare

Yo = sign( Z ayio(x0) o (x;) + wo) = sign( Z a;viK (xo,x;) + w0>
i=1 i=1



KERNELIZED SOFT-MARGIN SVM

e

Training Error: 0.160 N
Test Error:  0.218 i :
Bayes Error:  0.210 ™

Black solid line
SVM decision boundary

Classification rule

sign( Z a;yiK (xo, Xi)‘i‘Wo)

i=1

Dots
Support vectors (c; > 0)

Purple line
A Bayes classifier.



SUMMARY: SUPPORT VECTOR MACHINE

Basic SVM
» Linear classifier for linearly separable data.
» Position of affine hyperplane is sought to maximize the margin.

» The dual is convex, so we can find exact solution through optimization.

Full-fledged SVM

Ingredient Purpose

Maximum margin  Good generalization properties

Slack variables Overlapping classes, robust against outliers
Kernel Nonlinear decision boundary

Use in practice

» Software packages (many options)
» Choose a kernel function (e.g., RBF)

» Cross-validate \ parameter and any kernel parameters



