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Likelihood - a model for typical observation X conditional on unknown

parameter 6 - f(z|0)
Prior - uncertainty about the parameter before data are observed - 7 (0)
Marginal distribution of the data - m(x) = [ f(z|0")7(0")do’

Goal - update the prior using the data to make the best possible estimator of
0 - Bayes Rule
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Summary
Likelihood f(x/0)
Prior (0)
Joint h(z,0) = f(z]0)(6)
Marginal m(z) = / (6') f (x]0)do"

Posterior f(x|0)m(0)/m(x)



e Prove that E[f|X] is Bayes optimal
e Risk: R(0) = EX|9[(é(X> —0)?]
e Expected Risk: FEy[R(0)]

/ d@/fxwe O(z da: /fa:|9 z))2d0dz
- /W($|9)m(a:)(9—9(:c)) dfdz = /m . da:(/w(9|x)(0—0(a:))2d9)

= Bx[Eyx[(0(X) — 0)°]] = Ex [Eox [0(X)* + 6% — 200()]

= EX :E9|X 92] + é(X)Q - 2E0|X[‘9]é(X)]}

= Ex :EOIX 0°] — (Boix[0])” + (Eox[0])* + 0(X)* — 2E9|X[9]9A(X)]}
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_ By :VAR0|X[9]+ (0(X) — Eoix10]) ﬂ

—  VAR[f) + Ex [(é(X) _ E9|X[9])2]}



e Normal Likelihood :f(z|f) = N(0,0°) = ¢ 2\;%
— L5 (0-n)?
e Normal Prior :7(0) = N (p, 7%) = € 2\;%
e Joint distribution:
6—20%(56—9)2 6—27%(9_.“)2
h(z,0) = [f(z|0)r(0) = X

= w(0]z)m(z)
1
where p = (0—12 -+ 7—12) .
e Marginal: m(z) =N (p,0% + 72).

e Posterior: 0|X ~ N( poRe 2u+0{—;2X, ﬁ)
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e Normal Prior :m(6) = N (u, 7°) = =
e Joint distribution:
( ) 6_ 2(05/71) (3_7_9)2 6_27'% (Q_M)2
h(D,0) = f(D|0)r(0)= X x F(D
DOm0 == ey e W)
B 2 2
6_% [6_’)( (J2x/n)+7%)] e 2(T2+1a2/n) [j_“]

= 7(0|D)m(D)

~1
where p = (ﬁ -+ 7—12) .
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e Posterior: 0|D ~ N(

2/n
o2 /n+12
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e Likelihood: X|6 ~Binomial(n, 6)

e Prior: 7(6) ~ Beta(a, 8) = go—1(1—0)5—1

B(a,p)
n\pa+x—1/1_pgp\n—x+6—1
e Joint: h(X,0) = 2)e B((ix [39))
e Marginal: (") B(xgoéggf +0)

9a+m—1 (1_6)n—m+6+1
B(x+a,n—z+0)

e Posterior:

e Prior Expectation: E[X| = -2

e Prior Variance: VAR|X] = (a+ﬁ)20(‘§+5+1) is O(1/a?) for large
a and fixed (3

e Posterior Expectation :

E[Q‘X]: Ozi—;)in - (@+g+n)@iﬁ+(1_@+g+n)f




e Likelihood: D = Xl,XQ, s ,Xn ~ 77(6)
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e Gamma Prior :7(0) = G(a, B) = 904_16_50%

e Joint distribution:
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= 7(0|D)m(D)

hD,0) = f(D|0)m(0) =

e Posterion distribution: (f|D) = G(a+ > X;,n + )




e Posterion distribution: 7 (6|D) = Q(Oz + > Xi,n+ ﬁ)

e Prior mean: E[f|= &

)
e Observed mean X = + 3. X,
e Posterior mean: E[f|D] = _QZEBXZ-

_ " (ZXi)+ 5 (g)
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e as the sample size increase the prior becomes irrelevant

e prior can be improper but posterior stays proper



We have seen three convenient examples for which the posterior
distribution remained in the same family as the prior
distribution. In such a case, the effect of likelihood is only to
update the prior parameters and not to change prior’s
functional form. We say that such priors are conjugate with the
likelihood. Conjugacy is popular because of its mathematical
convenience; once the conjugate pair likelihood /prior is found,
the posterior is calculated with relative ease.



