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Abstract—Imagine the vector y = Xβ + ε where
β ∈ R

m has only k non zero entries and ε ∈ R
n

is a Gaussian noise. This can be viewed as a linear
system with sparsity constraints corrupted with noise.
We find a non-asymptotic upper bound on the error
probability of exact recovery of the sparsity pattern
given any generic measurement matrix X . By draw-
ing X from a Gaussian ensemble, as an example, to
ensure exact recovery, we obtain asymptotically sharp
sufficient conditions on n which meet the necessary
conditions introduced in (Wang et al., 2008).

I. INTRODUCTION

We study the performance of the maximum

likelihood estimate of β ∈ R
m, with k nonzero

entries, based on the observation of the following

linear model:

y = Xβ + ε,

where X ∈ R
n×m is a set of perturbation

vectors, y ∈ R
n is the output measurement and

ε ∈ R
n is the additive measurement noise, as-

sumed to be zero-mean and with known covariance

matrix equal to σ2In×n. Each row of X and the

corresponding entry of y is viewed as an input and

output measurement, respectively. And, because of

that, n is the number of measurements. Set a lower

bound βmin on the absolute value of the non-zero

entries of β and assume σ = 1; this entails no loss

of generality, by the rescaling of βmin. Finally, ‖.‖
stands for the �2-norm for the remainder of this

paper.

The following definition will be useful for the

remainder of this discussion:

Definition 1. Consider a set of integers T =
{t1, . . . , t|T |}, such that:

1 ≤ ti ≤ m, i = 1, . . . , |T |.

We say β ∈ R
m has sparsity pattern T if only

entries with indices i ∈ T are nonzero. We shall
generally denote by XT ∈ R

n×|T |, the matrix
obtained from X by extracting |T | columns with

indices i obeying i ∈ T . Further, let ST and ΠST

denote the corresponding column space of XT and
projection matrix into ST , respectively.

Assuming T is the true sparsity pattern we can

use Xβ and XT βT , interchangeably. Furthermore,

we consider measurements X such that any k
column of X are linearly independent. This ensures

that for any F �= F ′ the subspaces SF and SF
are different and have dimension equal to |F| =
k which is an identifiability criterion. Therefore,

dim(SF ) = |F| for any F such that |F| ≤ k. The

optimum maximum likelihood decoder is defined

as:

T̂ = arg min
F

‖(I − ΠSF )y‖,

for all |F| = k.

We present an upper bound on the probability

of declaring a wrong sparsity pattern based on

the optimum maximum likelihood decoder for any

measurement matrix X . We say that sparse pattern

recovery is reliable when the probability that the

optimum decoder declares the true sparsity pattern

goes to one when n → ∞. Asymptotic analysis

has been done for random measurement matrices

(Wainwright, 2007; Akcakaya and Tarokh, 2008;

Fletcher et al., 2008; Wang et al., 2008). Our

methods is different than those used in (Wain-

wright, 2007; Akcakaya and Tarokh, 2008; Fletcher

et al., 2008; Wang et al., 2008) and applies to

any generic measurement matrix X . Wainwright

analyzed the average error probability for Gaussian

measurements (Wainwright, 2007) and different

error metrics were analyzed in (Akcakaya and

Tarokh, 2008). The necessary conditions for exact

reliable sparse recovery for sparse versus dense

random measurements is examined in (Wang et al.,

2008). Furthermore, they generalized the necessary

conditions established for Gaussian measurements

in (Wainwright, 2007) to random measurement

matrices with i.i.d entries and bounded variance.
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II. GENERAL MEASUREMENT

The probability that we declare the sparsity

pattern F when the true sparsity pattern is T is

denoted PT [F|X]. We introduced it as a condi-

tional probability given the measurement matrix X .

Later we consider random matrix measurement as

a special case of our result.

Theorem 2. The probability PrT [F|X] that
the optimum decoder declares F when T is
the true sparsity pattern, given any generic
measurment matrix X , is upper bounded by
ρde−α‖(I−ΠSF )XT −FβT −F‖2

, where α = 3−2
√

2
2 ,

ρ = 2
2
√

2−1
and |F − T | = d.

It is interesting to see that error rate

depends exponentially on the projection

of XT −FβT −F to SF
c. Furthermore,

note ‖(I − ΠSF )XT −FβT −F‖2 ≥
sin2 θF,T −F‖XT −FβT −F‖2; the smallest

canonical or principle angle between SF and

ST −F defined as:

cos θF,T −F = max
v∈SF ,‖v‖2=1

max
u∈ST −F ,‖u‖2=1

vT u.

The probability that there exist a sparsity pattern

F �= T which is declared by the optimal de-

coder when the true sparsity pattern is T is upper

bounded by the union bound
∑

F�=T PT [F|X]. For

any 1 ≥ d ≥ k there exist
(
k
d

)(
m−k

d

)
sparsity pat-

terns F such that |F −T | = d and |F| = |T | = k.

A. Proof of Theorem 2

Lemma 3. Define Z = yT (ΠSF − ΠST )y, where
y ∼ N (XT βT , In×n) and let |F − T | = d, then

log E expZt ≤ −d log(
√

2 − 1
2
)

−‖ΠSF cXT −FβT −F‖2

2
(3 − 2

√
2).

Proof. First note that for y ∼ N (μ, In×n), we

have:

EetyT Ψy =
∫

et(μ+ε)T Ψ(μ+ε) e−
‖ε‖2

2

(2π)n/2
dε

=
etμT Ψμ+2t2μT Ψ(I−2tΨ)−1Ψμ

det(I − 2tΨ)
1
2

×
∫

e−
‖(I−2tΨ)1/2(ε−ε0)‖2

2

(2π)n/2 det(I − 2tΨ)−
1
2
dε,

where ε0 = 2t(I − 2tΨ)−1Ψμ. Therefore, for μ =
Xβ and Ψ = ΠSF − ΠST :

log E exp(Zt) = 2t2μT Ψ(I − 2tΨ)−1Ψμ

+tμT Ψμ − 1
2

log det(I − 2tΨ),

for |t| < 1/2. If |T −F| = d then ΠSF −ΠST has

d positive eigenvalues and d negative eigenvalues.

For every positive eigenvalue there exist a corre-

sponding negative eigenvalue with the same magni-

tude. Furthermore, the eigenvalues of the difference

of two projection matrices are upper bounded by

one. And, because of that, (I − 2tΨ) is positive

definite for t < 1/2, ‖(I−2tΨ)−
1
2 ‖2 ≤ (1−2t)−1

and I − 2tΨ has 2d eigenvalues lower bounded by

1−2t whereas the rest n−2d eigenvalues are equal

to one. Finally, note that because μ = Xβ ∈ ST ,

we have:

μT Ψμ = −‖ΠSF cXβ‖2

μT Ψ2μ = ‖ΠSF cXβ‖2,

where ΠSF c = I − ΠSF . As a consequence of

the points made in the previous paragraph and

the form of the cumulant distribution, we obtain

the following bound on the cumulant distribution

function :

log E exp(Zt) ≤ −d log(1 − u2)

− ‖ΠSF cXβ‖2

2
(u − u2

1 − u
)

,

for u = 2t. Since this inequality is true for any

|u| < 1 we take the supremum of u − u2

1−u which

is equal to 3− 2
√

2 at u = 1−
√

2
2 and obtain the

following bound:

log E exp(Zt) ≤ −‖ΠSF cXβ‖2

2
(3 − 2

√
2)

− d log(
√

2 − 1
2
).

The rest follows from:

(ΠST − ΠSF )XT βT = (I − ΠSF )XT −FβT −F .

The optimum decoder declares F when the true

sparsity pattern is T only if ‖(I−ΠST )y‖ > ‖(I−
ΠSF )y‖, therefore, by defining Z = yT (ΠSF −
ΠST )y and exploiting the Chernoff inequality, we

obtain the following bound:

PT [F|X] = PT [yT (ΠSF − ΠST )y > 0|X]
= PT [eZt > 1|X]
≤ inf

|t|≤ 1
2

E exp(Zt)

≤ ρde−α‖ΠSF c Xβ‖2
,

for α = 3−2
√

2
2 and ρ = 2

2
√

2−1
.

978-1-4244-2734-5/09/$25.00 ©2009 IEEE 15



III. GAUSSIAN MEASUREMENT

In this section we present the average error

probability for random measurement matrices and

the asymptotic upper bound on n to ensure exact

sparsity recovery for the model defined in section

I.

Lemma 4. For Gaussian measurement matrices,
with Xij ∼ N (0, 1) the average probability that
the optimum decoder declares F is upper bounded
by e−

n−k
2 log(1+2αdβ2

min)+d, where T the true spar-
sity pattern, |F − T | = d and α = 3−2

√
2

2 .

Proof is given in section V. It is worth mention-

ing other known upper bounds for PT [F ]. Wain-

wright found the following bound (Wainwright,

2007):

PT [F ] ≤ 3e
− (n−k)dβ2

min
12(dβ2

min
+8) .

Theorem 5. If

n > C� max
{

k +
log k(m − k)
log(1 + β2

min)
,

k +
k log m−k

k

log(1 + β2
mink)

}
,

for some fixed constant C� > 0 then sparse pattern
recovery is reliable.

Proof is given in section VI. We consider The-

orem 5 at six different scaling regimes for k
and βmin. For any of the six scaling regimes we

obtain the sufficient scaling of the number of mea-

surements n to guarantee reliable exact recovery.

The following corollary considers the sufficient

conditions for exact recovery in several regimes of

interest.

Corollary 6. In the following we present sharp
sufficient conditions on n to ensure exact sparsity
recovery under different scaling regimes of k and
βmin.

1) For k = Θ(m) and β2
min = Θ( 1

k ), n =
Θ(m log m)

2) For k = Θ(m) and β2
min = Θ( log k

k ), n =
Θ(m)

3) For k = Θ(m) and β2
min = Θ(1), n =

Θ(m)
4) For k = o(m) and β2

min = Θ( 1
k ), n =

Θ(k log(m − k))
5) For k = o(m) and β2

min = Θ( log k
k ), n =

Θ( k log m
k

log log k )
6) For k = o(m) and β2

min = Θ(1), n =
Θ(m), n = Θ(k log m

k

log k )

Note that for all different scalings of n the in-

equality (2) is satisfied. All except the last two have

been shown in (Wang et al., 2008) to be sharp in the

sense that they are equal to the known necessary

conditions. Since the last two upper bounds are

similar to the lower bounds found in (Wang et al.,

2008), all the above upper bounds are sharp.

IV. DISCUSSION

We analyzed the probability that the optimal

decoder declares a wrong sparsity pattern. We

assumed a linear model with Gaussian noise. We

obtained a sharp upper bound on the error prob-

ability for any generic measurement matrix. This

allows us to calculate the expected value of the

error probability when we are dealing random mea-

surements. In the special when the entries of the

measurement are i.i.d. Gaussian random variables

we found an upper bound on the expected error

probability. We found sufficient conditions on the

number of measurements that are sharp because

they match the known necessary conditions. An

interesting open problem is how to extend the

Gaussian measurement results to other random

matrices.

V. PROOF OF LEMMA 4

We have:

‖ΠSF cμ‖2 = ‖(I − ΠSF )XT −FβT −F‖2

≥ β2
min‖(I − ΠSF )(

∑
i∈T −F

Xi)‖2.

Note that the random subspace spanned by the

columns of XF is independent of the ran-

dom vector
∑

i∈T −F Xi. Furthermore, recall that

dim(SF ) = k, therefore we conclude that W ≡
d−1‖(I − ΠSF )(

∑
i∈T −F Xi)‖2 is a chi-square

random variable with n − k degrees of freedom.

Therefore,

PT [F ] = EXPT [F|X]

≤ ρdEXe−α‖ΠSF c μ‖2

≤ ρdEW∼χ2
n−k

e−αdβ2
minW

= e−
n−k

2 log(1+2αdβ2
min)+d

where α and ρ were defined in theorem (2) and

the last equation is a result of EW∼χ2
n−k

etW =

(1 − 2t)−
n−k

2 for 2t < 1.

VI. PROOF OF THEOREM 5

The total error probability is upper bounded by

the sum of PT [F ] for every F �= T . There exist

978-1-4244-2734-5/09/$25.00 ©2009 IEEE 16



(
k
d

)(
m−k

d

)
sparsity patterns F such that |F −T | =

d. Note that(
k

d

)
≤ exp{d log

ke

d
},

(
m − k

d

)
≤ exp{d log

(m − k)e
d

}.

Hence, the total error probability is upper bounded

by

pe =
k∑

d=1

ed[3+log k
d +log m−k

d ]−n−k
2 log(1+2αβ2

mind).

(1)

In Appendix, we show that f(d) = d[3 + log k
d +

log m−k
d ] − n−k

2 log(1 + 2αβ2
mind) is convex in d

if

(n − k)β2
minα > 4 +

1
kβ2

minα
+ 4kβ2

minα. (2)

Since f(d) is convex, its maximum is

achieved at the boundaries. Therefore, we

have f(d) ≤ max(f(k), f(1)). Therefore,

pe ≤ elog k+max(f(1),f(k)) and for

n > max
{

k +
6 + 2 log k(m − k)
log(1 + 2αβ2

min)
,

k +
2k[3 + log m−k

k ]
log(1 + 2αβ2

mink)

}
,

as n → ∞ the error probability goes to zero

because of log k + max (f(1), f(k)) → −∞.

Note that the inequality (2) is satisfied. Therefore,

asymptotically speaking, the total error probability

goes to zero if

n > C� max
{

k +
log k(m − k)
log(1 + β2

min)
,

k +
k log m−k

k

log(1 + β2
mink)

}

for a constant C� independent of (m, n, k, βmin).

VII. APPENDIX

We have

f(d) = d[3 + log
k

d
+ log

m − k

d
]

− n − k

2
log(1 + 2αβ2

mind),

∂f(d)
∂d

= 1 + 2 log
√

k(m − k)

− 2 log d − αβ2
min(n − k)

1 + 2αβ2
mind

,

∂2f(d)
∂d2

= −2
d

+
2α2β4

min(n − k)
(1 + 2αβ2

mind)2
.

If for every 1 ≥ d ≥ k we have

(n − k)β2
minα > 4 +

1
dβ2

minα
+ 4dβ2

minα,

then
∂2f(d)

∂d2 > 0 and hence f(d) is convex in d.

The r.h.s is maximized when d = k which yields

that if (n − k)β2
minα > 4 + 1

kβ2
minα

+ 4kβ2
minα,

f(d) is convex.
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