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1 First Lecture
Definition 1.1. A function f defined on R" is C* for a positive integer k if
o f
0x;, 0%, - - - Oz,
exists and is ontinuous for any positive integer I < k. A function is C* if f is C* Vk € N
Definition 1.2. A homeomorphism is a continuous function with continuous inverse.

Definition 1.3. A coordinate chart (U, ¢) on a topological space X is an open set U C X with a map
¢ : U — R™ such that ¢ is a homeomorphism onto p(U).

Let X be a topological space with a coordinate charts (U, ¢), (V,4) and a function f: I — R. Consider
fop™! as a function defined on o(U) and differentiable f o ¢~!. Question : Is f o ¢! differentiable the
same as f o4~ differentiable?

fopt=foylo(pop) foy™t=fop lo(poy™h).

From this we see that the important thing is that we need to make sire that both ¥ o ¢~
differentiable.

Land @ oy~ ! are

Definition 1.4. The coordinate charts (U, ) and (V,1)) are said to be compatible if the transition maps
are diffeomorphisms.

Definition 1.5. An atlas A for a topological space X is a collection of coordinate charts such that any two
coordinate charts in A are smoothly compatible.

2 Second Lecture

Given a topological space X, a coordinate chart (U, ¢) is a double such that U C X is open, ¢(U) is open,
and ¢ : U — R" is a homeomorphism.

Definition 2.1. We say that the coordinate charts (U, ) and (V, ) are smoothly compatible ift UNV =
or 1 o o=t is a diffeomorphism from (U NV) to (U NV).

Definition 2.2. A diffeomorphism is a homeomorphism between two manifolds that is differentiable (C*°)
whose inverse is also differentiable.

Definition 2.3. An atlas A for a topological space X is a collection of coordinate charts that cover X such
that any two coordinate charts in A are smoothly compatible.



Example 2.4. Consider the set of all lines through the origin in R3. This set is called a projective space
RP2. Since we can represent each line with more than one vector, this set is the same as the quotient
space R3\{(0,0,0)}/ ~ (21, 22,23) ~ A(x1,x2,x3). This space is equipped with the quotient topology.
ie., m: R3\{(0,0,0)} — RP? is continuous. We use [z1, 2, 3] to denote the equivalence class of vectors
(1,2, 23). On the set Uy := {x1 # 0}, we can use the coordinate chart

<p15U1—>R2

Ty T .
(1'1,1'2,553) = (ﬁv ??)

Consider the similar, corresponding coordinate charts (Us, ¢2), (Us, ¢3). Claim: A = {(U;, ¢;)}i=1,2,3 is an
atlas for RP2. We need to check that ¢, o gofl is a diffeomorphism.

®1
(1,22, x3) — (z2/x1, 23/21)
©2

(z1/72, 73/ 72)

From this we see that oy 0@ *(2a/x1,13/21) = (21/2, 23/22). We choose coordinates (u,v) € R? and write
P9 0 cpfl in terms of (u,v). Note that U3 N Uy = {1 # 0,22 # 0}. Using z3/x1 = w and z3/21 = v, we

obtain
ey (P Y
P2 0 Y (’U,,U) - (Z‘g’ U) .
This is, in fact, differentiable and homeomorphic.

Definition 2.5. Two atlases are compatible (or equivalent) if their union is another atlas.

Definition 2.6. A differentiable (or smooth) structure on a topological space is an equivalence class of
atlases. This is also called a maximal atlas.

Definition 2.7. A topological space X is said to be Hausdorff if any two points can be separated by disjoint
open sets. Vp,q € X, U,V opens.t. peUygeVand UNV = (.

Definition 2.8. A topological space X is said to be 2nd countable if it has a countable basis B of open sets.

Definition 2.9. A basis B is a subset of the collection of all open sets (sometimes the topology) such that
any open set can be written as a union of elements of B.

Example 2.10. R™ is 2nd countable because we can take B to be the collation of balls of rational radii
centered at rational points.

Example 2.11. R" is Hausdorff (for two points p,q € R™, take balls of radii 1/3|p — ¢|).
Remark. A subspace of a topological space that is Hausdorff and 2nd countable is one itself.

Definition 2.12. A differentiable manifold is a topological space that is Hausdorff, 2nd countable, and has
a differentiable structure.

3 Third Lecture

Definition 3.1. A level set of a real-valued function f of n variables is a set of the form

L(f) ={(z1,...,z)|f(z1,...,2s) = c}.



Example 3.2. Define F(x,y,2) = 22 +y? + 2% and X = {(z,y, 2)[2%> + y* + 22 = 1}. Then X is a level set
of F.

Let F : U — R be a smooth map, where U C R™ is open. In fact, F~!(c) is always closed, Hausdorff,
and 2nd countable. The question is when is F~!(c) a smooth manifold? In other words, when can we solve
one variable in terms of the other? F(x,y,z2) =c¢ = z = f(x,y).

Theorem 3.3. Let F' : R"™™™ — R™ be a smooth function. Let R™™™ have coordinates (z,y) such that
z € R",y € R™. Fiz a point (a,b) such that F(a,b) = c and c € R™. If V,F(a,b) is invertible (i.e. rank
Dp(a,b) = m), then there exists open sets U,V such that a € U,b € V, and a unique, bijective, and smooth
function g : U =V such that g(a) =b and

{(z,9(x))|x € U} ={(z,y) € U x V|f(z,y) = c}.

Theorem 3.4. F : R™ — R is a smooth function, ¢ € R, and suppose VF(x) # 0,Vx € F~(c). F~(c) # 0.
Then F~1(c) is a smooth (n — 1)-dimensional manifold.

Remark. If a smooth manifold is connected, then any coordinate chart is homeomorphic to an open subset
of R™ for a fixed n. This n is called the dimension of said manifold.

Proof of Theorem 3.4. First of all, F~!(c) is Hausdorff and 2nd countable. Let

- [OF I
Ui—{axi;é()} U =U;nF'(c).

We know that U; is open in F~1(c) because of the induced topology of R™. F~!(c) is covered by these U;’s
because of our assumption that VF(z) # 0 Vo € F~1(c). In other words,

By the implicit function theorem, Va € Uj;, there exists a neighborhood U, of a which we may assume to be
in U; such that U, N F~Y(c) is the graph of a function

Ty = fi(xlv w1y L1y - - 7xn)-

This f; is unique. We take the collection

J

aceF~—1(c)

as coordinate charts. There are two cases when two coordinate charts overlap: either they belong to the same
U;, or not. If they belong to the same U;, the transition map is the identity map, which is a diffeomorphism.
If they belong to different U;’s, we see that the transition maps satisfy the criterion that make F~!(c) a
manifold:

@i(xlv"wxn) = (xla"'axi—laxi-‘rl)---;xn)
goj(xl,...,xn) = (.131,...,],‘]‘_17Ij_1,...7$n)
(P] O@;l(xla"'7xi717xi+17"'7'rn) = (‘r17"'7xi711fi(x17"';xiflvmiJrlv"‘7x’n)7xi+17~";$j717xj+17xn)

O
Theorem 3.5. Let U C R™™™ be open. F : U — R™ is a smooth function. Let c € R™, and F~'(c) # 0.
IfVa € F~Y(c), DF, : R*™™ — R™ F~Y(c) is an n-dimensional smooth manifold.



4 Fourth Lecture

Let M be a smooth manifold.

Definition 4.1. f : M — R is a smooth function if Vp € M, 3(U, ¢) coordinate chart containing p such
that f o1 is C*.

Definition 4.2. Let N be a smooth manifoldf : M — N is said to be smooth if Vp € M, (U, ¢) coordinate
chart containing p and (V%) coordinate chart containing f(p) such that ¢ o f o o=t is C*.

Definition 4.3. f: M — N is a diffeomorphism if f and f~! are C*.

Consider the space of smooth functions on M.
Question. Can we approximate a characteristic function by smooth functions?

Question. Suppose we are given k points on M. Is there a smooth function that has a given value at each
of these points?

Remark. If an analytic function is zero on an open set of M, then it is equal to zero if M is connected.
There are smooth functions that are not analytic!
e Wt t>0

0 t<0’
taylor expansion is identically zero in a neighborhood of 0. However, f #Z 0 in a neighborhood of ¢ = 0.

Example 4.4. Let f(x) = f:R — R. We see that f(")(0) =0 Vn € N, and thus the

Lemma 4.5. Ezistence of cut-off and bump functions.

1 t<1
(1) 3h €C>®, h: R — R such that h(t) = ¢ 0< h(t) <1 1<t<?2
0 t>2
1 lz] <1
(2) 3H € C*, H : R™ — R such that H(t) =< 0< H(t) <1 1<zl <2
0 |z| > 2
Proof. Consider f(2 —t) and f(1 —t). Then, we see that
f2-1)
h(t) = .
N CRE R Y
Also, H(z) = h(|z|). We have that H(z) is the bump function supported in B3(0). O

Definition 4.6. The support of a function ¢ is supp(g) = {z|g(z) # 0}.

Theorem 4.7. Existence of partition of unity. Let M be a smooth manifold, and O is an open cover of M.
Then oo € C° such that ¢ : M — [0, 1] where a € A, any index set and:

(1) The set of supports {supp(pa)taca is locally finite. i.e., Vp € M, there exists a neighborhood of p that
intersects a finite amount of supp(vq).

(2)
Y palp)=1 Vpe M.
«
Note that this sum is finite Vp because of (1), and thus, we were able to choose an arbitrary index set A.
(8)Va € A, U € O such that supp(p,) C U.
Example 4.8. R = (—00,2.5) U (0.5,00). Take
f@-1) P (e N
fe=t)+ft-1) fe=t)+ f(t-1)

Then we see that this holds all the properties from Theorem 4.7 because supp(y1) C (0.5, 00) and supp(p2) C
(—00,2.5).

p1(t) =



Proposition 4.9. Let M be a smooth manifold. Then for any closed set A C M and any open set U
containing A, there exists a smooth function ¢ : M — R such that ¢ =1 on A and supp(p) C U.

Proof. Let Uy = U, and Uy = M\ A. Then (Up,U;) is an open cover. Then, from Theorem 4.7, there exists
a partition of unity {p,} such that supp(¢a) C Uy or supp(¢a) C Uy Va. Consider

p1 = Z Yo = @1 = 0 onA.
supp(pa)CU1

I claim that ¢ = 1 — ¢ is the desired function. We see that @9 =1 on A. Also,

o= Y.  Pa=>supp(py) CUy="U.
supp(pa)CUo

O

Theorem 4.10. Suppose A C U C M, where A is closed, U open, and M is a smooth manifold. f: A — R
is a function that can be extended to a smooth function in a neighborhood of A. Then 3f : M — R smooth
such that fla = f and supp(f) C U.

5 Fifth Lecture

Example 5.1. F : R® — R is smooth and ¢ € R is a regular value for f. Then the tangent space of f~1(C)
at a € f~1(c) is the (n — 1) dimensional affine space passing through a and orthogonal to V - f(a). The
equation for this tangent space is

Vi) (x—a)=0.

We can view directional derivatives as tangent vectors. Given v € R™, and a smooth function f defined
near a (a is on v), the directional derivative is given by

d
Dv‘af: -

p fla+tv).

t=0

The directional derivative assigns a number to each smooth function.

d
Dv|af: @

fla+tv) :Zvi % f= ZU.Vf(a).
i=1 a i=1

t=0

We consider the directional derivatives as operators which form a vector space spanned by

oxt|,
Definition 5.2. X is a derivation at a if X is a linear map from C*>°(R™) — R that suffices

X(cf) =cX(f)
X(f+g)=X(f)+X(9)
X(fg) = f(@)X(g) + g(a) X(f)
Remark. A directional derivative at a is a derivation at a.
Remark. The set of derivations at a forms a real vector space.

Theorem 5.3. The vector space of directional derivatives and the vector space of derivations at a are
isomorphic to each other as real vector spaces.

Remark. Only the local behavior of a smooth function at a matters. We should define a derivation as a
linear map from the space of germs of functions at a.



Definition 5.4. Given a € R”, a germ of a function at a is a pair (f,U) with a € U such that f is
differentiable in U. We define an equivalence relation (f,U) ~ (g,v) if f=gon UNV.

Lemma 5.5. Let ¢ denote a constant function with value c. Then X (c) =0 for any derivation.
Proof. X(¢)=X(c-1)=cX(1) =
X(1)=X(1-1)=1X(1)+1X(1) =2X(1) < X(1)=0
O

Lemma 5.6. Suppose f is differentiable in some neighborhood U of a € R™. Then, J¢ > 0 such that
B.(a) C U and differentiable functions g; in Bc(a) such that

0
ox?

f.

a

f(x) = f(a)+ Zgi(m)(af" —a') in Be(a) and gi(a) =

Proof of Theorem 5.3. Any directional derivative is a derivation. Thus, it suffices to show that the inclusion
map is an isomorphism. It is obvious to see that this inclusion map is linear. We want to show that if Vf,

d_v Ot

i=1

f=0,

then v = 0 for each i. This would show that the kernel is zero, and thus the inclusion map is injective.

j e, ‘
Note: ai = 0 lfl 7&] . Let f = 7. Then we see that
oxt 1 if i =

ozl
ox?

0= ivi
i=1

Since is true for any j, we have that indeed, v = 0, and the inclusion map is injective. Now to get
subjectiveness, we need to ask ourselves the question: If a derivation X corresponds to a directional derivative

n ; 8
d_v O

=1

=7,
a

)
a

what are the v*’s with respect to X? We define them in the following way:

) =7 = X (a7).

Taking these X (27)’s, I claim that

X(H)=Y X6 o

f Vfec=.

From Lemma 5.6, We have that

n

X(f) =X (f(a) +) gila) (@' - ai)) :

i=1



From Lemma 5.5 and the product rule that we defined, we have

X(f) = ( +Zgz (' —a’ )
=ZX(gi(w)($i—ai))
—Z a' —a")X(gi(z)) + gi(a)(X(z') — X(a'))

- ZX axz

O

Definition 5.7. Let M be a differentiable manifold, and p € M. The tangent space of M at p, T, M, is the
vector space of all derivations X at p, where X : C*°(M) — R and X(fg) = f(a)X(g) + g(a) X (f).

Remark. Let F : M — N be a differentiable map, and f : N — R be a differentiable function. Then, we can
pull-back f by F,ie. foF =F*(f): M — R. Suppose X € T,M is a derivation at p € M. Then we can
push-forward X by F, i.e. F.(X) is a derivation at F'(p) = F.(X) € Tp) N, where

FA(X)(f) == X(F*(f)) = X(f o F).

6 Sixth Lecture

Recall that for M a differentiable manifold, p € M, we define T),M as the real vector space of derivations at
p. X is a derivation at p if X : C*° — R is linear and

X(fg) = f(p)X(g9) +9(p)X(f).

. For a coordinate chart (U, ¢) on M, we can identify
p

) as a basis for T), M.

0
For R", T,R™ is the real vector space spanned by e
x

, g 0
U with ¢(U) and take W‘p =(p7 ) (8:vi ,

Question. What if two coordinate charts (U, ¢) and (V, ) overlap?

Let % be the coordinates for the image of ¢ and #’ be the coordinates of the image of 1. We have already

. Notice however, that we can write 2/ = (¢ o <p*1)j (xt, ... 2").

0
established that at p, we can identify Er
x
P

Then, from the chain rule,

0| oy olween) o
ox' |, = ox? oz |,
d -1y
= M 8~ : (Einstein - Summation Convetion).
ox® oz |,




Definition 6.1. Let F' : R™ — R™ be differentiable. If g : R”™ — R and X is a derivation at p € R", then
F.X is a derivation at F(p) € R™. This is defined as

(FX)(g) =X( F'g ) =X(goF).

Pullback

e p) (9)?

Denote y* = F*(z!,...,2")Well from definition, we know that

Question. In terms of local derivations, what is F (

0 0
(833' p> dz' |,

= O g, FE )
o7, sz, e

_ 99(F(p)) OF”

oy~ dz* |,
This then implies that

F( i ) or| 0 |

ox » oz » oy Fp)

In the case where (U, ) and (V, 1)) are coordinate charts, consider F : (U, ) — (V,4). Then we can write
it as
( 0 > a(woFogol)a‘ 0
F* ey -
dx* |,

oxt
Definition 6.2. T'M (called the tangent bundles of M) as a set is the disjoint union of tangent spaces:

» Oy | p(p)

™ = | | T,M.
peEM

Question. What is the topology on T'M?

Example 6.3. On R? there is the usual topology. However, we can find a different topology from the metric
d((wo, y0), (x1,91)) = [yol + |1 — @o| + [1]-

Then consider the sequence (1/n,1). Then in this converges in this metric to (0,1)!

Example 6.4. Consider S? = {(z,y, z)[2? + y? + 22 = 1} C R3. Then we see that

TS? = {(x, Yy Z, Uy U, W)

2 +y2 2l =1
ur +vy+wz=0 |’

Example 6.5. If c is a regular value of f, and f~!(¢) C R", then we have that

a’efil(c) } CRQTL

71740 ={ ()] 550 L,

Note. We need to find an intrinsic definition of tangent bundles! Note that there is always a projection map
m:TM — M. We will define a differentiable structure to make 7 smooth.



Theorem 6.6. Let M be an n-dimensional manifold. There exists a differentiable structure on TM such
that the projection map ©: TM — M is differentiable, and TM is a 2n-dimensional manifold.

Proof. Suppose (U, ) is a coordinate chart on M, and z*,i = 1,...,n are coordinates on p(U). Take
(7=X(U), @) as a coordinate chart for TM. Any element in 7~ 1(U) is a derivation at p € U. But we know

.0
that any derivation is of the form vz?

. We define the map ¢ as:

xlp
ia 1 n 1 n U R™
v'o—| = (z(p),..., 2" (p),v, ..., v") € p(U) x R™.
ox pc,o N—— ——

€ o(U) €R"

@:m Y U) = o(U) x R* C R?", Tt is a bijection onto its image because its inverse can be written explicitly
by

(z,v) — o'

02" | o1 ()

When two coordinate charts (U, ¢), (V, ) overlap, then (=1 (U), @) and (=1 (V), ) overlap. We want to
show that 1o~ is a smooth map. Thesets ¢ (7~ 1(U) N7~ 1(V)) = (UNV)xR™ and ¢ (71 (U) N7~ H(V)) =
(U NV) x R® are both open in R?". We see that the transition map

~ ~( .0 037 0
~—1 1 n 1 ny __ 7 —
Pop (x7...,x,v,...,v)—1/}<vazi v@xiﬁi’j)
07 jﬁij

_ [ &1 ~N bl
(m R A ) 8wi(x)"”’v axj(x)).

Is clearly smooth. Choosing a countable cover {U;} of M by coordinate domains, we obtain a countable cover
of TM by coordinate domains. Note that two points in the same fiber of 7 lie in one chart. If X at p and Y
at ¢ lie in different fibers, there exist disjoint coordinate domains U;, U; for M such that p € U; and g € U;
(because M is Hausdorff), and then the sets 7=1(U;) and 7—!(U;) are disjoint neighborhoods containing
(p, X) and (q,Y) respectively. Thus, T'M is a 2n-dimensional manifold. We see that 7 is smooth because its

coordinate representation with respect to charts (U, ) for M and (7=1(U), ¢) for TM is w(x,v) =2z. O

7 Seventh Lecture

Recap of last lecture: Let M be a C*° manifold, and let TM = |_|p€MTpM be the tangent bundle at p.
Then from last class, we established that there exists a differentiable structure on T'M that makes TM a
C*° manifold.

Definition 7.1. A C* vector field YV at pis a C* map Y : M — TM such that m oY = Idy;. i.e.,
4 0
Y(p) € T,M. In local coordinate charts, we have that Y (p) = Yl(p)w
z
P
coordinate charts. Consider p € U NV where (U, ¢), (V,4) are the usual coordinate charts on M. Then we
have that

. And Y’ are C* functions on

; 0 ~ 0
Y(p)=Y? | = YVi(p) ——
() () oz |, () o |,
Then, from the chain rule, we have that
y? il Y7
(P) 57 (P) =Y (p)-



Example 7.2. On R?\(0,0), Let

0 0

Y, = 1— +y—
L= T
0 0

Yy = 51— — y—
2 x@y yay

Va2 \ 0y T ox
?:1(:58_1:8)
T/t g\ oy Tay)

We see that Y7, Ys can be extended into (0,0) and become vector fields on R?, but not Y;,Ys. Consider the
stereographic projection ¢ : S?\(1,0,0) — R2. We can use ¢! to push forward Y; and Y so that they

become vector fields on S%\(1,0,0). We notice that o, 1(Y7) is tangent to a longitude line. We also see that
¢ 1(Y3) is tangent to a latitude line.

Let T(M) be the set of all C* vector fields on M. Again, this is a real vector space. We can also multiply
a C™ vector field by a C* funtion. C°>°(M) has a ring structure. Then we see that T (M) can be considered
as a module over C*°(M). i.e., a vector space over rings. All of this means that if

YeT(M),feC®M)= fY € T(M).
We say that 7 (M) can be identified with the vector space of global derivations on M. A global derivation
is a linear map Y : C*°(M) — C*°(M) such that
Y(fg9) = fY(9) +gY(f)

Any global derivation comes from a global C*> vector fields. Now suppose X,Y are C* vector fields and
thus global derivations.

Question. Is Y X a global derivation?

YX(fg) = f*YX(9)+9*YX(f)
— Y (gX(f) + [X(9)) = (Y(9))(X() + 9+ (YX() + (Y (})(X(9)) + f * Y X(g)

But since we have that

XY (fg) = (X (@)Y (f) +gxYX(f))+ X))V (9)+ f=*(XY(g)),
We notice that
(X, Y]fg= (XY -YX)fg=g(XY -YX)(f) + (XY - YX)(g).

And thus we see that if X, Y € T(M), then X, Y ¢ T(M) but [X,Y] = XY —-Y X € T(M). This is a binary
operation on T (M) that satisfies

(a) Linearity: [aX +bY, Z] = a[X, Z] + b[Y, 2].

(b) Skew symmetry: [X,Y] = [Y, X].

(c) Jacobi identity: for X,Y,Z € T (M), then

(X, [V, 2| + [V, [Z, X]] + [Z, [X, Y]] = 0.
This makes 7 (M) a lie algebra.

Local Formula: For X = vii and Y = w’ i, we see that

Oxt’ Oz

;Ow’ Ovt\ 0
= g — J
X, Y] <U ozt 8xi> oxt’

10



8 Eighth Lecture

Recall that for a manifold M, X is a smooth vector field if and only if X is a global derivation: X : C*(M) —
C>°(M) linear, and X (fg) = fX(g9)+9X(f). XY —Y X = [X,Y] is a smooth vector field. [, -] makes J(M)

a lie algebra. Suppose F': M — N is smooth. Recall that F. : T,M — Tp,y. M ENLR Fory cT,M,
we see that FL.(Y)(f) =Y (foF) € Tpp)N.

Example 8.1. v: (—¢,2) — M. If we have a tangent vector in (—¢, €), %7 then we see that v, (;) = %Z

0
is a tangent vector of y(¢). We see that a—z is only defined in the image of ~.

Definition 8.2. Y is a vector field on M. 7 is a vector field on N. Y and Z are said to be F-related at p
if F.(Y(p)) = Z(F(p))-

Theorem 8.3. Suppose V1,Vo € T(M) and W1, Wa € T(N). Suppose V; and W; are F-related fori=1,2.
Then [V1,Vs] is F-related to Wy, Wa]. In particular, if F is a diffeomorphism, then Fi can be defined on
T(N). Then W; = F.(V;). and the statement is equivalent to Fy[V1,Va2] = [Fx(V1), Fu(V2)] = Fi is an
isomorphism.

Question. What is the geometric meaning of [X,Y]?
We are going to interpret it as the lie derivative of Y along X.

Example 8.4. M =R", X =V is a constant vector field. Y is another smooth vector field on R™. Then
we see that . ; ) ¥ .
Dy, X (p) = lim (p+tv) —Y(p) — lim (p) —Y(p—t ).

t—0 t t—o0 t

Definition 8.5. A C*® map ¢ : (—¢,e) x M — M is a flow generated by a vector field X if p(t,) : M — M
is a diffeomorphism if V¢t € (—¢,¢) and ¢(0,p) = p. i.e., ©(0,-) : M — M is the identity. We see that

Pu (;) (t,p) = X(¢(t,p))-

We write ¢:(+) = (¢, ).

0 0
Yo + To What is the flow generated by X? Take p = (a,b)
Yy

on R%2. We look for a curve ¢(t,p) where p is fixed. We write it as y(t) = (x(t),y(t)). Then we have that
©(0,p) — 2(0) = a,y(0) = b. Also we see that 7' (t) = («'(), y'(t)) = (—y(t), z(t)).

{x’(t)Zy(t) z(0) =a
x(t) y(0) =

This is for a fixed (a,b). Since we want this for an arbitrary p, we have that

Example 8.6. Let M = R2. X (x,y) =

z(t) = acos(t) — bsin(t)

— y(t) = beos(t) + asin(t)

e(t, z,y) = (zcos(t) —y Si'n(t)y ycos(t) + asin(t))
a(3)=(0 =) ()
er(x +iy) = ™ (x + iy)

We see that this corresponds with rotation! We can check that ¢, is a diffeomorphism.

Example 8.7. X(z,y) = x% + yﬁgy

11



Theorem 8.8. A C* wector field X of compact support gives a smooth family of diffeomorphisms that are
defined fort € R.

suppX = {p € M|X(p) # 0}.

Here, the Existence and uniqueness depend on the system of first order ODE. Smooth dependence of the ODE
solutions depends on the initial data and the vector field. Uniqueness of solution of the ODE system implies
Ot 0 s = QPiys. Pt forms a 1-parameter group of diffeomorphisms. We see that pi(p_+(p)) = @o(p) = p. in
particular,

((pt)* : Twit(p)M — TpM.

Definition 8.9. We define the Lie Derivative as

£ (p) = Jim L (200 0)))

Proposition 8.10. [X,Y] = LxY.

9 Ninth Lecture

Where do vector fields come from? They come from velocity of smooth flows! If ¢ : (—e,6) x M — M, is a

smooth map, then we have that ¢, ([)at) is a vector field on M.

Recall. On R™, there exists a gradient vector field associated with any smooth function f:
of of
Vi={(=,...,=—|.
/ (axl 8:1:")
Question. Given smooth functions f on a smooth manifold M, is V f a smooth vector field?

Answer. No!

Proof. Recall that given local coordinates of two overlapping charts 2° and #7, on the overlap we can write
a derivation as

_ 18 —~J 9
V= =V o
:waxi 0

0%7 Oxt’

Here, we got the last line from the chain rule. Then, this implies that on the overlap, we can write

Ozt

T ]
vt =10 —.
o0xJ

Recall that v is a derivation if and only if it is a smooth vector field. Now on R"™, this implies we need

of  of @ _1
S~ B g o b
However, notice that o '
@% — % _ 5j
oxt 9xk ok K
Thus, we have that V f is not a smooth vector field in a general manifold. O
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Definition 9.1. A real vector bundle of rank k over a smooth manifold M is a pair (FE,n) where E is a
smooth manifold of dimension n + k, and 7 is a smooth projection map 7 : E — M, such that

(1) Vp € M, 7= 1(p) is a k-dimensional real vector space.

(2) There is existence of a local trivialization: ¥p € M, there exists a neighborhood U of p and a dif-
feomorphism @ : 771(U) — U x R¥ such that the diagram commutes.

—>U><Rk

\/

Here we have that 7 = 7 0 ® <= 7 !(p) is sent to {p} x R¥ by ®. i.e., it sends fiber to fiber.

(3) Vq € U, the restriction of ® to 771(g) is a linear isomorphism between 7~ !(¢q) and {q} x R*.
Example 9.2. Consider TM = the tangent bundle. Then we have that ® : 771(U) — (U x R¥) where ¢
The

is defined by vii — (p,v;)-
oz’ |,

Jacobian for this transformation is a linear isomorphism.

9T

Definition 9.3. A section of (E, ) is a smooth map ¢ : M — FE such that 7 o 0 = Idp;. This corresponds
to global sections. I can obviously define a local section by 0 : U C M — E.

Note. A local trivialization gives local sections of the bundle.

Example 9.4. Consider £ = TM. Then we have that ® : 77 1(U) — (U x R™) where ® is defined by

i

v Azl + (p,v;). Then I claim Yug € R™, ®~1(p,vg) gives a local section. In fact, if vo = (1,0,...,0), then
xl
p
we see that ®~1(p,vg) = %
p

Definition 9.5. A vector bundle (E, ) is trivial if a global trivialization exists. i.e., there exists a dif-
feomorphism ® : E — M x R¥ defined by 77 1(q) — {q} x R* such that ®|r-1(g) is a linear isomorphism
between 77 1(¢) and {q} x RF.

Example 9.6 (Product Bundles). Consider a smooth manifold M. Then an example of a rank-k vector
bundle over M is M xR¥. Here, we have 7 = m; : M xR¥ — M as its smooth projection. We see that M x R*
is trivial because we have the identity map Id : M x R¥ — M x R* defined as the global trivialization.
Another example of a product bundle follows: Take S! x R. We have this is a trivial bundle over S'.

Example 9.7. The total space of an infinite Mobius strip is a non-trivial rank 1 vector bundle over S'.

Note. If a bundle is trivial, then there exists a global section that is nowhere zero. Take any non-zero vector
vy € R¥, and consider ®~1(p,vp). Since ® is a linear isomorphism on each fiber, ®~1(p,vy) # 0 € 7~ (p).
But since we had that the bundle was trivial, then there exists a global section that takes p € M to this
particular ®~*(p, vo).

Definition 9.8. Suppose two local trivializations overlap (we have overlapping neighborhoods U,V C M).
Then on 7~ 1(U) N7=1(V), we obtain Wo &~ : (UNV) xRF - (UNV) x RF. We have ¥ o &~ restricts
to a linear isomorphism between fibers. Notice that ¥ o ®~1(p,v) = (p,f(p,v)). Now, f(p,v) is a linear
isomorphism Vp € UNV. However, notice that Wo®~! is smooth. This implies that f(p,v) = 7(p)v = 7(p)
is smooth as p varies. The longshot is that we have 7(p) is a linear isomorphism from R¥ — R¥ that depends
smoothly on p € U N V. Thus, we get a smooth map from U NV — GLi(R).

13



10 Tenth Lecture

Recall. A smooth vector bundle over a smooth manifold M of rank & is a smooth manifold (E, 7) where 7 is
a smooth projective map. M is called a base. Here, each fiber E, = 7~!(p) is a vector space of dim K. Also,
there exists a local trivialization. i.e., for each point p, there exists a local diffeomorphism on a neighborhood
U of p defined by ® : 771(U) — U x R¥. Here, ® sends fiber (771(q),q € U) to fiber ({q} x R¥). Finally,
B|r-1(q) : 7 1(q) = {g} x R¥ is a linear isomorphism.

A section ¢ is a smooth map M -2 E such that 7 o o = Idyy,.

Definition 10.1. We can define the zero section of E as the global section ¢ : M — E defined by ((p) =
0 E,Vpe M.

Definition 10.2 (Transition Map). When we have two overlapping local trivializations, 7=1(U)Nm=1(V) #
0, we have that Wo @1 : (UNV) xR¥ — (UNV) x R* sends {¢} x R¥ s {¢} x R* and is a linear
isomorphism. Because ¥ o ®~! is a diffeomorphism, this linear isomorphism varies smoothly as ¢ varies.
This gives a smooth map U NV — GLk(R).

Note. A local trivializations gives a local section. Take any vg € R¥ and consider ®~1(p,vg). In the case of

) . 0
tangent spaces, we see that v'—— 2 (p,v%). Here, ~1(p,(1,0,...,0)) = —
ozt ozl »

Definition 10.3. Consider the basis ey, ..., e for R¥. Then the elements {®~1(p, ei) }i=1,...k form a basis
for each E, = n~1(p). {®7'(-,ex)} is a local frame.

Definition 10.4. Suppose 7 : E — M,n’ : E/ — M’ are two smooth vector bundles. A bundle map from
E to E’ is a pair of C*° maps F : E — E’ and f: M — M’ such that F covers f, or the diagram commutes:

F

E E
ﬂ'Jv kﬂ'/
f
M M

l
B ——

and F|g, : B, — E} is a linear map. We can define a smooth bundle isomorphism by replacing C*° maps
above with diffeomorphisms and linear maps with linear isomorphisms.

Question. Can we classify vector bundles up to bundle isomorphisms?

Example 10.5. A C*° map f: M — N induces a bundle map on the tangent bundle by f..

TM™ TN
Fll T
f
M N

Then we know that F'(X,) = f«(X},) € Ty N. We know by the chain rule that

NI
“\oxt ) oxt Oy’

Example 10.6. In the case where M = N and f is the identity, then any bundle map induces a map on
smooth sections. Denote the smooth global sections of E by I'(E), and the ones of E’ by I'(E’). We have
the following commutative diagram:

14



We see that F' induces a map (analogous to the push forward) F : I'(E) — I'(E’) defined by F(o)(p) =
(Foo)(p) = F(o(p)). We see that F (o) is a section of E’, and it is smooth by composition. Because F is
linear on fiber to fiber, the resulting map F is linear over R. In fact, it satisfies a strong linearity property.
A map F : T(E) — I'(E’) is said to be linear over C*>°(M) if for any smooth functions uy,ug € C* (M), and
smooth sections 01,02 € T'(E), then

F(ulal + ’LLQO'Q) = Ulf(O'l) + UQ.F(JQ).
It is called a module over C*°(M).
Question. Does every linear map F : I'(E) — T'(E’) come from a bundle map F : E — E'?

Theorem 10.7. Suppose E and E' are smooth vector bundles over M. A linear map F : T(E) — T'(E')
comes from the bundle map F : E — E' if and only if F is a linear over C*°(M). We consider T'(E) and
T(E") as modules over C*(M). We require the F is a module morphism.

Proof. If F : T(E) — T'(E') is from a bundle map F, we show that it is linear. We know that F(o(p)) =
F(o(p)). Let u be a smooth function. Then we see

F(uo)(p) = F(uo(p)) = F(u(p)o(p))
= u(p)F(o(p)) = u(p)F(o)(p)
= (uF (o)) (p)-

Thus, we see that F is linear. Now assume F : ['(E) — T'(E’) linear over C*°(M), we show that it must
come from a bundle map F' : E — E’. To define F), on an v € E,, take a section ¢ € I'(E) such that
o(p) =v = Fp(v) = Fp(v) = Fp(o(p)) = F(o)(p). What if we choose a different & such that o(p) = &(p).
We need to show F(o)(p) = F(5)(p) if o(p) =6(p), orif o(p) =0 = F(o)(p) =0. If o(p) = 0, we write it
as 0 = ud such that u(p) = 0 = F(0)(p) = F(ud)(p) = uF(c)(p) = u(p)F(c)(p) = 0. Thus, we see that
F is linear in C*°(M). O

11 Eleventh Lecture

In this lecture we're going to introduce dual spaces and work out some of their properties. We then apply
this to vector bundles.

Definition 11.1. Let V be a finite dimensional real vector space. V* = {w|w : V' — R is linear}. V* is a
real vector space. Take any basis {F;}i—1, ., of V. Consider the dual basis {€'};=1,, of V* defined by

E'(E;) =0
Proposition 11.2. {€'},_1 . is a basis.

Proof. We first need to show that they span. Given any w € V*, take X € V, and define it by X = X'E;.
Then we see that w(X) = w(X'E;) = X'w(E;) from linearity of w. Notice that £(X) = &/(X'E;) =
Xi€I(B;) = X' This kills off all the other terms. Then we see that w(X) = w(E;)EH(X) = w =
W(E)EN(X) = w(E;)E'. So we see that it spans. Now we check that the elements in the set are linearly
independent. Consider the case where

n

Z aié’i =0.

i=1

15



Does this imply that a; = as = --- = a,, = 07 Apply this equation to each basis vector. Then we see that

Zaifi(Ej) =a; = 0.
i=1

Definition 11.3. V** = (V*)*.

Definition 11.4. If A: V — W is a linear map, the dual map A* : W* — V* is a linear map defined as
follows: for w € W*, we have A*w(X) = w(Az). We can easily check that this is linear.

Definition 11.5 (Cobundle or Dual Bundle). Consider a rank k vector bundle on a differentiable manifold
M. We know 7~ 1(p) = E, is a k dimensional vector space. We define local trivializations ® : 7= *(U) —
U x R¥ as a diffeomorphism. @ restricts to a linear isomorphism between 7=1(p) and {q} x R*¥. Then we

define
E = | | E;,
pEM

where 7* : E* — M is the obvious projection map. Given U C M, we consider (7*)~!(U) and define local
trivializations as follows:

(7)1 (U) = U x R¥
E; > wp— (p,wp(E1), .. 7on(En))7
where {F1, ..., E;} is the local frame coming from local trivialization of E: E;(p) = ®~1(p, e;).

Example 11.6. We apply this procedure to the tangent bundle and denote the dual bundle by T* M, and
a section of T*M is called a 1-form. The space of smooth sections of T*M is denoted by I'(T*M).

Note. Given a smooth function on M, the gradient

0 0
vf— <ami’...’6‘%lrb)

is not a section of the tangent bundle. However, it is a section of the contangent bundle, or a 1-form. In
fact, it is better to consider the total differential

P ,
= ag{; do', e, df(X,) = (Xf),.

df

Remark. D,f =V f-v. Since this operation is linear, it can be considered as a linear functional.

Question. How does a section of T*M transform? Recall for the tangent bundle,

TM = |_|p€M oM

TN

UxR" M

Here, we have that ® : 771(U) — U x R* is defined by vii

o | (p,vl,...,o"), and ®(p,e;) = =—| as

%
P 8.’1)1)

our local frame.
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? We are looking for something of the form

p
o (]) -
r p

. , , 0
Take 27 and define dz?(X,) = X (27),. We apply this to e

0
Question. What are the dual local frame to ——

or

. Then we have

p
d:rj< 84 ) :5{:>
or?
p
dx®, ..., dx™ form a local frame of T7*M on U. Then we can define a local trivialization as follows:

(7)1 (U) = U x R¥
’Uidxj’pH (pyv1y. .., up).

0
Notice that they transform differently from ek So now we can define this abstract thing df as
x

_of
—axidx.

daf

12 Twelfth Lecture

In this class we are going to go over tensor products!

Definition 12.1. Let Vi,...,,, W be finite dimensional vector spaces. F : V; x - -+ x Vi, = W is multilinear
if V(v1,...,0i-1, V41, 50%) € VI X oo X Vig X Vigg X -+ X Vi, the map V; — W defined by v —
(V1, .-+, Vie1,0, V41, .., V) is linear.

Remark. If W = R, then we call F' a multilinear function. If V3 = - = V,, = V, then the collection of
multilinear functions V; x --- x Vj, — R is denoted by T%(V) and an element of which is called a covariant
k-tensor.

Example 12.2. T1(V) = V* T?(V) is just the collection of bilinear forms on V.

Example 12.3. On R", the dot product is an element of 72%(R"). The determinant function is det :
R"™ x - x R" — R, so it is an element of T™(R™). On R3, the cross product is not because it is vector
valued.

Definition 12.4. If w,m € T1(V), we define w ® m € T?(V) by
w ®m(v1,v2) = w(vi)m(va).
More generally, if S € T*(V), T € T'(V), then S ® T € T*T(V) is defined by
(S @T)(v1, .., vest) = S(Vise o, VOIT Vit - -+, Viert)-
Note. In general S®@T #T @ S. Let w,n € T*(V). Then

w @ n(v1,v2) = w(v1)n(va)
N ®w(vi,v2) = n(v1)w(vz).

However, we do have associativity! i.e., (S@T)®U =S ® (T ®U).

17



Theorem 12.5. The set {v1 @ ---@v*|0 < iy < --- < iy, < n} is a basis for TF(V).
Definition 12.6. We define the free product as

N

F(V xW)= {Z%(Umwi)

i=1

a; ER,N €N, (v;,w;) €V x W}
Example 12.7. An element of F(R? R?) would be 3((1,2), (3,1)) + 7((1,2), (—1,2)) — 1((3,0), (5, 10)).

13 Thirteenth Lecture

Recall. The cotangent bundle T*M is dual to the tangent bundle TM — M. Recall that if F : M — N
is a smooth map, then the push forward Fi : T,M — Tg(,)N is defined for For X € T,M, we have that
(F.X)f=X(foF).

Recall. A :'V — W is linear, then the dual map A* : W* — V* is linear. So we consider the dual map
. T;(p)N — Ty M. Is defined by w € T;;(p)N = F*w € TyM. When we are acting on a vector field
X € T, M, we have F*w(X) = w(F,X) where F; is the push forward.

Recall. F, : T,M — Fpy N can’t be globalized in the sense that F : I'(T'M) — I'(T'N) is not defined.
However, F* : Tp, N — T M can be globalized. i.e., 7* : T(T"N) — [(T*M) is well defined. i.e., any one
form w on N can be defined as J*w as a one form on M.

Example 13.1. v : [a,b] — M and suppose w is a one form on M in local coordinates w = w; dz® and
v(t) = («*(t),...,2™(t)). Then v* is a one-form on [a,b]. We choose coordinates on [a, b]. We basically have

to answer v*w = (?) dt. Consider
(2 (o (2
T\ ) T\
_ dz' 9
~“ ot oa
(0xt 0
— . J _
=wjde ( ot 8zi>

ot

Then we see that

* 1 n &Ui
V(W) = wi (z(t),...,2"(t)) 5 dt.
Consider in general, consider F': M — N, with local coordinates xiﬁ:l’m’m on M and yg_y , on N. Now
suppose w = wq (Y1, ..., y") dy®, in local coordinates. Suppose F is given by y® = F(x!,... ™). Then we
see that
* 1/,..1 m n(..1 m oF“ j
Fro=we (F'(z",....2™),... ,F* (', ...,a™)) 5 da’. (1)

Proposition 13.2. The differential commutes with the pull back. i.e, consider F': M — N and let f be a
smooth function on N. Then F*df = d(f o F).

Proof. Take X € T, M. Then,

(F*d f) (X) = df (F.X)
= (F.X)f
= d(f o F)(X).

But this is true for any X, so we get that F*df = d(f o F). O
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Definition 13.3. Now we define line integrals! Suppose [a,b] C R is a compact interval, and w is a smooth
convector field on [a,b] (this means that the component function of w admits a smooth extension to some
neighborhood of [a, b]. Let ¢ denote the standard coordinate on R, then w can be written as wy = f(t) dt, for
some smooth coordinate function f : [a,b] — R. We define the integral of w over [a, b] as

/[a,b]“ - / fwar (2)

Lets consider the more general case. If v : [a,b] — M is a smooth curve segment and w is a smooth convector
field on M, we define the line integral of w over  to be

b

/w:/’y*w
0% a
b

oxt
= J(@ (), .2 (t dt.
[ et an o)
o . . oxt il
We should check that this is independent of coordinate charts. i.e, w; = - wja.

Example 13.4. Let w be a smooth covector field on [a,b] € R. Let ¢ : [¢,d] — [a,b] be an increasing
diffeomorphism (meaning that ¢; < to implies ¢(¢1) < ¢(t2)). Let s denote the standard coordinate on [c, d]
and t on [a,b]. Then we have (p*); = f(¢(s))¢’(s) ds. Then

/[C,d] prw= / df(so(s))so’(s) ds = / bf(t): /[a,b}w.

Similarly, if ¢ was a decreasing diffeomorphism,

/ Prw = —/ w.
[e,d] [a,b]

Proposition 13.5. Let M be a smooth manifold, v : [a,b] — M be a piecewise smooth curve segment,
F: M — N be a smooth map, and n € T'(N*). Then

/F*n:/ 7.
¥ Fory

Proof. The proof follows from the definitions. Assume 7 is a smooth curve segment whose image is contained
in the domain of a single smooth chart.

/F*n:/ o (F*n):/ v* ((nj o F)dF?)
Y [avb] [a,b]

b O(F o)
:L(HJOFOV)Tdt

Let F oy =+ be a curve on N. Then we see that the last line above becomes
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Recall that this was in the case where the image of v was contained in a single smooth chart. Suppose now
that v is an arbitrary smooth curve segment. By compactness there exists a finite partition a = ag < a1 <
-+ < ag = b of [a,b] such that v([a;—1,a;]) is contained in the domain of a single smooth chart for each
i=1,...,k, so we apply the computation above on each sub interval. Finally, if -y is only piecewise smooth,
we simply apply the same argument on each subinterval on which v is smooth on and add everything up. [

Definition 13.6. If v : [a,b] =& M and ¥ : [¢,d] — M are piecewise smooth curve segments, we say that
4 is a reparametrization of v if ¥ = v o ¢ for some diffeomorphism ¢ : [¢,d] — [a,b]. If ¢ is an increasing
function, we say that 7 is a forward reparametrization. If ¢ is decreasing, it is called a backwards one.

Proposition 13.7. Suppose M is a smooth manifold, w € T'(M*), and vy is a piecewise smooth curve segment
i M For any parametrization 4 of vy, we have

f,yw if ¥ is a forward reparametrization
,—Yw o — fvw if 4 is a backward reparametrization.

Proposition 13.8. If v : [a,b] = M is a piecewise smooth curve segment, the line integral of w over v can
also be expressed as the ordinary integral

Aw=A%MMM@Mt

Proof. Suppose that v is smooth and that its image is contained in the domain of a single smooth chart.
Writing the coordinate representations of v and w on this smooth chart as (z'(¢),...,2"(t)) and w; da’, we
have

Wy (V' (1) = wi(v(2) da* (V' (1)) = wi (v(£) 5 (¢)-
Recall the formula F*w = (wj o F) dF7. Applying this on the pull back v*w, we have

(7" w)e = (wi o)) d(y")e = wi (Y(1)F' () dt = wy ey (V' (1)) dt.

Then we have that by definition of our integral,

b
/w:/ 'y*w:/ wy (1) (7' (¢)) dt.
vy [a,b] a

Recall that this was in the case where the image of v was contained in a single smooth chart. Suppose now
that ~ is an arbitrary smooth curve segment. By compactness there exists a finite partition a = ag < a1 <
-+ < ag = b of [a,b] such that v([a;—1,a;]) is contained in the domain of a single smooth chart for each
i=1,...,k, so we apply the computation above on each sub interval. Finally, if -y is only piecewise smooth,
we simply apply the same argument on each subinterval on which v is smooth on and add everything up. [

Theorem 13.9 (Fundamental Theorem for Line Integrals). Suppose v : [a,b] — M is a piecewise smooth
curve segment on M. Let f € C*°(M). Then

[y df = () — £ (@)

Proof. First suppose that v is smooth. Then, by Proposition 13.8,

b b
/df:/ dfy ) (Y (1)) dt:/ (foy)(t)dt = for(b) = for(a)

Now suppose that v is merely piecewise smooth, let a = ag < --- < ar = b be the end points of the
subintervals on which ~ is smooth. We apply the calculation above to act segment and sum them up:

k
[t =3 (@) - f(ain)) = F6O) - Fo1a)
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Definition 13.10. A smooth covector field w on a smooth manifold M is said to be exact on M if there is
a function f € C°°(M) such that w = df. f is said to be the potential for w.

14 Fourteenth Lecture

Consider the tensor bundle and its following global sections T'(®@*T* M) > w. We have that @*T* M is locally
given by ) .

Ailailaﬂwik d.]?“ [N da:““,
where 1 < i1 < ... <14 <n, where n is the dimension of M.

Recall.
MV =TFV)={L:V x---xV = R}L
N————

k copies
The elements of this set are called covariant k-tensors. L is a multilinear function.
There are two distinguished classes of multilinear spaces: symmetric, and alternating.
Definition 14.1. A alement w € T?(V) is symmetric if w(X,Y) = w(Y, X). We say that w € T*(V) is

symmetric if
w(Xl, N ,Xk) = w(XU(l), N ,Xa(k)),

where o is an element in the group of permutations Sg.

Example 14.2. If A is an n x n matrix, we have that (A7 + A)/2 is symmetric. In fact,

A+ AT A AT

A
5 2

is skew symmetric.

Definition 14.3. w € T%(V). We define its symmetrization as Symw(X,Y) = 1/2(w(X,Y)+w(Y, X)). For
w € T*(V), we define it as

1
Symw(Xl,‘..,Xk) = E Z W(Xo-(l)a"'vXU(k))'

€Sk
Definition 14.4. T*(v) D 2*(V) = {w € T*(V)|w is symmetric }. It is easy to check that Symw € $¥(V).

Definition 14.5. We can also define the symmetric product, which is sort of the the symmetrization of
the tensor product. Let w € T*(V),n € T'(V). Then we define w7 = Sym (w ® n). This implies that
w-n € (V) because w @ n € TF*H (V). In particular, lets look at the case when w,n € T'(V). Then we
have

w-n(X,Y)=Sym (w®n)(X,Y)

= - (wenX,Y)+wanY,X))

(@E)n(Y) +w(Y)n(X)).

N — N~

So now, for w € V*, 1 € V* we have that w-n = 1/2(w ®n + 1 ®w) € @2V is an element that corresponds
with an element in $2(V).
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