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Chapter 2

Problem 3

Modify the proof of the mean value formulas to show for n > 3 that

1 1 1
uO:][ gds+7/ (—)fdy
O =T on 2%t am =200 S \ g2~ 72

—Au=f in B°(0,r)
u=g on0dB(0,r)

provided

Proof. First we notice that the formula makes intuitive sense. The first term is just the MVP and the second
term is contributed from the inhomogeneity. As per the hint to look at the proof for the MVP, T define

1
o(r) = 77/ udS = gds.
r) na(n)r™=1 Jopo,m 8B(0,r)

Differentiating, the proof of Theorem 2 yields

1
S = Mty [ pay
n JB(o,r) na(n)r B(0,r)
Fix € > 0. Then notice that

o0 =) - [ 1)
In order to evaluate the second term of (1), I do integration by parts:
" 1 " 1
— | t)dt= / / fdydt (2)
/e () na(n) Je Jpon "

(
1 11 o 11
fdy —/ / L _fdydt 3
na(n) (2 —ntn—? /B(O,t) . Je Jopoym—2 tn—2 3)

1 /T/ 1 1 1
= ——— fidl/dtfi_/ fderi_/ fdy). (4
n(n —2)a(n) < e Jopoay t"? 2 | B0, €2 Jp0,e)

It is obvious that the last term is bounded by C - €2 — 0 as € — 0. As € — 0, the first term becomes

" 1 1
lim/ / —fdydt:/ — fdy, (5)
=0 ). Jop(ou t" 2 B(o,r) Y[ 2
as desired. So in the end, letting e — 0, (1) yields the desired

1 1 1
= — S+ - - =
w0 =00 7£B<o,,.)gd = 2)a() /Bm,,.)(ww )f dy




Problem 4

We say v € C?(U) is subharmonic if —Av <0 <= Av >0in U.

(a) Prove for subharmonic v that

v(z) < ][ vdS
B(z,r)

for all B(x,r) C U.

(b) Prove that maxg v = maxay, .

(c) Let ¢ : R — R be smooth and convex. Assume u is harmonic and v := ¢(u). Prove v is subharmonic.
(d) Prove v := |Dul? is subharmonic, whenever u is harmonic.

Proof. The proof starts out being essentially the same as the MVP for harmonic functions. I define

o(r) = faB(m vdy.

From the assumption that Av > 0, we have

OS/ Avdy:/ @ds.
B(z,r) OB(z,r) ov

From the differentiation of ¢ (seen in Theorem 2), we have

¢'(r):fa % 48 > 0.

B(z,r) 61/

Hence, ¢ is increasing = v(z) = ¢(0) < ¢(r) = faB(x »y vdS. Transforming to polar coordinates in the
same way as the proof on page 26 yields the desired results for (a).

The proof for (b) is identical to that of Theorem 4, except for one little inequality that doesn’t matter
in the proof.

(c) Recall Jensen’s inequality: if f : R — R is convex, U C R"™ is open and bounded, and v : U — R

is summable, then
f <][ udx) S][ f(u) dx
U U

Then from the MVP of harmonic functions, we have

v = ¢(u) :¢(][Uudx) g]{JgZ)(u)dm:]{Jvdm.

(d) We know that if u is harmonic, u,, is harmonic. Then from part (c), (uy,)? is subharmonic. Obviously
the sum of subharmonic functions is subharmonic, so v = [Du|? = Y7, (u, ) is subharmonic. O

Problem 5

Prove that there exists a constant C, depending only on n, such that

<cC
nax |ul ( max, gl + max |f>

whenever u is a solution of
—Au=f in B°0,1)
u=g ondB(0,1)



Proof. Let M = maxp(g 1) f and define v(z) = u(z)+ 2% |z|%. Then we see that —Av = —Au—M = f—M <
0 = v is subharmonic. Also notice that u < v Vz € B(0,1). Then

1 1
max v < max v = max v < max |g|+ —M = max |g|+ — max |f],
B(0,1) B(0,1) 8B(0,1) 8B(0,1) 2n 8B(0,1) 2n B(0,1)
where we have used part (b) from Problem 4. O

Problem 6

Use Poisson’s formula for the ball to prove

r+ |z

e

n— r— |$‘ n—
r 2WU(O) S u(l') S r 2

whenever u is positive and harmonic in B°(0,7). This is an explicit form of Harnack’s inequality.
Proof. We recall Poisson’s formula:

r? — |z|?

R g
) = /aBm,T) ey ¥ ©)

solves Au = 0in B°(0,7), u = g on dB(0,r). Since we are integrating around the boundary, y € 0B(0,7) =
|z —y| < |z| + 7. Then we easily see

=l Y 0 s
na(n)r 8B(0,r) |z — y| na(n)r oB(0,r) |z — yl
_ _ n—2
< e =) | T T
na(n)r o0, (|| +7)" (lz] +7)" =t na(n)r™=* Japo.n
neo_ T —|7| ][ nea_ T —|z|
— pr gds =T o U(O).
(Il +7)"= Jap(o.r (] 4 7)n =t
The other inequality is easily seen the same way by noticing that |z — y| > || — r. O

Problem 7

Prove Theorem 15 in section 2.2.4. (Hint: Since u = 1 solves (44) for g = 1, the theory automatically implies

/ K(z,y)dS =1
8B(0,1)

for each z € B%(0,1).)

Proof. First recall that we must prove that u € C°°(B%(0,7)), Au = 0 in B°(0,7), and lim,_, 0 u(z) = g(z°)
for each 2 € 9B(0,r). The book defines u by my (6) and

oG r?—|z> 1

na(n)r |x—y|"

as Poisson’s kernel. Let G(x,y) be Green’s function for the ball. Fixing x, we see that y — G(z,y) is
harmonic for x # y. Since G(z,y) = G(y,x), we see that x — G(z,y) is also harmonic for x # y. This
implies that  — K(z,y) is harmonic. Then since K(z,y) is both smooth and harmonic, we have that
u € C*(B%0,r)) and Au = 0 by (6) since A, K (z,y) = 0.



Now we try to show that lim, .0 u(z) = g(z°) V2 € 9B(0,7). Fix 2° € B(0,r). Fix ¢ > 0. Choose
§ > 0 small such that |g(y) — g(2)| < € if |y — 2°| < §. This just comes from continuity of g. Recall that

fc’)B(o,l) K = 1. Then for |z — 2°] < §, we see
u(e) - g()| = / K(z,y)g(y) dS(y) — g(=°)| = / K(z,y)(g(y) — 9(a”)) dS(y)
95(0,r) aB(0,r)
= / K(2,y)(9(y) — 9(z")) dS(y)| + / K(z,y)(9(y) — 9(2°)) dS(y)
9B(0,r)N]z—a0|<s 8B(0,r)N|z—z0|>8
< /aB(O . °\<6K(x’y) l9(y) — g(=®)| dS(y) +/aB(O . °\>5K<x’y) lo(y) — 9(2)| dS(y)
=T+ )
Then

1< / K- -edy=ce.
oB(0,r)

For J, recall that g is continuous and bounded:

J < llgllz~ / K ds(y)
OB(0,r)N|z—z°|>5

r? — |z|? 1
= gl 12 / s
aB(

TLO[(TL)T 0,7)N|z—20|>6 |£C - y|n

—0as |z| = 7.

Then we finally get that |u(z) — g(z°)| < 2¢ for small |z — 2°|, and we are done proving the last part.  [J

Problem 9

Let U* denote the open half-ball {z € R"||z| < 1,z,, > 0}. Assume u € C%(U*) is harmonic in Ut with
u=0ondUT N{zx, =0}. Set

v(z) = { u(2) if 2, >0

—u(x1, ..., Tpo1,—Ty) fx, <0

for x € U = B%(0,1). Prove v is harmonic in U.

Proof. @y, > 0,Uy,0; = Va0, = Av = 0. Let z,, < 0. Then notice that v, = —uy, (T1,...,Tn_1, —Zn),i =
1,...,n—1. Similarly, vy, = —Ug,z, (T1,- .., Tn_1, —xn),j =1,...,n=1. Fori=mn,vy, =ug, (T1,...,Tpn_1,—Tn)
and vy, p, = —Ug, 2, (T1,. .., Tn_1,—Tp). Since u € C2(UF) = v is too = all v,,,, extend continuously

to OUT N {x, = 0}. So we get that Av = —Au = 0 = v is harmonic for all z € U. O
Chapter 5

Problem 2

Let U,V be open sets, with V' CC U. Show there exists a smooth function ¢ such that ( =1 on V,{ =0
near OU.

Proof. Take V.CC W CC U, and consider

XW(SU)_{(l) i;;/v



Let n.(z) be the standard mollifier, and define the following convolution:

w = XW*ne(z):/ Xw * () dx

n

= /W Ne(x) dx.

It is obvious that w is smooth and has support in W N B(0,¢). Since W is compact, we can cover it by open
balls W; such that

Wl Jws
i=1
Letting 7, () be the standard mollifier for each respective ball W;, define w; := xw * 1, (x). Note that
>, w; is nowhere zero. Then

N "
EEDIE N

is the desired smooth function such that ¢ = 1 on V (because V. CC W), and ¢ = 0 near U (because
W ccU). O

Problem 4

Assume U is bounded and U CC Ufil V;. Show there exists C*° functions (; such that

0<¢G <1, sptGCVy (i=1,...,N)
Z£1Ci:1 on U.

The functions {¢;}Y, form a partition of unity.

Proof. Take U CC Uf\il W, CC Uf;l V;. For each i, we apply Problem 2 and find a w; = 1 on W; and 0
near V;. Note that > w; is nowhere zero. Hence

Pp— wi
G = S o,
is smooth and the sum is obviously 1. Also supp ¢; C V; because W; C V; and {z|¢; # 0} = {z|w; # 0 C
W;. O

Problem 6
Prove directly that if w € W(0,1) for some 1 < p < oo, then

[u(e) = ()] < |o —y['~> (/01 /[P dt)l/p

for a.e. x,y € [0,1].

Proof. Let v(z) be the weak derivative of u. I define

a(z) == /OE v(x) dx.

Let ¢ € C2°(0,1) be arbitrary. Note that since u,v € LP(0, 1), they are also in L'(0,1) = @ is absolutely
continuous = @' = v a.e. Then,

1 1 1 1
/ ug’ dr = —/ vodr = —/ W pdr = / u¢’ dz,
0 0 0 0



where we used the definition of a weak derivative, fundamental theorem of calculus, and integration by parts,
respectively. This implies that

1
/(u—ﬁ)gb'dx:O = u=21 ae.
0

Without loss of generality, let y < 2 and z,y € [0, 1].

u(z) — u(y)| = la(z) - a(y)]

/vdm
y

T 1/p T L 1—%
S( |vpdx) (/ 11de)

y y

X 1 1/p
<ol ([ par)
0

as desired. O

Problem 8

Integrate by parts to prove the interpolation inequality:

1/2 1/2
/ |Du|? dz < C </ u? dz) (/ |D2u|2dz>
U U U

for all u € C°(U). Assume QU is smooth, and prove this inequality if u € H2(U) N Hg(U).

Proof. Let v € C°(U). Then integrating by parts and applying Holder’s inequality for p = 2 yields

/ |Dul|? do = —/ uAudng/ |u|| D*u| dx
U U U

1/2 1/2
<C </ |u2\ d:r) (/ |D2u|2> .
U U

There is no boundary term because u has compact support and so the integral along the boundary is zero.
Now let u € H}(U) N H?*(U). We will approximate by smooth functions: let {v}32, C C2°(U) converge to
win HY(U) and {wy}52, € C=(U) converge to v in H?(U). Then Green’s formula implies

/ Dwy, - Dvp do = —/ v Awy, do
U U

SC’/ |og || D?wy,| dx
U

1/2 1/2
<C (/ vk |2 dac) (/ | D wy| dx) .
U U

There is no boundary term because v, has compact support. As k — oo, the RHS of the inequality above
converges to C||ul| L2y || D*ul| 2(y by the definitions of our sequences vy and wy. All that is left is to show



that the LHS of the inequality above converges to HDuH%z(U) as k — oo:
/ (Dwy, - Dvy, — |Dul?) de = / (Dwyg, - (Dv, — Du) + Du - (Dwy, — Du)) dx
U U

< /U (|Dw||Dvg — Dul + |Dul| Dwy — Dul) da
< [Dwgll 2w [Dvi — Dull ey + [ Dull 2wy [ Dwi — Dull 2 (v
— 0 as k — oo.
So for u € HY(U) N H%(U) we are left with
I1Dull2y < lullL2@) 1D ull 2w,

as desired. ]

Problem 10

Suppose U is connected and u € WP(U) satisfies
Du=0 ae inU.
Prove u is constant a.e. in U.

Proof. Fix € > 0 such that dist(0B(z,7),0U) < € and consider the convolution u¢ := 7. * u. Recall that
ne € CX(U) and we know that u€ is smooth. Then I claim that the regular derivative of u€ is equal to the
convolution of 7. and the weak derivative of u:

Duf = n x Du.

We see this explicitly:

Duf(z) = D/Une(x —y)u(y) dy = /UDwe(x —y)u(y)dy

= —/ Dyne(z — y)u(y) dy = (=1) - (—1)/ Du(y)ne(z — y) dy
U U
= [ne * Du)(x).

But from the given that Du = 0 a.e. in U, we conclude that u° is constant almost everywhere in our ball
—> u is too because u¢ — wu in Wﬁ)f (U). The fact that U is connected implies that any two points can be
connected through a single path; a path that can be finitely covered by open balls. Applying the fact that
u is constant a.e. in open balls inside U, and since any one of these balls has a non-empty intersection with

its neighbor, u must be constant in all of U a.e.
O

Problem 14

Let U be bounded, with a C! boundary. Show that a ’typical’ function v € LP(U) (1 < p < 0o) does not
have a trace on OU. More precisely, prove that there does not exist a bounded linear operator

T:LP(U)— LP(OU)
such that Tu = u|sy whenever u € C(U) N LP(U).

Proof. O



Chapter 6

Problem 3
Assume U is connected. A function u € H*(U) is a weak solution of Neumann’s problem
—Au=f inU
{ % =0 ondU (™)

) /UDu-Dvdm:/vadx (8)

for all v € HY(U). Suppose f € L?(U). Prove that (7) has a weak solution if and only if

/dex:().

Proof. Suppose u is a weak solution. i.e., (8) holds. Then in particular, we can make v =1 = Dv =0 =

Oz/dex.

Now assume that the integral of f is zero. Note that if u is a weak solution to (7), then u + ¢ is another one
because the ¢ becomes zero when we plug it into (8). Note that by modifying this constant, we can find a
weak solution u satisfying
/ udz = 0.
U

A= {f € L2U)| [, f do = 0}

A ={fe€ Hl(U)\fodm = 0}.
Then A is a closed subspace because it can be defined as the kernel of a linear functional defined by
f— [ fdx. Now I define the bilinear form on A" as

Define

Blu, v] :/ Du - Dvdz,
U

VYu,u € A’. By Holder’s inequality, we have
| Blu,v]| < [Dull 2@y [ Dvll 2wy < llullarflv]lar- (9)

Also note that, by definition,
Blu,u] = [|Dul|7z -

By our construction of A, we have that Vu € A,

(w)y :][ udx = 0.

U

Then we can apply Poincare’s inequality:
Hu||2L2(U) = / u? dr = / (u— (u)p)*de < C/ |Du|? dz = C Blu, u).
U U U
Putting these inequalities together gives us
lull% :/ W + |Duf’ dz = / W dz + Blu,u] < (C + 1)Blu, ). (10)
U U

Then by the Lax-Milgram theorem, we have that there is a unique u € A’ such that Blu,v] = (f,v) for any
v € A’. But note that we haven’t used the fact that the integral of f over U is zero! Applying this gives the
required results. O



Problem 6

Assume u is a smooth solution of

Lu= =37 ad9us,, =f inU
u=0 on AU.

where f is bounded. Fix 20 € 9U. A barrier at z° is a C? function w such that
Lw>1in U, w(nco):O7 w >0 on OU.

We want to show that if w is a barrier at °, there exists a constant C' such that

1Du(")] < ¢ | 229

ov

Proof. Note that since w(x°) = 0,w > 0 on OU and it is a supersolution, then the weakmaximum principle
imples that
minw = min w,
T U

so w(z") is a minimum. Since f is bounded, we know that || f|| =y < oo. Define v1 := u+ || f|| oo (yyw and
v := U — || f| oo (yw. We now calculate Lv; and Loy:

Lvy = f+ [ fllee@yLw > f+ || fllLe@w) >0
Lvy = f — || fllze@yLw < f = || fll Loy < 0.

This shows that vy is a supersolution and vy is a subsolution. By the weak maximum principle, v; attains
its minimum on QU , while vy attains its maximum there. Finally note that

01y = 0+ I @]y = Il yel oy

Vsl = 0= 1l ey ypr = =1l e 0] oy

This means that v; attains a minimum at z° and v, attains a maximum at 2°. Then we have

v, v Ou, Aw(x?)
— (%) = — o () <
L(0%) = S @) + [ ey T <0
vy, ov Ou, Ow(x0)
2 (09) = S0~ 2| fll o) g 2 0
Putting these two together yield
Ju ow
*ay(xo) < | fllze= ) M ()]

Problem 7

Assume U is connected. Use (1) energy methods and (2) the maximum principle to show that the only
smooth solutions of the Neumann boundary-value problem

—Au=0 inU
{ gu=0 ondU (11)

are u = C, for some constant C'.



Proof. 1. Let u,v be solutions to the general Neumann boundary-value problem:

—Au=f inU
{ g—jj:g on OU '’ (12)

and let w = u —v. Then w solves (11). If w attains its maximum on the interior of U, then it is
a constant and we are done by the strong maximum principle. Assume that it does not attain its
maximum in its interior. By the weak maximum principle, w has a maximum at OU, call it 2°. This
implies that w(z®) > w(x) Vz € U because we assume that its maximum is not attained on the interior.
If w is not a constant, then we can now use Hopf’s Lemma:

ow_ou_
v dv  Ov '

However, since Ow/dv = 0, we have that w is a constant. Note that this proves uniqueness of (12) up
to a constant.

2. Let w solve (11). Then we can use green’s formula:

/|Dw|2dx:—/wAwdx—|—/ a—wwdS’.
U U ou OV

The RHS is equal to zero because w solves (11). Then since [;; |[Dw|* dz = 0,|Dw|? is positive, and U
is connected, we have that w is a constant.

O
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