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The factor-augmented vector autoregressive (FAVAR) model is now widely used in macroeconomics and
finance. In this model, observable and unobservable factors jointly follow a vector autoregressive process,
which further drives the comovement of a large number of observable variables. We study the identification
restrictions for FAVAR models, and propose a likelihood-based two-step method to estimate the model. The
estimation explicitly accounts for factors being partially observed. We then provide an inferential theory
for the estimated factors, factor loadings, and the dynamic parameters in the VAR process. We show how
and why the limiting distributions are different from the existing results. Supplementary materials for this

article are available online.
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1. INTRODUCTION

Since the seminal work of Sims (1980), vector autoregressive
(VAR) models have played an important role in macroeconomic
analysis. Because the number of parameters in a VAR system
increases rapidly with the number of variables, there is a degree-
of-freedom problem when too many variables are included in
the system. On the other hand, too few variables may not fully
capture the dimension of the structural shocks. These problems
may explain some puzzling empirical results in the body of
VAR research. For example, various studies commonly find that
a contractionary monetary policy often leads to an increase of
the price level, rather than a decrease as the standard economic
theory alleges (see Sims 1992; Christiano, Eichenbaum and
Evans 1999). Sims (1992) proposed a plausible interpretation of
this puzzle, suggesting that it results from the VAR analysis not
fully capturing the information. Including more series in a VAR
model is limited because of the loss of degrees of freedom. (The
Bayes method is alternatively considered (Doan, Litterman, and
Sims 1984; Litterman 1986; Sims 1993), and by imposing some
prior restrictions, the usual VAR model can accommodate more
variables (e.g., Leeper, Sims, and Zha 1996).) Furthermore, as
Stock and Watson (2005) pointed out, it is doubtful that the
larger VAR models with some potentially incredible restrictions
would be superior to the smaller ones.

Bernanke, Boivin, and Eliasz (2005) proposed a factor-
augmented vector autoregressive (FAVAR) model to address
the dilemma arising from the information deficiency and the
degree-of-freedom problem in traditional VAR models. In con-
trast with such models, the FAVAR model includes unobserved
low-dimensional factors in the autoregression. These factors,
which may not be captured by some specific macroeconomic
aggregates, are thought to contain the bulk of information about
an economy. With inclusion of these unobserved factors, the

FAVAR model is of rich information, but remains tractable in
terms of the number of parameters, owing to the low dimen-
sion of the factors. Such approach of using a small number of
factors to summarize useful information in a large number of in-
dicators have been used in many papers, for instance, Bernanke
and Boivin (2003) and Stock and Watson (2002). The FAVAR
model is now widely used in economic applications. (For exam-
ple, Boivin, Giannoni, and Mihov (2009), Bianchi, Mumtaz, and
Surico (2009), Forni and Gambetti (2010), Moench (2008), and
Ludvigson and Ng (2009), to name a few. Large dimensional fac-
tor models are also increasingly used outside macroeconomics
and finance, for example, Fan, Liao, and Mincheva (2011), Fan,
Liao and Mincheva (2013), and Tsai and Tsay (2010).) Despite
its wide applicability, important issues remain to be addressed.

We first derive the number of restrictions needed in the pres-
ence of observable factors, and then consider how to impose
these restrictions. Two types of restrictions may be considered.
One type involves restrictions on the sample moments of factor
process, the other involves restrictions on the population mo-
ments of the factor process. The first type is more appropriate
for factors being a sequence of fixed constants, for example,
Bai and Li (2012). The second type is more appropriate for fac-
tors being a random sequence. Similar issue was discussed by
Anderson (2003, p. 571). In FAVAR models, since the factors
are stochastic processes, restrictions on population variance are
more reasonable than on sample variance. An important result of
this article is that the two types of restrictions, although asymp-
totically equivalent, lead to different limiting distributions for
the estimated factors and factor loadings, as well as different
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limiting distributions for the estimated parameters in the VAR
process.

The second issue is estimation and the related inferential
theory. In the FAVAR literature, Bernanke, Boivin, and Eliasz
(2005) and Boivin, Giannoni, and Mihov (2009) suggested a
two-step method to estimate an FAVAR model, in which the
factors are extracted first and their dynamics are estimated next.
There are no studies on the inferential theory of the FAVAR
model. The deficiency in this respect makes it difficult to con-
struct the confidence intervals for the impulse response function
and to interpret the subsequent economic analysis. Possibly for
this reason, Bernanke, Boivin, and Eliasz (2005) also consid-
ered a Bayesian method to estimate the model. However, the
burdensome computation procedure of the Markov chain Monte
Carlo (MCMC) method in this context is formidable for many
researchers.

In this article, we consider the identification, estimation, and
inferential theory of the FAVAR models. We contribute to the
FAVAR literature in several ways. First, we investigate the iden-
tification problem of the FAVAR model. Due to the presence
of partially observable factors, the identification problem here
differs from those in standard factor models. We consider three
sets of identification conditions. Unlike the usual identification
conditions that are imposed on the sample variance of factors,
we put the conditions on the variance of innovations to fac-
tors. These conditions are similar to those in the standard struc-
tural VAR literature. Second, we propose a likelihood-based
two-step method to estimate the FAVAR model, which explic-
itly takes into account of partial factors being observed. Using
maximum likelihood (ML) method instead of principal com-
ponents (PC) method in the first step gives a better estimation
of unobserved factors. (See Bai and Li (2016) for a compar-
ison of finite sample performance of the ML and PC meth-
ods.) In addition, we find that the iterative estimation proce-
dure advocated by Boivin, Giannoni, and Mihov (2009) can be
avoided.

Third, we establish the statistical theory of the two-step esti-
mators including consistency, convergence rates, and the asymp-
totic representations. We also give an inferential theory for the
impulse response functions. Based on this theory, the confi-
dence intervals of the impulse response function can be easily
constructed.

There are several studies related to our work. Stock and Wat-
son (2005) considered the identification and estimation issues in
the dynamic factor models. Their identification strategies share
with ours the same feature that partial conditions are imposed
on the variance of innovations. But the remaining conditions
are different: their conditions are imposed on the vector mov-
ing average representation and ours are imposed on the original
factor representation. Which identification strategy is preferred
depends on specific applications. Bernanke, Boivin, and Eliasz
(2005) suggested a timing-exclusion strategy for identification.
Their strategy may lead to over-identification. Han (2015) pro-
posed a statistic to test the over-identification restrictions. There
are additional studies considering the bootstrap method to con-
struct confidence intervals for factor-augmented models, such
as Goncalves and Perron (2014), Shintani and Guo (2011), and
Yamamoto (2011). Our theoretical results also pave ways for
future studies in this direction.
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The rest of the article is arranged as follows. Section 2 in-
troduces the FAVAR model with its identification problem, and
examines three sets of identification restrictions; and presents
some regularity conditions. Section 3 states our two-step estima-
tion procedures. Section 4 presents all the asymptotic properties
of our estimators. Section 5 focuses the impulse response func-
tion and its confidence intervals. Section 6 investigates the finite
sample properties of our estimators. Section 7 concludes. Tech-
nical proofs are delivered in the online appendix. Throughout
the article, the norm of a vector or matrix is that of Frobenius,
that is, ||A|| = +/[tr(A’A)] for vector or matrix A.

2. THE FAVAR MODELS

Let g; be a vector of observable factors, and f; be a vector
of latent factors, both of low dimension. The FAVAR model
assumes that g, and f; jointly follow a VAR process. That is, let
h; = (f/, g;), then h, is characterized by a VAR(K) process for
some K,

hy = ®thi_y + Pohyp + -+ Pghy_g +uy,

where @, O,, ..., Ok are matrices of coefficients. In general,
neither f; nor g, alone is a finite-order VAR process. The FAVAR
model further assumes that a large number of observable vari-
ables z; = (z1s, 225 - - - » Zn1), dimension of N x 1, is affected
by 4, through a factor model

2.1

zt=[A F][ﬁ}—i-et, (2.2)
8t

where A and T are the factor loadings with A = (A, ..., Ay)
and I' = (y1, ..., yn), and e, = (ey;, €, ..., en;) is the id-
iosyncratic error, where A; is of dimension r; x 1 and y; of
ry x 1,foralli =1,2,..., N. Throughout, we assume f; is of
dimension r; x 1, g; of r, x 1, and h; of r = r; + r,. We con-
sider estimating the factors ( f;) and factor loadings, the variance
of the idiosyncratic errors ¢;,, and the dynamic parameters in the
h, process, and derive their limiting distributions under various
identification restrictions.

Model (2.1)—(2.2) is the FAVAR model proposed by
Bernanke, Boivin, and Eliasz (2005). Equation (2.1) is a stan-
dard specification of VAR(K) model, except that the variables f;
are unobservable. The inclusion of unobservable factors is cru-
cial to the FAVAR model. These unobservable factors usually
capture the information of some structural shocks that are impor-
tant to the economy but cannot be well represented by specific
macroeconomic aggregates. As mentioned before, omitting un-
known structure shocks may be a primary reason for the failure
of the traditional VAR model in some empirical applications.
Equation (2.2) specifies that the common factors 4, are related
to the observable data z; by a factor model. This approach is
a plausible way to model the relation between observable vari-
ables z; and the latent variable f;, given the diffusion nature of
common shocks in ;. The FAVAR model can be considered as
a special case of Forni et al. (2000), but with more structures.

2.1  The Number of Identification Restrictions Needed

Model (2.1)—(2.2) cannot be fully identified without addi-
tional restrictions. To see this, for any invertible r; x r; matrix
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M, and r; X rp, matrix M,, the model can be written as
o= Afi+Tg +e =AM (M fi — M Ming)
—_———
A* fr
+ T+ AMp) g + e
—_——

T*

(2.3)

Then we obtain two observably equivalent models. Since the
total number of free parameters of M, and M, is rl2 + rirp, we
need at least r{ + rr, restrictions to identity parameters. A sub-
sequent question is whether r{ + rir, restrictions are enough.
To answer this question, we first define some notations for ease
of exposition. Let

F=(fi,f,..
H = (hy, ha, ..

o) G=1(g.82---,81),

. hy) =1[F,G].

The following proposition shows that the preceding question
has a definite answer.

Proposition 1. Suppose that H is of full column rank,
the number of restrictions needed to fully identify model
(2.2)—2.1)is (r} + r1r2).

Proof. Let M be any invertible r x r rotation matrix, parti-

tioned as
My My
M = ,
|: M

My,
where M1, My arer; x r; and r, X rp square matrices, respec-
tively. Then Equation (2.2) can be written as

—1
My, MIZ]

_ Ji _
2= [AF][&] +e= [AF][M21 My

My My ||
X + e;.
|:M21 M || & !
Let h,T = Mh,. If M is a qualified rotation matrix, the lower r,
elements of h,T should be g,. This gives

A _ | Mu My || fi
8 My Mx || g |
implying g, = M) f; + M2 g;, or equivalently

[May (May — Irz)][ H —0,

fort =1,2,...,T. The above result is equivalent to
[May (M, — I,,))]H = 0.

If H is of full column rank, by post-multiplying H(H'H)™",
we have M, = 0, My = I,,. This result indicates that, to fully
identify the parameters, we only need to uniquely determine
the matrix M;; and M), whose number of free parameters is
exactly 77 + r1r2. This proves the proposition. O

2.2 ldentification Restrictions

The identification problem brings advantages and disadvan-
tage to the FAVAR model. On one hand, it causes difficulties in
interpreting the model in a universal way; on the other hand,
the model has flexibility to fit specific situations through a

Journal of Business & Economic Statistics, October 2016

careful design of the identification strategy. In what follows,
we consider three sets of identification restrictions, which we
think are of practical relevance. We first introduce the following
notations:
[ & , E(sie]) E(s,v))
uy = ;. Q= Euu,) = ! !
! _vt} i E(ve)) E(v,v))

&

[ QS QSU
L QUS QUU

A1 A W _ [ECif) E(fig)
he = g} A= Ehh) = [E(g,f/) E(g,gb}
_[Ax Afg] 24
_Agf Agg ’ ( ’ )

where ¢, and v, are the innovations corresponding to f; and g,
respectively. We consider the following three sets of identifica-
tion restrictions.

IRa. The underlying parameter values 6 satisfy: Q.. = I,
Qe =0,and T A'S;'A = Q, where Q is a diagonal ma-
trix with its diagonal elements being distinct and arranged
in descending order.

IRb. The underlying parameter values 6 satisfy: Q.. =
I, =0 and A, is a lower triangular matrix, where
A is the upper r; x r; submatrix of A.

IRc. The underlying parameter values 6 satisfy: €., = 0 and
Ay = I, where A, is the upper ry x r| submatrix of A.

Each set of identification restrictions imposes rl2 + riry re-
strictions. There are no restrictions on £2,,, as v, is the reduced
form residual from the observable g;. In the next subsection, we
explain why it is possible to assume 2., = 0.

Remark 1. Infactor analysis, Anderson (2003, p. 571) consid-
ers both types of restrictions E(f; f/) = I,, and % Zthl fifl =
I,,. The former restriction is considered population restriction,
and the latter is considered sample version restriction. In our
case, since we have dynamics in 4;, the errors &, correspond to
fi- Because we assume the errors are random, it is reasonable
to make populational assumptions rather than sample version
restrictions. However, as we will show, though E(e;g;) = I,
and % Z,TZ | &€, = I, are asymptotically equivalent in a cer-
tain sense, they imply different distributions for the estimated
factor loadings and the estimated factors f;. The population ver-
sion restriction implies larger variance than the sample version
restriction.

2.3 Discussions on the Identification Restrictions

We give some discussions on the preceding identification
restrictions, especially the reason that we can impose the re-
striction 2., = 0. Suppose the original FAVAR model is

i
2 =[Af F*][? }+e,,

hi = ®ih)_y + Pih)_y + -+ Phl_g +ul,

t
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t i .

where hj = [ft ] and uj = [i’ ] with the variance matrix Q' =

8 !

toin el ol .
E(uu;) =1 o o ]. Note that this original VAR representa-
tion is in a reduced form with ng # 0. Let A be a rotation
P T

matrix definedas A = [(9“'5 v *(Q“'")IU Q“’Qv'l] , then the new
FAVAR model after rotation is

rn

T
z = [Af FT]A—VA[ff } te,,
— e’ 8t
[A T] ——

Ahl = ADTAT" . AR+ A®lAT AR 4.
N——" — e —— I S
hy [ h,_y (2] hi—

+ADL AT AR+ Aul,
——— ——
(o) h/—K Uz

where we use the notation without { to denote the new param-
eters. Note that the observable factor g, and the corresponding
innovation v; do not change. Let Q2 be the variance matrix of
the new innovation u, = [/ 1, then @ = AQfA" =1[" ],
where the new innovations satisfy ., = I,, and ., = 0. Con-
sequently our imposed identification restrictions on the innova-
tions as stated in the previous subsection are reasonable. The
new factor f; = (Qe.) V2 £ — (Qig.v)_l/zﬁivﬁ;ig, isnow a
linear combination of f,T and g,. With some appropriate restric-
tions on the new loadings [A T'], the factor f; can now have
economic meanings with additional identification restrictions.

The three different identification restrictions in the previous
subsection can be interpreted as follows.

IRa requires that A’Y ' A be diagonal, which is often used in
the maximum likelihood estimation, see Lawley and Maxwell
(1971). This identification condition is important in terms of
the statistical analysis, it can also be of economic interest in
some specific cases, as pointed out in Bai and Ng (2013). For
example, A is block diagonal such as A = [, 0;0, 7,], where
7; is a column vector of N; elements with Ny + N, = N. In this
case, the first factor only affects the first N; variables, and the
second factor only affects the next N, variables. Each variable
is affected by only a single factor, but we do not need to know
which variable is affected by which factor; we have A’Y e‘elA
being diagonal under arbitrary cross-sectional permutation of
individuals.

IRb shares the same feature with IRa by imposing the re-
strictions on the variance of u,. In addition, it restricts A; to
being a lower triangular matrix. This allows IRb to endow eco-
nomic implications with the unobserved factors. Under IRb,
only the first unobservable factor affects the first variable, the
first two unobservable factors affect the second variable, etc.
This scheme somewhat resembles the recursive identification in
structural VAR analysis. Through careful selection of the first 7;
variables, the unobservable factors are now explainable. For ex-
ample, Geweke and Zhou (1996), in their study of pricing error
in the Arbitrage Pricing Theory, used the recursive identification
conditions.
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IRc restricts the upper r; x r| matrix of the factor loadings A
to being an identity matrix. Since more restrictions are imposed
on the factor loadings A, IRc relinquishes the requirement that
the innovations to the unobservable factors be orthogonal and
have unit variance. Under IRc, the first unobservable factor af-
fects only the first series, the second unobservable factor affects
only the second series, etc.

Opverall, the identification restrictions considered in this arti-
cle share the feature that they impose restrictions on the loadings
A and the variance of the innovations to %,. This is in contrast
with the usual identification conditions in factor models, which
impose restrictions on the loadings and the sample variance of
factors; see Anderson and Rubin (1956) and Bai and Li (2012)
for traditional identification conditions. Imposing restrictions on
innovations instead on factors themselves is important and rea-
sonable because the components of f; are correlated while the
innovations &; can be assumed uncorrelated, similar to structural
analysis.

2.4 Assumptions

To analyze model (2.2)—(2.1), we make the following as-
sumptions:

Assumption A. The factor h, = (f/, g;)’ admits a VAR rep-
resentation (2.1), where u, is an iid process with u, = Q'/?¢,,
where E(¢,) = 0, var(¢;) = I,, and Q > 0, E(||¢;||*) < oo and
the elements of ¢, are mutually independent. In addition, all
the roots of the polynomial ®(L) = I, — &L — Ol — o —
&y LK = 0 are outside of the unit circle.

Assumption B. There exists a positive constant C large enough
such that

B.1.||A]l < C < o0, |1yl < C < oo forall i.

B.2.C™? < o/ < C*foralli, where o/ is defined in Assump-
tion C.

B.3. limy_ o %A/Ze_el A = Qexists and is a positive-definite
matrix, where ¥, is defined in Assumption C.

Assumption C. E(e;) =0; E(ee)) = X, = diag(o,z, 022,
...,0%); E(e}) < oo for all i and 1. The ¢;, are independent
over i and t. The N x 1 vector e, is identically distributed over
t. Furthermore, ¢;; is independent with u, for all i, 7, s.

Assumption D. Variances o

7 are estimated in the compact set
[C~2, CI.

Assumption A makes the regularity conditions on factors. It
requires factor A, to be stationary over ¢. It also guarantees that
H = (hy, hy, ..., hr) isof full column rank. So under Assump-
tion A, Proposition 1 holds. Assumption B is made on the factor
loadings. This assumption is standard. Notice that Assumption
B requires the columns of A to be linearly independent; oth-
erwise, Q will be a singular matrix. Assumption C centers on
the idiosyncratic errors. Under Assumption C, the correlations
over time and cross-section are ruled out. Meanwhile, the het-
eroscedasticity over time is also precluded. This assumption can
be relaxed to a great extent. In fact, the analysis of this article can
be extended to the approximate factor models (Chamberlain and
Rothschild 1983). Assumption D requires 052 to be estimated in
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a compact set. This assumption is due to the high nonlinearity
of the likelihood function, and it is common in the literature for
nonlinear problems.

3. ESTIMATION

In this section, we propose a two-step method to estimate
the underlying structure parameters that satisfy IRa, IRb, or
IRc. Some alternative methods can also be used. Bernanke,
Boivin, and Eliasz (2005) considered the MCMC method.
Boivin, Giannoni, and Mihov (2009) considered the iterated
principal component-ordinary least squares (PC-OLS) method.
Our method directly takes into account that g; is observable,
no iteration is necessary. Also, the MLE-based method is more
efficient than that of PC-based.

To gain insight into our method, write (2.2) into matrix form
as

Z=AF'+TG +e. 3.1

Post-multiplying Mg = I+ — G(G'G)"'G, we have
ZMG = AF’MG + eM(;.

Applying the quasi-maximum likelihood (ML) estimation

method to the model, we obtain the quasi-ML estimates (QMLE)

A, 2., and F. Let f=Ru(fi — Ang;glg,), where R, is a

rotation matrix. It can be shown that f; consistently estimate f*.

To recover f; from f and g;, we only need to determine A f,

and R;;, which is achieved by our identification conditions.
The estimation method is formally stated as follows:

1. Apply quasi-ML method with Y = ZMg to get QMLE
k,,o then calculate F =Y’ E 1A(A E 1A) and " =
(Z — AF)G(G'G)™", where Zee = dlag(o1 ey O

2. Leth, = (f/, g}) and run the following regression

flt = cI)1flr—1 + ®2]/~ltf2 +- 4+ ®Kﬁstfl( + error (3.2)

to get the estimators ®;, ®,, ..., dg.

3. Let ii; be the residuals of the regression (3.2). Calcu-
late @ = -Zt Ku,ul,whereT T—KandK = K + 1.
Then Q.., Q.p and Q,, are obtained by the definition. Cal-
culate Qe = Qe — SZM,Q IQUE

4. Estimation under IRa: Let V be the eigenvector matrix

of Qéﬁ,( A E ‘A)Q;éz,,, whose associated eigenvalues
are in descendmg order. Calculate A = AQ,léz,,V, F=r+
AL, Q) F = (F - GQUJQ,,S)Q;I{,ZV. Further construct
R as
R— [V/Q;%z V't S 2y ]
0 I,

Then &, = R®, R~ for p = 1, 2

12 5

., K, and Qyy = by
Estimation under IRb: Let 2,55, A" = QR be the QR decom-
12

position of Q. ,,A’l with Q an orthogonal matrix and R an
upper triangular matrix, where A is the upper r; x r sub-

matrix of A. The parameters are estimated by A=A 0,
[ =T +AQ.,Q;), F=(F-GQ; IQM)QEM Q. Let

R [Q Oz —Q/fzw‘.{f@wfzug]
0 I '

n
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Then CTDP
Estimation under IRc:
by A=A,
G, Qo)A Let

= RO, R forp=1,2,...,K,and Q,, = Qy.
The parameters are estimated
=T+ AQ.,Q), and F =(F —

v’

Ay =R 82,
0 I, '

, K,and vi = vi»

ThenCDp_RCD R'forp=1,2,.
Qas _AIQSS UA/I

Remark 2. The innovations v, do not involve any identifi-
cation problem and hence are the same under different identi-
fication restrictions, due to the factors g, being observable. As
a result, the estimator €2y, is the same under different identifi-
cation restrictions. However, for the innovations &;, its variance
matrix is restricted to being an identity matrix under IRa and
IRb, so we only need estimate €2, under IRc. The estimator
2 would be useful in the construction of the impulse response
function in Section 5.

Remark 3. We explain how we recover f; from f* (how
to obtain f; from f;) using the given formula above. We take
IRc as the example to illustrate. By f* = Ry1(f; — Ay, A;; gt),

we have F = (F* + GA,/ A, R{)R}". From the estimation
procedure, it is seen that Al_l

that
|:frj|:|:R11 Afg i||:frj|
8t 0 1 8t
_ [RHI A A,

e
0 1 vy

(notice that v} = v,), which further implies
QS{;‘ QSU
QUS QUU
—lox - *
_I:* | 1 RIIst+Angg;vi:|.
Q;sRll + Q:m Agg Agf Q:w

corresponds to R;;. Also notice

)

By Q. = 0, weseethat Q5,'Q}, = —A_/ A R}, Sothe term
—Q, 1€y is an estimator of Aggl A,s Ry, . This justifies the for-

mula F = (F — GQ;1$2,¢) A in IRc.

Remark4. Theparameters A, I, .., @y, ..., g, and Q2 can
also be estimated by the state space method using the Kalman
smoother as in Watson and Engle (1983), Quah and Sargent
(1992), and Doz, Giannone, and Reichlin (2012) (though the
latter article considers homoscedastic e;;, it can be extended to
heteroscedastic errors). But the state space method is computa-
tionally more demanding than the two-step method here. That
is perhaps the reason that Doz, Giannone, and Reichlin (2011)
subsequently also considered a two-step method. Furthermore,
it can be shown that, due to the static relationship between z;; and
h,, there is no asymptotic efficiency gain by using the Kalman
smoother (see Bai and Li (2016)). None of these articles study
the limiting distributions of the estimators.

Throughout the article, we use the symbols with a hat to
denote the final estimators (e.g., A,, f,, de) and the symbols
with a tilde to denote the intermediate estimators (e.g., A;, ﬁ,
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®;). Since o does not have the identification problem, the
intermediate estimator and the final estimator are the same. For
this reason we use the two symbols interchangeably, that is,
Az = a and Zee =3,..

4. ASYMPTOTIC PROPERTIES OF THE
ESTIMATORS

In this section, we deliver the asymptotic results on the two-
step estimators. The following proposition states that the two-
step estimators are individually consistent.

Proposition 2. Under Assumptions A-D, when N, T — oo,
with any one of identification conditions (IRa, IRb, or IRc), we
have

A2 2 P

hi=h D0 pi—yi >0 67 —a 50
fi= £ 50 - 50,
foreachi =1,2,...,N;t=1,2,....T;k=1,2,..., K.

To give the asymptotic representations for the factor loadings,
we introduce the following notations. Let Vbe anr; x r; matrix,
which is defined as follows:

B IIP’ID;T} S ¢ler ® & — vec(l,,)], under IRa

Dok Y7 gle: ® & — vec(l,,)]
+D3(A1 ® AM)—I% Zf:l(sl ® b)),

- ® A,;;)% Zszl & ® ¢y,

where D, is the r-dimensional duplication matrix such that
D,vech(M) = vec(M) for any r x r symmetric matrix M and
D/ is its Moore—Penrose inverse; Bg = [2D}, (K] (I, ®
O+0® I,])ID)’I]’, where Q = (A/Z;EIA)/N, K, is the r-
dimensional commutation matrix such that K,vec(M) =
vec(M’) for any r x r matrix M and D; is the matrix such that
veck(M) = Dvec(M) for any symmetric matrix, and veck(M)
is the operator that stacks the elements of M below the di-
agonal into a vector; Py = [, 0,x,]" with p = (r; + D)r1/2
and ¢ = r(ry — 1)/2; D, = K,, D} (D}'S,,S,,D})"'D}'S. /2
where D* is the matrix such that vec(M) = D}vech(M) for
any lower triangular r x r matrix M and S,, is the symmetrizer
matrix such that S, = (1,2 + K,)/2; D3 =2ID,S,, — La2s Ay
is the upper r| x r; submatrix of A; Agy = E(¢:¢p;) with
b =fi— ApA g & =(er.er ... ).

Given the consistency, we have the following theorem on the
asymptotic representation of the estimator for loadings 4,

vec(V) =
under IRb

under IRc

Theorem 1. Under Assumptions A-D, when N, T — oo and
JT /N — 0, under IRa, IRb, or IRc, we have,

T
VTG —2) =TV + A@;(% > dreir) +op(D.41)
t=1

where ¢, = f; — Ang;;g, and Agy = E(¢:¢;), where Ay,
and A, are defined in (2.4).

Remark 5. Consider the limiting distribution under IRa. The
restrictions under IRa are similar to those for the principal com-
ponents estimator. The limiting distribution here is different
from that of the usual PC in several ways. First because of the

625

presence of observable g;, the “regressors” f; is projected onto
g:, and the projection error ¢, enters into the distribution. Sec-
ond, there is an extra term V in the limiting distribution. To better
understand this term, consider the situation in which g, is ab-
sent, and the dynamics in /;, is also absent so that i, = f, = ¢;.
The restriction E(g;¢;) = I, becomes E(f; f/) = I.. The limit-
ing distribution under IRa becomes

T
VTG — ) = VTV + (& fif! =
(T[; ) JT

T
x Y freir +0p(1), (4.2)

t=1

where V depends on % Z[TZI fifl —
ple version restriction % >, fif{ = I, then the first term dis-
appears. This result is consistent with that of Bai and Li (2012),
where the sample version restriction is considered. Thus re-
strictions on sample covariance and restrictions on population
covariance lead to different limiting distributions for the esti-
mated factor loadings. Restrictions on population covariance of
f, imply a larger limiting variance for ;. Finally, because we
allow dynamics in /%, the first term V involves the innovations
of g, rather than f;.

Also in the absence of g, and without dynamics in #,
so that h, = f; = &;, Equation (4.2) is also the asymptotic
representation of the PC estimator under the population re-
striction E(f; f/) = I; but in the definition of V, the matrix
Q0 = (A'Z,'A)/N is replaced by A’A/N because the PC es-
timator treats the error covariance matrix as an identify matrix.
This result is also consistent with that of Bai (2003), where he
considers a limiting distribution of the form VT — RA;) for
some rotation matrix R. If we let R = I, 4+ V, then the repre-
sentation will be equivalent to that of Bai (2003).

Under IRDb, the population restriction E(e;¢;) = I, continues
to affect the limiting distribution. Now V itself is composed of
two expressions. The second expression in V is analogous to a
term in Bai and Li (2012) under IC5 .

Under IRc, there are no restrictions on the population variance
of &, and instead, the restrictions are imposed on the factor
loadings. The limiting distribution is analogous to that of Bai
and Li (2012) under IC1.

I,.. If one assumes the sam-

Remark 6. Theorem 1 shows that the asymptotic representa-
tion for X,» under different IRs has a similar expression, which
justifies our treatment that the asymptotic properties for 4; under
different IRs are studied in a unified framework. The symbol ¢,
in the asymptotic representation is the residual from projecting
f; on g,. Hence, it is orthogonal with g,. The expression of V is
different under different identification restrictions.

To derive the limiting distribution of )AL,-, we consider the co-
variance between the first and second term on the right-hand side
of (4.1). Under IRa, V only involves the variance of the VAR
innovations ¢,¢;, and the second term only involves ¢,¢;,, so the
first and second term are asymptotically independent because
of the absence of correlation between ¢,¢, and ¢,¢;;. Uncorre-
lation implies asymptotic independence because each term is
asymptotically normal. Under IRc, we only need to estimate A;
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with i > ry, so the second term only involves ¢;; where i > ry.
But V involves & ¢;, where & = (ey;, e, ..., €,1), so the first
term is asymptotically independent with the second term. Under
IRb, fori > ry, these two terms are asymptotically independent
for the same reason as under IRa and IRc. But for i < ry, these
two terms are correlated. Based on the preceding analysis and
Theorem 1, we have the following corollary.

Corollary 1. Under the assumptions of Theorem 1, we have

Under IRa:
VTG = 1) S N (0, ® 1,)Bg Py [2(D], D,) ™" + ]
x PiBo (i ® I,)) + 07 Ayy) .
Under IRb: fori > ry,

VTGi =) S N (0.0 @ 1) [Da(21,; + 1D,

DAL S A ® Mgl ™D | G © 1) + 0785
forl <i<ry,

TG — 1) S N (0, ' ® I,,)D; [21,12 +H

+4S, (NS5 M) © Ayl 'S, | DSy © 1))
Under IRc: fori > rq,
~ d _
VTG —2) S N (0, (A Zeehi + aiz)Aak;) J

where Yee = var(§) with & = (e, ex,....e1),
G=D 9 W. 2, D}, and H=P,W.% , where
D} = (D, D,)"'D, is the Moore-Penrose inverse of
D,, 9, is an r?xr transformation matrix such that
vec(M) = Z,diag(M) for any diagonal r-dimensional matrix
M and W, is an rj-dimensional diagonal matrix with its ith
diagonal element x/ —3 where k' = E(s?,). The notations
Bq.Pi, D), Dy, D3, Ay, S, and Agy are defined in the
paragraph before Theorem 1.

Remark7. Term V in the asymptotic representation under IRa
and IRb involves &; ® &, — vec(l,,), where &, is a component of
u,;. The limiting variances therefore depend on the kurtosis of ¢;;,
where ¢;; is the ith element of &,. If normality of u, is assumed,
then terms G and ‘H are zeros since VW = 0, and the limiting
distribution in the preceding theorem is simplified. Similarly,
with normality assumption of u,, the asymptotic variances in
Corollaries 3 and 4 and Theorems 7-9 will also be simplified.
The simplified limiting distributions can be found in an earlier
(online) version of this article.

Now we consider the asymptotic results for 7; — ;. We have
the following theorem.

Theorem 2. Under Assumptions A—D, when N, T — oo, and
JT /N — 0, under IRa, IRb, or IRc, we have

T
1
VTG =) =VTWh + A [ —= D nven | + 0, (D).
r =1
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where n, = g, — Ang;}f, and A,,, = E(n,n,) where A, and
A 47 are defined (2.4). In addition,

T
1
W= Q;,}? > e
t=K

Similar to Theorem 1, the asymptotic representation of y;
under different IRs also has a unified expression. Symmetric to
the symbol ¢, in Theorem 1, the symbol 7, here is the residual
of projecting g, on f;. The matrix W has a unified expression
under different IRs. If the population restriction E(v;&,) = 0 is
replaced by the sample version % ZIT:, v,e; = 0, then the first
term W disappears.

Note that the two terms in the asymptotic representation of
¥; — y; are asymptotically independent. The asymptotic inde-
pendence follows from the absence of correlation between v, ¢,
and n,e;;, which is similar to the case in (4.1) under IRa.

Corollary 2. Under the assumptions of Theorem 2, we have
VTG = 7) 5 N (0, (M Qeehi) Qb + 0745
where Q.. and 2, are defined in (2.4).

After deriving the asymptotic result of loadings, we consider
the estimation of the unobservable factors f,. The asymptotic
resultof f, — £, involves both V and W matrices, which is stated
in the following theorem.

Theorem 3. Let p = N/T. Under Assumptions A-D, when
N, T — oo, we have

W=t ) (L3 L
fi—f)= N - (7,'2 iN; \/Nizl O_i2 i€it

~Jp (ﬁv/f, + ﬁW’g,) +o,(1).

In the asymptotic representation of f; — f;, the first term,
V and W are asymptotically independent with each other.
To see this, first consider V and W. Under IRa, no-
tice E[vec(V)vec(W)|e] =0 where ¢ = (¢1,...,er). Thus,
E[vec(V)vec(W)] = E[E(vec(V)vec(W)|e)] = 0. Under IRc,
we also have the same result since E[vec(V)vec(W)|u] =0
where u = (u1, ..., ur). Combining the above two results un-
der IRa and IRc, we have E(vec(V)vec(W)'] = 0 under IRb
in view of the expression of V. We next show the first term is
asymptotically independent with both V and W. Since W only
involves u while the first term only involves e, they are inde-
pendent under all IRs. Under IRa, V is independent with the
first term for the same reason. Under IRc, V involves &, ¢; over
t where & = (ey, ..., e,), while the first term involves sum-
mations of e;, over i, so they are uncorrelated because ¢, and
e;; are independent from the assumption that u, is independent
of e;;. The previous two cases imply that under IRb, V is also
asymptotically uncorrelated with the first term. Given the above
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analysis, we derive the limiting distribution in the following
corollary.

Corollary 3. Under the assumptions of Theorem 3, we have

Under IRa:
NG = 105 N (0.7 +0 | 7B By (20, D)7 +9)

xPiBG F: + 8208 )
under IRb:
VNG = 1) 5 N (|7 (D21 + 10D, + Dy

<[(A| S AD ® AM]—‘D;) F + gt/Q;l],g,Q%D ,
under IRc:
A d _ _ e
VNG=1) 5 N(0.Q7 " +p [ f/ Ay, fiZee +8, 208192 ]) -
where 7, = I,, ® f; and Q = limNﬁoo(A/EgelA)/N.

Remark 8. In the absence of g,, the term ~/T W, drops out.
Furthermore, in the absence of factor dynamics (so that h, =
fi = &), Theorem 3 characterizes the MLE of f; under the
population restriction E(f; f/) = I, when IRa or IRb is used.
Especially, the principal components estimator of f; (with £,
replaced by an identity matrix), has the following representation,

-1
R 1 &, 1 &
VN - f) = (ﬁ ;MM) («/_ﬁ ;M%)

—oNTV' f, +0,(1).

Here in the definition of V, the matrix Q = A/Ee_elA /N is re-
placed by A’A/N.

For estimator 67, we have the following theorem and corol-
lary.

Theorem 4. Under Assumptions A-D, when N, T — 0,

JT(6? —o?) fz(el, o?) +o0,(1).

In addition, we have

VT62 —02) S N, 62 + k),

where «; is the excess kurtosis of e;;. With the normality of e;,,
the limiting distribution reduces to A/(0, 20i4).

Notice ¢;; does not have the identification problem. Conse-
quently its asymptotic representation does not depend on the
identification restrictions. We then consider the asymptotic rep-
resentation of &, — @y, which is stated in the following theo-
rem.

Theorem 5. Under Assumptions A—D, when N, T — 0 and
VT /N — 0, we have

I« A/l AL
ﬁé%%)(;é%%) (ir® 1)

—VTB &, + VT B +0,(1),

ﬁ(ék—cbk):(
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where ¥, = (h/
[V,0;wW,0].

hi_,,...,h,_x) and B is defined as B =

t—1°

If the factors f; were observed, the asymptotic representation
of V/T(d; — ;) would be

1 B
DA
=K

However, f; is unobservable, the asymptotic representation

of ﬁ(cﬁk — ®;) then has two extra terms, —\/TB/CDk—}—

VT ®;B’. Theorem 5 shows that the inferential theory of the

standard VAR models cannot be applied to the FAVAR model.
Given Theorem 5, we have the following corollary.

1 T
Wi Z_w; (ix ® 1) + 0,(1).
1=K

Corollary 4. Under the assumptions of Theorem 5, we have

VTvec(d — &) > N0, % @ Q + DgJ D)),

where ¥, denotes the (k, k)th r x r submatrix of [E (¢t¢;)]_l
and J is the limiting variance of VT vec(B) and defined as

Under IRa:
J = DyBg'Py[2(0), D))" + G |PiBG D,
+D5(Qe ® 2,,)Ds.
Under IRDb:
J = Dy(D22L,; + H)D, + D3[(A] 55 A1) @ Aggl™'DS)

xI} + Ds(Qee ® ;) Ds.
Under IRc:
J =Dy(Bee ® AyyD), + Ds(Qee ® 2;,,)Ds,

where D, and Ds are respective r x r? and r? x rir, matrices

such that vec(B) = Dyvec(V) + Dsvec(W); Dg = (I, @ Oy —
&, ® I,)K, with K, the r-dimensional commutation matrix.

Remark 9. This article assumes h; follows a finite order
AR(K) process. This may not be appropriate for certain set-
tings. For example, if the idiosyncratic errors contain unit roots,
then differencing the data is necessary. But the factor process
h, may be over-differenced, and a finite lag VAR for h, will
not be appropriate. Our model does not apply to this case. A
possibility is to allow K to increase slowly with T as in Berk
(1974), but the analysis will be much more complicated. When
the errors e;; are all stationary AR(1), there are two methods
to proceed. Method 1 is to model the AR(1) process, and the
likelihood function needs to be modified. Method 2 is to ignore
the serial dependence, and the same likelihood function is used.
It can be shown that both approaches give consistency for the
factor loadings and the factors. But the limiting distributions
will be different. In a non-FAVAR context, Bai and Li (2016)
studied some related issues.

5. IMPULSE RESPONSE FUNCTION

Impulse response function plays an important role in the
VAR analysis. In this section, we construct the confidence
intervals for impulse response function of model (2.1). Let
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O = (D, Dy, ..., Pg). Theorem 5 gives

VTvec(d — @)
~[ne (s 5 wi)] [ = e vl
T =1 l ﬁ =1
—VTU, ® d)ec(B) + VT(® ® Ix,)vec(Ix ® B)

+o,(1).

Let Dg be a Kr? x r? matrix satisfying that vec(Ix ® B) =
Dgvec(B). Given this result, we have

VTvec(d — @)
1 o ST 1
=[re(; ; V)] [ﬁ ;w, ® )]

+{(® ® Ik)Do — (I, ® PNV Tvec(B) + 0,(1).

By definition, it is seen that /T vec(B) is asymptotically in-
dependent with ﬁ NI @Y. Let Dyg = (® @ Ix,)Dy —
(I, ® ®'). Then we have

VTvec(d — @) 4 N(O, QIEW Y + DIOJDIIO)’

where J is the limiting variance of v/T vec(B) and Q = E(uu;).
Under the assumption of stationarity of the process /., model
(2.1) has a vector MA(00) expression

hy =u; +Wiu g+ Wauo + - - 5.D

Given the asymptotic results of ~/Tvec(®’ — @’), the limiting
distribution of ¥, — W, for all s can be derived in the standard
way (see Hamilton 1994, p. 336). The limiting result is stated
in the following theorem.

Theorem 6. Under Assumptions A-D, when N, T — oo and

VT/N — 0,
ﬁvec(@; —-v))
SN (0. @ EWY + DD ),

where Y is defined recursively by

T, = Z Vi @[V, Wy Y k]

i=1
with Wy = I, and ¥, = 0 for s < 0.

We notice that the above impulse response functions are de-
rived from the nonorthogonal shocks. In the analysis of some
structural models, the impulse response functions for orthog-
onal shocks are required. For this, we consider decomposing
Q = var(u,). Let P be the lower triangular matrix, which is ob-
tained by the Cholesky decomposition of €2. And let w; be the
corresponding structural shocks with the relation that u, = Pwy.
Then the moving average expression (5.1) can be written as

hr = Pw[ + \Ijlpa)r_l + \IJQPCU[—Z + -

= Cow; + Ciwy—1 + Cowryo + - - - (5.2)
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with C; = WP being the impulse response function corre-
sponding to the structural shocks w;.

Remark 10. There are some cases in which no Cholesky
decomposition is needed. For instance, in the application of
Bernanke, Boivin, and Eliasz (2005), g; is a scalar that is the
federal fund rate. Then €2,, is a scalar and hence a diagonal
matrix. So under IRa and IRb, €2 is diagonal implying that
the innovations u, are mutually orthogonal and hence can be
interpreted as structural shocks. But under IRc, € is not diagonal
due to the nondiagonal matrix Qee.

Next we aim to derive the limiting distribution of
VTvec(C, — C,), on which basis the confidence intervals of
the impulse response function can be constructed.

By definition, C; is related to both W, and P. The limiting
distribution of ¥, — W, is given in Theorem 6. The limiting
distribution of 7 — P can be derived based on the following
theorem, since by definition, P is related to 2., and €2,,,,.

Theorem 7. Under Assumption A-D, when N, T — oo, the

estimator €2,, is consistent for €,,. With /T /N — 0, under
IRa, IRb, or IRc, we have

VTvech(@yy = Q) > N (0. D[220, © Qs
+@U & QU@ W@ @ )| D7),

where D:g is the Moore—Penrose inverse of an r,-dimensional
duplication matrix, %, is defined in Corollary 1, and W, is
an rp-dimensional diagonal matrix with its ith element /cl.T -3

where /cf is the fourth moment of its ith element of Q;,],/ 2v,. In
addition, under IRc, we also have

VTvech(@ee — Q) S N(0, D[22 ® R
+HQLL @ QUPND, W2, ) QL ® Q)
+45,(Ze ® A5, | DY),

where W, is defined similarly as W,,.

Further, based on Theorems 6 and 7, we can derive the limiting
distribution of ~/Tvec(C, — Cy) as in the following theorem.

Theorem 8. Under Assumptions A-D, when N, T — oo and
VT /N — 0, we have:

Under IRa and IRD,

VTvee(€, = C) % N(0.(P' & DK, NI WK /(P @ 1))

+(I; ® VODLD) (U, @ W))).
Under IRc,
VTvee(€, — C,) S N(O, P’ ® LYK, T,Ji T K (P®I,)

+(I, ® V(1 @ W)
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with  Ji = Q& [EW Y] + DioJ D,
D7J2D/7 and

J3 = DgJalDg +

JZ = WZSrz |:2vi & qu
HQY2 @ QYD W 2R ® sz}/,})]s;zwz,
where
u]]4 = Wl Sr; [2st ® st + (ng ® Qiz{z)
X(Z, W 2. )(QI* ® Q1%
+45,(Zes @ ALDS), |8, W

D7 and Dy are transformation matrices such that for any M, ., =
[M,0;0, M,] where M, is r; x r; and M, is r, X r, and
both are lower-triangular matrices, vec(M) = Dgvech(M;) +
Dyvech(M3); W, and W, are defined in Appendix E (online
supplement).

Then based on (2.2) and (5.2), the impulse response func-
tion of the observable variables z; with respect to the structural

shocks w; is
8Zi,t+k _ (C;(|:)x,i|
dwy Vi

for each i and for all £ > 0. Then note that

8/Zit\+k 0Zi 14k A — A
Tk Tk _ (@, —C G :
aa)[ 360, ( kT k) + k yl - Vl

has two components, which arise from estimatlng the loadings
(Ai, ¥;) and the MA(o0) coefficients C;. From the asymptotic
representations of (Ai — Ai), (% — yi), and (Cx — Cp), taking
into account their covariances, we obtain the following theorem
on the impulse response function.

Theorem 9 (Impulse Response Function). Under Assump-
tions A-D, when N, T — oo and ﬁ/N — 0, under IRa, IRb,
or IRc, we have

8/21‘\1( 0Zi1+k d m
T Bk ORinrk ) 4 (o) Avar( 230k
30)t 861), - ’ Var( aa)[ ) ’
with
Am(ﬂ) (A}, y)) ® K, - Avar(vec(Cy)) - [(A],
dw;

¥)) ® K1+ C), - Avar(X, /) - Cy
+HALY) Q K 1- (P Q LK, Vi DioJ[(A;, v{) ® Cyl
+[(AL ¥ @ CLIID VKPR L) - [(A,y)) @ K/1,

where K, is the commutation matrix defined as in Section 4;
J is the limiting variance of /T vec(B) defined as in Corollary
4 and Y} is defined in Theorem 6. In addition, Avar(kl, yl) =
dlag(Avar(A) Avar(y;)); AvaI(A) Avar(y,) and Avar(vec(Ck))
are the asymptotic variances of k,, 7;, and (Ck, respectively, and
are given in Corollary 1, Corollary 2, and Theorem 8, respec-
tively.

Once estimators for Avar(ii), Avar(y;), and Avar(vec(@k))
are obtained, the confidence intervals for the impulse response
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function can be easily constructed. For example, the 95% con-
0Zi 14k s

fidence interval for the impulse response function
Wy
02i 4% 196[ 02k \ |12 (Fziark
‘ ding| mvar( 0] (5
(( dw; ) JT tagava ( dw; ) ( dw; )
1967 . [ — /32ir0\ 112
Tl s (S0
+ﬁ[ 1ag var( b, )

where (%) = C}c[i ], and diag{-} stacks the diagonal ele-
ments of the argument into a column vector, and

i . _ R
Avar( Z’Hk) =(A;, P ® I - K, - Avar(vec(Cy))
wy

KK pY @ I+ C - Avar(X, 9)) - €,
+(P' ® LK, TiDioJ [}, 7)) @ Cr]
+A, ) @ CUID T K.(P® 1)

with K\ar(il’., 7/) being the estimate of Avar(i;, 7/) and
Avar(vec(@k)) being the estimate of Avar(vec(@k)); 75, Tk, D,O,
and J are the estimates of P, Yy, Dy, and J, respectively.

6. FINITE SAMPLE PROPERTIES

In this section, we run Monte Carlo simulations to investigate
the finite sample properties of the two-step estimators. For the
sake of space, we only consider IRb and IRc, which are of more
practical relevance. In factor analysis literature, many studies,
such as Bai and Li (2012, 2016), Doz, Giannone, and Reichlin
(2012), investigate the finite sample properties of the QMLE,
that is, A, F, f)ee. Consequently, in this article we instead focus
on the performance of the estimator ®. Notice that & has a close
relation with the impulse response function, which in many
occasions is the primary tool of the economic analysis. Hence,
the finite sample properties of & deserves our special attention.

The factors are assumed to follow VAR(1) and are generated
according to

hi = ®h; 1 +uy,

where h, = (f/, g/) and u, is an iid M/(0, €2) process. Matrix
is restricted by the identification IRb and IRc and exhibits the
form, respectively,

(IRb)[ 0 QO }

where Q; and €2, are both symmetric positive definite ma-
trices. The symmetric positive matrix is generated according
to @ = MIDM/, where M = M(M’'M)~'/? with M being any
r x r standard normal random matrix and D is a diagonal ma-
trix with all its diagonal elements drawn from (1 4+ /[0, 1])%.
Throughout the simulation, the number of unknown factors and
known factors, ry and r, are setto2and 1 (sor = r; +r, = 3).
In addition, the parameter @ is fixed to 0.71,.

All the factor loadings are generated independently from
N, 1) (where A is N x2 and I' is N x 1). To make the
underlying factor loadings satisfy the identification restrictions,
we set the (1, 2)th element of A to be 0 under IRb and the upper

(IRC)[ 0 Qo }
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Table 1. The RMSE:s of all the elements of & under IRb
N T Dy D D3 D, Dy D3 D, O%5) D33 Ave
50 50 0.1360 0.1261 0.0902 0.1318 0.1474 0.0925 0.1804 0.1748 0.1170 0.1329
100 50 0.1307 0.1177 0.0919 0.1252 0.1351 0.0939 0.1799 0.1722 0.1209 0.1297
200 50 0.1335 0.1208 0.0894 0.1230 0.1320 0.0885 0.1736 0.1625 0.1218 0.1272
50 100 0.0933 0.0803 0.0569 0.0846 0.0891 0.0591 0.1179 0.1185 0.0810 0.0867
100 100 0.0841 0.0788 0.0563 0.0783 0.0848 0.0563 0.1113 0.1133 0.0811 0.0827
200 100 0.0844 0.0794 0.0554 0.0798 0.0879 0.0538 0.1106 0.1147 0.0816 0.0831
50 200 0.0611 0.0534 0.0380 0.0560 0.0614 0.0369 0.0787 0.0833 0.0529 0.0580
100 200 0.0572 0.0563 0.0379 0.0532 0.0600 0.0396 0.0795 0.0799 0.0559 0.0577
200 200 0.0557 0.0519 0.0370 0.0528 0.0547 0.0369 0.0836 0.0797 0.0551 0.0564
50 500 0.0373 0.0326 0.0236 0.0328 0.0380 0.0235 0.0495 0.0514 0.0336 0.0358
100 500 0.0343 0.0335 0.0229 0.0327 0.0350 0.0233 0.0509 0.0495 0.0349 0.0352
200 500 0.0335 0.0321 0.0233 0.0324 0.0341 0.0235 0.0505 0.0484 0.0322 0.0344
Table 2. The empirical size of the ¢-test (nominal 5%) for all the elements of ® under IRb
N T Dy D D3 D,y Dy D3 D3 D3 D33 Ave
50 50 0.068 0.060 0.049 0.069 0.086 0.062 0.058 0.052 0.055 0.0621
100 50 0.063 0.055 0.055 0.062 0.071 0.066 0.063 0.055 0.055 0.0606
200 50 0.079 0.069 0.049 0.049 0.065 0.058 0.049 0.055 0.074 0.0608
50 100 0.085 0.046 0.044 0.065 0.072 0.060 0.042 0.067 0.054 0.0594
100 100 0.059 0.055 0.055 0.051 0.072 0.046 0.044 0.041 0.066 0.0543
200 100 0.060 0.045 0.050 0.055 0.074 0.040 0.034 0.055 0.060 0.0526
50 200 0.069 0.042 0.052 0.056 0.072 0.039 0.047 0.062 0.050 0.0543
100 200 0.058 0.057 0.048 0.058 0.069 0.052 0.042 0.040 0.071 0.0550
200 200 0.057 0.042 0.043 0.043 0.056 0.055 0.056 0.053 0.058 0.0514
50 500 0.070 0.043 0.055 0.043 0.081 0.058 0.049 0.064 0.053 0.0573
100 500 0.054 0.053 0.053 0.046 0.054 0.052 0.049 0.046 0.064 0.0523
200 500 0.055 0.047 0.056 0.049 0.046 0.053 0.057 0.048 0.048 0.0510

2 x 2 matrix of A to be the identity matrix under IRc. After the
factor loadings are obtained, the data are generated by

=AM +Tg +e,

., eny) withe;, ~ N(0, 07), where 6> ~

where e, = (ey;, €y, . - ;

1 +Ul0, 1].

After the data (Z, G) are constructed, we need to determine
the number of unknown factors r; before estimation. There are
two approaches to determine r;. One approach is to first esti-
mate the total number of factors based on Z (denoted as 7) by
the information criterion proposed by Bai and Ng (2002), and

then get 7| = # — r, where r; is the number of known factors. A
better approach is to directly estimate the number of unknown
factors 7} through the transformed data ZM. The second ap-
proach is adopted in simulations. Once r; is determined, we
use the method described in the previous section to estimate the
parameters.

The identification conditions IRb have so-called sign prob-
lem. (See Bai and Li (2012) for an illustration on the sign
problem.) To eliminate this problem, after the estimated fac-
tors F are obtained, we calculate the correlation coefficients
between each column of F and the corresponding column

Table 3. The RMSEs of all the elements of & under IRc

N T Dy Dy D3 Dy Do) Dy D3 @3 B33 Ave
50 50 0.1407 0.1397 0.1336 0.1354 0.1383 0.1258 0.1359 0.1281 0.1323 0.1344
100 50 0.1405 0.1403 0.1349 0.1365 0.1443 0.1299 0.1319 0.1419 0.1284 0.1365
200 50 0.1347 0.1290 0.1350 0.1394 0.1406 0.1295 0.1312 0.1323 0.1261 0.1331
50 100 0.0878 0.0868 0.0800 0.0897 0.0897 0.0849 0.0842 0.0859 0.0806 0.0855
100 100 0.0871 0.0869 0.0877 0.0810 0.0843 0.0838 0.0831 0.0871 0.0812 0.0847
200 100 0.0827 0.0840 0.0874 0.0813 0.0857 0.0852 0.0879 0.0878 0.0843 0.0851
50 200 0.0586 0.0562 0.0600 0.0571 0.0583 0.0568 0.0538 0.0571 0.0528 0.0567
100 200 0.0559 0.0566 0.0592 0.0558 0.0560 0.0586 0.0564 0.0567 0.0547 0.0567
200 200 0.0534 0.0583 0.0554 0.0577 0.0558 0.0565 0.0579 0.0562 0.0541 0.0562
50 500 0.0348 0.0343 0.0346 0.0334 0.0353 0.0364 0.0346 0.0348 0.0312 0.0344
100 500 0.0338 0.0337 0.0353 0.0344 0.0347 0.0353 0.0347 0.0359 0.0324 0.0344
200 500 0.0332 0.0339 0.0347 0.0341 0.0341 0.0369 0.0351 0.0370 0.0328 0.0346
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Table 4. The empirical size of the #-test (nominal 5%) for all the elements of ® under IRc
N T Dy Dy D3 Dy 0% D3 D3 D3 D33 Ave
50 50 0.079 0.064 0.069 0.081 0.081 0.051 0.076 0.073 0.076 0.0722
100 50 0.088 0.078 0.065 0.071 0.089 0.069 0.074 0.078 0.087 0.0777
200 50 0.069 0.059 0.061 0.069 0.089 0.064 0.067 0.069 0.077 0.0693
50 100 0.078 0.064 0.051 0.070 0.074 0.058 0.057 0.050 0.062 0.0627
100 100 0.073 0.067 0.054 0.045 0.069 0.053 0.053 0.056 0.047 0.0574
200 100 0.055 0.055 0.070 0.058 0.068 0.066 0.058 0.066 0.065 0.0623
50 200 0.058 0.048 0.060 0.055 0.056 0.046 0.043 0.051 0.049 0.0518
100 200 0.060 0.046 0.067 0.050 0.059 0.058 0.064 0.064 0.066 0.0593
200 200 0.049 0.060 0.052 0.059 0.052 0.037 0.055 0.057 0.055 0.0529
50 500 0.055 0.046 0.046 0.046 0.066 0.057 0.058 0.060 0.048 0.0536
100 500 0.051 0.045 0.050 0.054 0.057 0.050 0.049 0.056 0.052 0.0516
200 500 0.051 0.051 0.045 0.050 0.058 0.067 0.047 0.060 0.047 0.0529

of F. If the coefficient is negative, then multiply —1 to
that column of F and the corresponding column of A. In
practice, this treatment is not feasible. However, sign prob-
lem can be fixed by other means, see Stock and Watson
(2005). We consider a combination of N = 50, 100, 200 and
T = 50, 100, 200, 500. All the results are obtained in 1000
repetitions.

Table 1 reports the root of mean square error (RMSE) of all
elements of ®. The last element of each row is the average of
the left nine elements under IRb. On the whole, we can see that
the RMSE decreases as the sample size becomes larger. More
concretely, Table 1 shows that the RMSE is closely linked with
the time length 7" and little related to the cross-sectional size N.
Take @ as an example. When T = 200 and N = 50, 100, 200,
the corresponding three RMSEs are 0.0611, 0.0572, and 0.0557,
which are roughly equal. However, when T increases to 500, the
corresponding three RMSEs are 0.0373, 0.0343, and 0.0335,
which are still roughly equal but dramatically lower in compari-
son with those of 7 = 200. This result is consistent with results
in Theorem 5.

Aside from the consistency, we are also concerned about the
limiting distribution of JT Vec(ﬁb’ — @’), which, as seen in the
last section, has a direct effect on the confidence interval of the
impulse response function. To this end, we calculate the size
of t-test for every @;; in each simulation and count the number
of times that the absolute value of #-statistics is greater than the
critical value of the 5% significance level for the standard normal
distribution (i.e., 1.96) in 1000 repetitions. Table 2 reports the
actual significance level that corresponds to 5% nominal size
for every ®;;. As in Table 1, we average the result of the nine
elements of ® and report the result in the last column. From
Table 2, we find that, unlike in Table 1, the actual significance
level is related to both N and 7. When the sample size is small,
say N =50, T = 50, the size distortion is a little larger, for
®,,, the actual significance level is 0.086. However, when the
sample becomes larger, the distortion gradually decreases (see
the last column). When N = 200, T = 500, we can see that all
the elements of ® have a satisfactory size.

The results under IRc are similar to those under IRb and
are reported in Tables 3 and 4. We do not repeat the detailed
analysis.

7. CONCLUDING REMARKS

This article considers the identification, estimation, and in-
ferential theory of the FAVAR model. Three sets of identifica-
tion restrictions are considered. We propose a likelihood-based
two-step method to estimate the parameters. Consistency, con-
vergence rates, asymptotic representations, and the limiting dis-
tributions have been established. The impulse response function
and its confidence intervals are also provided. An important re-
sult from our theory is that if the identification conditions are
imposed on the population variance rather than on the sample
variance of the factor process, an additional term, which arises
from the distance between the sample variance and the popula-
tion variance, would enter the final asymptotic representations.
Consequently the limiting variances of the estimators are larger.
We studied the ways in which this distance affects the limiting
distributions. The finite sample Monte Carlo simulation con-
firms our theoretical results.

The analysis of this article assumes constant parameters. In
empirical applications with a long time span, it is likely that
a structural change occurs, either in the dynamics of 4, or in
the factor loadings (A, I'). It is of interest to develop inference
procedures allowing for this possibility, as in Chen, Dolado, and
Gonzalo (2014), Cheng, Liao, and Schorfheide (2013), and Han
and Inoue (2015).

APPENDIX: TECHNICAL MATERIALS FOR THE
ASYMPTOTIC RESULTS

In this appendix, we provide the detailed derivations for the asymp-
totic results under IRa. The derivations for the asymptotic results under
IRb and IRc as well as the theorems in Section 5 are delegated to the on-
line supplement. Throughout the appendix, we use K to denote K + 1
and T to denote T — K — 1. To facilitate the analysis, we introduce
the following auxiliary identification condition (an intermediate step
analysis).

AUI: The underlying parameter values 6* = (A*, I'*, F*, ®*, %¥,,)
satisfy: %A*’E;‘A* = Q*, %Z;l frf=1,, and % ZLI
f7g, =0, where Q* is a diagonal matrix, whose diagonal ele-
ments are distinct and arranged in descending order.
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APPENDIX A: THE ASYMPTOTIC RESULTS OF THE
QMLE

In this appendix, we show that the QMLE %i, 62, f; and ®; are
respectively consistent estimator of A*, o7, £ and d>* ‘under AUL. We
also derive their asymptotic representations.

Proposition A.1. Under Assumptions A-D, together with AU,

._)»*_( th fr*/) <;Zﬁ*e”)

+O,(NTPT™) + 0,(T7), (A.1)
1 & -1 | Z
y,*=<Ttlegfgﬂ> (T;g,en>, (A2)
) 1 &1 YRR
1= (7)) (o)
+O0,(NT'2T=1%) 1 0,(T™"), (A.3)

i 1 o P .
52 —o? = - D (e =0+ O,(NTPT712) + 0,(T 7). (A4)

t=1

Proof of Proposition A.1. Write z, = A* f* +T'*g, + e, into matrix
form,

Z=ANF"+T"G +e. (A.5)
Post-multiplying Mg = I — G(G'G)™'G’ on both sides, together
with F¥G = 0 by AUI, we have

ZMg = A*F¥ + eMg.

LetY = ZMg and y, denotes the #-th column of Y. The above equation
is equivalent to

w=~ANf+e—eGGG) g (A.6)

Bai and Li (2012) derive the asymptotic representations of %;, f;, &7
under the case that g, = 1. However, when g, is a general ran-
dom variable, as like in the present context, the derivation is the
same since term eG(G'G)7'g, is essentially negligible. Using the
arguments of Bai and Li (2012) under IC3, we obtain (A.1), (A.3)
and (A.4). Consider (A.2). Substituting z;, = A/ f* + y;'g, + e;, into

(Z; 1 gtgt (Zz 1 gf(zlt X;ﬁ))v we have

T Lyr
= (Zgrg;> (theit)
t=1 t=1
T -t
- <Z g[g;> (Z gtft*/> (X, - )\T)
=1 t=1
T -7
- <Z &g,’) (Z a(f - f,*)’) 5
t=1 =1

The second term of the right hand side is zero by ZLI &f =GF*
= 0. Consider the third term. Notice

fi=NEJ)ANTAEL

>1

T T -1
= (NI MNTAE A e — (Z e.vgi) (Z gsg§> &

s=1
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Then it follows

]Z[ _ ft* — _A*/ft* +(A/Ee—elA)—I[”\/ie—elel
T -1
—(REA)'AE (Z e ) (Z gxg;> 8 (A7)
s=1
where A* = (A — A*YE AN S TA) .

Given the above expression, together with ZL, & f =0, we have
1 T

? Z gr(ft -
t=1

Then (A.2) follows. This completes the proof of Proposition A.1. O

£y =0. (A.8)

Lemma A.1 Under Assumptions A-D,
1 T
@ 7 2 hiphi
=K
forp,g=0,...,K

1<
(b) ?[;(hw—h

for p,g=0,1,..., K

Zh, S, =0,(N"H)+0,(T7h,

hi_y = 0,(N") + 0,(T™,

’ 1 a k7. %/ —_ _ —
(©) Zu*h - = Z why, = 0,(N"'2T712) 1 0,(T 7Y,
forp=1,...,K,
where h, = (f't/, g and hf = (f¥. h}).

Proof of Lemma A.1. Consider (a). By the definitions of /2, and i, the
left hand side of (a) is equal to

JI] Jl2
Jo1 0

where
1 < . ~ 1<
In= 7 ) ey = FE )i = ) + 7 DGy = £ )1
t=K t=K
1 <& 3
+ 7 Z VA
t=K
T 1 <& y
Jip = F Z fip — f,*_p)g;_q§ Joy = 7 thfp(ftfq - f,*_q),-
=R t=K

The first term of Jy; is O,(N~!) + 0,(T~2), as shown in Bai an Li

(2012). Consider the second term. By (A.7), F S e(fisp — VA s
is equal to
1z
—AT2 S g fr A+ RER) Z e,

1=K =K

et 15 e 1w ,
—(AE A (T ZA pos esgé) ( Z&&) (T thpf,*q)
1=K

The first term of the above expression is O,(N~2T~1/2) 4+ 0,(T™)
by 2 YL £, £, = 0,(D) and A = O,(N"V2T1%) +0,(T""),
as shown in Bai and Li (2012). The second and third terms are also
O,(N~'2T=1/2y + 0,(T~"), which can be proved similarly as Lemma
C.1(e) of Bai and Li (2012). Given these results, the second term of J;
is O,(N™") + O,(T™"). The last term can be proved to be the same
magnitude by the similar arguments. Summarizing these results, we
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have J;; = O,(N™") + 0,(T"). Terms Jj, and J,; can be proved to
be O,(N~'2T~1/2%) + 0,(T~") similarly as J;;. Then (a) follows.
Consider (b). The left hand side of (b) is equal to

[ + Z,T:g(flg — O,k Z,ig(ﬁ% — £ 8, }

The two none-zero terms of the above are O,(N~') + 0,(T~"), which
are shown in (a). Then (b) follows.
Consider (c). The left hand side of (c) is equal to

[ P ik i - f::ﬂ],

So it suffices to consider term %Z,T:K w (fii, —

i p)’, which, by
(A.7), can be written as

Z f,*’pA*+ Zu, e, X ANEA)!

-1y
;‘Zu 8- p (Z&&) Z ,;e;flf;lﬁ(ﬁ’f);g‘ﬁ)*'
s=1

Both#Z,T:k ure,_ pZ 'A and - NT ZA | &€, 21 A can be proved to

be O,(N~'2T~1/2) +0,(T") similarly as Lemma C.1(e) of Bai and
Li (2012). Given these results, together with A = O,(N~'2T~1/2) 4
0,(T™Hand (A'E'A)~! = 0,(N'), we have

1, -
= S ulfi— £ = 0,(N"PTT2) 4 0,(T 7.
1=K

Then (c) follows. This completes the proof of Lemma A.1. a

Proposition A.2. Under Assumptions A-D, together with the iden-
tification condition AU1, foreachk = 1,2, ..., K, we have

T 1
&)k - (I);: = (Z u:w:") (Z w[ t ) (lk ® Ir)
1=K
+O0,(N")+0,(T7"

where ¥ = (b}, h)',, ...,
K x K identity matrix.

Proof of Proposition A.2. Let ®* = (7, d>§, ..., @) and d be de-
fined similarly. Notice ® is obtained by running the regression

h[ = q)lht—l + ¢2hz—2 + -

o (f3s) (o)

where ¥, = (h,_,, it} ,, ...,

a>_q>*=[
'

T
{ D+ (=) — (3 — w,*))&,}
t=K

hy' ) and iy is the k-th column of the

+ q)](h[—l( + error

So we have

R ). By h* = ®*y* +u¥,

T
(u; + (hy = ) — @*(, — w))lzf;} [Z 7 }
1=K

L0~

N]|»—t

1 < -
x [T >V }
=K
By Lemma A.1(a) and (b),

1 & - Al &1
|:T2(h1_h;‘)wr/i| |:TZ Illf[:| :OP(N_1)+0P(T_])
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'\]l

T -1
Z } = 0,(N")+ 0,(T™)

1 y
[T > @ - w,*w,} [
1=K

By Lemma A.1(a) and (c),

I T . I
{T Zui‘w,} [TZW//,}
=K

1=K

—1
1 T

=[TZM;‘¢,*’H Zw, } +0,(N"Y+ 0,17
t=K

Given this result, we have

T | T -1
= <Z u;‘w,’”) (T Z v ,*/) + 0,(N")+ 0,(T™"
1=K t=K

Post-multiplying i, ® I, on both sides gives Proposition A.2. m|

Now we consider the following auxiliary identification restrictions
(denoted by AU2), in which the loading restrictions are the same as
AU but factor restrictions are imposed on the population.

AU2 The underlying parameter values 6* = (A*, I'*, F*, ®*, 3,,)
satisfy: ~AYE 'A*= Q* E(f'f)=1, and E(f'g)=0,
where Q* is a diagonal matrix, whose diagonal elements are
distinct and arranged in descending order.

Note that the superscript “stars” in 6* and 6* are different. Different
identification restrictions imply different rotations. Because AU1 and
AU2 are asymptotlcally the same (the former with sample moment
restriction & >, f. f/ = I,, and the latter with population moment re-
striction E(f; f/) = I,,), 0 and 6" are also asymptotically the same.
That is why the deviation of MLE from 6* also converges to zero in
probability, which will be proved below.

The following lemma is useful to our analysis.
Lemma A.2 Let Q be an r X r matrix satisfying
00 =1,
Q'vQ=D

where V is an r x r diagonal matrix with strictly positive and distinct
elements, arranged in decreasing order, and D is also diagonal. Then Q
must be a diagonal matrix with elements either —1 or 1 and V = D.

Lemma A.2 is proved in Bai and Li (2012). The following Propo-
sitions A.3 and A.4 summarize the asymptotic results of the QMLE
under AU2. These results show that the limiting distributions under
AU?2 are different.

Proposition A.3. Under Assumptions A-D, together with the iden-
tification condition AU2, when N, T — oo, we have

Li— A = VA4 AY; ‘( Zf,e,,)

+O0,(N'2T71 4 0, (T (A9)
1 T

7i— v = WA+ Ay (T Zg,ei,> +0,(T™) (A.10)
=1

-1
"k * ke */ l 1 * g K/ l 1 *
fl_f[ =-V f[ - W7 + NZ?)&,‘)&,‘ NZ;A[Q!
i=1 i i=1 i

+0,(N"HY+ 0,(T™!

where W* = A_A%, with A%, = E(g, f); A%,
an r; X ry matrix, which is 0,(T~'/?).

— E(ftx t*/); V*is
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Proof of Proposition A.3. Notice that
A=A =G = A+ —AD.

We show A} and A} are close to each other because AUl and AU2
are asymptotically the same. Different identification restrictions imply
different rotations. Let R* be the rotation matrix, which transform
(A, y¥)Y to (XY, y*')Y. Then we have

7= ANfT+T7g +e =A%, F*][? i| + e
t

-1
R*/ Rﬁ/ R*/ Rﬁ/ f*
=[A" T o4 3 [T "l 4+e (A2
[ ]|:R|2 R22:||:R|2 R22:| |:gr:| b )
As mentioned in the main text, due to the fact that the factors g, are

observed, matrix R7, is fixed to O and matrix Ry} is fixed to I,,. So
equation (A.12) reduces to

= [A%, F*][g:] + e

_ AT ][Rfi 1;;;][1%:’;1 —Rfi"REiM?*] +e
t

L]l 0 I,
This gives
A= RUAL VY = ROM Y ST = RS - RITRS g (A3)
The last equation of (A.13) can also be written as
JE=RLf+ Rg (A.14)

Post-multiplying g, on both sides and taking summation over ¢, by
Ztrzl 8t f,*, = 0, we have

T “Irr
Ry = - [z g,g;} [z . } 7,
t=1 t=1

Substituting (A.15) into (A.14),

(A.15)

T T -1
[T =R} f:—[fog,’} [Zg,g;} &
=1 t=1

By T~! ZLI [ fY = I, the preceding equation implies

1 T 1 T 1 T
(Er) ()i Eer) (o)

=RI7'RIT (A.16)
The first equation of (A.13) shows A* = A*R7}}. So we have
1
RII IQ R*/ 1 — RI;I (NA*/E;IA*> RI/lfl
1 s/ —1 A % .
= —AYX A" = diag. (A.17)
N :
Consider (A.16). By E(fg;) = 0, we have
1 & 1 < T
t=1 =1 =1
=0,(T™") (A1)

The left hand side of (A.16) converges to I, in probability.
Thus RY7'RiT' 5 1, Applying Lemma A2 to RI7T'RiT 5 1,
and RiT'Q* R} = +AYE'A* with Q =R}, V=0"and D =
~A"E; 'A%, we have R} converges to a matrix whose diagonal
elements either 1 or —1. Since we assume that the sign problem is

precluded in our analysis, it follows R} EA I,. Let

U*=R;' - 1I,. (A.19)
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Apparently, U* % 0. Then (A.16) is equivalent to

1 & 1 & 1 & 1 &
(T YL - m) - (T Zf,*g;> (T Zg,g;) (T Zm’,“)
=1 =1 =1 =1

=U*+U" +U"U". (A.20)
Also, (A.17) is equivalent to
ng (U*Q* + QiUﬂ _|_ U*Q*U*/) — 0
where Ndg{-} denotes the non-diagonal elements of the argument. Ne-
glecting the terms U* Q*U* and U* U* since they are of smaller order
than U*, we can uniquely determine matrix U* by solving the equation
system (A.20) and (A.21). Let V* be the leading term of U™*. Itis easy to
see that U* = O,(T~1%), V* = 0,(T""*)and U* = V* + O,(T7).
This result gives R}, = I,, + 0,(T~"/?) by (A.19), which, together
with (A.15), implies

(A21)

T Irr
Ry = — [thg;} [Zg, } +0,T7H
=1 =1
—1 A% —1/2
=—A A+ 0,17

1>

W+ 0,(T"H)=0,T""% (A.22)

Now consider the asymptotic representation of A; — A*. Notice

Li— A =X — Ry A =CGq — 1) — (R}, — LA}

By (A.1), the above result is equivalent to

! l a * *
A=A = |: th z*:| |:T;freit:|_(R11_Ir1)}‘i
+0,(T™") + 0,(N~'2T1?) (A23)

By (A.14), we have

1 : * */ 1 : * */ *
T Y S = T > ST A 0p(1) =AYy +o,(D),
t=1 t=1

] T
T 2 Fren+ 0T,

t=1

|
7O fren=
=1
Notice R}, = ([, + Ul = I, = U1, + Vol = I,, — U*R},.
Then it follows
—(R}, — LA = U2}

Given the above three results, together with U* = V* 4+ O p(T“) and
(A.23), we have

-1

5 1 <& , 1 — _

T =V + (TZﬁ* ) (TZfien) +0,(T™")
=1 =1

+0,(N™'2T712), (A.24)

We then consider y; —
R3,A}. Then, by (A.3),

T -l
Vi — V; = _R§1)¥7 + (Z gtg;) (Z&&'z) .
t=1

t=1

vi- By (A.13), wehave i —y =7 — ¥ —

Substituting (A.15) into the above equation and noticing A* = R}, A},
we have

T -t
Vi—v = (Z gzg,’> (Z gi(eir + f,*/x,.*))
t=1

t=1

T
WA+ Ay (Z g@) +0,(T7".  (A25)

t=1
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Now consider f, — f7. By (A.13),
f; _ f; — f; _ R;/l—lft* R*/ lR*lgl
By R}”' = I, + U*, the above equation is equal to

fi— 1 == =U"fF+ R Rig

Substituting (A.3) into the above result, we have

N N
il * * */— * ] / 1
e (8 ) (5 )
+0,(N"HY+0,(T™ (A.26)
However, by (A.13) together with R}, = (I, + U*)"! and U* =

0,(T~1/%), we have

1 1 AN
N2 i = ﬁZfﬁ 3+ op()
i=1 i=1
1 1 J 1 —1/2—1/2
NZ? %zNZ—Z rei + Op(NPT71)

i=1
In addition, by (A.14), (A.12) and U* = V* + OP(T’]) , we have

Uﬂfl* — V*/ft* + Op(Tfl)

T T -1
- (Z ﬂ*g,’) (Z grg,’) & =—W"g+0,T™"
t=1 t=1

Given the above results, by (A.26), we have the last expression of
Proposition A.3. This completes the proof of Proposition A.3. m|

R*/ lR*lgt

The asymptotic result for ®; under AU2 is given in the following
proposition.

Proposition A.4. Under Assumptions A-D, together with the iden-
tification condition AU2, we have

T T -1
b — @ = (Z u:w’) (Z w;w:’) (ix ® I,) — BY @} + ®; B”
t=K 1=K
+0,(N")+0,(T™"

. [vo
r=[s]

Proof of Proposition A.4. Notice
hy = ®Thy_, + ®Ih] , +

where B* is defined as

R I

and

hi = ®Thi_ + ®3hy_, + -+ Pyh_y +uj.
By it = R*~'h?, it follows that ®; = R*~!'®}R*. Thus,

&, — @) = &, — RV'DIRY (A.27)
However, by R;7'=1,+V*+0,(T"") and R; =-W*+
O0,(T™"), we have
*/—1 */—1 D */ */
*—1 __ R11 _Rll R21 — Ve w -1
R _|: 0 ; =1+ 0 0 + O0,(T™)

=1L +B"+0,T™"

Given the above result, we have R* = I, — B + 0,,(T"). Substitut-
ing the preceding two results into (A.27), we have

(A.28)

&, — @) =D, — dF — BV} + DB + 0,(T7H.
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By Proposition A.2, we can rewrite the above result as

T -1
RO <Z ”W’*/) (Z vy, ) e ® I,) — B ®; + @[ B
1=K

+O0,(N")+0,(T™").

By h! = R*~'h¥,wehave h¥ = R”h} = h} + (R* — I,)'h}. Given this
result, together with the fact that R* — I, = O,(T~1/?), we have

T T ! T T -
(Zui‘w:") (Z w,*w,*’) = (Z u:w,*’) (Z w:w;’) +0,(T7")
(=K =K =K =K

and

BY®; = B'®; + 0,(T""), OB =®;B"+ 0,(T"")

Given these results, we have

T T -1
b, — @} = <Z M:W,“) (Z v/ ,*/) (r®1)
1=K 1=K
—B*®} + ®;B” + 0,(N")+ 0,(T™")

This completes the proof of Proposition A.4. a

APPENDIX B: THE ASYMPTOTIC RESULTS AND
THEIR PROOFS UNDER IRa

As in the main text, we use (A, I', F) to denote the underlying pa-
rameters satisfying IRa. Let R be the rotation matrix which transforms
(A7, ) into (A}, y/)'. Then we have

2t =Aﬁ+rgt+€z=[A,F]|:£]+ex

. Ry Ry |[ R —RR, [
= [A%, r][ Irz][ B ; o [te BD

n
Then we have

Rﬁlfz* - RET]Rélgt- (B.2)

The last equation in (B.2) can be written as

7 =Ry fi+ Ry g

Note that the rotation matrix R is nonrandom. To see this, both AU2
and IRa impose restrictions on the loadings and the covariance of 4,.
So the rotation matrix R, which transform the underlying parameters
from AU2 to IRa, only involves loadings and covariance of /,. Thus it
is nonrandom. This is in contrast with R*, which is random since AU1
involves f;.

Post-multiplying g, on both sides and taking the expectation, by
") = 0, we have

E(frg

Ai=RukAl, vi =y, +Rudl, fi =

(B.3)

R2| = —A;gl Ang”.
Define ¢, = R|;' f*. From the above results, ¢ has an alternative
expression
= fi = ApA g (B.4)

The following lemmas will be used in the subsequent proof.

Lemma B.1. For any compatible matrices .A and B and their corre-
sponding estimates .4 and B, we have

AB'A — ABT'A = (A — AHB' A + AB (A — Ay
~AB'(B-BB'A +R
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where
R=—-A-ADB'B-BB'A+A-AHB'(A- A
+AB'B-B)B{(B-B)B'A — AB{(B-B)B~'(A-A).

Lemma B.1 can be proved easily by matrix algebra.
Lemma B.2 Under Assumptions A-D, we have

1

. |
(a) =H' MgH — ?H*’MW*H* =0,(N"H+0,(T™")

— 'ﬂ|‘

1
(b) ?H*,M\p*H* _ ?H*,M\p* H* = B*/Q* + QO*B* + OP(T—I)

1 1
(c) H MgH — ?H*’M “H*=—B"Q" — Q*B*+ 0,(N7")

+0,,<T*1)
where 3 H'Mg H is defined as

T

_ ~,M\D

N

h

N —
M~
=

i
>

() 1) (150)

+H"My-H* and 5 H* My« H* are defined similarly.

~

and

Proof of Lemma B.2. Consider (a). By Lemma A.1(a), we have

T T
o
=Y b - = § hhY = 0,(N"") + 0,(T")

= 0,(N") + 0,(T)

1 1 <&
T L7 L
K =K

O0,(N"H) + 0,(T™"

1T
Zw,,

Given the above results, together with Lemma B.1, we have (a).
Consider (b). By i = R*~'h’, wehave ¢} = (Ix ® R*~")y*. This
gives

1 1
S H Mo H* = — H" My H*
T v T v

By H* = H*R*"', we have
1 */ * */—1 1 */ * *—1
=H"My-H* =R =H"My-H" | R
T T

However, (A.28) shows that R*~! = I, + B* + O,(T~"). Thus, we
have

1

1
=H"My-H* — ?H*/MMH*

*/—1 1 */ * *—1 1 */ *
T T
*/ ! ! * 1 */ * * -1
=B ?H* My H* | + (5 H My H" | B+ 0,(T™") (B.5)

Now consider

o= (s 0) (1 50) (150)

t=K

+H* My~ H*, which is equivalent to

~i| =
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The second term is O,(T!). The first term, by u} = R*'u} and
RY = I, + 0,(T7"?), is equal to

i

Then it follows

Zu* */_’_OP(T 1/2) Q*+OP(T71/2).

1
?H*/MWH* =Q +0,(T7'7?) (B.6)

Substituting (B.6) into (B.5), we have (b).
Result (c) is a direct result of (a) and (b). This completes the proof
of Lemma B.2. O

Note that Theorems 1-3 under IRa are implied by the following
results:

Proposition B.1. Under Assumption A-D, together with the identi-
fication condition IRa, we have

T
o 1
(@ hi—hi=Vii+A,, (T > ¢,e,-,) +O0,(N")+0,(T)
=1

1 T
A —1
(b) Vi —Vi= W)Ll + Arm (T E

—1 T
. 1 1., 1 1
© fi—fi= (N > J_ZA,-A,-) (N > U;Aiei,) — V- Wg
+0,(N")+ 0,(T7)

fi—
M =8 —

where vec(V) = Bé'PID:; ZtT el ®e — Vec(I,] N ¢ =
ApgAiig Doy =E@d): W=7 ;v

Agr AL fis Ay = EGrr).
Proof of Proposition B.1. Consider the VAR expression under AU2:
hy =®h;_ + P3hy ,+ -+ PR, +u;.

Pre-multiplying R'~! gives

hy = (RT'®{R )y + -+ (RO R )h—x + R u.
Sowehave ®; = R~!®: R fori = 1,2,..., Kandu, = R""'u’. Then
we have

& = Rillg* REIR;W;
v, = ;. (B.7)

Post-multiplying v, on both sides and taking the expectation, by
E(g;v;) = 0, we have
RZ] — Q* IQ*

ve?

(B.8)
Substituting the proceeding result into (B.7), by E(e;¢,) = I,,, we have

QL= — (B.9)

EEV

where Q}, = E(ee)), ), = E(viv}) and Q}, = E(e;v}). In addi-
tion, the 1dent1ﬁcat10n condmon also requires that

QLI = R Ry

1
0= A T'A =Ry (NA*/E;'A*> R},.
This is equivalent to

0 = NA*’Z "A*=R;'OR},". (B.10)
However, our estimation procedure implies that the estimators of
Ry1, Ry, denoted by Rll, R»,, satisfy

(B.11)
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Ié/llR\ll = erv = st - stQ;,le (BlZ)
p [ r—=1 A P/ :
Ry NA >, A ) R}, = diag (B.13)
where .., Qyv, $2.p are submatrices of €2, which is defined as
1
=7 LA
t=K
with 7, being the residuals of the regression
ﬁt = (Dliitfl + q)zflt,z + -+ CDKH,,K + error
Let, =(h/_,,h\_,..., h_,). Thus
T T -1
i, = h, — (Z htv/;) (Z w//;) i
t=K t=K
So we have
1 < 1 & 1 & T
Q== hh; — (T Zw,’) ( > wxd) ( 2 w,h:)
=K =K t=K t=K

T T ! T
+1 Z(u‘u" @) - (; Zu:w:’) (} Zwr’) (; Zw:u:’)

1=K

where ) = (h}" |, h}’,, ..., h} ). The expression in bracket is given
in Lemma B.2(c). Given this result, together with

T T
(}Zuﬁ/xﬁ) (}Zw: :) ( Zw* ) = 0,(T™),
t=K 1=K

we have

O _BYQ* — QO*B* + = Z(u* */ Q*)
t—K

+O0,(N"H+ 0,(T™). (B.15)

The above result implies
QSS - Q;e = _V*/Q;s - W*/Q:)&‘

- st V- Q;v w*

+= Z(s* Y= Q)+ 0,(N)+ 0,(T7");(B.16)

Qev _ Q:y — _V*/Q;u _ W*/Qi + = Z(E* *
+ O, (N4 0,(T™h; (B.17)

Qpy — = Z(v* Y- Y+ O0,(N"HY+0,(T™). (B.18)
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P
*
- Q. L 0,

By (B.15), we have € — Q* % 0. Then it follows €,..,
where ..., and Q*_ are defined in (B.9) and (B.12). Thus

£EV
Ry RyR' R 5 1,
which, by the fact that AB = I then BA = I, leads to

R Ry (RuRYHY 5 1, (B.19)

Furthermore, by (B.13), we have
N ) B , N .
(RiRH [R” (NA E“'A> R“] (R R}y = diag

By ~A'ZA— LAYE A =0,(1) and R+ AYE AR =
T AN'B A = Q, we have

(R R HO(R R = diag (B.20)

Notice Q is a diagonal matrix by 1dent1ﬁcat10n Applying Lemma A.2
to (B.19) and (B.20), we have R;; R,] converges to a diagonal matrix
whose diagonal elements are either 1 or —1. However, the possibil-
ity of —1 is precluded by our sign restrictions. Given this result, we
have Ry; — Ry 2 0. Henceforth, we use ZTQH to denote R, — Ry;.
Apparently ARy 2 0. By (B.9) and (B.12), we have

R\ilk\ll - RilRll = st -

Q; - (QSUQ;;QUS - QEDQ;;IQ;a)

Substituting (B.16)-(B.18) into the above equation, together with
Lemma B.1, we have

ZE/HR”-FR;I@]]—'—ZI\?/“@” =—V*,Q* Q* *

ee-v ssv
+F Z

+0,(N"H+ 0,(T™).

Q* Q* lv*)(g —Q’( Q’( lv*) _Q;s v]

However, by (B.7) and (B.8), we have R},&, = ¢f — Q, Q;;' v;. Given
this result, together with (B.9), we have

AR, R\ + R, AR, + AR, AR, = —V*R|, Ry, — R}, R, V*

T
1
+R}, [T Za,s; - 1,,} Ri+ O,(N"H+ 0,(T™"). (B.21)
1=K

Pre-multiplying Rﬁ and post-multlplylng Rll on both sides, and
neglecting the smaller order term R|] 'AR] 1 ARy Ry, we have

(ARuR' + RuV*Ry)  + (AR\ R + Ry V*RyY)

T
= % Z(sts; — L)+ 0, (N4 0,(T™. (B.22)
=K

Now consider

N
%[\’ie—;[\ - %AHE;IA* — ;{; 5%2(5” — MDA,
A | R
Ngj&— G =27) = N;&—gai—x,-)(x,-—x,-)
a 1
N; **/< ‘71'2).

The last term is O,(N~'/2T~'/2) + 0,(T~") which is shown in Bai
and Li (2012). The third term is OP(T*I). The first two terms
are V*Q* + Q*V* + O,(N~'2T~2) + 0,(T~") by Proposition A.3.



638

Then it follows

1

71"'\/2—1[\ _ iAx/EflA* _ V*Q* 4 Q*Vﬂ + 0 (N71/2T71/2)
N ee N ee - p

+0,(T7"). (B.23)

Given the above results, (B.13) is equivalent to
ng{l’é“(Qr + V*Q* + Q*V*/)R\;l} — OP(N*I/ZTfl/Z) 4 Op(Tfl)'
Substituting (B.10) into the proceeding equation, we have
ng{ﬁn(er QR+ V'R QR + Ry QR}y V*’)Iéil}
= O,(N~'2T=) 4+ 0,(T™).
Replace R, = @11 + Ry, the left hand side is (neglecting Ndg)
0+ ﬁllRl_ll 0+ Q(ﬁan—ll)/ + ﬁnRﬁ] Q(ﬁuRﬁ])/Q
+ R V*R;'Q+ AR, V*R;'Q + R\ V*R;' Q(AR R},
ORIV R, + ORTVVER, + (BRuRORT VYR,

By neglecting the terms of smaller magnitude and noticing that
Ndg(Q) = 0, we have

Ndg {(RRuR;,' + RuV'Ri!) @+ @ (ARu Ry + RuV'R;/) |
= O0,(NT'2T7V% 4+ 0,(T™). (B.24)

LetV = ZTQHRI_,] + Ry V*Rl_,]‘ Taking the half-vectorization opera-
tion vech(-) which stacks the elements on and below the diagonal of
the argument into a vector on both sides of (B.22), we get

1 T
vech(V + V') = vech [T > (ae, — 1, )} + O0,(N"HY+0,(7H.
=K

By the definitions of duplication matrix D,, and its Moore-Penrose
inverse D:j , and symmetrizer matrix S,, = (1’12 + K,,)/2, the left hand
side of the above equation can be written as

vech(V 4 V') = D vec(V + V') = 2D} S,, vec(V) = 2D} vec(V),

where the last equation is due to D} S, = D}, we have

r?
L
2D} vee(V) = D vec |:f2(£,e; -1, ):|
1=K

+O0,(N"HY+0,(T7. (B.25)

Let veck(M) be the operation which stacks the elements below the
diagonal into a vector. Let ID; be the matrix such that veck(M) =
D, vec(M) for any symmetric matrix M. By (B.24), we have

veck(VQ + QV') = O,(N~'2T~V2) + 0,(T™H.
implying
Di[Q ® Iy, + (I, ® Q)K,, Ivec(V)
= O0,(N"2T7'2) + 0,(T ™. (B.26)

The preceding two equations imply

2D
[D] 0L+, Q)Krl]]v“(v’

= [Drtvec ( Xlertaet - ’”))} +O,(NT)+ 0,77,
0
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Let By be the matrix before vec(V) and P, = [I,,0,4,]’, then the
above result is equivalent to

T
1
vee(V) = By'P; D vec [T > (e — 1, )} + 0,(N")+ 0,(T7.
1=K

Define V by

N

| 7
vec(V) = BélPlelvec |: Z(s,at’ — I,.])i| .
1=K

Then by the definition of V,
AR\ R + ROV'RY =V + 0,(N")Y+ 0,T7"). (B27)
Post-multiplying R, on both sides of (B.27), we have
ARy, = —RyV*+ VR + 0,(N"H+ 0,(T™")
= 0,(T™") + 0,(N7")

since V* = 0,(T~?)and V = 0,(T~'7).
Now consider A; — A;. By b= RiX and A; = Ry 1A}, we have

(B.28)

i == Ruki — Rudl = ARy + Ru(Ri — A0 + ARGy — ).

The last term of right hand side is 0,(T™') + O,(N~2) by &; — A¥ =
0,(T7'?)+ 0,(N"HYand ARy, = O0,(T"'*) + 0,(N~!).By (B.28)
and (A.24), together with A; = Ry A}, we have

-1
N 1 : * Lx 1 - *
Ai—Ai = VA + Ry (T;f,f, ) (T;f,eit

+0,(N"H+0,(T7H.

Using (B.4), the above expression can be rewritten as

-1
. 1< 1< _ ~
A== Va+ (T ;WP,) (T Zaze,-r) +0,(N"H+0,(T™"

t=1
1 «
= (A} ® I,,)vec(V) + A;; (T Zq&,ei,) + O0,(N"H+0,(T™h.
=1
_ Toderive the remaining asymptotic results, we first consider ARy =
Rz] - Rz]. Notice
Rot = Roy = 9, Q00 — 23,' Q5
= _Q:;l(fzvv - Q:}U)Q:;IQ:IE + Q;:JI(QUE —25,)
—(Qyy = 2,0y — 2,20, + () — 2,00 — 20).

The last two terms of the right hand side are OP(N_z) + OP(T_I).
Substituting (B.17) and (B.18) into the above result, we have

*—1 1

ARy = Q7 7

T
D oviter — e, vy - w
=K
—QIQ V- O0,(NTHY+ 0,(T7).

However, by (B.7) and (B.8), we have R|&, = & — Q*, Q5 v and
v, = v;. Given these results, we have

ARy =
1 T

Q! [ Z v,s{| Ry — W — Q' V + O,(N")+ 0,(T™).
r 1=K

Notice that Ry = 23,'S2;, by (B.8) and + Y/ ¢ v,v, = E(v,v]) +
O (T = Qyy + 0,(T72) = Q2 + O,(T~/?), where the last
equality is due to v, = v} by (B.7). Thus

ARy = WRy — W — Ry V* + 0,(N") + 0,(T™"), (B.29)
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where W = Q!(5 ST cvel). Notice i =7 + Ryk; and = (B3D)as
v+ RoAl. Then

1 T
~ - - A~ x A71 — — E e; =
Vi —vi =W — v+ (R — RyA]) 88 |:T ;(gt ) t:|
=i — ¥") + ARy + Ry (R — A1) + ARy (R — A7),

. . Lo _ nn T Zn’e” tA, Ang Z(Afff’ - A;;qﬁ,)e,-,
The last term of the right hand side of the above equationis O,(T ") +
O,(N ~2). Substituting (A.25), (A.24) and (B.29) into the above result,

we have _ _ _
A A (A g+ Ap ALTA )T A A - Zn,el,

1 < g
Vi = thg;/:| |:Zgreit:| B B B B 1 r B B
[T puy T3 —A A Bt AL AL A A AL Ay Y B fi— Ay e

=1

1
] T * */ 1 T *
+ Wi + Ry T Z VA T Z fiei Consider the term (A}}f, - A;;q’),). From the definition of ¢, = f, —
= = As A g, we have
+0,(N"HY+0,(T™), (B.30)
Apy = Arp — A A Ays (B.34)
by A; = Ry A}. Consider the third expression, which, by (B.4), is equal
to which can be used to derive

1< -1 1< ¢ = fi— A/gA;;(ﬂt + Ang;flf’) = A‘M’A;flft B Ang;gl b
1 * px! *
vt (2 507) (32500 e
=1 =1
(MG fi = Apyd) = Ay Ay A,

With the above equation, the first term of the right hand side of (B.31)
can be further rewritten as

1 T
Aigl |:T Z(gt - E1)eit:|
t=1

(1) (1)

Consider the last equation of (B.2). Post-multiplying g, on both sides
and taking expectation, by E(fg;) = 0, we have

RuRy = —A A,y
The preceding two results imply that the third expression of (B.30) is = A;n T Z nei + Ay Ang¢¢Ang_ Z mei (B.35)
equal to 1=1
1
—AAGAT | =) e |+ O0(TTH. _ - ~
8 28/ B0 | ; 1€it ’ _A’m] Ay (A gy + Angm]l Ag) A A ’m = Z’hen
Let B, = A ng;(;qb,. Given the above result, the asymptotic represen-
tation of P, — y; can be rewritten as —-A Ajf(Aﬁ‘ + A AL "Ag)” AfJA AJfA Afj . TZ neit
1 « .
Pi—yi = A;gl |:T Z(g’ _ E,)e,-,:| From the two basic facts that
_ _1 ¢¢ - Aff + AffAfzzA A)s’fAff’
+ Wi+ O,(N7)+ O,(T7). (B.31)
and

The above asymptotic representation has an alternative expression. | »
First, we define Ay Ang =A, Afg A,

/ N— - ite the 2nd, 3rd and 4th t the right hand side of
n =g — E(gfft)[E(ftf;)] lfr =g — ngf}ft (B32) zﬂg3C§a)na£eer € the Zn rd an erms on the rig and side o
which implies that
-1 -1 -1 -1 1
A A A AIA A Ay (Agy — Aff — AL TA AL AT AL) A AL Zn,e”
n — Bgg T BgfRyprBfe

By the Woodbury formula, we have which equals zero by (B.34). So we can alternatively write the asymp-
totic representation of 9, — y; as

A=A — A A Ay + Ap ALTA )T AL AL (B33) L

. ‘ 1 Pi—vi= Mgy [ 2o mei |+ Wi+ Op(N") + 0,(T7),

With (B.33) and the relation that g, — E, =n, + Ang;ff, — =1

Ang;(;@, we can rewrite the first term of the right hand side of
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We proceed to consider f, — f;. Notice f, = R;' f; — R|;' R}, g

and f, = R;;' f* — R;]' R}, & Then

fr= fi= R = R Ryg = RIS — R Ry

= —RI' (Rl = RIDRY S + R = £ = R (Ry — Ry
+ R (R -
= (Rii" = RIDRY, = RDRG S+ Ry = RO = £
— (R = RiD(Ro = Rong

Ril)RﬁlR;lg,

+ (R = RD(RY, — RiDR'RY g,

The last four terms of the above expression are O,(N H+0 p(T’l).
Given this result, by (B.28), (B.29) and Proposition A.3, we have

fi— fi==V®RTf—R'Ryg)— Wg
o ;
N =

Z[ =

i

1 , 1 _ _
—Aik; — ey | + Op(N 1)+0p(T D)
g i—1 i

1 i

By f, = R|;' f* — R|7' R}, &, we have
-1
. | I 11 )
fi—fi= (N ; Uiz)ti)»,-) <N ; oiz)vieir) -V'fi
—We 4+ 0,(N")+0,(T™).
This completes the proof of Proposition B.1. O

Proof of Theorems 1-3 under IRa. Theorem 1 follows from Proposition
B.1(a), Theorem 2 follows from Proposition B.1(b), and Theorem 3
follows from Proposition B.1(c). Theorem 4 follows from result (A.4)
in Proposition A.1, since o does not have the identification problem
and the intermediate estimator and the final estimator are the same. O

Proof of Theorem 5 under IRa. This theorem is implied by the follow-
ing:

T T -1
) — @y = (Z MH//,,) (Z W/f,’) (ix ® I,) — B'®y + OB’
1=K 1=K
+0,(N"HY+0,T™"

We shall prove the above equation. Notice &, = R-'®,R and @, =
R~'®:R’. Thus

&, — &, = R'OR — RT'OLR

R~ ®:AR — R~'ARR™'®;R’
+ RN (& — PR +V
where
V=R"=R AR + (R — R ") (D — DR
—(R"—=R"HAR'R' + R~'(&; — })AR
However, notice

ZTQ:]%_R:[%EUO}:[

—RyV*4+ VR, O
ARy O

WRy — W* — Ry V* 0
+O0,(N"H+0,(T™")
=BR—RB*+ 0,(N")+0,(T™"

Vo . [vo
o=[wo] o =[i0)
and W = (Z,T=1 v,v;)"(ZtT=1 v,¢&]). Then AR is 0,(T~"/?) since
both B and B* are O,(T~'"/?). This result together with &; — &7 =

(B.36)

where
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0,(T7') +0,(N7") implies V = 0,(N7?) + 0,(T~"). Given this
result, together with ®; = R'~'®; R’, we have

&, — & = &R AR — R'AR & + R (&, — DR’

+O0,(NH+ 0, (B.37)

Substituting (B.36) into the above equation, together with u, =
R'~'w*, h, = R'~'h* and Proposition A.4, we have

T T -1
- (Z Mﬂﬁ,’) (Z ’ﬁx‘ﬁ!) iy ® 1)
=K

t=K
—B' O+ B +0,(N")+ 0,(T™")

This completes the proof of Theorem 5. O

SUPPLEMENTARY MATERIALS

The supplementary materials include Appendices C-E and
detailed derivations for the asymptotic results under IRb in Ap-
pendix C, and results under IRc in Appendix D. We also provide
the derivations for the asymptotic results of the impulse response
function in Appendix E.
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